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[S I N

Abstract: The interval analysis is famous for its ability to deal with uncertain data. This method
is useful for addressing models with data that contain inaccuracies. Different concepts are used to
handle data uncertainty in an interval analysis, including a pseudo-order relation, inclusion relation,
and center—radius (cr)-order relation. This study aims to establish a connection between inequalities
and a cr-order relation. In this article, we developed the Hermite-Hadamard (#.H) and Jensen-type
inequalities using the notion of harmonical (h1, hy )-Godunova-Levin (GL) functions via a cr-order
relation which is very novel in the literature. These new definitions have allowed us to identify
many classical and novel special cases that illustrate our main findings. It is possible to unify a large
number of well-known convex functions using the principle of this type of convexity. Furthermore,
for the sake of checking the validity of our main findings, some nontrivial examples are given.

Keywords: cr-Jensen inequality; cr-Hermite-Hadamard inequality; harmonic cr-Godunova-Levin-

(hll hZ)

MSC: 05A30; 26D10; 26D15

1. Introduction

There are many domains where the convexity of functions is used, including game
theory, variational science, mathematical programming theory, economics, optimal control
theory, etc. During the 1960s, a new field of mathematics called convex analysis began to
emerge. Over the last 20 years, many authors have used some related notions of convexity
and generalized different inequalities, such as h-convex functions, see Refs. [1-4]; log con-
vex functions, see Refs. [5-7]; and coordinated convex functions, see Refs. [8,9]. The concept
of convexity is integral to optimization concepts, which are used throughout operations
research, economics, control theory, decision making, and management. Different convex
functions have been used by several authors to expand and generalize integral inequalities;
see Refs. [10-16].

It has always been a challenge in a numerical analysis to calculate errors. A lot of
attention has been paid to the interval analysis as a new tool to solve uncertainty problems
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due to its ability to reduce calculation errors and render calculations meaningless. An
interval analysis falls under the set-valued analysis, the philosophy of mathematics and
topology that centers on sets. As opposed to point variables, it deals with interval variables,
and the computation results are expressed as intervals, so it eliminates errors that cause
misleading conclusions. First of all, an interval analysis was applied by Moore [17], in
1966, to an automatic error analysis to handle the uncertainty in data. The result was
an improvement in the calculation performance, and the work attracted a great deal of
attention from scholars. With their ability to be expressed as uncertain variables, they
are useful in a variety of applications, such as computer graphics [18], an automatic error
analysis [19], a decision analysis [20], etc. For readers interested in the interval analysis,
there are many excellent applications and results available in different fields of mathematics;
see Refs. [21-26].

A generalized convexity mapping, on the other hand, has the capability of tackling a
variety of problems in both a nonlinear and pure analysis. Recently, several related classes of
convexity have been used to construct well-known inequalities, including Jensen, Simpson,
Opial, Ostrowski, Bullen, and the famous Hermite-Hadamard which are extended in
the context of interval-valued functions (ZVFS). It was Chalco-Cano [27] who used a
derivative of the Hukuhara type to establish interval-based inequalities for the Ostrowski
type. Costa developed Opial-type inequalities for ZVFS in [28]. Among the inequalities,
Beckenbach and Roman-Flores proposed the Minkowski inequalities for ZVF'S in [29].
The literature review revealed that most authors examined inequalities using an inclusion
relation like in 2018. Zhao et al. developed these inequalities for the h-convex ZVFS
and harmonic h-convex ZVFS; see Refs. [30,31]. As a step forward, the following authors
utilized (hy, hy)-convex functions as well as harmonical (%1, hy )-convex functions to develop
these inequalities; see Refs. [32,33]. Accordingly, Afzal et al. [34,35] developed the following
results based on interval-valued (7, h)-GL functions using the inclusion relation.

Theorem 1 (See [35]). Let Y : [q,7] — R;". Consider hy,hy : (0,1) — RT and H(%, %) =
hy (%)}Q(%) #0.IfY € SGHX((hy,hy), [qr,R;T)and ¥ € IR, , then

il

In addition, a Jensen-type inequality was also developed by using the inclusion relation.

N | NI

l r
%”T(qur) > r"_rq/q TQ(ZQ)dQQ [¥(q) +¥(r) /OlH(eldl"’_e). )

Theorem 2 (See [35]). Let d; € R*, z; € [q,7], ¥ : [q,7] — R;T. Consider h is a super
multiplicative function such that h # 0 and ¥ € SGHX(hy, hp),[q,7],R 1*). Then, this holds

1 k ¥(z))
¥ ——— | D Z N ol VAN @)
<le Z?:l dizi) i=1 H(%{/ DB;] )

Bhunia and his co-author defined the center-radius order in 2014 using the radius and
midpoint of the interval; see Ref. [36]. In 2022, Afzal et al. and Wei Liu and his co-authors
developed the following results by using the term of the center-radius-order relation
for the cr-h-convex, harmonically cr-h-convex, and cr-h-GL functions; see Refs. [37-39].
Our literature review revealed that the majority of these inequalities were derived from
a pseudo-order relation and inclusion relation. The main advantage of the center-radius-
order relation pertaining to GL functions is that the inequality term derived by using these
notions is more precise, and the validity of the argument can be justified with interesting
examples of illustrated theorems. Due to this, it is essential to understand how a total order
relation can be utilized to examine the convexity and inequality. Additional observations
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show that interval differences between endpoints in examples are much closer than in these
old partial order relations.

The significance of this study is that it introduces the notion of harmonical (h1, h;)-GL
functions connected to a total order relation, which is extremely new in the literature. The
article provides a new way to investigate inequalities by incorporating cr-interval-valued
functions. Comparatively to the pseudo-order relation, the inclusion relation and the
interval of the center-radius order can be calculated by the midpoint and center of the

. + - . _
interval, such as g. = % and q, = %, respectively, where t = [g, g].

Inspired by Refs. [35-39], in this study, a new class of convexity based on the cr-order
is presented, called harmonically cr-(h1, h2)-GL functions. With the help of these novel
notions, we are in a position to construct new H.H inequalities, and eventually, the Jensen
inequality is established. A number of examples are included in the study in order to
support the conclusions drawn.

Lastly, the article is designed as follows: Some basic background is provided in Section 2.
The main findings are described in Sections 3-5. Section 6 explores a brief conclusion.

2. Preliminaries

The paper uses some terms without defining them; see Refs. [30,38]. The pack of
intervals is denoted by R; of R, while an interval pack with all positive values would be
represented as follows: R}. For ¢ € R, the scalar multiplication and addition are defined as

q+r=[qq +[r7]=[q+r,q+7]

l0g,0q], if ¢ >0,
09 =10.l[9,q9 = { {0}, ife =0,
[0g, 04],if 0 <O,

respectively. Let g = [q,4] € Ry, gc = g is called center of interval g, and g, = ﬁ% is said

to be radius of interval 4. This is the center-radius (cr) form of interval q

[BS}

Definition 1 (See [37]). Consider q = [9,9) = (qc,qr), ¥ = [1,7] = (re, 1+) € Ry, then cr-order
relation is defined as B

QC<Tc/ifQC7érc
g =t

Ge < 1¢, if‘% =Tc
Riemann integrable (in short IR) for ZV F'S using cr-order can be presented as follows.

Theorem 3 (See [37]). Let Y : [q,7] — Ry be ZVF given by ¥(0) = [¥(0), ¥ (0)] for each
0 € [q,r] and ¥, ¥ are IR over interval [q,r]. Then, we would call ¥ as IR over interval [q, 7], and

r r r__
/ ¥(e)de = U E(Q)de,/ ‘I’(Q)dQ] :
q q q
Riemann integrables (IR) TV FS over the interval [g, ] can be presented as IR, ;.

Theorem 4 (See [37]). Let ¥, ¢ : [q,1] — R} given by ¥ = [¥,¥], and ¢ = [¢,]. If
Y, ¢ € IRy, and ¥ (0) Zcr Y(0) Vo € [q,7], then

r

/F‘F(Q)de = | $(o)do.
q q
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We will now provide an illustration with some interesting examples to support the
above theorem.

Example 1. Consider ¥ = [z,2z] and { = [z%,2> + 2],V z € [0,1]
Z 2 3z
lpR:l/TRZErlPC:Z +1 and TC:?

By Definition 1, we have ¥ (z) =< ¢(z),V z € [0,1].

We have,
1 17
2 .2 _ |t 7
/0 [z°,2° + 2]dz = [3,3]

/01 [z,2z]dz = [%,1]

From Theorem 4 (see Figures 1 and 2), we have

and

1 1
/O‘F(z)dz =er A P(z)dz.

values
3.0 7% 42
25}
2.0 2z
15]

1.0}

05Ff

1 I n 1 n n 1 n n 1 n n 1 z
0.2 0.4 0.6 0.8 1.0

Figure 1. As you can see from the graph, the cr-order relation holds.

values
2.5 -

20f 3

1.5}

N
N

1.0f

S

w

05F

N

0.2 0.4 0.6 0.8 1.0

Figure 2. It is evident from the graph that Theorem 4 holds.
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Definition 2 ([38]). Let h: [0,1] — R™. Thus, we say ¥ : [q,7] — R is known harmonically
h-convex function, or that ¥ € SHX(h, [q,7],R"), ifV q1,r1 € [q,7] and ¢ € [0,1], we have

q1in
Y —F———) < h(o)¥(q1) + h(1 — 0)¥(r1). 3
() < @) + b1 - 0¥ (r) ®)
If in (3) < altered with >, it is called harmonically h-concave function or ¥ € SHV

(, [q,7], RT).

Definition 3 ([35]). Leth: (0,1) — R™". Thus, wesay ¥ : [q,7] — R™ is known as harmonically
h-GL function, or that ¥ € SGHX (h, [q,7],RT), ifV q1,r1 € [q,7] and ¢ € (0,1), we have

7111 Y(q1) | ¥(n)
T(Qﬂl"‘(l_Q)rl) = h(e) ~ h(1—0)

If in (4) < altered with >, it is called harmonically h-GL concave function or' ¥ € SGHV
(h,[q,7],RT).

+ (4)

Now, let us look at the ZV F concept with respect to cr-h-convexity.

Definition 4 (See [35,39]). Consider hy,hy : (0,1) — R*. Thus, ¥ = [¥, Y] : [q,7] = R} is

called harmonically cr-(hy, hy)-GL convex function, or that ¥ € SGHX (cr-(hy, h2), [q,7], R ) if
Vg1, € [g,r]and o € (0,1), we have
q1r (1) (1)
4 = + : >
(@ tom) = ot —o - o ®

If in (5) <.y altered with >, it is called harmonically cr-(hy, hy)-GL concave function or
Y € SGHV (cr-h, [q,7], R} ). The pack of all harmonical cr-(hy, hy)-GL-convex functions can be
represented by ¥ € SGHX (cr-(hy, ha), [q,7], RY).

Remark 1. e If hy = hy = 1, Definition 4 incorporates harmonic cr-P-function.

e Ifhi(0) = hz = 1, Definition 4 incorporates harmonic cr-h-convex function.
e Ifhi(0) = ( ) 2 = 1, Definition 4 incorporates harmonic cr-h-GL function.
e Ifhi(o) = 5 , hy = 1, Definition 4 incorporates harmonic cr-s-convex function.
e Ifhi(0) = S , ha(0) = 1, Definition 4 incorporates harmonic cr-s-GL function.

3. Main Results
Proposition 1. Let ¥ : [q,7] — Ry given by [¥, Y] = (¥, ¥,). If ¥ and Y, are harmonically
(hy,hy)-GL over [q,t], then ¥ is said to be harmonically cr-(hy, hp)-GL function over [q, r].

Proof. Because ¥, and ¥, are harmonically cr-(hy, hy)-GL over [g, 7], then for each ¢ € (0,1)
and for all g1, 7 € [g,7], we have

g1 Ye(q1) Ye(ry)
e (e% +(1- Q)rl) = (@ (1— @) | In(1— o)ha(q)’

and

7171 ¥, (q1) Y (r1)
%<qu (- e)n) 2 (@ —q) (- o)ha(e)’

Now, if

q1r1 Ye(q1) Ye(ry)
¥e (qu +(1- e)m) m(Qh(—q) (- ohq)’
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then for each ¢ € (0,1) and for all 1,71 € [g,7],

¥ ( qir1 ) Ye(q1) Y(r1)
Nopi+(1—g)r1) ~ m(eh(1—0) (1 —g)ha(0)’

Accordingly,

¥ ( 111 ) ~ Ye(q1) + Ye(r1)

c _Cr .
091+ (1—@o)n hi(e)ha(1—0) = hi(1—)ha(e)

Apart from that, for each ¢ € (0,1) and V g1,71 € [g,7],

g1 Y. (q1) ¥ (r1)
‘I”(eql (- e)rl) S m@h(—¢ (-

qir (91) ()
Y = + .
(qu +(1- Q)ﬁ) 7 m(@)ha(1-0) * h(1-0)h(0)
Based on the foregoing and Equation (5), this can be stated as follows:
Qi ¥l ¥(r)
YW——FF7——-) = +
(th +(1- Q)ﬁ) T (e)ha(1-0) " m(1-0)(e)

for each ¢ € (0,1) and for all 41,71 € [g,7].
This completes the proof. [

4. Hermite-Hadamard-Type Inequality

The H.H inequalities for harmonically cr-(hy, h)-GL functions were developed in
this section.

Theorem 5. Define hy,hy : (0,1) — R and H(2,2) #0.Let¥ : [q,7] > R/, ifY¥ €
SGHX (cr-(h, h2), 1q,7], R ") and ¥ € IR, we have

1 T |
M)y 2, o g [ s ©

Proof. Because ¥ € SGHX (cr-(hy,hy),[q,7],R; "), we have
11 2qr qr qr
== =< S L— . L——
{H<2'2>Mq+r> —“‘F<eq+<l—e>r> ”((1—e>q+er>
With an integration over (0,1), we have
11 2gr 1
-z =<
)| (75) = [h ¥ (et et | e (=)
rorl
:_/0 T(eq+ 1—e) ) e+/ (1—eq+er>de’
1__
/O‘P(eq—k 1—e) ) H_/ (1—eq+er>d6} )

_ 2 /’i(@)d 2qr /“P(Q)dg]
r—alg * Tr—qly @
Ny

r=qJg o*

N | NI=
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From Definition 4, we have

qr Y(q) ¥(r)
T(eq F (- e)r) S (@ (1—e) (1 —e)hae)

With an integration over (0,1), we have

/111, " Vae <., ¥(g / de /
0 eg+ (1—e)r Cr h(e)ha(1—e) hy ( 1—eh2 hi(1—e)ha(e)

Because ate = 3, hy(e)hy(1 —e) = h1(1 —e)ha(e) = H(e,1 —e), we have

L (m¥@) L /1 _de
A [ e 2o (@) 1Y) [ ®
Adding (7) and (8), the results are obtained as expected:

[H(%f%)}q,( 2

() 1 de
() = 2 [ T e =0 (¥ + 0 [

O

Remark 2. ® Ifhy(e) = hy(e) = 1, Theorem 5 becomes the result for harmonically cr-P-

function:
Lo ( 27 qr /’ ¥(o)
- < < .
Z‘Ij(q—l—r) =g )y o do = [¥(q) + ¥ (r)]

o Ifhi(e) =1, ha(e), Theorem 5 becomes the result for harmonically cr-convex function:

2qr r Y Y(g)+¥(r
B(20) <, [ Mgy, ) YO
q+r r—qJg 0 2
e Ifh(e) = ﬁ, hy(e) = 1, Theorem 5 becomes the result for harmonically cr-s-convex
function:
oty 2T S /r ¥l0) 4o <, F@) +¥()]
g+r r—qlJqg 0% s+1

Example 2. Let [q,7] = [1,2], hi(e) = 1, hy(e) = 1, Ve € (0,1). ¥ : [q,7] = Ry is defined as

¥(o) = %20 +1]

where

[H(%’%)]q( 2qr ) _ 1T<4) _ [16 41]

2 g+r) 4 \3 36”36
r_quZQ 1Q Qll(Q"‘)Q 3/3/
[¥(q) +¥(r)] Pode 10, 24]
1 0o Hle,1—e) = 7770
As a result,
16 41 14 34
— =, 22 =
|:36/ 36:| —cr |: 3 7 3 :| —cr [10/24]

The above theorem is therefore proved.
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Example 3. Let [q,7] = [1,2], hi(e) = 1, hy(e) =1, Ve € (0,1). Y : [q,7] = R, " is defined as

—1 1
¥(g) = +3,+4}
(0) [¢ .

where

() o) - (23]

3 256" 256

gr ["¥(0), /2 30 —1 /2 40* +1 _ [418 702
r*q/q 0? do =2 1 0° 4, 1 0° dq| = 160" 160 |”

[¥(q) +¥(r)] . él H(e, 1 —e) [Zz’ 1;25]

As a result,

256" 256 160" 160 32 32

The above theorem is therefore proved.

687 1105 418 702 79 145
- [ ()

Theorem 6. Define hy,hy : (0,1) — RT and {H(%,%)} # 0. Let ¥ : [q,r] = R;T, if

Y € SGHX(cr-h, [q,1], R ") and ¥ € IR, we have

qr)

4 q+r er 1_crr_l/7 . Q2 0 Der L2

=

. [H(i%)} HE SR
A, = [llj(qu_rr) n ¥(q) ;‘T(”)} /01 H(e,dle— nh

Proof. Consider [q, qTH] , we have

5aﬁwm+TM}§

NM—‘ —_

H

where

‘I’( as ) ,1,< a5 >
“I’(W) <. eq+(1— e)q% (1- e)q+e;fr
A (2 I L€ 2)]

With an integration over (0,1), we have

11
{H (2 Zﬂ 4qr qr [ ¥(o)
=cr 5 do )
4 r+3q r—qJg 0
Similarly for interval [qT, } , we have
11
[H (?' f)} 4qr qr / ¥(o) , 10
Ser oar 5 40. (10)
4 q+3r r—qJ7 0
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Adding (9) and (10), the results are obtained as expected

O

and

H(3.3)] 4 4 ry
_ qr qa \] - _ar / (0)
o 4 [T<r+3q> +T<q+3r>} T

Now,

IRLCDINRGO ‘f(;iz)]
oG] [RGB

H(3 3 T 7
) ()
= A
L T[T,
o r=qJu @
jcr;{‘I’(qH—‘Y +2T<q2<qkrr>}/ Hel e)
— A,

YYD, Vw0, Y0 |
=er P + {H %,%)} + [H(%,%)} Jo H(e,1—e)
o [T g | [t

H(33)] w(2) y(f) - [o )

1[,(8 8 10775 17897
M=5 IF(5) +T(7>} - [4096 4096}’
CTY() + ¥(2)
Az_{ ()}/H@l e)’
1319 2265
5127 512

1 ” o _[2]
H(%,%) 0o H(e,1—e¢) |32" 32
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Thus, we obtain

687 1105 10775 17897 418 702] | [1319 2265] _ [79 145
256" 256 | = | 4096 7 4096 | = 160”160 | = | 5127 512 | = |32’ 32

As a consequence, the theorem above is proved.

Theorem 7. Let ¥,y : [q,r] — Ry, hy, hy 2 (0,1) — R where hy, hy # 0. If¥ € SGHX(cr
-l 9,7, Ri™), ¥ € SGHX(cr-hy, [q,7], R ) and ¥, ¢ € IRy, 4, then we have

qr [ ‘I’(Q)w(e) 1
r—q./q 2 do < M(q,7) H2e1—e)de

1
N(g, r)/o H(e,e)H(1—e,1—e¢) de.

where

M(q,r) =¥ (q)p(q) + ¥ (r)p(r), N(q,7) = ¥(q)p(r) + ¥ (r)p(q).
Proof. Consider ¥ € SGHX (cr-hy,[q,7],R; "), ¥ € SGHX (cr-hy, [g,7], R;"), then we have

qr ¥(q) ¥(r)
T(qe +(1 - e)r) Ser hi(e)ha(1—e) + hi(1—e)hy(e)’

qr ¥(q) P(r)
"’(qe+ § —e)r) = (@h(1—e) " (1 —e)hale)

(e ti=ap ) (e ti=ar)

< Y@yl | YO)pr) | X)) +¥(r)¢q)
—“ H2(e,1—¢) = H2(1—e,e) Hle,e)H(1—e,1—¢)

Then,

(11)

With an integration over (0,1), we have

Gt ) st )
BRSNS
RN T 4

_ [r_rq/q (Qé;l)(@) rq_rq/qf (Q());b(e)dgl :rq_rq/{/]r‘lf(ggélﬁ(e)dg

¥ (q)y(q) + ¥ (r)p(r)] LY (q)y(r) + ¥(r)y(q)]
Ser /0 Hei—e) +/o H(e,e)H(1—e,1—¢)

It follows that

qgr_ " ¥(0)¢(e) o1
r—q /q 02 do Z¢r M(‘]r”)/o mde
1
N(q,r)/o H(e,e)H(1—e,1—e¢)

de.

The theorem is proved. O
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], h(e) = 1, ha(e) =1,Vee (0,1). ¥,9: [q,r] — R;" be

Example 5. Let [q,7] = [1,2

defined as
-1 1 -1 1
¥(0) = +2,+3}, :[+1,+2}
@ =T +2p+3 v = [T +1g
Then, we have
v YY), _ (22
r—qls @ 07 | 640" 640
1 1, 31 629
Mg, r /Hz (1= M“’Z)/Oede[%'%]'
an 1 1 1 1 307
— _ 2 —
de—N(1,2)/O (e —e”)de = {12 96}

N(q,r)/o H(e,e)H(1—e,1—¢)

It follows that
282 59867 _ [31 629]  [1 307] _[13 39
640" 640 | = 196 96 12796 | |327 4|

This proves the above theorem.
Theorem 8. Define ¥,y : [q,7] — Ry, hy,hy : (0,1) — RT where hy,hy # 0. If ¥ €
), ¢ € SGHX (cr-hy, [q,7], R;™) and ¥, € IRy, ), then we have

SGHX(cr-hy,[q,7], Ri™

1

N—

2
)] W(H)g(2) <, o [ ¥,
2 g+r)\ag+r) =Tr=qly T2 ™

de

1
Mq.r /Hee 1—e1—e)+N(q’r)/o H2(e,1—e)

), ¥ € SGHX (cr-hy, [g,7], R;T), we have

Proof. Because ¥ € SGHX (cr-hy,[q,7], Ry

(qu>< T(Mﬁ)f’(qa—qiw)
(ARCAR (% (1)
q

2 lP(e —o)r
LG R RV R (WY

Then,
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’ [H(;mz[w(qw(ql—e) )IP(q(l—qer +e ) +T<q( q)+€ )¢<qe+(‘71r_ ) >]

)
- [H(;,%)r {T(q” ge)r)lp(ﬂﬁ (qlr6>r> +T(q(1 = +er>¢(q(1 9 +er>}

1 ¥(g) ¥(r) ¥(q) ¥(r)
* 11 2[(H(e,l e)+H(l—e,e))(H(l—e,e)+H(e,1—e))

1
- [H(;%)}ZH" o) Gertar) * *(aerea) G ve)
’ [H(;%)F [(H(e e)H(lz—e 1_6)>M(q,r)+ <H2( 11_ )+H2(11— >>N(‘7 )]

With an integration over (0,1), we have

1 2gr 2qr [t 2qr> (qu) 1( 2qr )( 2qr> }
/OT(qur)lp(qH)de_[oT(qH VY de’-/o o+ )P g+ e
r
b4

e

1
+W[M(q'r)/o Hle,e)H(1~e1~¢)

11
Multplyby[ GA) the above equation, and we obtain the desired result

[H(if%)rw(zqr)w(zq){ q “f<e>¢<e>d

2 q+r g+r) ~ " r—q 02

Q

de
M) | e BT =1 = / H2(e,1—¢)

O

Example 6. Let [q,7] = [1,2], hi(e) = 1, Ip(e) = 1, Vx € (0,1). ¥,¢ : [q,7] — R, be
defined as

-1 1 -1 1
¥(o) = {Q4+2,Q4—|—3},1p(9) _ [QH’Q“]
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Then,

2
[H ( %)} 2qr 2qr 4\ /4 431 9339
2 T(Hr)lp(qw) ZZIY(:«})"’(?)) - {512512]
qr ["¥(e)y(e) , _ [282 5986
e [ e |

1 de
M(q'r)/o A, ) H(l—el—e) M(l’z)/o

N|—

1

(0 - e — { 31 629]

192" 192

and
1 307}

N( r)/lL—NOZ)/lezde— =, —
P9 )y H2(e1—e) ~ " Jo ©7T |6 48
It follows that

123 761

= {160’40]‘

431 93397 (282 59861  [31 629]  [1 307
512" 512 | = | 640’ 640 1927 192 6’ 48

This proves the above theorem.

5. Jensen-Type Inequality

Theorem 9. Let d; € R™, z; € [q,r]. If hy, hy functions that are both non-negative and supermul-
tiplicative and if ¥ € SGHX (cr-(h1,h2),[q,7], Rz "), then the inequality becomes:

1 £ ¥(z:)
T (l%k Z?=1 dizi> jcr 1:21 d ) ] ’ (12)

i Dy
H(Dilk’ Dy

where Dy = YX_, d;

Proof. When k = 2, then (12) holds. Suppose that (12) is also valid for k — 1, then

1 1
¥~ |=v
k d 1 d:
<5k Yi-1 dizi) ( DOk + iy Dp Zi)

. ¥ (jx) N T( = ’%Z’)
Tom (g )m (%) m () (8)
¥ (jie) ! ¥ |t
=er 1(% hz(DB—;l) +h1(135;1)h2(g;)i—21 H(%]k’ gtf)]
¥ () Y| ¥
)
¥(z;)

It follows from mathematical induction that the conclusion is correct. [

Remark 3. ®  Ifhy(e) =1, hy(e) = 1in this case, Theorem 9 incorporates output for harmoni-

cally cr- P-function:
1 k
i=1

1 k
D; Y d;z;
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o Ifm(e) = i, hy = 1 in this case, Theorem 9 incorporates output for harmonically cr-
convex function:
‘I’( ! ) < i di ¥(z)
=k 5 —cr . i)-
Dy Lic1 dizi =1 Dk

e Ifhn(e) = (61)5, hy(e) = 1 in this case, Theorem 9 incorporates output for harmonical

cr-s-convex function:

: (5)
1 [T 2i) ¥ (z).
(le Y dﬂi) ¢ 1:21 Dy l

6. Conclusions

In this study, we present a harmonically cr-(h1, h;)-GL concept for ZVFS. This con-
cept was used to develop the H.H and Jensen-type inequalities using a cr-order relation.
This study generalizes some recent results developed by Afzal et al. [35,39] and the follow-
ing authors, Refs. [37,38]. Furthermore, for the sake of checking the validity of our main
findings, some nontrivial examples are given. It is interesting to investigate how equivalent
inequalities are determined for different types of convexity and by using different integral
operators in the future. Due to the extensive use of integral operators in engineering tech-
nology, such as different types of mathematical modeling, and the fact that various integral
operators are suitable for different types of practical problems, our study of interval integral
operator-type integral inequalities will broaden their practical applications. This concept
influences the development of a new direction in convex optimization theory. The concept
will likely be beneficial for other researchers working across a variety of scientific fields.
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