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Abstract: In this study, we analyzed the inertia effect on the axisymmetric squeeze flow of slightly
viscoelastic fluid film between two disks. A system of nonlinear partial differential equations
(PDEs) in cylindrical coordinates, along with nonhomogenous boundary conditions, illustrates the
phenomenon of fluid flow caused by squeezing with the inertia effect. The Langlois recursive
approach was applied to obtain the analytical solution of the system having a stream function, axial
and radial velocities, pressure distribution, normal and tangential stresses and normal squeeze force.
These flow variables are also portrayed graphically to describe the effects of the Reynolds number
and slightly viscoelastic parameter. The results show that by increasing the Reynolds number, the
velocity profile decreases, and both the pressure distribution and shear stresses increase. Moreover,
there is a small increase in normal squeeze force. When the slightly viscoelastic parameter approaches
zero, the obtained solution of flow variables matches with the classical results. This study can be
applied to understand the mechanism of load-bearing features in thrust bearings and in arthrodial
human joint (knee and hip) diseases.

Keywords: inertia effect; Langlois recursive approach; axisymmetric squeeze flow; slightly
viscoelastic fluid; Reynolds number

MSC: 76A10

1. Introduction

The applications of squeeze flow are discussed in various fields of science and engineer-
ing, including lubrication in thrust bearings, knee and hip joints, food texture, the compress
molding process of polymers, journal bearings, motors, the processing of dampers [1–3]
and so on. In addition, squeezing flow is used to examine the rheological behavior of non-
Newtonian (soft materials and complex) fluids [4–6]. Bubble boundaries grow biaxially
and thin out during the evolution of foams, acting much like squeezing films. The elastohy-
drodynamic lubrication theory states that the squeezing effect is crucial in preserving the
unstable film thickness during the walking cycle [7].
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Various researchers have examined the hydrodynamics of viscous and power-law fluid
films between two disks in relative motion since the 19th century [8–10]. Later, Jackson [11],
Kuzma [12] and Hamza and MacDonald [13] investigated the numerical and perturbation
solution of the squeezing flow of viscous fluid with an inertia effect. In the last few years,
most researchers [14–18] have explored the analytical and semi-analytical solutions for
the steady and unsteady squeezing flow of viscous fluid with a slip boundary in a porous
medium. The solution of the velocity components was determined—but not estimated—by
the analytical expressions of pressure distribution and squeeze force.

However, researchers are quite interested in studying viscoelastic fluids. As a large
number of biological and industrial fluids are non-Newtonian fluids, the Navier–Stokes
theory is insufficient to elaborate on the intricate viscoelastic features of these fluids. The
constitutive equations of viscoelastic fluids are significantly classified into integral, differen-
tial and rate-type fluids. At the end of the 19th century, researchers found asymptotic and
numerical solutions for the squeeze flow of rate-type fluids. Phan Thein et al. [19–21] pre-
sented the asymptotic and numerical solution for the squeeze flow of rate-type Maxwell and
Oldroyd-B fluids with and without the inertia effect, respectively. These studies illustrated
that less squeeze force is required to compress the shear-thinning viscoelastic fluid than the
Newtonian fluid between two disks. Recently, Muhammad et al. [22] worked on the axisym-
metric squeeze flow of slightly viscoelastic fluid film using a recursive approach, which
is the special class of the differential type of third-grade fluid. Hayat et al. [23] examined
the analytical solution for the squeeze flow of third-grade fluid with convective conditions.
Anum et al. [24] investigated the analytical solution for the axisymmetric squeezing flow
of third-grade fluid in presence of the Cattaneo–Christov theory. Azlina explored the
influences of the chemical reaction and viscous dissipation on the MHD squeezing flow of
Casson nanofluid in a horizontal channel with slip condition. Azlina discussed the effects
of a chemical reaction on the magneto-hydrodynamic (MHD) squeeze flow of Casson fluid
in a porous medium under slip conditions with viscous dissipation [25–27]. Shankar and
Naduvinamani numerically simulated features of the Cattaneo–Christov heat and mass
fluxes in an unsteady two-dimensional squeeze flow of a magnetohydrodynamic (MHD)
Casson fluid between two parallel plates with radiation and Joule dissipation effects under
the impact of time-dependent homogenous first-order chemical reactions [28]. Chemical
reactions and viscous dissipation on the hydromagnetic squeeze flow of Jeffrey fluid across
two plates over a porous medium in slip conditions with the effects of heat generation,
absorption, thermal radiation and chemical reaction were examined by Azlina [29–32] using
the Keller–Box technique. Hameedullah et al. [33,34] examined the analytical result of the
creeping flow of slightly viscoelastic fluid through a porous slit with constant reabsorption
using the recursive approach. There is a crucial need to examine the slightly viscoelastic
fluid film that is squeezed between two disks in the presence of the inertia effect.

The governing equations of the flow are a highly nonlinear system of partial differential
equations with nonhomogeneous boundary conditions. The analytical and numerical
solutions of these equations are puzzling task for the researchers. Therefore, the main
thought of this research is to analyze the impact of inertia on the squeezed flow of slightly
viscoelastic fluid film between the surfaces of two disks. In this regard, the recursive
technique of Langlois [35,36] is applied to determine the analytical solution. Langlois is
also applied for computing the solution of the creeping flow of viscoelastic fluid in the
absence of inertia. This approach is extended to find the solution of the highly nonlinear
two-dimensional governing equation along the inertia effect in cylindrical coordinates.
This is a step forward in research. The impact of the Reynolds number and the slightly
viscoelastic parameter on the achieved analytical expressions of velocity components,
pressure distribution, shear stress and squeeze force are illustrated graphically.



Axioms 2023, 12, 363 3 of 20

2. Mathematical Formulation

In this study, the quasi-steady axisymmetric flow of slightly viscoelastic fluid film
with constant density and viscosity squeezed between two circular disks of radius (R) is
assumed, and its geometry is illustrated in Figure 1. The fluid film thickness between two
disks is taken as 2H(t), and both disks move towards each other with constant velocity
(V). The cylindrical coordinates are used to study the dynamics of the fluid because the
fluid contains velocities in both radial and axial directions. The origin of the coordinate
system is considered at the center of the channel. There is symmetry in the z-axis.
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The velocity vector (V) for axisymmetric flow is considered in Equation (1).

V = [u(r, z), 0, w(r, z)] (1)

where u and w represent the radial and axial components of the velocity, respectively.
The following governing equations of the motion for incompressible slightly viscoelas-

tic fluid [22,37] in the absence of body force are considered.

∇ ·
→
V = 0 (2)

ρ
D
→
V

Dt
= div(τ

˜
) (3)

τ
˜
= −pI

˜
+ µA

˜ 1
+ β

(∣∣∣∣A˜ 1

2
∣∣∣∣)A

˜ 1
(4)

A
˜ 1

=

(
grad

→
V
)
+

(
grad

→
V
)T

(5)

Here
→
V, ρ, p, τ

˜
, D/Dt, µ, I

˜
, β, A

˜ 1
and

∣∣∣∣A˜ 1
2
∣∣∣∣ denote the velocity vector, constant

fluid density, pressure distribution, Cauchy stress tensor, material time derivative, vis-
cosity, identity tensor, material constant, first Rivlin–Erickson tensor and trace of the
tensor, respectively.

The governing equations of flow have been expressed in component form [22] by
Equation (1) as follows:

∂u
∂r

+
∂w
∂z

+
u
r
= 0 (6)

ρ

[
u

∂u
∂r

+ w
∂u
∂z

]
= −∂p

∂r
+ (µ + βM)

(
∇2u− u

r2

)
+ β

[
∂M
∂z

(
∂w
∂r

+
∂u
∂z

)
+ 2

∂M
∂r

∂u
∂r

]
(7)
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ρ

[
u

∂w
∂r

+ w
∂w
∂z

]
= −∂p

∂z
+ (µ + βM)

(
∇2w

)
+ β

[
∂M
∂r

(
∂w
∂r

+
∂u
∂z

)
+ 2

∂M
∂z

∂w
∂z

]
(8)

where M = 4
[(

∂u
∂r

)2
+
( u

r
)2

+
(

∂w
∂z

)2
]
+ 2
(

∂w
∂r + ∂u

∂z

)2
. The four nonzero stress compo-

nents are defined in Equation (9).

τrr = −p + 2(µ + βM) ∂u
∂r ; τzr = (µ + βM)

(
∂w
∂r + ∂u

∂z

)
τθθ = −p + 2(µ + βM) u

r ; τzz = −p + 2(µ + βM) ∂w
∂z

(9)

The above equations are solved together with appropriate boundary conditions. The
boundary conditions due to the symmetry of the axisymmetric flow at the center plane
(z = 0) and the no-slip condition on both disks are given as

τrz = 0, w = 0 at z = 0 (10)

w = −εV, u = 0 at z = H(t) (11)

where (ε << 1) is a dimensionless number and shows the small perturbation in flow
properties of the viscoelastic fluid model; V is the velocity of both disks and is symbolically
defined as V(t) = − dH

dt .

3. Analytical Solution of Flow Variables

The Langlois recursive approach [36] is applied for the solution of the couple system
of nonlinear PDEs (6)–(9) subject to nonhomogeneous boundary conditions (10)–(11). The
following solutions of the flow variables are assumed.

u(r, z) =
3

∑
i=1

ε(i) u(i)(r, z) (12)

w(r, z) =
3

∑
i=1

ε(i) w(i)(r, z) (13)

p(r, z) = constant +
3

∑
i=1

ε(i) p(i)(r, z) (14)

τ
˜
(r, z) =

3

∑
i=1

ε(i) τ
˜
(i)(r, z) (15)

where ε is a small dimensionless number. Substituting the Equations (12)–(15) in
Equations (6)–(11) and comparing the coefficients of the same order ‘ε’, we have the follow-
ing three problems:

First-order (O(ε)) problem:

∂u(1)

∂r
+

u(1)

r
+

∂w(1)

∂z
= 0 (16)

∂p(1)

∂r
= µ

(
∇2u(1) − 1

r2 u(1)
)

(17)

∂p(1)

∂z
= µ ∇2w(1) (18)
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τ
˜
(1)
rr

= −p(1) + 2µ ∂u(1)

∂r ; τ
˜
(1)
zr

= µ
(

∂w(1)

∂r + ∂u(1)

∂z

)
;

τ
˜
(1)
θθ

= −p(1) + 2µ u(1)

r ; τ
˜
(1)
zz

= −p(1) + 2µ ∂w(1)

∂z

(19)

Subject to the boundary conditions

τ
(1)
rz = 0, w(1) = 0 at z = 0; and w(1) = −εV, u(1) = 0 at z = H(t) (20)

Second-order
(
O
(
ε2)) problem:

∂u(2)

∂r
+

u(2)

r
+

∂w(2)

∂z
= 0 (21)

ρ

[
u(1) ∂u(1)

∂r
+ w(1) ∂u(1)

∂z

]
= −∂p(2)

∂r
+ µ

(
∇2u(2) − 1

r2 u(2)
)

(22)

ρ

[
u(1) ∂w(1)

∂r
+ w(1) ∂w(1)

∂z

]
= −∂p(2)

∂z
+ µ∇2w(2) (23)

τ
˜
(2)
rr

= −p(2) + 2µ ∂u(2)

∂r ; τ
˜
(2)
zr

= µ
(

∂w(2)

∂r + ∂u(2)

∂z

)
;

τ
˜
(2)
θθ

= −p(2) + 2µ u(2)

r ; τ
˜
(2)
zz

= −p(2) + 2µ ∂w(2)

∂z

(24)

Subject to conditions

τ
(2)
rz = 0, w(2) = 0 at z = 0; and w(2) = 0, u(2) = 0 at z = H(t) (25)

Third-order
(
O
(
ε3)) problem:

∂u(3)

∂r
+

u(3)

r
+

∂w(3)

∂z
= 0 (26)

ρ
[
u(2) ∂u(1)

∂r + w(2) ∂u(1)

∂z + u(1) ∂u(2)

∂r + w(1) ∂u(2)

∂z

]
= − ∂p(3)

∂r + µ
(
∇2u(3) − 1

r2 u(3)
)

+βM(2)
(
∇2u(1) − 1

r2 u(1)
)
+ β

[
∂M(2)

∂z

(
∂w(1)

∂r + ∂u(1)

∂z

)
+ 2 ∂M(2)

∂r
∂u(1)

∂r

] (27)

ρ
[
u(2) ∂w(1)

∂r + w(2) ∂w(1)

∂z + u(1) ∂w(2)

∂r + w(1) ∂w(2)

∂z

]
= − ∂p(3)

∂z + µ∇2w(3)

+βM(2)∇2w(1) + β
[

∂M(2)

∂r

(
∂w(1)

∂r + ∂u(1)

∂z

)
+ 2 ∂M(2)

∂z
∂w(1)

∂z

] (28)

τ
˜
(3)
rr

= −p(3) + 2µ ∂u(3)

∂r + 2βM(2) ∂u(1)

∂r ; τ
˜
(3)
zz

= −p(3) + 2µ ∂w(3)

∂z + βM(2) ∂w(1)

∂z

τ
(3)
zr = µ

(
∂w(3)

∂r + ∂u(3)

∂z

)
+ βM(2)

(
∂w(1)

∂r + ∂u(1)

∂z

)
τ
˜
(3)
θθ

= −p(3) + 2µ u(3)

r + βM(2) u(1)

r

(29)

Subject to the boundary conditions

τ
(3)
rz = 0, w(3) = 0 at z = 0; and w(3) = 0, u(3) = 0 at z = H(t) (30)
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3.1. Solution of Stream Function and Velocity Profile

The solution of the first-order problem of Equations (16)–(19) corresponding to bound-
ary conditions (20) is obtained by reducing the equations in terms of stream function.

By using the relation of stream function and velocity u(1) = − 1
r

∂ψ(1)

∂z , w(1) = 1
r

∂ψ(1)

∂r ,
Equation (16) is satisfied identically and excluding the pressure from Equations (17)–(18)
by the cross-differentiation acquired as follows.

E4ψ(1)(r, z) = 0 (31)

Subject to conditions

1
r

∂ψ(1)

∂r = −V, ∂ψ(1)

∂z = 0 at z = H(t);

∂
∂r

(
1
r

∂ψ(1)

∂r

)
= 1

r
∂2ψ(1)

∂z2 , ∂ψ(1)

∂r = 0 at z = 0;
(32)

where E2 = ∂2

∂r2 − 1
r

∂
∂r +

∂2

∂z2 , E4(∗) = E2(E2(∗)). The solution of Equation (31) is subjected
to the boundary conditions of Equation (32), and is assumed as ψ(1)(r, z) = r2 T(1)(z).
Using this assumption in Equations (31) and (32), the following solution is obtained:

T(1)(z) =
V
4

[( z
H

)3
− 3
( z

H

)]
(33)

Invoking Equation (33) in the assumption of stream function, the expressions of stream
function and radial and axial velocity for the first-order problem are found as follows:

ψ(1)(r, z) =
r2V

4

(( z
H

)3
− 3
( z

H

))
(34)

u(1)(r, z) =
−rV
4H

(
3
( z

H

)2
− 3
)

(35)

w(1)(r, z) =
V
2

(
−3
( z

H

)
+
( z

H

)3
)

(36)

It is noticed that first-order velocity components (35)–(36) are identical to the result of
the squeeze flow of Newtonian fluid between two disks [38].

The governing equations of the second-order problem (21)–(25) are reduced by sub-
stituting the first-order solution and then transforming it into a stream function using the

relation u(2) = − 1
r

∂ψ(2)

∂z , w(2) = 1
r

∂ψ(2)

∂r and eliminating the pressure, which is obtained in
the following form:

E4ψ(2)(r, z) =
−3r2VRe

4H4

(
3
( z

H

)
−
( z

H

)3
)

(37)

Subject to conditions

1
r

∂ψ(2)

∂r = 0, ∂ψ(2)

∂z = 0 at z = H(t);

∂
∂r

(
1
r

∂ψ(2)

∂r

)
= 1

r
∂2ψ(2)

∂z2 , ∂ψ(2)

∂r = 0 at z = 0
(38)
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where Re = ρVH
µ represents the Reynolds number. According to the aspect of

Equations (37) and (38), the stream function
(

ψ(2)(r, z) = 3r2VRe
4H4 T(2)(z)

)
is considered,

and substituting in Equations (37) and (38) obtains the following boundary value problem:

d4T(2)

dz4 = −
(

3
( z

H

)
−
( z

H

)3
)

(39)

Corresponding to conditions

d2T(2)

dz2 = 0, T(2)(z) = 0 at z = 0;
dT(2)

dz
= 0, T(2)(z) = 0 at z = H (40)

Thus, the following is the interpreted solution of Equation (39) with the boundary
condition (40).

T(2)(z) =
H4

840

(
−19

( z
H

)
+ 39

( z
H

)3
− 21

( z
H

)5
+
( z

H

)7
)

(41)

Inserting Equation (41) into the assumed solution of stream function, the solution of the
stream function and velocity components for the second-order approximation is found as

ψ(2)(r, z) =
r2ReV
1120

(
−19

( z
H

)
+ 39

( z
H

)3
− 21

( z
H

)5
+
( z

H

)7
)

(42)

u(2)(r, z) =
rReV

1120H

(
19− 117

( z
H

)2
+ 105

( z
H

)4
− 7
( z

H

)6
)

(43)

w(2)(r, z) =
ReV
560

(
−19

( z
H

)
+ 39

( z
H

)3
− 21

( z
H

)5
+
( z

H

)7
)

(44)

The second-order solution contributes in terms of the Reynolds number.
Here, we are computing the solution of the third-order problem (26)–(28) correspond-

ing to homogeneous boundary conditions (30) for the velocity field. Putting the first- and
second-order solution into Equations (26)–(28), the resulting equations are transformed

into the stream function by the relation u(3) = − 1
r

∂ψ(3)

∂z , w(3) = 1
r

∂ψ(3)

∂r , and eliminating the
resulting pressure, one can reach the following form:

µ
[

1
r

(
E4ψ(3)

)]
= 27V3rβ

H6

[
12
( z

H
)
− 19

( z
H
)3
]
− 81V3r3β

2H8

( z
H
)

− 3rR2
e Vµ

2240H4

(
272
( z

H
)
− 1416

( z
H
)3

+ 672
( z

H
)5 − 72

( z
H
)7
) (45)

Subject to conditions

1
r

∂ψ(3)

∂r = 0, ∂ψ(3)

∂z = 0 at z = H(t);

∂
∂r

(
1
r

∂ψ(3)

∂r

)
= 1

r
∂2ψ(3)

∂z2 , ∂ψ(3)

∂r = 0 at z = 0
(46)

The inverse solution [39] of Equation (45) with boundary conditions (46) is obtained by
considering the stream function ψ(3)(r, z) = r4χ(3)(z) + r2T(3)(z). Using this assumption
in Equations (45) and (46) and equating the leading terms of r, we found the following
boundary value problems.

d4χ(3)

dz4 =
−81V3β

2µH8

( z
H

)
(47)
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d4T(3)

dz4 + 16 d2χ(3)

dz2 = 27V3β

µH6

(
12
( z

H
)
− 19

( z
H
)3
)

− 3rR2
e Vµ

2240H4

(
272
( z

H
)
− 1416

( z
H
)3

+ 672
( z

H
)5 − 72

( z
H
)7
) (48)

Subject to conditions

dχ(3)

dz
(H) = 0, χ(3)(H) = 0,

d2χ(3)

dz2 (0) = 0, χ(3)(0) = 0 (49)

dT(3)

dz
(H) = 0, T(3)(H) = 0,

d2T(3)

dz2 (0) = 0, T(3)(0) = 0 (50)

Solving the boundary value problems (47)–(50), we achieved the following solution:

χ(3)(z) =
−27V3β

80H4µ

[( z
H

)5
− 2
( z

H

)3
+
( z

H

)]
(51)

T(3)(z) = 27V3β

1400H2µ

[
−25

( z
H
)7

+ 112
( z

H
)5 − 149

( z
H
)3

+ 62
( z

H
)]
+

VR2
e

5174400

(
3288

( z
H
)
+ 2215

( z
H
)3 − 15708

( z
H
)5

+ 11682
( z

H
)7 − 1540

( z
H
)9

+ 63
( z

H
)11
) (52)

Using Equations (51) and (52) in the assumed solution of the stream function, we obtain
the following third-order approximation of the stream function and velocity components:

ψ(3)(r, z) = VR2
e

5174400

(
3288

( z
H
)
+ 2215

( z
H
)3 − 15708

( z
H
)5

+ 11682
( z

H
)7 − 1540

( z
H
)9

+ 63
( z

H
)11
)

− 27 V3r4β

80µH4

[( z
H
)5 − 2

( z
H
)3

+
( z

H
)]

+ 27 V3r2β

1400µH2

[
−25

( z
H
)7

+ 112
( z

H
)5 − 149

( z
H
)3

+ 62
( z

H
)] (53)

u(3)(r, z) = − Re2V
1724800H

(
1096 + 2215

( z
H
)2 − 26180

( z
H
)4

+ 27258
( z

H
)6 − 4620

( z
H
)8

+ 231
( z

H
)10
)

+ 27 V3r3β
80µH5

[
5
( z

H
)4 − 6

( z
H
)2

+ 1
]
+ 27 V3rβ

1400µH3

[
175
( z

H
)6 − 560

( z
H
)4

+ 447
( z

H
)2

+ 62
] (54)

w(3)(r, z) = Re2V
2587200H11

(
3288

( z
H
)
+ 2215

( z
H
)3 − 15708

( z
H
)5

+ 11682
( z

H
)7 − 1540

( z
H
)9

+ 63
( z

H
)11
)

− 27 V3r2β

20µH4

[( z
H
)5 − 2

( z
H
)3

+
( z

H
)]

+ 27 V3β

700µH2

[
−25

( z
H
)7

+ 112
( z

H
)5 − 149

( z
H
)3

+ 62
( z

H
)] (55)

It is noted that the Reynolds number and viscoelastic parameter are present in the third-
order approximation solution of the velocity profile and stream function. Ultimately, the
outcomes of the velocity components and stream function up to third-order approximation
are achieved by consolidating the first-, second- and third-order solutions.

u = u(1) + u(2) + u(3) (56)

w = w(1) + w(2) + w(3) (57)

3.2. Pressure Distribution

This section contains the computed pressure distribution on each order. Initially, the
first-order pressure equations are formulated by corresponding Equations (35)–(36) into
Equations (17) and (18).

∂p(1)

∂r
=
−3µVr

2H3 (58)
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∂p(1)

∂z
=

3µV
H2

( z
H

)
(59)

The following solution of first-order pressure distribution is obtained by integrating
Equation (56) over r and then differentiating with respect to z.

p(1)(r, z) =
3µV
4H

[
2
( z

H

)2
− r2

H2

]
+ p(1)0 (60)

The equations of pressure distribution for second-order approximation are given by
adding the solution of velocity components (43) and (44) in Equations (22) and (23).

∂p(2)

∂r
= −27rReVµ

35H3 (61)

∂p(2)

∂z
= −9ReVµ

280H2

(
57
( z

H

)
− 70

( z
H

)3
+ 21

( z
H

)5
)

(62)

Similarly, the pressure distribution for second-order approximation is achieved by
determining the solution of Equations (61) and (62)

p(2)(r, z) = −27r2ReVµ

70H3 − 9ReVµ

560H

(
57
( z

H

)2
− 35

( z
H

)4
+ 7
( z

H

)6
)
+ p(2)0 (63)

The required equations of pressure distribution for third-order approximation are
found by implementing the solution of velocity components (54) and (55) in
Equations (27) and (28).

∂p(3)

∂r
= −81r3V3β

20H7 +−54V3βr
175H5

(
1 + 35

( z
H

)2
)
− 151Re2Vµr

5390H3 (64)

∂p(3)
∂z = − 54r2V3β

5H6

( z
H
)
+ 27V3β

175H4

(
1054

( z
H
)
− 1995

( z
H
)3

+ 1015
( z

H
)5
)

− VR2
e µ

431200H2

(
41675

( z
H
)
− 157080

( z
H
)3

+ 153846
( z

H
)5 − 55440

( z
H
)7

+ 2695
( z

H
)9
) (65)

Consequently, the pressure distribution for third-order approximation is obtained by
formulating the solution of Equations (64) and (65).

p(3)(r, z) = − 27V3βr2

175H5

(
1 + 35

( z
H
)2
)
+ 9V3β

700H3

(
6324

( z
H
)2 − 5985

( z
H
)4

+ 2030
( z

H
)6
)
− 151Re2Vµr2

10780H3

− VR2
e µ

862400H

(
41675

( z
H
)2 − 78540

( z
H
)4

+ 51282
( z

H
)6 − 13860

( z
H
)8

+ 539
( z

H
)10
)
− 81r4V3β

80H7 + p(3)0

(66)

Moreover, by combining the solution of all three estimated orders, (58), (61) and (64),
the pressure distribution is obtained:

p(r, z) = − 9ReVµ
560H

(
57
( z

H
)2 − 35

( z
H
)4

+ 7
( z

H
)6
)
+ 3µV

4H

[
2
( z

H
)2 − r2

H2

]
− 27r2ReVµ

70H3 − 81r4V3β

80H7

− 27V3βr2

175H5

(
1 + 35

( z
H
)2
)
+ 9V3β

700H3

(
6324

( z
H
)2 − 5985

( z
H
)4

+ 2030
( z

H
)6
)
− 151R2

e Vµr2

10780H3

− VR2
e µ

862400H

(
41675

( z
H
)2 − 78540

( z
H
)4

+ 51282
( z

H
)6 − 13860

( z
H
)8

+ 539
( z

H
)10
)
+ p0

(67)
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where p0 = p(1)0 ε + p(2)0 ε2 + p(3)0 ε3. The integral constant (p0) is found by the zero normal
stress (τrr = 0) at r = R; however, the expression τrr is dependent on z. Therefore, by
following Lee [38], the average boundary condition is used.

H∫
0

τrr(R, z) dz = 0 (68)

Substituting the result of Equation (9) in Equation (68), after simplification, we found

p0 = 81R4V3β

80H7 + Vµ
2H + 117ReVµ

560H + 137R2
e Vµ

29400H −
4329V3β

700H3

+R2
(

999V3β

350H5 + 3Vµ

4H3 + 27ReVµ

70H3 + 151R2
e e2Vµ

10780H3

) (69)

Putting the value of p0 in Equation (67) the pressure distribution correct to the third-
order approximation is

p(r, z) = 3µV
4H

[
2
( z

H
)2 − 2

3 −
r2−R2

H2

]
− 27V3βr2

175H5

(
1 + 35

( z
H
)2
)
− 9ReVµ

560H

(
−13 + 57

( z
H
)2 − 35

( z
H
)4

+ 7
( z

H
)6
)

+ 9V3β

700H3

(
6324

( z
H
)2 − 5985

( z
H
)4

+ 2030
( z

H
)6
)
− 81(r4−R4)V3β

80H7 − 151R2
e Vµ(r2−R2)
10780H3 − 27(r2−R2)ReVµ

70H3

− VR2
e µ

862400H

(
−4018 + 41675

( z
H
)2 − 78540

( z
H
)4

+ 51282
( z

H
)6 − 13860

( z
H
)8

+ 539
( z

H
)10
)
+ 999V3βR2

350H5

(70)

3.3. Tangential and Normal Stresses

The analytical expressions for tangential and normal stresses correct to third-order
approximations are obtained by substituting the solution of the velocity components and
pressure distribution of all orders in Equation (9).

τrr = τθθ = ReVµ
280H

(
198
( z

H
)2 − 105

( z
H
)4

+ 28
( z

H
)6

+ 108
(

r2−R2

H2

)
− 49

)
− 3Vµ

4H

[
4
( z

H
)2 −

(
r2−R2

H2

)
− 4

3

]
+

27V3β

1400H5

((
113r2 − 148R2)+ 175r2( z

H
)4

+ 52
(

r4−R4

H2

))
+ 9V3β

700H3

(
1389− 9708

( z
H
)2

+ 9030
( z

H
)4 − 3080

( z
H
)6
)

+ VR2
e µ

431200H

(
1461 + 19730

( z
H
)2 − 26180

( z
H
)4

+ 6040 (
r2−R2)

H2 + 12012
( z

H
)6 − 4620

( z
H
)8

+ 154
( z

H
)10
) (71)

τzz = − 3Vµ
4H

[
−2
( z

H
)2 −

(
r2−R2

H2

)
+ 14

3

]
+

27ReVµ(r2−R2)
70H3 + ReVµ

560H

(
−155 + 747

( z
H
)2 − 525

( z
H
)4

+ 77
( z

H
)6
)

− 9V3β

2800H9

(
11112− 1776

( z
H
)2

+ 420
( z

H
)4 − 280

( z
H
)6 − 315

(
r4−R4

H4

)
+ 24

(
33r2+37R2

H2

)
− 2520r2

H2

( z
H
)2
)

+ VR2
e µ

862400H

(
6210 + 46105

( z
H
)2 − 130900

( z
H
)4

+ 105798
( z

H
)6 − 23100

( z
H
)8

+ 1001
( z

H
)10

+ 12080
(

r2−R2

H2

)) (72)

τzr =
−3Vµr

2H2

( z
H
)
− 3ReVµr

560H2

(
39
( z

H
)
− 70

( z
H
)3

+ 7
( z

H
)5
)
− 27V3βr

350H4

(
74
( z

H
)
− 35

( z
H
)3

+ 35
( z

H
)5
)

− VR2
e µ

862400H2

(
2215

( z
H
)
− 52360

( z
H
)3

+ 81774
( z

H
)5 − 18480

( z
H
)7

+ 1155
( z

H
)9
)
− 81V3βr3

20H6

( z
H
) (73)

Here, it is clear that the second-order shear and normal stresses have no impact on the
slightly viscoelastic term (β), but there is the influence of the Reynolds number (Re) due
to inertial forces. The third-order shear and normal stresses are highly contributed by the
slightly viscoelastic parameter (β).
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3.4. Normal Force on the Upper Disk

The squeeze force applied to the circular disks for compressing the viscoelastic material
between them is the crucial factor in squeeze flow with constant velocity. The total force
at the upper disk is evaluated by integrating the negative for the normal axial stress (τzz)
over the disk surface. Therefore, it is expressed mathematically as

F =

R∫
0

−2πr τzz(r, H) dr (74)

By inserting Equation (72) in Equation (74), the following result is obtained.

F = 3πR4Vξ1µ

8H3

(
1 + 16

3

(
H
R

)2
)
+ 9πR6V3β

1400H7

(
105 + 12

(
H
R

)2
+ 3776

(
H
R

)4
)

− 9πVµR4Re
140H3

(
4
(

H
R

)2
− 3
)
+ πVµR2

e R4

431200H3

(
1461

(
H
R

)2
+ 3020

) (75)

For the viscoelastic parameter (β = 0), the proposed results given in Equations (56),
(57), (70) and (75) of axial and radial velocities, pressure and squeeze force are verified
with the result of Ghori [40]. The outcomes of the flow variables for Re = 0 and β = 0 are
coherent with Lee et al.’s findings [38].

3.5. Fluid Film Thickness

For a deeper understanding of the squeezing process, it is necessary to determine
the evolution of the film thickness H(t) based on the mechanical system dynamics. An
equation of motion for the upper disk is written in dimensionless form as follows:

m∗
d2H∗

∂t2 = −m∗g∗ + F∗(t) (76)

subject to initial conditions H∗(0) = 1,
.

H
∗
(0) = −1 with

m∗ =
mV0H2

0
µR4 , m∗g∗ =

mgH3
0

µV0R4 , H∗ =
H
H0

and F∗ =
(H0)

3F
πµR4V0

(77)

where m is the mass of the upper disk, and g is the gravity acceleration.
The numerical solution of film thickness H∗(t) is evaluated by the computational tool

of the Maple ODE analyzer. The following values of the parameters are considered for the
numerical solution of Equation (76).

H0 = 0.1, R = 10, V0 = 0.1, m∗ = 46.51, m∗g∗ = 4.58, β∗ = 0.15 and Re = 15 (78)

The following Figure 2 illustrates the solution of fluid film thickness (H∗(t)).
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4. Results and Discussion

The Langlois recursive approach is successfully used to find the analytical solution
for the squeezing flow of slightly viscoelastic fluid films between two disks, including
the inertia effect. The dimensionless variables (76) are used to determine the effect of the
slightly viscoelastic parameter and the Reynolds number on the given variables, such as
velocity components, pressure distribution, normal shear stress and normal squeezing force
as follows:

r∗ =
r
R

; z∗ =
z
H

; u∗ =
H

VR
u; w∗ =

w
V

; p∗ =
H3

µVR2 p; δ =
H
R

; β∗ =
V2Rβ

µH3 ; F∗ =
H3F

µR4Vπ
(79)

Figures 3–12 were produced using the mathematically based program Mathematica,
and portray the nondimensional flow variables for various values of pertinent parameters
without the use of asterisks. The outcomes of the radial velocity by the Langlois recursive
approach of viscous fluid at distinct Reynolds number values are compared with the
homotopy perturbation method in Figure 3. It is clear that the outcomes of both methods
agree with each other.
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Figure 11. Variation in wall absolute shear stress due to the slightly viscoelastic parameter (β) in the
presence of Re = 20.

Figure 4a–c demonstrates the influence of a slightly viscoelastic parameter (β) through
the inertia effect on the radial velocity at different values. The radial velocity is identical
near the center of the channel for different values of β. The radial velocity on the rise of
β is increased at the center line of the channel in the radial direction and it diminished in
the vicinity of the upper disk. The radial velocity sharpens when the disks approach each
other; further, the decline in the velocity is due to the thickness of the material, and this
signifies the behavior of the shear-thickening fluid. In addition, the backward flow arises
in the presence of the inertia effect (Re = 10) from β > 0.2 at the edges of the channel, and
cross-flow is seen in the middle of the channel (z = 0.45).

The impact of large Reynolds numbers (from 10 to 50) on radial velocity of the slightly
viscoelastic and Newtonian fluid at distinct radial points is illustrated in Figures 4 and 6.
Therefore, it is noticed from the figures that the radial velocities of both fluids accelerate
near the edges of the channel on the surging in Reynolds number, but it declines around
the central region of the channel. Moreover, it is observed that boundary layer thickness
decreases in Newtonian fluid as compared to slightly viscoelastic fluid, and the backward
flow is initiated from the Reynolds numbers (Re ≥ 50). In contrast, the reverse behavior
(boundary layer thickness is increasing) appears for the effect of small Reynolds numbers
(from 1 to 10) on the radial velocity, as shown in Figure 6a–d, while a similar pattern of
the velocity profile on the rise of the Reynolds number is validated by the work of Anum
Shafiq [24].
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when (a) Re = 5.0; (b) Re = 20.0; (c) Re = 40.0.

Figure 8a–d reveals the effects of the slightly viscoelastic parameter (β), Reynolds
numbers (Re) and radial points (r), respectively, on the axial velocity. The value of the
velocity is negative in the graph, which interprets the flow as moving in a downward
direction. The magnitude of the axial velocity with the effect of inertia (Re = 10) amplifies
with surges in β, but the boundary layer thickness drops. Moreover, the axial velocity of the
slightly viscoelastic fluid with a fixed value of Re = 10 increases in the radial direction, and
the magnitude of the axial velocity diminishes due to the increment in Reynolds number
(Re) for large and small values. The backward flow in axial velocity is initiated from
Re = 15.

Figure 9a–c demonstrates the influence of the various Reynolds numbers (Re = 1, 10, 30)
with variation in the slightly viscoelastic parameter on the pressure distribution. The pressure
distribution escalates with variation in the slightly viscoelastic parameter, and it greatly surges
when Re increases. It is observed that the escalation in pressure indicates the thickness of the
fluid; this fluid is mostly called shear-thickening fluid.

The effects of inertia (Re) on the wall tangential shear stress for viscous and slightly
viscoelastic fluids are shown in Figure 10a,b. It is observed that tangential shear stress
increases the viscoelastic fluid slightly more than the viscous fluid under the increment in
Reynolds number (Re) and the maximum value occurs on the edges. Further, the tangential
shear stress for viscous fluid and slightly viscoelastic fluid extends linearly and nonlinearly
with the increase in Reynolds number (Re) along the radial direction, respectively. This
is in nice consensus with Newton’s law of viscosity. Figure 10 illustrates the change in
shear stress due to the variation in β along at Re = 20. Tangential shear stress (τrz) extends
accordingly with the rise in β; this is the behavior of shear-thickening fluid.
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The change in squeeze force is exemplified in Figure 12a–c due to the slightly vis-
coelastic parameter (β) along (a) Re = 5.0 (b) Re = 20.0 (c) Re = 40.0. The squeeze force
surges because of the increment in B with the inertia effect, but it has a slight increase with
the variation in Reynolds number. The increment in β increases the thickness of the fluid,
so it requires more force to squeeze the slightly viscoelastic fluid. Thus, the fluid behavior
indicates the shear-thickening fluid.

5. Conclusions

The impact of inertia on the axisymmetric squeezing flow of a slightly viscoelastic
fluid film between two disks was analyzed by an analytical study. The mathematical model
consists of a highly nonlinear system of PDEs in cylindrical coordinates, and its analytical
solution was achieved by using the Langlois recursive approach. All possible expressions
of flow variables were obtained, and the impact of the Reynolds number and the slightly
viscoelastic parameter are graphically illustrated by transforming them into dimensionless
variables in axial and radial directions. The following are the concluded remarks:

• The result of the radial velocity in the absence of the slightly viscoelastic parameter
(β = 0) by the Langlois recursive approach was compared with the squeeze flow of
viscous fluid by the homotopy perturbation method [40]. An excellent consensus was
observed between the results.

• The flow variables at Re = β = 0 have identical results with the creeping squeeze flow
of viscous fluid [38].

• The radial velocity on the values of β surges at the center line of the channel with the
radial direction and decreases in the vicinity of the upper disk. The backward flow
initiated from β ≥ 0.2 on the edges due to the inertia effect.

• The radial velocity accelerates with the maximum value near the edges, and it reduces
around the center of the channel due to the rise in Reynolds number.

• The shear-thickening and -thinning behavior of the slightly viscoelastic fluid are observed
in the center region of the channel and the vicinity of the upper disk, respectively.

• The magnitude of axial velocity increases with the rise of (β) and it also increases
towards the radial direction.

• A reduction in the magnitude of axial velocity for the slightly viscoelastic fluid is seen
due to the rising value of the Reynolds number (Re).

• An increasing trend is seen in the pressure distribution when the slightly viscoelastic
parameter (β) and Reynolds number (Re) increase.

• The tangential shear stress at the upper disk surges significantly by increment in β
and Re.

• The squeeze force is boosted with the increase in β, and this signifies that the fluid has
shear-thickening properties.
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