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1. Introduction and Preliminaries

In 1977, Bernfeld et al. [1] introduced the concept of a fixed point for mappings that have
different domains and ranges, which is called PPF-dependent fixed point or the fixed point with PPF
dependence. Also, they introduced the notion of Banach type contraction and proved some important
results under this contraction. Recently, some authors have established existence and uniqueness
of PPF-dependent fixed point for different types of contraction mappings (see [2-6]), and others
interested in the applications can find PPF-dependent solutions of a periodic boundary value problem
and functional differential equations which may depend upon past, present and future considerations
(see [7-9]).

A new contraction, called F-contraction, was originally raised by Wardowski [10] in 2012.
He proved a fixed point theorem under this contraction and extended many fixed point results
in a different aspect. After that, a generalization of the notion of F-contraction to obtain certain fixed
point results was given by Abbas et al. [11]. Batra et al. [12,13] provided a remarkable generalization of
F-contraction on graphs and altered distances. Recently, some fixed point results for Hardy-Rogers-type
self mappings on abstract spaces have been discussed by Cosentino and Vetro [14].

A generalized multi-valued F-contraction mapping to discuss results of fixed point theory in a
complete metric space was announced by Acar et al. [15,16] . This idea seemed to be a very useful and
powerful method in the study of functional and integral equations (see [17]). We refer the reader to,
for example [18-24], and references therein for more information on different aspects of fixed point
theorems via F-contractions.
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Definition 1 ([10]). A nonlinear self-mapping T on a metric space (X, d) is said to be an F-contraction, if there
exist F € I'and T € (0,400) such that

d(Tx,Ty) > 0= 1+ F(d(Tx,Ty)) < F(d(x,y)) Vx,y € X. (1)

where T is the set of functions F : (0, +0c0) — R such that the following axioms hold:
(Fy) F is strictly increasing, i.e., for all a,b € R™ such that a < b, F(a) < F(b);
() for every sequence {ay },en of positive numbers limy o 4y = 0 iff limy, 00 F(a,) = —oo;
(F3) there exists A € (0,1) such that lim,_,y+ a* F(a) = 0.

The following functions F; : (0,+o0) — R for i € {1,2,3,4}, are all the elements of T.
Furthermore, substituting in Condition (1) these functions, we obtain the following contractions
known in the literature, for all x,y € X witha > 0 and Tx # Ty,

(i) Fi (a) = In(a), d(Tx, Ty) < e~d(x,y),
(i) (a) = ln(oc) ta, dﬁ{yﬂw oA (TxTy) —d(xy)+7 < 1
(iii)F3(a) = (fx 1) (1 + T\/m)
(lU)F4(lX) (lX +0€) d(Tx,Ty)(l+d(Tx,Ty)) <e T

d(xy)(1+d(xy))

From the axiom (F; ) and Condition (1), one can conclude that every F-contraction T is a contractive
mapping and hence automatically continuous.

Theorem 1 ([10]). Let T : X — X be an F-contraction on a complete metric space (X, d), then it has a unique
fixed point x*. Moreover, for any x, € X, the sequence {T"xo } e converges to x*.

2. Preliminaries

Let E be a real Banach space with the norm ||.||;; given a closed interval I = [a,b] in R we
consider a Banach space E, = C(I, E) of continuous E-valued functions defined on I, endowed with
the supremum norm ||| defined by

llollg, =supll¢(t)llg,
tel

for all ¢ € E,. For a fixed element ¢ € I, the Razumikhin or minimal class of functions in E, is
defined by

Re={p cEc:lglle, = lgpe)lle}-

It’s obvious that every constant function from I to E belongs to R..
Definition 2. Let A be a subset of E. Then
(i) A is said to be topologically closed with respect to the norm topology if for each sequence {y, } in A with

Yn — yasn — oo implies y € A.
(ii) A is said to be algebraically closed with respect to the difference if x —y € A when x,y € A.

Definition 3 ([1]). A mapping ¢ € E. is said to be a PPF-dependent fixed point or a fixed point with
PPF-dependentence of mapping T : Eo — E if T({) = (c) for some ¢ € 1.

Example 1 ([25]). Let T : C(]0,1],R) — R be defined by

T(E) = 5 (sup |c<t>|> forall ¢ € C([0,1],R).

tel0,1]
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Hence, T is a contraction with a constant }. Let &(t) = 2 +1 for all t+ € [0,1].
Since T(&) = % (supte[o,l] |E(t) \) =1 = ¢(0), we have: ¢ is a PPF fixed point with dependence of T.

Definition 4 ([1]). Let T,S : E; — E be two operators. A point { € E, is called a PPF-dependent common
fixed point or a common fixed point with PPF-dependentence of T and S if T(E) = S(&) = {(c) for some ¢ € 1.

Clearly, if we take T = S, then a PPF-dependent common fixed point of T and S collapses to a
PPE-dependent fixed point.

Definition 5 ([26]). Let P: Ec — Eand Q : E, — E,. A point ¢ € E, is called a PPF-dependent coincidence
point or coincidence point with PPF-dependentence of P and Q if P(&) = Q(&)(c) for some ¢ € 1.

Let CB(E) be a collection of all non-empty closed bounded subsets of E, and H be the Hausdorff
metric determined by ||.|| ;. Then, forall G,V € CB(E),

Hg(G,V) = max< supd(a,V),supd(b,G) ¢,
acG beV

where d(a, V) = infycy |la — b .

In 1989, Mizoguchi and Takahashi [27] extended Banach fixed point theorem in a complete
metric space. After that, Farajzadeh et al. [28] extended the above results by introducing the
following definitions:

Definition 6. Let T : E, — CB(E). A point ¢ € E, is called a PPF fixed point of T if (c) € T(C) for
some c € I.

Please note that if S : Eg — E is a single-valued mapping, then a multivalued mapping T : E, —
CB(E) can be obtained by T(¢) = {S(¢)}, for all ¢ € E,. Hence, the set of PPF-dependent fixed points
of S coincides with the set of PPF-dependent fixed point of T.

Definition 7. A point ¢ € E, is called a PPF-dependent coincidence point of g and T if g¢(c) € T(¢) for some
c € 1, where g : E; — E, is a single valued mapping and T : E, — CB(E) is a multi-valued mapping.

Notice that, the Definitions 6 and 7 are coincide if we take g equal to the identity mapping.

3. PPF-Dependent Fixed Point

In this section, we begin with introducing our new concept of a multi-valued generalized
F-contraction and some important results in the setting of Banach spaces are given by using it.

Definition 8. The mapping T : Eo — CB(E) is called a multivalued generalized F-contraction if F € T and
there exists T > 0 such that

Hg(T¢, TE) > 0 implies T+ F(HE(TZ, T¢)) < F([|C = ¢l ). )
forall 7, ¢ € Eo.

The following example shows that a multivalued generalized F-contraction is not necessary in a
multivalued contraction.
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Example 2. Let E = {{, = M, n = 0,1,2,..} be a real Banach space with usual norm and let
E, = C([0,1],R). Define the mapping T : E, — CB(E) by
{Co}, n=20
T =
g { {Cl/ CZ/"/ gn}/ n Z 1

We prove that T is a multi-valued generalized F-contraction with respect to F(a) = a + In(a) with T = 1.
It's clear that for all k,1 € NU {0}, HE(TCx, TZ;) > 0, we consider the following two cases:

Case 1. Fork > 1 and ] = 0, we have

He (T8 T61) g (12,100~ [6—Galle, — 1 =815 i-g0 _ B =k=2 &

1
= e )
10k — C1llg, Ck— 01 K24+k—2

<e " <e

Case 2. For k > [ > 0, we get

HE(TCk, TC1) e (100100~ 16Gillp, — Sk=1 = 81 gy g -gerg = KHI=1 e

1Tk — Cillg, k=0 K4+1+1

I—k -1

<e

This implies that T is a multi-valued generalized F-contraction.
On the other hand, since

i 2ETC T6) G =1
k—o0 ”Ck_ngEo k—roc0 gk—l

Then T is not a multi-valued contraction.

Now, we present our first theorem concerning with the existence of a PPF-dependent fixed point
for a multi-valued generalized F-contraction in a Banach space.

Theorem 2. Suppose that T : E, — CB(E) is a multivalued generalized F-contraction. Then, T has a
PPF-dependent fixed point in ..

Proof. Let {, € R, since T{, C E and T{, is closed, there exists x; € E such that x; € T¢..
Choose {1 € R such that

C1(c) = x1 € Tlo.

If {1(c) € Ty, then {1 (c) is a PPF-dependent fixed point, so the proof is complete. Let {1 (c) ¢ T(,
then there exists {»(c) € T{; such that ||{1(c) — TC1 ||z > 0. On the other hand, from

1€1(¢) = T&llg < He(To, TC1),
(F;) and Condition (1), we can write
F(||g1(c) = TC1llg) < F(Hg(TZo, TC1)) < F(||01 = Collg,) — T 3)
Also, since T C E, there exists x, € T{; such that
Ga(c) = x € TGy,

and
[x1 = x2l[g = 1C1 — Tl -
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Then from Condition (2), we have
F(151() - 82(€) 1) < F(HE(TZ, TE1)) < F(ls - Goll) — T
If we continue recursively, then we obtain a sequence {{, } in R. C E such that
Cna1(c) € TZ, foralln € N.

Since R, is algebraically closed with respect to the difference, we have

18n—1 = Cullg, = IGn-1(c) — Cu(c)||g foralln € N.

So, by Condition (2), one can write

F([18n = Cnsalle,) < FUIGn = Cnalle,) — T @)

IfCy, € TCy,, forall n, € N, then ;, is a PPF-dependent fixed point of T, so the proof is complete.
Thus, suppose that for every n € N, ¢, ¢ T(,. Denote a, = ||y — §n+1||Eo forn=0,1,... Then a, >0,
using Inequality (4) we prove the following;:

F(ay) < Flapy_1) — T < Flay—p) —27 < .. < F(ao) — nt. (5)

From Inequality (5), we have lim,, ;o F(a,) = —o0. So by (F,), one can write limy, e a, = 0.
Applying (F3) there exists k € (0,1) such that limy, e al F(a) = 0.
By Inequality (5), we get foralln € N

ahF(a) — alFas) < —aknt. (6)
Letting n — oo in Inequality (6), we obtain that

nlgrc}o nak, = 0. (7)

From Equation (7), we observe that naf, < 1 forall n > n; € N So, we have

®)

1
ay < —

T
nk

To prove that {{, } is a Cauchy sequence in R, consider m,n € N such that m > n > ny.
Using the triangular inequality and Formula Inequality (8), we have

180 = Cmlle, < 1180 = Cusalle, + 1101 = Cullg, + -+ 1Gm—1 = [,
= Qp Tt App1 Tt A

m—1 oo oo

Since the series }_ - is convergent, so the limit as 11 — co, we get || — Cml| g, — 0. This yields
j=1jk
that {Z,,} is a Cauchy sequence in R, C E,. Completeness of R yields that {{, } converges to a point
{* € R, thatis ¢, — C*.
From Condition (2), for all {, ¢ € E, with Hg(T¢, T¢) > 0, we get

Hg(Tg, TE) < I = ¢l
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and so

He(TZ, T¢) < (1T —¢llg, »

forall ,¢ € E,. Then
181 = TC Nlp < He(TCn, TTY) < (|80 — C¥I, -

Passing to limit # — oo, we obtain that
1" = Tg |15, = 1" () — T¢*|| = O for some c € I,

thatis {*(c) = TC*. Hence T has a PPF-dependent fixed pointin R,. O

Please note that Theorem 2, R, is algebraically closed, so T¢ is closed for all { € E,. If we choose
TC to be compact, thus, we can present the following problem: Let E, be the set of all continuous
E-valued functions and T : E; — CB(E) be a multi-valued generalized F-contraction. Does T has a
PPF-dependent fixed point in i.? By adding a condition of F, we can give a partial answer to this
problem as follows:

Theorem 3. Suppose that T : E, — CB(E) is a multi-valued generalized F-contraction. Assume that R is
topologically closed and algebraically closed with respect to the difference. Assume also that F satisfies

(Fs) F(inf B) = inf F(B) for all B C (0, 0) with inf B > 0.

Then, T has a PPF-dependent fixed point in R..

Proof. Let {, € R, since T, C E and T{, is compact, there exists x; € E such that x; € T(,.
Choose {7 € R, such that
G1(c) € Tlo.

If {1 (c) € Ty, then {5 (c) is a PPF-dependent fixed point, so the proof is complete. Let {1 (c) & T,
then there exists {»(c) € T¢; such that ||{1(c) — TC1 ||z > 0. On the other hand, from

1C1(c) = TCil|g < HE(TZo, TZ1),

(F1) and Condition (1), we have Inequality (3). Applying (Fs), we can write (note ||{1(c) — TZ1||¢ > 0)

E(||C1(c) = TGillg) = _inf  F([|C1 = Cllg, )

GeTC1CE
and so from Inequality (3), we have
T
inf F - <F —Co —T<F —Go -5 9
(b F(16 = 8lle) < FlIgr = Solle,) =7 < F(61 = Gelle,) — 5 ©)

Then from Inequality (9) there exists {»(c) € T¢; such that

E(lIg1(e) = Ga(e)llg) < F(lIG1 = ol

T
Eo) E

If {>(c) € TZ,, we are finished. Otherwise, by the same way we can find {3(c) € T, such that

|-1

E(lica(e) = Cale)lle) = EClIG2 = Qalle.) — 5-

We continue recursively, then we obtain a sequence {{, } in R, such that {,,1(c) € T, for some

celand
T

F(12n — Cuslle,) < Fln — Gualle,) —

foralln = 1,2,... We can finish the proof by a similar technique of Theorem 2. [
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We know that, F satisfies (Fy) if it satisfies (F;) and is right-continuous.

4. PPF-Dependent Coincidence Point

In this section, we prove the existence of PPF-dependent coincidence points for a pair of mappings
(single and multivalued) under the Condition (2) by replacing the condition of R, is topologically
closed with equivalent conditions in a Banach space.

Theorem 4. Let f : R — R, be a single valued mapping and T : E, — CB(E) be a multi-valued mapping
satisfying the following conditions:
(i) T(Es) C f(Re),
(ii) f(R.) is complete,
(ifi)
HE(T¢, TE) > 0 implies T + F(Hg (T2, TE)) < F(If¢ — f&l;.), (10)

forall ,¢ € E. and for some c € 1.
Assume that R is algebraically closed with respect to the difference. Then T and f have a PPF-dependent
coincidence point in Re.

Proof. Let {, € R, since T{, C Eand T({,) C f(R.), we can choose {; € R, such that

file) € TCo.

If f1(c) € Ty, then {1(c) is a PPF-dependent coincidence point of f and T, so let f1(c) & T,
then there exists f{»(c) € T¢; such that || f{1(c) — TZ1]|g > 0. On the other hand, from

1fC1(c) = TCil|g < HE(TZo(c), TC1),

and (F;), we have

F(If81(c) = Tillg) < F(He(TCo, TC1))-
From Inequality (10), we can write
F(||fi(c) = TCi||g) < F(HE(TZo,TC1)) < F(||fC1 — flollg,) — T (11)

Also, since Ty C f(R.)(c), there exists {2 (c) € Ty such that by Inequality (11), we get

E(lIf¢1(c) = fQa(o)llg) < F(HE(TEo, TC1)) < F([IfC1 = flollg,) — T

By the same above technique, we can get a sequence { f{,(c)} such that f{,(c) € TZ,—1 in R, for
all n € N. Since R, is algebraically closed with respect to the difference, it follows that

1f8n-1(c) = fCn(O)lg = 1 fCn-1 = flnllg, foralln €N,

So by Inequality (10), we have

F(Hfén *an+1|

£) SFE(IfCn = fCnallg,) — T

As in the proof Theorem 2, by taking ay = |[fln — fCus1llp, for all n = 0,1,2,..,, we obtain
{fCn(c)} is a Cauchy sequence in R C E,. The completeness of f(R;) leads to {f{,} is a convergent
sequence. Suppose that lim, ;. f; = {* for some (* € f(R.). So, there exists { € R such that
{* = fg, thatis limy e f{n = fC. Hence, for each n € N and for all {,¢ € E, with Hg(T{, T¢) > 0,
we get

1 fns1 = TCllg, < He(TCn, TE) < || fCn — fCllg, — T
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Taking the limit as n — oo, we have {*(c) € T(. Hence, the proof is completed. [

In the following theorem, we prove the existence and uniqueness of a PPF-dependent common
fixed point for two multi-valued generalized F-contraction in Banach space.

Definition 9. Let (E., ||.||g) be a Banach space and S, T : Eo — CB(E) be multi-valued mappings. The pair
(S, T) is called a pair of new multivalued generalized F-contractions if F € T and there exists T > 0 such that

Hg(TZ,58) >0 = 7+ F(HE(TE,S¢)) < F(M(Z,©)), (12)

where

—TC||--|IE—S
M) —max{w—ago, e g - T5|E,|¢—sc||g},

forall C,¢ € E, and for some c € 1.

Theorem 5. Let (E,|.||g) be a Banach space and (S,T) be a pair of new multi-valued generalized
F-contractions (12). Assume that R is algebraically closed with respect to the difference. Then T and S
have a PPF-dependent fixed point in R.. Moreover, if T or S is a single-valued mapping, then a fixed point with
PPF-dependentence is unique.

Proof. Let {, € R, be arbitrary, since S{, C E is nonempty-closed, there exists x; € E such that
X1 € SCo. Choose {1 € R, such that {;(c) = x1 € S{, and

1€1(¢) = Co(O)llg = 1101 = ol

Again, taking Ty C E, let xp € TZ;. Choose (, € R, such that {>(c) = x, € T{; and

Eo, "

lx2 = x1l[p = [1G2(€) = Ga ()] = 182 = Call, -
Continuing in this way, by induction, we obtain
SCon+1 = Conv2 and TCon = Lons1,

such that
180 = Cnsalle, = 18n(c) = Cnsa ()l -
Then from Condition (1), with Hg ({2441, Con+2) = He(T2n, SC2n+1) > 0, we have

F(Hg(Con+1,Cont2)) = F (HE(TZ20, STon41)) < F(M(Z2n, Cons1)),

foralln € NU {0}, where

_ H€2n_Tg2n|‘E'H€2n+1_552n+1”h"
M(Gon, Cont1) = max{ o Gl e bnal, ’ }
1820 — TConllg /182041 — SCan1llE

_ max{ 1Zan — 5271-&-1”)50 , Hgln(C)7€2n41ri(|“jé!fi|§22::—rll‘(|(;)07§2n+2(C)HE, }
1820 (c) = Cans+1(e) || g/ 1G2n+1(c) — Canta(0)[E
|Cant1(c) — €2n+2(C)HE} :

= maX{H@zn —Contillg, /
If M(C2n, C2nt1) = 1G2n+1(c) — Cant2(c) ||, then

F(HE(C2n+1,Gonv2)) < F(|[C2nt1(c) = Qansa(c)|lg) < F (||§2n+1 - 52n+2||Eo) -7
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which is a contradiction due to (F;). Therefore

F(182041(0) = Gans2(0)llg) < F (620 = Gznlle, ) — - (13)

Similarly, we have

P(I220() = G221 @) < F (16201 = Calle, ) — (14

By using Inequalities (13) and (14), we get

F(182n41(c) = Cans2()l1p) < F (18201 = Ganlly, ) — 27

Repeating these steps, we can write

F(IG2n+1(c) = Cansa(c)||g) < F (IICO — §1||EO) —(@n+1)T. (15)

Similarly, we obtain that

F(122n(c) ~ Cansa(©) 1) < F (1o ~ Callg, ) — 2. (16)
Inequalities (15) and (16) can jointly by written as
F(12a() = 21 (@)llg) < F (120 = Callg, ) = . (17)
Taking limits with n — oo, on both sides of Inequality (17), we have
Jim F([|¢n(c) = Cnr1(c)l[g) = —oo, (18)
since F € T, then
Tim [124(¢) — st (0)] = 0. (19)

By Inequality (17), for all n € N, we obtain

(160~ el ) (FIZn(©) ~ Gua (@)11) ~ E(IZoe) = 21(@)l)) < — (160~ Gl ) e <0, (20)

Considering Equalities (18) and (19) and letting n — oo in Inequality (20), we get

|Eo)k — 0. 1)

Tim 1 (1|0 = Guer

Since Equality (21) holds, there exist n; € N, such that

k
n (Hén - §n+1||go) <1, foralln > ny,

or,
1
Cn — Cntallp, < —, foralln > ny. (22)
nk
From Inequality (22) we get that {{,,} is a Cauchy sequence in R, C E.. Since R, is complete,
there exists {* € ¥t such that
lim g, = ¢ (23)

n—oo
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By the Condition (12), for all {, ¢ € E, and for some ¢ € I with Hg (2,41, SC*) > 0,

T+ F<HE(€2n+1r Sé*)) < F(M(gbu é*))r

where

n— TCnllp-||CF — SC* " X
M(Gan 2) = max{wzn—g*ngo,”@ el e gy, g ¢ - s ||E}

1C2n — Contallg - 1" — SC*
1+ ||€2n - C*

IE,

= max { 1820 — "I, HE, 1G2n — Consalle 1C" — Sg*HE} :

Taking limit n — oo and using Equality (23), we can write
Tim M(Zan, %) = 12 = S 4)
Since F is strictly increasing, Equality (24) implies

1C2n+1 = ST |Ig < M(Z2n, 7).

Taking limit # — co and using Equality (24), we have

167 =S¢ M[e < I&" = ST [k
which is a contradiction, hence ||* — S{*|| = 0 or {*(c) € SC*.

Similarly, using Equality (23) and the inequality

T+ F([|Can+2 = TC || g) < T+ F(HE(SC2011, TCY)),
we can show that ||{* — T{*||p = 0 or {* € T¢*. Hence S and T have a PPF-dependent fixed point
in K.
We next prove that if T is a single-valued mapping, the PPF-dependent fixed point of S and

T is a unique. Assume that « € ¥, is another PPF-dependent fixed point of S and T. By using
Condition (12), we have

le = llg, = lla(e) = C(0)l[p < He({a(e)}, ST) = He({Ta}, ST).

Hence,
T+ F(Hg({a(c)},SC)) < F(M(a,0)),

where

—T g —S
M(s,0) :max{na—an,go, o= Tl o g'E,m—mnE,ng—smE} ~ a2l

this yields,
la —Ellg, = 7+ F(He(w,0)) < F(la = ¢llg,) < e —¢

which is a contradiction. Therefore |l — ||z = 0 or a(c) = {(c). This completes the proof. [J

£,/

In the following example, we justify requirements of Theorem 5.
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Example 3. Let E = R? with respect to the norm ||({,€)||g = || + |&] and Es = C([0,1],R?). Define the
multi-valued mappings S, T : Ec — CB(E) as follows:
1,12 1 1. 2,1

1= |30 50| ot st [5ep )| range e, o

€ [0,1].

I

Define the function F : RT — R by F(a) = In(a) forall« € R*, T > 0.
By Condition (12) with Hg(T{, S¢) > 0, we have

He(T¢,S¢) = maX{SuP(llA—Séll ), sup(IITé e )}

AET] HESS

= maxq (16— Clle, i

- {ss;; ¢<i> 2], s (|50 3] -#),)}
- w3 -2
_ m{’ﬂ ‘26‘}f0r50me}16[0,1],
also,
M(5,8) = max ||é—¢||,;o,|‘€’{%’§J‘|gf‘§|f%]“E, - 5%, —[g,éC]HE}
] _gHElug_gHE} (25)

(I21+|§pel—| &
fi i it

(121 - H)} €]+ [¢] for some § € [0,1].

Now, we present two cases as follows:

Case 1. Ifmax{‘g %’} = ‘%‘+ ‘%‘andﬂrzln(g) > 0, then we get

107] + 12¢] < |zsa|+|zsa|;»§(’§] Z) =i+

= 1( —l—ln(‘ ‘—i—‘ ><ln|§|+|§|)

which implies that
T+ F(Hg(TE, 5¢)) < F(M(E,§))-

%‘3‘} = ‘é—g‘+)§’and’rzln(g) > 0, we have

Case 2. Similarly if max { ‘ 7

20| + 168 < |257] + [25¢] = (m ﬂ)saﬂg

= (%) +hn ('Zﬂ H)<m 121+ 21)-

This yields
T+ F(Hg(TE, 5¢)) < F(M(E,4))-

Hence, all the axioms of Theorem 5 are satisfied, so (S, T) have a PPF-dependent fixed point.
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Please note that Theorem 5 remains valid if we substitute M((, {) defined in Definition 9 by any
of the following formulas:

() M(8,8) = 11— &l (i6) M(C,8) = ¢ — T¢llg
(iii) M(g,¢) = % (iv) M(£,8) = [1& — S¢
(0) M(Z,2) = max {12 ~ €l , I — T} (0i) M(Z, &) = max {[}¢ — &, & — ¢l |
(vi) M(Z,€) = max {[lg = &l SESTHEIESEE L (o) M(E, &) = max {|1¢ — sell g, T -Sele |
(ix) M(2,8) = max {||¢ = T¢ | g, SESTHEIESEE L (x) M (g, @) = max {1 — Telg, 11E — S¢ ¢}
=l e ¢l
(xi) M(Z, &) = max 12 15‘\‘\5 HgIIEfHE (xii) M({, &) = max 14 1Jr§||||é; ngEfHE’
& - sl Il - Tell;
_ 2= ¢lle, lE = TE
(xiii) M(,E) = max{ Hé]‘i Sz, E }

5. Application to A System of Integral Equations

No one can deny that fixed point theory has become the most wide spread in functional
analysis because of its great applications, especially in differential and integral equations (see [29-31]).
Accordingly, we will apply the results we have obtained to find the existence and uniqueness of a
solution of nonlinear integral equations.

Let I, = [—t,0] and I = [0, t] be two closed bounded intervals in R, for reals ¢ > 0 and X denote
the space of continuous real-valued functions defined on I,. We define the supremum norm ||.|| by

ISl = sup [G(£)]-

tel,

It is known that R is a Banach space with this norm.
For fixed t € R" define a function t — ¢; by

¢t(a) = ¢(t+a), acl,

where the argument a represents the delay in the argument solution.
Consider the following nonlinear integral equations:

G(t,5)f1(s, ¢(s))ds
G(t,5)fa(s, ¢(s))ds

P1(t) =
(26)

$a(t) =

o Lo

for all t € 1. Now, we prove the following theorem to ensure the existence of a common solution of our
problems (26).

Theorem 6. System (26) has only one common solution defined on I U I, if the following conditions hold:

¢
(a) sup,; (bfG(t,s)eTSds> < L,

(b) fi o IXC(LR) - R,G:1xI—RT,
(¢) suppose that
¢+ 2l = SUIID{Wl(f) +a(t)] e}, T>0,
te

forall ¢1,¢, € C(I,R).
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Proof. Define the following set

~ ~

E={¢=(¢)cr : ¢+ €N, p € C(L,R)}.

We define a norm on E by

H;’ = St‘éllj [Pt -

we obtain that, % € C(I,R). Next we show that E is a Banach space. Let {an} be a Cauchy sequence

in E. Tt is easy to see that {(¢}')icr} is a Cauchy sequence in X. This implies that {¢}"(s) } is a Cauchy
sequence in R for each s € I,. Then {¢}"(s) } converges to ¢1(s) for each t € I. Since {¢]'} is a sequence
of umformly contmuous functions for afixedt €I, ¢4 (s ) is also continuous in s € I,. So the sequence
{([)n} converge to c[) € E. Therefore E is complete, hence, E is a Banach space.

After that, we define the multi-functions T, S : E=C B(R) by

To, (1) = [ G(t,s)fi(s, ¢ (s))ds
(27)

S¢,(t) = [ G(t,5)fals, ¢2(s))ds

O O

for all 51, 52 e E. Suppose there exist T > 0 such that

)| < TM(¢1, ¢2)

[fi(t,@1(t) + folt, ot (t/TM (g1, o). + 1)

forallt € I and ¢y, ¢, € C(I,R), where

M1, ¢2) = max { g (1) + ga ()|, LOETROUEOSEOL |6, (1) 1+ Tgy (1)), 192(1) + Sga(1)] }

From the assumptions (a), (¢) and Functions (27), we can write

T9.1(5)+5¢,(0)| = [ G(t,5) Ifi(s, ¢1(5)) + fals, 92(5)) | s

- —Ts] ,Ts
)(T IM(¢1,¢2)]| + 1) [M(¢1, ¢2)e™ "] e™ds

G(t,s) . 1M (1, $2)], e™ds

(TVIIM(e1, ¢2)ll +1)?

THM((PL(PZ)” G t, Tsd
/|| M(¢1, ¢2) [ +1)2 / s)eds

t
T || M(¢1, 92)]| )
(T IM(¢1, )|l + 1) °op (O/G(t,s)e ds)
M@, 2)lle o
[ M (1, d2) [l +1)2

IN

oL S O
Q
“
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This implies that
TN ; —|—SN ¢ —t ||M(¢lr¢2>“r ,
‘ 4’1( ) 4’2( )‘e ~(r ||M((P1/4’2)Hr+1)2
hence,

- ~ HM(CPLCPZ)HT
7810+ 5.0, < R pmam T TR

’l'\/m+1 < ! ’
VIM@L el M\Tal<t>+s$2<t>ur

this is equivalent to

or
1 1

M T o+ sxo)]

which further implies that

-1

1
i s, VPO

This implies that (S, T) is a pair of multi-valued generalized F-contraction for F(a) = :/—%, a>0.
Moreover, the Razumikhin Ry is C(I, R) which is topologically closed and algebraically closed with

respect to difference. Now all hypotheses of Theorem 5 are automatically satisfied with ¢ = 0.

~k

~k ~k ~k
Therefore, there exists a PPF-dependence coincidence point ¢ of T and S thatis, ¢ (0) € T¢p = S¢ .
Hence, the integral Equation (26) has a solution. This completes the proof. [

Questions

(i) Are the results in Theorems 2 and 3 still true when the norm closedness for R, is replaced by
weak closedness or weak* closedness (for dual Banach spaces)?

(ii) Is there some way to improve the results of Theorems 4 and 5 to more than two or a family
of mappings?
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