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Abstract

The main task of this thesis is the analysis of the initial data uy of Schrodinger’s
initial value problem in order to determine certain properties of its dynamical
evolution.

First we consider the elliptic Schrodinger problem in its perturbative form.
The idea is to find lower bounds for the solution giving conditions at time ¢ = 0
together with a size condition on the potential. After analyzing the elliptic case
we give a similar result for the hyperbolic Schrodinger operator.

Next we focus on the free particle case, this is, the case where no potential is
involved. The goal here is to quantify the L? norm of the solution in a space-time
cylinder. Following the same idea as before we want to find conditions at time
t = 0 to ensure this. To carry out this task we define the ¥5 space where ¢ is a
parameter on the interval (0,1]. We see that if uy belongs in this space then so
does its evolution in time and use this fact to give lower bounds for the L? norm
of the solution. For § = 1 we give a different approach and make use of the Virial
Theorem. We will see that this case has particular properties.

Finally we study dynamical uncertainty principles derived from the previous
study. The key point will be to write the solution as u = pe’®, where p and 0 are
real functions. Thus we give uncertainty principles in terms of these functions and
find explicit expressions for them so that u becomes a minimizer of the problem.
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Resumen

Una mirada a la mecanica cuantica

La mecanica cuantica es la parte de la fisica que estudia el movimiento de las
particulas muy pequenas o microobjetos. Esta nueva rama surgi6 de la necesidad
de dar respuesta a fenémenos fisicos para los que la mecanica clasica no tenia
respuesta, como por ejemplo la imposibilidad de dar explicaciones ante conceptos
como la radiacién del cuerpo negro. En esta direccion, las primeras propuestas
llegaron a principios del siglo XX de la mano del fisico aleméan Maz Planck.

Sin embargo, no fue hasta mediados de la década de 1920 cuando los fundamen-
tos de la mecanica cuantica fueron establecidos. Uno de los pioneros en el campo
fue el fisico francés Louis de Broglie, quien descubri6 la naturaleza corpuscular-
ondulatoria de los objetos fisicos. Ejemplo de ello es la luz que en la totalidad
del siglo XIX se creia que tenia propiedades exclusivamente ondulatorias pero mas
adelante pudo demostrarse que se comportaba también como particula.

Tras de Broglie, aparecieron ilustres cientificos como el fisico austriaco Erwin
Schradinger, que es precisamente quien da nombre a esta tesis, o el matematico y
fisico alemén Maz Born. Este dltimo fue quien propuso en un articulo publicado
en 1926 el caracter probabilistico de la teoria.

Hemos mencionado dos de los elementos fundamentales de la teoria cuantica
que son por un lado la dualidad onda-particula de los objetos, como la inter-
pretacion probabilistica que se esconde tras ella. Estos conceptos pueden enten-
derse muy bien mediante el experimento de la doble rendija realizado por el cien-
tifico inglés Thomas Young cuyo objetivo era discernir la naturaleza corpuscular u
ondulatoria de la luz. En la segunda mitad del siglo XX el mismo experimento fue
realizado con electrones de la mano del fisico aleman Clauss Jonsson. Mas tarde
en 1989 un grupo liderado por el fisico japonés Akira Tonomura llevd a cabo el
mismo experimento que describimos a continuacion.

El experimento consta de un panel con dos rendijas separadas a una distancia
a y una pantalla colocada a distancia d del panel, que es donde colisionaran los
electrones. De esta forma se disparan las particulas, preparadas de la misma forma,
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y se registran las colisiones en la pantalla. Se puede observar que cuando una de
las rendijas esta tapada el registro de colisiones no muestra ninguna interferencia.
En este caso, se genera una patrén semejante a una Gaussiana donde la mayor
densidad de colisiones se produce en frente de la rendija abierta. Sin embargo,
cuando los electrones tienen ambas vias abiertas el registro de las colisiones es
algo mas complejo.

Supongamos ahora que ambas rendijas estan abiertas. Si disparamos un elec-
tron cada vez veremos que éste impacta en un tnico punto de la pantalla y su
posicion queda totalmente registrada y asi sucede con cada uno de los electrones
que disparamos. La clave estd en que cada electrén genera un tinico punto y no
se dispersa como cabria esperar de un comportamiento ondulatorio. Sin embargo,
la posicion en la que una tnica particula colisiona es completamente aleatoria y al
disparar gran cantidad de éstas se genera un patron de interferencia.

Lo sorprendente no es la variacién de puntos en los que los electrones colisionan
sino el claro patréon de interferencia que deja a relucir cudles son las zonas con
mayor numero de colisiones y cudles las zonas en las que apenas llega ninguno
como se puede apreciar en las siguientes imagenes:

Figure 1: Imagen tomada de [14], p. 13, correspondiente al experimento de la
doble rendija llevado a cabo en 1989 por el grupo liderado por Akira Tonomura.

La primera imagen se corresponde con la distribucion de las colisiones de 150
electrones y no se aprecia ningin tipo de patréon. Sin embargo, la tltima imagen
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corresponde a la distribuciéon de 160.000 electrones y en este caso si es posible
detectarlo.

Es precisamente este patrén de interferencia el que hace referencia al caracter
ondulatorio de los electrones. Por supuesto, si disparamos un tnico electréon no
seremos capaces de predecir en qué punto de la pantalla colisionara pero pode-
mos estimar la probabilidad de que lo haga en un punto concreto utilizando una
funcién que caracterice el patréon que ya hemos mencionado. Esta funcién sera
precisamente la funcion de onda que describe a nuestro sistema de electrones.

Esta funcion de onda toma como argumento valores x € R"™, que debemos
entender como posibles puntos en los que la particula puede encontrarse, y cuya
evolucion en tiempo vendra determinada por la ecuacion de Schrodinger. Cabe
recalcar que esta funcién de onda no representa el comportamiento de una sola
particula sino que establece el comportamiento estadistico de un sistema (o suce-
sién) de particulas al que nos referiremos como sistema cuantico.

A pesar de ser una sobre-simplificacion podemos entender la naturaleza
corpuscular-ondulatoria de un sistema cuantico de la siguiente forma: una tnica
particula del sistema se comportara precisamente como tal, pero una sucesién de
éstas dara lugar a un comportamiento ondulatorio.

En esta tesis nos referiremos a la funciéon de onda que caracteriza el sistema
cuantico como u = u(x,t) donde como ya hemos dicho = € R™ y ¢ serd la variable
temporal que determine su evolucién dindmica. La funciéon u lleva asi codificada
toda la informacién referente al sistema. En particular, la cantidad |u(x, t)|? define
la densidad de probabilidad relacionada a la posicién. Tiene por tanto sentido
asumir que se verifica lo siguiente,

[ Jule,t)Pde =1,
R’VL

para todo tiempo t. Es decir, que la probabilidad de encontrar una particula en
algiin punto del espacio es absoluta.

Queda claro que a niveles cudnticos no podemos hablar de certidumbre a la hora
de hacer mediciones, cosa que era relativamente sencillo en la mecanica clasica, ya
que en este caso las particulas quedan univocamente determinadas por los valores
de posicién y momento en un instante t. A lo maximo a lo que podemos aspirar
ahora es a conocer las probabilidades de estas magnitudes. Hasta ahora hemos
hablado tinicamente de la posicién de una particula pero podemos hablar de otras
magnitudes fisicas como el momento de un sistema cuantico.

En mecénica cudntica las cantidades fisicas (posicion, momento, energia,...)
se representan mediante operadores definidos en un espacio de Hilbert H. Nos
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interesa ademas que estos operadores sean autoadjuntos. Recordemos primero que
el producto interior entre dos vectores cualesquiera en un espacio de Hilbert H se
define como

(u,v) = /n uodx, Yu,v € H(R").

Definicién. Sea el operador lineal S definido en un espacio de Hilbert H. Defini-
mos el operador adjunto de S, al que llamaremos S* como el operador que verifica

(u, Sv) = (S*u,v),

para cualquier vector v € D(S) y u € D(S*).

Definicién. Se dice que un operador lineal S es hermitico si
Su = S*u, Yue€ D(S)

si ademads de esto D(S) = D(S*) podremos afirmar estrictamente que S = S* y en
este caso diremos que el operador S es autoadjunto.

Definicién. De la misma forma, diremos que un operador lineal A es anti her-
mitico si

Au=—A"u, Yue D(A).

Supongamos una particula moviéndose en la recta real R. Sabemos por la teoria
de probabilidades de que la esperanza matemdtica de la posicién viene dada por

[ elutw.t)Pdz,
R

para cualquier tiempo t fijado. Si definimos S = x como el operador posicion
vemos que podemos escribir la integral de arriba mediante el producto interior del
espacio de Hilbert correspondiente,

(Su,u).

Una de las principales ideas de la teoria cuantica es precisamente la posibilidad
de representar las esperanzas matemdticas de diferentes magnitudes fisicas usando
operadores y el producto interior tal y como hemos hecho para la posicién de la
particula.

Otra de las magnitudes con las que trabajaremos en esta tesis es el momento.
Esta magnitud se representa mediante el operador S = —id, en dimensién 1
o S = —iV si hablamos de dimensiones mayores. Una de las particularidades
del momento de un sistema cuantico es que su informacién esta codificada en el
espacio frecuencial de tal forma que el momento de una particula puntual sea
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p = h& donde A es la constante de Planck y & es la variable frecuencial. Esta
observacion es importante ya que sugiere una relacién directa entre nuestra funcion
de onda y su transformada de Fourier. Es mas, veremos que esta relacién implica
la imposibilidad de medir de manera simultanea la posiciéon y el momento de una
particula. Esta propiedad se denomina Principio de incertidumbre y es una de las
caracteristicas mas importantes dentro de la teoria cuantica.

Definimos la transformada de Fourier de una funciéon f como

f&) = e [ e fla)d,

Rn
donde = - & = x1& + ... + x,&, es el producto escalar.

De esta forma tiene sentido construir w como superposicion de funciones
definidas en el espacio frecuencial usando la transformada inversa de Fourier

(e, t) = (2m) "2 / GTEQ(E, 1) dE

n

La ecuacién de Schrodinger

Queda claro que existen grandes diferencias entre la mecanica clasica y la cuantica.
Hemos mencionado que para el primer caso un sistema fisico queda completamente
definido si conocemos su posicion x y su momento lineal p en un instante ¢,. Pode-
mos incluso definir la dindmica del sistema en el tiempo y hablar de trayectorias,
cosa que no es posible en el esquema cuantico.

Sin embargo, no deja de ser 16gico suponer que el sistema evolucionard en el
tiempo y con él la funcién de onda que hemos denominado como u. De esta
forma diremos que para un instante ¢ el estado estara descrito por w;(x) = u(z,t)
donde el tiempo no juega mas que el papel de un parametro. ;Cémo podemos
caracterizar esta evolucion en el tiempo si no podemos hablar de trayectorias de
manera explicita?

De esto se encarga la ecuacion presentada por el fisico austriaco FErwin
Schrodinger en 1926
0
th—u(x,t) = Hu(x,t),
e, 1) = Hu(z, )
denominada como ecuacion de Schrodinger dependiente del tiempo donde A es la
constante de Planck y H es el operador Hamiltoniano que caracteriza la energia
total del sistema.

La ecuacién de Schrodinger presentada arriba es la formulacién fisica que pode-
mos encontrar en la literatura. Nosotros trabajaremos en un contexto matematico
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y plantearemos el problema de valores iniciales de Schrodinger de la siguiente forma
a lo largo de esta tesis,

{ Owu(z,t) = i(Au(z,t) + V(x, t)u(z,t)), zeR"teR (1)
u(z,0) = up(x),

donde V' sera un potencial y A es el laplaciano que definimos como

n 82

=1

<L

Nos referiremos al caso particular en que no haya ningtin potencial actuando
sobre nuestro sistema como caso de la particula libre. Ademés cuando trabajemos
en este contexto introduciremos un factor 1/2 para simplificar calculos de forma
que la ecuacion quede de la siguiente forma

Para el caso de la particula libre podemos calcular la solucion de manera ex-
plicita usando las propiedades de la transformada de Fourier. Asi la ecuacién ({2))
se transforma en

. U pi2e
atu(é.a t) = —§|§|2U(§, t>7
y resolvemos ‘
(g t) = o(w)e 14

Usando ahora la férmula de inversién para la transformada de Fourier podemos
recuperar nuestra solucion u de de forma que obtenemos

u(w, t) = (2m) "2 /

Rn e " Ea(E, t)dE = (27T)_n/2/ 6_11'56_%“5'2@0(5)%'

n

O de manera mas compacta como

e

wlant) = ¢ Aule) = s [ o o) 3)

donde /2 = ¢"™/* cuando t > 0. Si consideramos t < 0 tendriamos que tomar su

conjugada, i'/? = e~/

Esta representaciéon de la solucion nos dice ademas que la ecuacion de

Schrodinger se sittia en el marco de las ecuaciones dispersivas.

Otra de las caracteristicas de la solucién del caso de la particula libre es que si
u es solucion del problema también lo seran sus derivadas espaciales siempre
que éstas existan.
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Principios de incertidumbre

Hemos mencionado que en el contexto de la mecanica cuantica, cuando hablamos
de la posicion y el momento de un sistema cuantico, nos es imposible medir con
precision ambas magnitudes al mismo tiempo. Este fenémeno se conoce como el
principio de incertidumbre y fue enunciado en [47] por el fisico aleméan Werner
Karl Heisenberg en 1927.

Matemaéaticamente el principio de incertidumbre de Heisenberg se formula de la
siguiente forma,

([ arpa)” ([ vs@pan) 2 [ P @

También podemos obtener como caso particular de un principio de incer-
tidumbre abstracto como vemos a continuacién

Sea H un espacio de Hilbert y S v A operadores hermitico y anti-hermitico
respectivamente, es decir, para una funciéon apropiada 1,

(S, 9) = (,5¢), (A, ¢) = —(¥, Ap).

Observamos entonces que para el operador S + A y para ¢» € D(S) N D(A)
tenemos,

0 < |[(A+ S)II* = (S, Su) + (Ap, Ap) + (S, Ap) + (A, S)
= (S0, S¢) + (A, AY) + 2Re(S), Ay)
= (S0, 5¢) + (A, AY) + ((SA — AS)y, ).

Por lo tanto,
— ((SA = AS)p,¥) < |ISY[I* + [|Ay[]*. (5)

Si hacemos un calculo similar y cambiamos el operador anti-hermitico A por
— A obtenemos,

(SA = AS)p,v) <[|SYII” + [|Ay|P?, (6)
y combinando y @ vemos que
[{(SA = AS)ib, )| < |[SPI* + || Ay [[*. (7)

Sea A > 0 y definimos

A=x4, S=-5

1
A
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Si ahora metemos A y S en @ obtenemos

1

[(SA = AS)y, )| < ;HSwH“rVHAMI? (8)
Ahora bien, como hemos escogido un A de forma arbitraria, tomamos \? = %

de tal manera que la ecuacion se transforma en
[((SA—=AS)Y, )| < 2/[SV|] [[Ay]]. (9)

La desigualdad @ es precisamente el principio de incertidumbre. Por otra
parte, la desigualdad se convierte en igualdad si y solo si

(S + A = 0.

Una de las aplicaciones del Principio de incertidumbre serfa tomar H = L?(R)
y considerar los operadores

d
Sy =ap,  Ap=—b =1

De esta forma obtendriamos el principio de incertidumbre de Heisenberg que
hemos mencionado anteriormente. Si calculamos ahora el conmutador de estos
operadores obtenemos,

d d
(SA— AS)y = <a:x — x”> V= — (z)

Observamos que por @,

—(sa-asy = <2 ()" (fwr)” o

Tendremos igualdad solamente si ¢/ = —x1), es decir, si la suma de los op-

eradores es idénticamente 0 como hemos mencionado arriba. Si resolvemos la
.« . . . . . 7222/2

ecuacion diferencial ordinaria correspondiente obtenemos vy = Ce que es

precisamente la funcién que nos proporciona la igualdad en , lo cual con-
vierte a 1y en un minimizante del problema. Veremos que las Gaussianas surgen
de manera natural cuando tratamos de encontrar minimizantes de principios de
incertidumbre. Por otro lado se cumple

0= ((A+S)0, (A+8)¥) = (S—A)(S+ A, ¥) = ((S* = A+ SA = AS) v, ),
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de tal forma que ) verifica la siguiente ecuacion diferencial,

—jﬁwo(m‘) + 2o (x) = Yo(7).

Por tanto vemos que 1y resuelve el problema del oscilador armoénico y ademas
vemos que es una autofuncion del problema para el autovalor asociado A = 1.

Podemos replantear el principio de incertidumbre en términos de una funciéon y
su transformada de Fourier. Recordemos uno de los resultados fundamentales den-
tro de la teoria de Fourier, la denominada ¢gualdad de Plancherel. Este resultado
nos dice que la norma L? de una funcién y su transformada son iguales

[k = [ 1@

Usando esta igualdad junto con propiedades de la transformada podemos ahora
reescribir () como

2] werwran) ([ 1eforac)” = [ pwpar

Ademas la igualdad se alcanzard cuando las integrales del lado izquierdo sean
proporcionales. Asi vemos que las funciones que minimizaran el problema son
funciones cuya transformada de Fourier son ellas mismas siendo ésta una de las
propiedades de las Gaussianas.

Queda claro que las Gaussianas juegan un papel importante en el marco de
los principios de incertidumbre y la velocidad con la que decaen una funciéon y
su transformada de Fourier. Siguiendo esta linea hablamos del principio de incer-
tidumbre de Hardy |11], que fue probado por el matematico britdnico Godfrey H.
Hardy en 1933. Concretamente, este resultado nos dice que

F@)] < 0P fQ <O, ag> = f=0 (1)

Ademas si af = 1/4 se tiene que la funcion f debe ser una Gaussiana, f(z) =
Cel"” " La demostracién de este resultado usa técnicas de variable compleja y
no profundizaremos mas aqui; no obstante el lector puede referirse a [34], [35]
y [36] para obtener mas detalles. El principio de incertidumbre de Hardy ha sido
objeto de estudio durante largo tiempo y ha sido extendido a dimensiones mayores
e incluso ha sido planteado en contextos més generales por autores como Bonami-
Demange-Jaming, Cowling-Price, Hormander y Sitaram-Sundari-Thangavelu en
1371, 138], [39], [40], [41], [42], [43] entre otros.
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Podemos relacionar el principio de incertidumbre de Hardy con la solucién de
Schrodinger de una manera sencilla. Si escribimos (3)) como

u(z,t) = We 2 (e 20 ug> (t) : (12)

Observamos que la solucién del problema viene representada como la transfor-
mada de Fourier del dato inicial debidamente modulada. Esto nos indica que dar
condiciones de tamano de la solucién u a dos tiempos es equivalente a dar condi-
ciones de tamano sobre la solucién u y la transformada del dato inicial. Utilizando
esta premisa se puede utilizar el principio de incertidumbre de Hardy para dar un
resultado cualitativo sobre u,

‘2 z|2

Si e%uo(x), eo? eug(z) € L (R") y aff < 4t, entonces ug = 0. (13)

En una serie de articulos de L. Escauriaza, C.E. Kenig, G. Ponce y L. Vega
entre los que encontramos [4], [6], [10], se dan resultados de continuacién tnica
de caracter cualitativo motivados por el principio de incertidumbre de Hardy. El
objetivo de estos trabajos es enunciar resultados del mismo tipo pero usando ar-
gumentos de variable real y en contextos perturbativos, es decir, considerando que
haya un potencial V' actuando sobre el sistema cuantico. Para ello se buscan condi-
ciones a dos tiempos y se establece inicamente una condiciéon de tamano sobre el
potencial, en concreto

1
tim [V e (g = O

R—+o00

donde Bp, es la bola de radio R, para concluir que la tinica solucién del problema es
u = 0. Ademas se aplican estos resultados sobre soluciones del problema no-lineal

i0wu + Au = £|u|u,

para dar resultados de unicidad.

Una de las técnicas utilizadas en estos trabajos son las estimaciones de Car-
leman que permiten trabajar en contextos perturbativos. En particular, en |4] se
utiliza la siguiente desigualdad de Carleman

53/2

cnR?

eol Fitee] g ol Frete] (10, + A) g

<
2

: (14)

2

;. ., , s . _ 2
para probar que la tnica solucién que puede decaer més rapido que e~%*I" para
a suficientemente grande, es la soluciéon trivial. En (14) ¢, es una constante que
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depende de la dimensién, la funcién suave ¢ : [0,1] — R, 0 > ¢,R? y g es una
funcién C§°(R™*1) cuyo soporte estd contenido en

{(x,t) : ’Z + peq| > 1}.

Hasta ahora hemos hablado de principios de incertidumbre relacionados con
el decaimiento (gaussiano) de las funciones y sus correspondientes transformadas
de Fourier. Otra versién de éstos nos dice que una funcién y su transformada no
pueden estar simultaneamente localizadas en el espacio. Esto se traduce en que si
una funcién no-nula f es de soporte compacto su transformada no puede satisfacer
una condicién de la forma f(€) = O(e~“€l) para cualquier € > 0.

Esto se debe a que f(€) = O(e~#l) implica que f se puede extender de manera
analitica a la banda {z € C" : |[Im(z)] < €}. Estos resultados se denominan prin-
cipios de incertidumbre de tipo Paley-Wiener en honor al matemético britanico
Raymond Paley y el filésofo y matematico americano Norbert Wiener. Estos prin-
cipios de incertidumbre permiten caracterizar funciones de soporte compacto en
funcion de las propiedades analiticas de su transformada.

En otro articulo de C.E. Kenig, G. Ponce y L. Vega [7], como en los arriba
mencionados, se buscan condiciones a dos tiempos para concluir que u = 0. Estas
condiciones seran del tipo Paley-Wiener. La estrategia utilizada en este articulo
es una combinacién de la desigualdad de Carleman junto con transformaciones de
Appell. Estas nos permiten generar una familia de soluciones de () mediante dilat-
aciones en las variables espacio-tiempo. Definiendo la funcién ¢ de la desigualdad
de Carleman de manera adecuada, las transformaciones de Appell nos permiten
ajustar las regiones de integracién en funciéon de los parametros de dilatacion.

En el capitulo 1 de la tesis utilizaremos esta misma estrategia para buscar
resultados cuantitativos para la solucién de . Ademas, queremos reducir las
hipotesis iniciales sobre la solucion, de dos tiempos a uno unico. La idea asi es
buscar condiciones sobre el dato inicial que nos aseguren que la evolucion dinamica
del sistema se preserva. El punto de partida es un resultado utilizado en [4],
concretamente el Teorema 3.1. En éste se dan cotas por debajo para la solucién u
del problema

iu+Au+Vu=0, tel0,1, =zeR"

y su gradiente en una region {R — 1 < |z| < R} x [0,1] donde el tamano de R
depende de la norma u en el espacio correspondiente y el tamafio del potencial V.
Una de las hipotesis del teorema asume que en un cilindro espacio-tiempo alrededor
del origen y para tiempos t ~ 1/2 la norma L? de la solucién estd controlada por
debajo, es decir,

1/241/8
/ / | (z, t)dadt > 1. (15)
1/2-1/8 J)z|<1
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De esta forma se concluye que para un ¢ = ¢(n),

1/2
5(R) = /1 / (Jul? + 1Voul?) (z, t)dvdt R (16)
0 JR-1<|z|<R ’ B ’

es decir, que el decaimiento de la soluciéon u tiene que ser al menos Gaussiano. El
resultado principal del capitulo 1 queda recogido en La demostracion de este
teorema sigue el mismo esquema que la del teorema 3.1 de [4] con la diferencia
de que introducimos las transformaciones de Appell como ya hemos mencionado.
Gracias a éstas conseguimos reducir la integral en tiempo a costa de modificar la
regiéon de la variable espacial. En particular, nos permite estimar la norma H! de
la solucion en tiempos pequenos y en una region particular del espacio.

Veremos ademas que esta regién es dinamica en el sentido de que varia con
respecto a ciertos parametros espacio temporales. Estos pardametros nos permiten
de hecho dar propiedades de unicidad para las soluciones del problema. Estos
resultados estdn enunciados en los teoremas y 4.3

Otra de las ventajas del teorema [1.4.1] es que admite potenciales V' complejos
dependientes del tiempo lo cual nos permite extender los resultados a casos no
lineales siempre y cuando el problema esté bien definido y tengamos los recursos
necesarios para desarrollarlo. De esta forma podemos tratar problemas del tipo

Oyu =1 (Au + f (lu\Q) u) :

para f real y f(0) = f'(0) = 0.

Veremos ademés que el uso de la desigualdad de Carleman da lugar a la apari-
cion del término del gradiente de la solucion. Es natural preguntarse si es posible
quitar este término de manera que se pueda concluir un resultado de observabili-
dad como en [45], [46]. El problema estd en que nuestra ecuaciéon de Schrodinger
admite potenciales que dependen de las variables espacio-tiempo. En [1] se pre-
senta un resultado de observabilidad en T" := (R/27Z)" para potenciales que no
dependan del tiempo. Siguiendo la misma linea, en [45] se da un resultado de
observabilidad con condiciones periddicas para el problema

i0u(t,2) = (A +V(2)u(t, z), z¢€T?

donde T? := R?/AZ x BZ, A,B € R\ {0} y el potencial V € C(T?) es real.

Terminaremos el primer capitulo analizando precisamente el caso de la solucion
periédica. Veremos como cambia el teorema para este tipo de soluciones
y como afecta a la region en la que observamos tanto a la solucién como a su
gradiente.
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En el capitulo 2, siguiendo una sugerencia del profesor J. Marzuola, extende-
mos los resultados obtenidos previamente al problema hiperbélico de Schrédinger,
es decir,

{ Ou =1i(Ay — Ay + V(x,t))u (a7)

u(x,0) = ug(x).

Veremos en primer lugar cémo podemos representar la solucion u de (17 en
el caso libre, V' = 0. Después daremos una version del lema de Carleman para el
operador hiperbdlico ademas de incluir su demostracion.

El principal teorema del segundo capitulo estd enunciado en [2.4.1] Veremos
que guarda ligeras diferencias con respecto al teorema correspondiente al
caso eliptico de la ecuacién de Schrodinger. Esto se debe a que al aplicar el
lema de Carleman sobre la funcién g correspondiente aparecen términos que
dependen de las dimensiones n; y ny correspondientes a los vectores x; y xs.
Ademés aparecerd un factor de la forma ||z]? — |z2|?| actuando sobre la solucién u
que nos sugiera que la norma L? de la solucién puede estar concentrada alrededor
del conjunto {(z1,z2) € R™ x R" | |z1| = |x2|} cuando n; = ny. Esto se puede

apreciar en (2.9).

Cerraremos el segundo capitulo tal y como hicimos el primero, mirando el caso
particular de la solucién peridédica de (2.4.1]) en dimension 2. Este tltimo resultado
queda recogido en [2.5.1]

Principios de incertidumbre dinamicos

Hemos visto cémo reduciendo las condiciones de dos tiempos a un tnico tiempo

hemos obtenido informacién acerca de la soluciéon en tiempos posteriores. En la

ultima parte de la tesis seguimos con la misma premisa; es decir, partiendo de

condiciones sobre el dato inicial ug tratamos de controlar su evolucion dindamica.

Ahora sin embargo trabajaremos en el contexto de la particula libre
Ou = 5Au,

(18)

u(z,0) = uo(x),

donde el factor 1/2 ha sido introducido para simplificar los célculos.

El capitulo 3 aborda el tema de cémo demostrar partiendo de hipotesis
sobre el dato inicial. Para tal fin introducimos los espacios ¥s que son conjuntos
de funciones que satisfacen la siguiente condicion

L 1@ + 1D f@)de < +oc, (19)
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donde D’ es una derivada fraccionaria que podemos definir mediante transfor-
madas de Fourier como

Dif(w) = [ eSlef(e)de.

para un 6 > 0 real sobre el que definiremos ciertas restricciones mas adelante.

Veremos que tomando nuestro dato inicial en este espacio su evolucién dindmica
seguird estando en el mismo espacio. Recordemos que la transformada de Fourier
de la solucién u del problema ([18)) puede escribirse explicitamente como

(€, 1) = up(€)e 31,

de forma que si nuestro dato inicial ug esta en el espacio Y, claramente se verifica

LD, ke = [ (e¥lac, o = [ 1€ ao©)Pde < oo.

Asi pues nuestro trabajo serd ver que la funcién hs que definimos como

hs(t) = [ fol®lue,t)de, (20)

estd acotada para tiempos t # 0. Este resultado se encuentra en [28], un articulo
de J. Nahas y G. Ponce. Nosotros daremos una version alternativa. Recogemos
este resultado en la proposicion La demostracién la haremos de manera
escalonada. En primer lugar suponiendo que ¢ = 1 y en dimensién 1. La clave de
la demostracion serd escribir la funcién hs como

L1D°(f3) e,
R

donde f(f) =e 38y (&) = 1p(&). Usamos el siguiente resultado de C. Kenig, G.
Ponce y L. Vega probado en [17]

ID°(fg) — £(D°3) — (D’ f)gll> < ell fllo | D42,

que junto con el lema de Pitt e integracion por partes nos dara el resultado
que buscamos.

Una vez demostrado para tiempo ¢ = 1 usaremos un argumento de dilataciones
para generalizarlo a tiempos ¢ > 0. Por 1ltimo para demostrarlo en dimensiones
mayores usaremos el hecho de que la norma euclidea puede controlarse por la
norma del maximo y argumentar en una sola variable para la cual ya sabemos que
es cierto. Todos los resultados estan recogidos en la proposiciéon [3.3.2l Una vez
demostrado este teorema, podemos utilizarlo para demostrar , ver m
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Terminamos esta parte generalizando los resultados obtenidos previamente en
este capitulo para el siguiente problema no-lineal

{ i+ Au = plul*tu, teR, zeR", pu==+1, a>1 (21)

u(z,0) = ug(x).

Para ello nos basamos en el articulo [28] de J. Nahas y G. Ponce. En este
articulo se busca analizar la evolucién dindmica de la solucién tal y como hemos
hecho nosotros para el caso de la particula libre con la tinica diferencia de que los
resultados aqui son locales en tiempo a pesar de que bajo ciertas condiciones se
pueda dar una version global de los resultados. Para mas detalles sobre este tema
el lector puede dirigirse al articulo mencionado. De esta forma damos una version
de la proposicion m para el caso no-lineal .

Observamos que esta extension a un caso no-lineal nos permite replantear las
hipotesis del teorema 3.1 en [4] siempre y cuando el potencial verifique las condi-
ciones necesarias. Veremos que en nuestro caso necesitamos que nuestra solucion
u esté en el espacio L>™. Para asegurarnos de ello haremos uso del teorema de
inmersion de Sobolev que nos asegura que si la solucion pertenece a un espacio
de Sobolev H*(R™) entonces u € L™ siempre y cuando s > n/2. Este resultado
queda recogido en [3.3.7]

Abordamos de nuevo el tema de cémo demostrar ((15) dando exclusivamente
condiciones al dato inicial. Sin embargo ahora haremos uso del Teorema Virial.
Para ello definimos la siguiente funcion

ht) = [ e(a)lula, 1) dr,

donde consideraremos ¢ radial y de crecimiento polinomial. Primero analizaremos
la funcién h para un ¢ general. Una de las propiedades importantes es que podemos
calcular la segunda derivada de h en términos de ¢ de forma que

R"(t) = —7/ A?p(z)|u(z,t)] dx—i—/ VuD?p(z)Vidz.

Esta ultima expresion nos ayudard a buscar condiciones para poder asegurar
la convexidad en h.

Podemos también observar claramente que si tomamos ¢(z) = |z|?® la funcién
h se convierte en hs. Analizaremos este tltimo caso en detalle para 6 = 1. Para

simplificar la notacién utilizaremos h en lugar de h; cuando hablemos del caso
0=1.

Este caso guarda ciertas particularidades ya que representa la dispersion de
nuestro sistema cudntico y puede representarse de manera explicita mediante las
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magnitudes que caracterizan la posicién y el momento del dato inicial ug. Recorde-
mos que |u(z,t)|? define una funcién de densidad en el espacio y que gracias a esto
y usando la desigualdad de Cauchy-Schwarz obtenemos

1= /R (e, t)Pde < 2 (/ |xu(m,t)|2dx)1/2 </R |Vu(x,t)|2dm)1/2, (22)

que es nada menos que el Principio de Incertidumbre de Heisenberg que ya hemos
mencionado anteriormente. Veremos que esta desigualdad aplicada al instante
t = 0 nos permitira estudiar la dispersién del sistema cuantico en su evolucion
dindmica. En particular, para nuestro dato inicial definiremos las siguientes can-
tidades,

a? = /]R" |zug(x)|*dw, (23)

b= /IR [ Vug(x) e, (24)

de manera que se traduzca en 1 < 2ab siempre y cuando las cantidades a y b
sean finitas.

Veremos asi que la funcién h define una parabola convexa que podemos repre-
sentar como
h(t) = a® + b*t?,

si asumimos que A'(0) = 0.

Usando esta representacion de h podemos demostrar . Este resultado queda
recogido en [3.5.1] Para cerrar este capitulo veremos como mediante transforma-
ciones de Galileo podemos generar una nueva familia de soluciones de (18| para
ver, mediante un contraejemplo, que las condiciones impuestas sobre el dato inicial
Up SON necesarias.

Para finalizar, en el capitulo 4 de la tesis daremos un principio de incertidum-
bre dindmico para la funcién hs y buscaremos las soluciones u que minimizan el
problema. Hemos visto mas arriba que el principio de incertidumbre de Heisen-
berg puede ser representado mediante la desigualdad 1 < 2ab. Si usamos esto en
la definicién de nuestra funciéon h vemos que

1
2 | 7242 2,2
h(t) = a* + bt 247)24-[)25,
la igualdad tnicamente siendo alcanzada cuando 1 = 2ab. Para esta condicion
sabemos ademas que el dato inicial debe ser una Gaussiana. Estas funciones apare-
cen de manera natural cuando hablamos de principios de incertidumbre. De esta
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forma cabe esperar que a la hora de plantear principios de incertidumbre dinami-
cos para la funcién hs como hemos mencionado arriba, las Gaussianas aparezcan
también como minimizantes del problema. Veremos que efectivamente esto sucede.

Para llevar a cabo este trabajo usaremos un enfoque diferente mediante la
representacion de nuestra soluciéon como

u(z,t) = p(x,t)e” ™,

donde p y 6 seran funciones reales que dependan de las variables espacio-tiempo
y 0 ademés sera radialﬂ. Sustituyendo esta nueva expresién en la ecuacion (18]
obtenemos el siguiente sistema de ecuaciones diferenciales,

{ 8t,0+V8~Vp+%pA9:0,

Ap — p(20,0 + [V]?) = 0. (25)

Nuestro trabajo sera buscar las soluciones p y 6 que definan « como minimizante
del problema. Veremos que la primera ecuaciéon de se puede resolver mediante
el método de las caracteristicas de donde obtendremos p en funcién del dato inicial.
Para determinar cual debe ser este dato inicial usaremos la segunda ecuacion, que
veremos se puede reducir al problema del oscilador arménico cuyas soluciones son
conocidas.

Haremos este andlisis para los casos 6 = 1 en primer lugar y para 6 < 1
después. La ventaja del primer caso es que podemos hacer calculos explicitos ya
que conocemos como es la funcion h. Asi, veremos que

t 1/2
hY2(t) < a —I—/ (/ |,0V9|2dx) ds (26)
o \UJrn

donde la igualdad se alcanza cuando VO = A(t)z. Esta ultima condicién junto
con la definicién de h nos permitira definir la funciéon \. Como hemos mencionado
arriba la segunda ecuacion de se puede reducir al problema del oscilador
armoénico. Analizaremos este problema primero en dimensién 1 y después en di-
mensiones mayores n > 1 ya que las soluciones varian de un caso a otro.

Para el caso de dimension 1 veremos que la soluciéon que minimiza el problema
se genera tomando como dato inicial las funciones de Hermite. En el caso de
dimensiones mayores reescribimos el problema del oscilador arménico utilizando
coordenadas polares x = ré donde r = |z| y £ € S""1. De esta forma veremos que
las soluciones se pueden conseguir mediante separacion de variables de forma que

uo(ré) = R(r)S(€),

1Observamos que ésta no es la representaciéon habitual de Madelung,
o0

la cual se difene como u = /p
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donde S son armoénicos esféricos y R se define mediante polinomios de Laguerre.
Todos los resultados de esta seccion quedan recogidos en el teorema [4.2.1

Para el caso 0 < 1 estudiamos la desigualdad anédloga a

t 1/2
n0) < a5+ | ( /R ]x|252p2]87n9|2dx> ds, (27)
0 n
donde a; estd definido como

= /R [ g () [2dz.

En este caso tendremos que cerciorarnos de que la cantidad a la derecha de la
desigualdad esta acotada. Veremos que para esto es suficiente la convexidad de hs
que sélo serd posible para dimensiones mayores que 3y 1/2 < § < 1. En cuanto
al problema del minimizante veremos que tal y como sucede para el caso § = 1, se
reduce a la resolucion del oscilador armoénico. Recogemos este resultado en
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Introduction

A glimpse into Quantum Mechanics

Quantum Mechanics is the part of physics that studies the motion of particles or
microobjects. It was born upon the need to give an explanation to some phe-
nomenons to which classical mechanics had no answer at all, such as the radiation
of black bodies. In this direction the first steps were made by the German physicist
Max Planck at the end of the twentieth century.

However, the basis for the theory was not established until the mid 1920’s.
One of the pioners on the field was the French physicist Louis de Broglie who
discovered the dual nature of particles, this is, the wave-particle nature. As an
example, light was thought to have only wave properties throughout the whole
nineteenth century. This idea was later refuted since it was observed that light
also had particle-like behaviour.

After de Broglie, notorious scientists such as FErwin Schrédinger, to whom we
owe the name of this thesis or the German mathematician and physicist Max Born
made their contributions to the theory. The latter was the first to talk about the
probabilistic aspect of the theory on an article published in 1926.

We have mentioned two of the most important aspects of Quantum Theory, this
is, the wave-particle nature of quantum objects and its probabilistic interpretation.
These concepts can be easily understood by the double-slit experiment carried by
the English scientist Thomas Young. Young wanted to discern the real nature
of light. On the second half of the twentieth century the same experiment was
carried out by the German physicist Clauss Jonsson. This time electrons were
used to do the experiment. Later in 1989 a group led by the Japanese physicist
Akira Tonomura run the same experiment.

The double slit experiment consists of a panel with two slits separated certain
distance a and a screen set at distance d from the panel where the electrons hit.
Thus equally prepared electrons are shot and the collisions are registered on the
screen. When one of the slits is closed the pattern of the collisions shows no
intereference at all. In this case a Gaussian-like pattern is observed on the screen
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where most colisions occur in front of the open slit. However, when both are open
the distribution of the collisions is a little more messy.

Suppose now both slits are open. If we shoot one electron at a time we see
that it hits the screen at a single point of the screen so its position is clear. Same
happens with each one of the electrons that we shoot against the screen. The key
point here is that each electron generates a single point but does not scatter as it
should be expected by a wave-like object. However the position where an electron
hits the screen is completely arbitrary and when we shoot a great amount of them
an interference pattern is generated.

The surprising thing is not the variation of points where the electrons hit the
screen but the pattern we mentioned. Thanks to this we can clearly identify the
areas on the screen where the density of the collisions is higher or on the contrary,
the areas where almost no electrons reach as we can observe on the followng images:

Figure 2: Image taken from , p. 13, corresponding to the double slit experiment
run by Akira Tonomura’s team in 1989.

The first picture corresponds to the distribution of 150 electrons and we cannot
distinguish any clear pattern. On the other hand, the last image corresponds to
the distribution of 160.000 electrons and in this case we can clearly identify the
areas with more density.

When we talk about the wave-nature of electrons we are refering to this interef-
erence pattern. Of course if we shoot a single electron we cannot predict where



on the screen will hit but we can assign a probability to each of the points. To do
so we use a function that will characterize the pattern we mentioned earlier. This
function is precisely the wave function that represents our system of electrons.

This function is evaluated on x € R”, that should be understood as the possible
points where the particle can be found, and its time evolution will be determined
by Schridinger’s equation. It should be mentioned that this function does not
represent a single particle but the statistical behaviour of the whole system of
particles which we refer to as quantum system.

Although this might seem like an over-simplification we can see the dual nature
of particles the following way: a single particle behaves as such but a succession
of them will show a wave-like behaviour.

On this thesis we refer to the wave function that characterizes the quantum
system as u = u(x,t) where x € R™ as we have already mentiond and ¢ will be the
time parameter that will determine the dynamical evolution of the system. The
function u has thus all the information about the system. In particular, |u(z,t)|?
describes a probability density function related to the position. It thus makes

sense to assume that
[ Jule,t)Pde =1,
RTL

for every t. This means that the probability to find a particle somewhere in space
is absolute.

It is clear that when we talk about quantum systems we cannot measure with
total certainty like we do on classical mechanics. On the latter the behaviour of
particles is uniquely determined by its position and momentum values at a given
time t. The most we can do now is to calculate probabilities of these magnitudes.
Up to this point we have talked about the position of a particle but there are more
physical magnitudes we could mention.

In Quantum Mechanics the physical quantities (position, momentum, en-
ergy,...) are represented by self-adjoint operators defined on a Hilbert space H.
Recall first that the inner product between two vectors on a Hilbert space H is
defined by

(u,v) :/ uodx, Yu,v € H(R").

Definition. Let S be a linear operator defined on a Hilbert space H. The adjoint
operator of S, named S* is the operator that satisfies

(u, Svy = (S*u,v),

for every v € D(S) and u € D(S*).



4 Introduction

Definition. A linear operator S is said to be hermitian if
Su = S"u, YueD(S).

If further D(S) = D(S*) we can strictly say that S = S*. In this case we say S is
self-adjoint.

Definition. Likewise, we say the linear operator A is anti-hermitian if
Au=—A*u, Yu € D(A).

Suppose there is a particle moving along the real line R. We know from the
probability theory that the expected value of the position is given by

[ eluta,t)Pda,
R

for any fixed time t. If we define S = x as the position operator we see that we
can write the expectation of the position as the inner product of the corresponding
Hilbert space, say

(Su,u).

One of the main ideas of quantum theory is to represent the expected value of
different physical magnitudes using operators and the inner product as we have
done for the case of the position.

Another important magnitude that we will talk about in this thesis is the
momentum. Momentum is represented by the operator S = —id, in dimension 1
or S = —iV in higher dimensions. One of the characteristics of the momentum of
a quantum system is that its information is codified on the frequency space so that
the momentum of a single particle is given by p = h¢ where h is Planck’s constant
and £ is the frequency variable. This observation is important since it tells us that
there is a special relation between the wave function v and its Fourier transform.
Moreover, we will see that this relation implies the imposibility to measure position
and momentum simultaneously with high accuracy. This phenomenon is known
as the Uncertainty Principle and it is another fundamental topic of this thesis.

We define the Fourier Transform of a function f as

f©) = @my 2 [ et p@)de,
where x - £ = x1& + ... + x,&, is the scalar product.

Thus it makes sense to construct u as the superposition of functions defined
on the frequency space via the inverse Fourier transform

(e, t) = (2m) "2 / GTEQ(E, 1) deE

n



Schrodinger’s equation

It is clear that there are several differences between classical and quantum me-
chanics. We mentioned that in the former a physical system is totally determined
by its position and momentum at certain time ¢5. We can even talk about the
dynamical evolution of the system by describing trajectories, which is certainly
not possible in a quantum scheme.

However it still makes sense to think that the quantum system evolves in time
and so will the wave function u. This being so we say that the state of the system
is decribed by wu;(z) = u(x,t) where ¢ plays the role of the time parameter. How
can we characterize the evolution in time of the system if we cannot talk about
trajectories like we do on the classical context?

The job is done by the equation presented by the Austrian physicist Erwin
Schrodinger in 1926
0
ihau(x,t) = Hu(x,t),

known as the time dependent Schrodinger equation where h is Planck’s constant
and H is the Hamiltonian that characterizes the energy of the system.

The version of the equation given above is the version in physics we can find
in the literature. In this thesis we work in a mathematical context of the problem
so we instead write it as an initial value problem

{ Ou(x,t) = i(Au(z, t) + V(x, t)u(z,t)), xzeR"teR

u(z,0) = ug(x), (28)

where V' is the potential and A is the Laplacian defined as

We refer to the particular case where no potential is involved as the free-particle
case. Moreover, when we work in this context we introduce a factor 1/2 so that
calculations are more simple. The equation is thus

dou = %Au. (29)

For the case of the free particle we can compute the solution of Schréodinger’s
problem explicitely using properties of the Fourier transform. Thus equation
becomes

8{&(5, t) = _;|€|2ﬁ(57 t)?
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which we solve and get
(¢, t) = fg(x)e 214,

Using now the inversion formula of the Fourier transform we can write the

solution u of as

u(z,t) = (2m) "/ /

| eTrta(g dg = (2m) 72 / et e3¢ de.

n

Or in a more refined way as

2

U(fE, t) - eitAUO(x) - W /Rn 6i‘xif| uo(f)df, (30)

where i'/2 = ¢™/4 when t > 0. If we consider t < 0 then we should take its
conjugate i'/2 = e~"/4,

This representation of the solution also tells us that Schrodinger’s equation is
a dispersive equation.

Another feature of the solution of the free Schrodinger equation is that if u is
a solution to then so are its spatial derivatives whenever they exist.

Uncertainty Principles

We have talked about how in the context of quantum mechanics it is impossible to
measure with high accuracy the position and the momentum of the system. This
phenomenon is known as the Uncertainty Principle and it was stated in [47] by
the German physicist Werner Karl Heisenberg in 1927.

In mathematics Heisenberg’s Uncertainty Principle can be expressed as the
following inequality

([ tarera)” ([ ws@pra) 2 [ P @

We can obtain as a particular case of a more abstract Uncertainty Principle
as we shall see next.

Let ‘H be a Hilbert space and let .S and A be a hermitian and anti-hermitian
operators respectively, i.e. for a suitable function v

(59, 4) = (,5¢),  (AY,¢) = =(¥, A).



Then for the operator S + A and ¢ € D(S) ND(A) we get

0 <[|(A+S)|* = (S, Sp) + (Avh, Ap) + (S, Ap) + (A, Sy)
= (Sv, SY) + (Ay, AY) + 2Re(Sv, Av)

Therefore,
— ((SA— AS)y, ¥) < ||S¥|]* + || Ay (32)
If we do the same calculation but instead of A we use —A we get
(SA— AS)p,v) <[|SYII” + [|Ay|P?, (33)
and combining and we see that
[((SA = AS)y, )| < [ISY|]” + [|Ap|[. (34)

Let A > 0 and define )

If we now plug A and S in (33) we get

(SA — ASYb, )] < ~

< 3 1SUIP + V[ Av [P, (35)

Since A\ was arbitrary we take \? = % so that equation becomes

[((SA = AS), )| < 2[[Sy[| || Al (36)

Inequality is precisely the Uncertainty Principle. On the other hand, this
inequality becomes an identity when

(S + Ay = 0.

As an application of the Uncertainty Principle we can choose H = L*(R) and
consider the operators

So=wp,  Av= b=

For this case we obtain Heisenberg’s Uncertainty Principle we mentioned ear-
lier. If we now calculate the conmutator of these operators we get
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Observe that by ,

~(sa-aspw = wo <2([leor)” (fwr)” e

And we have an identity only if ¢’ = —x4), this is, only if the sum of the
operators is identically zero as we mentioned before. If we solve the ordinary
differential equation we get 1)y = Ce=*/2 which is precisely the function for which
(37) is an identity. We can thus say that 1y is a minimizer of the problem. We
see that Gaussian functions appear naturally when we try to find minimizers of
Uncertaity Principles. On the other hand we see that

0 = ((A+8)¥, (A+8)p) = (S—A)(S+A)w,v) = (52 — A+ SA — AS) 9,9},

so the function vy satisfies the following differential equation

—j;wo(a:) + %o (2) = Yo(2).

We thus see that 1)y is an eigenfunction of the harmonic oscilator problem with
associated eigenvalue A = 1.

The Uncertainty Principle can also be interpreted in terms of a function and its
Fourier transform. Recall one of the fundamental results in Fourier theory, the so
called Plancherel’s identity. This identity tells us that the L? norm of a function
and its Fourier transform are the same

[k = [ 1@

Using this together with other properties of the Fourier transform we can write

B as y y
2 ([ tes@ran) ([ ef©rd) 2 [ 5P

The identity attained when both integrals on the left hand side of the inequality
are proportional to one another. Thus the functions that minimize the problem
are functions whose Fourier transform is the original function which is precisely a
property of Gaussian functions.

It is clear that Gaussians play a fundamental role in the framework of Uncer-
tainty Principles and the decay of a function and its Fourier transform. Following
up we introduce Hardy’s Uncertainty Principle |11], named after the British math-
ematician Godfrey H. Hardy. The result says

1f(z)| < CelF | f(&)| < Ce P ap> i = f=0. (38)
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Further if a3 = 1/4 then f has to be a Gaussian f(z) = Ce . The proof
of this result uses techniques of complex analysis and we will not go deeper on the
details. However the reader can refer to [34], [35] y [36] to learn more about it.
Hardy’s Uncertainty Principle has been largely studied for a long time, extended
to higher dimensions and has also been posed in more general contexts by authors

like Bonami-Demange-Jaming, Cowling-Price, Héormander and Sitaram-Sundari-
Thangavelu in [37], [38], [39], [40], [41], [42], [43] among others.

We can relate Hardy’s Uncertainty Principle to the solution of Schrodinger’s

problem. If we write as

U(I,t) = W& t <€ 2t UO) <t) 3 (39)

we observe that the solution of the problem is written in terms of the Fourier
transform of the initial data properly modulated. This implies that giving size
conditions on the solution u in two times is equivalent to giving size conditions to
u and the transform of the initial data. Under this premise we can give a version of
Hardy’s Uncertainty Principle that grants a qualitative result about the solution

u7
z\2

- 2

If elﬁ%uo(:ﬂ), e‘?eimuo(z) € L? (R") y aB < 4t, then ug = 0. (40)

In a series of articles by L. Escauriaza, C.E. Kenig, G. Ponce and L. Vega they
give unique continuation results that grant qualitative properties of the solution
as the one mentioned above. Some of the articles are [4], [6], [10] and the main
motivation is Hardy’s Uncertainty Principle. The goal of these articles is to give
similar results but using real variable arguments and considering perturbative sce-
narios, this is, cases where the potential is non-zero. For this purpose they give
conditions on the solution at two times and a size condition on the potential, say

i [V sy = 0

where Bp is the ball of radius R, so that the only solution to the problem is the

trivial w = 0. Moreover they use these results on non-linear problems such as
10w+ Au = £|ul*u,

to give uniqueness results.

One of the techniques used in these series of papers is the use of Carleman’s
estimates which allow to work in perturbative contexts. In particular in [4] the
following Carleman inequality is used

532

cnR?

<
2

o7 re(te| g ¢l fteel (10 +A) g

, (41)

2
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to prove that the only solution that decays faster than e~ for q sufficiently large
is the trivial solution. In (41]) ¢, is a constant that only depends on the dimension,
the function ¢ : [0,1] — R is a smooth function, ¢ > ¢,R? and g is a function
that belongs in the space C5°(R™"!) whose support is contained in the set

-1

Up to this point we have talked about Uncertainty Principles related to the
(Gaussian) decay of a function and its Fourier transform. Another version of
them says that a function and its transform cannot be simultaneously concentrated
somewhere in space. This means that if a non-zero function f has compact support
then its Fourier Transform cannot satisfy a condition like f(&) = O(e~¢l) for any
e > 0.

This is due to the fact that f(f) = O(e~kl) implies that f has an analytic
extension on the band {z € C"* : |Im(z)| < €}. These kind of Uncertainty
Principles are named after the British mathematician Raymond Paley and the
American philosopher and mathematician Norbert Wiener. We refer to them as
Uncertainty Principles of Paley-Wiener type. These principles allow to characterize
functions with compact support in terms of the analytic properties of their Fourier
Transform.

In other article by C.E. Kenig, G. Ponce and L. Vega [7] they once again look
for conditions at two times to conclude that the solution v must be identically zero.
The conditions this time are Paley-Wiener type conditions. The strategy followed
in this article combines the use of Carleman’s estimate with Appell’s Conformal
transformations. These transformations generate a new family of solutions of
by making dilations in both time and space variables. Defining the function g of
Carleman’s lemma in a proper way, Appell’s tranformations allow us to adjust the
integration regions in terms of the dilation parameters.

This idea is used in chapter 1 of the thesis to give quantitative results of the
solution u of . Besides, we are going to reduce the conditions from two times to
just one. This being so we focus on the initial data uy and find suitable conditions
on this function so that we can get information about its dynamic evolution. The
starting point is a result from article [4]. More precisely Theorem 3.1 in this paper.
The goal is to find lower bounds to the solution u of

iOu+Au+Vu=0, tel0,1], ze€R"

and its gradient on a region of the form {R — 1 < |z| < R} x [0,1] where R
depends on the norm of v and the size of the potential V. One of the hypothesis
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of the theorem says that on a space-time cylinder around the origin and near times
t ~ 1/2 the L* norm of the solution is controlled from below, this is,

1/2+1/8
/ / lu|?(z, t)dxdt > 1. (42)
1/2-1/8 Jja|<1

The outcome of the theorem is the following

o(R) = / 1/ (lul? + [Voul?) (z,t)dxdt v > ce (43)
0 JR—-1<|z|<R ’ B ’

where ¢ = ¢(n), this is, the decay of the solution cannot be greater than the
Gaussian. The main result of chapter one is stated in[[.4.1] The proof of the main
theorem follows the same scheme as the one of theorem 3.1 in [4]. The difference is
that we introduce Appell’s Conformal transformations as we mentioned. Thanks
to this trick we give lower bounds of the H' norm of the solution locally for small
times on a spatial region that depends on time as well.

We will see that the new region of integration is dynamic in the sense that it
varies with respect to certain parameters. These parameters are later used to give
uniqueness results of the problem. These results are stated in theorems and
1.4.5l

Another advantage of theorem [1.4.1|is that allows complex potentials depend-
ing on the space and time variables. This fact gives rise to non-linear problems
that we can study as long as a nice well-posedness theory is available. This being
so we can treat problems of the form

Oru =1 (Au + f (|u|2> u) ,

for f real and f(0) = f'(0) = 0.

We will also see that by using Carleman’s inequality the gradient term appears
on the outcome so that we can talk about the H' norm of the solution. It is however
natural to wonder whether the gradient term is needed. If this were the case we
could have observability results as the ones shown in [45], [46]. The problem is
that the Schrodinger problem we work with allows potentials depending on both
space and time variables. In [1] they give n observability result in T" := (R/27Z)"
for potentials that does not depend on time. Following the same ideas in [45] they
give an observability result for the problem

i0u(t,2) = (A +V(2)u(t, 2), z€T?

where T? := R?/AZ x BZ, A, B € R\ {0} and the potential V' € C(T?) is real.
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We close the first chapter of the thesis analyzing the case of a periodic solution.
We will see how [I.4.1] changes for this type of solutions and how it affects the region
where we observe both the solution and its gradient.

In chapter 2 of the thesis, following a sugestion by professor J. Marzuola,
we extend the results obtained on the first chapter for the hyperbolic Schrodinger
operator, so that the problem in hand is

{ Ou= (A1 — Ay + V(z,t))u
u(z,0) = up(x).

First we see how we can represent the solution u of when V' = 0. After
this we give a version of Carleman’s lemma for the hyperbolic case and we
include the proof of it.

The main theorem of chapter 2 is stated in We see that the outcome of
the theorem is slightly different from the one shown on the elliptic version. This
is due to the fact that when we apply Carleman’s lemma [2.3.1] on the function g
we have terms depending on dimensions n; and nsy of the corresponding vectors
x1 and xo. Moreover, we will see that a factor ||x1]? — |z2|?| appears acting on the
solution u which suggests that the L? norm of the solution might be concentrated
around the set {(x1,22) € R™ x R™ | |z1| = |22|} when ny = ny. This can be seen
in .

We finish the second chapter analyzing the case of the periodic solution like we

did on the previous one. In this case we give the result in dimension 2. This last
theorem is stated in [2.5.1]

(44)

Dynamical Uncertainty Principles

We have seen that conditions at time ¢ = 0 have granted us information about the
solution at times ¢ > 0. In the last part of the thesis we continue with the same
idea, this is, starting with conditions on the initial data uy we try to control its
dynamical evolution. However now we work on the free-particle case, say

ORTES %Au,
e )
where the factor 1/2 has been introduced by convenience.

In chapter 3 we find conditions on the initial data ug to prove (42)). To carry
on this task we introduce the X5 space. This space contains functions satisfying
the following condition

L 1@ + 1D f@)de < +oc, (46)
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where D? is a fractional derivative that we define via Fourier transformations as
1 T 6 F
Dif(a) = [ el f(e)de
for & > 0 real. We will see how restrictive the conditions on the parameter § are

depending on the context we work in.

First we see that if we consider the initial data ug belong in the space ¥, then
its evolution in time will also belong in it. Recall that the Fourier transform of
the solution of can be explicitely written as

(€, 1) = ug(€)e 2.

This means that if ug € X5 then
LDt = [ (ePla 0P = [ 1*lao(©)ds < oo.
Thus our job will be to verify that the function hs defined as
ns(t) = [ Lol lu(a.t)Pda. (47)

is bounded fot times ¢ # 0. This result can be found in [2§], an article by J. Nahas
and G. Ponce. We give an alternative proof. The proposition is written in [3.3.2]
The proof of this proposition is given one step at a time. First we supose that
t = 1 and that the dimension is also 1. The key point of the proof is to write the
function hg as

L1D°(fa) e,
R

where f(€) = e 2% and §(&) = 0o(€). We also use the following result by C.
Kenig, G. Ponce and L. Vega found in [17]

ID°(f4) — F(D°§) — (D’ f)gll2 < || fllool| D32,

that together with Pitt’s lemma [3.3.1 and integration by parts grants the desired
result.

Once it is proved for ¢ = 1 we use a dilation argument to generalize it to times
t > 0. Finally, to generalize the result to higher dimensions we recall that the
euclidean norm is controlled by the norm of the maximum. This being so we can
use the fact that the result is true in dimension one to conclude what we want.

All the computations lead to proposition that we use to prove (42), cf[3.3.3
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We finish this part generalyzing the results obtained previously in this chapter
for the following non-linear problem

4
u(z,0) = ug(x). (48)
For this purpose we refer to [28], an article by J. Nahas and G. Ponce. In this
paper they analize the dynamical evolution of the solution like we have done for
the free particle case. The difference is that the results of the mentioned paper are
local in time even though under certain conditions we can also give a global version

of them. This being so we give a version of proposition [3.3.2] for the non-linear
problem (48)).

Observe that this extension to the non linear equation allows us to rephrase
the hypothesis in theorem 3.1 in [4] as long as the conditions on the potential are
satisfied. We thus need that the solution u belongs in L°°. This can be done by
using Sobolev’s embedding theorem. Indeed, if the solution u belongs in a Sobolev
space H*(R™) then u € L™ if s > n/2. This result is stated in [3.3.7]

We go back to finding conditions on the initial data to prove . However
now we use the Virial Theorem to give a different approach to the matter. For
this purpose we define the following function

W) = [ p@)ue,t)dr,

where we consider ¢ radial with polynomial growth. First we analyze the function
h for a general function ¢. One of the important features of h is that we can
calculate its second derivative in terms of ¢ as

{iatu—i-Au:,u|u|a_1u, teR, z€eR" pu==41, a>1

(1) = —f/ A2p(2)[u(z, 1) dw+/ VuDo(z)Vida.

This expression will help us find convexity conditions for h.

It is also clear that if we choose ¢(z) = |z|* then h = hs. We thus focus on
the particular case 6 = 1. To ease the notation we use h when we refer to the case

0=1.

This case has some particularities which we will extensely point out. From
a physical point of view the function A describes the dispersion of the quantum
system and it can be explicitly described in terms of the position and momentum
of the initial data ug. Recall that |u(z,t)|? defines a density function in space.
Thus using Cauchy-Schwarz’s inequality we obtain

1= /R (e, t)2de < i (/R |xu(m,t)|2dx)1/2 </R |Vu(a:,t)|2das)1/2, (49)
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which is nothing but Heisenberg’s Uncertainty Principle mentioned earlier. We
will see that this inequality at time ¢ = 0 will let us study the dispersion of the
system in its dynamical evolution. For convenience we thus introduce the following
quantities

a? = /R” |zug(x)|*d, (50)

and
B = /]R Vo (z)2dx, (51)

so that is written as 1 < 2ab as long as a and b are finite.

We will thus see that the function h defines a convex parabola that can be
represented as
h(t) = a® + b*t?,
if we consider h'(0) = 0.

Using this definition of the function h we prove (42)). The result is stated in
[3.5.1] To finish up the chapter we see that using Galilean transformations we can
generate a family of solutions of to see, by a counterexample, that conditions
set upon the initial data uy are necessary.

And lastly in chapter 4 of the thesis we present a dynamical Uncertainty
Principle for the function hs and we find solutions u that minimize this problem.
We have seen above that Heisenberg’s Uncertainty Principle may be represented
by the inequality 1 < 2ab. If we use this on the definition of our function i we see
that ]

h(t) = a® + b°t* > TR v2t?,
where equality is only attained when 1 = 2ab. For this to happen we further know
that the initial data has to be the Gaussian function. We have also mentioned
that Gaussians appear naturally when we deal with Uncertainty Principles. It is
not naive to expect that for Uncertainty Principles related to our function hs the
Gaussian function will also appear as a minimizer. We will see that this is indeed
true.

To carry out this task we take a different approach and represent the solution
u of Schrodinger’s problem as

u(, 1) = plz, e,

where p and 6 are real functions that depend on space-time variables and 6 will be
radialﬂ. If we plug in the exponential definition of u in (45]) we get the following

2Observe that this is not the same as the Madelung representation

which is given by u = \/ﬁew
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system of partial differential equations

op+Vo-Vp+ %pAQ =0,
Ap — p(20,0 + |VO|*) = 0.

Our job will be to find the functions p and 0 defining u as a minimizer of the
problem. We see that the first equation of can be solved by the method of
characteristics from where we obtain p in terms of the initial data uy. Next we
solve the second equation in to determine what 1y has to be. We will see that
the problem is reduced to solving the harmonic oscilator problem for which the
solutions are known.

We do the analysis for the case 6 = 1 first and § < 1 after. The former has the
advantage that the calculations are explicit since we know the function hA. Thus
we see that

(52)

¢ 1/2
Y2t < a +/ (/ |,0V9|2dx> ds (53)
0 \Jrr

where equality holds if V& = A\(t)z. This condition together with the definition of
h will let us define the function A\. As we have mentioned, the second equation in
can be reduced to the harmonic oscilator problem. We analyze this problem
first in dimension 1 and in higher dimensions later since not both are solved equally.

For the 1 dimensional case we will see that the functions minimizing the prob-
lem in hand are the ones generated by the Hermite functions. For the n dimensional
case the solution to the harmonic oscilator problem can be rewritten using polar
coordinates so that x = ré where r = |z| and ¢ € S""'. Making this change of
variables we see that the harmonic oscilator problem can be solved by separation
of variables so that

up(ré) = R(r)S(§),
where S are spherical harmonics and R is defined by Laguerre polynomials. All
the results of this section are stated in theorem (4.2.1]

For the case § < 1 we study the analogous to (53))

t 1/2
n(0) < a5+ | ( i ]x|252p2]87n9|2dx> ds, (54)
0 n
where as is defined as
2. 20 2
a2 = /]R |2 o () | 2d.

For this case we have to make sure that the integral on the right hand side
is bounded. We see that in order to prove this it suffices to find conditions so
that hs is convex. We see that this is true when we work in dimension n > 3 and
parameter 0 satisfies 1/2 < § < 1. As for the minimizing problem we see that the
problem reduces to solving the harmonic oscilator problem like we did for the case
d = 1. The last theorem of the thesis takes this last result in £.3.11



Chapter 1

Lower bounds for the solution of
the Schrodinger equation

1.1 Introduction

As mentioned before, microscopic objects have a dual nature, i.e. a wave-particle
nature. This property makes the motion of these objects somewhat unpredictable
and therefore it is difficult to measure with accuracy the behaviour of quantum
systems. This being so, the best we can do is to try to estimate the probability to
find a particle somewhere in space at a given time or time interval. We work in
the context of Schrodinger’s initial value problem with a potential, say

Ou = i(Au+ V(z,t)u)
{ u(zx,0) = ug(x) (1.1)

where V(z,t) will be considered bounded and not necessarily real. The function
up is what we call the initial data, this is, the state of the system at time ¢t = 0.
This function gives an idea of how the particle evolves at future times so it is
interesting to study its nature and decide what conditions should it satisfy to have
some control over the solution u of the equation. This will be the main topic not
only on the first chapter but also throughout the whole thesis.

The main goal of this chapter is to find conditions to estimate the probability
to find the particle described by u somewhere in space, or rather, to ensure that
this probability is not 0. This is directly connected to unique continuation results
which serve as a motivation. When analyzing the behaviour of the solution of
Schrodinger’s equation, we encounter two possible scenarios. It may happen that
the only solution to the problem is the trivial one. This kind of results are related
to qualitative unique continuation properties. There is a number of articles by L.
Escauriaza, C. Kenig, G. Ponce and L. Vega that talk about this problem. Some

17
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of them are [4], [5], [6], [10], [L1]. We are going to mention some of the results
found on these papers.

One of the most important properties in Quantum Mechanics is the Uncertainty
Principle. This principle plays a fundamental role when studying the behaviour of
quantum systems because it establishes a strong connection between a function and
its Fourier Transform. It is also directly connected to the problems we mentioned
earlier, say, the quantification of the solution. In mathematics, the Uncertainty
Principle may be expressed as follows:

([ arra)” ([ ws@pa) 2 [ p@pa, 0

where n is the space dimension and f is a suitable function. This inequality has
also an interpretation from the mathematical point of view. This is that a function
and its Fourier Transform cannot both decay too fast simultaneously. We define
the Fourier Transform of a function f as

A

f&) = @m)2 [ e f(a) da,

where £ € R".

The main result of this chapter is motivated by results concerning lower
bounds to the solution w of (L.1)). The idea is to find conditions on the initial data
up so that the particle described by w is observable on some space-time region of
space, observable meaning that its L? norm is quantified.

This chapter is organized as follows. First we talk about Uncertainty Principles
and the connection with Schrédinger’s problem via the Fourier Transform. Then
we talk about the motivation to study the quantification of the solution u and the
needed tools to build the theory, together with the proofs. The last part of this
chapter addresses the similarities with observability inequalities and the geometry
of the observability region described on the main result. We complete this last
section by analyzing the particular case of the periodic solution of .

1.2 Uncertainty Principles

An uncertainty principle is a mathematical result that gives limitations on the
simultaneous localization of a function and its Fourier transform. There are many
statements of that nature, the most famous being due to Heisenberg-Pauli-Weil
when localization is measured in terms of smallness of dispersions and to Hardy
when localization is measured in terms of Gaussians.
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As mentioned before, there is a general way to see the Uncertainty Principle
by using operators. The particular case where the symmetric operator is & = =
and the anti-symmetric operator is A = V., position and momentum operators
respectively, is connected to . Another way to read the Uncertainty Principle
is the following:

([ asapar)” ([ ef@par) > [ P, 0

making a connection between a function and its Fourier Transform as we also
mentioned above. In this direction we talk about Hardy’s Uncertainty Principle,
named after the British mathematician Godfrey H. Hardy who stated,

1f(z)] < Ce | f(O) <Ce PP af>1/4, = f=0. (1.4)

Moreover, if a5 = 1/4 then the function f is a Gaussian, say f(z) = Ce—olel?,
These functions are precisely the minimizers of the Uncertainty Principle, meaning
that equality is only attained for these objects. The proof of this result and its
different variants use complex analysis, more concretely the so-called Phragmen-
Lindelof principle that we will not discuss here.

Hardy’s result can be applied on the solution u of but on the free particle
case, this is, the case where no potential appears. To do so, we need to establish
a relation between a function and its Fourier Transform in terms of the solution
u and the initial data of the problem wuy. For this purpose we write an explicit
formula for the solution as follows,

u(z, 1) = euo(a) = <27r1>n/2 [ e e ) de. (1.5)

Simple computations give that identity ((1.5)) can also be written as

1 jlz—ul?
u(zx,t) = W/”e i ug(y) dy

e’ 2y il
= a7t Jon € ) dy

As a consequence
JA z|m| /4t R T
e UO(J:) (QZt)n/2ft <2t> (16)

with fi(z) = etlel*/ Yuo(z). In particular, we can state a version of Hardy’s result
(1.4) using the connection between u and wy, say

2
|z| |2

If e ug(z), ea eug(z) € L*(R") and af < 4t, then ug = 0. (1.7)
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Identity implies that to give size conditions of u at two different times, say
t =0 and t = T is equivalent to give size conditions to fr and fT. This idea has
been largely exploited by L. Escauriaza, C.E. Kenig, G. Ponce, and L. Vega. This
type of results give alternative proofs to these classical results using techniques
of Partial Differential Equations, more concretely the so-called Carleman type
inequalities. These UPs are rigidity results in the sense that the conclusions are
that the only function satisfying the desired properties is either the trivial one,
or some specific function, as for example the Gaussian in the case of Hardy’s UP
as we have already seen. Unlike this, the use of Carleman inequalities is rather
flexible and allows perturbations by potentials V' 2 0.

Another kind of Uncertainty Principle for the Fourier Transform says that if a
function f € L'(R™) is non-zero and has compact support then f cannot satisfy
a condition of the type f(€) = O(e~€l) for any e > 0. These type of results are
named after R. Paley, and N. Wiener. In [51] they give a characterization of a
function or distribution with compact support in terms of the analiticity properties
of its Fourier Transform.

Following this idea for the solution to the Schrodinger equation we have the
following result by C.E. Kenig, G. Ponce and L. Vega that can be found in [7].

Theorem 1.2.1. Let u € C ([0,1] : L* (R™)) be a strong solution of the equation
O = i(Bu+V(w,h), (w,1) € R x [0, 1]

Assume that

sup / lu(z,t)|?de < Ay,

0<t<1
/ 62“1|’”1||u(x, 0)|?dx < Ay,  for some a; > 0,
R

supp u(-,1) C{z € R" : 21 < as}

for some ay < oo with
Ve L= ([R" x[0,1]),  |[Vl[zoe@rxjoa1) = Mo

and

Jm [V z oy @n\g,) = 0.

Then u = 0.

Although we are not going to give the details of the proof of the theorem
(see [7]), it is important to point out that they use two important tools that we will
be using, namely, Appell’s Conformal transformation and Carleman’s estimate.
The former allows the introduction of parameters o and g via dilations on the
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space and time variables. In this way, we can establish a relation between the rest
of the parameters and manipulate them in order to obtain nice bounds. The latter
gives us the bounds we are talking about.

Our main purpose is to start to explore the way to reduce the hypothesis from
two times to just one. In particular, we look for conditions on uy. Besides the fact
that we consider this a very natural question by itself, our main motivation has
been to try to adapt the PDE techniques to prove more sophisticated UPs. As an
example we have the following result by P. Jamming in [30],

Theorem 1.2.2. There exists a constant C' such that, for every sets S,% C R of
finite Lebesque measure and for every f € L* (R™)

/ |f(x)|2dx < CeCmin(|S\|E\,|S|1/”w(2),w(5)\2\1/71) (/ ’f($)|2dl’ + |]?(I)|2dl’>
Rn R7\S R7\S
where w(X) is the mean width of .

This result is an extension to dimension n > 1 of a result by F. L. Nazarov [52].
Nevertheless we are far from obtaining such results.

1.3 Lower bounds

Up to this point we have focused on the conditions required to conclude that the
only solution to the given Schrodinger problem is the trivial solution © = 0. Now
we are interested on quantifying the solution, i.e. estimating the probability to
find the particle described by (1.1]). The question is now what requirements do we
need in order to do so. The starting point will be the following result:

Theorem 1.3.1. Let uw € C ([0,1] : H' (R™)) be a strong solution of
iOu+Au+Vu=0, te[0,1], xeR"

If
1
/ / (|u|2 + |qu|2> (z,t)dxdt < A%
0 JRm»
1/241/8
/ / (ul?(z, t)dadt > 1,
1/2-1/8 J)z|<1
and

VLo @nxpo)) < L, (1.8)

then there exists Ry = Ro(n,A,L) > 0 and a constant ¢ = c(n) such that for
R > Ry it follows that

6(R) = (fol Jr1<pzi<r (|u|2 + \qu|2) (x,t)dxdt)1/2 > cem R, (1.9)
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We see that the main assumption is that the L? norm of u is bounded from
below in a small time-space cylinder around the origin. Since we are looking for
conditions on wuy it is only natural to wonder if there exist conditions that imply
this hypothesis. This will be the topic of chapter 3.

The key point to prove Theorem is the use of Carleman estimates. These
estimates allow us to find lower bounds for suitable functions.

Lemma 1.3.2 Carleman estimate. Assume that R > 0 and ¢ : [0,1] — R is a
smooth function. Then, there ezists é, = c(n, || ¢ |l + || ¢” |loo) > 0 such that

the inequality
o3/2

¢, R2

| ecliretaly <] eclire0al (i, + A)g |, (1.10)
holds when o > &,R* and g € C°(R™1) has its support contained in the set

21

{(x,t) : ‘24—90@)@1

Proof. Let f = e?lwte®el®y Then,

eo|%+<.0(t)e1’ (i0, + A)g = S, f — 40 Aaf,

where )

4o
S Zat‘kA‘i‘ﬁﬁ‘i‘QO( )61|2,

1 z n i’
—(S+pt)er) V4 == + (55 +

Rl TPV om 2(3 ?):
are the symmetric and anti-symmetric operators respectively. Thus,

A, =

AL =—A,, S* =S,
and )
|| €U|%+<P(t)€1| (Zat + A)g ||§: <Saf —40Af, Sof — 40Aaf>
2 _4J<(SUAU - AO'SU)f7 f> = _40<[Scru Ao]fa f>
A calculation shows that
2 402

(S5, Ag] = ﬁA_ﬁ

2

2

T " 2 2i90/
13 78$7
(Rﬂo())@ + ]Jr 7 O

R + o(t)er

and

z e 2. 160’
| eclEre@al (g, + A)g |12>

+ ey

|f|2da;dt+—/|Vf| dudt
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T 2 9 8ot

+2 /KJF ) "+ ’} drdt — —

o | |5 te)e" +e 1] I

Hence using the hypothesis on the support of g and the Cauchy-Schwarz in-

equality, the absolute value of the last two terms can be bounded by a fraction

of the first two terms on the right hand side when o > ¢,R? for some large ¢,
depending on the dimension and || ¢’ [oc + || ¢” [lco- Then the result follows.

/ O (8, f) fddt.

O

The proof of Theorem follows the same strategy as the one for Theorem
1.3.1] The only thing we introduce is Appell’s Conformal transformation. This
result allows us define a new family of solutions depending on certain parameters.
The lemma is the following,

Lemma 1.3.3. If u(y, s) verifies
Osu = i(Au+V(y, s)u+ F(y,s)), (y,5) €R" x[0,1]

and o and (8 are positive, then

JaB )"/Qu< VaBzx Bt > (a—B)lz [
o

a@,@:(w T—0+pt al-0+pt)

verifies
Ot = i(Au+ V(z, )i+ F(x,t), (z,t) € R" x [0,1]
with
~ B af Vapz Bt
Vi) = o=y ame” (a(l "B all—t)+ m)
and
SR B Y S S g
Fla,t) = <a(1 —t)+5t> F <a(1 )+ Bt all —t)+6t> ey,

Although the statement uses two parameters o and § we are going to define
v = «/f and rewrite the dilations in a proper way. We need to be careful on how
these functions alter the domains of integration in the proof. It is important to
make a sensible use of the parameter v in relation to these functions. For this
reason, we give some estimations in the next section. We will not be considering
the function F' either, since we will not consider outer forces disturbing our system.
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1.4 The main results

By Hj,.(R™) we mean the set of functions f that together with their gradients are
locally in L*(R™). We have the following result.

Theorem 1.4.1. Let u € C([0,1] : Hi,.(R™)) be a solution of

{ Ou = i(Au+V(z,t)u)
u(z,0) = up(x),

where V€ L>®(R™ x [0,1]) is a complex potential and
|V [ oo @nxjo)< L.

Let Ry > 0 be such that for some ¢y > 0,

/B luo|*dz = ¢, (1.11)
Ro
and let also M > 4Ry + 1 so that

sup lu(z,t)]* + |Vu(x,t)*de = A* < +o0. (1.12)
0<t<1J By

L A
stant ¢, that depends just on the dimension such that if 0 <t < t*,

Then, there exist t* = min (256A 214 (Cf)) , R2, ﬁ and a universal con-

c”t

L ST ) dyds > 6 Ro<p< M
(1.13)

Remark: Observe that M can be infinite.

Our second main result is an immediate consequence of Theorem and
therefore the proof will be omitted. As far as we know this type of uniqueness
result is completely new.

Theorem 1.4.2. Assume that for any ug € H'(R™) there exists a unique solution
u € C([O, 1] : Hl(R”)) of
du=i(A+V(zx,t))u xzeR", te(0,1)
u(x,0) = ug

with V € L™ (R” x [0, 1]) If ¢, is as in (1.13) and there exist R;, R; — oo, j € N
such that f0r allj

t // )2+ s [Valy, s)| dyds = 0,
tlfgte |y|R1+s/t\<4R\/| (y S)| 8| u(y S)| v

then v = 0.
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As a side result to Theorem [1.4.2] we could let the spatial parameter p tends
to infinity and obtain a similar conclusion.

Theorem 1.4.3. Assuming the same conditions as in Theorem [1.4.2 and that
there exists ty < t* such that

1 . 2% [3to
lim —e™ % / u(y, s)|? + s |Vu(y, s)|* dyds = 0,
A » \|y|_p(1+s/t0)\<4pm‘ (y, )| [Vu(y, s)|” dy
then u = 0.

Remark: Notice that our results are perturbative and allow complex potentials
that can depend on time. Therefore, it can be applied to solutions of non-linear
equations as long as a nice local in time well-posedness theory is available. We
can proceed as done in [6] and consider for example

Ou = i(Au+ f(Jul*)u), (1.14)

with f: R — R, and f(0) = f/(0) = 0. Then, given two smooth solutions u; and
ug of (|1.14)), the difference w = uy — uy satisfies an equation as (|1.1]), and therefore
Theorems [1.4.2| and [1.4.3| apply to w.

1.5 Some a priori estimates

Before going into the proof of the theorem, we give some estimates of the sup-
port functions we are going to be using. At some point in the previous section
we have talked about Appell’s conformal transformation and mentioned that the
parameters o and § will be replaced by v > 0 defined as the relation between the
former ones, say /. We will also want this parameter v to be as big as possible
so in principle we see it as v >> 1. Having this in mind, we define the following
functions:

1
o) = S (1.15)
t
s(t) = P (1.16)
B(t) ! ! (1.17)

Tttt 41—+t

At some point on the proof there will be a change of variables so it is interesting
to see how we can write ¢ in terms of s and see how the measure changes with
respect to . First we see that

t(s) tl

)= THe =D (1.18)
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and so

_ v s
S (R

Along the proof we encounter two different time intervals due to the definition
of the cut-off functions. The first one is [3/8,5/8]. For this interval observe that
a(t) can be estimated by

1 3
and the variable s lives in
g L (1.20)
* 5y +373y+5] '

The length of this interval can be estimated by

1 2
— <M< =, (1.21)
4y v

and the differential,
%ds < dt < vds. (1.22)

On the other hand, when ¢ € [1/4,3/4] we can make the following estimations:

1

i <aft) < 7 (1.23)

0<B(t) = — L . <4 (1.24)
- Cl—ty it oyl =)+t T I =ty T '
It should also be noticed that the variable s lives on the interval
I = ; i
S 3y + 1y +3]]
and its length is bounded from above and below as follows
1

<<, (1.25)
2y gl

which means that when ~ is large the variable s has size y~! and so we have the
following estimation for the differential

116d8 < dt < vds. (1.26)
Observe next that if we combine (1.15) with (1.18]) we can write

Vyoe(t(s)) =14 sy —s. (1.27)
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Assume now that w € C([0,1], H},.(R™)) is a solution to (1.1)). Then, the
following identity holds

t
|U,(J}, t)|2 - |U<l’, 0)|2 = _2]m/ (dlU(U((L’, 8) ’ Vﬂ(]}, S)) + V(‘Ta 8)|U(I’, 8)|2) dS,
0
(1.28)
where V' is a complex bounded potential. The proof of this identity is the following;:

First observe that
div(uVa) = |Vul]* + uAu = ulAu = div(uViu) — |Vul?,

and so we compute the derivative on the second variable of the squared term

d d

= w0y + udyu = 2Re(udyu)

= 2Re(ui(A + V)u) = 2Re(iulu + iV |ul*)
= —2Im(ult + V|u|*)

= —2Im(div(uVa) — |Vul* + V]ul*)

= —2Im(div(uVu) + V|ul?),

which concludes the proof.

We are ready now to discuss the proof of the main theorem on this chapter.

1.6 Proof of Theorem 1.4.1]

We follow very closely the arguments in [7]. The goal is to use the Carleman
estimate ((1.10) in a suitable way so that we can control both v and Vu by the
initial data. For this purpose we want to build an auxilliary function g. First, let
7 be large enough, say v > 16 and define R = Ry,/7y. Define also the following
cut-off functions, Og,n € C°(R™), ¢ € C*([0, 1])
1, |z|<R L, |z|>2
Or(w) = { 0, |z|>R+1, (v) = { 0, |z|<3/2, (1.29)

4, te[3/8,5/8]
p(t) = { 0, te[0,1/4]U[3/4,1].
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For future purposes we will be assuming that R > 2. Next we use the Appell
Conformal transformation ((1.3.3) on the solution u to generate a new family of
solutions depending on the parameter v, say

o(z,t) = a(®)?u(a(t)z, s(t))e PO (2 4) e R™ x [0, 1],

where the functions «, § and s were introduced on the previous section.

We use all the information gathered above to define the function g as follows:

i

ol t) = Onlan (7

+¢@k0@@¢),@mﬂeR”me]
Observe that due to the nature of the test functions, g is compactly supported
and,
e g=10rvon (z,t) € {|lz] <R+1} x[3/8,5/8],
o V,u(z,t) = a(t)"2e OB (a(t)Vu — LB(t)z - u),
e suppg C {‘% + @el‘ > 1}, where u = u(a(t)z, s(t)).

With the function we just defined, we are ready to use the Carleman estimate.
Recall that for o > &, R?

53/2

e | IE 0l g,y o < | T Ol 69y + gl t) Il (130)
C?’l

We need to work out both sides of the inequality. The goal is to give an
estimation from below to the left hand side using the information we have about
the initial data. Once this is done, we will find suitable upper estimates of the
right hand side in order to absorb the terms we do not need using the parameter
0. Let’s thus look at the 1.h.s. of the inequality above,

0|£+4p(t)61‘2 2 __ 20’1+g0(t)el|2 2
|| er g(flf,t) ||2 - € " |g(l‘,t)| dxdt
tJx
8o 5/8 2
>e |0r(z)v(x, t)|*dxdt
3/8 Jiz|<R+1
5/8
:&/ / ()| Or(x)u(a(t)z, s(t))[2dedt
3/8 Jiz|<R+1

v re3) -1 2
> 68”—/ / Or(a™ " (t(s))y)uly, s)|“dyds.
8 Js(2) |y|ga<t(s))<3+1>‘ (@ (EHs)y)uly. )]

We have made the change of variables y = «(t)x and s = s(t) together with
the estimate ((1.22)) on the differential and change of measure we mentioned on the
previous section. Now we want to plug the initial data into the equation. To do so
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we measure the size of the difference between our function u and the initial data
Ug, say

B =

0% (a  (t(s ul* — |uo|?)dyds| .
[ o (O I

Next we use ((1.28) to obtain,

B = / /9% (—2Im /s(div(uva) + V|u|2)ds’) dyds
s~y—1 Jy 0

= 2[m/ /s/ﬁé(div(uVﬂ) + V|u|?)dyds'ds
s~y—1Jo Jy

2[m// /Qf%div(uVﬂ)dyds’ds + ’2[771// /9%V|u|2dyds’ds
sJs! Jy sJs' Jy
= Bl + BQ.

IN

Here we study the contribution of both integrals separately and see how to
choose « in a suitable way depending on the parameters ¢y, A and L so that we
have a nice bound from below for the left hand side of Carleman’s estimate on this
particular case. For the estimation of both B; and B, we use , and

(1.12) so that

By = ‘ZIm [ ], [k ¢V (.5 uly. o Payas'ds

4L

< —/ /|u|2dyds’
v Uy
8L

< —5 sup /

VY sty YlISAR/ /A
8A?

<

=T

ul*dy
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As for B; we have, using integration by parts,

B, = |4Im / / ol (#(s)) / (0RVOR) (uVa)dyds'ds
s~y~1.J0 ly|<a(t(s))R
< ’4ﬁ]m ~/8~’yl /s’wl /?J(QRVHR)(uVu)dyds’ds

§4ﬁ/ » // _1/\uVﬂ|dyd$'ds
syt syt Sy

< 1677%? sup luVuldy
s'ry=1 Jy|<a(t(s)) R

<8y sup / |ul? + [Vul*dy
s'~y—1 J|y|<4R/\
8A?
= 3

Now if we put all together and remember that there was a factor v multiplying
the equation, we have
8A? 8A’L  8A? 1
_ -1/2
vB§¢ﬂ+ > _vmu+Ly ).

Therefore, if we choose v > L? we have that

16A2
vB < W

Now we want to hide the contribution of B using ¢y. To do so we need to work
out the extra term introduced when B was defined, say

K /8 /y O (a™" (t(s))y)|uo|*dyds.

Clearly, the inclusion By (s))r C Bat(s))(r+1) and the definition of 0 together

with (1.21)) and (L.11]) gives us

[ Ohluol*dyds =y [ [ GfuolPdyds
5/ Ba(t(s))(R+1) 5 Y Ba(t(s)R

:7// |u0|2dyds
s JBa(t(s))R
1

> V*/ |uo|*dy
Y /Br,
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Thus if % > 16A4%y~1/2 then

A 4
> ol4 ()
Y= )

and we can hide the contribution of B inside ¢ and conclude

z 2 e
| el Ol gla ) 132 Treb. (1.31)

Now we study the right hand side of the Carleman estimate. First compute
the operator to see how the supports of the resulting expressions change:
(10, + A)g(z,t) = OrnVv + Og (i’ 0y, mv + 2RV - Vo + R 2Anu)
+ n(ZV@R -Vou + AQRU>
= E1 + Ey + Es,
where 5 and FEs5 are supported in
«3/2< |2 +p(t) <2, tel1/4,3/4],
o {R < |z| < R+1}x[1/4,3/4] respectively. From the definition of the conformal

transformation and the assumption on V we have that [V'| < Ly~" on the support
of g. Thus,

- 2 x 2
| ertirenl o+ Mgtat) I = [ [ el Tii0r-+ Agla. ) dade
tJx
< L2y || e lireal g 2

3/4
+e&’// /| ([0[2 + 4R2|Vo|?)dadt
1/4 Jiz|<R+1

3/4
+e720/ / (|02 + [Vo[?)dwdt
1/4 JR<|z|<R+1

z 2
_ L27_2 I ea\ﬁw(t)el\ g ”% FOLL + e,

Observe that from ((1.30)) the first term can be absorbed by the left hand side
of the inequality if
o3/? 2L
> —.
cnR? — vy
So we only need to study the contribution of I; and ;. To see things more
clearly we split I; in the sub-integrals I11, [;2, the first one measuring the contri-
bution of v, and the second one doing the same for the gradient V.

3/4 3/4
Iy = / / (0|2 dadt = / / a(t)"ula(t)z, s(t))|*dedt
1 |z|<R+1 1/4 J|z|<R+1

/4
<o [TV u(y. ) dyd
u(y, s s.

=7 s(1/4) Jlyl<a(t(s))(R+1) Y Y

(1.32)
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Here we have simply made a change of variables and use the information we
have about the behavior of the functions «a(t) and s(f) when v is large enough.
As for I15 we use the triangular inequality together with the change of variables
y = a(t)z and the estimations with ~y, as we see here

3/4
— / / AR Vol dudt
1/4 J|z|<R+1
3/4 i
— 4R / / a(t)"|a(t)Vu — LA(t)zul*dedt
1/4 |x\<R+1 2
<ar [V ] a(t(s))Vuly, 5) = LA(s))a™ (t(s))yuldyds
(1/4) Jly|<a(t(s))(R+1) 2
6
< 4R‘27/ / <|Vu|2 4R+ 1)2|u|2> dyds
s~1/7 i <atte) (R )

1
=4 / / Vaul? 4(1 ) 2) dyd
~1/y Jy|<a(t(s))(R+1) <R2 [Vul” + + ]u\ yas.

Using now that R = Rg,/7 > 2 we get

I §36/ / ul? + v~ Y Vul2dyds.
2= f \y|§a<t<s>><R+1>’ PV

And if we put both I;; and 15 together and use (1.25) we can estimate [; as
follows

I < 727/ / (Jul? + 7| Vul?)dyds (1.33)
s~ Jlyl<a(i(s)) (R+1)
< 216 sup (|ul® + v Vul?)dy (1.34)
sy =1 [yl <alt(s)) (R+1)
< 216 sup (Jul® + 471 Vul?)dy (1.35)
~y— 1 fy|<M
< 216A% (1.36)

Following a similar computation we can estimate I as,
I, < 3272R2/ / ul> + 4 Vul*dyds.
0 Jpt Jatopretationmrn [Vul

Observe now that the spatial variable y lives in a region of length . We would
like to rewrite that region in terms of . Using (|1.23)) and (1.27)) together with an
appropriate estimation for s we have that Iy can be written as

I, < 7232R2/ / ul* + v Vul|*dyds.
? O Jsnnr [lyl—Ro Rosvl<%| | [Vl
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Now if we put everything together we have the following inequality

3/2 O <164 1+ 6 Roe*s” / / (ul? + v~ |Vul2)dyds 1/2
CAn]'%2 16 — 0 syl Hy|—R0—Rosv\<% .
(1.37)

To hide the first term of the right hand side inside the left hand side we ask
the following

a2 5124

= >

¢, R?2 co
for some universal ¢, that depends on ¢,, ¢y and A.

Since we want ([1.32]) and ((1.38)) to be satisfied we impose the following condition
on the parameter

— 0 > ¢, RY3, (1.38)

2L _ 5124 «al
vy T 7= 9564

(1.39)
And thus, whenever
col . (A)“ 1,
> 2% — —, L
7= A (256A’ o) R

we can hide the contribution of the first term on the right hand side of ((1.37)) into
the left hand side, so

*” c < 16Ryye®0? / / (Jul* + v~ HVul?)dyds "
G R?32 ’ s~y ||y|*RO*ROS'Y|<% .

On the other hand o has to be greater than ¢,R? according to Carleman’s
estimate, which is a stronger condition than the one we just found. Hence if
o = 646, R? we have that for some universal constant ¢n,1 which depends only on

A
Cna

1/2
c < <766"»1R(2>7/ ) / n (|u|2+S|Vu|2)dyds> ,
s~y lyl=Ro—Rosv| <2

now if we rename v~ = t observe that

256 A co\* 1
t < : 2—14 (> R2 | = ¢
> Imin < COL ) A ) )

and
R2

9 _ €T /Bt/ 2 2
e < ul” + s|Vul|”)dyds,
0 i IIy\—Ro—Ro§\<4R0\/Z(‘ ” + s[Vul")dy

as we wanted to see.
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O

On the statement of the theorem we write ¢,, for simplicity. Observe also that
if we take p € [Ry, M| the result will still be true. This happens because no matter
what p we choose, ¢y does not change.

1.7 Some remarks in the periodic case

In this section we explore some consequences of Theorem [1.4.1] in particular on
the 1-dimensional periodic case, to see its relation to observability results.

The outcome of Theorem was that we could give a lower bound to the H*
norm of the solution v in a particular region of space. We call this the observability
region. Consider the following problem:

iu+ Au =0, in Q xRy,
u=0, ondQ xR, (1.40)
u(+,0) = ug, in €,

where €2 is a bounded domain of R" with a smooth boundary 0€2. Observe that
this is a local problem and the solution vanishes on the boundary, (which is not
our case). Nevertheless it can be proved that u satisfies the following condition:

Ve > 0, Vug € LQ(Q)v ||UOHL2(Q) < C(g)Hu”LQ(wX(O,s))a (141)

w being a nonempty open subset of €2. These type of results are known as observ-
ability results and allow us to have some control on u only by having information
of the initial data ug. Although is not an observability result per se, it has
some similarities to it. The main drawback is that the term of the gradient appears
in (1.13) and it is a natural question whether this term is needed. Nonetheless,
this term comes multiplied by a time factor which can be very small as ¢ becomes
small.

It should also be pointed out that whereas in (1.41)) all the information carried
by u lies within , in ([1.13]) the observability region may lie outside the ball Bg,
where the information of the initial data is contained.

The region has the particularity that it is dynamic in the sense that it changes
in time for certain fixed py. On the other hand, for a fixed time ¢, it also changes
its geometry if we move the parameter p. Recall its definition

S
‘|y| —p—pt‘ < 4pV/t. (1.42)
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The first thing it should be noticed is that the region describes a bounded area
on the y-s space-time variables. For simplicity we are going to assume first that
we are on dimension 1, i.e. ¥y € R. The shape of this region will vary with respect
to parameters ¢t and p.

We will see what happens when ¢ tends to zero but first we look at the other
parameter. Unlike ¢, p can be large. Its real size will depend on Ry, this is, the
region where we look at the initial data wu.

First we would like to see what the region looks like. Considering s € [t/4, 3t]
observe that:

1. If s = £ then,
5
‘|y| — 4/)‘ <4pVi

which is a straight line of centers —5p/4 and 5p/4 respectively to each side
of the space variable and length 8p+/t.

2. If s = 3t then,
Iyl — 4p| < 4pV/t

which is a straight line of centers —4p and 4p and length 8p\/t.

Clearly for each s € [t/4,3t] we describe a line of length 8p+/f that moves to
the right as s grows for y > 0 and to the left if y < 0.

If we sketch it out we would see something like:

1 B e e = -

14

-4 i

Hpld 5pi4
Yy
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Now we play a bit with the geometry of the region. No need to say it is
absolutely symmetric with respect to the axis y = 0. The length of the horizontal
line between either of the vertices on the same side is 11p/4 and the vertical
distance 11¢/4 from where we easlily calculate the length of the side lines

11
d= /4 2
g VeETe

To finish with the small analysis observe that the inclination or slope of the
side lines is t/p.

A question now arises: does it come across y = 07 In other words, do both
symmetric parts meet for some value of the parameters ¢ or p? The answer is no.
Consider the closest vertice to y = 0 on the region y > 0. This point is

5
P:f—@ﬁ

Assume now that P < 0, p > 0 and see what happens:

5 5
P:llwmﬁ<0=¢1—%ﬁ<o

4
5 25
== — < Vi=1>—
16 Vi 256
which is not possible since t has to be smaller than that by definition and hence
P > 0. Thus it is safe to say that each part of the symmetric region will remain
either in y > 0 or y < 0.

Now we see what happens at the limit points.

1. Let to € [t/4,3t] be fixed and let p — oo. If we do so we see that both hor-
izontal lines stretch out to infinity while the distance between them, 11¢,/4,
remains unchanged. But also, if we look at the slope of the side lines we ob-
serve that it tends to zero. This means that the vertical distance compared
to the horizontal one is ridiculously small and so we would be looking at a
horizontal line, i.e. both initial lines merge into one.

2. Let now p = py be fixed and let ¢ — 0. Clearly the length of the upper
and lower lines goes to zero and so does the vertical distance between them.
However while this happens the centers of the lines remain still but vertically
closer. The key point here is to observe the length of the side lines. Observe

that 1 1
Po
d= —=,/¢2 2 TP

4 ‘|‘p0 4



Some remarks in the periodic case 37

hence these lines do not dissapear but progressively lose inclination till they
merge into a unique horizontal line. This means that the region squeezes
when ¢ tends to zero until we only see a horizontal line of length 11p,/4 with
start and end points 5p/4 and 4py respectively.

Suppose now that the particle moves on a two dimensional space. This could
be a plane, say R%. Thus the solution u may be represented as

u=u(z,y,t),

(r,y) € R? and t € R as usual. In this case, the observability region becomes a
surface. For each s € [t/4, 3t] we see circles instead of lines. The projection of the
region is the one on figure [1.1

dp

5pid

-5pid

g Spld Hpld 4p

Figure 1.1: The projection of the observability region. The axis of the graphic
correspond to the spatial variables x and y.

The blue lines correspond to the instant s = ¢/4. The dashed line is the circle
of radius 5p/4 as pointed on figure and the lines next to it are the ones defining
the region

5
‘I(:v,y)| - 4p‘ < 4pvt.
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Likewise the red lines correspond to the instant s = 3¢ that define the following
region
(2, y)| —4p| < 4pVt.

It is thus not hard to picture that as s grows we draw annuli of growing radius.
This gives place to a conic surface on space for which the shape varies depending
on the parameters ¢ and p as we studied for the 1 dimensional case.

On the last part of this chapter we are going to analyze the particular case
where the particle described by u is periodic in space, meaning that for periodic
points of the space the nature of the system does not change. Following a little
with the observability results we started mentioning on this section, there are a
number of articles regarding the observability problem of periodic solutions, see
for instance [46], [44].

Let T? := R?/AZ x BZ, A, B € R/{0} and consider the Schrédinger problem
i0u(z,t) = (—A + V(2))u(z,t), z¢€T? (1.43)

where V' € C*°(T?) is a smooth real valued potential. The following result can be
found in (3], a paper by N. Burq and M. Zworski.

Theorem 1.7.1. Let Q C T? be any (non-empty) open set and let T > 0. There
exists a constant K = K(Q,T), depending only on Q and T, such that for any

solution of (1.43)) we have

T
(- Ol Z2qry < K[ Nl t)[Z20)dt- (1.44)
0

Observe that this result involves time independent potentials. Such observabil-
ity results are still unknown for time dependent potentials.

We see next what happens if we apply our theorem to a periodic solution of
our problem. Consider the one dimensional case, so T := R/[0, 27]. Assume now
that we have a periodic in space solution u € C([0, 1]; H'(T)) of the problem ([1.1)

and
/[ ] luo|*dx = cj.

)

Choose p = 27. Then the observability region has the form
‘y + o7 (1 + j)‘ < 8mVt, se[t/4,3t],
that by periodicity becomes

‘y + 27r§‘ < 8mVt, s |t/4,3t).
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If we look carefully now to this region we see that an interesting phenomenon
occurs. The solution u goes beyond the point 27 up to three times as s grows
from t/4 to 3t for a given value of ¢, which, we recall, is very small. This happens
because the observability region has length larger than 27. Thus, the solution
u may be found several times within the interval [0, 27] and there is no need to
observe its behaviour in further points. Here is a sketch of the geometry described
by the solution:

t4

The red area corresponds to the original observability region whereas the blue
part is the periodic comeback. It is clear that all the information can be gathered
if one looks only within the initial ball.

We could re-estate ([1.4.1)) for a periodic solution as
Proposition 1.7.2. Let u € C([0,1] : H},.(T)) be a solution of

{ Ou = 1(%u+ V(z,t)u)

u(z,0) = uo(),
where V€ L>®(T x [0,1]) is a complex potential and
| V| zoe(rxpon < L

Let ¢ > 0 be such that,
/[ } luo(x)|*dr = ¢,

and consider also that

sup /[ ] lu(z,t)]* + |0pu(z, t)Pdr = A < +oo. (1.45)

0<t<1
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Then, there exist t* = t*(co, L, A) and a universal constant ¢ such that if 0 < t <
t*,
ecl/t

3t
2 2 2
ul® + s|o,uldyds > c5. 1.46
t /t/4 /y:l:27r§|<87r\/i| ‘ | ‘ Y =0 ( )

This result can be seen as some kind of one dimensional observability inequality
for periodic solutions of , as we mentioned earlier. Observe also that the
variable ¢ can be small, as estated on Theorem . The drawback of is
that involves Vu, and it is a very natural question to know if this term is needed.
Also, and because of this dependence on the gradient, it is not clear up to what
extent ({1.46|) implies a controllability result. Nevertheless, observe that our result
allows potentials that can depend on time and holds in any dimension.



Chapter 2

The non-elliptic Schrodinger
problem

2.1 The hyperbolic equation

Up to this point we worked with Schrodinger’s initial value problem on its elliptic
version. For this problem we analyzed the quantification of the solution under
certain assumptions. This is, we found conditions on the initial data uy so that
the H! norm of the solution could be controlled from below on certain region of
space.

Now we turn to the hyperbolic version of the problem, that is,

{ Ou =i(Ay — Ay + V(x,t))u

u(z,0) = ug(x), (2.1)

where © = (11, 22) with 2y = (z},22,...,21") € R™, 2y = (2}, 23,...,25%) € R™
such that n; + no = n and the Laplacian operators A; and A, are defined as

A=Y 0u (2.2)
i=1
Npu= Y Jiu. (2.3)
Jj=n1+1

We also consider the potential depending on the space and time variables. In
particular we might consider V' = V(u,u). This kind of allowance on the poten-
tial gives rise to non-linear problems for which well-posedness is needed in order
to make sense out of the solution. A particular example is to consider the two
dimensional equation

1 1
i0pu + §8§u - iaju + |ulfu=0, (z,y)€R? (2.4)

41
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that appears in nonlinear optics. This problem is locally well-posed in H*(R?) for
any s > 0 and for L?(R?) although global existence remains unclear for the latter.
This is due to the fact that the energy defined as

E= ||a$u||%2(R2) - ||8yu||%2(R2) + ||u||4L4(R2)7

is not positive. However global existence in H*(R?) for any s > 0 can be obtained
via modulation approximation [53].

Our main task in this chapter is to generalize the results from the previous one.
We have seen that if the L? norm of the initial data is nonzero around the origin
and the H! norm of the solution is locally controlled then v and its gradient can
be quantified in terms of uy. We are now interested in adapting this result to the
non-elliptic case of Schrodinger’s initial value problem. This task can be done by
following the same strategy as before although the result varies a little as we will
see.

In order to generalize Theorem [1.4.1, we need to make sure that all the side
lemmas we used are consistent to the new equation. We pay special attention
to Carleman’s lemma for which we need to give a new version for the hyperbolic
operator. The proof does not change much but we include it for clearence. The
lemma itself is stated in 2.3.11

The main theorem of this chapter is stated in[2.4.1] There are slight differences
with respect to the original result that we will point out along the way but the
proof follows the same strategy as the one used in the previous chapter so most of
the details will be omitted. The most interesting point is that when the hyperbolic
operator acts on the function g of we have terms depending on the dimensions
of the vectors z; and w5 as well as factors of the form ||z;|? — |22|?| acting on |u|?
which suggests that the L? norm of u might be concentrated near points where
|z1| = |x2|. All the details are gathered in section 4 of the chapter.

We close this chapter with the particular case of a periodic solution of (12.1))
in dimension 2. We thus work on the two dimensional thorus T? := (R/27Z)? so
that problem ({2.1)) becomes

dpu = i(92 — 92 + V(x,y,1))u,
U(I‘7y70) = Uo(l’,y).

We see what happens when a periodic solution of the above problem satisfies
conditions of [2.4.1] 1In [2.5.1] we state the corresponding version of for a
periodic solution.
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2.2 The explicit formula for the solution

Before giving the main result of this chapter we need to study the nature of the
solution of (2.1). We have previously seen that we can write down an explicit
formula for the solution to the free Schrodinger problem

{ Oyu = iAu, (2.5)

u(z,0) = ug(x),
by using the Fourier Transformation. In this case the solution is given by

2

u(z,t) = ezit/ e_i%yei%u (y)d
T ity S 0\y7 49

We would like to do the same for the hyperbolic case. We first try to find an
explicit formula of our problem. Again, we use Fourier Transforms to solve the
equivalent problem on the frequency space R7, say

{ 9 = (Ay — Ag)u =0
(€, 0) = do(§).

We thus compute the Fourier Transform of each laplacian operator by using
the properties we know so that

—

Avu(€) = (2m)~"/? / A u(x)d
— (2m)"/? / i€1e7 "V u(z)dz
= e en) 2 [ e (@)
= —|&Pa(¢),

and likewise, B

Agu(§) = —[&*a(€).

Therefore, combining both calculations and plugging the expressions into the
general operator we obtain

i(A — Ag)u = —i(|& ] — &),

which gives
ﬁ(€7 t) == ’lfo(g)efit(‘glpfmﬂz)’
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to finally obtain
u(z,t) = (QW)—n/2/6iw-(£1+52)—it(\£1I"’—Isz)UjO(@dg
— (i) e [emteg) a2 gy e)de,

N—nj2 [ ileiznP=lea—uol®
= (4mit) /e % uo(y)dy,

where /2 = /% for t > 0 and e~"/* for t < 0 as happened for the elliptic case.
The last equality is obtained after using a suitable change of variables together
with the definition of the Fourier Transform.

2.3 The Carleman estimate

We saw that one of the key points to prove the main theorem of the previous
chapter was Carleman’s estimate. However, in order to use it we need to see if the
lemma works for the hyperbolic equation. This is indeed the case and we present
the statement of the lemma together with the proof of it.

Lemma 2.3.1 Carleman estimate. Assume that R > 0 and ¢ : [0,1] — R is a
smooth function. Then, there exists é, = c¢(n,||¢"]|) > 0 such that the inequality
53/2

é, R?
holds when o > ¢,R? and g € C°(R™) has its support contained in the set

{(x,t) ; ‘24'80(75)61 21}.

Proof. The proof is very similar to the one of the original Carleman lemma. Let
f be a function defined as

xz 2 Z 2
| eotireely o< eclireal (id+ A~ Ag)g o (26)

- 2
fla,t) = elirenl gz, 1),
then,

(n1 —na)

s 1 2
eelmteel (g, + Ay — Ag)g(x,t) = —2ioy! (‘2 + w) friof -~ 2

[ G - (5
R\R 7Y TR \R
21’2

20 |5 (Frea) Vi - 5 RV



45
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Now we define
, do | /x 2 T\ 2
nglat—i‘(Al Ag)ﬁ‘? [(}% +§061> — (é) ‘| s

and

i [l ny—ng 1 Ka:l > T }
A= — | —= + =\l = Vi — —=Vsy,
2<R+‘p>+ orz T RIR TP VTR
symmetric and anti-symmetric operators respectively. By doing this we can derive

the following inequality

leliteeil (10, + Ay — Ao)gll2 = (So — 40A,) , (Ss — 40 A, f)
= HSang + ||Aaf||§ - 40_<[507A0]f7 f>

_4(7([507 Aa]f7 f>

We need to study the commutator. A long calculation shows that

24/ 1[[a} " 2
[SO’)AU] = 81_5 [(é‘i‘@)%@ +(§0) ] +ﬁ(”lA1+”2A2)

80 . 2 8ly|?o?
TRt R v RS
Now we plug it into the previous inequality so that

~40([Sy, Aol f) = ~4o [1S,, A Fdudt
810/@'31ffdxdt+20/ KRI —I-QO) "+ () ] | f|2dxdt

8o * 803 rlw
TR /(n1A1 + noAy) f fdxdt + =T / ‘Rl + we;

320

2
| fIdxdt

We now want to ﬁnd a lower bound for this expression. For this purpose we
need to work out some of the integrals and rewrite them so that we can eliminate
the ones we do not need. Observe first that,

/(nlAl + TLQAQ)ff_dxdt = — /(n1|V1f|2 + n2|V2f\2)dxdt

and
8o [ 0 .7 _ v i (2V2 4
R/goﬁlffdxdt‘—‘Q/(\@a o' F) (R o120, f | dudt
8
<% / (9?1 Pt + — / V. f 2 dadt.
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Using these expressions we can give a new lower bound, say

40 (S A ) > ST 0y — 1) /|v1f| dxdt+20/ (92 +g0> o' |f|2dwdt

R2
2
80n2/]V2f| dxdt + 8134 7 + er| |fIPdzdt
320
1 . 8a 3 T 2 )
220/ - L o) | ffPdedt + —— 7 — +eq| | fl7dadt.

Observe now that

1
20 | (2 + w) P Pdadt] < 2006 oo [ |51+ e 1o
which makes the inequality look like
32
405y, AuJF, 1) 2 200 o [ [+ g Pwats 2T |9 et

Considering |z;/R + @e;| > 1 the lemma follows by taking o > ¢,R? for a

constant &, = ¢(n, ||¢”]|~) as we wanted.
[

2.4 The main theorem for the hyperbolic case

As we said before we want to follow the same strategy as we did for the elliptic
case of the problem. To do so, we also need to apply the Appell’s Conformal
transformation to the solution. For the solution of the hyperbolic equation this
transformation is given by

a@,t):( Wﬁ) u((mﬁx Bt )

a(l—t)+pt a(l—1t)+pt" all—t)+ pt

(2.7)

For this case we also define v = «/f like we did on the previous chapter.
Using Carleman’s lemma and the Appell Conformal transformation we can give
the analogous version of for the hyperbolic Schrodinger equation as follows

Theorem 2.4.1. Let u € C([0,1] : Hi,.(R" = R™ x R™) be a solution of

{ Ou=1i(Ay — Ay + V(x,t))u
u(z,0) = ug(x),
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where V€ L>®(R"™ x [0, 1]) is a complex potential and
|V o @nxpoan< L.

Let Ry > 0 be such that for some ¢y > 0,

/ |u0|2dx = cg,
Br,

and let also M > 4Ry + 1 so that

sup lu(z,t)]* + |Vu(x,t)|*de = A% < +o0. (2.8)
0<t<1J B

Then, there exist t* = t*(co, Ry, A, L) and a universal constant ¢, that depends
just on the dimension such that if 0 < t < t*,

“ I A R O O A CY)
— Uu ny—n u .
U Je/a Jllyl—p—p2|<dpvi . v ' ?
+ |1 - Viu— yo - Voul? dyds > cs,
or Ro < p < M.
f p

Remark: Note that if n; = ny then (2.9) looks like

en s
ent

t

3t )
/ / ’|y1|2 - |y2|2‘ |U|2 + |y - Viu —ys - V2u|2 dyds > cg.
t/4 J|lyl—p—p3|<dpVit

It might happen that most of the L? norm of the solution u is concentrated
near the points where |y;| = |yo|. If that is the case the gradients of u will also take
large values but since we are computing the difference between them this quantity
may be balanced.

The proof of this result follows the same scheme of the former one. Nevertheless
there are slight differences along the proof that we will point out. The strategy
is the same, i.e. we define a function g using cut off functions as we did before
. As for these cut off functions, we consider that 5 is a radial function so

that
Or(|z|) = Or(r), r=/lz1|* + |z2*.

This apreciation is necessary since we are computing derivatives in different direc-
tions and the outcome may vary and alter the region of observability, as we will
see. Now if we compute the gradient of 6 for each of the directions x; and x5 we

obtain,
0, Vybp = 352“'0;% (2.10)

|z

V05 =

R
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and moreover, we compute also the laplacians,

|1 , ma|z)? — |2 ?

AOp = 9;:3 + 0y ,
| ? [

2 2 2

Aol — 0" |CL’2| 9 n2|x| — |I2|
P TR

so that,
6// 6/ 0/
(Al — AQ)QR = (|x1|2 _ |$2|2> (le2 _ |xT3> —+ (nl — TLQ)ﬁ (211)

Taking this into account we define the function g exactly as we did for the
former proof, say

ol 1) = Onllal)n ( + ver ) e, 1),

and apply Carleman’s lemma. When we work out the left hand side of the in-
equality there is no difference with respect to the former proof since we don’t have
to work with the derivatives of g so we have

= 2 8o
| el gl ) 15> Treh, (2.12)

A 4
>2M<>
Y= o)

As for the right hand side, when we compute the operator on g we obtain:

whenever

(10, + Ay — Ag)g(x,t) = f/9
+ 0r(ig/ it + 2R (VinV i — VanVa, i) + R72(Am — Agn)al)
+ n[(A10r — Agbg)a + 2(V10rV 0t — Vo0RV,,1)]
— B\, + B, + Es.

Where V satisfies |[V| < Ly~ and the supports of E, and E5 do not change
with respect to the original proof so we have, respectively

suppE2 C {(:c,t) 13/2 < ’2+go(t)’ <2 . te [1/4,3/4]},

suppEs C{R < |x| < R+ 1} x [1/4,3/4].

Using the same argumentation as we did on the proof of we find the
following upper bound to the right hand side of (2.6)),

I ea|ﬁ+tp(t)e1| (i0, + Ay — Ay)g “3 < L27—2 I ea|ﬁ+tp(t)e1| g H% +68011+e72012,
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where I, and I are the integrals of |Ey|? and |E3|? over the corresponding supports.
The first one can be estimated by A as we did before (1.33). The second one
however needs a little bit more work since it carries the derivatives of the function

Or defined in (2.10) and (2.11)). We split I3 so that the calculation is more clear.

2

1 3/4 9
I / / (A1 — Ag)gil| dodt
1/4 JR<|z|<R+1
/
i Pdawdt

9// 9/ 0

_//’ N |x2| <| ER |3>+(n1—n)| |
2

< [ [|R2a = 2P ) (R + 100 = 6) + B 1 — o) o

2
< cR—2// 212 = [wof?[[ 1[ + (n1 — no)? [l dudt.
tJx

Now we plug in the definition of @ ({2.7]) together with the change of variables

where a(t) and s(t) were defined in ([1.15]) and (1.16|) respectively. We also use the
estimates ([1.23]) and ((1.26)) so that all together gives the following upper bound

B < [ [ |loif? = o a@) ua()e, @) + (n —n2)a(t) [ulalt)e, s(b)dedt

s(3/4)

2
< R / a2 = o[ uly, )P + (n1 = n2)?uly, s) Pdyds

< cRgy” /

/ a
(1/4) JaR<|y|<a(R+1)
“(3/4) 2 2|2 2 2 2
oo P =P )P 4 (1 = o)y, )Py

For the last step we also used the definition of R, say R = Ry,/7. Before
resuming with the estimation of I we compute the gradient of our solution @ for
each vector 1 and x5. The expressions we obtain are

V.0 = a(t)"/2e 100l (a(t)Vlﬂ - ;B(t)x1a> ,

Ve, t = a(t)”/2e_iﬂ(t)|z‘2 (a(t)vlﬂ - ;B(t)xgﬂ) :

where [3(t) was defined in ((1.17)). Now we are ready to work out the second part
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of integral I,

]22 S 4 |V193Vx1u VQQRVQCQU| dxdt

1/4 /R<|a:<R+1
< 4R // |21 Vg @ — o - Vo, |2 dadt

= ar7? [ [l (o) Viula()z, 5(0) — 560mulal)z s(0)

— za(a(t)Vau(a(t)z, s(t) — ,5< Jrou(a(t)r, s(t)))|*dvdt

=4R~ // -Viu — x5 - Vou) — %6(|x1|2 |zo|?)u|?dxdt

<ayr? [ / (- Vrly, ) — o Vauly, ) — £ (nl” — ol uly, 5) Pyds
< 43372/S/y ‘|y1|2 — |ya]? ‘2 ul* + Jy1 - Viu =y - Voul® dyds.

Now if we put all together and use and we have

I, < cR3y? / /
_ 4Rg
s~y 1 Hy|—R0—R05'y|<fﬁ

+ly1 - Viu —yo - Vgu]2 dyds.

2
1|2 = [wal?| [uly, )P + (01 = ma)?uly, s)

The rest of the proof is the same as the one of [[.4.1]

2.5 The periodic case

As we did on the previous chapter we want to see what happens if we take periodic
solutions of . We are going to consider the two dimensional problem so we
are going to be working on the thorus T? := R?/(27Z)?. In this context we have
the Cauchy problem written as

dpu = i(07 — 02 + V(x,y,t))u =0
U(.T,y,O) = Uo(%y),

where we consider the solution u to be periodic in space and the initial data satisfies
the following condition

/[7r ] luo(, y)|Pdedy = c2, (2.13)
for some ¢q > 0. Consider also that

sup / lu(z,y,t) > + |Vu(x, y, t)*dedy = A* < +oo.
0<t<1J[=m7]x[-7,7]
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Then we can apply the theorem. Considering the solution u is 27-periodic we
have that is evaluated on the following region

‘|(m,y)| + 27rj‘ < 8m/t.

It is clear that we are representing annuli of different radius that get bigger as
s grows. Recall also that the contribution of w is not seen on the lines y = = and
y = —x. The projection onto the plane would look like this:

20

157+

107

The blue circle corresponds to the smallest time s = t/4. As s grows the annuli
gets wider generating a cone-shaped form in space. The red circle corresponds to
the time s = 3t. The green square corresponds to [—m, 7| X [—m, 7]. We see that
the blue circle lies within the square but at some point it exceeds these limits and
goes beyond the area. When this happens the information carried by u comes
back to the origin by periodicity. Thus we see several cone shaped geometries at
different levels corresponding to each value of s.

As for the yellow and purple lines, these correspond to the points where the L2
norm of the solution u may be concentrated. As it happened for the non periodic
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case, it should be analyzed what the behaviour of the solution is when approaching
these points.
We can thus rephrase theorem for the periodic solution as

Proposition 2.5.1. Let u € C([0, 1] : HL,.(T?)) be a solution of

Opu = i(07 — 95 + V(z,y,t))u
U(J:a Y, 0) = U()(ZL’, y)a
where V € L°°(T? x [0,1]) is a complex potential and
|V llzee(r2x o < L

Let ¢y > 0 be such that,
/ juol, y) Pdzdy =
[, 7] x[—m,7]

and consider also that

sup / lu(z,y,t) > + |Vu(x,y, t)*dedy = A* < +oo.
0<t<1 J[—m,7|x[—7,7]

Then, there exist t* = t*(co, A, L) and a universal constant ¢ such that if 0 < t < t*,

e o 2 212 2 2 2
t T = ul® 4 |x0,u — yo,u|” drdyds > c;.
t /t/4 /||<x,y>|i27r: <8m’ y Pl yOyul” dzdy 0




Chapter 3

The >.5 space and the Virial
Theorem

3.1 Introduction

We saw on previous chapters that conditions on the initial data uy of Schrodinger’s
initial value problem granted information about the solution at times ¢t > 0. In
particular we have seen how on the perturbative case conditions of this kind to-
gether with size conditions on the potential allowed us to control the H! norm of
the solution u of the problem from below. Now we turn to the free particle case,
say

u(z,0) = up(x), (3.1)

{ ou = %Au
where the constant 1/2 on the right hand side is written by convenience. We have
seen that for a solution u of the problem the quantity |u(z,t)|? defines a probability
density such that

[ Ju(w, tdz =1,

for all time t that a priori we consider positive. This means, as we already know,
that the probability to find the particle somewhere in space is absolute, as it
should. However we would like to quantify this probability for specific regions of
space.

As we mentioned we want to find conditions on the initial data that tell us
something about the solution u. The motivation of this chapter comes from The-

23
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orem 3.1 of [4] where one of the hypothesis of the theorem E| is

/ / lu(x,t)Pdz > 1. (3.2)
t~1/2 J]al<1

We thus want to find conditions on the initial data so that (3.2]) holds. However,
we are going to give (13.2) with the lower bound 1/2 instead of 1. This fact does not
change the outcome of Theorem 3.1 in [4]. In fact it only affects to the constant ¢

of .

In section we introduce the space 5. This space is the collection of func-
tions satisfying the following condition

/Rn 2| () 2dw + |D° f () 2dz < +oo, (3.3)

for § > 0 and D? is the fractional derivative defined via Fourier as
Dif(w) = [ elef(e)de.

We will later see how restrictive the conditions on § are and that if the initial
data wug satisfies (3.3]) then so does its evolution in time. This fact will be used to

prove (3:2).

The key point in this analysis will be the study of the function

hot) = [ Jef (e, D)de,
]Rn
as we shall see. For this analysis we make use of Pitt’s lemma and the results
in [28] by J. Nahas and G. Ponce.

The following section introduces the Virial Theorem. The goal of this result is
the same as before, this is, we look for conditions on the initial data that allows
us control the L? norm of the solution « from below. The main object of study in
this section is the function

ht) = [ olw)fula, 1) dx,

for a suitable function ¢ of which we talk later. We will analyze the characteristics
of this function and see how for specific ¢ we can deliver information about the
behaviour of the quantum system defined by u, just like we have done previously.

We finish this chapter by giving a counterexample concerning (3.2). To build
this counterexample we make use of the Galilean transformation

up(m,t) = e 2NPHNTy (0 Nt 1),
for A € R.
INote that in Theorem 3.1 of [4] the condition that w is normalized

Is not given
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3.2 The X5 space

As mentioned, the main goal is to find conditions on the initial data wuy to find
lower bounds to the L? norm of the solution u on a space-time cylinder. To sort
this out we somehow need to control the evolution in time of the system.

First of all we define the following quantities upon the initial data,

a?:iQRMPﬂudxﬂ%m, (3.4)

and
i o= [ 16 lao(€) e, (35)

where we consider § > 0 for now and see later what conditions should this param-
eter satisfy. We also ask for
as + bs < +00. (3.6)

The goal is thus to see that these quantities are finite as time goes by, this is,
that a solution u of (3.1)) generated from u satisfies
/|ﬂ%%mmﬁwp%@@WM<+m. (3.7)
R"

Observe that 0 may be a real number and so we are dealing with fractional
derivatives. This is no inconvenience at all. In fact, using Plancherel’s theorem
and the properties of the Fourier Transform we see that

| DM (e nde = [ (¢ la(s, o) de.

which also suggests that if a solution u satisfies (3.7)) so does its Fourier Transfor-
mation.

We define the Y5 space as the collection of functions satisfying (3.6 and the
norm of this space be given as

I£18, = [ 21/ @) + D" f (@) de (35)

The question now is the following: if we take the initial data uy € s, will its
evolution in time also belong in this space?

We thus assume that (3.6)) is satisfied. We have seen that if a function belongs
in the X5 space so does its Fourier Transformation. Using this fact and the fact
that @ has the same size as iy we see that

| D% nde = [ (el late, 0)de
R™ R™
= [l ao(©)ds < +oo.
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Our job now is to verify that

hs(t) = [ fol®lue,t)Pde, (3.9)

is finite.

3.3 The analysis of the function h;

In this section we deal with the boundedness of the function hs defined above (3.9).
We have not discussed what should ¢ be like other than it should be positive.
We see what conditions are needed for our purposes. We give the proof of the
boundedness of the function hs in dimension 1 and considering that the time
parameter is ¢ = 1. Once this is done, we use a dilation argument to generalize
the result to times ¢ > 0. Finally we generalize it to multiple dimensions.

We rewrite the function hs by using the properties of the Fourier Transform.
hs(1) = /R:E25|u(x, 1)[2dz = /]R P u(z, 1)|2dx
= [ 10 u(e e
= [ 1D%a(E 1) dg
= [ 1D o)) d
= [ 1D(f3) e,

where f(¢) = e 2¢" and §(¢) = . We want to see that hs is bounded. This is
done in an article by J. Nahas and G. Ponce, see [28]. One of the key arguments
is the use of the following inequality,

ID°(F§) — F(D°g) — (D° H)ll2 < ell flloc/ D°Gl2, (3.10)
that was proved in [17] by C. Kenig, G. Ponce and L. Vega.

The right hand side of (3.10)) is finite by assumption. It remains to see whether
the term (D f)g is bounded in L?. We write

102 Pall3 = [ 1(D° falde
= [ (D°NgPde+ [ |(D°f)glrde
[€l<1 |€]>1
=1+1I.
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The choice of where we cut the space is not random as we will see later. This
appreciation is necessary since the function D° f grows with each derivative so we
need some control over this. When the variable £ is small we should not have any
trouble as we will see shortly. However the case |[¢| > 1 is a little more delicate
and we need to work it out a little bit more. We thus check both I and II and see
that we can bound the L? norm of the mentioned product. We begin by analyzing
what happens with I:

= Y 5 A\ A
1= [ D' FaPde < [ n(©)lD* frafde
< D’ 7% 1313

where 7 is a smooth cut-off function vanishing outside {|¢| < 2}. We thus need to
check that uy € L? and that D‘S(e’%52) € L*°. To answer the first question we use
Pitt’s inequality:

Lemma 3.3.1 Pitt’s inequality. For f € S(R") and 0 < a < n, then

/Rn o[~ f (2)]Pde < Ca /R |1/ (v)[*dy,

o () (50)]

Thus by using this inequality we can write

where

el uolPde 5 [ I o 2dg = hs(+o0),

and so,

Juoll3 = [ fuoPde < ( [ o~ fuolde) ( [ a**uolde) < +oo

Now we want to see that D° f is bounded. Using the definition of the fractional
derivative, together with the fact that the Fourier Transform of the Gaussian is
the function itself up to some constants, we have

D°f = D‘s(e_%g) = /e%erim5|x|5dx

1..2 1.2
= ‘ e2” emg\x|5dx+/| e2” e |2 da.
Jz|<1 z|>1

Here again, as we did with the variable & we need to separate the cases close
to the origin and the one around infinity. The first integral on the right hand side
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is clearly bounded if we take absolute values so we focus on the second term. By
completing the square we can rewrite it as

P2 € i 2
/ e3¢t |g dy = e7'% / e |0 dy
|z[>1 |z[>1

—i& La+8)?|,.10 L(a+8)?),.10
e [/w+£|<162(x g m dx + \x+£\>1e2(x 2 |:13| dx
|x|>1 |z[>1

Considering as we are that |{| < 1 the first integral is bounded if we take
absolute values. As for the second one, we need to use integration by parts.
Before that, we rewrite it as:

d

d
@€ (0 :/ =l d ey gy
/ﬁ;i'?e o' = foocr iy gz (577 )

When we integrate by parts we see that the integrand can be bounded by
|x’5—1
j +¢|°

which is integrable only if 6 < 1. Observe also that the fact that |z| > 1 was
necessary here. Gathering all the above estimations, we see that

I < cf|glls-

We now study the contribution of /. The argumentation is very similar to
the first case so we are not going to go through all the details. For the first step
though, we do a little trick in order to control the derivatives of f.

=[O faPds = [ 1€l D" el g)de

l€]>1
< ID°FIZNT- 19l

The term on the right of the product is bounded by hypothesis so we only need
to check the boundedness of the term on the left, which is a fractional derivative.
We try to rewrite it differently and see if we can find a proper bound:

€700 = 6l D%(e5€) = [e| [ 3 e alPd

= 1¢I7° [/I X e%x2ei“’£|x\5dx + 65”26”5|x|5dx]
z|<

|z|>1
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which is the same situation as before. The first integral gives no problem and we
only need to focus on the second one. We can write it exactly like we did in the
previous case, say:

ig2 & i 2
/ e e |z’ dr = "> / e |z dy
|z[>1 |z[>1

N 2 2 3
e [/Hﬂd H O ol o+ [, e301 |x|f‘dx]

|z[>1 |z[>1
we analyze first the integral over |z + £| < 1. Observe first that
] =z + & =& <|z+[+ (5] <1+ (g <2[¢].
Using this we can estimate the integral by
/ 2% |10y < ¢ 3@+ gy
lz+&|<1 |z+£|<1

which is clearly bounded if we take absolute values and remember that there is
a |€]7° factor multiplying outside. We now look at the integral over |z + &| > 1.
Again, as we did in the case of I, we use integration by parts on the following
integral,

) d .
5@+ 104 _/ 2 d (swre gy
R P

Here again when we integrate by parts we see that the integrand is bounded
by a factor that is integrable only if 6 < 1 exactly as before. We thus see that the
integral II is bounded by c||D%g».

All in all we have seen that

1D’ P)alle < e(llallz + 11D79]l2). (3.11)

Now we have all the needed estimations, we go back to the definition of the
function hs and write

hs(1) = [ 1D (F9)Pde = [ 1D(f3) — (D°)g + (D" f)afds

<c([ID°(F9) - (D Prafde + [ (D Frafa)
<c([1FDa)Pds + [ (D Frafe)
< ¢ [IFIBND* 318 + (gl + 1D 13)]

[
<c(l3l3+1D°g1)
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Once the boundedness of hs is proved for time ¢ = 1 we can use an argument
of dilations to prove it for all £. We define

ux(z,t) = X 2u(hx, \’t),
or rather,
n/2 z t
wlz ) = A" /UA(A )\2)

for any A > 0. We thus see that
de =X [ 22
R

= [ (5 5) o (o)

Now we choose A\? =t so that wu, (x, /\2> = uy(z,1) and the fact that for t = 1
we already know the bound is true so that
2
d§>

2

dx.

hs(t) = t5/ 22\ uy(z,1)|*dx
R
<ct (/ A2 |ug ()| PP da + )F”/ €% |t <§>
R R A

_ o (M/Rx?ﬂu ()| d:c+t5/£25\ o)l dg)

From where we have the following upper bound,

hs(t) < (1 + %) |luolls, (3.12)

To finish with the analysis of the boundednes of hs we see that it also works
for dimensions greater than 1. Assume again that uy € 35 and ¢t = 1. First we
make the following observation

/ |2z, 1) 2de < max/ ;2 u(, 1)|2dz.

1<5<n

For simplicity we take j = 1. We write
ulw,1) = [ eSale, 1dg = [ ey ()a
R’!’L
([ eme e, ) .
R

rols.

Observe that the term in parenthesis is wu(z1,&,1) = ug, (€,1) hence using
Plancherel’s identity we have that

[ @ )Pz = |
Rn—1 Rn—1

2
dé.

/ eimfl_%&ﬁo(fla 5)d§
R
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Using this identity we can now estimate

L et DPdzday = [ ([ e, (€ 1) den ) €

<c(+8) [ [ lanluo(er, OF + [ Dfuo(e, )darde
< o1+ 1)Juol[3, -
which is bounded by assumption. Observe that we have used the fact that the
norm of Y5 is bounded in dimension 1.

All results above lead to the following theorem:

Proposition 3.3.2. Let u be a solution of (3.1)) with initial data uy € Xs5. Then
u(-,t) € Xs for everyt >0 and 0 < 6 < 1. Moreover,

lu( )y < es(1+ ) uolls,.

Observe that we consider § to be strictly smaller than 1 and that we named
the constant c¢s in order to differenciate it from the constant that we are going to
use for the case 6 = 1. It is worth mentioning that in this case such constant is
not explicit. The case 6 = 1 will be treated later via the Virial Theorem.

Now that we proved hs is bounded we are ready to find lower bounds to the
L? norm of the solution as in (3.2)). Assume that for u € 3,

/ lu(z, ) 2de = 1.
R”l

Let now ¢y > 0 to be defined later. We see that

:U|25
u(x,t 2dm:/ | w(z, t)2dx
/x|>co| (. 0) |z[>co |-’17|2‘§| (=)

< 0525/ 2|2 u(z, )[2dx
|z|>co

< ¢y hs(t)

< cg®es(1+ %) uolls,-

Now we compute,

1 :/ u(z, t) 2z :/ lu(z, t)2dz + lu(z, t)2dx
R |z|<co |z|>co
— (e, 1) 2de = 1 —/ (i, )|
|z|<co || >co
— lu(z,t)|?dr > 1 — 662665(1 + t26)|]u0\|25.

|z|<co
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We want to see that the mass within the ball B,, is greater than 1/2. This
being so we impose the following condition on our parameter,

3 1
co 2 cs(1+ ) Juollz, < 5= o’ > 2¢5(1 4 £%)[|uo]ls;-

We have thus proved the following result

Corollary 3.3.3. Let u € C([0,+00); Xs) be the solution to Schridinger’s initial
value problem
{ Ou = %Au
u(z,0) = ug(x)
where ug satisfies and for 0 < § < 1. Then for ¢ = (2¢5(1 +
2 |luol| ;)Y the following holds

1
/mo ju(e,t)da > . (3.13)

Remark: Observe that ¢y depends on time and can be large. However for
t <1 the parameter ¢y is uniform in time.

We would like to extend this result to non-linear problems. In Chapter 1
we already saw how allowing complex potentials depending on the space time
variables together with a nice well-posedness theory of the non-linear problem can
bring about complementary results. This being so assume we have the following
problem,

{z’@tu+Au:u|u\“_1u, teR, z€eR" upu==41, a>1 (3.14)

u(z,0) = up(x).
The natural question here is what happens if we choose ug € 5. Is the solution
to (3.14]) going to belong in Y5 as well?

To answer this question we refer to [28] an article by J. Nahas and G. Ponce
in which they present various results regarding the dynamical behaviour of the
solution u locally. We are going to mention some of them in order to give a more
general overview. The main result is the following,

Theorem 3.3.4. Let s, =n/2—2/(a —1)

1. If s > s., s > 0, with [s] < a— 1 if a is not an odd integer, then for
each ug € H® (R™) there exist T =T (HUOHS,Q) > 0 and a unique solution
u=wu(x,t) of (3.14) with

we C(-T,T]: H*(R"))N LI ([-T,T) : L2 (R")) = Z}

Moreover, the map data — solution is locally continuous from H® (R™) into
2t
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2. If s = s, and s > 0, then part (I) holds with T =T (ug) > 0
where for 1 < p < oo and s € R
LE(RY) = (1= A)2LPRY), |-l = 11— A)*]],,

and the indices (g, p) above are given by the Strichartz estimate

(L

, q . \4
elmuOdeQ < ¢ |luoll,,

where

2
g:,+ﬁ7 2<p<oc0,ifn=1, 2<p<2n/(n-—2), ifn>2.
qa P
We thus see how the regularity of the solution w is continuously preserved in
time. However we need the extra condition that controls the decay in space so that
we make sure we still have solutions of the space ¥s5. This is also proved in [28] by
P. Nahas and G. Ponce in the following theorem.

Theorem 3.3.5. In addition to the hypothesis in Theorem|3.53.4| assume that ug €
L? (|x\2‘5dx> § > 0 with [m] < a—1if a is not an odd integer. If s > § then

we C([-1,1): H*n L* (|o[Pdx)) 0 L ([-T, 7] : LN L (|af?da) = 237,
(3.15)
with p and q as in Theorem [3.5.4).

We thus see that if the initial data ug lives in the space H* N L%(|z|*dx) then
the solution u is preserved in time and lives in a space contained in ¥s5. Therefore
the function hs will be bounded for solutions u of the non-linear problem and times
t €10,T], as we wanted to see.

Following the same proof as in we have the following theorem

Theorem 3.3.6. If all conditions in theorem are satisfied then the solution
w of (3.14) belongs in Xs. Moreover, hs(t) is bounded fort € [0,T] and there exists
co = co(T) such that

N | —

/ lu(z,t)|*dr >
|z|<co

Now we want to use this information to give an alternative version of Theorem
3.1 in [4]. However this theorem requires the potential to be bounded. Problem
gives the potential in terms of the solution u so we need it to belong in L.
This can be done by the Sobolev embedding theorem if we take the number of
derivatives s to be greater than n/2. We can thus give the following result,
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Corollary 3.3.7. Let ug € H5(R") N L%(|2|°) with s > n/2 and 0 < § < 1. Then

the solution u of (3.14) satisfies (3.15)) and there exist Ry = Ro(n, ||ullt, ||u|lso)
and ¢ = c¢(n) such that for any R > Ry

T 1/2 i
(/ / (|u\2 + ]VIUIZ) (x,t)dxdt) > ce .
—-T JR—1<|z|<R

3.4 The Virial Theorem

In the previous section we saw how the L? norm for functions u € Y5 was bounded
from below on a space-time cylinder when § < 1. In this section we want to reach
the same conclusion but using a different approach. In this case we are going to
make use of the Virial Theorem. The main tool of this theorem is the following
function

h(t) = /R o) ul, ) e, (3.16)

where ¢ is generally a function with polynomial growth so that all the computations
are carried away smoothly and u is the solution of Schrodinger’s initial value
problem where no potential V' is involved. Notice that the function hs defined
previously is a particular case of h. We will address this fact later.

The first part of this section is devoted to some calculations performed upon h.
More specifically we will compute the derivatives of the function that, for especific
well chosen functions ¢ will allow us to say something about the solution wu.

The natural space to work in when we are dealing with quantum systems are
Hilbert Spaces, because they are linear vector spaces on which we can define oper-
ators representing physical magnitudes. This being so, we represent the function
h as an inner product as follows:

h(t) = (¢u,u), (3.17)

and we compute the first and second derivatives using the properties of the inner
product,

H(0) = 0w, ) = (G t) + (o)
= (QS%Au,u) + {(pu, %Au)
= é(quu,u) — §(¢u, Au)
= Sl(6Au,u) = (A(¢u), u)

= 5{(6A = Ag)u, u) = — (Au, ),
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where A is the anti symmetric operator given by the commutator [A, ¢]. Observe
that when the laplacian acts on the product ¢u we have that,

A(pu) = (V- V)(¢u) = V(Vo + ¢oV)u = Agpu + 2VpVu + ¢pAu, (3.18)
and thus Au = (A¢ 4+ 2V¢V)u. For convenience we also write the explicit formu-
lation of A/, say

h'(t) = —%(Au, u) = —%/ (A¢p + 2V ¢ - V)uudz
Rn
- —%/ A¢luf® + 2V - Vuida.
R

We only need to worry about the real part of this expression. If we do so we
get
W(t) = Im / Vo - Vuidz.
Rn

As for the second derivative, we have

B (t) = —;&(Au, u) = —é[(Aut, u) + (Au, ug)]
_ —;[(A(;Au,u) + (Au, ;AUH
- i[(AAu,u) — (Au, Au)]
1A, Au) + (Au, Au)]
_ —;R6<Au,Au) _ ;Re(Vu, V(Au))
= ;R6<VU, V(Au)) + ;ReWu, AVu) — ;Rde AVu)

1 1
= §R€<VU, (VA— AV)u) + §R6<VU, AVu),
where the last term vanishes as A is an anti-symmetric operator. All in all we

have that 1
h"(t) = iRe(Vu, (VA — AV)u).
Next we want to make a closer study of the commutator [V, A]. We see that,
(VA — AV)u = VAu — AVu
= V(Agb +2VoV)u — AVu
V(A¢)u + ApVu + 2D*¢V + 2V D*u — AVu

V(A¢)u + ApVu 4 2D?¢V + 2VpD*u — (Ag + 2V V) Vu

= V(A¢)u + AgNT + 2D*¢V + 2VéD*u — Né¥Vu — 2V éD*u

= V(A¢)u +2D*¢Vu
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and plug it in the previous equation so that
R'(t) = ;R6<Vu, (VA — AV)u) = ;R6<Vu, V(Ag)u + 2D*¢Vu)
= ;R€<VU, V(Ag)u) + (Vu, D*¢Vu)
= —i(u, A2¢u) + (Vu, D*¢Vu).

The following lemma is thus proved:

Lemma 3.4.1. Let u be a solution to the Schriodinger initial value problem in the
Schwarz class and ¢ a function with polynomial growth. If h is defined as in (3.17)),
then

h"(t) = —f/ A2¢(x)|u(z, b)) da:—i—/ VuD?*¢Viudz. (3.19)

Remark: The operator D? refers to the Hessian matrix. In this case it is
applied to our function ¢ = ¢(z),

¢ ¢
890% ctt Ox10Tn
D*¢ = : S
¢ 2%¢
Ozndzy 77 02}

Regarding it is convenient to calculate the bilaplacian operator of ¢ to-
gether with the Hessian matrix we just mentioned. For convenience we are going
to assume that our function ¢ is radial, say ¢ = ¢(r) where r = |z|. Having this
on mind, we see that:

8jgz$ ¢ j: 17...,71

2 2 2
2, x| — a3 L5 o Tixy o, Tk oy, .
aj¢ - ¢ + | |2 5 aﬁjgb = — ’$|3 Qb + ‘5[,"2 ¢ y 1,] = 1, N

|a:|

|z f?

These are the entries of the Hessian matrix, say

|93\ *11 / " T1Tn A/ 1T AN
O R e+
D*¢(|z|) = : . :
_ xpmi A/ + Tnx1 LI |$‘2*$i ¢/ + w% ¢//
EE ||? T |23 ER

As for the bilaplacian operator, some calculations give the following expression:

(n—1)(n—3) (n—1)(n—23) 2(n—1)
| z[? |z[? |z

2¢(|l‘|) — _ ¢/+ ¢//+ qb”’—i—gbw.
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We see from this expression that depending on the dimension of the problem
we might have difficulties defining the sign of the bilaplacian. Lemma tells
us that we are interested in taking the bilaplacian negative so that we can find a
lower positive bound to h”. We will later see how we should consider working on
the euclidean space of dimension greater than 3 so that everything works out fine.

Once we have defined the first and second derivatives of h for a general function
¢ it is time to see some particular cases.

3.5 The case ¢(|z]) = |z|?

We see that the function h defines the action of the solution of (3.1]) with a suitable
radial function ¢. On this section we analyze the case where this function is |z|?.
Thus the function A is written as

h(t) = / ru(z,H)Pdz,  teR. (3.20)

We have talked about how |u|?> defines a density function on a probability
space and that how this fact is connected to the certainty to find the particle
somewhere in space. Since we are talking about probabilities, recall that the
symmetric operator S = z defines the position of the quantum system and thus
(13.20]) carries information about the dispersion of the quantum system.

Another observation is that this function is a particular case of hs, more pre-
cisely, the case 6 = 1. We have already talked about it, nevertheless, the case
0 = 1 has some interesting properties that we would like to point out. As we did
in the first section and also because they play a very important role on the whole
computation, we define the following numbers:

a’® = / |zuo(7)|?dr < 400, (3.21)
R

and,

b= / Vo () |2dz < +oo, (3.22)
Rn

which give us information about the position and the momentum of the initial
data ug. Recall that these magnitudes satisfy the following,

2
1= / luo(7)|*dr = —Re/ x - Vuudx
R" n n

< i ( /. ]xug(w)|2dx> v ( /. \Vuo(x)Ide>l/2

2
= —ab.
n
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Another observation is that we can assume by dilations that a = b. In fact for
A > 0 we define
uy(z,t) = X 2u(A e, A3, (3.23)

It can easily be seen that w, is also a solution of (3.1)). Using the new solutions
we just described we define,

a3 ::/\xug‘ z)[*dr = /)\_”\xuo()\_l.xﬂzdx

= \? /|:Euo = (\a)?,

B = / Vud (2)2da = / A2 V(A1) 2
- x2/ Vuo|2dz = (b))
Now we choose A such that ay = by. If we do so we have the following relation
(Aa)? = (b/N)* = N\ = b/a.

The first part of this section will focus on the analysis of the function h itself
considering the results obtained on the previous section. Then we will use this
information to conclude (3.2]).

Since ¢ is a radial function,
¢'(r)=2r, ¢"(r)=2,
which by easy computation gives us:
D*¢=2I,, A*=0,

where I, is the identity matrix of dimension n. Now if we use lemma [3.4.1] we

obtain
n"(t 2/ |Vu(x,t)|*dz. (3.24)

This immediatly tells us that A is a convex function. Recall now that if u is a
solution of (3.1) then the quantity ||u(-,t)||2 is constant so

dt/ a:tha:—O

Since Vu is also a solution of (3.1]) we see that

d 2
%/Rn |Vu(z,t)|*dx = 0.
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This means that h” is constant and thus
R"(t) = h"(0).
Using this information we get
h(t) = h(0) + h'(0)t + ;h”(())tg. (3.25)
From the definitions of the parameters a and b we see that
h(0) = [ lauo(w)de = a*

R"(0) = 2/ Vo () 2de = b2,

and hence,
h(t) = a® + th'(0) + t2b°.

So we are able to write the function A using nothing but the information we
have for the initial time. It is clear that h defines a convex parabola. Considering
that h has to be positive for all ¢ by definition, we are able to represent it as a
graph G(t, h(t)) as shown on the following image:

h(t)

hitg) -

where ¢y is the minimum that can be explicitely calculated:

B h/(0)2
22

t():
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Next we make a few remarks:

1. By translation in time we may assume that the minimum of the function h
is attained at time t = 0, i.e., K/(0) = 0. In this case, the function i can be written

as
h(t) = a® + b*t*. (3.26)

2. Using the uncertainty principle on the parameters a and b, say 1 < 2ab, we
have that

1
h(t) = a® + b** > el V212, (3.27)

the last expression being also a parabola. It is straight forward to see that both
parabolas coindice everywhere if 2ab = 1, this is, when the uncertainty principle
becomes an equality. We also know that the function that satisfies this minimizing
condition is the Gaussian, i.e.

up(x) = e 1172,

Later we will see another approach to this matter where we find an upper bound
of h and see how one of the functions minimizing the problem is precisely the
Gaussian as well.

Assume now that for each ¢ € R the probability to find the particle is 1, this
is, the solution exists for every ¢ on the given interval, say

1:/ )2
[ Jue. s

Let now ¢y > 0 to be defined later and compute

z|?
u(x,t 2da:dt:/ |—u:1:,t 2dx
JL. ) o @)
1
< |\zu|*dx
Cy Jz|>co
< Lnw

a® + bt?

g
We want this quantity to be less than 1/2, this is, the mass concentrated outside
the ball B, to be less than the one concentrated inside. This imposition suggests
that ¢y has to satisfy the following:

co > Vova2 + b2,
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Having this in mind we see that

[ Pl 2,
|Z|<Co 2

for t € R. We have proved the following result:

—_

Proposition 3.5.1. Let u € C(R; HY(R™)) be the solution of (3.1) where ug sat-
isfies (3-21)) and (8.22). Then for co = V2+/a? + D212 the following holds

1

/xl% jule,t) P > . (3.28)

for every t € R.

Remark: The parameter ¢y grows linearly with ¢. If ¢ < 1 then we can take
Co > \/5\/ a? + b2.

To sum up, we see that for § € (0, 1] condition (3.28)) is achieved. The difference
between the cases 6 < 1 and 6 = 1 is that the parameter ¢, is explicit in the latter,
which is not the case for the former and depends on cge, defined in [3.3.2]

3.6 The Galilean transformation and a coun-
terexample

In this section we give a counterexample concerning (3.2). We look yet again at
Schrodinger’s initial value problem (3.1). We want to generate a new family of
solutions depending on a parameter. Let thus A € R” be a given vector and define

“ug(z) (3.29)
as the initial data of the problem

{ %B);ﬁ Zo(x). (3.30)

We know that the solution to this problem verifies the following identity:
0(E,1) = Do(€)e 21T
where,
00(6) = [ e vy w)da = / TNy (1) da
= [ Nug(a)d = dol€ — ).
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We use these calculations to compute the solution v,
vl t) = [eSae tdg = [ e San(e)e s ag
— /eix'ée*%ﬂipao(g — N\)de¢

_ / e L N

ei’\'”/e”'“e_%t|“|26_%t|’\‘26_m'”ﬁ0(#)dﬂ
_ e—%t|)\|2+i)\~x / eiu-(:c—)\t)e—%t\u\zao(ﬂ)du
= e_%t|’\|2+M'Iu(x — A, t).

We have thus proved the following lemma:

Lemma 3.6.1. Let u be a solution to the homogeneous Schridinger problem
with initial data uo and let X € R™ be a vector. Then the function uy(x,t) =
e~ s\ Hidey (0 — Xt t) s also a solution of the original problem.

We use now this result to construct an example of a solution u for which the
L? norm tends to 0. Let
2
uolw) = e,

the Gaussian for which we also know that its Fourier Transform is
" _le?
() =€ 2.
Now we can give the explicit definition of the Fourier Transform of the solution
u, say
i P (1
a(€,t) = e 2 I+,
which leads to

|

u(z,t) = T (3.31)

(1 +at)2"
for ¢ > 0. We apply now the Galilean transformation of to (3.31). Let thus
A € R™ be such that |A| >> 1, so that

up(z,t) = e‘éthJFi’\'xu(x — At t)

1 ; ) lz—xt|2
ef%t\)\|2+z)\-xe* 201+t

(1 +dt)n/?

We also see that for ¢t = 0,

un(z,0) = ey (z) = e e 1712, (3.32)
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Observe that if we compute the L? of the initial data inside the ball of radius
1 we have,

/| | |ux(z, 0)*dz = / e dy > 2¢7! = ¢,
z|<1

lz|<1

We see what happens if we compute the L? norm of its evolution in time:

1 1
/ / lun (e, ¢)[Pdeedt = / / u(z — M, ¢)Pdedt
1/2 J|z|<1 1/2 J|z|<1
1
~ SVol(B)u(0 = A, D

~ e M2 A2
which decays exponentially in A and thus we cannot control it uniformly from

below as it was expected. What happens?

Observe that A
Vuy(z,0) = e (i ug(z) + Vuo(r))
S0,

Vur(z,0)| 2 A — oc.

As it was expected, one of the assumptions of is not satisfied by (3.32)).
More concretely, the quantity b is not finite hence the L? norm of the solution
cannot be uniformly bounded from below.
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Chapter 4

Dynamical Uncertainty Principles

4.1 Introduction

In the previous chapter we analyzed the function hs for 0 < § < 1 where the case
0 = 1 was treated differently for its particular characteristics. We have seen that
this function is bounded for finite time intervals and therefore we could control the
L? norm of the solution u on a space-time cylinder of space. These upper bounds
give rise to dynamical principles for the function hs. In this chapter we analyze
this matter.

The upper bounds for the function hs were given in terms of the ¥5 norm of the
initial data ug and the time parameter. However we want to rewrite these bounds
in terms of the solution u. To do so we write it as u = pe? where both p and ¢
are real valued functions depending on space and time variables.

This definition of the solution u will allow us to find upper bounds to hs in
terms of the functions p and 6 that will describe a dynamical uncertainty principle.
Once this is done our job will be to find the solutions u that minimize the problem.

We separate this task for the cases § = 1 first and < 1 after. The former has
the advantage that it can be treated explicitely since hy describes a parabola as we
have already seen. In particular we have seen that due to Heisenberg’s Uncertainty
Principle we have .

2 | 71242 2,2

h(t) = a* + bt 24b2+bt,
where equality is only attained when 1 = 2ab. Further, we know that this condition
implies that equality only holds when the initial data ug is the Gaussian function.

As we said all the computations for the case 6 = 1 can be done explicitely.
The extra advantage, as we will see, is that the case 6 < 1 inherits most of the
characteristics of the previous problem. This being so, we will see that the problem

75
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of finding the minimizers of the Uncertainty Principle is reduced to solving a system
of partial differential equations.

4.2 A minimizing problem

In this section we are going to study a dynamical uncertanty principle related to
the dispersion of the quantum system described by u. We saw in previous sections
that the function h defined in could be explicitely written in terms of the
position and momentum of the initial data so that

h(t) :/ 2P |ulz, ) 2dz = a? + B2, (4.1)
Rn

if 7/(0) = 0.

Where we could also assume a = b by a dilation argument. Next we write the
solution u as

u(a, t) = pla, £)e "), (4.2)

where p and 6 are both real functions. We want to study the behaviour of these
functions to find upper bounds for h. As we move forward in this analysis we will
see different properties that functions p and € must satisfy. By plugging into
the integral definition of h we get

h(t) = [ lallo(a,t)de. (43)

We see that h is independent of the argument function 6 as it should be. Recall
that the first derivative of h is given by

B'(t) =2Im | z-Vuudz, (4.4)

R

and by taking the absolute value and using Cauchy-Schwarz’s inequality we have

B (t)| = ‘ZIm/ x - Vuudz
Rn

<2 (/Rn |mu(m,t)|2dx>l/2 (/Rn |Vu(:17,t)|2dx>l/2.

We want to do the same thing but in terms of the functions p and 6 to see
what this inequality looks like. If we compute the derivative of u from (4.2)) we
see that

Vu(z,t) = (Vp+ipVh)e, (4.5)
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and we plug it into (4.4) so that
W) = 2mm [ x- Vuﬂdl"
RTL

= 2Im/ :E(Vp+ipV9)ei9pe_i9d$’
RTL

=12 [ x-Vlp’dx
Rn

And we use Cauchy-Schwarz’s inequality again on this expression to obtain

W (t)] < 2 ( /R ) ]:cp|2dx> v ( /R ) \pV9]2d$)1/2. (4.6)

We have thus redefined the uncertainty principle in terms of p and §. We go a
step further and see that by using (4.3]) we have

2':;5;3/'2 < (/Rn ]pVQPda:)l/?. (4.7)

Considering as we are that the parabola described by h has its minimum at

t = 0 we can write (4.7)) as

2:(/53/2 < (/R !pVH\de)l/2, (4.8)

if we consider ¢ > 0. Integrating both sides of the equation in time we have,

¢ 1/2
A2 (1) < a +/ </ |pV0|2dx) ds. (4.9)
0 \Jrr

Something similar can be done for ¢ < 0. Our goal is to minimize this problem,
or rather, find p and 6 so that the inequality becomes an equality. In order
to find these functions, we need to establish certain conditions. The first one is
found by looking at because we know that equality holds when

VO(z,t) = \(t)z, (4.10)
" 9,0 = rA(t). (4.11)

for a function A(¢) that we later define. We also see by integrating (4.10) that the
function @ is given by

0z, ) — ;)\(t)\xlz +o(t), (4.12)
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for some function ¢ only depending on time that we will define later. It is clear

from (4.12)) that the function 6 is radial.
We go back to (4.7) and see that by using (4.10)) we have

W(t 1/2
| (>3/‘2 (L, loveras)

A

A

2h(t
0 ([ fwoar) "
(t)h(t)Y/2.

From where we conclude that

W (t)]
2N(t)

At) =

Now since h is an explicit function we can calculate A with no problem, say

It
1+ ¢2

A(t) (4.13)

Observe here that A is an even function so we are going to assume without loss
of generality that ¢ > 0. This being so, we write

So we see there is a straight relation between A and h. We can also rewrite

(4.12) using (4.13]) so that

- %—F (t), t>0
T1xe 2 TP '

O(x,t)

The next step is to try to find p and ¢. To do so we plug in (4.2)) into
Schrodinger’s problem

oyu = %Au.

We see that .
O = (Oyp + ip0,0)e™,



A minimizing problem 79

and

Au = (Ap+2iVp - VO +ipAd — p|Vo|*)e™.

If we plug these expressions in the equation and separate the real and imaginary
parts we derive the following set of differential equations

{ 8tp—|—V6’-V,o+%pA9:0

Ap — p(20,0 + [V6]?) = 0. (4.14)

We solve the first differential equation using the method of characteristics.
Since we are looking for the solution that minimizes the problem we use condition
(4.10) and solve the first equation in (4.14). If we write it as an initial value
problem we get

{ Op+ At)x - Vp+ 5A(t)p =0,
p(x,0) = g(x),
where p = p(z,t) describes a surface. The goal is to write p as a collection of
curves, which we name characteristic curves where each point is parametrized so
that
(ZL’, t) = (X(T7 S)’ T(T7 5))’

where 7 and s are the parameters that we will define later.

First observe that the differential equation may be written as
(atpa vzﬂ» _]-> : (17 A1'7 _g/\P) = 07

where the first vector is precisely the normal vector of the tangent plane at a given
point (z,t). This means that the vector (1, Az, —%\p) is orthogonal to the normal
vector and hence contained inside the tangent plane. Observe further that this
vector describes a curve along the surface p for each (x,t). This is precisely the
characteristic curve. We want to parametrize this curve.

As the vector (1, Az, —5Ap) belongs to the tangent plane it satisfies the follow-
ing relations

dt . dl’l

dx, dp
T = - T o _%)\p—dﬂ (4.15)
where 7 is the parameter defining the trajectory of the characteristic curves. Beside
this, we need an extra parameter s that will tell us at which point of a given curve
we are. Since we are on a n-dimensional space the parameter s will be a vector
s = (S1,...,8,). Therefore we define as the initial characteristic curve (7 = 0) the
following;:

i=1,..n (4.16)
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Now from (4.15]) we see that

t=r
¢
T = CZ‘GIO Au)du

p=coe 3 [ Mwydu

Y

where we use (4.16]) to find the values of the constants ¢; and ¢y so that

t t
{ Ci = S; = Tie Jo Mwdn o — g Jo Mwdu (4.17)
co = g(s).
Gathering all the data we conclude that
n [t t
plx,t)=e 2 Jo Alw)du (xe_ Jo ’\(“)d“> . (4.18)

Observe that the function g is actually the initial data of Schrodinger’s problem,
i.e. the function uy. We also see that unlike the argument function 6, p does not
need to be radial. Further, since we are assuming equality on (4.9) we can write

[T38) s

pla,t) = (L+82) " g(a(1+%)~2),

By solving the second differential equation in (4.14)) we are going to determine
what the initial data should be in order to minimize the problem . We are
going to see that this differential equation may be reduced to the harmonic oscilator
problem. First we talk about the 1-dimensional harmonic oscilator problem to see
what the minimizers look like in that case and after we generalize it to dimensions
n > 1.

4.2.1 The 1-dimensional harmonic oscilator

The time independent Schrodinger equation in dimension 1 may be written as
Hvy = Ev, (4.19)

where H is the Hamiltonian representing the energy (kinetic and potential) of the
quantum system and F is a real number representing the energy level or eigenvalue.
The function v is the eigenstate of the problem.

Making suitable changes equation (4.19)) can be written as

— " (y) + U (y) = 1 (y). (4.20)
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So we want to find the eigenstate ¢y and the value ~ attached to it. First
observe that assymptotically when |y| — oo equation (4.20)) can be reduced to

V" =y,

for the contribution of y7 in that case would be negligible. The solution to this
problem is given by

U(y) = H(y)e ¥, (4.21)
where H(y) are certain polynomials we calculate next. We may without loss of
generality assume that H is a finite polynomial such that

H(y) =ao+ a1y + ... + apy”.
If we now plug into (4.20)) we obtain the following differential equation
— H"(y) +2yH'(y) + (1 = 7)H(y) =0, (4.22)

from where we obtain the following recursive formula for the coefficients of the
polynomial
P ek Sle B
GG+
and in order to have a finite polynomial we impose as a condition that the numer-
ator of the formula is zero for certain j = k, thus

2k+1—-—79=0 = ~v=2k+1.

j>0, (4.23)

The resulting polynomials from the procedure above turn out to be the well
known Hermite polynomials, named after the French mathematician Charles Her-
mite. Some of them are,

Hy=1,
Hl = 2y7
Hy = 4y* — 2,
Hy = 8y° — 12y.

One of the properties of these polynomials is that they jump from even to odd
as we go up the indexes and also that they form an orthogonal family. These
polynomials may also be calculated by the following formula

Hy(z) = (—1)kex2ike*zi (4.24)
dzF
known as the Rodrigues formula thanks to the French mathematician Benjamin
Olinde Rodrigues, who discovered this easy way to compute the polynomials.

Here is the graphic representation of the ones written above
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We have thus found the eigenstates and eigenvalues of the problem, this is
@Z’k(y) = Hk(y)e_yQ/Qﬂ k= 07 17 27
and

Now we go back to our problem and see how as we mentioned before the
second equation in (4.14]) may be reduced to the harmonic oscilator problem we
just described. Indeed if we use (4.12)) and (4.18) we see that

e 2o Mg g(N(£)a® + 20 (1) + N2 (1)a?) = 0.
And if we rewrite the equation we have that
gl/ . ()\/(t) + )\Q(t))wQez f() )\(u)dug _ 2g0/(t)€2 fo )\(u)dug. (425)

Recall that we are assuming ¢ > 0 and the definition of X is explicit. This being
so we can give a simpler representation of (4.25]) as

9" = (L + ) 'a%g = 2¢/(t)(1 + t*)g. (4.26)
Now by making the following change of variables,

i (1372,
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equation becomes
9"(2) — #2g(2) = 2¢'(1)(1 + £*)g(). (4.27)
We can clearly identify now g as the eigenfunction of the problem so that
gi(@) = Hy(@)e ™2, k=0,1,2, ... (4.28)

and,

T = —2¢'(t)(1 +t7).

In particular for £ = 0 the eigenvalue attached to this solution is vy = 1 so we
get

—20/()(1+1%) =1,

from where we conclude

1
o(t) = ~3 arctan .

All in all we see that at times where (4.10) is satisfied the solution to the
differential equation system (4.14]) in dimension 1 is given by

pla,t) = L+ 1) Vig(a(1+ 7)),

and,

t x? Vi tan
— — — arctan
1+1¢22 2 ’

O(z,t) =

where 7, are the eigenvalues of the harmonic oscilator and the initial data that
minimizes (4.6)) is given by

uo () = Hk(x)e’xzm,

which are the Hermite functions.

Here is the graphic representation of some of the initial data
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All computations above tell us that u is written as

2
1 zZ Ok
% 5 5 arctan t)

u(a,t) = (14 3) " ug (1 4 £2)712)e <1ﬁ (4.29)

Next we see that u is indeed a solution to (3.1)).

e o = —5(1 +12) " gy — (1 4 t2)_7/4u67k + %(1 + 12" 220,

i _ 1 _
=GP P — S0+ )
and,

%e‘ieﬁgu = %(1 + tz)_‘f’/‘iu&k —at(1+ tz)_7/4u67k

t 1
. 5(1 + t2)75/4u0,k . §£E2t2(1 + t2)79/4u07k.



A minimizing problem

85

From this we see that

it <8u B —32 ) _ ;(1 7)Y g2y, — 5%(1 +12) g,
2(1 +1%) 7/ gk
— ;(1 + ) (g (1 +2) g — Ytio k)
= ;(1 - t2)_5/4(—u6’7k + T2ug , — YiUo k)-
The term inside the parenthesis on the right hand side is 0 since u satisfies

(4.20). We have thus proved that u is a solution of (3.1]). Now we see that for the
solution u (4.9) is indeed an equality. We compute

S \1/2 t 2 , o 12

VL d‘r) =), </R<1+Sz>m|ﬂf| o (@(1 +5)712)] dx) s
t i 2 2y—1/21|2 1/2

:/0 A+ 2/ (/R\xl o r(2(1 4 %)) da;) ds

:/t@(/ o) Py ds

/ m —a(V1t £ —1).

From where we get

t 1/2
a +/ (/ |PV9|2d$> ds=a+a(vV1+t2—-1)= h(t)l/z,
0 \Jrn
just like we wanted to see.

The way we have defined the initial data in terms of Hermite functions suggests
that there might be a relation between solutions. This is due to the fact that
Hermite polynomials follow an iterative rule, say

HI (2) = Pk(k — 1)+ (k — j + 1) He_j(x).

We are going to find a recursive formula for solutions wy for which (4.6]) is
minimized.
We thus consider
up () = Hk(x)e’ﬁﬂ,
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and calculate the corresponding solution. First of all we compute the Fourier
Transform of the given initial data,

. 2 . 2 dk 2 2
) 1/24 :/ —iz€ —z%/2 —(—1 k/ —iz€ x —x? —x?/2
(2m) = (€) e Hy(z)e dr = (—1) e et o qeTte dx
d*

= (—].)k/ e_iwgeﬁ/zﬂe_r dl’
R X
dk—l

_ (—1)k_1/(-if)e_ix£€z2/2W€_I2dl’
R X

k—1 —ix  x2/2 dk_l —:c2d
+ (—1) /Re zet o pmge T da

and by the inversion formula of the Fourier transform we recover the solution,

(2) 2y (, 1) :/Reixgﬁk(f,t)dg
= Z‘/Reilf(_gﬁo,k—l(g) + @5ﬁ07k_1(5))6_%t52d5
= —Z/ eixggﬁo,k—l(f)e_%tgzdg

R

i [ i (€)e e
R
= [1 -+ [2.
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We work on the second integral, I,

= Z/ €7 ety 1 (€)1 de
R
— =i [ dwe g1 (€)e HEdE — i [ it (€)(—itg)eHE dg
R R
= 33/ €m$ﬁo,k—1(f)€_%t€2df - t/ 6ixf§ﬁo,k_1(£)e‘%t52d5
R R

= 2up-1(2, 1) t/ emgfﬁo,k—l(f)e_%t@dg
R

So we have

i

ug(z,t) = zup_q1(x,t) — (i + 1) /Reingﬂgk_l(f)e_ztgd{’
= zup_1(z,t) — (i + t)Is.

Lastly we work out the integral I3 so that,

I3 = —i/RVxemgﬂo,k—l(f)e_%tggdf
— i, /R 70,1 (€)e 367 de
= —i0up_1(x,t).
So we conclude
ug(x,t) = zup_1(z,t) + (it — 1)0pup_1(z,t). (4.30)

This recursive formula allows us to give explicit solutions for different initial
data ug , if we only know the first one of all, this is, ug(x,t). We proceed to calculate
this first solution. The initial data attached to this solution is the Gaussian, say

upp(x) = e’x2/2,

for which
Go0(€) = e €72,

Using the Fourier Transform of the initial data we can thus define the Fourier
Transform of the solution as

o€, t) = e €122,
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Therefore, the solution uy can be explicitely calculated,

(27T>1/2U0($7t>:/61’156752/267%1552(15
R

R
2 ; 2
__ =z (141t) .
—e 2(1+it)/6* 2 (57’131&) d§
R
1 o2

— e 201+it) |

/1 rit

2
2 S x t 1
1 zZ _1_ | 55 —5 arctant
2 ( 2 142 2

uo(z,t) = T o° e

Y

which agrees with the given p and 6.

Now we use this expression to get the second solution u;(x,t). From (4.30]) we
know that

u(x,t) = zug(x,t) + (it — 1)0yuo(z, ).

We see that

__a?
e 2(1+1t) ,

X
85,;'&0(1', t) = —m

so that

x ,219:7? . T ,gxi?
7(1 n it)l/Qe (Fit) — (zt — 1)7(1 n z't)3/26 (+ib)

x(1 4+ it) x(it — 1) ,Z(ﬁ,t)

= — [ Q
(144t)32  (1+44t)3/?

271. _z(fjit)

(1+it)32° '

uy(z,t) =

And if we write it in terms of the functions p and 6 we have,

z2 ) ﬁ t __ 3
2x e_mez T 12 5 arctant '

uy(x,t) = (1 +t2)3/4

Here is a graphic representation of |p|,
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Following up we can calculate the next solutions,

4o —2(1 +t%) __a2

U?(xat) = (1 +Zt)5/2 _m7
8r3 — 12x(1+ %) __=> _
wsle ) =y ¢
4 _ 2 2 2)2 2
wa(z t):16a: 48z (1+?t)+12(1+t)6_m
we (1 +4t)9/2 ’

It can be proved by induction that the general solution u; can be written as

Po(z,(1+1#%) __=2_
_ k(xa ( —|2_k+1))6_2(1+it)7 k= 0,1,2,... (431)
(L+it)™>

where P, is a real polynomial of degree k as the ones defined above.

ug(x,t)

4.2.2 The n-dimensional harmonic oscilator

We have seen that for dimension 1 everything works out fine and we were able
to find the minimizers of (4.9) as the Hermite functions. However in the n-
dimensional problem the resolution of the harmonic oscilator needs a little more
work, even though the outcome is still a polynomial function acting on the Gaus-
sian as we see next. The problem has still the form

Ag+ (2E — |z]*)g = 0, (4.32)
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where E is the energy which in our case is given by 2p(t)(1 + t2).

We are not going to give all the details but sketch the idea of how the solution
to the problem is gotten. The idea is to write it as a product of a radial function
and an angular function defined on S*™'. We thus take z = |z|{ = r¢ where
¢ € S" 1. By making this change of variables we get
? n-10 1

+ S A (4.33)

AQ’ZWJFT&« r

There exists a set of A (n,l) linearly independent spherical harmonics S(§)
which are polynomials of degree [ in £ such that

AeS+1(1+n—2)S =0, (4.34)

and the number A (n,1) is defined as

(214n—2)(I4+n—3) [ >1

o) - { S 2

We consider now g(z) = g(ré) = R(r)S(§) and by plugging (4.33) and (4.34))
in (4.32)) we get

#? n—-10 I(l+n-2)

57 5 .- + (2E — )| R(r) = 0. (4.35)

By solving (4.35)) we get the radial function
R(r) = cmm,lrle_ﬂ/leT:”/g_l(7"2), n>1, (4.36)

which belong to the energy eigenvalue £ = 2m + 1+ %n and where L% are the m"
order associated Laguerre polynomials which are the solution to the second order
linear differential equation

ry” + (@ +1— )y +my =0,

where « is an arbitrary real number. This equation has nonsingular solutions only
if m is a non-negative integer and the polynomial is given by the formula

N e (m+ «a)!
Linz) = ,§<—1>k (m — k) + k)!k!“”k‘ (4.37)

These polynomials may also be defined by a recursive formula, say

Ly, (x) = Ly (2) — L35 (2).
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The first few associated Laguerre polynomials are
Lg(z) =1,
LY(z)=—x+a+1,

L§(x) = 5" — 2a+ 2 + (a+ (o +2)]

[8(x) = é[—:ﬁ) 1 3(a +3)2% = 3(a+ 2)(a+3)z + (a + Do+ 2)(a + 3)).

And there is a relation between these polynomials and the ones by Hermite
but only for a = —1/2,

Ham(2) = (=1)"22"mIL 12 (|2]?),

Hyms1 () = (1) 22" mla L V2 (|af?).

All in all we see that the initial data for the minimizer of are the eigen-
functions of the problem described above as ug(x) = ug(ré) = R(r)S(§) where
the functions R(r) are defined in and S = S(&) are spherical harmonics
defined on the unit sphere. Moreover, the eigenvalues of the problem are given by
E=2m+1+ %n where m and [ can take any non negative integer values so we
see that

E mmn
—20(t) (1 + %) = B, = @(t) = — l’2 ™ arctan t.

From the last calculation we see that the argument does not change much for
the n-dimensional problem. The minimizer can thus be defined as

2 E
A % arctan t)

u(z,t) = (1+ 752)7"/4u0(x(1 + t2)71/2)€i(1+t2 5

(4.38)
All the results obtained so far are gathered in the following theorem:

Theorem 4.2.1. Let u be a solution of Schridinger’s initial value problem
written as and let h be defined as in (4.1). Then h satisfies the inequality
where a® = h(0). Moreover if there is a time interval [0, T) with T > 0 such
that equality is attained, then equality holds for everyt and the solutions are given

by
1. the family {uy}r>o defined in (4.31)) if n = 1;

2. the solutions u defined in (4.38)) if n > 1, where the initial data ug is given
by
uo(z) = ug(r§) = R(r)S(8),
S are spherical harmonics defined on S™™' and R are defined in (4.36)).
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4.3 A minimizing problem for h;

The last section of this chapter is devoted to analyzing the same minimizing prob-
lem as the one of the previous section but for the function hs instead. We have
seen that the minimizers for the problem are generated by the eigenfunctions of
the harmonic oscilator problem, this is, Hermite functions. We will see that the
same conclusion is reached in this case.

To do so we follow the same strategy as before. We are going to see that the
computations does not change much. First we compute the derivative of hg,

R(t) = /R x4 u(x, ) Pde = 2Re /R e adudz
= Re/n |22 ui Auda
=—Im /Rn |2|*ududx
=206Im | |2 Va(z - Vu)de

R

= 25Im/ |2~ 40, udz,
R

where 0,u is the radial derivative of w.
At this point we use again the following definition of the solution u, say

u(z,t) = p(z,t)e? @, (4.39)

If we now plug (4.39) into (3.9) and the expression of the derivative we just
calculated, we have

hs(t) = / 2|2 pRd, (4.40)
R'n

and
hs(t) = 25/ PPV - Vlde = 25/ p?z[*710,0dx. (4.41)
R™ R

Now we take the absolute value to the derivative and use Cauchy-Schwarz’s
inequality as we did before so that

(1)) < 26 / P10, da
]Rn

1/2 1/2
<26 </ ]93|25p2dx) </ ]93|25_2p2|8T9|2d:B>
R R

1/2 1/2
= 2007 [ 122 P 0,0z )
Rn
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from where we have

/ 1/2
PO <ag ([ Japo=2ptl0,00ar)
hs'"(t) R

Next we integrate both sides like we did for the case 6 = 1 so that

t 1/2
n(0) < as+5 | ( / ]:C\262p2]8r6\2dx> ds. (4.42)
0 R™

Our job is thus to find solutions minimizing this inequality. Nevertheless we
see that the condition that minimizes this inequality is

Vo = \(t)x.
Using this and plugging it into the inequality above we have that

/ 1/2
L aage) ([ o002 o
hs'"(t) R

1/2
— 26A(1) ( / |$|26p2dm)
Rn
= 20A()hy?,

and hence,

~—

_ 1 [hs(t)]
T 26 hs(t)

which coincides with the A obtained for 6 = 1. We thus see how the conditions for
a general § # 1 does not change.

Back to (4.42) we need to check that the integral on the right hand side is
bounded. To do so, we recall that the second derivative of hs may be written as

A(t)

" 1 ‘wi
Pt = /]R A?y(a)ule, 1) Pde + /]R VuD’¢sVudz,

where ¢5(2) = |2|?°. We aim to prove that h; is convex so we need to see that the
bilaplacian factor is negative in order to give a positive lower bound. If we thus
compute the bilaplacian of the function ¢s we see that

A2¢5(;E) _ (n - 3;(‘;1 - 3) ¢/ i (Tl - Ti?;l - 3) ¢// i 2(n|x_‘1)¢/// + ¢iv
o m? =gt 4 mf =3 05025 — 1)
An—1)

] 26(26 — 1)(26 — 2)|z|*73 + 26(20 — 1)(26 — 2)(26 — 3)|z|*~*

=25(26 — 2)|z[272 ((n — 1)(n — 3) + (26 — 1)(2n + 20 — 5)).
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It is easy to see that this quantity is negative if n > 3 and 1/2 < 6 < 1. The
case 0 = 1/2 gives also convexity but it is more complex and should be analyzed
separately. Under these conditions we can write

R (t) > /IR VuD*¢;Vuds.

We need to rewrite the term inside the integral so that it is easier to manipulate.
Observe that

/
VuD?¢sVu = ¢5|0,uf® + =2 |V ul?,
r
where 0, and V., are the radial and tangential derivatives respectively,

vu - iaru + VTu7
]

with 5 V-u = 0. Hence taking ¢s(r) = 1% for 1/2 < § < 1 we see that

R() > 28(26 — 1) /R O 0,uldz.
We now write the solution u as
u(z,t) = p(z, 1)@V p o eR,

so that ‘
Oru = (Opp + ip&ﬁ)eza.

If we plug this expression into the one for h§ we see that
R(t) > 26(26 — 1) / |2[2C-D|9,u[2dx
R
— 26(26 — 1) / 122071 2|8, 6|%d.
R”

Observe that the last term is precisely the one we are trying to bound so we
only need to check that hj is bounded. Let 0 < T' < oo, then

T/T/2 R (8)dt < /T (T — [¢)R"(t)dt
2 J-1)2 0 —Jer 0

= /_1; sgn(t)hs(t)dt = hs(T) — hs(=T),

which we know is bounded from the previous chapter, as we wanted to see.

Now that we know the bound in is finite, we need to look for the mini-
mizers of the problem as we did on the previous section. This job however does not
change with respect to the case § = 1 since (4.14]) is the same and the conditions
on p and # have not changed. Therefore the problem can be reduced again to the
the harmonic oscilator problem and the solutions % minimizing are given by
. All results of this section are summed up in the following theorem,
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Theorem 4.3.1. Let u be a solution of (3.1) written as (4.2) and hs be defined
asin (3.9). If1/2 <6 <1 and n > 3 then hs satisfies (£.42)) where a? = hs(0).
Moreover if there is a time interval [0,T] with T' > 0 such that equality is attained,

then equality holds for every t and the solutions are given by u defined as in (4.38)
where the initial data ug is given by

ug(w) = uo(ré) = R(r)S(§),

S are spherical harmonics defined on S*™™! and R are defined in (4.36)).
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