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Abstract

This paper presents some further results on proximal and asymptotic proximal
contractions and on a class of generalized weak proximal contractions in metric
spaces. The generalizations are stated for non-self-mappings of the forms 7, : A, — B,
forneZy, and T : UjEZO+ Agj — U/eZm Byj, or T :A— (IJBy), subject to T(Ag,) S Bo,
and T,(A,) C B,, such that T, converges uniformly to T, and the distances

Dy =d(Ap, By) are iteration-dependent, where Agp, An, Bon and B, are non-empty
subsets of X, for n € Zy., where (X,d) is a metric space, provided that the set-theoretic
limit of the sequences of closed sets {A,} and {B,} exist as n — oo and that the
countable infinite unions of the closed sets are closed. The convergence of the
sequences in the domain and the image sets of the non-self-mapping, as well as the
existence and uniqueness of the best proximity points, are also investigated if the
metric space is complete. Two application examples are also given, being concerned,
respectively, with the solutions through pseudo-inverses of both compatible and
incompatible linear algebraic systems and with the parametrical identification of
dynamic systems.

Keywords: proximal contraction; weak proximal contraction; best proximity point;
set-theoretic limit; Moore-Penrose pseudo-inverse

1 Introduction

The characterization and study of existence and uniqueness of best proximity points is an
important tool in fixed point theory concerning cyclic nonexpansive mappings including
the problems of (strict) contractions, asymptotic contractions, contractive and weak con-
tractive mappings and also in related problems of proximal contractions, weak proximal
contractions and approximation results and methods [1-15]. The application of the theory
of fixed points in stability issues has been proved to be a very useful tool. See, for instance,
[16-18] and references therein. This paper is devoted to formulating and proving some
further results for more general classes of proximal contractions. The problem of prox-
imal contractions associated with uniformly converging non-self-mappings {7,,} = {T'}
of the form T, : A,, — By; Vn € Zy,, where A, and B, are in general distinct, with a set-
theoretic limit of the form T : U/.EZ0+ iezo. By, provided that the set-theoretic
limits of the involved set exist and that the infinite unions of the involved closed sets are

A()j —

also closed. Further related results are obtained for generalized weak proximal and prox-
imal contractions in metric spaces [2, 3, 19], which are subject to certain parametrical
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constraints on the contractive conditions. Such constraints guarantee that the implying
condition of the proximal contraction holds for the proximal sequences so that it can be
removed from the analysis [1-3]. Some related generalizations are also given for non-self-
mappings of the form T': A — (| B,,), subject to a set distance D,, = d(A, B,), where A and
B, are non-empty and closed subsets of a metric space (X,d) for n € Zy,, provided that
the set-theoretic limit of the sequence of sets {B,,} exists as n — 0o. The properties of con-
vergence of the sequences in the domain and the image sets of the non-self-mapping, as
well as the existence and uniqueness of the best proximity points, are also investigated for
the different constraints and the given extension. Application examples are given related
to the exact and approximate solutions of compatible and incompatible linear algebraic
systems and with the parametrical identification of dynamic systems [8—11].

1.1 Notation
{T,,} = {T'} denotes uniform convergence to a limit T of the sequence {7} of, in general,
non-self-mappings 7, from A to B; Vn € Z..

Zy, and Z, are, respectively, the sets of non-negative and positive integer numbers and
Ro: and R, are, respectively, the sets of non-negative and positive real numbers.

The notation {x,} stands for a sequence with # running on Z,, simplifying the more
involved usual notation {x,},cz,, . A subsequence for indexing subscripts larger than (re-
spectively, larger than or equal to) n is denoted as {x,},>x, (respectively, as {x,},>,)-

The symbols —, v, A stand, respectively, for logic negation, disjunction, and conjunction.

2 Proximal and asymptotic proximal contractions of uniformly converging
non-self-mappings

Let us establish two definitions of usefulness for the main results of this section.

Definition 2.1 Let (A, B) be a pair of non-empty subsets of a metric space (X, d). A map-
ping T : A — B is said to be:
(1) A proximal contraction if there exists a non-negative real number « < 1 such that,
for all uy, uy,x1,%, € A, one has

d(Mi, Txl) =D (l = ].,2) = d(btl, Mz) < ad(xl,xz),

where D = d(A, B) = infyeq yep d(x, ).
(2) An asymptotic proximal contraction if there exists a sequence of non-negative real
numbers {«,}, with «,, <1; Vn € Zy,, with «,, — « (€ [0,1)) as n — o0 such that, for

all sequences {u1,}, {621}, (%14}, (%21} C A,
d(un+lr Txn) =D (l’l € Z0+) = d(un+2’ Mn+l) = and(xnﬂ;xn); Vn e ZO+~

If x,u € A satisfy d(u, Tx) = D then u € A and Tx € B are a pair of best proximity points
of T in A and B, respectively. Note that if 7 : A — B is an asymptotic proximal contraction
and the sequence {x,} C A is such that (x,,1, Tx,) € A X B; Vn € Zy, is a best proximity
pair, then there is a subsequence {x,},>4, of {x,} such that the relation d(x,.2,%,.1) <

0 d(X41, %) < 0@d(X,41,%,); Y1 > ng, holds for some real constant @ € [, 1).
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Some asymptotic properties of the distances between the sequences of domains and
images of the sequences of non-self-mappings T, : A, — B,; Yn € Zy,, which converge
uniformly to a limit non-self-mapping 7T : Uiez0+
related to the distance between the domain and image of the limit non-self-mapping.

Ay — UjeZm By, are given and proved

Lemma 2.2 Let (X,d) be a metric space endowed with a homogeneous translation-
invariant metric d : X x X — Ro,. Consider also a proximal non-self-mapping and a se-
quence of proximal non-self-mappings T and {T,} defined, respectively, by T : Ujez0+ Agj —
U].EZ0+ By, having non-empty images of its restrictions T : Ujezo+A0j|A0n = Uz, Byj|Boy;
VneZy,and T,:A, — B,; Vn € Zy,, where A, (# @) C Ao, and Ay, are non-empty sub-
sets of X subject to T(Aoy) < Boy and T,(A,) € By; Vn € Zy, such that the sets of best

proximity points:

AY = {x € Ao, d(x,y) = D° for some y € BOn},
B, =y € Bo : d(x,y) = D, for some x € Ao, },
Al = {x €A, :d(x,y) =D, for somey € B,,},
BY = |y € B, :d(x,y) = D, for some x € A}

are non-empty, where D° = d(Aoy, Bo,) and D, = d(A,, B,); Vn € Zy,. Let {x,} and {y,}
be proximal sequences built in such a way that xy € A, Yo € A1, d(xy11, Txy) = Dg and
AWus1> Tyyn) = Dy; Vi € Lo, and define also the error sequence {x,} by X, = y, — x,; Vn €

Z.. Then the following properties hold:
()

limsup(|Dys1 — D, | = @na1) < limsup(|Dys1 = DY, | - gus1) <0,
n— 00

n— 00

&1 = Dy + D, Vn € Zy., lim Sup(gn+1 =Dy _D2+1) <0,

n+1’
n—00

where

8n+l = d(Xpa1 - Txs Va1 — Tnyn)§ Vn e Zy,,
Gnil = d(Tx,, Tyn) + d(Tym Tnyn) + d(,)/n+1)xn+1); YneZy,.

(ii) If {gu} — g then limsup, , (1D, — DY) —g) < 0.

(i) If(T,) = (T} then lim sup, . .o(ID, — DY) — d(Txy, T9,) = A1, ) < O.

(iv) If{T,} ={T}, &} ={xn—yu} > 0and T : U/€Z0+ Aoj = Ujez,, Boj is uniformly
Lipschitzian then lim,_,  |D, — D%| = 0.

(v) If{gs} — 0 at exponential rate p € [0,1), such that g, < Cp"gy for some real
constant C > 1, then

n
. Cgo
lim su D, - D% < ==,
n~>oop]:20| ] Ji ‘ — 1—,0
n C,Omg
limsu D; - D° <—0; VYm e Zy,,
maoopz| / = 1—,0 or

. 0 _ .
n};glooX]Dj -D0=0; VneZ,.
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(vi) Assume that {g,} is non-increasing and it converges linearly to g at rate v € (0,1).
Then

8o
1-n

n
—00 < 1imsupZ(|D,~ —DIQ| -n) -
— =0

< timsup (10 - Df] g1~ 1) - 122
H—0Q ]=0

< limsupZ(|Dj —D](-)| —g,,) <0.

n—00 ]=0

(vil) Assume that {g,} is non-increasing and converges linearly to g at rate . > 0 with
order g > 1. Then

—00 < limsupZ(‘Dj _D](,)‘ - g -2 -g

n—00 j:()

Proof Note that, since d : X x X — Ry, is a homogeneous translation-invariant metric,
%o € Ao1, Yo € A1, d(x41, Tx,,) = D% and d(y,41, Tyyn) = D V11 € Zo,, one has via induction
by using the constraints that x,, € A5 (C Aoy), Y € A% (C Ay); V¥ € Z, according to

d()/nm Tnyn) = Dyp1 = d(®p1 + Xne1s Tnyn)
< d(us1, Txen) + d(Txy = X1, TpYn — Yns1)
= D2+1 +8ni1
< DYy + AT Tyn) + ATy, Tudn) + AT TuYn + Xt = Yns1)

=D% +gun; Ve, (2.1)
and also one gets in a similar way

Axns1, Txn) = D2, = d(Ys1 — Zna1, Tn)
< dWns1, Tuyn) + A(Tryn, T + Vi1 — X11)
= Dys1 + gun
< Dys1 +d(Tyn, Tuyu) + d(Txn, Tyn) + d(Txn, Ty + Yns1 — Xn41)

<Dun +§n+1; Vn € Zy,. (2.2)
Furthermore,

gn+1 = d(xn+1 - Txnryn+l - Tnyn) S d(xn+1; Txn) + d(Tn_ymyn+l)

=D, +Du1; VneZ, (2.3)
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http://www.fixedpointtheoryandapplications.com/content/2014/1/169

De la Sen et al. Fixed Point Theory and Applications 2014, 2014:169 Page 5 of 24
http://www.fixedpointtheoryandapplications.com/content/2014/1/169

and properties (i)-(ii) follow directly. Also, if {T},} = {T'} then {d(Ty,;, T,,y»)} — 0 and then
property (iii) is proved from property (i) since

—8n+1 = _d(anrl - Txn;ynﬂ - Tyn)

> —d(xn+1»)’n+1) - d(yn+1:yn+1 - Tyn + Tx,)
= _d(xnﬂ»_yml) - d(Tym Tx,); (2.4)

we have

lim Sup(‘DnH - D2+1’ - d(xn+1:yn+l) - d(Tym Txn))

n—0oQ

<lim sup(|Dn+1 —D2+1| —gu1) <0. (2.5)

n—00

If, furthermore, {x, — y,} — 0 and T : U}€Z0

in its definition domain then there is a positive real constant k7 such that d(7Tx,, Ty,) <

i — U iy, Boj is uniformly Lipschitzian
krd(x,,y,); and then property (iv) follows from property (iii) since

lim ’D -D° ‘ = hmsup(‘D -D° | -1 +kT)max(d(x,,,y,,),d(y,,+1,x,,+1))) =0. (2.6)

n—00

Property (v) follows from property (i) by using

Z|D D|<Z<€;<CgoZp’_C1p f’ 2.7)
j=m

Properties (vi)-(vii) follow from property (i) with

8n+1 —g
@ -

. gnﬂ g
lim = lim
n— 00 (g}’l

n—00

=u (2.8)

with g =1 and p € (0,1) for property (vi) since {g, — g} is non-negative and converges to
zero which leads for both (vi)-(vii) to

limsup(gys1 — n(gs — Q)7 —g) <0, (2.9)

n—0oQ

and also one gets for g =1 and p € (0,1)

lim sup(gus1 — tng — (1 - p)g)

n—0oQ
Mml
< hirigp Zg; gZ T <0, (2.10)
which together with (i) yields (vii). O

It turns out that Lemma 2.2 is extendable to the condition {g,} — g with the replace-
ments g, — g, and ¢ — g. Some results on boundedness of distances from points of the
domains and their images of T, : A, = B,; Vn € Zo,,and T : U/GZO 0j —> Ujez0+ By; and
their asymptotic closeness to the set distance are given in the subsequent result.
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Lemma 2.3 Let (X,d) be a metric space. Consider two sequences {x,} and {y,} built, re-
spectively, under the proximal non-self-mapping {T} and under the sequence of proximal
non-self-mappings {T,,} of Lemma 2.2 and assume that {T,} = {T'}. Then, for any given
¢ € Ry, there is N = N(¢) € Zy, such that the following properties hold:

(i) dns1, Tuxn) < DO + &, d(yi1, Tyn) < Dy + 65 V1 (€ Zo,) > N.

(ii) If, furthermore,

d(Tyn, Txy) <Ko max  d(y,x)+M; VneZy, (2.11)

n-muy<j<n

for some non-negative sequences of integers {m,} with m, < n;Vn € Zy, and some
real constants Ko € [0,1) and M € Ry,, then

i A )<5+M+K0M’
P NG P = T T

’

1 _
limsup d(Tx,, Tyy,) < T K [(2 —-Koy)D+M +I(0M’],

n—00 — o

where D = D(N) = maxN<,~<oo(D? +D)), and M’ = M'(N) = max,<j<y d(x;, y;) for any
given arbitrary finite N € Z,.

Proof Assume that the first assertion fails. Then 3¢ € R, such that d(x,,1, Tyx,) > D2 +¢;
Vn € Zy,. As a result, since d(x,.1, Tx,) = Dg by construction and {7,,} =2 {T}, one gets

D?, +ée =< d(anrlr Tnxn) =< d(xrul; Txn) + d(Txnr Tnxn)

= D% + d(Tx,, Tyx,) < D + &/2; (2.12)

Vn (e Zy,) > N and some N € Z,,, a contradiction. Then the first assertion is true.
Now, assume that the second assertion fails. Then 3¢ € R, such that d(y,;1, Ty,) > D, +
&;Vn € Zy,. As aresult, since d(y,41, T,,yn) = D, by construction and {T,,} = {T'}, one gets

Dn +¢& S d(yn+1: Tyn) S d(ynﬂy Tnyn) + d(Tnym Tyn)

=D, +d(Tyy, Tyyn) <Dy + €/2; (2.13)

Vn (€ Zy,) > N and some N € Zj,, a contradiction. Then the second assertion is also true
and property (i) has been proved. To prove (ii) note that, since {7,,} = {T'}, for any given
& € R,, there are N; = N;(¢) € Zg, for i =1,2 such that

d(xn+lryn+1) < DS + d( Txrn Tnxn) + d(Tn_yn: Tnxn) + Dn+1
< D%, + Dy + /3 +d(Tyxy, Tyyn)
< D2+1 + Dy + & +d(Txy, Ty,)

= D2+1 + Dy +6+ Ko max d(xj,y) + M

mp<j<n

<D% +Dy+e+Ky max ld(x;,yj) +M

my <j<n+

<D+M+e+K, max ld(xj’J’i)

mu<j<n+
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<D+M+e+ Ko< max d(x;,y;) — max d(x,,yj)> +Ko max d(x;,))
1 N<j<n+l N<j<n+l

my<j<n+

=D+ Mo+ KoM+ max dew,5)]; (€ Zo) >N (2.14)
N<j<n+l

for some non-negative sequences of integers {m,} with m, < n; Vn € Zy,, where d(Tx,,
T, x,) < €/3; Yn (€ Zo,) > Ny, d(Ty,, Tpy,) < €/3; VY (€ Zo,) > Ny, N = max(Ny,N,), D =
D(N) = maxN<,»<oo(D? +D;), and M’ is a non-negative real constant, which is not dependent
on #, defined by M’ = M'(N) = max, <j<n d(x;, ;). Since K € [0,1), one gets

D+M+e+ KoM

d(x;, y; ;i Vn(€Zy)>N, 215

N ) < T (€ Z0)> (215)
D+ M+ KoM’

li dx,y) < ——————. 2.16

imsup max (x,)) < - (2.16)

On the other hand, note that

d(Txnr Tnyn) < d(Txn:ynﬂ) + d()’nm Tnyn)

< A1, Yun1) + W1, T) + Dy = Dy + Dy + d(s1, ) (217)

“ITK, [2-Ko)D+M+e+KoM]; Vn(€Zy)>N, (2.18)

11}1111 sup d(Toen, Tuyn) < 12 . [(2 - Ko)D + M + KoM'], (2.19)

and property (ii) has been proved. d

By interchanging the positions of d(x;,1,¥,41) and d(Tx,, T,y,) in the triangle inequality
of (2.18), it follows that

’d(Txm Tnyn) - d(yn+1’xn+l)’ = DS + Dn; Vn e Z0+7 (220)

so that if either |2, Ao, = Uro; (A, U Aoy), since A, € Agy; Vi € Zo, is bounded, or
U2, (B, U By,) is bounded, both sequences {d(Tx,, T,,y,)} and {d(xy,y,)} are bounded.
On the other hand, note that the non-negative sequence of integers {m1,} might imply the
use of an infinite memory in the upper-bounding term of (2.11) if m, = a € Zy,; Vn € Zy,
or a finite memory of such a bound if m — m,, <m; Vn € Zy,.

Definition 2.4 [3,5] Let (A, B) be a pair of non-empty subsets of a complete metric space
(X, d). The set A is said to be approximatively compact with respect to the set B if every se-
quence {x,} C A such that d(y,x,) — d(y,A) for some y € B has a convergent subsequence.

Theorem 2.5 Let a proximal contraction and a sequence of proximal mappings {T} and
{T,} be defined, respectively, by T : UneZm Aoy —> UneZ0+ By, having non-empty images of
its restrictions T : Ujez0+ AojlAon — iezo. Byj|Bon; Vn € Zo,. and T, : A, — B,;; Vn € Ly,
where A, (# @) C Ay, and A, are subsets of X, where (X,d) is a metric space, sub-
ject to T(Ao,) C Boy, and T,(A,) C B,; VYn € Zy, and the set-theoretic limits lim,,_, A,
limy,—, o0 Aou, limy,—, o0 B, and limy,_, o Boy, of the sequences of the sets {A,}, {Aon}, {Bu}, {Bon},
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respectively, exist and are non-empty being defined in the usual way for any sequence {Z,}
of subsets Z, C X as:

lim Z,,:{zeX:(zn=1ifzeZ,,)/\(z,,=0ifz¢Xn)/\(lim z,,:l)}
n—00 n—oo

via the binary set indicator sequences {z,}, satisfy the improper set inclusion condition
limy,— 00 Ay C limy,_, oo Aoy Assume that the sets of best proximity points Agn, Bgn, Ag, and
BY are non-empty, where D° = d(Ao, Bou) = d(AY,, BY,) and D, = d(A,, B,) = d(A%, BY);
Vn € Zy,. Then the following properties hold:
(i) liminf,_, o T(Ao,) Ulimsup,_, . T(Aon) S limy,—, o0 Boy-
The set-theoretic limits (limy,_, o Aon) and T(lim,_, o Aon) exist and they are
non-empty and closed if the subsets Ao, of X are all closed and UZZO Ao, is closed
while it satisfies the following set inclusion constraints:

T( lim AO,,) C limsup T(Ag,) N limsup T(Ag,)  lim Bon.
n—0o0 n—00

n—00 n—00

If, furthermore, lim,,_, oo T(Aoy,) exists then it is non-empty and then
T( lim AOn) — lim T(Aq,) C lim Bo,.
n— 00 n—0o0 n— 00

The set-theoretic limits (limy,—, o A,) and T(lim,_,» A,) exist and they are
non-empty and closed if the subsets A, of X; Vn € Zy, are all closed and \ ;- Ay is

closed, and then

lim A, ) Climsup T(A,) Nlimsup T'(4,) C lim B,,.

(n—>oo ) H—>00 00 n—00

If, furthermore, lim,,_, o, T(A,,) exists then it is non-empty and

T( lim An) - lim T(4,) C lim B,.
n—00

n—0o00 n— 00

(ii) Assume that T : U/ez0+ Agj — iezo. By is a proximal contraction and that
n ’ : ’ . . ’ ’ 2
{T,} = (T}, where T,,: A,, > B,;Vn € Zy,. Then T,,: A,, — B,;Vn € Zy,, isa
sequence of asymptotic proximal contractions.
iii) If the sets in sequence {Ao,}n>m, for some m € Zy.,, are closed then lim,,_, o, Ao, is
q >

closed and also

lim d(xy41, Tx,) = D°, lim d(x,41,%,) =0,
(2.21)
. 0
{x,} — % (e nlLIEoAO”)’
lim d(yn+l; Tyn) =D, lim d(yn+1;yn) =0,
(2.22)

tah > (e 1im 49),
n— 00
|D° - D| < d(x,y) +liminf d(Tx,, Ty,)

<d(x,y) + min(d((Tx)*, (T9)*),d((Tx)", (Ty)7)) (2.23)
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for any sequences {x,} C Aon, {yn} C A, satisfying d(x,.1, Txy) = D°,1; Vi € Zo, and
AWus1, V) = Dys1; Y (> no) € Zo, for any sequences {x,} C Aou, {yn} C Ay being
built in such a way that d(x,.1, Tx,) = DY, ; Vi € Zo, and d(yu.1, Tyn) = Dyst;

Vn (= no) € Zy,.

(iv) If(X,d) is complete and lim,,_, o Boy is approximatively compact with respect to
lim,,_, oo Ao, then there is a convergent subsequence {Tx,, } (C lim,_, o0 Bo,) — Tx
where x € lim,,_,ooAgn is the limit of {x,}. If lim,_, o B, is approximatively compact
with respect to lim,_, oo A, then there is a convergent subsequence
{Tyu} (Clim,_, o B,) — Ty where y € lim,,_, oo AY is the limit of {y,}. If D = D°,
where DY — D° and D,, — D as n — oo, and the above two approximative
compactness conditions hold and, furthermore, A, and Ay, are closed; Vn € Zy, and
2o Aon and |52 Ay (it suffices that | )., Aon and |-, A be closed for some
m € Zy,) are closed then x =y, which is then the unique best proximity point of T in
the limit set 1im,,_, o A°.

Proof Note that since lim,,_, 5 A, and lim,,_, o Ao, exist, we have

o0
nl;n;oAn = 11m1an,, = (ﬂAm> = 11m supA,, = ﬂ(U Am>,
n=0

m=n n=0 \m=n
o0 o0
lim Ao, = liminf Ao, = U (ﬂ A0m> = hm supAOn = ﬂ (U AOm).
n=0 \m=n n=0 \m=n

Note also that, since lim,,_, o, Bo,, exists, we have liminf,,_, . T(Ao,) Ulimsup,,_, ., T(Ao,) <

()

m=

J

lim,,_, o Boy, since

hm mf T(Aop,) =

(@

I
(=]

n

X

N
(@
DX

BOm) =liminf By, = lim By,
n— 00 n— 00

n=0 \m=n
o0

limsup T(Ao,) = U T(Ao,n))
n—00 n= m=n

L)

oo oo
- (U B()m> = limsup By, = hm B()n
m=n n—00

Also, since lim,_,, B, exists, we have liminf,_,, T(A4,) U limsup T(4,) < lim,_, o By,
which follows under a similar reasoning. On the other hand, the existence and non-
emptiness of lim,_,» Aoy, by hypothesis, implies that T'(lim,_, o, Ao,) exists since Ay, C
dom T; Vn € Zy, so that

t(m o) - 1(() (U

o0 o0
- ﬂ(U T(Ao,n)) =limsup T'(Ay,) < hm BO,,,

—
n=0 \m=n n—00
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=liminf T'(Ao,) € lim By,.
n—00

n—00

From the above set inclusion conditions it also holds that

T( lim Ao,,> = 1lim T(Ag,) C lim By,
n—00 n—0o0 n—00

if lim,,_, o T(Ap,) exists. If the subsets Ag,; Vu € Zy, are all closed and UEZOAO,, is
closed then U:ozkAOH is closed for any k € Z,. In order to prove that lim,_, o Ao, =
Mozo(Uno_,, Aom) is closed, that is, an infinite intersection of unions of infinitely many
closed sets is closed, it is first proved that all those unions are closed under the given
assumption that UZO:O Ay, is closed. Assume this not to be the case, so that there is k € Z,
such that ;2 Aon = (Uﬁ;}) Aon) U (U2 Aon) is closed with ()7, Ao, not being closed
and such that U];:OAOH is closed, since it is the union of a finite number of closed sets.
Then either |2, ; Aon = Aox-1 U (Uox Aox) is not closed or it is closed. In the second
case, |52, Aon S Ao since if |2, Ao D Ao-1 is not closed then ()2, | Ao, cannot be
closed by construction. But, if | -, Aox € Aok-1 then |-, Aoy is closed, which contra-
dicts that it is not closed, since Ag k-1 is closed for any k € Z,. As a result U:ikAO,, being
no closed for any k € Z, implies that UZZ’,HAO,, is not closed. By complete induction, it
follows that U:Z] Aoy is not closed for any j (€ Zo,) < k. Thus, | ;2 Aoy is not closed what
contradicts that it is closed. As a result, since |, Aox is non-empty and closed, any infi-
nite union of non-empty closed sets |_J;-, Aox is also non-empty and closed for any k € Zj,
since (-, Aox is assumed to be closed by hypothesis and it is trivially non-empty. Then
lim,,_, o0 Aoy = ﬂzozo (Ufnozn Aom) is non-empty and closed since it is the infinite intersection
of infinitely many unions of non-empty closed sets (but already proved to be non-empty
and closed) and there exists the set limit T'(lim,—, Aon) = T((oo (U, Aom)) which
is now proved to be non-empty. Proceed by contradiction by assuming that it is empty.
Then there is some x € lim,,_, o, Ag,, such that x ¢ dom T'. But then, since x € lim,,_, o, Ao,
lim,,_ o0 Agp = ﬂZiO(UomoznAo,,) is non-empty and closed and all the sets in the sequence
{Ap,} are closed we have x € Ay, for some n € Zg, so that x € dom T from the defini-
tion of the non-self-mapping T which contradicts the existence of x € lim,_, » Ao, such
that x ¢ dom T It has been proved that lim,_, o, Ao, is closed and T(lim,_, o, Ao,) exists
and it is non-empty and closed. The proof that T(lim,—.oc A,) € lim,_, o B, is similar
to the above one. Now, one proves by contradiction that 7'(lim,_, . A,) is non-empty if
lim,_, oo A, is non-empty. The limit set lim,,_, oo A, is non-empty since the subsets A, of X;
Vn € Zy, are all closed and UZZOA,, is closed under similar arguments that those used
above to prove those properties for lim,_, o Ag,. Assume that T(lim,_ . A,) is empty.
Since lim,,_, oo A, is non-empty, there is x € lim,,_, .o A, such that x ¢ dom 7. Since the sets
in the sequence {A,} are closed, x € A, and x € Ay,, since A, C Ay,, for some n € Z,.
Thus, x € dom T, from the definition of T and Tx € T(A,) N T(A,) € By, N B, since
T(A,) € T(Aon)NB, € BoyNB, C Boy,. Then T'(lim,,—, oo A,,) is non-empty since lim,,_, oo A,
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is non-empty. On the other hand, since lim,_, x4,  lim,_, .c A, we have

RV R )
- O(rrues)-Of ) -

n=0 \m=n

so that

T( lim AO,,) C lim B, N lim Boy;

n—00 n—00 n—00
lim T(A,) C T( lim An> C lim B, N lim Bo,.
n—00 n— 00 n—00 n—00

In the same way, it follows that T(lim,_ - A,) exists and if, in addition, lim,—, o T(A,)
exists then

lim T(A,) = T( lim An) C lim B,.

n—00 n—00 n—o00
Hence, property (i) has been proved. Now, build sequences {x,} and {x/}, and {y,} and
{y,} in X sequences built in such a way that xo,x, € Ao, Y0,y € A1, d(xns1, Txy) = DO,
A1, Tx,,) = D2 1d(¥us1, Tuyn) = Dy and d(y,,,1, Tv,,) = Dy; V1 € Zo,. It follows induc-
tively by using those distance constraints that x,,x, € A, (C Aoy), ¥y, € A (C Ay);
Vn € Z,. Note that lim,,_, .o A, C lim,,_.» Ao, implies the following inclusion of limit sets
lim,,—, 00 A2 C limy,, 00 Agn of the sets of best proximity points and the four above limit sets
are trivially non-empty. Since T': {7, Aoj = Ujcz,, Boj is a proximal contraction:

(d(xnﬂ» Tx,) = D2+1;Vn € ZO+) = (d(xn+1»xn+2) < Kd (%, %411); V1 € ZO+) (2.24)
for {x,} C A}, and some real constant K € [0,1) and D% — D as n — oo, since the limit
set lim,,_, o Ao, exists. On the other hand, if {7,} is a sequence of asymptotic proximal

contractions T), : A,, — B,; Vn € Zy, then there is a real sequence {K,,} with a subsequence
{Kyu}nz=n, C [0,K") C [0,1) such that

(d(yrﬁl’ Tnyn) = Dn+1;VVl (Z I’lo) € Z0+)
= (d(yn+1ryn+2) S 1</d(ymyn+1);vn (2 I’l())) (225)
for {y,}pzny C Agn and some 1y € Z, and some real constant K € [0, 1). Recall the following
properties for logical assertions then to be used related to (2.24). Consider the logical
propositions Pj; i = 1,2. Then
(P,=P1) & (P1V—P), (2.26a)
(=P =P)) & (ZPLAP,). (2.26b)

The condition (2.25) corresponds to (2.26a) with Py = (d(yy+1, TVy) = Dyy1;Vn € Z,) and
Py = (dWns1, Yus2) < K'd(Yus1, Yue2); Vi € Z,,). It is now proved by contradiction that {7}
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is a sequence of asymptotic proximal contractions, that is, by assuming that (2.25) is false
so that its logical negation

[(d()/rwl: Tnyn) > Dn+l) v (d()’n+l7yn+2) < I<,d@nryn+l));vn (= }’Zo) € Z+] (2-27)

for {yu}usn, C A5, and some ng € Z,, obtained from (2.26a)-(2.26b) versus to (2.26a), is
true. Then it follows from (2.24) that for any given arbitrary ¢ € R,, there are ng,n; =
n1(e) € Zo, such that d(Ty,,1, Tyyni2) < & Y1 > n (since {T,,} = {T}) and (2.27) hold.
Then

|Dn+2 — Dn+1| < d(yn+2: Tnyn+1) f d(yn+2¢yn+1) + d(TnyVHl’ Tyl’l+1)
< 1</d(yn+lryn) + d(TyVHl’ Tyi’l) +e

= 1</n_n0_n1d(yno+n1+l:yn0+n1) + d(TynHr Tyn) +& Vn > no +ny. (228)

Since ¢ € R, is arbitrary, K’ € [0,1), and D,, — D as n — o0 since the limit set lim,,_, oo 4,
exists and D > D, since lim,,_, oo A,  lim,,_, 5o Aoy, one concludes from (2.28) that

Bm dnen, ) =0, {yn} = ¥ (e lim A,,), liminfd(Tyne, Tyy) > 0. (2.29)
n—o0 n— o0 n— 00

Since T': U,.cz,, Aon = U ez, Bonandlimy, oo A, € limy,—, oo Aoy, s0 that y € limy, o Ao,

since [),-,, Aox is closed by hypothesis for some m € Zy, and lim,_,» Aoy is also closed.

n>=m
Then lim,,_, o, Aoy, C dom T so that the possibility of Ty being undefined is excluded and
then Ty is defined provided that there is no finite or infinite jump discontinuities at y. If
T is continuous at y, then (2.29) leads to the contradiction d(Ty, Ty) > 0. Otherwise, if T
has a (finite or infinity) jump discontinuity at y, with left and right limits (7)™ and (7y)*
(# (Ty)™), then min(d((Ty)~, (Ty)"),d((Ty)*,(T¥)*)) > 0, again a contradiction is got. Thus,
(2.27) is false so that its negation (2.22) is true. Then {7} is a sequence of asymptotic
proximal contractions which converge uniformly to the proximal contraction T. Hence,
property (ii) has been proved.

Property (iii) is proved by taking into account also (2.24) and the constraints
lim,_, o AJ, € lim,,_, o Ao, and lim,,_, oo A% C lim,,_, o A, € lim,,_, o, A, together with the
fact that, since [
Ay, n € Zy, being closed and |-, Ao, and | ;- A, being closed can be relaxed in prop-
erty (i) to closeness of the sets Aoy, A,, n (> m) € Zo, and |, Aon and |7, A, for
some m € Zy, being closed while keeping the corresponding result. Assume this not to

Aoy is closed, lim,,_, o, A, is closed. Note that the conditions of Ay,

n>m

be the case. Now, take a subsequence {Ao,, } of (non-empty closed) subsets of X such
that there is x € X such that x € fr(lim,,_, oo Agn), x € lim,,_, o Aoy, since lim,,_, o, Ao, is not
closed, and x € Ag,,, the indicator variable of x in any subset in the sequence {Ag,,} is
Xom, =1 then x € limy_, oo Aoy, , since limg_ o0 X0, =1, and & ¢ lim,,_, o Ao, which contra-
dicts limy,—, oo Aoy = limy_, oo Aoy, . Thus, lim,_. Ao, is non-empty and closed. Then one
obtains (2.21)-(2.23).

On the other hand, since D¢ — D° as n — 0o and lim,,_,« By, is approximatively com-

pact with respect to lim,_, o, Ag,, for some sequence {xg} clim,— o0 Aon

d(Txd,x) — d( lim Boy,,x) =D° asn— o0

Hn— 00
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with x € lim,,_, Bo,. From property (i), T(lim,—c A,) C lim,_ B, C lim,, o Boy X
T (limy,—, 0o Agy) € limy,—, oo Boy, T(lim,,— o A,) C lim,_, o B,,. Then there is a subsequence
{Txgk} (c {Txg}) — z, € cllim,,_, o By, since lim,,_, » By, is closed and it is obvious that
z, € cllim,_ o Bgn (= lim,,—, oo Boy) so that cllim,_, o Bgn # &. Assume that lim,,_, », Bgn is
empty then the best proximity point z, ¢ lim,_, « Bgn, a contradiction so that lim,,_, o, Bgn
is non-empty and it is closed since it is on the boundary of lim,,_, , B), which is then non-
empty and closed. But {x0} — x (€ lim,_, « Aoy). Since {x%} is convergent all its subse-
quences are convergent to the same limit so that {x? k} — x. Thus, z, = Tx. Under a similar
reasoning, it can be proved under the second given approximative compactness condition
that {Ty9,} (C {Ty9}) = 2, = Ty € (cllim,_. B,) with lim,,_, BY) being non-empty and
closed. If the above both approximative compactness conditions jointly hold and D = D°
then one gets from the contractive condition for the proximal non-self-mapping T that
for any given n € Zy,:

D= d(x91+1’ Tx(r)l) = (y2+1r Ty2) = d(x2+1,y2+1) = Kd(xg,yg)

so that {x%} — x and {°} — y implies {d(x%,1°)} — d(x,7) so that (1 - K)d(x,y) < 0 holds
what implies x = y, which has to be necessarily unique from the identity, itself. Hence,
property (iv) has been proved. d

Remark 2.6 Note that the conditions of Ay,, A,, n € Zy, being closed and the infinite
countable unions | 7 Ao, and | ;- A, being closed can be relaxed in Theorem 2.5 (prop-
erty (i) to the closeness of the sets Aoy, Ay, 1 (> m) € Zo, and | J;-,, Ao and |-, A, for
some m € Zy, being closed while keeping the corresponding result.

The following remark is of interest; it concerns a condition of validity of the assumption
that a countable union of closed sets is closed used in Theorem 2.5.

Remark 2.7 It can be pointed out that a sufficient condition for the infinite countable
union of closed subsets | ;- Ao (respectively, | ;- A,) of a topological space (X, {B;}) to
be closed is that X has the local finiteness property, that is, each point in X has a neighbor-
hood which intersects only finitely many of the closed sets in {A,} (respectively, in {4,})
([20], pp.29-31). This property can also be applied to a metric space (X, d) since metric
spaces are specializations of topological spaces where the metric is used to define the open
balls of the topology. More general results guaranteeing that the infinite countable union
of closed sets is closed, and equivalently that the infinite countable intersection of open
sets is open, stand also for Alexandrov spaces (topological spaces under topologies which
are uniquely determined by their specialization preorders) and for P-spaces (the intersec-
tion of countably many neighborhoods of each point of the space is also a neighborhood

of such a point).

3 Weak proximal contractions of uniformly converging non-self-mappings
Let us establish two definitions of usefulness for the main results of this section.

Definition 3.1 Let (A4, B) be a pair of non-empty subsets of a metric space (X, d). A map-
ping T': A — B is said to be:
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(1) A generalized asymptotic weak proximal contraction if there are sequences of
non-negative real numbers {«,}, with ,, € [0, 00); Vi € Zy, and o, — « (€ [0,1)) as
n — o00; and {B,}, with 8, € [0,00); Vi € Zy, and B, — B (€ [0,00)) as n — 0o such
that, for all sequences {u;}, {1z}, {#1}, {x2} € A:

[d(u,», Txj)=D (i= 1,2)] A [d(xl, Tx1) < 1+ oy + Bu)d(x1,%2) + D]

= d(uy,u3) < ud(x1,%2) + Bu[d(Tx1,%2) - D]; V€ Zo,. (3.1)

(2) A generalized weak proximal contraction [2, 3], if (3.1) holds with non-negative real
constants o, =a <1land B8, = B < o0; Vn € Zy,.
(3) T:A— (|UB,) is a strongly generalized asymptotic weak proximal contraction if:
(a) Ao and B,, with D, = d(A, B,,); Vn € Zy, are non-empty and T'(Ag) < Boy;
VneZy,.
(b)

d(ulm u2n) =< and(xlm xZn) + ,Bn [d( Txlnr xZn) - Dn]; Vn e Z0+ (323)

for any sequences {x;,} C A and {u;,,} C By, such that d(u;,, Txi,,) = Dy, (i = 1,2);
Vn € Zy, and {@,}, {B,} are real non-negative sequences which satisfy

o =limsup,,_, ., o, <1and

B=limsupB,<oo withu=(@+B8)1+B)+B<1.

n— 00

(c) The sequence of set distances {D,} converges and {D,, — D%} — 0, where
D2 > d(xy, Tx,) — (U + 0 + Bo)d (X105 %04); V1 € Zy,. (3.2b)

Note if 8 = 0 in Definition 3.1(2), one has the subclass of weak proximal contrac-
tions. In this case, one gets by making x,,1 = u,,; Vu € Zo, that d(x,,x,,1) < o"d(x0,%1);
Vn € Zy,, so that d(x,,x,,1) = 0 as n — o0, since « < 1, provided that d(u,, Tx,) = D and
dxn, Txy) < (1 + a)d(xy, x441) + AUy, Txy); Y0 € Zo, implying d(x,, Tx,) — D as n — 00
and under the conditions that {x,} C A and {Tx,} C B converge they should necessar-
ily converge to best proximity points. Note that Definition 3.1(1) relaxes Definition 3.1(2)
and Definition 3.1(3) allows considering weak proximal contractions with sequences built
from non-self-mappings which have iteration-dependent image sets.

The following results hold.

Proposition 3.2 Let A and B,; Vn € Zy, be non-empty subsets of a metric space (X,d).

Assume that T : A — (| By,), such that Ay is non-empty and T(Ao) C Boy; V1 € Zy,., with
D, =d(A,B,); Yn € Zy, satisfies the contractive condition:

d(xn+1r xn+2) = ad(x,,+1, xn) + IB(d(Txm xn+1) - Dn); Vne Z+- (33)

Then the following properties hold:
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n
d(xn+1rxn+2) = Mn+ld(x07xl) + :3 Z/’Ln_k(D]? _Dk); Vn e Z+7 (34)
k=0

which is bounded for any finite xo € A if u <1and Y ;_, W' k(|Dy - DY) < 00,
where u = (a + B)(1 + B) + B, and the sequence {D°} satisfies (3.2b) which can be
relaxed to (3.5) below

Dg >dx,, Tx,) — U+ a + B)d(xy, Xp41); V€ Zo,. (3.5)

(ii) If(3.3) holds, subject to (3.5), with u < 1 then

n

1_
(% x0) < W'd(x0,%1) + ——B sup |Dg- DY, (3.6)
1- M 0<k<n+l

lim sup (d(xn,xml) - L( sup |Dy - D2|>> <0, (3.7)
n—00 11— No<ksn

limsup(|d(xs1, Tn) — A%, Tn)| = A(nr %001)) <0, (3.8)

lim sup(’d(xn,,l, Tx,) — d(x,, Txn)| - sup ’Dk - D,? |> <0, (3.9)
n—00 1-p 0<k<n

lim d(x,, %41) = 0; lim (|d(Xus1, THn) — d (%, Tan)|) = 0 (3.10)

n—00 n—oo

if |D, — D% — 0 as n — oo.
(iii) If (3.3) holds subject to (3.5) with u < 1 then
lim inf[ min (d(%,., T%,) — Dy (%11, %) = D) | = 0, (3.11)
n— 00
1
lim sup (d(x,,, Tx,) —Dg - M( sup |Dk —D,?D) <0, (3.12)
n—00 1-pn 0<k<n
2

lim sup (d(xm, Ti,) — DO — M( sup | Dy — D} |)) <o. (3.13)
n—00 1-p 0<k<n

(iv) If u <1and|D, — D% — 0 as n — oo then the limits below exist and are identical:

lingo(d(xn; Tx,) _Dg) = lingo(d(xn; Tx,) _Dn) = lingo(d(xn; Tx,) _Dg)

lingo(d(xn+l: Tx,) — Dn)' (3.14)

If (3.3) holds, subject to (3.5), with u <1, {D%} — D and {D,} — D then
1imn—>oo d(xnr Txn) = hmn—>oo d(xm—l’ Txn) =D.

Proof Since d(A, B,) = D, we have d(Tx,, X4+1) > Dy; Y € Zg,. Also, if follows from (3.5)
and (3.3) with u = (¢ + B)(1 + B) + B that (3.4) holds since

A(Xn12,%n41) < 0d(Xni1,%0) + B(d( T %) + A(Xs Xi1) — Di)

= (Ol + ,B)d(xnﬂrxn) + ﬂ(d(Txmxn) - Dn)
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< pd(Kyi1, %) + ﬂ(Dg _DV’)

n
< wd(wo, ;) + BY W H(DR-Dx); VneZ, (3.15)
k=0

forany givenxy € A. If u <land ) ;_, W k(| Dy —D,€|) < oo then the sequence {d(x,,, x,,1)}
isbounded. Thus, property (i) has been proved. The relations (3.6) and (3.7) of property (ii)
follow directly from (3.4) of property (i) if i < 1. On the other hand, the triangle inequality
and (3.5) lead to (3.11) since

|d(xn+1; Txn) - d(xm Txn)| =< d(xmxnﬂ)-

The relation (3.9) follows from (3.7) and (3.8). To prove (3.10), note that if lim,,_, o (D,, —
DY) = 0, then for any given ¢ € R,, there is m = m(g) € Zo, such that sup,, ,,,,.1 1Dk —
DY| < ¢ forany n (€ Z,) > m and then, from (3.10), limsup,,_, .o d(%,+1,%,) < 1’2—2 Since ¢ is
arbitrary, the limit lim,_, o, d(x,,, x,,1) exists and lim,,_, o d(x,,, %,,1) = 0. This property and
(3.8) yield directly lim,,_, oo (|d (%41, Txy) — d(x,,, Tx,)|) = 0 and then property (ii) has been
fully proved. To prove property (iii), note that (3.11) holds directly from d(A, B,) = D,;
Vn € Zy, and {x,} C A. Also, (3.5) leads to (3.12) by taking into account (3.7). The relation

(3.13) follows from (3.7), (3.12), and the relation
d(xn+lr Txn) =< d(xm Txn) + d(xn+1y xn); Vn e ZO+'

Hence, property (iii) has been proved. Property (iv) is a direct consequence of property (iii)
for the case when d(x,,x,,1) — 0 and |D, - D9,| — 0 as n — oo including its particular
sub-case when {D%} — D and {D,} — D. O

Note that Proposition 3.2 is applicable to the strongly generalized asymptotic weak prox-
imal contraction of Definition 3.1(3) which do not need the fulfilment of the implying part
of the logic proposition of Definition 3.1(1)-(2) but the distances of sequences of sets sat-
isfy (3.2b) or, at least, (3.5). The subsequent result is concerned with the existence and
uniqueness of best proximity points if, in addition to the assumptions of Proposition 3.2,
the set-theoretic limit of the sequence {B,} exists and is closed and approximatively com-
pact with respect to A.

Theorem 3.3 Under all the assumptions of Proposition 3.2 and property (iii), equation
(3.10), assume also that (X, d) is complete, that A and B,; Vn € Zy,, are non-empty subsets
of X such that A is closed, Ay is non-empty, the set-theoretic limit B := lim,,_, o, B, exists,
is closed and approximatively compact with respect to A (or the weaker condition that Ag
is closed) and T(Ao) C By. Assume also that the non-self-mapping restriction T : A|A; —
(UB)|B, for some subset A1 C A, which contains the set of best proximity points Ao, is
a strongly generalized asymptotic weak proximal contraction. Then T : A|A; — B has a
unique best proximity point if u < 1.

Proof Since d(x,.1,%,) = 0 as n — oo, {x,} — x from (3.10). Since {x,} C A and A is
closed we have x € A. Since D,, < d(x,,,1, Tx,,) = {d(x, Tx,))} (— D) since {D,,} — D, because
{B,} — B;and |D, —d(x,, Tx,)| < d(x, %4:1); Y1 € Zy... Since B is approximatively compact
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with respect to A and {x,} C A, there are y € Ay and a sequence {x,} C A, such that {x, —
x,} — 0, then {%,} — x since {x,} — x, and {Tx,} C B such that one gets as n — oco:

d(x,, Tx,) — d(y,B) = D; d(x,,B) — d(y,B) = D; d(x,,B) — d(y,B) = D,

{d(xy,, Tx,)} — D, {d(xy41, Tx,)} — D and {d(x, Tx,)} — D. Since B is approximatively
compact with respect to A and {x,} C A, the sequence {Tx,} C | J B, such that Tx, € B,,
has a convergent subsequence {Tx,, } — z € B, since B is also closed and both {Tx,, } and
{Tx,, } have the same limit z € B. Also, z € c1 By and d(x, Tx,,) — D (= d(x,2)) as k — o0 so
that x is a best proximity point of T : A|A; — B. Note that since the limit set B exists, it is
omen B s0 that
By € B C | JBj so that there is a restriction T : A|A; — (| J B,,)|B for some A; C A which is
non-empty. Assume not so that A; = @. If A; = @ then Ay is also empty which is impossi-

by construction the infinite union of intersections of the form B =2,

ble then A; # @. It is now proved by contradiction that the best proximity point is unique.
Assume this not to be the case so that there are two best proximity points x, y such that
there are two sequences {x,,} — x and {y,,} — y contained in A. Since T : A|A; — (| B,)|B
is a strongly generalized asymptotic weak proximal contraction, one gets from the implied
logic proposition of (3.1) with # =x and v = y and D,, = D that

(1-a)d(x,y) < B(d(Tx,y) - D) < Bd(Tx,x) + Bd(x,y) — BD
= /361(%»)’),

which fails for 0 < <1 -« if x #y. Thus, x = y. O
Closely to Theorem 3.3, the following result can be proved.

Theorem 3.4 Let A and B,; Vn € Zy, be non-empty closed subsets of a complete metric
space (X,d). Assume that T : A — (| By,) is a weakly generalized asymptotic weak proxi-
mal contraction, such that Ay is non-empty and T(Ao) C Boy; Vi € Zy,, with D, = d(A, B,)
and T(A)N B, # &;Vn € Zy,. Assume also that the set limit B := lim,,_, o, B, exists, is closed
and approximatively compact with respect to A, or instead, the weaker condition that A,
is closed. Then T : A — (| J By,) has a unique best proximity point.

4 Examples

Two examples are described to the light of proximal contractions. The first one is con-
cerned with the solution of algebraic systems which can have more or less unknown than
equations and which can be compatible or not. The second one is referred to an identifi-
cation problem of a discrete dynamic system whose parameters are unknown and which
can be subject to unmodeled dynamics and/or exogenous noise which makes not possible,
in general, an exact identification.

Example 4.1 (Moore-Penrose pseudo-inverse) The problem of solving either exactly or
approximately a linear system of algebraic equations is very important and it appears in
many engineering and scientific applications. It is possible to focus it to the light of best
proximity points of non-self-mappings as follows. Consider the linear algebraic system
Cx = e where C € R (a real matrix of order n x p) and e € R?. It is known from the
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Rouché-Frobenius theorem from Linear Algebra that a solution x € R? exists if rank(C, e) =

rank C. The solution is unique given by x = C~le if p = 1, and rank C = p with the algebraic

system being determined compatible. If rank(C, €) = rank C = g < min(n, p) # n then there

are infinitely many solutions and the algebraic system is indetermined compatible being,

in particular, overdetermined if # > p and undetermined if # < p. If rank(C, €) > rank C then

the algebraic system is incompatible. A more general setting is CX = E, where C € R"*?,
E € R"*% aregiven and X € RP*? isa solution which exists if and only if rank C = rank(C ‘E).

The following cases hold:

()

If rank C = rank(C:E) # p, then C*CE # E, and there are infinitely many solutions of
the form X = C*E + (I - C*C)W with C* being the Moore-Penrose pseudo-inverse
of C. The domain of the non-self-mapping T¢ : A — B, represented by the matrix
C, can be restricted to A ={X =C*E+ (I - C*C)W : W € R?*?}. To close a proper
formalism we extend the matrices in A to matrices A C R?*™2x(#.9)-9 and those in B
to B C R"™*Mx(:0)-7) by adding zero columns (if p # g either A # A or B # B) and we
consider them as subsets of X = R"*™:9)-4) and consider the metric space (X, d)
with d being the Euclidean metric so that D = 0 with the sets of best proximity
points of A and B being;

Ag=A={X=(X:0):X=CE+(I-C'C)W,W e R"™4,0 ¢ R(mxp)-0}
By =B={(E:0):0 e R*mxpa)-P)},

Ay is the set of solutions of the compatible indeterminate algebraic system.
If rank C = rank(C: E) = p then the solution X = C*E is unique and
Ay =A={(C*E:0):0 € R"*max(P0)-0)} consist of one element which is the unique

solution. )
If min(p, n) > rank C < rank(C: E) then C*CE # E and the algebraic system is

incompatible. By considering (X, d) as a Banach space endowed with the Euclidean
norm, we can check for the best solution which minimizes ||CX — E|| over X € R?*?
if it exists. Such a solution exists in a least-squares sense and it is unique if

n > rank C = p < rank(C: E), since CTC is non-singular, of order p, and

C* =(CTC)"ICT, and X = (CTC)'CTE minimizes |CX — E| over the set of
matrices X € R?*7 so that D = d(A, B) = [|((CTC)™'CT - I)E||, the sets of best
proximity points of A being

Ag=A={X=(X:0):X=(CTC)"'CTE,0 e R},

since (I - C*C) = 0 and By, is as the above one of case (a). Ay is the best solution of
the incompatible algebraic system.

The pseudo-inverse can be calculated without inverting C” C by the iterative process:

nel =

ra=@2I-CC)C; neZy;  Cf suchthat CiC=(C;C)"

(so-called Ben-Israel-Cohen, or hyper-power sequence, iterative method [21]). It follows

that C; — C* as n — oo since (1) C* is unique; and (2) the iterative process satisfies the

pseudo-inverse properties C* = C*CC* and C*C = (C*C)* under the replacement C; —
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C*; Vn € Zy,. By using the iterative process, we can also define sequences of sets and

associate sequences of distances by:

D, =d(A,,B)=|(C; -1)E| > D=|(C"-I)E| asn— oo,

By=B={(E:0):0 e R™M>pa)-P)}

To =y = {(CIE10) 10 € RP a0}, 7,
:Z: {(C+EEO) :OeRnX(max(p’q)*q)} as 1 — 00;

By and Ay, are unique, if the pseudo-inverse C* = (CTC)"1C exists for the given initial C§.
However, if rank C = rank(C:E) # p, so that E # C! C,E (case (a) - incompatible algebraic
system) then if we use the iterative procedure:

va=021-CIC)C; neZ,;  Cf suchthat C;C=(CiC)%,

nel =

Z()n = ZOn(Wn)
= {X = (X,:0): X, = CIE + (I - C;,C,)) Wy, W, € R"9,0 € R (mox=a)}

is a non-unique set of arbitrary solutions of the incompatible algebraic system of which
the best (error-norm minimizing) solution is the unique one described above. For ini-
tial conditions satisfying C;C = (C;C)*, for instance, C; = (C*C + 8I)"!C*, § € R, the

Gy =C*ll

pseudo-inverse converges quadratically to its limit, that is, lim,,_, » T

—r A0 = > 0. Fur—
CinCZ =P

thermore,

Dy, = %41 — Cxyll = ||xn+1 — CC;E

; VYme Z()Jr

and, since the convergence of the pseudo-inverse is quadratic, there is a bounded posi-
tive sequence {p,} — p such that since {x,}, {y,} — x* = C*E, since the pseudo-inverse is

unique when it exists; we have

”xn+1 _yn+l|| = || (C;+1(x0) -C'+C" - C;—*—l(y()))b”
= (pu][ (G o) = €7 + €7 = CL00))B[) [ (G o) = €7+ €7 = CL00)) 0
= (pull (G x0) = G0} ([l = 2" = 3 + 27])
= png(”xn _yn”); Vn (> no) € Zo,
for any given ¢ € R* any n (> ny) € Zy, and some 1y = no(g) € Zy,. Since the choice of ¢ is

arbitrary, the iterative process is an asymptotic proximal contraction since, for any given
real p; € (0,1) there is no; = no1(g, p1) € Zo, such that p,e < p1; Vn (> no) € Zy,.

Example 4.2 (Parametrical estimation of an uncertain discrete dynamic system) Con-
sider d : X x X — Ry, to be a homogeneous translation-invariant metric and two non-
empty sequences of closed subsets {Ao,} and {By,} of X, with Ay, N By, # @ with mu-
tual distances Dg = d(Aou, Bon); Y1 € Zy, such that each proximal set Agn C Agpy, of Ag, to
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By, is non-empty; Vn € Zy,. Now, built {x,} C Ao, being a nominal proximal sequence
to By, constructed such that, given a proximal mapping T : | J iezo, iez,, Boj with
AgjlAgy — Byj|Bos; V1 € Zy,., that is
T(Aon) C Boy for any n € Zo, is non-empty, then d(x,,.1, Tx,,) = D%; Vn € Zy,. We also con-

A()j d

non-empty images of its restrictions 7":

J€Zo+ J€Zo+

sider a sequence of proximal mappings 7}, : UjeZO,, Ai—-U iez,, Bj for sequences of closed
subsets {4,} and {B,} of X, with A, N B, # @ with mutual distances D, = d(A¢,, Bon);
Vn € Zy, such that each set of best proximity points Ag CA, CAgy, of A, to B, is non-
empty; Vn € Zy,. Build a proximal sequence {y,} C A, to B, constructed such that, given
a sequence {T},} of proximal mappings T, : Ujezo+ Aj— U/eZo+ B; with non-empty images
Aj|An - U B]’|Bm then d(yrwl: Tnyn) =Dy Vn € Zy,.

of its restrictions T : iczo,
Define sequences of measured and operator errors as follows:

J€Zo+

Xy = Yu — X3 Tn =T,-T; VnelZy,, (4.1)

which can be associated with a parametrical identification problem of a discrete dynamic
system, where {x,} is the sequence of measured data, or measurable output, of the iden-
tified system and {y,} is the corresponding data given by the identifier, i.e. the sequence
of adjustable data, which is a recursive parameter estimator [22—24]. Then the following
distance constraints for the best proximity points of the identified system and its associate
estimator, operators, parameters, and sequences are relevant to the studied problem:

A1, Ten) =Dyyyys AWt Tuyn) = D, (4.2)
T,=T+Ty Vnsl = Xyl + Xsl, Xns1 = Yuel = Ysls (4.3)
Pusr =0 x, = (énT,OT) (ng,x/nT)T = Ty, = T, (4.4)
300 =0Tx, = (07,67) (O, &) = Tu® + T'%, + d° = T, + d (4.5)

Vn € Zy,, where the superscript ‘T’ stands for transposition, is the measured output of
the real process, and 6, 6’ are parameters of the modeled and unmodeled dynamics of the
discrete dynamic system provided it is linear in the parameters; {6,} is an estimated se-
quence of the parameter vector 6 of the modeled part, d° is the internal noise, T is the
auto-regression operator which provides the nominal output; T, is the auto-regression

operator which provides the nominal value of the output from the nominal part 2 of the

or T
n ’xn

whole process regressor x,, where x, = (x )T, such that x0 is the nominal regres-
sor (that is, the regressor of the modeled dynamics), x, is the regressor associated with
the unmodeled dynamics, and T’ is the auto-regressor operator which supplies the con-
tribution of the unmodeled dynamics of the system to the measured output. Note that
the above metric space can also be considered a normed space when endowed with the

metric-induced norm since the metric is homogeneous and translation-invariant.

Remark 4.3 The subsequent equations describe the identification process when the iden-
tified process is linear in the parameters as well as the estimation parallel process. Thus,
the measured output and estimated output sequences, respectively, y2, 7, are real scalar
products of a parameter vector, respectively, 6, 6, by their associated regressors, respec-
tively, 2%, &/, which are associated with previous values which depend on the order of
the modeled and unmodeled parts of system. All the parameters 6 (parameter vector
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of the modeled part) and 6’ (parameter vector of the unmodeled part) are assumed to
be unknown in the most general framework, the first one being estimated by the esti-
mation algorithm. The dimension of 6, so that its estimation 6,, are known while that
of 6’ is unknown, in general. The updating process of the estimation is of the form
O = én+l(9n:yn+1:yn+1:
stance, recursive or batch, least-squares type algorithms. The unmodeled parameters, i.e.

0); n € Zy, and it is performed through an algorithm, like for in-

the components of 6’ are not estimated. Thus, there are three sources of identification
error in the process, that is, the error between the identified system and its identified
counterpart (or parametrical identification algorithm), namely, (a) the fact that 6 is un-
known so that the nominal parametrical error 0, = én —0 (n € Zy,) is nonzero, in general;
(b) the eventual presence of output exogenous additive noise d, (1 € Zy,); (c) the presence
of unmodeled dynamics for which no parametrical estimation algorithm is included. The
whole identification process can also be described through linear operators defined to the
light of the formalism of Section 2. Such a description is also incorporated in the sequel
under the form of equalities to the linear parametrical description. It can be pointed out
that this alternative parallel description is also useful to describe nonlinear processes by
the appropriate definitions of the operators describing the trajectory sequences as 7, T,
and their auxiliary ones for the modeled and unmodeled dynamics.

The identified process and its estimation algorithm are described through the equations
below in the particular case that the identified process and the estimator are in a parallel
operation so that they share a common regressor x,,:

wu = (5T x7) " = (00, B2l 4)) )

= (T2 + T, + d% By (2%,%) ") = T, + dby, (4.6)
yor = G Er(6,5) )" = (Tl Ea(a,,) ) = T, (4.7)
Fust = (net = ynr, 07) " = (072007, 07)"5 6, =6,-0 (4.82)
= (B = a0 = T, — d®,07)" = (Tl — T, — d2,07)" (4.8b)
= Tty — Tty — dy = Ty — dby, (4.8¢)
d,= (00 6,=0,-6; T,=T,-T; T,=%,-T (4.9)
Ty = dyy = (T = Ty = (T = T)a = T, - d%,07) " (4.10a)
= (6740 -0, ~d5,07)", (4.10b)

Tvanat + dyr = (Tt = Dina = (Tya = T)(Txy + dy)
= (T = T)(Ta0 + T/, + d% By (2%, %)) (4.11)

Vn e Zy, and E; =
the columns less one which loses the last value of the regressor of the preceding sample.

(I:0) is a rectangular matrix with a number of rows equalizing that of

In real identification situations, we see that:
(a) Ty, «0 - are both known;
(b) x, - the whole regressor, which includes the contribution of the unmodeled
dynamics, is partially unknown, since the sub-vector x), of x,, is of unknown
dimension since the order of the unmodeled dynamics contribution is unknown;
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(c) T, T, T’ - are unknown or not precisely known;

(d) T, - is known; d? - is unknown;

(e) »°, 3, - are known, the first one by direct measurement, and the second one since it
is generated by the estimation algorithm.

The following sequences are relevant for the identification problem x, =y, — x,; T, =
T,—T;Vn € Zy, so that we also define

n+1 = d((), ’Tnxn) + d(icnﬂr Tin) + d(0¢ Tn&n)
= d(0, Tyxy) + d(Ty, Ty + dy) + d(0, T,&y) < gt

=d(0, Tox,) + d(T i, T) + d(Tp, Ty + d,) + d0, T,%,); VneZo, (4.12)

so that, related to the results of Section 2, Lemma 2.2, we can adjust the estimation algo-
rithm sequences to the real data according to the following distance best proximity con-

straints:

AWns1s TuYn) = D1 = iy + Xni1, T + TiX)
< dni1s Tuxn) + ATy, Ty + Tk — Xpi1)
< A1, Tn) + d(T, Ty + Tt) + At Ton)
< d(ns1, Trn) + d(0, Tpxy) + dFoss Ton) + AT, T + Try)
<D?,, +d(0, Tyx,) +d(0, Tyiy) + d(Tyin, TZy) + d(T%,, T, + dy)
=D% +gun1; VYneZ, (4.13)
A(Xps1, Txn) = DY,y = At — Znst, Ty — Ty)
< dWns1, Tyn) + A(TXy, X41)
< Dy + d(Tyy%, 0) + d(Tp%, 0) + d(TEpy Ty — )

=< Dn+1 + dn+1s Vn e ZO+, (414')

then

maX(Dn _gn) 0) =< Dg =< Dn +gm
(4.15)
max (DY) - g,,0) <D, <D +gy; VneZ,.

If g, — 0 as n — oo, i.e. if all the uncertainty sources of noise/unmodeled dynamics and
the identification error between the true process vanish asymptotically and the identifier
(T,}—>0 uniformly, then (Ty— T uniformly, T’ =0, then |D% - D,| — 0 as n — oo and
{D%,{D,} - D =0.For {D°} — D, itsuffices {||d,||} - D from (4.6) with D = 0 if and only
if {d,} — 0, that is, if {d°} — 0. However, if T’ is not the zero operator (in the linear case,
if the parameter vector of the unmodeled dynamics 6’ is nonzero), then even if { T — T
uniformly (perfect asymptotic identification of the modeled dynamics - in the linear case
{é,,} — 6, equivalently {6,} — 0) and {lId2]} converges, it can happen that {D,} does not
converge in the sense that the best proximity points of the identifier are not subject to a set
distance which converges. Typically, in the linear case with a scalar measurement, there is
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an identification error of the form
d(xn+lryn+1) = ||xn+1 _yn+1|| = _9”Tx2 +f(9/;x/n¢ d?,)r Vn e ZO+

[9-11], which does not converge to zero asymptotically, in general, except if f = 0, and
{T,} is not a proximal contraction. The relevant equations for the identification process
are (4.10a), in the general case, and (4.10b) in the linear-in-the parameters case, provided
that the measured data sequence is scalar (i.e. the first component of the regressor). It is
observed that a sufficient condition guaranteeing {Tnx,, - Tn+lxn+1} — 0 is:

@) {du} —d.

(b) {T"x,} — ., that is, the contribution of the unmodeled dynamics vanishes
asymptotically to an equilibrium. There are typically two situations for that to
happen, namely, (bl) T’ = 0, that is, the process is perfectly modeled so that the
order of its whole dynamics is known. This occurs very seldom in controlled
processes which have to work under very different or changing operation conditions
along large time intervals, (b2) the unmodeled dynamics process converges to an
asymptotically stable partial equilibrium x,.

© (T)—>T uniformly under the updating estimation algorithm
f"ml = Tml(f},xn, y2+1(d2+1)); Vn € Zy, employed under a given initialization, i.e.,
there is a perfect asymptotic identification of the modeled dynamics achieved.
Again, it is difficult in practice to achieve the perfect identification objective of the
modeled dynamics, even if {d,} — d and {T'x],} — «x, unless d = 0 and «}, = 0.

Note that the property {T“Hx,, - ~n+1x,,+1} — 0 does not ensure that the error opera-
tor sequence (T, converges to a proximal contraction but the result is obtained that the
equations of best proximity points (4.2) hold with asymptotic convergence and asymptotic
convergence of the distance sequences {D%},{D,} — 0.
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