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The aim of this paper is to present fixed point result of mappings satisfying a generalized rational contractive condition in the setup
of multiplicative metric spaces. As an application, we obtain a common fixed point of a pair of weakly compatible mappings. Some
common fixed point results of pair of rational contractive types mappings involved in cocyclic representation of a nonempty subset
of a multiplicative metric space are also obtained. Some examples are presented to support the results proved herein. Our results
generalize and extend various results in the existing literature.

1. Introduction and Preliminaries

Fixed point theory provides the most important and tradi-
tional tools for proving the existence of solutions of many
problems in both pure and applied mathematics. In metric
fixed point theory, the interplay between contractive con-
dition and the existence and uniqueness of a fixed point
has been very strong and fruitful. The study of fixed points
of mappings which satisfy certain contractive conditions
has primary applications in the solution of differential and
integral equations (see, e.g., [1-5]). Theorems dealing with
fixed point of certain mappings inspired and motivated the
development of many other important kinds of points like
coincidence points, intersection points, sectional points, and
so forth.

One of the basic and most widely applied fixed point
theorems in mathematical analysis is “Banach Contraction
Mapping Principle” (or Banach’s Fixed Point Theorem). Kirk
et al. [4] obtained some fixed point results for mappings
satisfying cyclical contractive conditions. The Banach con-
traction mappings are continuous mappings, while cyclic
contraction mappings need not be continuous. Pacurar and
Rus [6] studied some fixed point results for cyclic weak

contractions. Pigtek [7] obtained some results on cyclic Meir-
Keeler contractions in metric spaces. Using fixed point result
of weakly contractive map, Karapinar [3] established some
interesting fixed point results for cyclic ¢-weak contraction
mappings. Recently, Derafshpour et al. [8] obtained results on
the existence of best proximity points of cyclic contractions.
For more results in this direction, we refer to [9-15].

Banach contraction principle has been generalized either
by extending the domain of the mapping or by considering a
more general contractive condition on the mappings. Ozavsar
and Cevikel [16] proved an analogous result to Banach
contraction principle in the framework of multiplicative
metric spaces. They also studied some topological proper-
ties of the relevant multiplicative metric space. Bashirov et
al. [17] studied the concept of multiplicative calculus and
proved a fundamental theorem of multiplicative calculus.
They also illustrated the usefulness of multiplicative calculus
with some interesting applications. Multiplicative calculus
provides natural and straightforward way to compute the
derivative of product and quotient of two functions [18].
It was shown that the multiplicative differential equations
are more suitable than the ordinary differential equations
in investigating some problems in economics and finance.
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Due to its operational simplicity and support to Newtonian
calculus, it has attracted the attention of several researchers
in the recent years. Furthermore, based on the definition of
multiplicative absolute value function, they defined the mul-
tiplicative distance between two nonnegative real numbers
and between two positive square matrices. This provided the
basis for multiplicative metric spaces. Florack and van Assen
[19] gave applications of multiplicative calculus in biomedical
image analysis. He et al. [20] studied common fixed points
for weak commutative mappings on a multiplicative metric
space (see also [21]). Recently, Yamaod and Sintunavarat [22]
obtained some fixed point results for generalized contraction
mappings with cyclic (a, $)-admissible mapping in multi-
plicative metric spaces.

In this paper, we obtain fixed point result of a generalized
rational contractive mapping in the framework of multiplica-
tive metric spaces. Employing this result, a common fixed
point of a pair of weakly compatible mappings is obtained. We
study the sufficient conditions for the existence of common
fixed points of pair of rational contractive types mappings
involved in cocyclic representation of a nonempty subset of a
multiplicative metric space. Our results generalize and extend
comparable results in [3].

ByR,R",R", and N we denote the set of all real numbers,
the set of all nonnegative real numbers, the set of all n-tuples
of positive real numbers, and the set of all natural numbers,
respectively.

Consistent with [16, 17], the following definitions and
results will be needed in the sequel.

Definition 1 (see [17]). Let X be a nonempty set. A mapping
d: X xX — RYissaid to be a multiplicative metric on X if
for any x, y, z € X, the following conditions hold:

(i) d(x, y) = land d(x, y) = 1l ifand only if x = y.

(ii) d(x, y) = d(y, x).
(iil) d(x, y) < d(x,2) - d(z, y).

The pair (X, d) is called a multiplicative metric space.

We define absolute valued function that includes the
negative real numbers in its domain.

Definition 2. A multiplicative absolute value function | - | :
R — R*isdefined as

[ x ifx>1,
1 .
-  ifxe(0,1),
x
1 ifx=0, €]

|x|:<

-2 ifxe(-1,0),

|—x  ifx<-1

Using the definition of multiplicative absolute value
function, we can prove the following proposition.

Proposition 3. For arbitrary x,y € RY, the multiplicative
absolute value function | - | : R* — R" satisfies the following:
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D |x| = 1.

(2) x < |x|.

(3) 1/Ix| < xifx > 0and x < 1/|x| ifx < 0.
(4) Ix -yl < x|yl

Example 4 (see [16]). Let X = R} Then

x| |x x
d (x’y): ZL (22, |20 ,
' yil 1y Y
x| |x x
d (x,y):max{ St Y et —"}
? yil'ly, Vo

define multiplicative metrices on X, where x = (xy,x,,...,
x,)and y = (¥, ¥, ...» ¥,) € R

Definition 5 (see [16]). Let (X, d) be a multiplicative metric
space, x, an arbitrary point in X, and € > 1. A multiplicative
open ball B(x,, €) of radius € centered at x,, is the set {z € X :
d(z, x,) < €}

A sequence {x,} in a multiplicative metric space (X, d) is
said to be multiplicative convergent to some point x € X if,
for any given & > 1, there exists 7, € N such that x,, € B(x, €)
for all n > n,. If {x,} converges to x, we write x, — x as
n — 0o.

Definition 6 (see [16]). A sequence {x,} in a multiplicative
metric space (X, d) is multiplicative convergent to x in X if
and only if d(x,,x) — lasn — oo.

Definition 7. Let (X,dx) and (Y,dy) be two multiplicative
metric spaces and x, an arbitrary but fixed element of X. A
mapping f: X — Y issaid to be multiplicative continuous
at x, ifand only if x, — x; in (X, dy) implies that f(x,) —
f(x,) in (Y,dy). That is, given arbitrary & > 1, there exists
0 > 1 which depends on x; and € such that dy(fx, fx,) < ¢
for all those x in X for which d y(x, x,) < 6.

Definition 8 (see [16]). A sequence {x,} in a multiplicative
metric space (X,d) is said to be multiplicative Cauchy
sequence if, for any ¢ > 1, there exists n, € N such that
d(x,, x,,) < eforallm,n > n,.

A multiplicative metric space (X, d) is said to be complete
it every multiplicative Cauchy sequence {x,} in X is multi-
plicative convergent in X.

Theorem 9 (see [16]). A sequence {x,} in a multiplicative
metric space (X,d) is multiplicative Cauchy if and only if
d(x,,x,,) — lasn,m — oo.

Example 10. Let X = C*[a,b] be the collection of all real-
valued multiplicative continuous functions over [a,b] € R*
with the multiplicative metric d defined by

d(f.g) = sup fx) for arbitrary f,g € X, (3)
xelab) 1 9 (%)
where | - | : R* — R" is a multiplicative absolute value

function. Then (C*[a, b], d) is complete.
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Recall that if f and g are two self-maps on a set X and
u = fx = gx for some x in X, then x is called a coincidence
point of f and g, and u is called a point of coincidence of f and

g.

Definition 11 (see [23]). Two self-maps f and g on a
nonempty set X are called weakly compatible if they com-
mute at their coincidence point.

We will also need the following proposition from [23].

Proposition 12. Let f and g be weakly compatible self-maps
on aset X. If f and g have a unique point of coincidence w =
fx = gx, then w is the unique common fixed point of f and g.

Definition 13 (see [12]). Let {X; : i = 1,2,..., p} be a finite
collection of nonempty subsets of a set X, where p is some
positive integer and f,g : X — X. The set X is said to have
a cocyclic representation with respect to the collection {X; :

i=1,2,..., p} and a pair (f, g) if
) X =Ul Xz
(2) f(X;) < g(Xz),...,f(Xp_l) C g(XP), f(XP) C
g(Xy).

Definition 14. The control functions y and ¢ are defined as
follows:

(i) v : [1,00) — [1,00) is a continuous nondecreasing
function with y(t) = 1 ifand only if t = 1.

(ii) ¢ : [1,00) — [1, 00)isalower semicontinuous func-
tion with ¢(t) = 1 ifand only if t = 1.

2. Main Results

In this section, we obtain several fixed and common fixed
point results of self-maps satisfying certain generalized con-
tractive conditions in the framework of multiplicative metric
space.

We start with the following result.

Theorem 15. Let (X,d) be a complete multiplicative metric
space and f : X — X. Suppose that there exist control
functions v and ¢ such that

y (Mf (x, )’))
d(fx, < ——, (4)
y(d(fx fy)) < o (01, (%7)
for any x, y € X, where
My (x,y) = max{d (x,),d (fx,x),d (),
©)

(d(fx,9)-d (fy.2)"}.
Then f has a unique fixed point.

Proof. Let x, be a given point in X. Define a sequence {x,,} in
X as x, = f"x, or equivalently as x,,,; = fx, forn € N. If
X = X4 for some k, then we have fx; = x;,; = x; and the

result follows. Assume that x,,,, # x,,, for all n € N; that is,
M (415 %,) > 1 for all n € N. From (4), we have

Ir’/ (d (xn+2’ xn+1)) = 1// (d (fxn+1’ fxn))

< 1// (Mf (xn+1’ xn)) (6)
- ¢ (Mf ('xn+1’xn)) ’

where
Mf (xn+1’xn) = max {d (xn+l’xn) ’d (fxn+l>xn+1) >
1/2
d (fxn’ xn) > (d (fxwrl’ xn) -d (fxn’ xn+1)) }
= max {d (xn+1’ xn) > d (xn+2’ xn+1) ’ d ('xn+1’ xn) >
(d (e ) (5 601)) "}
1/2
= mnax {d (xn+1’ xn) > d (xn+2’ 'xn+1) 4 d ('xn+2’ xn) }
)

< max {d (xn+1’ xn) > d (xn+2’ xn+1) >

(d (xn+2’ xn+1) -d (xn+1> xn))l/z}

< max {d (xn+1’ xn) > d (xn+2’ xn+1) >

( d (%12 Xe1) + A (X415 ) )}

2

= max {d ('xn+1> xn) > d (xn+2’ xn+1)} .
If My(xppp,%) < d(Xpyps Xpyy) for some k€ N, then
Y(d(Xpzs Xis1)) < YA (X5 X)) [ 9(M (X415 X)) implies
(M ¢ (xp415 %)) < 1, a contradiction. Hence M (x> X,) <
d(x,,,1> X,) for alln € N. Also, d(x,,1, x,) < M¢(x,,,,x,) for
alln € Nand hence M(x,,,,x,) = d(x,,,,x,) foralln € N.
Thus, we have

14 (d (xn+1’ xn))
(P(d (xn+1’xn)) (8)

<y (d (xn+1’ xn))

v (d (X420 X41)) <

which implies that

d(xn+2’xn+1) < d(xn+1’xn) (9)

for all n € N. Thus {d(x,,,,x,)} is (strictly) decreasing of
positive real numbers. Consequently, there exists ¢ > 1 such
that {d(x,,,,x,)} converges to c. Suppose that ¢ > 1. Now

y (Mf (xn+1’ xn))
¢ (Mf (xn+1’ xn))
and lower semicontinuity of ¢ gives that

llrfrisolép 14 (d (xn+2’ Xne1 ))

1// (d (xn+2’ Xn+1 )) = (10)

< lim Supn—»ooW(Mf (‘xn+l’xn)) (11)

- lim infn%oo ¢ (Mf (xn+1’ xn))

>



which implies that y(c) < y(c)/¢(c) < y(c), a contradiction
as ¢(c) > 1. Therefore, ¢ = 1; that is, lim,, , . d(x,,,x,) = 1.

Now, we claim that lim,, , d(x,,x,) = 1. If not,
then there exist ¢ > 1 and sequences {m}, {m} in N,
with me > my > k, such that d(x,,x,,) > ¢ for all
k e N. Without any loss of generality, we can assume that
d(x,, > X,y —1) < & Since {d(x,, _;,x,, )} is a subsequence of
convergent sequence {d(x,_;,x,)} — lasn — 00, then
{d(xmk,l,xmk)} — lask — 00.Now

e<d (xmk, xnk) <d (xnk,xmk_l) -d (xmk_l, xmk) (12)
implies that
Jim d (0%, ) = &. (13)

From (13) and inequality d(x,,,x,) < d(x,,,X,, 1) -
d(x,, 1> X, ), it follows that £ < limy _,  d(x,, _;,x,, ). Also,
the inequality d(x,, _,,x, ) < d(x,, _,x,, ) d(x,,,x, ) and
(13) give that lim; _, .,d(x,, _;,x, ) < & and hence we have

Jlim d (X 10, ) = €. (14)

Equation (14) and inequality d(x,, _1,x,, ) < d(x,, 1, X, 1)
d(x,, 1> %, ) imply that & < limy _, o, d(x,, ,x, ), while
inequality d(x,, _1,x, 1) < d(x,, _1,x,) - d(x,,x, ,,) and
(14) imply that lim; _, , d(x,, 1, X, ;) < & and hence we
have

lim d (xmk_l, xnkH) =& (15)

k — 0o

From (13) and d(x,,,x,) < d(x,,x, ) - d(x, 1,%,)
we have ¢ < lim_, . d(x,,,x, 1), and the inequality
A(x,, > X 1) < d(x,,,x,) - d(x, ,x, ) and (13) give that
limy _, o, d(x,, X, 1) < & So

Jim d (x,,,,%,.1) =& (16)
As
My (1) = max {d (3%, 1),
d (s %, ) 2 (fXpy 10X 1) »
(4 (% Simr) (00 f5)) "} 17)

= max {d (x“k’ xmk_l) d (x”k+1’ x”k) >

d (xmk’ xmk_l) > (d (x”k’ xmk) ’ (xmk—l’ x"k*'l))l/z} ?

we have limy _, o, M¢(x,,,x,, ;) = max{e, 1,1,¢} = &. From
(4), it follows that

Y (d (e 2,)) = v (d (0 fm1))

y (Mf (x"k’xmk—l)) (18)

< .
¢ (Mf (x”k’ Xmy—1 ))
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Taking upper limit as k — oo implies that y(e) <
y(e)/@(e) < y(e), a contradiction as € > 1. Thus, we obtain
thatlim, ,,, , ., d(x,,x,,) = 1, and hence {x,} is a multiplica-
tive Cauchy sequence in (X, d). Next, we assume there exists
apoint u € X such that lim d(u, x,) = 1; equivalently,

n— 00

,Aim d (% x,,) = lim d (1) = 1. 19)

Note that

d(fu,u) < My (1, x,) = max{d (ux,)  d (fu, ),

d (fp %) (d (, f,) - (x, fu)""*}

= max {d (u,x,),d (fu,u) ,d (01, %,)
(20)

(d (1,%,0) - (0 fu)'*} < max{d (u,x,)
d (fu’ u) ’d (xn+1’xn) >
(d (1,%01) - () - (u, )"}

Taking limitasn — 00, we conclude thatlim,, _, o, M ¢(u, x,,)
= d(fu,u). Hence

v (Mf (Ll, xn))
v (d (fu, fxp)) < —————= D
1 ¢ (Mf (u’ xn))
on taking upper limit asn — oo implies that
v (@ () < LaL) @)

¢ (d (fuu))

which further implies that fu = u.
To prove the uniqueness of fixed point of f, assume on
the contrary that fv = v and fw = w with v # w. Note that

v (d (v w) =y (d(fv, fw)) < % (23)
where
My (v,w) = max {d (v,w),d (fv,v),d (fw,w),
(@ (fvw)-d(fw,)) "} = max{d (), 24)

d(v,v),d (w,w),d (vw)-dwv)'"*} =d@vw).
From (23) it follows that

_vdmw)

d(vw)) =y (d(fr fw) <
v@dmw) =y (d(fr fw) s et (25)

<y(dvw)),

a contradiction as d(v,w) > 1. Hence v = w. O
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Corollary 16. Let (X, d) be a complete multiplicative metric
space and f : X — X. Suppose that there exist control
functions y and ¢ such that

W(Mf" (’“J’))

y(d(f"x fy)) < ) (26)
¢ (Mf" (x, ;V))
forany x, y € X and n € N where
Myo (x,y) = max {d (x,),d (f"%,x),d ("7, y),
27)

(d(f"xp)-d (f"yx)"}
Then f has a unique fixed point u and f"u = fu.

Proof. Set T = f". From Theorem 15, T has a unique fixed
point u. Now f(u) = f(Tu) = f™'(u) = f"(fu) = T(fu)
which implies that fu is also a fixed point of T. By the
uniqueness of fixed point of T', we have fu = u. O

Now, we recall the following lemma from [24].

Lemma 17. Let X be a nonempty set and f : X — X. Then
there exists a subset E € X such that f(E) = f(X) and f :
E — X is one-to-one.

Theorem 18. Let (X, d) be a multiplicative metric space and
fr9 : X — X. Suppose that there exist control functions vy
and @ such that

v (. fy)) < LR gy
¢ (M (gx, gy))
holds for any x, y € X, where
M (x,y) = max{d (x,y),d (fxgx),d (fy. 7).
(29)

(d(fx.g)-d (fy.9x))"}.

If g(X) is a complete subspace of X, then f and g have a
unique coincidence point in X. Moreover, if f and g are weakly
compatible, then f and g have at most one common fixed point.

Proof. By Lemma 17, there exists E € X such that g(E) =
g(X)andg: E — Xisone-to-one. Defineamaph : g(E) —
g(E) by h(gx) = fx. Since g is one-to-one on E, h is well
defined. Note that

v (M (gx, gy))

y (d (h(gx),h(gy))) < o (anay) ¥

for all gx, gy € g(E) where
M (gx, gy) = max {d (gx, gy) . d (h(gx), gx),
d(h(gy).gy),(d(h(gx),gy)-d(h(gy),gx))}

Since g(E) = g(X) is complete, by Theorem 15, there exists
x, € X such that h(gx,) = gx, = fx,. Hence, f and g have
a unique point of coincidence. From Proposition 12, f and g
have a unique common fixed point. O

3. Cocyclic Contractions

Now we obtain common fixed point results for self-maps
satisfying certain cocyclic contractions defined on a multi-
plicative metric space. We start with the following.

Theorem 19. Let (X,d) be a multiplicative metric space,
Ay, Ay, A, nonempty closed subsets of X, and Y = ul A,
Suppose that f,g:Y — Y are such that

(a) Y has a cocyclic representation with respect to pair
(f, g9) and the collection {A; :i=1,2,..., p};

(b) there exists control functions y and ¢ such that, for any
(x,y) € A; x A, i=1,2,..., p, the following,

( My, (x, y))

d (fx, (32)
v (d(fx, fy)) < o (M, (),
holds where
My, (x,y) = max {d (9x, gy) . d (fx, gx),
(33)

d(fy.gy),(d(fx gy)-d(fy,gx))"}

with A, = A,.

If g(A;) is complete subspace of X foreachi € {1,2,..., p},
then f and g have a unique coincidence point z € N2 g(A;) =
Z provided that f(Z) < g(Z) < Z and g(Z) is closed.
Moreover, if f and g are weakly compatible, then f and g have
at most one common fixed point.

Proof. Let x, be a given point in U7 A;. Then there exists
ip € {1,2,..., p} such that x, € A, Choose a point x; in
Ain such that flxg) = g(x)). Thls can be done because
f (A A; +1)- Continuing this process, for n > 0, there
ex1st31 € {1 2 ..» p} such that having chosen x,, in Ay
obtain x,,, in A; ,; such that f(x,) = g(x,,). If for some
ny = 0, we have f(x ) = f(xn +1), then f(x ) = glx,)
implies that x,, is the coincidence point of f and g. Assume
that d(f(x,,), f(xn+1)) > 1 for all n. From (b), we have

v (d (gxn+1’ gxn+2)) =V (d (fxn’ fxn+1))

l/J(Mf,g (xn’xn+1))
= (34)
% (Mf,g (xn’ Xnt1 ))
< v (Mf,g (xn>xn+1)) >
where
Mf,g ('xn’ xn+1) = max {d (gxn’ g'xn+1) .d (fxn’ gxn) >

d (fxn+1’ gxn+l) 4



(A (f 9%001) - d (fns 9%,)) "}

= max {d (g%,» 9%,1) (%115 9%,)
d(gXni2> 9% ps1) >

(d (e Grr) A (9% 9%,)) '}

< max {d (9% 9%i1) » A (9% 20 9%i1) »

(d (gxn+2’ gxn+1) -d (gxn+1> gxn))l/z}

< max {d (gxn’ g'xn+1) > d (gxn+2’ gxn+l) >

d (gxn+2’ gxn+1) +d (gxrﬁ-l’ gxn)
2
= max {d (9x,,, 9%y11) » 4 (9%12> %11 )} -
(35)

If, for some n, max{d(gx,, gx,.1),d(gX, 2> 9%Xp1)} =
d(gxn+2’ gxrﬁ-l)’ then Mf,g(xn’ xn+1) = d(gxn+2’ gxn+1) and

¥ (M (5 %))
1 d Xn+1> 9Xu =
(d (9% 11> 9%n12)) 9 (Mg (i X))

14 (d (gxn+2’ gxn+1))

¢ (d (%12 9%n11))
imply that ¢(d(gx,,, 9%,,1)) = 1, a contradiction as
d(%,1 G%e1) > 1. Hence d(g, 30 ) < A(G%0 9%001)
for all n. Thus My (x,,x,.,) < d(gx,gx,.). On the
other hand, we have M/ (x,, x,.,1) 2 d(gx,, gx,.,)- Hence
Mf,g(xn’ xn+1) = d(gxn’ g'xn+1)'

Similarly we obtain that d(gx,,,,, gx,) < d(gx,, gx, ).
Thus the sequence {d(gx,,, > gx,)} is nonincreasing. Conse-
quently, there exists § > 1 such thatlim,,_, d(gx,.;,>gx,) =
4. Suppose that § > 1. Now

(36)

4 (Mf,g (xn+1’ xn))

¥ (d (9%n12 9Xp11)) < » (37
" " ¢ (Mf,g (xn+1’ xn))
and lower semicontinuity of ¢ gives that
lim supy (d (9%, 9%11))
(38)

i supy ¢ (M (0 52)

~ lim inf, ¢ (Mf,g (2415 x2n)) ,

which implies that w(8) < w(8)/¢(d), a contradiction.
Therefore § = 1. That is,

Jim d (gx,,,1, 9%,) = 1. (39)

Assume that {gx,} is not a multiplicative Cauchy sequence.
Then, there is ¢ > 1, and there are even integers #; and 1
with my > ny. > k such that

A(gs950) > (0
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and d(gx,, _,, gx,,) < & Note that

e<d (gxmk,gxnk)

(41)
<d (gxnk’ gxmk—l) -d (gxmk—l’ g'xmk) .
From (39) and (40), it follows that
Jim d (g, 9,,) = & (42)
By (42) and
d (g‘xnk+1’ g'xmk) < d (gxnk+l’ gxnk)
(43)

d (gx”k’ gxmk) ’
we have limy _, ., d(gx,, 1> gx,,) < & Also, by (42) and
d (gxmk’ gxnk) <d (gxnk+1’ gxnk) -d (gxnk+1’ gxmk) (44)
we obtain that & < limy_, ,d(gx,, ;1> gx,, ). Hence
Jim d (g%, 05 9%, ) = & (45)
From (39) and

d (gxnkJrl’ gxmk—l) < d (gxnk+l’ gxnk)
(46)

-d (gxnk’ gxmk—l) >

we have lim _, ,d(gx,, .1, 9%, 1) < & By (45) and the
inequality

d (gxnk+l’gxmk) <d (gxnkJrl’gxmk—l)

(47)
-d (gxmk—l’ gxmk) >
we have & <limy._, ., d(gx,, 1> g%, —1)- Thus
Jim d (gx,, 1, 9%,,1) = &. (48)
Note that
Mf,g (x”k’ xmrl) = max {d (fx”k’ fxmrl) >
d (fxnk’ gxnk) > d (fxmk—l’ gxmk—l) ’
(4P 950, 1) (P 10%,)) )
(49)

= max {d (gxnkﬂ, gxmk) ,d (gxnkﬂ’ gxnk) ’
d (g'xmk’ gxmk—l) ’

(d (gxnk+1’ gxmk—l) -d (gxmk’ gx”k))l/z} '
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Consequently, hmk_moMf _1) =max{e 1,1,¢e} =&
Since x,, and x,, _, lie in cﬁfferent but adjacent labelled sets
A;and A, for some 1 <i < p, we have

¥ (d (9% 9%,)) = ¥ (4 (fo 9%, 1))
¥ (Mg (30 %)) OO
B (p(Mﬂg (x > k’l))

Taking upper limit as k — oo implies that y(e) < y(e)/¢(e),
a contradiction as ¢ > 1, and hence {gx,} is a multiplicative
Cauchy sequence in U; 19(A;). Since Ufz 19(A;) is complete,
there exists y € U7 g(A;) such that

Jim d (gx,, y) = 1. (51)

Consequently, we can find a point z in Y such that g(z) = y

Now we show that y € n? g(A;) = Z. From condition
(a)and x, € A, o for some i, € {1,2,..., p}, we can choose a
subsequence {x,, } in A; out of the sequence {x,}. Obviously,
{gxnk} 9(A;, ) As g(A ) is closed, y € g(A; ). Similarly,
we can choose a subsequence {xp1} in A, ; out of the
sequence {x,}. Obviously, {gx,, ..} € g(A; +1) As g(A; 1)
is closed, y € g(A; ). Contmumg this way, we obtain that
y € ﬂ 19(A;) and hence nP 19(A) #0.

Now we show that f (z) = g(z). Since z € Y, there exists
someiin{l,2,..., p} suchthatz € A;. Choosea subsequence
{x,, } of {x,} with X, € Aj_;.From (b), we have

v (d (g% f2)) = v (d(fx,, f2))

y (M (x02) O
(Mg (x02))

where
My, (5,2) = max (95,092 (Fo, 95,

4(f2.2)(d(f%,, 92) - (fo.9,.)) "}

(53)
= max {d (g, 2) 1 (9%, 1 9%, ) d (f2.62).
(d(gxs,192)-d (fz gxnk))l/z} :

On taking upper limit as k — oo we obtain that
d(fz
y(d(gz f2) < LOURID sy

¢ (d(fz 92))

and hence f(z) = g(z). Thus z is the coincidence point of f
and g.

Note that Z being a finite intersection of closed sets is
closed and hence complete. Consider the restrictions of f and
gon Z; thatis, fl,, gl, : Z — Z. Obviously, f|,(Z) <
glz(Z2) ¢ Z. Also g|,(Z) is closed and hence complete.
From Theorem 18, it follows that f|, and g|, have a unique

coincidence point in Z. As f and g are weakly compatible,
from Proposition 12, it follows that f|, and g|, have a unique
common fixed point. O

Corollary 20 Let (X,d) be a multiplicative metric space,
ALA,,.. nonempty closed subsets of X, andY = Uf_ A,.
Suppose thatfgg Y — Y are such that

(a) Y has a cocyclic representation with respect to pair
(f™, g") and the collection {A; : i = 1,2,..., p} for
somem,n € N;

(b) there exists two control functions y and @ such that, for
any (x,y) € A;jx A ,i=12,...,p,

v (Mf,g (x, ;v))

y(d(f"x f)) < (55)
¢ (Mg (x.7))
holds for some m,n € N, where
Mgy (%) = max{d (g"x, "y),d (f"x, g"x),
(56)

d(f"y.g"y).(d(f"x.g"y)-d(f"y.g"x)) "}

with Ay, = Ay

If g"(A;) is complete subspace of X for each i €
{1,2,..., p}, then f™ and g" have a unique coincidence point
z € ﬂplg (A;) = Z provided that f"(Z) < g"(Z) ¢
Z and g"'(Z) is closed. Moreover, if f™ and g" are weakly
compatible, then f™ and g" have a unique common fixed
point. Furthermore, f and g have a unique common fixed point
provided that f and g are commuting.

Proof. Set S = f™ and T = g". From Theorem 19, S and T
have a unique common fixed point u. Now S(fu) = f(Su) =
fuand T(fu) = f(Tu) = fu imply that fu is the common
fixed point of Sand T'. Also, T(gu) = g(Tu) = guand S(gu) =
g(Su) = gu imply that gu is also the common fixed point of S
and T'. By uniqueness of common fixed point of S and T, we
have fu = gu = u. O

Example 21. Let X = R and let d be a multiplicative metric on

X defined by d(x, y) = a7, where a > 1 is a real number.
For somec > 1,set A; = [-¢,0], A, = [0,c],and A; = A,.
Define f,g: U | A; — U- A; by

oax
fx)= T,

_ P
g(x) = o

(57)

where «, § > 1 with 6 < 58 and 8 < c. Note that f(A) =
[-a,0] € [-5,0] = g(A,) and f(A,) = [0,a] € [0,f] =
g(A).Y = A|UA, hasa cocyclic representation with respect
to pair (f, g) and the collection {A |, A,}.
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Define y, ¢ : [1,00) — [1,00) by
y(t)=t,
"2, if t € [1,28], (58)
p) =1,
t, ittt >2p.

Clearly v is continuous and nondecreasing, ¢ is a lower
semicontinuous, and y(t) = ¢(¢) = 1 ifand only if t = 1.

We show that condition (b) is satisfied. Now, for x € A,
y € A, implies

- W(d<“_:‘) "‘C_Y)> = y (a0

= gB¥/Ob—x) o J(5p/20)(y—x)

(&)

<My ()] 69)

v (d(fx fy))

=d(gx.gy)°
(M )]

(M (e )]
_ V/ (Mf,g (x’ y))

o (Mg (x.y))

Whenx € Ajand y € A,

2t

a(5ﬁ/26)(x—y)

v (d(fx fy)) =

= gB/al=y) o

(a(--2))"

=d (gx,gy) 512 [Mfg X, y)]s/2 (60)

My, )]

(M, (e )]

_Y (Mf,g (x, y))
¢ (Mf,g (x, y))

Thus, f and g satisfy all the conditions of Theorem 19.
Moreover, f and g have at most one common fixed point.

Example 22. Let X = Randd : X x X — R" be the
multiplicative metric defined by d(x, y) = €. Suppose

Discrete Dynamics in Nature and Society

A, = [-¢0], A, = [-¢/2,¢/2], and A; = [-c/4,c] and
A, = A, wherec > 0. Define f,g:U;_|A; — U_ A, by

{—f if x>0,

fr=q ¢

0 otherwise, (61)
2

gx = T

Note that f(A,) = {0} < [-1,1] = g(A,), f(A,)
[-1/2,0] < [-1/2,2] = g(A;), and f(A;) = [-1,0]
[-2,0] = g(A)). Hence Y = A, U A, is a cocyclic
representation between f and g.

Lety,¢ : [1,00) — [1,00) be as defined in Example 21.
To check condition (b), we consider the following cases:

Nl

(D Letx €¢ Ayand y € A, . If y € [-¢/2,0], then
d(fx, fy) = ¢® = 1 and hence (b) holds. If y €
(0, ¢/2], then we have

d(fx fy) =d <0, 4 ) = WAy < B0
c

2x 2y 52 5/2
=d<77> =d(gx, gy)

[Mf,g (x, y)]3 (62)

SM’g(x, )5/2: 1/2
SR AT

_ 1//(Mf,g (x’y))

9 (M, (%))
(2)Letx € Ayand y € A;.If x € [-¢/2,0] and y €
[—c/4,0], then d(fx, fy) = ¢’ = 1 and hence (b) is

satisfied. If x € [-¢/2,0] and y € (0, c], then we obtain
that

d(fx fr) =d(0,-2) = e

< e(lS/Zc)y

y 2y\*"? /
—d(-2.2) " —a(pe”

[Mf,g (x, y)]3 (63)

< Mgy (x7)]" = 7
[¥7a ) My, (x.)]"

_ 4 (Mf,g (x’ y))
‘P(Mf,g (x,y)).

When x € (0,¢/2] and y € (—c/4, 0], we have

(__ 0) l/c)x

X 2x

) it

c C

(15/2c)x

d(fx fy) =
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s2 (Mg ()]
< [Myy (0 y)] = 2
(5o ) (M, (x.)]"

_ 1//(1\/[]’,57 (x’y))

o(Mpy ()
(64)

For x € (0,¢/2] and y € (0, c], we obtain that

d(fx, fy) =d (_f i > = Ayl /ey

C C
2 5/2
—a(Z2) - d(gnay)”
M, (x, ) ’ (65)
T L
[Mf,g (x, y)]

_ V/ (Mf,g (x’y))
(Mg (x.y))

(B)Letx € Asand y € A,. If x € [-¢/4,0], then
d(fx, fy) = 1 and (b) is satisfied. If x € (0,c], then
we have

d (fx, fy) =d <_f)0> = pMox . (15/2)x
c
5/2
=a(-52) =d(ne™

I (M, (xy)]  (66)

< Mg, (xp)] = 7
i (M, (5. )]

_ l/’(MM (x,y))
4 (Mf,g (x, y)) .

Hence f and g satisfy all the conditions of Theorem 19.

Moreover, 0 is a unique common fixed point of f and g in
3

Ny A

Denote Y = {¢ : [1,00) — [1,00); ¢ is a Lebesgue
integrable with finite integral on each compact subset of
[1,00) and for each € > 1, jf e(t)dt > 1}.

As a consequence of Theorem 19, we obtain following
common fixed point result for mappings satistying cocyclic
contractive condition of integral type in a multiplicative
metric space.

Corollary 23. Let (X,d) be a multiplicative metric space,
Ay, Ay, .. Ay, p nonempty closed subsets of X, and Y =

UL A,. Suppose that f,g:Y — Y are mappings such that

(a) Y has a cocyclic representation with respect to pair
(f, g) and the collection {A; :i=1,2,..., p}

(b) there exists control functions y and ¢ such that, for any
(x,y) € A; x A, i=1,2,..., p, the following,

(M4 (x,3))
Y(fxfy) VERROYD (1) dit
j (1) dt < J e .67
|; ¢ (t)dt
is satisfied, where ¢ € Y, and
My, (x,y) = max {d (9x, gy)  d (fx, gx),
(68)

d(fy,9y),(d (fx gy)-d (fy,gx))"}

with Ay, = Aj.

If g(A;) is a complete subspace of X for each i €
{1,2,..., p}, then f and g have a unique coincidence point
zZ € ﬂf’zlg(Ai) = Z provided that f(Z) € g(Z) € Z and g(Z)
is closed. Moreover, if f and g are weakly compatible, then f
and g have at most one common fixed point.

Proof. Define ¥ : [1,00) — [1,00) by ¥(x) = [, ¢(t)dt.
From (67), it follows that

¥y @ (fx ) < igz Eﬁf E"j;;i )
£\ %
which can be written as
w(a(pe < PO gy

T oo (M(xy)

where y; = Yoy and ¢, = ¥ o ¢. Clearly, y;, ¢, : [1,00) —
[1,00), y, is continuous and nondecreasing, ¢, is a lower
semicontinuous, and y, (t) = ¢,(t) = 1ifand only if t = 1.
Hence by Theorem 19, f and g have at most one common
fixed point. O
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