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Abstract

This paper studies how the size of the labour market a�ects workers' decision

to invest in human capital. We consider a model of mismatch where �rms rank

workers according to their level of skills. The matching process operating in the

market has the property that the job �nding probability of workers depends on

market size, market tightness and their ranking. An interesting feature is that,

while the job �nding probability of workers with a given rank di�ers with market

size, the probability of workers with a given level of human capital is constant

with the size of the market. The model is consistent with several facts highlighted

in empirical studies: In bigger markets the distribution of human capital is more

unequal and the returns to skill are higher. We �nd numerically that the mean

level of human capital increases with market size.
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1 Introduction

The distribution of human capital di�ers across cities (Lindley and Machin, 2014). It

has been found that some of this spatial variation in skills is associated with size: Bigger

cities have a higher mean and a higher dispersion of human capital than cities of smaller

size (Gautier and Teulings, 2009).

These patterns can be the result of workers' migration or di�erences in workers'

human capital investment. The literature has focused so far on the �rst possibility,

with models where skills are exogenous and where some element makes bigger cities

attract (or repel) workers with a particular level of skills. In contrast with them, the

objective of this paper is to study the e�ect of city size on human capital investment.

There are several reasons why human capital investment is important in this context:

First, most of the literature that studies the spatial allocation of skills uses education

attainment as a measure of human capital. But the education level can be, in part,

decided by the individual. Second, Combes et al. (2012) �nd a small role for migration

in accounting for the di�erence in skills between denser and less dense areas. Third,

changes in human capital investment have implications that do not arise with changes in

location. The endogeneity of human capital implies that city size may be a determinant

of the distribution of skills of the entire economy.

Bigger cities have bigger labour markets. There is evidence that bigger labour

markets facilitate the matching between workers and �rms (Bleakley and Lin, 2012;

Gan and Li, 2016). Since �rms can �nd workers more easily, they can be more selective

about whom to hire, which bene�ts the workers with a higher level of skills. This idea is

consistent with the �nding of positive assortative matching in bigger cities (Andersson

et al., 2007). Therefore, a likely reason for workers investing more in human capital in

bigger cities is that in those places the matching of skilled workers is easier. In this

paper we formalise this idea by means of a model of mismatch.

The reason for this approach is motivated by recent research. Shimer (2007) shows

that, in a mismatch model where the number of workers and vacancies are random,

an increase in the size of local labour markets reduces the unemployment and vacancy

rates. Furthermore, this mismatch model is consistent with the behaviour of the labour

market at the aggregate level. Similarly, Gan and Li (2016) show that in a bigger

market the probability of a match is larger using a model where the productivities of

workers and vacancies are random.

In our setting, the number of workers and vacancies in the market are random.
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Workers are ex ante identical but can invest in human capital before entering the

labour market. If there is an excess of workers, the ones with the lowest level of skills

will be unemployed. There is perfect competition in the labour market. In this model,

the concept of market size is related to the mean number of workers and vacancies in

the market. Speci�cally, we de�ne market tightness as the ratio of the mean number of

vacancies to the mean number of workers. Then, the size of the market is large if the

mean number of workers is large, for a given level of market tightness.

We allow for the dispersion in the number of workers and vacancies to depend on

the size of the market. However, we assume that this relationship is such that the

coe�cient of variation is decreasing in market size. We provide empirical evidence on

the variability of unemployment and vacancies in support of this assumption.

Under this setting, investing in human capital is more pro�table if the job �nding

probability is higher. Therefore, we �nd that the e�ect of market size on the distribution

of human capital depends on its e�ect on the job �nding probability. In turn, the e�ect

on the job �nding probability depends on the rank of the worker. If the worker has

a high rank, the probability is increasing with market size. Thus, a worker with high

rank chooses a higher level of human capital in bigger markets. On the other hand,

if the worker has a low rank, the job �nding probability is decreasing in market size.

Therefore, he invests less in human capital when the market is bigger. Market tightness

determines the proportion of workers that belong to one group or the other.

These results imply that the model generates a more unequal distribution of skills in

bigger markets. This is consistent with the evidence in Gautier and Teulings (2009), who

report that in denser regions the dispersion of human capital is higher, and Eeckhout

et al. (2014), who �nd that bigger cities have a higher proportion of workers with the

highest and lowest educational groups. However, the empirical evidence also suggests

that bigger cities are more skilled, on average, than smaller ones (Gautier and Teulings,

2009; Davis and Dingel, 2014). In line with this, we show numerically that the mean

level of human capital is increasing with market size.

An interesting result is that, in equilibrium, the job �nding probability of a worker

with a given level of human capital is independent of market size. This is because

the distribution of human capital that arises in equilibrium is such that this fact is

satis�ed: Consider two markets that only di�er in their size and compare the job

�nding probability of two workers with high rank, one is in the big market and the

other in the small market. If they have the same rank in their respective markets, the

worker in the bigger market has a higher job �nding probability. However, if they have
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the same level of human capital, the one in the bigger market has a lower rank in his

market and they both have the same job �nding probability.

Our model also has implications on the expected wage of a worker with a given level

of human capital. In this respect, it is consistent with the empirical evidence, which

reports higher returns to skill in bigger cities (Wheeler, 2001; Rosenthal and Strange,

2008; Bacolod et al., 2009; Davis and Dingel, 2012; Groot and De Groot, 2014).

There have been several theories proposed that can explain why bigger cities are

more skill abundant. In Davis and Dingel(2012; 2014) bigger cities are more productive

and high skilled workers bene�t more from the higher productivity in those locations.

In particular, Davis and Dingel (2012) formalise the view that bigger cities are more

productive because they facilitate the exchange of ideas. In Nocke (2006) and Behrens

et al. (2014) the advantage of bigger cities comes from the fact that they have a larger

demand for goods, which implies higher pro�ts for more talented entrepreneurs. In

contrast with them, Lee (2010) develops a model in which the size of cities a�ects indi-

viduals in their role as consumers. In his model bigger cities have a higher consumption

variety, which bene�ts more high-skilled individuals because they have a higher income

and, thus, consume more. On the other hand, Eeckhout et al. (2014) propose a model

that deals with the higher inequality in skills in bigger cities. They explain this through

complementarities between high skilled and low skilled workers in the production func-

tion.

Our paper di�ers from this literature in that our focus is on the human capital

investment decision instead of the location decision. The idea that market size can a�ect

human capital accumulation has been previously explored in Kim (1989) and Redding

and Schott (2003). Kim (1989) analyses the trade-o� between general and speci�c

human capital. Redding and Schott (2003) develop a model in which skilled-intensive

production has increasing returns to scale. However, in this latter case the analysis

is at the country level and they only allow for two levels of human capital, whereas

in our model the distribution is continuous. Instead, the human capital investment

decision in our model is closely related to Moen (1999). This paper studies human

capital investment and its relationship with the socially optimal level when there is

unemployment. In this formulation workers invest in human capital in order to increase

their job �nding probability. An interesting feature is that, departing from a situation

with identical workers, the distribution of human capital that arises is non-degenerate.

Our model also shares this characteristic. However, in Moen (1999) the job �nding

probability, and thus, the distribution of human capital, is una�ected by the size of the
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labour market.

In our paper, we investigate the role of matching as a source of the di�erences in

the human capital distribution across locations. This mechanism has been studied as

a potential source of agglomeration economies. An example of this is found in Wheeler

(2001), who considers a model of search with heterogeneous workers and �rms and �nds

that search frictions imply that productivity is increasing with city size. On the other

hand, Gautier and Teulings (2009) propose a model to quantify the role of search in

generating wage inequality across cities of di�erent size. They consider workers who are

heterogeneous in their level of skills and allow for migration. One of the implications of

their model is that bigger cities specialise in the production of goods that require workers

whose skills are scarce. Both in Wheeler (2001) and Gautier and Teulings (2009) it is

assumed that bigger cities facilitate the meeting of workers and jobs. Therefore, our

paper contributes to this literature by building a model of mismatch with heterogeneous

workers that endogenizes the relationship between the size of the labour market and

the job �nding probability.

Some of the papers we have mentioned have dealt with the relationship between

city size and returns to skill. Wheeler (2001) and Davis and Dingel (2012) have found

a positive relationship. On the other hand, Lee (2010) implies that returns to skill are

decreasing with size.1

The rest of the paper is organized as follows. Section 2 describes the setting. In

Section 3 we consider the problem of the workers. Section 4 deals with the equilibrium.

In Section 5 we use the model to analyse the relationship between the size of the labour

market, the distribution of human capital and wages. Finally, Section 6 concludes.

2 Setting

We analyse an economy that lasts for one period in which we can identify 3 stages: In the

�rst stage a continuum of unemployed workers are born and vacancies are created. In

the second stage, each worker decides how much human capital to accumulate. Finally,

workers and vacancies go to the labour market in order to get matched and receive their

payo�s.

We assume that the number of workers, U , and vacancies, V , is random and inde-

pendently distributed. U is normally distributed with mean U > 0 and variance σ2
U and

1Lee (2010) provides evidence that this is the case in the health sector.
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V is normally distributed with mean V > 0 and variance and σ2
V . Let the associated

distribution functions be denoted by FU (u) and FV (v). The assumption of a normal

distribution is motivated by its analytical tractability and the fact that, when σ2
U = U

and σ2
V = V for U and V large enough, the normal distribution is a good approximation

to the Poisson distribution, previously used in Shimer (2007). However, as we show in

Section 5, the results of the model do not depend on the normality assumption.

In the �rst stage, a realization of U and V , which we will denote u, and v, is

drawn. We assume that each �rm has one vacancy, so referring to a vacancy or a �rm

is equivalent. At this stage workers are identical and do not know which realization has

taken place.

In the second stage, the decision problem of each worker consists in choosing a costly

level of human capital (or skill), h. Workers are risk neutral. The key assumption in

this model is that the workers decide how much human capital to accumulate, they do

not know u and v. However, we assume that they know the distribution of these two

variables. If we think of education as one of the main factors to acquire human capital,

this assumption is reasonable. Individuals usually decide their level of human capital

at early stages in life, without knowing the exact conditions of the labour market.

Each worker can accumulate a level of human capital h ≥ 0 at a cost C (h). The cost

function is twice continuous di�erentiable and satis�es C(0) = 0, C ′(0) = 0, C ′(h) > 0

for h > 0, and C ′′(h) > 0. We also assume that for some h, C ′(h) > 1.

After the investment decision has taken place, all workers and �rms observe u and

v and enter the labour market in order to get matched. We assume perfect competition

in the labour market. The chances of getting matched for a worker will depend on his

level of human capital and on the realizations of U and V . If a vacancy and a worker

with a level of human capital equal to h match in the market, they together produce h

units of a homogeneous output. In this case, the payo� of the worker will be w ≥ 0 and

the payo� of the �rm will be π = h− w ≥ 0. If a worker does not match any �rm, he

does not produce and receives 0. Similarly, if a �rm does not match any worker, pro�ts

are zero.

3 Workers' Problem

In this section, we will deal with the workers' problem. First, we will set the problem

they face at the third stage, when they enter the labour market. We will derive which
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workers will be employed and at what wages. In the second part of this section, we will

describe how workers choose their level of human capital.

3.1 The Labour Market

When the agents enter the labour market, the level of human capital of all workers is

already determined. Let G(h) denote the cumulative distribution function over human

capital that arises in equilibrium. G = G (h) can also be considered as the ranking of

the worker, with higher G meaning a higher ranking. Initially, we will assume that this

distribution is continuous with a bounded support. We will denote the minimum level

of h in equilibrium hmin and the maximum hmax.

There is perfect competition in the labour market. Firms seek to maximize their

pro�ts and workers seek to maximize their wage. In this setting, the number of matches

will equalmin {u, v} and �rms employ the most productive workers2, that is, �rms rank

the workers according to their level of human capital. This last result and continuity of

the distribution of human capital imply that a worker with a level of skills h0 will �nd

a job if there are more vacancies than workers with a higher level of skills than him,

which can be expressed as (1−G(h0))u ≤ v.

The payo�s of the workers depend on the the level of human capital of the worker

with the lowest level among those employed. We will refer to this worker as the marginal

worker and denote his level of skills as hm (u, v). The payo�s in equilibrium of a worker,

when there are u workers and v vacancies in the market, is w (h, u, v) and is given by:

w (h, u, v) =


h when u < v

h− hm (u, v) when (1−G (h))u ≤ v ≤ u

0 when v < (1−G (h))u

(1)

This function is derived in Appendix A. The payo� function states that if there is an

excess of jobs, v > u, workers' wage is their productivity. However, if there is an excess

of workers, v ≤ u, the worker is employed only if (1−G (h))u ≤ v; then the wage of

an employed worker is the di�erence between his productivity and the productivity of

the marginal worker.

2If v < u, the workers with higher human capital are employed. If this is not true, then there is some
h′and h′′ with h′ > h′′ and h′′ is employed but h′ is not. This implies that π (h′, u, v) ≤ π (h′′, u, v),
thus w (h′, u, v) > w (h′′, u, v) ≥ 0 but in this case h′ strictly prefers to be employed while it is not.
This cannot be an equilibrium.
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3.2 Workers' Expected Earnings

At the second stage of the period, workers choose the level of human capital that

maximizes their expected earnings. The worker only knows the distributions from

where u and v will be drawn. Notice that the lack of information at the second stage

of the process is the only source of friction in this economy. Once the agents go to the

market, the matching process is e�cient, both in generating the maximum number of

matches possible and in selecting the most productive workers. The expected earnings,

E (h), is a function of h, de�ned as:

E (h) = E [w (h, U, V )]− C(h)

where E [·] is the expectation operator.

As it can be seen from (1), the expected payo� depends on the job �nding probability

of the worker. For a worker with rankG = G (h), this is the probability that (1−G)u ≤
v. Let denote it as P (G). In Lemma 1 we show that the job �nding probability is

strictly increasing in G. This result is important to ensure that G (h) is continuous in

equilibrium.

Lemma 1. P (G) is a continuous function, strictly increasing and di�erentiable in

G ∈ [0, 1]. Furthermore, P (0) > 0.

Proof. See Appendix B.

We will next decompose the job �nding probability in such a way that we can

calculate the expected earnings. First of all, since the problem of the worker is to

choose h, we must make explicit again the dependence of G on h. Lemma 1 implies

that P (G (h)) can be expressed as:

P (G (h)) = P (0) +

ˆ h

hmin

P ′
(
G
(
h̃
))

G′
(
h̃
)
dh̃

To simplify notation, let ph (h) = P ′ (G (h))G′ (h). Then,

P (G (h)) = P (0) +

ˆ h

hmin

ph (h) dh̃ (2)

According to this equation, P (G (h)), can be calculated as the sum of two terms.

The �rst term is the probability that (1−G (h))u ≤ v for G (h) = 0, which is the

probability that there is an excess of vacancies. The second term is the integral of ph (h),
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which is the density of (1− F (h))u = v, that is, of h being the marginal worker. This

de�nition of the job �nding probability allows us to calculate the expected earnings of

a worker as:

E (h) = P (0)h+

ˆ h

hmin

ph

(
h̃
)(

h− h̃
)
dh̃− C(h) (3)

The �rst term of the equation accounts for the wage when there is an excess of

vacancies. And the second term accounts for the case when there is an excess of workers

and h �nds a job for all possible values of the marginal worker. Notice that equation

(3) also de�nes the expected earnings for h < hmin and h > hmax.

The decision problem of the worker is:

max
{h≥0}

{E (h)} (4)

The worker takes G(h) and w (h, u, v) as given.

4 Equilibrium

An equilibrium solution to the problem outlined above can be described by a tuple

(G (h) , w (h, u, v)) such that:

1. w (h, u, v) satis�es (1).

2. Workers solve (4).

3. G (h) satis�es E (h1) = E (h2) for ∀h1, h2 on the support of G (h) and E (h) <

E (h1) for ∀h that does not belong to the support.

The third point is due to the fact that, ex ante, all the individuals are equal. Thus,

in equilibrium they all must obtain the same expected earnings. For any h not in

the support, the expected earnings must be lower. Given that the support of G (h)

is connected, this third condition implies that the derivative of the expected earnings

with respect to human capital is zero for any h in the support of G (h). This derivative

is:

∂E (h)

∂h
= P (0) +

ˆ h

hmin

ph

(
h̃
)
dh̃+ hph (h)− ph (h)h− C ′(h) = 0
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Notice that terms 3 and 4 account for the increment in the job �nding probability,

what is referred to as the rat race. However, at this point the worker is the marginal

worker and his wage is 0. Therefore, the gain from increasing the probability of �nding

a job is 0. This means that, in contrast with Moen (1999), in this setup the ranking of

workers does not produce rat race. On the contrary, each worker chooses the optimal

level of h given his job �nding probability. Substituting (2), it simpli�es to:

∂E (h)

∂h
= P (G (h))− C ′(h) = 0

Therefore, in equilibrium:

P (G (h)) = C ′(h) (5)

This condition means that the marginal cost of acquiring an extra unit of human

capital must equal the marginal bene�t, which is simply P (G (h)). The individuals

with a higher ranking will enjoy a higher probability of �nding a job, which increases

expected earnings. However, in equilibrium, all individuals must obtain the same ex-

pected earnings. Compare two workers with di�erent levels of human capital. One

worker has a higher position in the ranking than the other and a higher probability of

�nding a job. How much more human capital than the other he has does not a�ect the

probability, since it only depends on the relative position in the ranking of each of them.

In order for the low skilled worker to be willing to remain low skilled, the high skilled

worker must accumulate a quantity of human capital such that the cost associated to

it makes the expected earnings of both workers equal. Therefore, expected earnings

are equalised through the cost of obtaining human capital. The following proposition

shows that there exists a function G (h) that satis�es equation (5) and that when the

distribution of human capital is given by G (h), the economy is in equilibrium.

Proposition 1. An equilibrium of the model exists with the associated distribution of

human capital satisfying P (G (h)) = C ′(h). G (h) is a continuous distribution.

Proof. See Appendix B.

Proposition 1 shows that the distribution of human capital only depends on the job

�nding probability and the marginal cost. The marginal cost is exogenous but the job

�nding probability depends on the ranking of the workers and the distribution of U and
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V . Since we are interested in the e�ect of the size of the labour market on G (h), we

need to relate it to the distributions of U and V . We had denoted the mean of U by U

and the mean of V by V . Now, let V = θU with θ > 0. We can interpret U as market

size and θ as market tightness.

5 The E�ect of Market Size on the Distribution of

Human Capital and Wages

We have seen that the size of the labour market can a�ect the distribution of human

capital if it a�ects the job �nding probability. Therefore, we begin by studying this

latter relationship.

We allow the standard deviation of U and V to depend on their means. Therefore,

let σU = s
(
U
)
and σV = s

(
θU
)
, with s () a di�erentiable function. This assumption

implies that the coe�cients of variation of U and V are also functions of U and θU .

We denote the coe�cient of variation of U as cv
(
U
)

=
s(U)
U

. The following result

shows that the e�ect of market size on the job �nding probability of a worker with rank

G = G (h) depends on this coe�cient.

Proposition 2. Consider U ∼ N
(
U, s

(
U
))

and V ∼ N
(
θU, s

(
θU
))
:

a) If cv
(
U
)
is strictly increasing in U , the job �nding probability of a worker with

ranking G > (<) 1 − θ, is strictly decreasing (increasing) with market size and the job

�nding probability of a worker with ranking G = 1− θ is constant.

b) If cv
(
U
)
is strictly decreasing in U , the job �nding probability of a worker with

ranking G > (<) 1 − θ, is strictly increasing (decreasing) with market size and the job

�nding probability of a worker with ranking G = 1− θ is constant.

c) If cv
(
U
)
is constant in U , the job �nding probability is una�ected by market size.

Proof. See Appendix B.

If the coe�cient of variation is strictly decreasing, bigger markets imply a higher job

�nding probability for the workers with higher rank and a lower job �nding probability

for the workers with lower rank. If the coe�cient of variation is strictly increasing, the

opposite occurs. That is, skilled workers bene�t more from bigger markets if these kinds

of markets are less variable than smaller ones. We look at the relationship between the
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coe�cient of variation and market size in the data, with time series at the regional level.

Given that we are interested in the variability of the series rather than on their levels,

we �nd more appropriate to use data from administrative sources rather than surveys.

Speci�cally, we use the monthly data for Spain from the Servicio Público de Empleo

Estatal (SEPE) for the 52 provinces and autonomous cities for the period 2006-2015.

SEPE provides data on labour supply, unemployment and the in�ow of labour supply

for each month. We use these three variables as measures of u. For the number of

vacancies, we only have information of the in�ow of vacancies created each month. We

compute the mean and the coe�cient of variation of these variables for each region.

Figure 1 suggests a negative relationship between the coe�cient of variation and the

mean of both in�ow of labour supply and in�ow of vacancies. The same occurs for the

variables labour supply and unemployment, represented in Figure 4 in Appendix C.

(a) In�ow of labour supply (b) In�ow of vacancies

Figure 1: Coe�cient of variation for the Spanish provinces

Given this evidence, we will focus in the case of a decreasing coe�cient of variation.

Notice that, if we use the normal distribution as an approximation of the Poisson

distribution (which is the distribution used in Shimer, 2007 and Mortensen, 2009), the

coe�cient satis�es this assumption.

The level of market tightness also plays an important role in the relationship between

market size and the job �nding probability. The larger is θ the higher the proportion of

workers who will have a higher probability in a bigger market. In particular, if θ > 1,

all workers have G > 1− θ. Thus, all of them will have a higher probability when the

market is bigger. However, the data on vacancies and unemployment points to a level

of market tightness slightly below 1 (Shimer, 2007). Therefore, from now on we will

focus on the case of θ < 1.
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Assumption 1. cv
(
U
)
is strictly decreasing in U and θ < 1.

An interesting outcome of the model is that, while workers with the same rank

G have di�erent job �nding probabilities in markets of di�erent size, workers with the

same level of human capital do not. This can be seen with Equation (5). The job �nding

probability of a worker with human capital h must always be equal to the marginal cost

of acquiring h, irrespectively of the size (or the tightness) of the market.

In Figure 2, we represent the job �nding probability as a function of G for the case

in which U ∼ N
(
U,
√
U
)
and V ∼ N

(
0.6U,

√
0.6U

)
, that is, market tightness is 0.6

and s (x) =
√
x. Consistent with Proposition 2, the job �nding probability is higher in

bigger markets when G > 1− θ = 0.4 and lower when G < 0.4.

Figure 2: Job �nding probability, P
(
G,U, θ

)
for U ∼ N

(
U,
√
U
)

and V ∼

N
(

0.6U,
√

0.6U
)

The result in Proposition 2 is not due to the assumption of normality. To see

that, we also calculate the job �nding probability when U and V follow a Gamma

distribution. We use the same numerical example as in Figure 2. The parameters of

the distribution are chosen so that σU =
√
U and σV =

√
θU . This implies that the

shape parameter is U for the case of U and V for the case of V while the scale parameter

is 1 in both cases. The probability under these assumptions is represented in Figure 5 in

Appendix C. The pattern is the same as for the Normal distribution. Furthermore, we

also compute the job �nding probability if U and V follow a Uniform distribution with

support
[
U − 10, U + 10

]
and

[
θU − 10, θU + 10

]
. This case also satis�es a decreasing

coe�cient of variation for U and V and, as it can be seen in Figure 5, is also consistent

with the results in Proposition 2.
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5.1 The Distribution of Human Capital

The e�ect of market size on the distribution of human capital is driven by the e�ect

on the job �nding probability. If market size increases, the probability for the workers

with rank below 1 − θ decreases. This means that their marginal bene�t of investing

in human capital is lower. In order for the marginal cost to be also lower, their level of

human capital must decrease. On the contrary, for the workers with rank above 1− θ,
the job �nding probability increases with market size. Therefore, they choose a higher

level of h. Proposition 3 formalises this result.

Proposition 3. Consider U ∼ N
(
U, s

(
U
))

and V ∼ N
(
θU, s

(
θU
))

and let cv
(
U
)

and θ satisfy Assumption 1. Let h0 be such that G (h0) = 1− θ. Then,

a) G (h) is strictly increasing in U for h < h0, strictly decreasing in U for h0 < h

and constant for h0.

b) hmin is strictly decreasing in U . hmax is strictly increasing in U .

c) As U tends to in�nity the distribution converges to a discrete distribution with a

proportion θ of workers with h = hmax and 1− θ of workers with h = 0.

Proof. See Appendix B.

The existing empirical evidence on the distribution of human capital across cities

suggests that the distribution of human capital tends to be more unequal in bigger

cities. Gautier and Teulings (2009), using a measure of human capital that takes into

account years of schooling and experience, �nd that the dispersion of human capital is

increasing with city size. Eeckhout et al. (2014) use di�erent variables to measure skills.

In the case of education, they �nd that both the highest and the lowest skilled workers

are disproportionately more frequent in larger cities. They also measure skills indirectly

through wages, �nding that the distribution has thick tails in large cities. These results

are in line with Combes et al. (2012), who also use information on wages for France.

However, this indirect evidence should be interpreted with a bit of caution, since it

requires assuming that returns to skill are constant with city size, and this does not

seem to be the case. However, studies that follow other approaches also suggest higher

inequality in bigger cities. This is the case of Bacolod et al. (2009), who use AFQT

scores to measure the level of skills, and �nd that in a larger city the 90th percentile

have lower scores than in a smaller city while the 10th percentile have higher scores. In

contrast with these studies, Wheeler (2001) estimates a negative relationship between
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Figure 3: Derivative of the mean level of h with respect to market size for U ∼
N
(
U,
√
U
)
and V ∼ N

(
θU,
√
θU
)

the percentage of population with low levels of education and population but he only

uses 3 educational groups. Davis and Dingel (2014) �nd that population elasticities

are monotonically increasing in educational attainment. However, the elasticities that

they estimate for the two lowest educational groups (out of 9) are slightly higher than

for the immediate superior educational group3. This suggests that intermediate skilled

groups are not disproportionality located in bigger cities compared with the lowest

skilled groups. Our model is consistent with this evidence.

Gautier and Teulings (2009) also reports that the mean level of education is increas-

ing with the size of the market. We calculate this relationship in the model numerically.

We have represented in Figure 3 the derivative of the mean level of human capital as

a function of market size for di�erent levels of market tightness. The minimum level

of market size chosen is 30 since the normal distribution is only a good approximation

of the Poisson distribution when U and V are big enough. On the other hand, Shimer

(2007), with US data for the period 2000-2006, calculates V = 236.3 and U = 244.2,

which imply a level of market tightness of 0.97.4 The size of the market that he reports

is within the range of the graph and we have also included the case of θ = 0.97. The

cost function used is C (h) = 1
2
h2. The �gure shows that the mean level of human

capital is increasing with market size.

3They �nd that, for one of these two groups, this is the case even when they restrict the sample to
US-born individuals.

4In his notation, V refers to the jobs that are vacant after the matching process has taken place.
The number of jobs available to be matched (our V ) are denoted by N .
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5.2 The Expected Wage

In this section we look at the e�ect of market size on the expected wage. The expected

wage of a worker with human capital h is the expected payo� conditional on �nding a

job. Let denote it as we (h):

we (h) =
E [w (h, U, V )]

P (G (h))

The expected payo�, E [w (h, U, V )], can be derived from the equilibrium condition

that equalises the expected earnings of all workers. Since the expected earnings of the

worker at the bottom of the distribution are easier to compute, we will use E (h) =

E (hmin). Substituting E (h) = E [w (h, U, V )] − C(h) into this equilibrium condition,

we obtain E [w (h, U, V )] = E (hmin) + C(h).

Thus, the expected wage becomes:

we (h) =
E (hmin) + C(h)

P (G (h))

Since we are interested in the e�ect of market size on we (h), we need to know

how it a�ects P (G (h)) for a worker with a given level of human capital. Equilibrium

condition (5) implies that market size does not a�ect the job �nding probability. Since

P (G (h)) = C ′ (h), when market size increases, the ranking of the worker will change so

that the job �nding probability always equals the marginal cost. Therefore, the e�ect of

market size on the expected wage depends on the e�ect of market size on the expected

earnings of the worker at the bottom of the distribution. When market tightness is

below 1 the expected earnings of this worker are decreasing with market size, because

his job �nding probability is decreasing. Therefore, the expected wage of all workers is

lower in bigger markets.

Proposition 4. Let cv
(
U
)
and θ satisfy Assumption 1. Then, we (h) is decreasing

with market size.

Proof. See Appendix B.

This result relates with the �ndings of Baum-Snow and Pavan (2012) on the city

size wage premium. They estimate a structural model to investigate the role of di�erent

mechanisms in generating this premium. They include the search and matching mech-

anism by allowing for di�erences across locations in the arrival and separation rates
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from jobs and in the standard deviation of the worker-�rm speci�c component of the

wage. They �nd little contribution of this mechanism to the city size wage premium.

Our model can provide part of the explanation for their �nding. The model implies

that the job �nding probability of workers with the same level of human capital is the

same in small and large cities. Therefore, it suggests that there should not be signi�c-

ant di�erences in the arrival rate from jobs across locations. However, our model does

not include heterogeneity on the �rm side and, thus, is silent on the potential role of

assortative matching (Wheeler (2001)).

5.3 Returns to Skill

Some empirical studies have focused on whether returns to skills are larger in bigger

cities. Using education as a measure of skills, most of the literature �nds that this is

the case (Wheeler, 2001; Rosenthal and Strange, 2008; Bacolod et al., 2009 and Davis

and Dingel, 2012 for the US and Groot and De Groot, 2014 for the Netherlands). Our

model also generates a positive e�ect of market size on expected returns to skill.

Proposition 5. Let cv
(
U
)
and θ satisfy Assumption 1. Then, expected returns to skill

are increasing with market size.

Proof. See Appendix B.

The intuition of this result can be understood with the equilibrium condition. The

expected earnings must be the same for all workers. As market size increases, the

expected earnings of the worker at the bottom decreases. Therefore, the expected

earnings of all workers must decrease in the same quantity. Since the cost of acquiring

human capital is una�ected by market size, the expected payo�s of all workers must

also decrease in the same quantity. For a worker with low h, the job �nding probability

is small. Therefore, the expected wage must decrease more in order to obtain the same

reduction in the expected payo�.

Recent research is focusing on the dynamic e�ects of city size on the urban wage

premium. This is the case of Wheeler (2006) and Baum-Snow and Pavan (2012) for the

US, Carlsen et al. (2013) for Norway and De la Roca and Puga (2012) for Spain. These

studies have found that wage growth is higher in bigger cities. This can be interpreted as

evidence of greater �learning� or improved matches in bigger cities. However, it can also
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be interpreted as further evidence of higher returns to skill in bigger cities. Consider

the case in which the skills acquired with experience are included in the concept of

human capital. Then, the higher slope in wage pro�les in bigger cities can be due to

bigger cities rewarding more the higher level of skills associated with experience. In

particular, the �nding in De la Roca and Puga (2012) that the experience accumulated

in smaller cities is more valued in bigger cities would point to that direction.

6 Conclusions

In this paper, we have explored the relationship between the size of the labour market

and human capital investment. To this end, we have developed a model in which work-

ers' probability of getting a job depends on the size of the market and workers' relative

position in the distribution of skills. In bigger labour markets there is less variability

(in relative terms) in the number of workers and jobs. This implies that workers with

a high rank have a higher probability of �nding a job whereas this probability is lower

for workers with a low rank. The e�ect on the job �nding probability is translated into

the human capital investment decision.

The predictions of the model are consistent with the empirical evidence at the city

level. We �nd that the mean level of human capital and returns to skill are increasing

with market size. The model also implies that in bigger labour markets the workers at

the bottom of the distribution have lower levels of human capital.

Our framework contributes to the understanding of the matching mechanism and

uncovers an interaction between the job �nding probability, market size and market

tightness. In addition, the result of higher returns to skill in bigger markets suggests

a new channel through which city size a�ects earnings growth. We leave the role of

returns to skill on the relationship between market size and wage dynamics as a topic

for future research.
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A Payo�s

Let pro�ts be denoted by π (h, u, v) = h− w (h, u, v).

a) When u < v: There will be unmatched vacancies. For �rms to remain indif-

ferent about their vacancies being unmatched, pro�ts must be zero for all �rms.

Therefore, w (h, u, v) = h.

b) When (1−G (h))u ≤ v ≤ u: We derive the wage of the marginal worker �rst.

To simplify notation, let hm (u, v) = hm. If w (hm, u, v) = ε > 0, given that

the distribution of human capital has a connected support, there is an unem-

ployed worker with h′ = hm − ε′ and 0 ≤ ε′ < ε . In equilibrium this worker

must be indi�erent about being unemployed, so his wage is 0. But this im-

plies, π (h′, u, v) > π (hm, u, v), which is not possible in equilibrium. Therefore,

w (hm, u, v) = 0. To derive the wage of all the workers with a level of human cap-

ital above the marginal worker, note that �rms must be indi�erent about whom

to hire, so for any h′,h′′ ≥ hm , π (h′, u, v) = π (h′′, u, v). In particular, if h′′ = hm,

π (h′, u, v) = π (hm, u, v) = hm. Therefore, w (h′, u, v) = h′ − hm.

c) When v < (1−G (h))u: The worker is unemployed and obtains the payo�

w (h, u, v) = 0 .

B Proofs

Proof of Lemma 1:

Let X = (1−G)U−V . Then, X is normally distributed with mean µ = (1−G)U−V
and variance σ2 = (1−G)2 σ2

U + σ2
V . Denote the associated distribution function by

FX (x). The job �nding probability is given by:

P (G) = FX (0) = Φ
(
−µ
σ

)
= Φ

(
V − (1−G)U(

(1−G)2 σ2
U + σ2

V

)1/2
)

The derivative is:

P ′ (G) = φ

(
V − (1−G)U(

(1−G)2 σ2
U + σ2

V

)1/2
)
Uσ2

U + (1−G)V σ2
V

σ3
> 0
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Proof of Proposition 1:

1. G (h) that satis�es equation (5) exists and is a continuous distribution:

In Lemma 1 it is shown that P (G) is strictly increasing for G ∈ [0, 1]. There-

fore, in equation (5), we can invert P (G) and obtain G (h) = P−1 (C ′(h)) for

h ∈ [hmin, hmax], with hmin de�ned by P (0) = C ′ (hmin) and hmax by P (1) =

C ′ (hmax). Since P (G) lies in [0, 1], the assumption that C ′ (h) continuous and

ranging from 0 to a value greater than 1 guarantees the existence of G (h). Since

P (G) and C ′ (h) are continuous and strictly increasing, G (h) is a continuous

distribution.

2. The equilibrium conditions are satis�ed:

In section 4, we have shown that ifG (h) satis�es equation (5), then E (h1) = E (h2)

for any h1, h2 ∈ [hmin, hmax]. But, given h1 ∈ [hmin, hmax], we have to show that

E (h) < E (h1) ∀h that does not belong to the support. There are two cases:

h < hmin and h > hmax.

(a) Case of h < hmin: The expected earnings of a worker with h ≤ hmin are

Eh≤hmin
(h) = P (0)h − C (h). Since E ′′h≤hmin

(h) = −C ′′ (h) < 0, the max-

imum of Eh≤hmin
(h) is achieved when E ′h≤hmin

(h) = P (0)− C ′ (h) = 0, that

is, at hmin.

(b) Case of h > hmax. The expected earnings of a worker with h ≥ hmax are:

Eh≥hmax
(h) = P (0)h+

ˆ h

hmin

ph

(
h̃
)(

h− h̃
)
dh̃− C(h)

= P (0)h+

ˆ hmax

hmin

ph

(
h̃
)(

h− h̃
)
dh̃− C(h)

The second equality is due to ph (h) = 0 for h > hmax since G′ (h) = 0 in this

range. Then,

E ′h≥hmax
(h) = P (0) +

ˆ hmax

hmin

ph

(
h̃
)
dh̃− C ′(h) = P (1)− C ′ (h)

Since E ′′h≥hmax
(h) = −C ′′ (h) < 0, the maximum of Eh≥hmax (h) is achieved

when E ′h≥hmax
(h) = 0, that is, at hmax.
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Proof of Proposition 2:

Following the same procedure as in the proof of Lemma 1, the job �nding probability

can be expressed as:

P (G) = Φ

(
(θ − (1−G))U

σ
(
U
) )

with σ
(
U
)

=
(

(1−G)2
(
s
(
U
))2

+
(
s
(
θU
))2)1/2

Therefore, the derivative of the job �nding probability with respect to market size is

given by:

∂P (G)

∂U
= φ (· ) (θ − (1−G))

σ
(
U
)
− Uσ′

(
U
)(

σ
(
U
))2

We need to �nd the sign of σ
(
U
)
− Uσ′

(
U
)
. Computing this term gives:

σ
(
U
)
− Uσ′

(
U
)

= (1−G)2 s
(
U
) (
s
(
U
)
− Us′

(
U
))

+ s
(
θU
) (
s
(
θU
)
− θUs′

(
θU
))

Since s () is the standard deviation, it is never negative. If s
(
U
)
−Us′

(
U
)
> (<) 0 for

all U , s
(
θU
)
− θUs′

(
θU
)
is also positive (negative). Then, the sign of σ

(
U
)
−Uσ′

(
U
)

equals the sign of s
(
U
)
−Us′

(
U
)
. In turn, this is positive (negative) if cv

(
U
)
is strictly

decreasing (increasing) in U .

Proof of Proposition 3:

a) Given a worker with human capital h, Equation (5) must be satis�ed. Taking

derivatives on both sides, we obtain:

∂G (h)

∂U
= −

∂P (G(h))

∂U
∂P (G(h))
∂G(h)

The denominator is always positive. The numerator is positive (negative) when

G > (<) 1 − θ. Therefore ∂G(h)

∂U
is positive (negative) when G < (>) 1 − θ. If h0

satis�es G (h0) = 1− θ, then h < (>)h0 when G < (>) 1− θ.

b) hmin satis�es P (0) = C ′ (hmin). Therefore,

∂hmin

∂U
=

∂P (0,)

∂U

C ′′ (hmin)
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This is negative when θ < 1.

hmax satis�es P (1) = C ′ (hmax). Therefore,

∂hmax

∂U
=

∂P (1)

∂U

C ′′ (hmax)

This is positive if θ > 0, which is always satis�ed.

c) As U tends to in�nity P (G) tends to 1 for G > 1 − θ. Therefore, h tends to

hmax = C
′−1 (1) for 1−(1− θ) = θ of workers. As U tends to in�nity, P (G) tends

to 0 for G < 1− θ. Therefore, h tends to hmin = C
′−1 (0) = 0 for (1− θ)− 0 = θ

of workers.

Proof of Proposition 4:

The derivative of the expected wage is:

∂we (h)

∂U
=

1

P (G (h))

∂E (hmin)

∂U

Since E (hmin) = P (0)hmin − C (hmin). We have that:

∂E (hmin)

∂U
=
∂P (0)

∂U
hmin

When θ < 1, ∂E(hmin)

∂U
< 0. Therefore, the derivative of the expected wage is negative.

Proof of Proposition 5:

Let h′ > h ≥ 0. The expected returns to skill are:

we (h′)− we (h)

h′ − h
=

E(hmin)+C(h′)
P (G(h′))

− E(hmin)+C(h)
P (G(h))

h′ − h

Taking the derivative with respect to market size, we obtain:

∂ ((we (h′)− we (h)) / (h′ − h))

∂U
=

1
P (G(h′))

− 1
P (G(h))

h′ − h
∂E (hmin)

∂U

This is the product of two terms. The �rst term is negative. In the Proof to Proposition

5 we found that ∂E(hmin)

∂U
< 0. Therefore, ∂((we(h′)−we(h))/(h′−h))

∂U
> 0.
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C Additional Figures

(a) Labour supply (b) Unemployment

Figure 4: Coe�cient of variation

(a) Gamma distribution (b) Uniform distribution

Figure 5: Job �nding probability, P
(
G,U, θ

)
. Gamma distribution: the shape para-

meter is U for the case of U , V for the case of V , and the scale parameter is 1 in both
cases. Uniform distribution: support

[
U − 10, U + 10

]
for U and

[
θU − 10, θU + 10

]
for V
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