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The aim of this work is to assess the effects of conformity on local contact related quantities at the
wheel–rail interface such as traction distributions, subsurface stresses and frictional work distributions.
For this purpose conformal contact analyses are carried out by means of Finite Element (FE) models, and
also with the exact rolling contact theory approach developed by Kalker, which has been appropriately
adapted by the authors in order to take into account some of the effects of conformity. On the other hand,
equivalent cases are analysed without taking into account the effects of conformity. In this way, the
validity of the hypothesis of non-conformity is evaluated in different cases with varying degrees of
conformity.
& 2016 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

An important research activity has been carried out in the last
years on vehicle-track interaction, including TrioTRAIN Project
[27]. One of the most crucial aspects in this field is the wheel–rail
contact modelling [2,34]. This modelling is specially important for
the dynamic analysis of both a train negotiating a sharp curve as
well as a train passing through a turnout [18,24]. Most wheel–rail
rolling contact theories used in rail vehicle related studies have
been developed on the basis of some simplifying assumptions
which enable a considerable simplification of the wheel–rail con-
tact problem. One of the commonly made assumptions is that the
contact is punctual (i.e. the dimensions of the contact patch are
much smaller than the characteristic dimensions of the contacting
bodies), which implies flatness of the contact area and assimilation
of the local behaviour of the contacting bodies to that of the elastic
half-space. In the case of wheel–rail conformal contact there is a
curved contact patch in the lateral direction, so that this as-
sumption does not hold.

In many cases the hypothesis of non-conformal wheel–rail
contact is reasonable, but there are situations such as the contact
of wheel flange root with rail gauge corner during inscription in
tight curves, in which conformal contact takes place. Moreover, in
these situations usually severe contact conditions are encountered,
with high tractions and slip velocities, and accurate determination
of these are necessary in order to properly assess the wear and
fatigue damage in the wheel–rail interface.

In the literature several references concerning conformal
Ltd. This is an open access article u
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contact can be found, starting with the pioneer works of [36] and
[30], for example in [15,46,29,10,14]. Most of the previous works
focus on the normal part of the contact problem, and the tan-
gential part is not incorporated in the analysis. Three important
contributions in which both the normal and tangential parts of the
contact problem are treated are those of [26] and the more recent
of [39] and [9].

In this work the effects of conformity on the normal and tan-
gential parts of wheel–rail rolling contact are investigated, ex-
tending the work presented in [8]. The study is mainly based on
analyses with detailed FE models of the wheel–rail interface.
Complementing these, analyses are carried out following the exact
rolling contact theory approach developed by Kalker, both taking
into account some of the effects of conformity, or completely
disregarding any of such effects, as was originally developed. In
this way the influence of conformity and the adequacy of the as-
sumption of non-conformity can be assessed in different situations
with varying degrees of conformity.
2. Description of the analysis methods

2.1. Non-conformal exact rolling contact theory

Kalker’s exact rolling contact theory [21,22] is considered the
most precise wheel–rail rolling contact theory. It has been widely
employed in numerous wheel–rail contact mechanics related
studies, e.g. [5,6,12,17,20,48]. It is applicable to general non-
Hertzian contact geometries, and to transient as well as to steady
state rolling contact problems. It is a boundary element method
which resolves the local elastic field of the contacting bodies in an
exact way (in the sense that “exact” has in a numerical method),
nder the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Nomenclature

a, b longitudinal and lateral semi-axes of a contact patch
obtained via a non-conformal analysis, or longitudinal
and lateral half-sides or sides of each rectangular
element of the discretization of the potential contact
area (m)

A, B coefficients of the quadratic function approximating
the normal undeformed distance between two con-
tacting bodies (m�1)

Bij influence coefficient; displacement or displacement
difference in direction i due to unit load in direction j
(m/Pa)

Cx longitudinal curvature of the wheel (m�1)
Cxi, Cyi principal curvatures of each body i in contact (m�1)
d maximum distance between the contours of the con-

tact patches obtained with a conformal and with a
non-conformal analysis for the same case (m)

F1-F5 auxiliary functions defined in Appendix A for the
calculation of the influence coefficients of rectangular
elements with bilinear traction distribution in the
elastic half-space (m2 for F1 and m3 for the rest)

G modulus of rigidity (Pa)
J1-J6 integral expressions for the calculation of the influ-

ence coefficients of the elastic half-space, defined in
Appendix A (m)

K dimensionless elastic constant depending on the
elastic properties of the two contacting bodies

L dimension of each rectangular element of the dis-
cretization of the potential contact area, either long-
itudinal (a) or lateral (b) (m)

lx, ly, lz cosine directors of the direction of the axis of ro-
tation of the wheel in the global coordinate

system:
ψ Φ

ψ Φ

Φ

= − ( ) × ( )
= ( ) × ( )
= ( )

l

l

l

sin cos
cos cos

sin

x

y

z

PnI, PsI components of an applied load P at a point J in the
principal directions n and s of another point I (N)

Pfric frictional power density at each point in the contact
patch, equal to the local slip velocity times the local
tangential traction (W/m2)

R, ri rolling radius of a point of the wheel profile or in the
contact area (m)

rij auxiliary variables defined in Appendix A for the cal-
culation of the influence coefficients of rectangular
elements with bilinear traction distribution in the
elastic half-space (m)

rnom nominal rolling radius of the wheel (m)
T surface traction, normal or tangential (Pa)
uy, uz lateral and vertical displacements of the wheelset

with respect to the centre of the track, in global re-
ference system (m)

V travelling speed of the wheelset (m/s)
Wfric integrated frictional work in the rail after one wheel

passage (J/m2)
wlong, wlat rigid slip velocities or shifts in longitudinal and lat-

eral directions of a point in the contact area (m/s or m)
x, s longitudinal coordinate and lateral curvilinear co-

ordinate in the local contact reference system (m)
xi, yi longitudinal and lateral coordinates of a point in a

planar contact area with respect to the reference point
(m)

xledg, xtredg longitudinal coordinates of leading and trailing edge
of the contact patch at a given lateral position of it (m)

yL, zL Cartesian coordinates of the lateral profiles of the
wheel and the rail, in their local reference system (m)

ysc,i, zsc,i horizontal and vertical coordinates of the intersection
of the rolling circle described by a point in the surface
of the wheel with a vertical plane perpendicular to the
longitudinal direction, in global reference system (m)

yw,i lateral coordinate of a point of the wheel profile, in the
local reference system of the wheelset (m)

α, αi angular difference in the lateral direction (rad)
β angle defining the orientation of the principal direc-

tions of the Hertzian undeformed distance function
between two bodies, with respect to the principal
planes of curvature of one of the bodies at the contact
point (rad)

γ angle between the principal planes of curvature of
two contacting bodies with Hertzian geometry at the
contact point (rad)

δ, δi local contact angle or slope at each point of the lateral
profile of the potential contact area (rad)

ΔAp variation of the approach between the two contacting
bodies in the current time step, in a transient rolling
or shift case (m)

Δx longitudinal dimension of each rectangular element of
the mesh of the potential contact area (m)

Δxi longitudinal distance between a plane perpendicular
to the longitudinal direction and the centre of the
rolling circle corresponding to a point of the wheel
profile (m)

θi angle between the local yw-zw plane of the wheel and
the radial plane passing through each point in the
potential contact area (rad)

ν coefficient of Poisson
ξ, η longitudinal and lateral creepages
φ: spin creepage (m�1)
Φ, ψ roll and yaw angles of wheelset (rad)
Ω angular velocity of the wheel (rad/s)
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making use of predefined influence coefficients and the principle
of superposition around the contact zone. The division of the
elements of the contact area into exterior (i.e. non-contacting),
adhesion, and slip elements is performed iteratively, via an active
set strategy.

The theory was implemented first in the computer programme
DUVOROL and later in CONTACT [38]. In recent years several ex-
tensions to the programme have been developed, see for example
[41,50], including the capability to treat conformal contact, the
consideration of a third body layer in the wheel–rail interface, the
introduction of variable friction coefficients depending on the local
slip velocities, and the use of FFTs in order to speed up the discrete
convolution operations arising in the resolution of the contact
problem.

In its original form, the theory is applicable to linear elastic or
viscoelastic bodies, which are also homogeneous and isotropic, in
the framework of small displacements, in the absence of inertial
forces (i.e. it is an elastostatic contact theory), in conditions of dry
contact, and to punctual or non-conformal contact situations,
where the contact patch dimensions are much smaller than the
typical dimensions of the contacting bodies.

Assuming homogeneous and isotropic elastic bodies and non-
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conformal contact implies that the local behaviour of the con-
tacting bodies can be assimilated to that of the elastic half-space,
which is known in advance. Assuming non-conformal contact also
implies flatness of the contact area. The limitation to homo-
geneous and isotropic bodies can be overcome if the appropriate
influence coefficients are used, as it is done for example in [45] for
the case of elastic layered bodies. In a similar way, the limitation
pertaining to non-conformity can be overcome using the parti-
cular influence coefficients for the specific geometry of the con-
tacting bodies, as explained in [26] and [39]. However, in all these
cases the analytic expressions of the influence coefficients in the
space domain are not available, as they are for the homogeneous
elastic half-space. The assumption of a flat contact area is relevant
for the calculation of the normal undeformed distances and the
rigid slip velocities or creepages at each point in the potential
contact area, which are fundamental input variables for the nor-
mal and tangential parts of the contact problem respectively. The
limitation related to the flatness of the contact area can be over-
come if the normal undeformed distances and the creepages are
calculated taking into account the correct contact geometry, with
varying contact angles and rolling radii at each point, as is ex-
plained later.

Regarding the limitation of the absence of inertial forces, in
[44] it has been verified that these have a negligible influence on
wheel–rail contact mechanics at usual travelling speeds, which are
considerably lower than the wave speeds in steel.

Apart from the exact wheel–rail rolling contact theory im-
plemented in CONTACT, other more simplified models can be
found which are able to treat conformal contact, as those pre-
sented in Chapter 8.5 of [19] and in [31], or STRIPES, see [4,33].

In this work, cases of conformal contact are analysed with
CONTACT, deliberately discarding the effects related to conformity,
in order to investigate the effects resulting from conformity,
comparing the results obtained with and without taking into ac-
count these effects.

2.2. Finite element models

The Finite Element Method offers a very flexible framework to
treat general non-linear problems, making possible to analyse
complex geometries and to include if necessary the effects of non-
linear geometry and material properties, inertial effects and fric-
tional contact interactions. The solutions obtained with the FE
models in the different cases analysed are considered as the re-
ference in this work. The main disadvantage of these models is the
high computational cost, on the one hand because of the high
nonlinearity of the models due to the contact interaction, and on
the other hand because the volume and not just the surface of the
Fig. 1. Mesh of FE model for conformal contact study. (a) G
contacting bodies needs to be meshed, and providing a fine mesh
around the contact if detailed results are sought in this zone. As a
consequence the sizes of these models easily reach orders of
magnitude of hundreds of thousands of degrees of freedom or
more.

In this work static finite element models are used, built with
the commercial software ABAQUS/Standard [1]. A portion of both
contacting bodies near the contact zone is meshed with linear
8-node brick elements, and a fine mesh is provided in the contact
zone, with a resolution of around 20 elements in each semi axis of
the contact patch. Some details of the mesh of one of the models
built are shown in Fig. 1.

A surface to surface frictional contact pair is defined between
both contacting bodies, and the contact constraints are enforced
with the penalty method, with properly adjusted penalty stiffness
values. In this way, regularisation of the “hard” interfacial con-
stitutive behaviour laws (see e.g. Chapter 36 of [1]) is achieved
-specifically, a piecewise polynomial regularisation as described in
Section 5.2.3 of [47]. Regarding the interfacial tangential beha-
viour, Coulomb’s friction law with a constant coefficient of friction
is used, in the FE models as well as in the other types of models
used in this work (i.e. non-conformal exact rolling contact theory,
and its extension to conformal contact). The material for the
contacting bodies considered here and in the rest of the models
shown in this paper is steel, with linear elastic and isotropic be-
haviour, a Young’s modulus of 210 GPa and a coefficient of Poisson
of 0.30. The steady rolling state is reached applying prescribed
displacements and rotations to the wheel in consecutive steps, in a
non-linear static simulation.

In other recent wheel–rail contact related studies with finite
element models, e.g. [11,7,51,37,49], the entire wheel and a larger
section of the rail are modelled, and details of the vehicle and of
the track structure are included. In contrast, as mentioned above,
in this work only a portion of both contacting bodies is meshed,
though sufficient to ensure that the boundaries of the model do
not affect the local stress field in the contact. Therefore the more
general structural behaviour of the contacting bodies is not in-
cluded in the study, because the focus in this work is on the local
contact related quantities.

Another difference with the mentioned works is that those
employ explicit dynamic transient models, while the models in
this work are static. With the former models inertial forces in the
rolling contact process are taken into account, and the explicit
integration is effective in dealing with the severe nonlinearities
associated with the contact conditions. The use of static models in
this work is justified because here it is not intended to study any
dynamic phenomena, and as mentioned in the previous section
the local behaviour of the contacting bodies can be assumed to be
eneral view and (b) zoomed view in the contact area.



Table 1
Parameters of the non-conformal rolling contact test cases considered for valida-
tion of the FE models.

Parameter Value Units

Lateral radius of curvature of wheel 1 mm
Longitudinal radius of curvature of wheel 500 mm
Lateral radius of curvature of rail 300 mm
Coefficient of friction 0.30 –

Normal load 80 kN
Contact angle 0 º
Young’s modulus of wheel and rail material 210 GPa
Coefficient of Poisson of wheel and rail material 0.30 –

Fig. 3. Tangential traction distribution in non-conformal rolling contact with zero
longitudinal creepage and lateral creepage of 0.1%. (a) Results computed with
CONTACT and (b) results computed with FEM.
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unaffected by inertial effects at conventional rolling speeds. In this
way, some drawbacks associated with transient dynamic models
are avoided (e.g. the transient vibrations at the beginning of the
simulation, and the need to model longer sections in the rolling
direction and to simulate the rolling through a longer distance
until these are faded out), and quite detailed results are achieved
in the contact zone without incurring in too high computational
costs. Another recent example in which a quasistatic 3D FE model
is used to conduct a detailed wheel–rail contact mechanics study
can be found in [32].

2.2.1. Validation of the FE models
In this section some comparisons are made between the results

obtained with FEM on the one hand, and those obtained with
CONTACT on the other hand, for some non-conformal wheel–rail
rolling contact test cases, in order to validate the FEM analysis
methodology used in this work.

The main input data of the test cases shown here are listed in
Table 1.

In Fig. 2 the creepage-creep force curves obtained with CON-
TACT and with FEM are compared, for varying longitudinal and
lateral creepages. In Fig. 2a, the longitudinal creepage is variable
and the lateral creepage is zero, and in Fig. 2b, the longitudinal
creepage is zero and the lateral creepage is variable. As can be seen
in the figure, the curves obtained with FEM provide slightly lower
creep forces than those obtained with CONTACT for the same
creepages, but the differences are quite small: for the different
creepage conditions tested, the maximum difference seen in the
resulting contact force is around 2.5% with respect to the traction
bound.

Figs. 3 and 4 show the distribution throughout the contact
patch of the tangential tractions and relative slip velocities (i.e. the
slip velocities divided by the travelling speed) respectively, com-
puted both with CONTACT and with FEM for the case with zero
Fig. 2. Creepage-creep force curves for non-conformal rolling contact obtained with FE
(b) zero longitudinal creepage and varying lateral creepage.
longitudinal creepage and 0.1% lateral creepage. As can be seen in
the figures, the correspondence of the results from the FE model
with those from CONTACT is very good.

Lastly, in Table 2 some of the main results for the same case
shown in Figs. 3 and 4, obtained with the Hertzian theory, with
CONTACT and with FEM, are compared. The differences between
the results obtained with the different analysis methods are small,
even in the maximum surface stresses and slip velocities, which
are local quantities. The maximum differences are seen in the
magnitudes related to the tangential part of the contact problem;
specifically the maximum difference in the results shown in the
table occurs in the integrated frictional work distribution after a
wheel passage, and is around 7.5%. As can be seen in the table, the
magnitudes related to the tangential part of the contact problem
M and with CONTACT. (a) Zero lateral creepage and varying longitudinal creepage,



Fig. 4. Relative slip velocity distribution in non-conformal rolling contact with zero
longitudinal creepage and lateral creepage of 0.1%. (a) Results computed with
CONTACT and (b) results computed with FEM.

Table 2
Comparison of main results for non-conformal rolling contact test case with zero
longitudinal creepage and lateral creepage of 0.1%, obtained with Hertzian theory,
CONTACT and FEM.

Result Hertz CONTACT FEM

Longitudinal contact patch semi-axis
(mm)

6.946 6.9 6.937

Lateral contact patch semi-axis (mm) 4.935 4.9 4.95
Normal approach between contacting
bodies (mm)

0.08825 0.08839 0.08874

Maximum normal pressure (MPa) 1114 1120 1121
Maximum tangential traction (MPa) 259.9 243.0
Maximum relative slip velocity (-) 5.279�10�3 5.064�10�3

Maximum frictional work density (mJ/
mm2)

1.445 1.336

Fig. 5. Coordinate systems used for the study of wheel–rail conformal contact.
(a) Local coordinate systems of the wheel and rail profiles (a wheel profile is shown
in the figure), (b) global Cartesian coordinate system and wheelset local Cartesian
coordinate system and (c) local contact coordinate system, with x axis (not shown)
perpendicular to the plane of the figure.
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computed with FEM are slightly lower than those computed with
CONTACT. This is attributed to the use of the penalty formulation
in the FE model in order to enforce the contact constraints, which
introduces some flexibility in the contact interface which is not
present in the CONTACT model. Regarding the contact patch di-
mensions, it has to be noted that the accuracy of the reported
results from CONTACT and FEM are limited by the element size
used in the contact patch, which is 0.30�0.20 mm in the CON-
TACT analyses, and 0.375�0.30 mm in the case of the FEM ana-
lyses (longitudinal� lateral dimension). Nevertheless, the contact
patch shapes obtained with the different analysis types are nearly
coincident when plotted one over the other.

In conclusion, the comparison of the results obtained with the
FE models with the results from CONTACT and the Hertzian theory
in the different non-conformal contact test cases is favourable, and
therefore the FE models are validated for the type of contact
mechanics analyses performed in this work.

2.3. Exact rolling contact theory including the effects of conformity

In order to study conformal contact cases with less computa-
tional cost than with FE models, Kalker’s exact rolling contact
theory has been programmed in MATLAB. In the following sections
the effects of conformity that are taken into account in the pro-
grammed version of the exact rolling contact theory are explained,
and are contrasted with what is done in the non-conformal exact
theory.

First, the different coordinate systems which are used are in-
troduced and depicted in Fig. 5.

� Local coordinate systems of the wheel and rail profiles: 2D
Cartesian coordinate systems with axes yL (lateral) and zL (ver-
tical), with the origin in the nominal rigid contact points of the
respective profiles.

� Global Cartesian coordinate system, with axes X, Y, Z: its origin
is located in the centre of the track, at the height of the origin of
the coordinate system of the rail profile. The global X axis is
oriented in the longitudinal (rolling) direction, the Y axis is



Fig. 6. Illustration of the combination of the influence coefficients of the half-space
in order to approximate the influence coefficients for conformal geometries. In-
fluence coefficient BIiJj: displacement of point I along direction i, due to a unit load
in direction j at point J.
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oriented in the lateral direction, pointing towards the left wheel
and the Z axis completes the right handed Cartesian coordinate
system, pointing upwards. The X and Y axes are contained in the
(usually horizontal) plane of the track.

� Wheelset local Cartesian coordinate system, with axes xw, yw,
zw: its origin is located at the central point of the wheelset axis
of revolution. It is oriented according to the wheelset yaw (ψ)
and roll (Φ) angles as follows: 1) rotation of ψ angle around
global Z axis and 2) rotation of Φ angle around local xw axis.

� Local contact coordinate system: Cartesian coordinate system de-
fined according to the tangential plane at each point of the contact
area, with its three principal orthogonal directions designated as
the longitudinal (rolling) direction x, the lateral direction s, and the
normal direction n. The local vectorial quantities in the contact
such as surface displacements and tractions, as well as the influ-
ence coefficients, are expressed in this coordinate system.

Regarding the solution algorithms, on the one hand the normal
part of the contact problem is solved with an algorithm similar to
Kalker’s NORM [21,22], with the difference that the checks for the
elements in the contact and exterior areas are performed simulta-
neously at each iteration (i.e. in the same iteration, multiple ele-
ments may be changed from the contact to the exterior area and
vice versa). On the other hand, the tangential part of the contact
problem is solved with an algorithm similar to Kalker’s TANG
[21,22], also with the difference that the checks for the elements in
the adhesion and slip areas are performed simultaneously at each
iteration. Additionally, for the tangential part of the contact problem
Vollebregt’s ConvexGS algorithm [40] has also been tried.

The rolling contact problems were tried to be solved first di-
rectly as steady state rolling contact problems. When convergence
was not achieved in the tangential part of the contact problem
with neither of the algorithms used, the problems were solved as a
sequence of transient rolling contact cases until the steady state
was reached. The TANG algorithm was not effective in all the
transient cases either, but with ConvexGS a solution was achieved
for the tangential part of the contact problem in all the transient
cases that were tried.

2.3.1. Influence coefficients for conformal geometries
As explained in [26] and [39], the local behaviour of conformal

bodies around the contact is different from that of the elastic half-
space. In those works this issue is tackled by computing numeri-
cally with linear FE models the necessary influence coefficients for
the geometries analysed. This approach has the drawback of the
need to compute the influence coefficients for each particular case,
and also the difficulty of separating the total elastic displacements
provided by the FE analyses into global deflections and local dis-
placements around the contact, the latter being the wanted ones
for use in the contact model.

It has long been recognised that the use of the half-space
Boussinesq influence function for the normal part of the contact
problem is a good approximation for moderate levels of con-
formity (with total contact angle variations less than about 45º),
see for example [29,10,14,26,3]. It can be verified that this is also
true for the other direct influence coefficients, i.e. the ones that
relate the displacements in a given direction to a load in the same
direction. In contrast, in some of the crossed influence coefficients,
i.e. the ones that provide the displacements in a given direction
due to a load in a different direction, greater differences are seen
between those of the half-space and those of conformal bodies.
The most pronounced differences are seen in the case of the in-
fluence coefficients Bsn, i.e. the ones which provide the displace-
ments in the lateral tangential direction due to normal pressures
(and vice versa, in the influence coefficients Bns). However, if the
loads are rotated according to the local principal directions of each
point where the displacements are observed, as shown in Fig. 6, it
is seen that the half-space influence coefficients can still provide a
reasonably good approximation of the influence coefficients for
conformal geometries.

As shown in the figure, the load applied at a given point J is
decomposed in the s and n directions of point I where the dis-
placements are observed, according to Eq. (1) below:

α α
→

=
→

+
→

=
→

⋅ ( )⋅→ +
→

⋅ ( )⋅→ ( )P P P P n P scos sin 1nJ nI sI nJ I nJ I

Following the reasoning depicted in Fig. 6, the influence coef-
ficients for conformal geometries are approximated with the in-
fluence coefficients of the half-space, according to Eqs. (2–10):

_ ≈ ( )B B 2xx conf xx

α α_ ≈ × ( ) + × ( ) ( )B B Bcos sin 3xs conf xs xn

_ ≈ = ( )B B B 4sx conf sx xs

α α_ ≈ × ( ) + × ( ) ( )B B Bcos sin 5ss conf ss sn

α α

α α

_ ≈ × ( ) – × ( )

= × ( ) + × ( ) ( )

B B B

B B

cos sin

cos sin 6

nn conf nn ns

nn sn

α α_ ≈ × ( ) – × ( ) ( )B B Bcos sin 7xn conf xn xs

α α_ ≈ × ( ) – × ( ) ( )B B Bcos sin 8sn conf sn ss

_ ≈ = − ( )B B B 9nx conf nx xn

α α

α α

_ ≈ × ( ) + × ( )

= − × ( ) + × ( ) ( )

B B B

B B

cos sin

cos sin 10

ns conf ns nn

sn nn

In Eqs. (2–10), α is the angle between the principal directions s/
n of the point where the load is applied and those of the point
where the displacement is calculated as shown in Fig. 6 (in this
work only lateral angular differences are considered; the geometry
in the longitudinal direction is considered non conformal). On the
other hand Bij are the influence coefficients representing the dis-
placement in direction i due to a load in direction j; the ones with
no further suffix are those of the elastic half-space, the expressions
of which are given in Appendix A, and the ones with suffix “conf”
are those estimated for conformal geometries. In the case of the
non-conformal analyses, the angle α is assumed to be always zero
and the used influence coefficients are, evidently, those of the
elastic half-space.



Fig. 7. Convex body considered for the calculation of the influence coefficients
shown in Fig. 8. The body is prismatic in the longitudinal x direction.

Table 3
Parameters for the calculation of the influence coefficients for a convex conformal
geometry.

Parameter Value Units

Longitudinal half side of the loaded rectangle 0.12 mm
Lateral half side of the loaded rectangle 0.105 mm
Radius of circular part of lateral profile of the convex body 10 mm
Total wedge angle of the convex body 100 º
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In order to assess the adequacy of the above equations, next the
influence coefficients Bsn of the half-space are compared with those
calculated numerically via FEM for a prismatic convex body, and
with those estimated for the same convex body using the above Eq.
(8). The convex body considered has a constant cross section in any
plane perpendicular to the longitudinal x axis. This cross section is
composed of a circular arc and two straight lines which form a total
angle of 100º as shown in Fig. 7, and has a plane of symmetry in the
middle of the circular arc. The load applied is a constant pressure
over a rectangle on the surface aligned with the principal directions
x and s and centred in the lateral plane of symmetry of the convex
body (at lateral coordinate s¼0). Other relevant parameters con-
sidered in this calculation are listed in Table 3.

The resulting influence coefficients of the surface displace-
ments are shown in Fig. 8, along the lateral direction, in a cross
section at a distance equal to the longitudinal dimension of the
loaded rectangle from the centre of the loaded rectangle. As can be
seen in Fig. 8, there is a high discrepancy between the influence
coefficients Bsn of the half-space and those calculated numerically
for the convex body of Fig. 7. On the other hand, combining the
influence coefficients of the half-space according to Eq. (8) gives a
good approximation of the influence coefficients Bsn of the convex
Fig. 8. Comparison of influence coefficients Bsn for the half-space and for the
convex body of Fig. 7. Blue solid line: half-space. Red dashed line: estimation for
convex body according to Eq. (8). Green dotted line with þ marks: calculated with
FEM for convex body. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
body calculated numerically with FEM.
Looking at Eq. (8) and Fig. 6 it can be seen that for convex

bodies, the component PsI of the applied normal pressure PnJ,
which arises due to conformity in the lateral direction, tends to
produce tangential displacements in the surrounding points I in
the opposite sense to those produced by the component PnI, which
draws the surrounding points towards where the load is applied.
This can be verified looking at the influence coefficients Bsn cal-
culated in Fig. 8 for the convex body of Fig. 7, where it is seen that
they have a lower absolute magnitude than those of the half-
space, and at some distance away from the point of application of
the load they even reverse direction. On the other hand, for con-
cave bodies the effect will be the contrary, i.e. both components PnI
and PsI of the applied load will produce tangential displacements
in the same sense in the surrounding points. The net effect in the
contact between a convex body and a concave body is that the
contact normal pressures cause tangential displacement differ-
ences, as stated in [39], even in the case of contacting bodies with
similar elastic properties. As a result the elastic quasiidentity
property cannot be applied in the case of frictional conformal
contact, and there will be a certain degree of coupling between the
normal and the tangential parts of the contact problem. In order to
solve the coupled contact problem with the programmed exact
rolling contact theory, the Panagiotopoulos process [22] is em-
ployed, i.e. the normal and tangential problems are solved se-
quentially, keeping the tangential tractions fixed at each iteration
for the normal problem, and conversely, keeping the normal
tractions fixed at each iteration for the tangential problem, until
convergence is achieved.

It is remarkable how fast the influence coefficients Bsn for
conformal geometries deviate from those of the half-space. For
example, in Fig. 8 it can be seen that at lateral s coordinate
0.63 mm, the difference between the influence coefficient Bsn of
the half-space and that of the convex body calculated with FEM is
already around 20% of the peak influence coefficient Bsn shown in
the figure. At this position the angular difference with respect to
the centre of the loaded rectangle is only 3.6º. This rapid deviation
is well explained with the last term of Eq. (8), due to the fact that
the influence coefficients Bss are of higher magnitude than the
influence coefficients Bsn, and also because of the rapid change of
the sin(α) term around α values of 0.

A further aspect to note is that the influence coefficients Bsn are
an order of magnitude lower than the direct influence coefficients,
so that it may be thought that they have a low influence on the
contact problem. However, it is seen that they can have a high
influence on the tangential part of the contact problem, in contrast
to what was assumed in [26]. In order to illustrate this, a case of
conformal contact has been calculated with the programmed exact
contact theory with and without performing the correction for
conformity in the Bsn influence coefficients according to Eq. (8),
and also with FEM. The considered case is the static contact of a
concave roller symmetric in the lateral direction and with a
transverse radius of 10.5 mm pressed against a convex rail with
the same geometry shown in Fig. 7. The described geometry of the
contacting bodies is the same as that of the model shown in Fig. 1.
This is one of the cases that was considered in [8]. Other para-
meters of the calculation are listed in Table 4.

In Fig. 9 the obtained lateral tangential tractions along the
lateral direction in the middle cross section of the contact patch
(because of symmetry in the longitudinal direction, the long-
itudinal tangential tractions are zero at this cross section) are
plotted, with the three models considered.

On the one hand, it is seen that there is an appreciable difference
between the results obtained with the exact contact theory with and
without performing the correction for conformity in the Bsn influence
coefficients. The notable influence of the Bsn influence coefficients on



Table 4
Parameters for the calculation of the static compression case with similar materials
and lateral conformity shown in Fig. 9.

Parameter Value Units

Radius of circular part of lateral profile of the concave roller 10.5 mm
Longitudinal radius of curvature of roller 653.7 mm
Coefficient of friction 0.30 –

Normal load 80 kN
Mean contact angle 0 º
Yaw angle 0 º

Fig. 9. Comparison of lateral distributions of tangential tractions obtained in
conformal compression of elastically similar bodies, at the middle cross section of
the contact patch. Blue solid line: programmed exact contact theory without cor-
rection for conformity in the Bsn coefficients. Red dashed line: programmed exact
contact theory with correction for conformity in the Bsn coefficients. Green dotted
line with þ marks: FEM solution. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)

Fig. 10. Comparison of lateral distributions of normal tractions obtained in con-
formal compression of elastically similar bodies, at the middle cross section of the
contact patch. Blue solid line: programmed exact contact theory without correction
for conformity in the Bsn coefficients. Red dashed line: programmed exact contact
theory with correction for conformity in the Bsn coefficients. Green dotted line with
þ marks: FEM solution. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)
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the results of the tangential part of the contact problem, despite their
lower magnitude with respect to the Bss coefficients, can be attrib-
uted to the fact that the normal pressures are much higher than the
tangential tractions in the considered case: the maximum values of
normal pressure and tangential traction obtained with the FE model
are around 1200 and 170 MPa respectively.

When the correction for conformity is performed, the tangential
displacement differences caused by the normal pressures partially
counteract the tangential shifts imposed at each point in the contact
patch, which are equal to the approach or normal shift times the
sine of the angle between the direction of the imposed normal shift
and the local normal at each point. As a result, the resulting tan-
gential tractions are considerably lower than without the con-
formity correction applied, and the whole contact patch remains in
adhesion. On the contrary, in the case of not performing the con-
formity correction the tangential tractions reach the saturation limit
and there is sliding in most of the contact patch.

On the other hand, it is seen that the tangential traction dis-
tribution obtained with the programmed exact contact theory,
performing the correction for conformity in the influence coeffi-
cients, approaches that of the FEM, although with apparently
somewhat lower tangential tractions obtained with the former. It
could be argued that the obtained precision with the programmed
exact contact theory is worse than should be expected from an
exact contact theory. Nevertheless, it is difficult to make con-
clusive statements here, due to the level of noise present in the
solutions obtained with both the programmed exact contact the-
ory and the FE model (in the solutions obtained with the pro-
grammed exact contact theory the noise occurs mainly in the
longitudinal direction, and is hardly noted in the lateral cross
section presented in Fig. 9).

Lastly, Fig. 10 shows the lateral distributions of normal tractions
obtained with the same models as those considered in Fig. 9, at the
same location. As shown in the figure, the normal pressure dis-
tribution obtained with the exact contact theory performing the
correction for conformity in the Bsn influence coefficients, ap-
proaches well that obtained with the FE model. On the other hand,
the pressure distribution obtained with the exact contact theory
without performing the correction for conformity in the Bsn in-
fluence coefficients is slightly different, with a maximum normal
pressure that is about 3% lower than the maximum pressures
obtained with the other two models. This happens as a result of
the coupling between the normal and the tangential parts of the
contact problem with conformal geometries, as will be further
discussed in Section 3.2.

2.3.2. Normal undeformed distances
The normal undeformed distances throughout the potential

contact area are the fundamental geometric input variables for the
normal part of the contact problem. In this section the process
followed for the calculation of the normal undeformed distances
with conformal geometry is described. The wheel is considered a
perfect body of revolution, and the rail straight in the rolling di-
rection. The contact is assumed to be conformal only in the lateral
direction, so the contact patch can be curved only in this direction,
and will be considered flat in the longitudinal direction. Both
contacting bodies are considered smooth, without roughness, but
the process could be easily extended to include roughness.

The main input data are as follows:

a) Lateral profiles of both contacting bodies. Without loss of
generality these are assumed to be given by a list of value pairs
representing the Cartesian coordinates (yL, zL) of the set of
points chosen to represent the profiles. The points have to be
given in consecutive order, but neither of their coordinates
need be monotonically increasing or decreasing; there may be
vertical sections for example.

b) Nominal rolling radius of the wheel.
c) Position and orientation of the wheel with respect to the rail.

This will be generally given by a lateral displacement uy, a
vertical displacement uz, a yaw angle ψ and a roll angle Φ.
Besides, the option to include a rail cant angle is also included.

d) Parameters for the discretization of the potential contact area:
the potential contact area is discretized with equal rectangular
elements and will normally be centred around the rigid point
of contact. The necessary parameters are the upper and lower
bounds in the longitudinal and in the lateral direction, and the
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Fig. 11. Intersection point (ysc,i, zsc,i) of the rolling circle of one of the points of the
wheel profile with a plane perpendicular to the longitudinal direction. Plan view.
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number of elements in each direction.

The main steps followed for the calculation of the normal un-
deformed distances are listed below. Each of the steps 1 to 6 is
performed for each longitudinal position in the discretization of
the potential contact area.

) Calculation of the longitudinal distanceΔxi between the current
longitudinal position in the discretization of the potential con-
tact area and the points in the revolution axis of the wheel
corresponding to each of the points representing the lateral
profile of the wheel.

) Calculation of the intersection curve between the wheel and the
plane perpendicular to the longitudinal direction located at the
current longitudinal position. Fig. 11 shows schematically the
intersection of the rolling circle of one of the points of the wheel
profile with a plane perpendicular to the longitudinal direction,
with some of the relevant parameters in the calculation. In order
to calculate the intersection between the rotated wheel and a
plane perpendicular to the longitudinal direction, a development
similar to that shown in Appendix D of [26], for the calculation of
the locus of the possible rigid contact points in the wheel, is
followed. For a given point of the lateral cross section of the
wheel profile, the Cartesian coordinates of the intersection point
of its corresponding rolling circle with the plane are given as:
Fig. 12. Calculation of normal undeformed distance in conformal contact. The
normal undeformed distances are calculated between points with the same x and s
coordinates in both contacting bodies.
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where:

ysc,i, zsc,i: horizontal and vertical coordinates of the intersection
point (in global reference system).
yw,i: lateral coordinate of the considered point of the wheel
profile (in the local reference system of the wheelset).
ri: rolling radius of the considered point of the wheel profile.
Δxi: longitudinal distance between the intersection plane and
the centre of the rolling circle of the considered point.

) Parameterisation of the calculated intersection curve of the
wheel with the lateral curvilinear coordinate s, representing its
length.

) Search for the location of the origin of the s coordinate on the
intersection curve of the wheel, which is defined to be on the
point at the minimum distance from the chosen reference or
central point of the potential contact area, projected to the
current longitudinal position.

) Calculation of the discretized profile of the wheel, interpolating
on the intersection curve of the wheel at the lateral positions of
the discretization of the potential contact area.

Steps 3 to 5 above are performed in a similar way for the rail,
although they are performed only once and not at each long-
itudinal position, since the lateral profile of the rail is the same at
all longitudinal positions.
) Calculation of the normal undeformed distance between both
contacting bodies at each lateral position of the discretization,
as the projection over the local normal direction of the vector
between the points on the rail and on the wheel having the
same s coordinate, as shown in Fig. 12. In this way, contact is
assumed to occur between points with the same s (and also x)
coordinates. This assumption is justified in the framework of
small displacements, where the undeformed distances and
elastic displacements are much lower than the typical dimen-
sions across the contact patch.

For the calculation of the local normal direction at each lateral
position of the discretization, the reference lateral profile of the
potential contact area is taken into account. This reference lateral
profile is calculated as an interpolation between the lateral profile
of the rail and the reference lateral profile of the wheel, weighted
with the stiffness of each of the contacting bodies. The reference
lateral profile of the wheel is taken as the intersection between the
wheel and the plane perpendicular to the longitudinal direction
located at the reference or central longitudinal position of the
potential contact area.

It is worth mentioning that, as the normal contact problem is
quite sensitive to small variations in the input normal undeformed
distances, the interpolations performed in step 5) of the above
described process for the calculation of the normal undeformed
distances may have an influence on the obtained normal pressure
distributions. For Hertzian geometries, linear interpolation is seen
to be sufficient, but for non-Hertzian geometries, like in the case



Fig. 13. Comparison of lateral distributions of normal pressure close to the central
longitudinal position in the contact patch, in a case with conformal contact. Blue
solid line: spline interpolation for the calculation of the normal undeformed dis-
tances. Red dashed line: linear interpolation. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)
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shown in Fig. 15a in Section 3.1 (which would be considered
Hertzian if not taking into account the conformity), it has been
observed that using linear interpolations noisy pressure distribu-
tions result, unless a considerably finer discretization is used for
the input profiles of wheel and rail than for the potential contact
area where the contact problem is solved. With spline interpola-
tions, the mentioned noise in the pressure distributions is elimi-
nated. In order to illustrate this, in Fig. 13 the obtained lateral
distributions of normal pressure with different interpolation types
for the calculation of the normal undeformed distances are com-
pared, for the mentioned case of conformal contact. In the shown
case, the contact patch is discretized with approximately 36 ele-
ments in the lateral direction, and the wheel and rail profiles are
defined with approximately 85 and 150 points respectively in the
same zone. The results shown in this work have been obtained
using spline interpolations for the calculation of the normal un-
deformed distances.

Lastly, in the case of the non-conformal analyses, instead of
following the above described process for the calculation of the
normal undeformed distances, a semi-Hertzian representation of
them is used, according to the following considerations:

� A constant longitudinal curvature for the wheel is considered,
corresponding to that of the central or reference point in the
contact area.

� Realistic (non-Hertzian) lateral undeformed profile
representation.

� The yaw angle of the wheel is not taken into account.

2.3.3. Creepages
The creepages or imposed rigid shifts at each point of the po-

tential contact area are the fundamental kinematic input variables
for the tangential part of the contact problem. In the non-con-
formal analyses the imposed rigid shifts at each point are defined
in terms of the longitudinal, lateral and spin creepages according
to Eqs. (13) and (14) below:

( )ξ φ= − + × × ( )w y V 13long i

η φ= − ( − × ) × ( )w x V 14lat i

On the other hand, with non-planar contact areas, as explained
in [31], the notion of creepages as applicable to the whole contact
area loses its sense, and it becomes necessary to compute the local
rigid shifts or slip velocities at each point. Despite this, in some
cases presented in Section 3, creepage values are reported. These
creepage values correspond to the central or reference points of
the contact patch in each case.

The local rigid slip velocities at each point are computed as the
projections of the velocity vector of the considered point of the
wheel on the local principal tangential directions, as a function of
the linear and angular velocities of the wheel, the distance of the
point from the axis of revolution of the wheel, and the orientations
of the axis of revolution of the wheel and the local tangent plane
at the considered point. The rigid velocities of the rail are assumed
to be zero. The resulting expressions for the longitudinal and lat-
eral rigid slip velocities are given below.
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In the above formulas, the linear velocity V of the wheel is
assumed perfectly aligned with the rolling direction and therefore
not contributing to the lateral creepage. In the general case, the
contributions of the linear velocity of the wheel to the longitudinal
and lateral creepages can be expressed in terms of its components
in the global Cartesian coordinate system Vx, Vy and Vz, as Vx, and
[–Vy� cos(δi)þVz� sin(δi)], respectively.

The angles θi and δi, which are in general variable at each point
in the potential contact area, are depicted in Fig. 14.

In Eqs. (15) and (16), the angular velocity vector of the wheel is
assumed to be aligned with its symmetry or revolution axis. If this
were not the case, the only necessary change would be to replace
the angles ψ and Φ in said equations by the appropriate angles
describing the orientation of the angular velocity vector of the
wheel.

On the other hand, in the case of transient analyses (normal
and tangential shifts, and transient rolling), the tangential shifts
produced by the variation in the approach between the two con-
tacting bodies is taken into account as the projection of the var-
iation of the approach on the local lateral s direction at each point,
as was mentioned previously in Section 2.3.1, according to Eq. (17)
below:

α= − Δ × ( ) ( )w Ap sin 17lat i

where wlat is the rigid shift in the lateral (s) direction, and αi is the
angle (contained in a vertical plane perpendicular to the long-
itudinal direction) between the direction of ΔAp and the local
normal at each point, see Fig. 14.
3. Results and discussion

First, the different cases studied are described. Situations of
steady rolling and of static contacts are analysed. Simple geome-
tries with varying degrees of conformity are considered, with
constant principal curvatures in the contact region. The rail has
zero longitudinal curvature and a transversal convex radius of
curvature of 10 mm in all cases. The wheel or roller has different
transversal concave curvatures, as listed in Table 5. In the same
table, the main characteristics of the resulting contact patches are
shown.

Another geometrical parameter for the different cases con-
sidered is the mean contact angle, i.e. the contact angle at the
central or reference point in the contact patch. This will be 0º or
45º, as indicated in the corresponding sections. The rest of the
relevant parameters are as listed in Table 4, unless otherwise
indicated.



Fig. 14. Definition of angles θi (a), δi and αi (b) for each point in the potential contact area.

Table 5
Geometrical parameters of the different conformal contact cases analysed.

Case no. Transverse ra-
dius of curva-
ture of wheel
(mm)

Total lat.
contact angle
variation
(deg)

Longitudinal di-
mension of con-
tact patch (mm)

Lateral dimen-
sion of contact
patch (mm)

1 10.5 43 16.6 7.2
2 11 29 18.4 5.2
3 12 22 19.2 4.0
4 15 14 20.6 2.7

Table 6
Contact patch areas and maximum normal pressures obtained in the different
conformal contact cases analysed.

Case no. Contact patch area [mm2] Maximum normal pressure [MPa]
Conformal/Non-conformal Conformal/Non-conformal

1 102.9/97.28 1216/1203
2 78.65/76.47 1562/1551
3 60.60/59.70 2008/2002
4 44.69/44.30 2719/2716
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3.1. Contact patch shapes

Fig. 15 shows the contact patch contours obtained considering
different concave transversal curvature radii for the wheel as listed
in Table 5, with a mean contact angle of 45º and a yaw angle of
3.54 mrad, corresponding to a lateral creepage of -0.5%. The figure
also shows the limits between the adhesion and slip zones. In
these cases most of the contact patches are in slip except for a
central adhesion zone, due to the high mean contact angle and
corresponding spin creepage. These contact patches have been
computed with the exact contact theory with and without con-
sidering the effects of conformity, and in the case with the highest
degree of conformity of Fig. 15a, also with FEM. The correspon-
dence between the contact patches obtained in this case with the
conformal exact contact theory and with the FEM is very good.

The areas of the contact patches and maximum normal pres-
sures obtained in each case with the exact contact theory with and
without considering the effects of conformity are listed in Table 6.
The contact patch area and maximum normal pressure obtained in
Case 1 with the FEM are 103.5 mm2 and 1214 MPa respectively,
very similar to the corresponding values obtained with the con-
formal exact contact theory.

As can be seen in Fig. 15, the shapes of the contact patches
obtained with the non-conformal and with the conformal analyses
begin to differ noticeably already with modest levels of con-
formity, as seen for example in Fig. 15c, in which the contact patch
is spread over a lateral angle of around 22°. The obtained contact
patches with the conformal analyses are not symmetric in the
lateral nor in the longitudinal direction, due to the effects of the
varying longitudinal curvature of the wheel in the lateral direction,
and the yaw angle of the wheel.

Referring to the varying longitudinal curvature of the wheel
(Cx¼cos(δ)/ R; Cx being the longitudinal curvature of the wheel, δ
the contact angle and R the rolling radius at each point in the
contact patch), which results mainly from the variation in the
contact angle, its effect is more pronounced at higher contact
angles. For example, considering a total contact angle variation in
the contact patch of 40º, and the rest of the geometrical para-
meters as given above, with a mean contact angle of 0º the long-
itudinal curvature of the wheel varies only in about 6% in the
contact patch with respect to its value at the central point, while
its variation reaches nearly 70% with a mean contact angle of 45°.
As a result, if the mean contact angle is changed to 0º in the cases
shown in Fig. 15, the contact patches obtained with the conformal
analyses are much more similar to those obtained with the non-
conformal analyses, in which the longitudinal curvature of the
wheel is considered constant and equal to that of the central point
in the contact patch.

In order to assess the explained influence of the mean contact
angle on the resulting differences between the contact patches
obtained with the conformal and the non-conformal analyses,
cases with the same contact geometry as that considered in
Fig. 15a have been analysed for different values of the mean con-
tact angle between 45° and 0°, maintaining the rest of the para-
meters. The results are summarised in Fig. 16 in terms of the dif-
ference between the shapes of the contact patch contours ob-
tained with conformal and with non-conformal analyses. In order
to quantify this difference between the conformal and non-con-
formal contact patches, the maximum distance between the con-
tours of both contact patches is determined, and it is normalised
with the length of the mean contact patch semi-axis. This nor-
malised distance is designated as the difference ratio between
conformal and non-conformal contact patches in Fig. 16. The mean
contact patch semi-axis is taken as the square root of the product
of the two principal semi-axes of the contact patch obtained with
the non-conformal analysis in each case. Therefore the difference
ratio between conformal and non-conformal contact patches is
defined as distance d divided by the square root of the product of a
and b; a, b and d being as indicated in Fig. 17, where two contact
patches obtained with a conformal and with a non-conformal
analysis are depicted.

With respect to the yaw angle of the wheel, it may be thought
at first that its influence on the contact patch shape will be small,
due to the small values which may realistically take in the wheel–



Fig. 15. Contact patch contours in conformal contact with a mean contact angle of 45º and a yaw angle of 3.54 mrad. Results computed with non-conformal exact contact
theory marked as “Non-conformal” in solid blue lines, and those computed with conformal exact theory marked as “Conformal” in dashed red lines. Contact patch contours
computed with FEM marked as “FEM” in dash-dotted green lines in (a). (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

Fig. 16. Difference ratio between conformal and non-conformal contact patches as
a function of the mean contact angle. Fig. 17. Definition of the relevant dimensions a, b and d for the calculation of the

difference ratio between conformal and non-conformal contact patches, in order to
quantify the difference between the shapes of the different contact patches.
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rail case (in the cases of Fig. 15, only 3.54 mrad, which is already a
relatively severe yaw angle in wheel–rail rolling contact). This is so
with non-conforming geometries, where it is usually assumed that
the contact patches depend on the local geometries of the con-
tacting bodies around the contact point but not on the (relatively
small) angle between the planes containing their respective
principal curvatures. From this it follows that with non-conform-
ing geometries the contact patches can be assumed to be sym-
metric in the longitudinal direction regardless of the yaw angle of
the wheel. However, with conforming geometries this is not ap-
plicable, as can be seen from the contact patch shapes shown in
Fig. 15. This can be explained with a geometrical analysis of the
combined undeformed distance function between the two con-
tacting bodies. If quadratic undeformed surfaces are assumed for
the two contacting bodies, the angle γ between the principal
planes of curvature of the two bodies in contact and the angle β
defining the orientation of the principal planes of the combined
undeformed distance function as shown in Fig. 18 are related
through Eqs. (18) and (19) below, see e.g. Appendix 2 of [19] (note
that in the cited reference the nomenclature is different: the an-
gles designated here as β and γ, are designated as α and θ re-
spectively in the cited reference):



Fig. 18. Definition of orientation of principal planes of curvature of each of the two
bodies in contact (with suffixes 1 and 2) and of the combined undeformed distance
function (with no suffix).

Fig. 19. Comparison of lateral distributions of normal pressures obtained in con-
formal compression of elastically similar bodies, at the middle lateral cross section
of the contact patch. Blue solid line: frictional contact; coefficient of friction of 0.30.
Red dashed line: frictionless contact. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)
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where Cxi and Cyi are the principal curvatures of each body i in
contact, and A and B are the coefficients of the quadratic function
approximating the undeformed distance between the two con-
tacting bodies.

When all the principal curvatures are positive, i.e. convex, the
angle βwill be in the same sense as the angle γ, and of lower value.
However, when one of the curvatures is concave and closely
conforming with the corresponding convex curvature of the other
body, the angle β can be much higher than the angle γ, and will be
in the opposite sense. For example, substituting the principal
curvatures of Case 1 shown in Fig. 15a in the above equations, the
resulting angle β is about 30 times higher than the angle γ.
Therefore, with conforming geometries small yaw angles can
cause appreciable orientation changes in the combined un-
deformed distance between the two contacting bodies, and hence
in the resulting contact patch.

In cases such as those shown in Fig. 15, it is clear that the usual
assumption in wheel–rail contact of quadratic undeformed dis-
tances in the rolling direction, even if using a realistic non-Hert-
zian transverse profile representation and varying longitudinal
curvatures in the lateral direction, is inadequate for the accurate
estimation of the contact patch shape, due to the high influence of
the yaw angle with conformal geometries as described above. In
this way, the need to properly calculate the normal undeformed
distance at each point in the contact patch, as previously de-
scribed, is justified. Nevertheless, it is worth noting that even in
the case with the highest degree of conformity shown in Fig. 15a,
the overall dimensions of the contact patch and the maximum
contact pressure obtained with the non-conformal analysis, are
very similar to those obtained with the conformal analyses, as can
be seen in Table 6. The maximum contact pressures obtained with
the different analyses are within a margin of about 1% in this case.

3.2. Coupling between normal and tangential problems

As has been mentioned before, one particular feature of
frictional conformal contact is that there is a coupling between the
normal and tangential parts of the contact problem, even when
having contacting bodies with elastically similar properties as in
the wheel–rail case. In order to evaluate the significance of this
coupling, the same case of static conformal compression for which
results are shown in Fig. 9, in which the total lateral contact angle
variation in the contact patch is about 43°, has been computed
without friction. The geometry is that of Case 1 of Table 5. The
resulting lateral distributions of normal pressure in the middle
cross section of the contact patch with and without friction are
depicted in Fig. 19, computed with FEM.

The values of the maximum normal pressures obtained in this
case with and without friction are of 1213 and 1244 MPa respec-
tively; that is, the maximum pressure obtained in the frictionless
case is about 2.5% higher than in the equivalent case with friction.
The decrease in the normal pressure values in the frictional case
with respect to the frictionless is not uniform across the width of
the contact patch, but is maximum in the central position, at
s¼0 mm. This is because at this location the effects of the lateral
tangential stresses at each side of the contact patch, which are
symmetric about this point, sum up and is maximum: the tan-
gential stresses at either sides of the contact patch tend to increase
the normal undeformed distance in the central part.

Part of the decrease in the normal pressures in the frictional
case is due to the fact that the tangential stresses that appear in
the frictional case (see Fig. 9) sustain part of the resultant normal
force in the contact. In this case, about 1.5 kN of the total normal
load of 80 kN, i.e. about 1.85% of the normal load, is seen to be
sustained by the lateral tangential stresses. This would explain a
decrease of about 0.6% in the maximum value of the contact
pressure, assuming Hertzian proportionality between the re-
maining part of the normal load sustained by the normal pressures
and the maximum value of the contact pressure.

The computations performed with the conformal exact contact
theory for the same case show a similar trend, although with a
more reduced impact: the difference between the maximum
normal pressures obtained with and without friction is just about
2%. In conclusion, some coupling between the normal and tan-
gential parts of the contact problem is verified, although this is
seen to be relatively limited. In other different rolling contact cases
computed with the same contact geometry, with different values
of spin and lateral creepage, a lower influence of the tangential
stresses upon the normal pressures have been observed, even with
higher levels of tangential traction.

Another way in which the coupling between the normal and
tangential parts of the contact problem in conformal contact is
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manifested, is in the lateral shift of the position of the contact
patch that occurs in cases where a net lateral force is transmitted
in the contact. The lateral tangential stresses modify the normal
undeformed distances in such a way that the contact patch tends
to shift to the side towards which the concave body is pushing the
convex one. In order to illustrate this effect, Fig. 20 shows sche-
matically the lateral variation of the normal elastic displacements
in the same convex body considered in Fig. 19, due to the “normal
components” of the lateral tangential stresses acting on the surface
of the body in the contact patch. The “normal components” of the
lateral tangential stresses referenced here are analogous to the PnI
force component shown in the contact force decomposition re-
presented in Fig. 6.

Note that neither the elastic displacements caused by the re-
maining “tangential components” of the lateral tangential stresses,
nor the elastic displacements caused by the normal pressures, are
represented in this figure, because they are assumed to produce no
shift in the lateral position of the contact patch. The “tangential
components” of the lateral tangential stresses don’t produce any
normal displacement difference in the case of elastically similar
contacting bodies due to the quasiidentity property, assuming that
Eqs. (2–10) correctly represent the elastic behaviour of the con-
tacting bodies around the contact area. And the normal pressures
don’t cause any lateral shift in the contact patch in this case due to
the lateral symmetry of the contact geometry.

Fig. 20 also shows the lateral tangential stresses acting on the
surface of the convex body, represented with arrows. These tend
to be higher in the middle zone of the contact patch, due to the
higher pressures and consequently higher values of the traction
bound in this zone. As can be seen in the figure, the normal elastic
displacements are positive or outwardly directed from the convex
body in the left side of the contact patch, and negative or inwardly
directed in the right side. In the concave body, considering that
both the sign of the curvature of the contacting surface, and that of
the lateral tangential stresses are opposite to those of the convex
body, the corresponding elastic displacements will also be out-
wardly directed from the concave body in the left side of the
contact patch, and inwardly directed in the right side. Therefore,
the normal undeformed distance is seen to be reduced in the left
side of the contact patch, and increased in the right side, and the
lateral position of the contact patch will consequently be shifted to
the left side (i.e. to the side towards which the concave body is
pushing the convex one).

3.3. Lateral distribution of frictional work

In this section the lateral distributions of integrated frictional
work in the rail after one wheel passage obtained with conformal
and non-conformal analyses are compared. The frictional work in
Fig. 20. Elastic displacements caused in convex body in conformal contact due to
the normal components of the lateral tangential stresses. The undeformed profile is
represented with solid black line, and the deformed profile with dashed red line.
The lateral tangential stresses acting on the surface of the convex body are re-
presented with arrows. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)
the rail after one wheel passage Wfric at a given lateral position s is
obtained integrating the frictional power density Pfric(x, s) along
the longitudinal direction of the contact patch according to Eq.
(20) below:
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Which, discretized in a mesh of equal rectangular elements
with dimension Δx in the longitudinal direction leads to the fol-
lowing expression:
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Fig. 21 shows the lateral distributions of integrated frictional
work in the rail after one wheel passage obtained considering the
different concave transversal curvature radii for the wheel listed in
Table 5, with an approximate mean contact angle of 45° and zero
yaw angle. In the cases shown in this figure both the (nominal)
longitudinal and lateral creepages are zero.

The frictional work distributions obtained with the conformal
analyses are clearly biased towards the gauge side of the track, i.e.
towards the side with increasing contact angles and decreasing s-
coordinate values. This is because the longitudinal dimensions of
the contact patches, as well as the magnitude of the slip velocities,
are larger in this side. The larger dimensions of the contact patches
at the zone with higher contact angles are the result of the lower
longitudinal curvatures of the wheel, which vary across the con-
tact patch as described previously in Section 3.1. The higher slip
velocities in the same zone (in this case with a nominal long-
itudinal creepage of zero) are due to the more rapid variation of
the rolling radii at higher contact angles. These higher slip velo-
cities can give rise to more severe wear regimes, see for example
[43,25,28], and the resulting lateral distributions of wear will be
even more biased towards the gauge side than the frictional work
distributions.

As the level of conformity decreases, the lateral distributions of
frictional work obtained with the conformal analyses tend to
converge to those obtained with the non-conformal analyses as
expected, becoming more symmetric across the width of the
contact. A further point to note is that the frictional work dis-
tributions obtained with the conformal exact theory reproduce the
trends of the results obtained with the FE analyses, although the
latter yield somewhat lower levels of frictional work.

Next, a case with a mean contact angle of 0° is considered. The
geometry is that corresponding to Case 1 of Table 5, the yaw angle
is 2 mrad, the longitudinal creepage is zero as before, and the
lateral creepage is 0.2%. Fig. 22 shows the distribution throughout
the contact patch of the tangential tractions and slip velocities
computed with the FE model, and Fig. 23 the lateral distributions
of frictional work computed for this case with the different ana-
lysis methods.

As can be seen in Fig. 22a, the tangential stress distributions
and the adhesion and slip areas obtained with the FE model are
not symmetrical around the longitudinal axis of the contact patch,
in contrast to what is obtained with the non-conformal exact
theory. This is due to the combination of the lateral creepage with
the geometric spin, which is variable across the contact patch.

However, the integrated frictional work after a wheel passage is
nearly symmetrical in the lateral direction, as can be seen in
Fig. 23. This results from two opposing effects: first, the larger
tangential stresses and slip area in the side towards which the
wheel pushes the rail (i.e. towards decreasing s-coordinates), as is
seen in Fig. 22a, and second, the larger slip velocities in the other
side, as is shown in Fig. 22b. Both effects are due to the combined
effect of the rigid slip velocities resulting from the applied lateral



Fig. 21. Comparison of lateral distributions of integrated frictional work in the rail after one wheel passage in conformal contact with a mean contact angle of 45º and zero
yaw angle. Results computed with non-conformal exact contact theory marked as “Non-conformal” in solid blue lines, results computed with conformal exact theory marked
as “Conformal” in dashed red lines, and results computed with FEM marked as “FEM” in dash-dotted green lines. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)
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creepage on the one hand, and those resulting from the geometric
spin on the other hand. In the rear part of the contact patch (i.e. in
the side with decreasing X-coordinates), where the slip area is
located, in the side with increasing s-coordinates these have the
same sense and therefore they sum up, and in the other side they
have opposing senses.

Another aspect to note in Fig. 23 is the lateral shift effect of the
contact patch resulting from the coupling between the normal and
tangential parts of the contact problem, that was explained in
Section 3.2. This can be appreciated comparing the blue (non-
conformal analysis) and red (conformal analysis with exact contact
theory) curves in the figure. The positions at which these curves
fall to zero indicate the lateral limits of the calculated contact
patches. Due to the lateral symmetry of the geometry of this case,
the contact patch in the non-conformal analysis is centred in the
lateral direction around the rigid point of contact located at the s-
coordinate value of 0, but the contact patch in the conformal
analysis is seen to be slightly shifted towards decreasing s-co-
ordinates. Lastly, the integrated frictional work obtained with the
FE model is somewhat lower than that obtained with the con-
formal exact theory, as before.

3.4. Subsurface stresses

In this section the same case of Section 3.2 is considered, i.e. a
static conformal compression with a mean contact angle of 0º and
the contact geometry of Case 1 of Table 5. Fig. 24 shows the con-
tours of the von Mises equivalent stress in both contacting bodies
in the lateral cross section at the central longitudinal position of
the contact patch, calculated with FEM on the one hand, and
calculated with half-space theory, taking into account the surface
contact stresses obtained with the conformal exact contact theory
on the other hand. In Fig. 25 the variations in the normal direction
of the von Mises equivalent stresses computed with both methods
at the central lateral position of the cross section shown in Fig. 24
are compared.

As can be seen from the FEM results in Figs. 24 and 25, the
maximum value of von Mises equivalent stress takes place in the
concave body, in this case the wheel. The values of maximum von
Mises stress computed with the FE model in the wheel and in the
rail are 794 MPa and 711 MPa respectively, i.e. the maximum von
Mises stress in the wheel is about 12% higher than that in the rail.
Part of this difference is caused by the superposition of the effect
of the tangential stresses (with different sign in each of the con-
tacting bodies) with that of the normal pressures, which happens
to be more unfavourable in the case of the wheel: the values of
maximum von Mises equivalent stress in the wheel and in the rail
computed with the half-space theory are 759 MPa and 727 MPa
respectively, i.e. about 4% higher in the wheel than in the rail.

According to the results obtained with the FE model, the points
with maximum von Mises stress are located at about 2 mm from
the surface in the wheel, and at 3 mm from the surface in the rail.
Compared to the locations of the respective maxima obtained with
the half-space calculation, which are approximately 2.5 mm and
2.25 mm from the surface respectively in wheel and rail, the point
with maximum equivalent stress is moved towards the surface in
the wheel, and to a greater depth below the surface in the rail.

Lastly, it has to be mentioned that the tangential tractions in
the case considered here are relatively low. In cases with higher
levels of tangential tractions, the points of maximum equivalent



Fig. 22. Results in conformal rolling contact with a mean contact angle of 0º, yaw
angle of 2mrad, no longitudinal creepage and lateral creepage of 0.2%, computed
with FEM. (a) Tangential tractions and (b) slip velocities (a rolling velocity of 35m/s
is considered).

Fig. 23. Integrated frictional work in the rail after one wheel passage, in conformal
rolling contact with a mean contact angle of 0º, no longitudinal creepage and lateral
creepage of 0.2%. Results computed with non-conformal exact contact theory
marked as “Non-conformal” in solid blue lines, results computed with conformal
exact theory marked as “Conformal” in dashed red lines, and results computed with
FEM marked as “FEM” in dash-dotted green lines. (For interpretation of the refer-
ences to colour in this figure legend, the reader is referred to the web version of this
article.)
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stress move towards the surface, and the maximum stress values
at each of the contacting bodies tend to approach each other.
4. Conclusions

Wheel–rail conformal rolling contact has been studied by
means of Finite Element models and with a version of the exact
rolling contact theory developed by the authors in which some of
the effects of conformity are taken into account. Cases with
moderate levels of conformity, with total contact angle variations
of up to about 43° in the lateral direction, have been considered.

The FE models used represent with a high degree of detail the
wheel–rail contact zone, and are static models. The steady rolling
contact is achieved via a step-by-step technique, in which pre-
scribed displacements and rotations are applied to the wheel in
successive increments, in a non-linear static simulation.

The main conclusion of the work is that for precise contact
mechanics analyses in the case of conformal contact, it is neces-
sary to properly define the normal undeformed distances and the
creepages at each point in the contact area taking into account the
curved contact geometry, which implies different contact angles
and rolling radii at each point. For the tangential part of the con-
tact problem, considerable differences are seen with respect to
non-conformal analyses already for relatively low levels of con-
formity, with total contact angle variations as low as 20° in the
lateral direction, leading for example to different wear distribution
predictions.

Other conclusions are pointed below:

� For the normal part of the contact problem it is seen that for
moderate levels of conformity, the elastic properties of the
contacting bodies around the contact can be properly re-
presented by means of the half-space influence function.

� The crossed influence coefficients have an appreciable influence
on the tangential part of the contact problem, despite their
lower magnitude with respect to the direct influence coeffi-
cients. Moreover, in non-planar geometries the crossed influ-
ence coefficients deviate from the corresponding influence
coefficients for the half-space much more rapidly than the di-
rect influence coefficients do. Nevertheless, they can be ap-
proximated as a combination of the half-space influence coef-
ficients according to the change in orientation between the
point of load application and the point where the displacement
is observed.

� Regarding the normal part of the contact problem, it can be said
that neither the general contact patch dimensions nor the
maximum contact pressures change significantly as a result of
conformity. However, the shapes of the contact patches can be
remarkably influenced by the conformal geometry, as is shown
by the differences seen between the non-conformal and the
conformal analyses. These differences are greater with high
mean contact angles, as a result of the higher variation of the
longitudinal curvature of the wheel across the contact patch.

� In frictional conformal contact, the normal and tangential parts
of the contact problem are coupled even when both contacting
bodies have similar elastic properties, and therefore the qua-
siidentity property cannot be applied. Nevertheless, the mag-
nitude of this coupling has been seen to be relatively limited in
the cases analysed.

� The frictional work distribution inside the contact patch tends
to be biased towards the zone with increasing contact angles,
due to the larger longitudinal dimension of the contact patch
and slip velocities in this zone.

� The stress state in the subsurface is more unfavourable in the
concave body than in the convex one.

The conformal version of the exact rolling contact theory de-
veloped by the authors is able to cope with cases with high contact
and yaw angles, besides conformal contact. It represents an al-
ternative to the FE method for the analysis of conformal contacts,
which enable a considerable reduction in computing time with
respect to the FE models. In the cases studied, the calculation
times have been about tens of hours with the FE models, and



Fig. 24. Subsurface von Mises equivalent stresses in conformal compression of elastically similar bodies, at the middle cross section of the contact patch, in the wheel (upper
body) and the rail (lower body). a) FEM results. b) Subsurface stresses computed with half-space theory, with the surface tractions obtained with the conformal exact contact
theory. Stress values in MPa.

Fig. 25. Variation along the normal direction of subsurface von Mises equivalent
stresses for the case shown in Fig. 24, at the central position of the contact patch.
Results computed with FEM marked as “FEM” in solid blue line, and results com-
puted for elastic half-spaces with the surface stresses obtained with the conformal
exact contact theory marked as “Half-space” in dashed red line. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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about tens of seconds with the conformal version of the exact
rolling contact theory. Some differences are seen between the
results obtained with both analysis types, mainly in the tangential
part of the contact problem. Nevertheless, the conformal version
of the exact rolling contact theory is able to capture the most
significant effects of conformal contact, such as the contact patch
shapes and the patterns of tangential tractions, frictional work
distributions and adhesion and slip zones inside the contact patch.
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Appendix A. Influence coefficients for the elastic half-space

The influence coefficients of the surface displacement differ-
ences between two elastic half-spaces related to punctual surface
tractions (normal or tangential) transmitted between them are
given in Eqs. (A-1)–(A-4) below (see e.g. [22,19]):
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The subscript 1 or 2 in Eqs. (A-6)–(A-8) above refer to each of
the contacting half-spaces. In order to define the coordinate sys-
tem and sign criteria used in the above equations, the two con-
tacting half-spaces are numbered as 1 and 2. The displacement
differences between them are defined as the displacements of
half-space 2 minus those of half-space 1. The displacements and
tractions are expressed in a Cartesian coordinate system, with axes
x, y and z, and origin in the limit surface between the two half-
spaces. Axes x and y lie on said surface, and axis z points into half-
space 2. The influence coefficient Bij(x,y) is defined as the dis-
placement difference obtained in direction i due to a unit punctual
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traction applied in direction j at the position (x,y) relative to the
point where the displacements are observed. The sign of the
transmitted surface tractions is defined according to the tractions
acting on half-space 2 (those acting on half-space 1 are of opposite
sign). It follows that compressive normal pressures are taken as
positive.

The influence coefficients Byy and Byz can be obtained from the
influence coefficients Bxx and Bxz respectively, interchanging xwith
y in equations (A-1) and (A-3). Additionally, the following re-
lationships hold due to reciprocity:
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The influence coefficients related to distributed instead of
punctual transmitted tractions, can be obtained integrating Eqs.
(A-1)–(A-4) above, with the considered traction distribution
functions inserted in them. Following [22], the following integrals
are defined, over the surface S on which the distributed traction is
spread, and containing the distributed traction function T(x,y):
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In view of Eqs (A-1)–(A-4), it can easily be seen that the in-
fluence coefficients of the elastic half-space can be expressed in
general as a function of the above integrals J1 to J6 according to Eqs.
(A-18)–(A-23) below:
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In the following sections, the cases of uniform or bilinearly
varying traction distributions applied on rectangular surface ele-
ments will be considered. When using the influence coefficients
given in this Appendix in Eqs. (2)–(10) of Section 2.3.1, axes y and z
are replaced by axes s and n respectively.

A.1. Uniform traction distribution in rectangular surface element

For the case of uniform tractions in a rectangular element with
longitudinal and lateral half-sides of a and b respectively, centred
in point (x,y), the displacement differences obtained at the origin
are given by Eqs. (A-24)–(A-27) below (see e.g. [22]):
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The double brackets [[ ]] in the above Eqs. (A-24)–(A-27) stand
for evaluation of the integral expression f inside them at the limit
points (�x�a, �xþa) for x and (�y�b, �yþb) for y (ρ is also
evaluated at each of the limit points), that is:
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The limits of each term of the above Eqs. (A-24)–(A-27) in the
points where they become singular is zero. The influence coeffi-
cients Byy and Byz can be obtained from the influence coefficients
Bxx and Bxz respectively, interchanging x with y and a with b in Eq.
(A-28). For the remaining influence coefficients Byx, Bzx and Bzy, the
relations (A-9)–(A-11) hold.

A.2. Bilinear traction distribution in rectangular surface element

In this section, the resulting closed form expressions of the
influence coefficients for rectangular elements with bilinearly
varying traction distribution are given, which the authors have not
found elsewhere in the published literature. In [23], the expression
of the Bzz influence coefficient for triangular elements with linearly
varying pressure distribution was given. Rectangular elements
with bilinearly varying traction distribution are used in [20], al-
though the expressions of the influence coefficients are not given.
In [13], the influence coefficients for the displacements and
stresses at any point in the elastic half-space resulting from uni-
formly, linearly varying or bilinearly varying distributed tractions
on a surface rectangle are provided in terms of some harmonic
functions, which have to be derived in order to obtain the desired
influence coefficients. However, working out the derivatives of
those harmonic functions is not so easy.

In this work, the approach followed to obtain the expressions of
the influence coefficients for the surface displacement differences
of the elastic half-space has been to integrate directly Eqs. (A-12)–
(A-17) on a surface rectangle with the bilinear traction distribution
functions inserted in them, with the help of tables of integral
functions such as those found in [16] or [35]. In doing this, care has
to be exercised in selecting the appropriate branches of the in-
tegral functions.

Rectangular elements with longitudinal dimension a and lat-
eral dimension b are considered (note that in this section the di-
mension of the sides of the rectangle are a and b, while in Section
A.1 a and b designated the dimensions of the half-sides), aligned
with the x and y axes of the Cartesian coordinate system defined in
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the surface of the half-space. A unit nodal traction at a node lo-
cated at coordinates (x,y) causes a bilinear traction distribution on
each of the four elements surrounding the node, which has unity
value at that node and zero value at the rest of the nodes of the
four elements. The situation is depicted in Fig. 26.

For example, the bilinear traction distribution T(x′,y′) on ele-
ment number 1 in Fig. 26 due to a unit nodal traction at node (x,y)
follows Eq. (A-29) below:
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The contribution of element number 1 to the integrals J2, J3 and
J5 related to the unit nodal traction at node (x,y) are given by Eqs.
(A-30)–(A-32) below. The integral expressions for J4 and J6 can be
obtained from J2 and J5 respectively interchanging x with y and a
with b.
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Note that the double brackets [[ ]] in the above Eqs. (A-30)–(A-
32) have a slightly different meaning from that in Eqs. (A-24)–(A-
27): they stand for the evaluation of the integral expression f in-
side them at the limit points (x, xþa) for X and (y, yþb) for Y (ρ is
also evaluated at each of the limit points, but computed with
variables X and Y, instead of variables x and y as it appears in Eq.
Fig. 26. Definition of coordinate system and element dimensions for the calcula-
tion of the influence coefficients for rectangular elements with bilinearly varying
traction distributions.
(A-5)), that is:

( ) ( )[[ ]] = + + – + – ( + ) + ( ) ( )f f x a y b f x y b f x a y f x y, , , , A-33

The limits of each term of the above Eqs. (A-30)–(A-32) in the
points where they become singular is zero. As before, the influence
coefficients Byy and Byz can be obtained from the influence coef-
ficients Bxx and Bxz respectively, interchanging x with y and a with
b in the above equations. For the remaining influence coefficients
Byx, Bzx and Bzy, the relations (A-9)–(A-11) hold.

The superscript 1 in the above expressions (A-30)–(A-32)
stands for the contribution of element number 1. The contribu-
tions of the other three elements surrounding the node, see
Fig. 26, are easily obtained by similarity considerations as a func-
tion of the respective contributions of element number 1, ac-
cording to Eqs. (A-34)–(A-42) below:
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The total integral expressions Ji due to the unit nodal traction at
node (x,y) are obtained summing up the contributions of the four
elements surrounding the node, as indicated by Eq. (A-43) below:
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After evaluating the above integral expressions (A-30)–(A-32)
in the four elements surrounding the node according to Eqs. (A-
33)–(A-43), simplifying and grouping terms, the following ex-
pressions are obtained for each of the integrals:
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The following auxiliary functions and variables are defined for
the above Eqs. (A-44)–(A-46):
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In line with the findings reported in [42], it is verified that the
use of bilinear rectangular elements in the exact contact theory
does not provide significant accuracy improvements over the
uniform rectangular elements.
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