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ḿı la curiosidad que me ha llevado a escribir esta tesis; y a Alba, Angel, Carmen, Marcos, Marta,
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fácil de tratar; que me sigan queriendo a pesar de ello es algo que nunca apreciaré lo suficiente.
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Resumen

El objetivo de esta tesis ha sido usar grandes conjuntos de cúmulos de galaxias, obtenidos de
distintos catálogos fotométricos construidos a partir de datos del programa Sloan Digital Sky
Survey (SDSS), para realizar medidas precisas de diferentes efectos que emergen de los fuertes
potenciales gravitatorios que generan, y obtener relaciones que permitan asociar la masa total de
dichos cúmulos con los distintos observables asociados a éstos.

Los cúmulos de galaxias son generalmente descritos como las “estructuras ligadas gravitacional-
mente más masivas del Universo”, y aparecen en los picos de densidad de la distribución de materia
del Universo. Esta distribución tiene su origen en las microscópicas perturbaciones de densidad
que se produjeron en los primeros instantes después del Big Bang, y que fueron posteriormente
amplificadas por acción de la fuerza gravitatoria, formando lo que se conoce hoy en d́ıa como
estructura a gran escala del Universo.

El estudio de la d́ınamica y evolución de este proceso aporta valiośısima información sobre la
composición e historia del Universo, y permite ajustar y contrastar distintos modelos cosmológicos.
El modelo actualmente más aceptado, conocido como modelo cosmológico estándar o modelo
ΛCDM, es capaz de describir las medidas realizadas de este crecimiento de estructuras, aśı como
las observaciones de los “ecos” del Big Bang provenientes del fondo cósmico de microondas,
resonancias de una era pasada en la que el Universo era extremadamente caliente y denso. Según
este modelo, únicamente el 5% del contenido del Universo nos seŕıa conocido, incluyendo las
estrellas, las galaxias, y los demás sistemas astrof́ısicos que podemos observar. El restante 95%
correspondeŕıa a materia oscura y a enerǵıa oscura, capaces de explicar distintos fenónemos
observados en las últimas décadas, pero cuya naturaleza nos es todav́ıa desconocida.

Entre dichos fenómenos se encuentra la actual expansión acelerada del Universo, observada a
finales de los años 90 y que representa uno de los descubrimientos más importantes y profundos de
la cosmoloǵıa reciente, y probablemente el mayor misterio de la f́ısica actual. Esta expansión puede
explicarse apelando a una constante cosmológica Λ originada a partir de la enerǵıa del vaćıo, a la ya
mencionada enerǵıa oscura, de exóticas propiedas f́ısicas, o a modificaciones de la teoŕıa gravitatoria
de la Relatividad General de Albert Einstein, que podŕıa no ser capaz de describir correctamente el
comportamiento del espacio-tiempo a grandes distancias. Esta aceleración podŕıa ser la clave que
condujese a la comprensión del comportamiento de la gravedad a escalas cosmológicas, revelar la
existencia de dimensiones extra, o aportar luz sobre una hipotética teoŕıa cuántica de la gravedad.

En cuanto a la materia oscura, fueron los cúmulos de galaxias los que aportaron las primeras
evidencias de su existencia cuando Fritz Zwicky, ya en 1933, dedujo la presencia de materia
“invisible” en el cúmulo Coma para poder explicar las altas velocidades de las galaxias que habitan
en éste. Casi 50 años más tarde, anomaĺıas encontradas en las curvas de rotación de galaxias,
y el inesperado descubrimiento de potentes lentes gravitatorias, confirmaron la necesidad de la
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existencia de dicha materia oscura.
Los halos de materia en los que los cúmulos se forman pueden llegar a contener la masa

equivalente a más de mil billones de soles. Esta masa está distribuida principalmente en forma de
materia oscura, gas y galaxias, representando estas últimas únicamente alrededor del 1% de la
masa total del cúmulo, y sólo el 10% de la materia ordinaria.

Una de las ventajas de la naturaleza multi-componente de los cúmulos es que permite estimar su
masa de manera independiente a partir de cantidades observables en distintos rangos del espectro
electromagnético. Entre estas cantidades se encuentra la llamada riqueza, que es simplemente
una medida de la cantidad de galaxias contenidas en el cúmulo, y que parece guardar una estrecha
relación con la masa total. Al mismo tiempo, la radiación Bremsstrahlung en rayos X proveniente del
caliente plasma intracúmulo permite estimar su temperatura y la profundidad del pozo gravitatorio,
proporcional a la masa del halo de materia oscura que lo genera. También asociado a la presencia
de gas en el cúmulo, la distorsión producida por la interaccion de la radiación del fondo cósmico
de microondas con los electrones altamente energéticos del plasma intracúmulo, el llamado efecto
Sunyaev-Zel’dovich, proporciona otra estimación de la masa total del cúmulo. Finalmente, y
aunque no constituye un observable directo, el efecto de lente gravitacional, que curva la luz
proveniente de galaxias lejanas distorsionando aśı su forma y tamaño, permite realizar estimaciones
precisas de la materia contenida en el cúmulo, independiente de su naturaleza o estado dinámico.

Los cúmulos de galaxias fueron los primeros en apuntar ya en los años 80 en la dirección del
modelo cosmológico actualmente aceptado. La existencia de masivos cúmulos de galaxias en
épocas tempranas del Universo ya indicaba la necesidad de una densidad de materia subcŕıtica.
Aśı mismo, medidas de su abundancia y distribución relativa confirmaban el modelo de formación
de estructuras a partir de fluctuaciones primordiales de naturaleza Gaussiana. Entre las distintas
aplicaciones cosmológicas de los cúmulos, también se encuentra su capacidad para discriminar entre
distintas teoŕıas gravitatorias que se comportaŕıan de manera equivalente a escalas cosmológicas,
pero que podŕıan mostrar diferencias en la manera en la que éstos se agrupan y colapsan.

En cualquier caso, para realizar cualquier tipo de analisis cosmológico basado en la estad́ıstica
de cúmulos de galaxias, grandes muestras de éstos han de ser construidas a partir de los datos
observacionales aportados por los ambiciosos programas de cartografiado del Universo, generalmente
usando algoritmos de busqueda en el rango óptico, o seleccionándolos a partir de su señal en rayos
X o través del efecto Sunyaev-Zel’dovich. También son necesarias relaciones que permitan inferir
su masa a partir de las cantidades observables anteriormente mencionadas, además de simulaciones
cosmológicas lo suficientemente grandes como para ser comparadas con los enormes volúmenes
hoy en d́ıa considerados.

El trabajo de esta tesis se enfoca hacia esta tarea, estudiando distintos fenómenos gravitatorios
que sólo pueden ser observados gracias al uso combinado de un gran número de cúmulos de
galaxias, y que nos permitirán validar la pureza y completitud de distintos catálogos construidos
a partir de datos del SDSS, el más extenso de estos programas de cartografiado. También
ajustaremos una relación entre la riqueza y la masa de los cúmulos a partir del estudio de la
distribución y abundancia de éstos en volúmenes observacionalmente completos, aśı como a través
de la intensidad del efecto Sunyaev-Zel’dovich observado en los mapas producidos por el satélite
espacial Planck.

En el caṕıtulo 1 presentamos algunos de los conceptos básicos de la cosmoloǵıa moderna,
empezando por la definición del concepto de la métrica de un espacio-tiempo. Después discutimos
cómo usar las ecuaciones de la Relatividad General para definir un marco en el que describir la
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evolución de un Universo en expansión a través de sus distintas épocas, marcadas por las densidades
relativas de las distintas componentes contenidas en éste. También describiremos brevemente cómo
calcular ciertas distancias cosmológicas de interés, aśı como el modelo cosmológico actualmente
aceptado.

En este mismo caṕıtulo introducimos además la teoŕıa que describe el crecimiento de perturba-
ciones que acaban dando lugar a la estructura a gran escala que se observa hoy en el Universo, aśı
como las distintas herramientas estad́ısticas que permiten el análisis de dichas estructuras con el
fin de obtener información sobre distintos parámetros cosmológicos o sobre teoŕıas gravitatorias.

En el caṕıtulo 2 analizamos algunos de los fenómenos que tienen su origen en la curvatura del
espacio-tiempo generada por la abundante masa contenida en los cúmulos de galaxias, entre los
que se encuentra el redshift (corrimiento al rojo) gravitatorio de la luz proveniente de las galaxias
contenidas en el cúmulo, y la amplificación de la luz proveniente de galaxias lejanas producida por
el efecto de lente gravitacional. Después de repasar brevemente cómo relacionar la masa de un
cúmulo con su riqueza, describimos las ecuaciones que permiten cuantificar la amplitud del efecto
Sunyaev-Zel’dovich a partir de las propiedades del cúmulo que lo genera.

En el caṕıtulo 3 detallamos las caracteŕısticas del programa de observación SDSS, en el que
basamos gran parte del trabajo realizado en esta tesis. Enumeramos aśı mismo los dos catálogos
de galaxias, Legacy y BOSS, y los tres catálogos de cúmulos de galaxias, GMBCG, WHL12 y
redMaPPer, con los que vamos a trabajar y que han sido generados a partir de datos de dicho
programa.

En el caṕıtulo 4 usamos conjuntos de cúmulos obtenidos a partir de los tres catálogos antes
mencionados para realizar medidas del efecto de redshift gravitatorio. Para ello seleccionamos todos
aquellos cúmulos con redshifts comprendidos entre 0.1 6 z 6 0.4, y, a partir de las posiciones
espectroscópicas disponibles de galaxias satélite, construimos un espacio de fases en el que
detectar de manera estad́ıstica las distorsiones generadas por este efecto, que previamente hemos
modelado considerando otro tipo de distorsiones introducidas por efectos relativistas asociados
al movimiento de las galaxias. En el caso de los catálogos GMBCG y redMaPPer encontramos
una señal consistente con el modelo propuesto, mientras que en el caso del catálogo WHL12 la
señal obtenida se desv́ıa completamente del modelo. Si repetimos el mismo análisis dividiendo
los conjuntos de cúmulos antes considerados en distintos subconjuntos de masas crecientes,
encontramos que la señal anómala proviene de cúmulos poco masivos, lo que podŕıa deberse a la
presencia de grupos de galaxias que habŕıan sido identificados erroneamente como cúmulos por el
algoritmo de busqueda debido a efectos de proyección. Por otro lado, con el catálogo redMaPPer
encontramos una clara dependencia de la señal con la masa, a pesar de ser el que menos cúmulos
contiene.

En este caṕıtulo también medimos la amplificación producida en las galaxias del programa BOSS
por el efecto de lente gravitatoria, encontrando que los tres catálogos producen señales de acuerdo
con el modelo propuesto, y siendo de nuevo el catálogo redMaPPer el que más clara dependencia
de la señal con la masa muestra. De este análisis concluimos que el catálogo redMaPPer es el
más fiable de los tres que han sido analizados. El trabajo presentado en este caṕıtulo está basado
en el siguiente art́ıculo:

• Comparing gravitational redshifts of SDSS galaxy clusters with the magnified red-
shift enhancement of background BOSS galaxies
P. Jimeno, T. Broadhurst, J. Coupon, K. Umetsu, R. Lazkoz, MNRAS, 448, 1999 (2015).
arXiv:1410.6050.

v

http://adsabs.harvard.edu/abs/2015MNRAS.448.1999J


En el caṕıtulo 5, incluyendo los datos de las más recientes observaciones de galaxias realizadas
por el SDSS, construimos a partir del catálogo redMaPPer un conjunto de cúmulos con una
completitud espectral mayor del 97% en la región z 6 0.325, que usamos para realizar una de
las medidas más precisas hasta la fecha de la distribución y agrupación relativa de los cúmulos
de galaxias. Para ello modificamos los estimadores estad́ısticos normalmente utilizados para
tener en cuenta las propiedades probabilistas del algoritmo de busqueda de cúmulos del catálogo
redMaPPer, que proporciona las probabilidades de que las galaxias encontradas en el cúmulo
sean realmente la galaxia central que indica la localización de la parte más profunda del pozo
de potencial gravitatorio. Los resultados obtenidos confirman las teoŕıas actualmente aceptadas
de formación de estructura a gran escala, encontrando que los cúmulos de galaxias tienden a
encontrarse más agrupados para masas cada vez mayores, como se espera de objetos que viven en
los raros picos de densidad de un campo de fluctuaciones de origen Gaussiano. En cuanto a la
densidad de cúmulos observada a través de distintas épocas del Universo, encontramos que ésta
desciende aproximadamente en un 20% entre los redshifts z = 0.1 y z = 0.3.

Posteriormente comparamos nuestros resultados con las predicciones aportadas por la simulación
cosmológica MXXL, una de las mayores realizadas hasta ahora, para encontrar una relación entre
la masa y la riqueza de los cúmulos, que es el observable con el que trabajamos. Tras encontrar
esta relación con gran precisión, vemos que las medidas de agrupación de cúmulos son mayores en
un 20% de lo que cabŕıa esperar de un modelo cosmológico como el considerado, basado en datos
del satélite espacial Planck. Esta tensión es aliviada considerando un modelo cosmológico previo,
con una densidad menor de materia, y una dispersión mayor de la amplitud de las fluctuaciones de
densidad. Los resultados obtenidos en este caṕıtulo han sido publicados en:

• Precise clustering and density evolution of redMaPPer galaxy clusters versus MXXL
simulation
P. Jimeno, T. Broadhurst, R. Lazkoz, R. Angulo, J.-M. Diego, K. Umetsu, M.-c. Chu,
MNRAS, 466, 2658 (2017). arXiv:1608.05446.

En el caṕıtulo 6 definimos un nuevo conjunto de cúmulos obtenidos del catálogo redMaPPer
en la región z 6 0.325, que usamos para estudiar el efecto Sunyaev-Zel’dovich asociado a éstos
a partir de los mapas del fondo cósmico de microondas obtenidos en 4 frecuencias distintas por
el satélite espacial Planck. Esta señal es detectada con una mayor significancia y a distancias
mayores que anteriores trabajos, creciendo además de manera coherente con la riqueza media
de los subconjuntos de cúmulos propuestos. A través de un análisis Bayesiano basado en un
algoritmo Markov chain Monte Carlo (MCMC), conseguimos caracterizar los perfiles de presión de
subconjuntos de cúmulos de riquezas diferentes a la vez que obtenemos una estimación de la masa
media contenida en cada uno de ellos. Encontramos que las masas que derivamos son alrededor
de un 24% menores de lo predicho por modelos que obtienen estimaciones de la masa a partir
del efecto de lente gravitacional, en principio más fiables. Estos resultados son parecidos a los
encontrados por otros trabajos que encuentran una desviación (el llamado bias) similar.

Después de corregir esta desviación basándonos en datos de lentes gravitacionales encontrados
en la literatura, realizamos otro análisis MCMC para tratar de obtener la relación óptima entre
masa y riqueza que pueda describir nuestras masas corregidas. Finalmente, obtenemos la relación
existente entre la masa del cúmulo y la intensidad total del efecto Sunyaev-Zel’dovich, mejorando
en precisión la obtenida por el equipo de la misión Planck a partir de cúmulos seleccionados
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individualmente por la intensidad de dicho efecto, lo cual se explica por el mayor rango de masa y
por el potencial estad́ıstico de la muestra de cúmulos con la que trabajamos. Este caṕıtulo se basa
en el trabajo descrito en el art́ıculo:

• Planck/SDSS Cluster Mass and Gas Scaling Relations for a Volume-Complete
redMaPPer Sample
P. Jimeno, J.-M. Diego, T. Broadhurst, I. De Martino, R. Lazkoz, Enviado a MNRAS
arXiv:1706.00395.

Finalmente, presentamos las conclusiones derivadas del trabajo realizado en esta tesis en el
caṕıtulo 7.
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PART I

Introduction





1 Cosmology and Large Scale Structure of
the Universe

In this chapter we overview some basic concepts of modern cosmology, starting from the mathe-
matical theoretical framework of differential geometry and the metric of an space-time. Then, we
use the equations of Einstein’s General Relativity to describe an expanding Universe through the
Friedmann-Lemâıtre-Robertson-Walker metric and the Friedmann equations, and study its evolution
as a function of its components. We also discuss how to calculate the different cosmological
distances of interest, and then present the ΛCDM model of cosmology, where an spatially flat
Universe filled with radiation, baryons, cold dark matter, and some sort of dark energy can explain
with great success the majority of the observational results gathered over the last decades.

We then describe the mechanisms of the growth of structures, a process that leads to the
creation of the large scale structures that we observe today in the Universe. Considering a
simple linear formalism we are able to track the evolution, triggered primarily by gravity, of the
primordial density perturbations through the different epochs of the Universe. We then briefly
describe cosmological simulations and the Zel’dovich approximation, two of the multiple ways to
characterize the non-linearities that appear at late times and at small scales. After presenting the
statistical tools required to describe the distribution of matter, namely the power spectrum and
the two-point correlation function, we introduce the concept of the linear halo bias that lets us
compare the observed distribution of galaxies and clusters with the underlying matter distribution.
We briefly explain the origin of the redshift-space distortions generated by peculiar motions of
galaxies, and the way to exploit the information they provide to test gravitational theories and
constrain cosmological parameters. Finally, we derive an expression for the mass function that
describes the abundance of haloes as a function of their mass, and introduce the cluster counts
technique as an extra tool to place constrains on cosmological parameters.

1.1 Cosmology

In 1929 Edwin Hubble discovered that distant galaxies were moving away from us in all directions.
This motion was faster for galaxies that were further from us than for those who were closer. The
velocity of galaxies seemed to follow the linear relation (Fig. 1.1):

v = H d , (1.1)

where H is the Hubble constant, and d is the distance to the observed galaxy. Although the initial
estimation of the Hubble constant of H ≈ 500 km s−1 Mpc−1 was several factors higher than
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1.1 Cosmology

Figure 1.1: Hubble’s original diagram with the receding velocities of galaxies (units should be km
s−1) as a function of their distance. The resulting Hubble constant takes a value of
H ≈ 500 km s−1 Mpc−1, almost larger by a factor of 10 than current estimates, but it
should be noted that the maximum distance measured here is 2 Mpc, three orders of magnitude
smaller than the distances considered nowadays.

current estimates, this empirical result led astronomers to realize that the Universe is not static,
but it is expanding and galaxies are moving away from each other in this Hubble flow in the same
way raisins in a fruit cake move away from each other as the cake grows in the oven.

The discovery of the expansion of the Universe was one among a long list of discoveries in the
20th century that changed the vision that humankind had of the Universe, and the key observation
that inevitably led to the theory of the Big Bang. According to this theory, as we go back in time
and the cosmic expansion is reversed, the Universe becomes hotter and denser and finally reaches
a stage were the density of matter becomes infinite and the space-time turns into a singularity.
This Big Bang singularity represents, rather than an “explosion”, the birth of space-time, which, if
the Universe is spatially flat as observations seem to indicate, was already born with an infinite
spatial extension. This means that it makes no sense to ask what was there before such singularity,
as there is no “before” the Big Bang, or where is the Universe expanding to, as there no “outside”
to expand into.

The evidence that the Universe was in the past much hotter than it is now is coming literally
from everywhere. Because the speed of light is finite, the further we are looking, the younger
the Universe was, and the echo from such early time is coming from all directions in form of the
blackbody radiation of the cosmic microwave background (CMB), discovered accidentally in 1964
and measured later to high precision with space satellites like COBE, WMAP and Planck.

Earlier, the motion of galaxies within clusters required the presence of extra “invisible” or
“unseen” matter, which was also needed later to explain both the anomalies on the rotation curves
of galaxies, and the strong gravitational lenses unexpectedly found. At the same time, the light
emitted by distant supernovas of type Ia indicated that the Universe not only is not slowing
its growth due to the gravitational pull of matter, but is going through a phase of accelerated
expansion. The presence of dark matter and dark energy in the Universe seemed to explain these
two sets of observations, reducing the part of the Universe that we can directly see to just the ∼
5%.
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Chapter 1. Cosmology and Large Scale Structure of the Universe

As the Big Bang standard cosmological model was beginning to take shape, some problems
started to arise, like the incapability to explain why the Universe was so flat, or why the CMB
was so uniform. These problems were solved by the theory of inflation, which states that the
Universe went through a phase of incredible cosmic expansion some 10−35 seconds after the Big
Bang. The quantum fluctuations originated and inflated during this period would explain both the
anisotropies observed in the CMB, and its overall spatial homogeneity.

Using the full machinery of differential geometry, the powerful theory of General Relativity, and
the Standard Model of Particle Physics, we can now finally understand and explain the majority of
the phenomena we see in the skies without the necessity to invoke any god or goddess.

1.1.1 The metric of an space-time

Before being able to describe the behaviour of an expanding Universe, we first need to understand
one basic concept of differential geometry, the metric. In our case, the metric will also be needed,
among other things, to perform conversions between different coordinate systems, compute
distances, and describe the bending of light by gravitational lenses.

One can think of a metric gµν as a tool to describe the nature of space-time, where:

ds2 = gµνdxµdxν , (1.2)

is the infinitesimal distance between two events in space-time, with µ and ν ranging from 0 to
N − 1, where N is the number of dimensions of the space-time with which one is working. From
now on, we will consider N = 4, with the first dimension reserved to the time-like coordinate
(dx0 = dt), and the other three to space-like coordinates. One interesting property of this distance
is that it is invariant under change of coordinate systems.

The metric gµν is symmetric, so in a four-dimensional space-time it has four diagonal terms and
six off-diagonal terms. In the case of Minkowski flat space-time, the metric is given by:

ηµν =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 . (1.3)

In a non-static expanding Universe, any two points in space-time move away from each other as
time goes by. In order to describe this expansion we introduce the scale factor a, which is nothing
else than a measure of how the physical distance between galaxies has been evolving with time,
that is, a measure of the relative size of the Universe. If we fix the value of the scale factor to be
equal to one today, then at earlier times it had to be smaller than one, and thus galaxies were also
closer (the physical distance that separated them was smaller than it is today). In the previous flat
metric we could introduce an expansion including this time-dependent scale factor a(t), such that:

gµν =


−1 0 0 0
0 a(t) 0 0
0 0 a(t) 0
0 0 0 a(t)

 . (1.4)
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1.1 Cosmology

r1=r0

d1=a(t1)d0

r2=r0

d2=a(t2)d0

r3=r0

d3=a(t3)d0

Figure 1.2: Scheme showing the isotropic expansion of the Universe as time goes forward, with t1 < t2 < t3.
Physical distances d scale as a(t), with a(t1) < a(t2) < a(t3). Comoving distances r are
constant by definition, and if we consider a(t0) = 1, then we can take r0 = d0.

In spherical coordinates, the spacetime interval induced by this metric would be:

ds2 = −dt2 + a2(t)
[
dr2 + r2dΩ2

]
, (1.5)

According to this, if today (t = t0) two points were separated by a distance d0, and we consider
that a(t0) = 1, it means that at some other previous time t these two points would have been
separated by a distance a(t) d0. Obviously, in an expanding space-time the scale factor a would
be smaller at earlier times than it would be today. Finally, it is convenient to define a comoving
distance between two points as that distance that does not depend on the value of the scale factor,
or equivalently, a distance that remains constant between observers moving with the expansion of
the Universe. This is shown schematically in Fig. 1.2.

All things considered, this test metric is still not enough to describe the space-time of an
expanding Universe, as it has not necessarily be spatially flat.

1.1.2 The equations of General Relativity and the Cosmological Principle

It was the theory of General Relativity of Albert Einstein, proposed in 1915, that made modern
cosmology possible. The big breakthrough of this theory is that it describes gravity not as a
force induced by a gravitational field, but as the consequence of particles being embedded in a
four-dimensional space-time curved by its energy and matter content. The Einstein equations read:

Rµν −
1
2gµν R = 8πG

c4 Tµν , (1.6)

where Rµν is the Ricci tensor, gµν is the metric of the space-time considered, R = gµνRµν is
the Ricci scalar, G is the gravitational constant, c is the speed of light, and Tµν is the energy-
momentum tensor. The left hand side of this equations is related to the geometry of the space-time,
and the right hand side, to its content. That is, the curvature of space-time tells particles how to
move, and the distribution of particles tell the space-time how to curve.

Another keystone of modern cosmology is the Cosmological Principle (CP): the assumption that
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the Universe is homogeneous and isotropic. According to the CP we are not privileged observers
of the Universe, and should see no difference in the properties of the Universe depending on which
direction we are looking to. This, of course, is meant in an statistical sense on scales larger than
200 Mpc, where the structures and the distribution of galaxies seem to smooth out and become
more homogeneous. This statistical nature is a problem, as there is just one realization of the
Universe we can observe, and cosmological observations cannot be repeated and have to be done
using finite volume estimators. This is solved assuming the fair sample hypothesis [167], which
is based on the CP and proposes that separated enough regions of the Universe can be treated
as independent realisations of the underlying distribution, so averages over these regions can be
treated as averages over some probability ensemble.

The Friedmann-Lemâıtre-Robertson-Walker metric

Assuming homogeneity and isotropy, that is, the CP, the only solution to Einstein equations is the
Friedmann-Lemâıtre-Robertson-Walker (FLRW) metric:

ds2 = −c2 dt2 + a2(t)
[

dr2

1−Kr2 + r2dΩ2
]
, (1.7)

where a(t) is the scale factor, and K is a constant that describes the geometry of the Universe.
This metric is different from that of Eq. 1.5 in that now the Universe can either be spatially flat,
closed, or open, depending on the value of K. In a universe with flat Euclidean geometry (K = 0),
two particles moving parallel to each other will keep travelling that way if no external force is
acting on them. In a closed universe (K > 0), however, two particles that begin moving parallel
to each other will converge at the end. A two dimensional example of a closed geometry is that of
an sphere, like that of the surface of the Earth: two travellers that begin moving to the north and
parallel to each other in the Equator will meet at the end in the North Pole. Finally, in an open
universe (K < 0) the paths of these two particles will diverge. A 2-dimensional scheme of these
three geometries can be seen in Fig. 1.3.

From the FLRW metric it is clear that in order to understand the history of the Universe we
must first understand the dependence of the scale factor a with time, which will be strongly
determined by the energy content of the Universe at different epochs. For that purpose, we can
define the Hubble function as:

H(t) ≡ ȧ(t)
a(t) , (1.8)

where we have introduced the notation ẋ ≡ dx/dt. The Hubble parameter measures how rapidly
the scale factor changes, and will be given by the connection between geometry and energy content
provided by the equations of General Relativity. Because the value of H0 is still uncertain, it is
usually expressed as:

H0 = 100h km s−1 Mpc−1 , (1.9)

where h is a dimensionless quantity, and the subscript “0” means that the quantity is being evaluated
at the present time, notation that we will follow from now on when applied to cosmological
parameters that evolve with time. As the value of H0 seems to be close to 70 km s−1 Mpc−1,
some authors also consider the dimensionless quantity h70, where H0 = 70h70 km s−1 Mpc−1,
and h70 ≈ 1.
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K > 0

K < 0

K = 0

Figure 1.3: The three different geometries considering a 2-dimensional space, where the curvature is
represented using a third spatial dimension. A positive curvature (K > 0) leads to a closed
geometry, like that of the surface of a sphere, meanwhile a negative curvature (K < 0) surface
would correspond to a saddle-like structure. Zero curvature (K = 0) corresponds to the
Euclidean flat space we are used to. Credits: NASA.

1.1.3 Energy content and evolution of the Universe

In order to progress in our understanding of the Universe, we must now introduce some energy in
it through the energy-momentum tensor. For a perfect fluid, this tensor takes the form:

Tµν = (p+ ρ)uµuν + p gµν , (1.10)

where p and ρ are the pressure and the energy density of the fluid respectively, uµ is its 4-momentum,
and gµν is the metric of the space-time. Conservation implies that this energy-momentum tensor
satisfies the covariant equation ∇µTµν = 0, which for an expanding Universe leads to:

ρ̇+ 3 ȧ
a

(
ρ+ p

c2

)
= 0 . (1.11)

This equation can be immediately applied to derive the density evolution of different fluids as
a function of the scale factor a. Non-relativistic matter, with almost zero pressure, leads to
ρm ∝ a−3, meanwhile radiation and relativistic matter like neutrinos, with p = ρ c2/3, implies
ρr ∝ a−4. More generally, one can relate the pressure of a barotropic fluid with its energy density
trough the equation of state:

ω ≡ p

ρ c2 . (1.12)

According to this, matter and radiation correspond to a fluid with ω = 0 and ω = 1/3, respectively.
Introducing Eq. 1.12 into Eq. 1.11, we can see that the energy density evolution of a fluid with a
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constant equation of state parameter is given by:

ρ ∝ a(t)−3(1+ω) . (1.13)

From this equation it is clear that a fluid with ω = −1 would have a constant energy density
independently of the value of the scale factor, and would provide a negative pressure. There is
good evidence nowadays that there does in fact exist an extra component in the Universe with
similar properties, the so called dark energy. If this dark energy is in the form of a cosmological
constant (denoted as Λ), it would correspond or would be equivalent to the case just mentioned
of a fluid with ω = −1. A more general approach that allows evolution in time of the dark energy
equation of state leads to a energy density:

ρde ∝ exp
[
−3
∫ a da′

a′
[
1 + ω(a′)

]]
. (1.14)

Friedmann equations

Now that we have an expression for the energy-momentum tensor (Eq.1.10), we can introduce it
into the equations of General Relativity (Eq. 1.6) and obtain a set of equations able to describe
the dynamics of a universe described by a FLRW metric. These simple first order differential
equations are known as the Friedmann equations, and read:

ȧ2

a2 = 8πG
3 ρ− K c2

a2 , (1.15)

ä

a
= −4πG

3

(
ρ+ 3p

c2

)
. (1.16)

In general only the first Friedmann equation, combined with the equations of state of the
different components that populate the Universe, is used. In order to rewrite it in terms of the
Hubble function, we define the critical density as:

ρc(t) ≡
3H2(t)
8πG . (1.17)

Today (t = t0), with the current estimates of the value of H0, this critical density is estimated to
be ρc,0 = 3H2

0/(8πG) ∼ 10−17 kg km−3, which corresponds roughly to five hydrogen atoms per
cubic metre. We also define the density parameter as:

Ωx(t) = ρx(t)
ρc(t)

, (1.18)

where ρx can correspond here to the energy density of any component of the Universe, let it be
matter, ρm, radiation, ρr, or a cosmological constant, ρΛ.

With these definitions, the first Friedmann equation (Eq. 1.15) is then equivalent to:

H2(t) = H2
0

(
ρ

ρc,0

)
− K c2

a2 . (1.19)
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1.1 Cosmology

Evaluating at t = t0 and taking into account that Ω0 = ρ0/ρc,0, where ρ0 here includes the
contribution of all the energy components in the Universe (ρ0 = ρm,0 + ρr,0 + ρΛ,0), we obtain
that ΩK = 1− Ω0, where we have defined a “curvature density” as:

ΩK = −K c2

H2
0
. (1.20)

For a flat universe ΩK = 0, Ω = 1, and ρ = ρc, implying that the density of the Universe must
be equal to the critical density at all times. Finally, taking into account the previously derived
density evolution of the matter, radiation and cosmological constant components of the Universe,
Eq. 1.19 can we rewritten in its most common form:

H2(t) = H2
0

(Ωm,0
a3 + Ωr,0

a4 + ΩΛ,0 + ΩK

a2

)
. (1.21)

With this formula it is easy to check analytically the behaviour of the Universe in some simple
cases.

Spatially flat matter-dominated Universe

Also known as Einstein-de Sitter Universe, in this case Ωm,0 = 1 and Ωr,0 = ΩΛ,0 = ΩK = 0. The
first Friedmann equation (Eq. 1.21) leads to:

ȧ

a
= H0

1
a3/2 . (1.22)

Integrating and considering that a(0) = 0 :

a(t) =
(3

2 H0 t

)2/3
. (1.23)

In this model the expansion is decelerating and the age of the Universe would be equal to
t0 = 2/(3H0) ≈ 9 Gyr.

Spatially flat radiation-dominated Universe

Now, with Ωr,0 = 1 and Ωm,0 = ΩΛ,0 = ΩK = 0, we have that:

ȧ

a
= H0

1
a2 . (1.24)

Again, considering a(0) = 0 :
a(t) = (2H0 t)1/2 . (1.25)

As in the matter-dominated case, the Universe is expanding but this expansion decelerates with
time. This would lead to a younger Universe with t0 = 1/(2H0) ≈ 6 Gyr.
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Chapter 1. Cosmology and Large Scale Structure of the Universe

Spatially flat cosmological constant-dominated Universe

For ΩΛ,0 = 1 and Ωm,0 = Ωr,0 = ΩK = 0, the first Friedmann equation simplifies to:

ȧ

a
= H0 . (1.26)

This leads to an exponential solution:

a(t) = exp [H0 t] , (1.27)

where we cannot set a(0) = 0 as this is a Universe with infinite age which keeps accelerating with
time.

1.1.4 Distances in cosmology

Now that we have a well defined space-time with a metric and we know how it evolves with time
as a function of the components contained in it, we can compute distances. But before proceeding
we should introduce the concept of redshift z. Because in an expanding Universe all distant
galaxies are moving away from us (and from each other), the light that reaches Earth is going to
be stretched out with respect to that emitted at the source. The shift of the wavelengths of the
photons emitted from the source is equal to:

1 + z ≡ λobserved
λsource

= 1
a(t) , (1.28)

where a(t) is the value of the scale factor when the light was emitted, and we have considered that
a(t0) = 1. At low redshifts, the usual Doppler formula can be used to estimate the velocity of the
receding object, with v ' c z. Combining this first order approximation with the original Hubble
relation (Eq. 1.1), we obtain that the distance to an object at redshift z is equal to d = c z/H0.

However, to obtain the correct distance to an object at redshift z one needs to integrate along
radial trajectories in the FLRW metric, as the light that reaches us now has been travelling across
the Universe meanwhile it has been expanding. From Eq. 1.7 we see that the proper distance,
that is, the distance that would be measured with rulers at a given time (dt = 0), is given by:

DP = a(t)
∫ dr√

1−K r2
. (1.29)

The comoving distance DC , defined before as that distance that remains constant with the
expansion of the Universe, would then be equal to DC = DP /a(t).

As we have a relation between the redshift and the value of the scale factor (Eq. 1.28), we
can compute distances in terms of redshifts, which is the quantity that we can actually measure
in observations. From now on we will only consider the case of a spatially flat Universe, that is,
K = 0.

The comoving distance to an object at redshift z, corresponding to a scale factor a = 1/(1 + z),
is equal to:

DC(z) = c

H0

∫ z

0

dz′

E(z′) , (1.30)
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where E(z) = H(z)/H0. It is important to note that in a flat universe at late times, ΩK = 0 and
Ωr,0 ≈ 0, so we can express ΩΛ,0 in terms of Ωm,0 and simplify calculations taking into account
that:

E2(z) = H2(z)
H2

0
=
[
Ωm,0(1 + z)3 + (1− Ωm,0)

]
. (1.31)

Once the comoving distance to an object is known, both the luminosity distance and the angular
diameter distance can be derived from it. The luminosity distance DL is defined such that the
flux observed at Earth from an object at redshift z is equal to:

F = L

4πD2
L

, (1.32)

where L is the intrinsic luminosity of the source. In order to relate the luminosity distance with
the comoving distance, one needs to take into account the fact that in an expanding Universe
photons loose energy as the scale factor grows, and that although the comoving spherical shell of
area 4πD2

C does not change with time, the associated physical area does. The luminosity distance
is then equal to:

DL = (1 + z)DC . (1.33)

The angular diameter distance DA is defined as the distance at which an object of physical size
∆l is seen in the sky with an angular extension equal to ∆θ:

DA = ∆l
∆θ . (1.34)

Because the comoving size of such object is equal to ∆l/a, the angle subtended in the sky would
be equal to ∆θ = (∆l/a)/DC , and the angular diameter distance happens to be related to the
comoving distance by:

DA = DC

1 + z
. (1.35)

One particularity of this quantity is that it does not increase indefinitely with redshift, but starts
decreasing after some point and objects at higher redshifts are seen larger in the sky than objects
of the same nature located at intermediate redshifts because of the “magnification” lensing effect
induced by cosmic expansion.

1.1.5 The ΛCDM model

The lambda cold dark matter (ΛCDM) model, also known as standard or concordance model, is
the currently most accepted cosmological model. It became increasingly popular in the late 1990s
when two groups observing Type Ia supernovae (SNIa) [170, 189] found that the Universe was
going through a phase of accelerated expansion, and hence proved the existence of some sort of
dark energy.

Apart from this dark energy resembling a cosmological constant Λ, in this model our Universe
is flat, is composed of radiation and matter both in the form of baryons and cold dark matter
(CDM), and the underlying gravitational theory is General Relativity. Inflation is usually considered
an extension.

According to this model, after an early epoch of radiation domination the Universe expanded and
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the energy density of matter and radiation became equal in what is known as the matter-radiation
equality era. This epoch of the Universe is important because it shapes the way large scale structure
formed, as described later in this chapter. This happens when the universe is approximately 50,000
years old, which corresponds to an scale factor of a ≈ 0.0003. Then, when matter was already
dominating and the Universe was around 350,000 years old, the photons that compose the cosmic
microwave background (CMB) were scattered for the last time when they decoupled from matter,
and the dark ages began and continued until the first stars formed 150 million years later. Finally,
when the Universe was 10 billion years old and it had expanded so much that the density of matter
was surpassed by the density of dark energy, the dark energy-dominated era commenced, and the
Universe began the exponential growth that we observe today, when it is around 13.8 billion years
old and the dark energy content is already dominating matter by a factor of ∼ 2.5.

Measurements of the CMB from WMAP and Planck satellites have confirmed this model
with great success, and started what is known as the precision cosmology era, with cosmological
parameters constrained to the 1% level. In Fig. 1.4 we show the constraints on Ωm, Ωm and
ω, obtained combining CMB data with SNIa and baryon acoustic oscillations (BAO) data. The
state-of-the-art estimation of the cosmological parameters of the ΛCDM model are those provided
by Planck Collaboration et al. [179] and shown in Table 1.1.

Figure 1.4: The 1σ, 2σ and 3σ confidence level contours of Ωm versus ΩΛ for ω = −1 on the left, and of
Ωm versus ω for a flat universe on the right, obtained combining CMB, SNIa, and BAO data.
Figures are taken from Kowalski et al. [115].

Despite its big success describing observations, this model has one obvious problem: the existence
of two “dark” components whose origin is unknown.

The existence of dark matter has been proved in several different ways, including the analysis
of galaxy and cluster dynamics, gravitational lensing, the power spectrum of the CMB, and the
formation of the large scale structure of the Universe. With several popular candidates including
weakly interacting massive particles (WIMPs), axions, and primordial black holes, promising
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Table 1.1: Cosmological parameters for the ΛCDM model as shown in Planck Collaboration et al. [179].
These have been obtained combining CMB data with SNIa and BAO data.

Parameter Symbol Value
Hubble constant today H0 67.74± 0.46 km s−1 Mpc−1

Dark energy density today ΩΛ,0 0.6911± 0.0062
Matter density today Ωm,0 0.3089± 0.0062
Curvature density ΩK < 0.005
Dark energy equation of state parameter ω −1.006± 0.045
rms of matter fluctuations σ8 0.8159± 0.0086
Scalar spectral index ns 0.9667± 0.0040
Redshift of matter-radiation equality zeq 3371± 23
Age of the universe t0 13.799± 0.021 Gyr

searches to find the nature of the dark matter are now ongoing.
The origin of the dark energy component is also unknown but more elusive, and poses one of the

biggest challenges for physics and science today. The cosmological constant Λ as is presented in
this concordance model is just an special case of dark energy. Observational constraints, however,
seem to favour a value of ω ≈ −1, but it is still unknown if this late-time accelerating expansion
has its origin in some sort of vacuum energy, quintessence, an unknown behaviour of gravity at
large scales, or any other of the thousands of explanations proposed in the last decades. Because
there is still not a final theory that provides an equation of state for the dark energy, the effective
parametrisation:

ω(a) = ω0 + (1− a)ωa , (1.36)

is employed to account for any possible scale factor-dependent deviation from ω ≈ −1.
Not all hope is lost: the combined analysis of the expansion history of the Universe and the

growth of structures may shed some light into this mystery. The existence of dark energy explains
at the same time the accelerated expansion of the Universe and the subsequent suppression of the
growth of structures, as measured by redshift-space distortions, gravitational weak lensing, or the
observed abundances and distribution of clusters as a function of their mass and redshift. However,
gravitational theories different from General Relativity could explain the observed cosmic expansion
mimicking ΛCDM results, but differ in the way the amplitude of the growth of structures scales
with time. Measuring such a deviation would be a big leap forward in the understanding of the
physics of dark energy.

1.2 Large scale structure of the Universe

In the last decades we have learned a lot about how matter is distributed in the Universe. Ambitious
optical surveys like the Two-Degree Field Galaxy Redshift Survey (2dFGRS) or the Sloan Digital
Sky Survey (SDSS) have produced the first 3-dimensional maps of large portions of the observable
Universe, like the one shown in Fig. 1.5, and provide nowadays the location of more than a million
galaxies. From these maps we have learned that galaxies are not randomly located in the Universe,
but tend to be grouped together forming large scale structures like filaments or clusters in what is
called the cosmic web. These structures seem to be amplified descendants of a primordial quantum
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Chapter 1. Cosmology and Large Scale Structure of the Universe

Figure 1.5: Map of the distribution of galaxies from the completed Two-Degree Field Galaxy Redshift
Survey (2dFGRS). Figure is taken from Colless et al. [50].

density fluctuation field that emerged during inflation in the first 10−35 seconds of the history
of the Universe, and that was imprinted in the small temperature fluctuations seen in the CMB
(shown in Fig. 1.6), when the Universe was very young.

Although the first galaxies have been observed to exist when the Universe was 400 million years
old, the matter haloes that host them started forming only 400,000 years after the Big Bang,
very shortly after matter and radiation decoupled. In the present paradigm of structure formation
driven by dark matter and gravity, galaxy groups and clusters of galaxies are still forming today
through a combination of coherent infall and mergers.

The analysis of this growth not only will help understand more about how these structures
formed, but may provide some insights on the nature of dark matter and dark energy.

1.2.1 Linear theory of the growth of structures

In order to understand and trace the evolution of density perturbations with time, we will first
consider the equations of motion of a cosmological fluid with velocity ~v(~x, t), pressure p(~x, t), and
mass density ρ(~x, t) at position ~x and time t. This nonrelativistic Newtonian approach is valid
for small amplitude perturbations with length scales smaller than the Hubble horizon dH = c/H0,
where Hubble flow velocities are small and we can work in terms of ~x = a(t)~r, where ~r is a
comoving coordinate and spatial derivatives are with respect to comoving coordinates. The Euler
equation for this fluid is:

∂~v

∂t
+
(
~v · ~∇

)
~v = −

~∇p
ρ
−∇Φ , (1.37)
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1.2 Large scale structure of the Universe

Figure 1.6: The cosmic microwave background (CMB) as measured by the Planck mission, emitted when
the Universe was only ∼ 380,000 years old. The average temperature of the radiation that we
observe today is 2.73 K, and the fluctuations are only of the order of 10−5. Figure is from the
Planck Collaboration.

where ~∇ = ∂/∂~x, and Φ(~x, t) is the gravitational potential, which is determined by the Poisson
equation:

∇2Φ = 4πGρ . (1.38)

Finally, we must take into account the continuity equation:

∂ρ

∂t
+ ~∇ · (ρ~v) = 0 . (1.39)

Considering small perturbations ~v = ~v0 + δ~v, p = p0 + δp, ρ = ρ0 + δρ, and Φ = Φ0 + δΦ, and
defining δ = δρ/ρ0, we can obtain a single equation for the growth of density fluctuations with
time:

δ̈ + 2 ȧ
a
δ̇ − (4πGρ0 + c2

s∇2) δ = 0 , (1.40)

where c2
s = δp/δρ is the sound speed of the fluid.

Considering now a single Fourier mode δ(~x, t) = δ~k sin(~k · ~r) with comoving wavelength
λ = 2π/k, Eq. 1.40 turns into:

δ̈ + 2 ȧ
a
δ̇ − (4πGρ0 + c2

s

k2

a2 ) δ = 0 . (1.41)

From this equation we can see that there is a Jeans length λJ = 2π/kJ = cs
√
π/(Gρ0) above

which gravitational pull exceeds the pressure resistance and perturbations can grow, and below
which density fluctuations oscillate as sound waves. In an expanding universe, however, this Jeans
length changes with time, so certain range of modes may become allowed to grow as time goes by.

In a flat universe dominated by pressureless matter Eq. 1.40 reduces to:

δ̈ + 2 ȧ
a
δ̇ − 4πGρ0 δ = 0 , (1.42)
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Chapter 1. Cosmology and Large Scale Structure of the Universe

which admits two power law solutions corresponding to a growing mode with δ(t) ∝ t2/3 ∝ a(t),
and a decaying mode with δ(t) ∝ t−1.

At late times when Ωm < 1, the growing mode does not scale as a(t) anymore, and assuming
an equation of state for the dark energy of ω = −1, the growing mode evolves as:

δ ∝ ȧ

a

∫ a

0

1
ȧ′3

da′ . (1.43)

For a Ωm + ΩΛ = 1 cosmology, it can be seen that the present day accelerated expansion of the
Universe suppresses the growth of structures.

More generally, it is more convenient to define solutions of Eq. 1.40 in terms of the linear growth
function D(a) as:

δ(a) = D±(a)
D±(a0) δ(a0) , (1.44)

where the D+ and D− notation is used to indicate growing and decaying modes, respectively.
D(a) is normalized to unity at present time, so D(a0) = 1. The linear growth function is only
dependent on a, but in theories where dark energy is clustered or General Relativity is not the
gravity model considered, it may be scale-dependent.

1.2.2 The matter power spectrum

We assumed in our FLRW model that the Universe needs to be homogeneous at very large scales,
and this seems to be the case when we consider regions of size of the order of a few hundred Mpc.

However, some sort of initial small scale fluctuations had to be present in order to form through
gravitational amplification the large scale structures like clusters that we observe today. We can
quantify these fluctuations through the density contrast:

δ(~x) ≡ ρ(~x)− ρ0
ρ0

, (1.45)

where ρ(x) is the local density at ~x and ρ0 is the mean background density. The Fourier transform
of these density fluctuations is:

δ(~k) = 1
(2π)3/2

∫
d3x δ(~x) ei~k·~x . (1.46)

The power spectrum P (k) of the density fluctuations can be computed as:

〈δ(~k)δ(~k′)〉 = (2π)3 δ(3)(~k − ~k′)P (~k), (1.47)

where δ(3)(~k−~k′) is the delta function required by isotropy, meaning that P (~k) = P (k). Sometimes,
the power spectrum is also expressed in terms of the dimensionless function ∆2(k) ≡ k3 P (k)/(2π2).

The analogous power spectrum quantity in real space is the two-point correlation function ξ(r) :

〈δ(~x)δ(~x′)〉 = ξ(
∣∣~x− ~x′∣∣) = ξ(r) , (1.48)
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1.2 Large scale structure of the Universe

which is at the same time the Fourier transform of the power spectrum:

ξ(r) = 1
(2π)3/2

∫
d3k P (k) eikr . (1.49)

Again, we have assumed that the two-point correlation function is isotropic, so ξ(~r) = ξ(r).
Because the growth of individual k modes, if these are small and linear theory applies, is

independent and determined by the initial conditions of the early Universe, the decomposition of
the density field into several Fourier modes will is indeed very useful. Apart from that, the two-point
correlation function and the power spectrum provide a complete statistical characterisation of the
stochastic distribution of fluctuations in a Gaussian random field.

The power spectrum encodes the information of the distribution of amplitudes of different
Fourier components of the density field, P (k) ∼ |δ(~k)|2, but does not contain phase information.
This means that different density distributions may have the same power spectrum, and hence the
same two-point correlation function. Equivalently, we could say that our Universe is a realization
of an stochastic density Gaussian random field drawn from P (k).

One important quantity that can be computed from the linear power spectrum is the variance
of mass fluctuations smoothed with a sphere of radius R:

σ2(R, a) = 1
2π2

∫
P (k, a)W 2(kR) k2 dk , (1.50)

where W (kR) = [3/(k3R3)][sin(kR)− kR cos(kR)] is the Fourier transform of the spherical top-
hat window function of radius R, so that P (k)W 2(kR) is the power spectrum of the smoothed
density field. From Eq. 1.52 we also see that σ(R, a) = σ(R, a = 1)D(a)/D(a = 1). It is when
σ(R, a) ∼ 1 that the amplitude of fluctuations approaches unity and the linear approximation
is not valid anymore. This quantity today is usually evaluated considering R = 8h−1 Mpc, as
σ8 ≡ σ(R = 8h−1 Mpc, a = 1) ≈ 1 for galaxies.

Primordial density fluctuations and transfer function

Although the origin of cosmological perturbations is still an open question, many inflationary models
predict primordial density fluctuations generated by Gaussian microscopic quantum fluctuations in
a scalar field that were converted during inflation into macroscopic seeds for structure formation.
These models provide a power law primordial power spectrum such as:

Pprim(k) = As

(
k

k0

)ns
, (1.51)

where As and ns are the amplitude and the spectral index, respectively, and k0 is a pivot scale. A
value of ns = 1 would correspond to an scale-invariant “flat” power spectrum, meanwhile ns = 0
would imply a “white-noise” power spectrum, that is, with no correlations at all. Observations of
the CMB seem to indicate a value of ns very close to 1.

After the end of inflation, the primordial power spectrum of matter grows according to:

Pm(k, a) = Pprim(k)
(
D(a)
D(a0)

)2
T 2(k) , (1.52)
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Figure 1.7: Measurements of the matter power spectrum P (k) obtained considering data from the cosmic
microwave background, weak lensing, cluster abundances, Lyman α forest and galaxy clustering.
The red solid line represents the prediction from the concordance ΛCDM cosmological model.
Figure is from Tegmark and Zaldarriaga [235].

where T (k) is the transfer function, and D(a) is the density perturbation linear growth function
(Eq. 1.44). The transfer function T (k) describes the evolution of perturbations before recombination
at z ∼ 1100, that is, through the epochs of horizon crossing and the radiation to matter transition
epoch, and does only depend on the value of the wavenumber. The calculation of T (k) is
complicated and is usually performed solving the equations numerically with codes such as CAMB
[125]. It needs to trace the evolution of the density fluctuations of baryons, photons, dark matter
and neutrinos, as well as the evolution of gravitational potentials and other metric perturbations.
Of course, it has to take into account the different interactions between these species, as well
as the effects of the free streaming of neutrinos, photons and collisionless hot dark matter (if
present), which may damp perturbations at different scales. All these processes change the initial
shape of the primordial power spectrum and the one that we measure today is related to it through
the transfer function via P (k) = Pprim(k)T 2(k). The transfer function is uniquely determined
by the abundances of the different elements in the Universe. For example, a universe with hot
dark matter (HDM) would erase structures on the small scales due to the free streaming of the
particles that compose the dark matter, so in this “top-down” scenario clusters would form first
and then fragment into galaxies. Meanwhile, in the cold dark matter (CDM) case, small structures
would form first and then collapse to form larger ones in this “bottom-up” model.

The power spectrum as is seen today is shown in Fig. 1.7. As we can see, the ΛCDM power
spectrum behaves as P (k) ∼ k1 for small k, and as P (k) ∼ k−3 for large k. Even though how T (k)
is obtained is rather difficult to understand, this behaviour can be easily explained remembering
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1.2 Large scale structure of the Universe

that the spectral index of primordial scalar perturbations ns is close to unity.
After inflation, there are fluctuations which have superhorizon scales with wavenumbers k < kh

and are causally disconnected, and fluctuations with subhorizon scales with k > kh, where kh
is the associated wavenumber of the causal horizon and evolves as kh ∝ t−1 (the radius of the
horizon grows as dh ∝ c t). At some point, all superhorizon fluctuations will pass through the
horizon and become subhorizon. The difference lies in whether this happens in the radiation or
the matter era. Superhorizon fluctuations grow as t in the radiation domination era, and as t2/3
in a matter dominated universe. Subhorizon modes, however, remain constant (“frozen”) in the
radiation era because of the large radiative pressure, and then grow as t2/3 after matter–radiation
equality. If a fluctuation enters the horizon in the matter era, it means that it has been growing
as t in the radiation era and then it has continued to grow as t2/3. This means that modes with
small wavelengths that entered the horizon in the radiation domination era will have their growth
suppressed with respect to larger modes that entered the horizon later during matter domination
by a factor δsubh/δsuperh = (aenter/aeq)2. This can be expressed in the transfer function as:

k � kh ⇒ T (k) ∼ 1 , (1.53)

k � kh ⇒ T (k) ∼
(
k

kh

)−2
, (1.54)

where keq is the comoving wavenumber of the horizon in the matter–radiation equality epoch. As
we saw before, the primordial power spectrum after inflation can be described by a power law
Pprim ∝ kns , meaning that the evolved or “processed” power spectrum P (k) ∝ Pprim T (k)2 goes
as P (k) ∝ kns for modes with k < keq, and P (k) ∝ kns−4 for modes with k > keq. The scale
keq coincides with the maximum of the power spectrum as that is the comoving scale that entered
the horizon in the matter–radiation equality, and corresponds to k−1

eq ' 16(Ωm h
−1)h−1 Mpc.

1.2.3 Non-linear evolution

All the previous considerations regarding the evolution of density perturbations work well at high
redshifts and large scales, and reproduce with good accuracy the CMB power spectrum. However,
at late times and on small scales when δ ≥ 1, the linear theory breaks down, fluctuations on
different scales do not evolve independently anymore, and non-linearities need to be accounted for.

In the quasi-linear regime, approximately from 50 to 10 Mpc, δ < 1 holds, but modes with
different wavelengths start to couple and working in Fourier space becomes difficult. Higher-order
perturbative theories try to describe the growth of structures beyond the linear regime, and
analytical models like spherical or ellipsoidal collapse offer some insights into the formation of
haloes and on the timing of collapse.

Numerical simulations

On scales smaller than 10 Mpc growth is completely non-linear and it is mandatory to use numerical
N-body cosmological simulations to trace the formation and resolve the structure of dark matter
haloes at these scales. In Fig. 1.8 the formation of a dark matter halo in the Millennium-II
Simulation [37] is shown at different redshifts and different scales, showing the complexity of the
collapsed structure and the strong non-linearity.
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Figure 1.8: 2D slices at different redshifts (from top to bottom: z = 6.20, 2.07, 0.99, 0.00) and different
comoving scales (from left to right: 100, 40 and 15 h−1 Mpc) of one of the haloes formed in
the Millennium-II Simulation [37]. As can be seen, real collapse is far from being spherical,
and N-body simulations are needed to describe complex phenomena like accretion of mass
along filaments and the presence of smaller collapsed haloes within larger collapsing structures.
Figure is from Boylan-Kolchin et al. [37].
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Also, in this non-linear regime baryonic physics becomes important as hydrodynamical effects like
shocks, radiative cooling of gas, active galactic nuclei (AGN) feedback, star formation and other
astrophysical processes alter the formation of some structures and the distribution of galaxies may
not trace that of dark matter. Thus, to understand how galaxies and clusters are formed within
dark matter haloes, the more complicated to perform hydrodynamical simulations are needed too.

The Zel’dovich approximation

One of the approaches to model non-linearities analytically is the Zel’dovich approximation [268],
and although it is not able to describe small scale non-linearities with the precision of numerical
simulations, it still provides a good approximation of the power spectrum at large scales, and can
be used to revert non-linear growth and “reconstruct” evolved density fields. It is also used to
prepare the quasi-linear conditions from which numerical simulations are started.

In this model, the density field is described through a kinematical approach where each fluid
element is located at an early (Lagrangian) position ~q, equivalent to its comoving position at
t0 = 0, and then displaced to its (Eulerian) position ~x at time t, such that:

~x(t) = ~q + Ψ(~q, t) , (1.55)

where Ψ is the displacement vector field which is evaluated at time t considering the initial position
of the fluid element, and can be decomposed as:

Ψ(~q, t) = D+(t) Ψ0(~q) , (1.56)

where D+(t) is the growing mode specified by the cosmological parameters, and Ψ0(~q) is the
time-independent displacement field. This implies that particles are assumed to keep moving in the
initial direction they started moving when they were at ~q. The Zel’dovich approximation assumes
that this irrotational initial displacement field emerges from a potential which is proportional to
the primordial potential field Φ(~q) through:

Ψ0(~q) = −∇~q Φ(~q) , (1.57)

and that the deformation of each fluid element induced by this displacement is given by the
deformation tensor:

Ψ0
i,j ≡

∂Ψ0
i

∂qj
. (1.58)

From mass conservation we have that ρ(~x, t) d~x = ρ0 d~q, so the density field as a function of the
Lagrangian coordinate ~q is related through the Jacobian:

ρ(~q, t) = ρ0

∣∣∣∣∂~x∂~q
∣∣∣∣ . (1.59)

If a basis for ~q is chosen such that the deformation tensor Ψ0
i,j is diagonal, then:

ρ(~q, t) = ρ0[
1−D+(t)Ψ0

1,1

] [
1−D+(t)Ψ0

2,2

] [
1−D+(t)Ψ0

3,3

] . (1.60)

When any of the eigenvalues of the deformation tensor reaches Ψ0
i,i = D−1

+ (t) the first singularity
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in Eq. 1.60 appears and the structure collapses along one of the principal axes (the one with the
largest eigenvalue), forming a sheet-like structure. Other structures like filaments form when the
collapse occurs along two of these axis at the same time.

In Lagrangian perturbation theory one can find a perturbative expression for the displacement
field, where the first order solution corresponds to the Zel’dovich approximation. However, the
Zel’dovich approximation may be further improved in the future.

1.2.4 The two-point correlation function

The meaning of the two-point correlation function can be understood as follows. If the distribution
of galaxies around a target galaxy is given by a Poisson random distribution, then the probability
of finding another galaxy around this target galaxy at any distance is going to be given simply by
∆P = n∆V , where n is the mean number density of galaxies. If the galaxies are not randomly
distributed but are clustered instead, then the probability of finding another galaxy at a radial
distance r will be given by:

∆P = n [1 + ξ(r)] ∆V , (1.61)

where ξ(r) is the two-point correlation function (Eq. 1.48). This means that the two-point
correlation function can be simply estimated counting the number of galaxy pairs that are found
at a certain distance r in the galaxy sample considered, and then comparing those counts with
those expected from a random Poisson distribution. If on average there are more galaxies at
a distance r than expected from a random distribution, then ξ(r) > 0. If there are less, then
−1 < ξ(r) < 0 and the sample is anticorrelated at that distance. Of course, a random sample
would yield ξ(r) = 0, and any sample should converge to ξ(r →∞) = 0.

If the correlation function is being measured using a sample of galaxies constructed from a survey,
one has to take into account that galaxies near the edges of the survey volume have fewer objects
around them than they should. The expected random counts cannot be modelled analytically but
need to be measured instead from a random mock catalogue that follows the same geometry and
redshift distribution of the data sample, or else the estimation of the correlation function will be
biased. Thus, an approach one could consider would be that by Peebles [168], where one computes
∆P counting the number of pairs of galaxies found at a distance r and within a shell of width
∆r, and then divides by the total number of pairs at any distance. Then, n∆V , the probability
of having another object at a certain distance considering an stochastic distribution with mean
density n, is computed in the same way but from a random sample. Considering Eq. 1.61, the
correlation function can be estimated as the ratio:

ξ(r) = dd(r)
rr(r) − 1 , (1.62)

where:
dd(r) = DD(r)

Nd (Nd − 1) /2 , (1.63)

and:
rr(r) = RR(r)

Nr (Nr − 1) /2 , (1.64)

are the normalized data-data and random-random pair counts at a comoving distance r, with DD
and RR the total counts, and Nd and Nr the number of data and random objects considered,
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respectively. The random sample does not need to have the same number of objects. In fact, in
order to reduce the variance in the RR counts at a given distance r, the random catalogue should
be much larger than the real one.

There are more sophisticated ways to compute the two-point correlation function that are
claimed to have better statistical properties and to be free from the bias induced by the survey
geometry, like the Landy-Szalay estimator [121]:

ξ(r) = dd(r)− 2dr(r) + rr(r)
rr(r) , (1.65)

or the Hamilton estimator [87]:

ξ(r) = dd(r)× rr(r)
dr2(r) − 1 , (1.66)

where dr is the normalized number of data-random pair counts DR at a distance r:

dr(r) = DR(r)
NdNr

, (1.67)

which is computed cross correlating the real and the random mock catalogues. The Landy-Szalay
estimator has been shown to have no bias and minimum variance, and is the most widely used.

For galaxies and within a distance of 10h−1 Mpc, the two-point correlation function seems to
be very well described by a power law:

ξ(r) =
(
r

r0

)γ
, (1.68)

where r0 is the correlation length and γ is found to be around γ ∼ 1.8.

1.2.5 Halo bias

In a ΛCDM universe where almost all the gravitating matter is invisible to us, the correlation
function measured with luminous galaxies may not necessarily correspond to the correlation function
of matter. In fact, it is now well known that some kind of galaxies have different clustering
properties than others. This is where we introduce the concept of the halo bias function b, which
relates the two-point correlation function measured considering one or two kind of objects, ξo1o2 ,
with the underlying matter distribution, ξm, such that:

ξo1o2(r) = b1 b2 ξm(r) , (1.69)

where b1 and b2 are the bias values that correspond to the objects considered. One could for
example measure the correlation function between luminous red galaxies (LRG) and relate it
with the correlation function of matter through ξLRG = b2LRG ξm, or measure the cluster–galaxy
cross-correlation function, with ξcg = bc bg ξm, considering the different values of the bias for
clusters and galaxies, bc and bg. Equivalently, the matter power spectrum is related to the power
spectrum for one or two different kind of objects through:

Po1o2(k) = b1 b2 Pm(k) . (1.70)
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δ=νσ

Figure 1.9: In this figure the matter density field (solid line) is given by the combination of a long (dotted
line) and shorter wavelengths modes. Only those local overdensities above the threshold limit
of νσ (dashed line) will form clusters (grey shaded regions), which will be much more clustered
than the underlying matter distribution and hence will provide a biased estimation of the matter
correlation function.

A simple way to understand the bias for galaxies is to take into account that because baryons must
cool enough as to form stars and galaxies, they must first radiate through thermal Bremsstrahlung
or line emission. This is more efficiently done in deep potential wells, like those formed by very
massive collapsed dark matter haloes. Thus, galaxies would only form in regions where the
density is above a certain threshold and such haloes can form. At the same time, active galactic
nuclei (AGN) feedback could suppress star formation in lower mass haloes, biasing even more the
distribution of galaxies with respect to matter.

On larger scales, if both galaxies and clusters emerged due to amplification of primordial density
fluctuations, both of them should trace the clustering of matter in the same way, which is not the
case. One of the proofs of the existence of the bias was the realization that the cluster-cluster
correlation function was several times larger than the galaxy-galaxy correlation function.

The statistics of rare peaks in Gaussian random fields developed by Kaiser [102] explained
this discrepancy. It was the rarity of clusters, several orders of magnitude less abundant than
galaxies, what explained it, as they could only form at the highest peaks of the dark matter density
field. This can be schematically be seen in Fig.1.9. Long wavelength modes enhance in localised
overdense regions the presence of these objects with respect to the mean, and thus their clustering.
That is, rare high-σ peaks of the density field tend to occur near other high-σ peaks.

In the context of a Gaussian density perturbation field, the value of the bias function b(M,a) is
independent of k, but depends on both the epoch of the Universe and on the mass of the dark
matter halo where the astrophysical object lives, as it is the coefficient between the overdensity of
haloes of certain mass and the overdensity of matter in a certain region. In the Press-Schechter
formalism of spherical collapse [183], density fluctuations collapse when δ > δc, where δc = 1.68
is the critical value above which collapse happens. The overdensity of haloes δh is related to the
overdensity of mass δm through:

δh =
(

1 + ν2 − 1
δc

)
δm , (1.71)

where ν = δc/σ(M) is the normalized peak height, and σ(M) is the rms variance of matter
fluctuations on a scale M . σ(M) is related to the more familiar σ(R) (Eq. 1.50) considering that
M is the matter contained in an sphere of radius R in a background with average matter density
ρ. From Eq. 1.71 we can see that the bias is equal to:

b = 1 + ν2 − 1
δc

. (1.72)
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It can be seen that the value of the bias increases with mass, so massive haloes are predicted to
cluster more strongly than the underlying mass density field, with:

ξh = b2(Mh, z) ξm , (1.73)

where Mh is the mass of the halo with which the two-point correlation function is being evaluated.
Equivalently, low mass haloes may be antibiased, with b < 1.

The spherical collapse model is just the simplest way to understand the nature of the statistical
bias, but the dependence of its value with halo mass depends explicitly on the functional form of
the mass function, that is, the density distribution of haloes in the Universe as a function of their
mass.

1.2.6 Redshift-space correlation function and distortions

In practice, radial distances to distant objects are estimated from their redshifts, an approach that
does not necessarily always provide the real value. Because the Universe is expanding and galaxies
are receding from us due to the Hubble flow, the light that we receive from them is redshifted, and
this redshift can then be associated to a distance through the Hubble law. However, these galaxies
might be also moving with a local peculiar velocity not related to the expansion of the Universe,
but to random motions or to local displacements induced by local gravitational instabilities. This
introduces redshift-space distortions (RSD) in the inferred positions of the galaxies due to the
Doppler effect, as the observed redshift is now equal to:

zobs = zH + vlos
c

(1 + zH) , (1.74)

where zH is the cosmological redshift associated to Hubble’s law, and vlos is the line-of-sight (los)
component of the peculiar velocity.

There are two well known observational signatures of RSD imprinted in the derived distribution
of galaxies, and hence in the correlation function. If the peculiar velocities of galaxies have their
origin in the large random motions of virialized objects inside a dark matter halo, then at small
scales (. 1 Mpc) an apparent stretching of galaxies along the line-of-sight is seen, pointing to the
observer. This effect, known as fingers of God, is enhanced specially for galaxies that form part
of groups and clusters, and can be used to estimate the velocity dispersion within such virialized
systems. If, on the contrary, the motion comes from the coherent infall of galaxies originated
by gravitational collapse, then the redshift-space correlation function is instead contracted with
respect to the real-space correlation function in what is known as the flattening effect. These two
effects can be schematically seen in Fig. 1.10.

The flattening effect is also known as Kaiser effect, as the first profound analysis of the subject
was performed by him [104]. Although this distortion may seem like an inconvenience to measure the
real-space correlation function, it provides invaluable information on the dynamics of gravitational
collapse, and can hence be used to constrain cosmological parameters and gravitational models. If
a galaxy is located at a comoving position ~r, then its redshift-space position ~s will be given by:

~s = ~r + ~v · ~r
|~r|

, (1.75)

where the comoving quantity ~v is related to the physical peculiar velocity ~u of the galaxy through
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Real-space

Redshift-space

Line-of-sight

Figure 1.10: Scheme showing the different redshift-space distortions produced by peculiar velocities of
galaxies. Left: at small scales, large random motions of galaxies within groups or clusters result
in the apparent smearing of their position along the line-of-sight, generating the structures
known as fingers of God. Right: on larger scales, coherent infall velocities of galaxies due to
clustering cause the apparent flattening of structures along the line-of-sight.

~v ≡ ~u/(aH). Kaiser pointed out that in Fourier space and in the linear approximation, each
overdensity mode in real-space δr can be related to its counterpart in redshift-space δs with:

δs(~k) =
(
1 + β µ2

)
δr(~k) , (1.76)

where µ is the cosine of the angle between ~k and the line-of-sight, and β is the quantity that
solves the continuity equation:

~∇ · ~v + β δ = 0 , (1.77)

and thus proportional to the velocity of growth of structures. Considering galaxies a biased
estimator of the underlying mass distribution such that δg = b δm, with b the bias, and considering
also Eqs. 1.39 and 1.44 from the linear theory of growth of perturbations, we can see that:

β = f(a)
b
≡ 1
b

d lnD(a)
d ln a , (1.78)

where f is defined as the growth rate, and can be written as:

f(a) ' Ωm(a)γ , (1.79)

where γ is the growth index. For a cosmology where General Relativity is the gravitational theory
and there is a dark energy with an equation of state ω ' −1, it takes the value of γ ≈ 0.545. As
γ depends on the gravitational theory considered, the estimation of f(a) is a powerful tool to test
and constrain modified theories of gravity.
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Multipolar expansion of the two-point correlation function

From Eq. 1.76, it follows that if P rm(k) is the real-space matter power spectrum, the observed
redshift-space galaxy power spectrum can be modelled as:

P sg (k, µ) = b2
(
1 + β µ2

)2
P rm(k) . (1.80)

This result was translated by Hamilton [86] in terms of the redshift-space correlation function as:

ξ(s, µ) = ξ0(s)L0(µ) + ξ2(s)L2(µ) + ξ4(s)L4(µ) , (1.81)

where ξ0, ξ2 and ξ4 are the monopole, the quadrupole, and the octopole of the correlation
function. The L`(µ) are the `th Legendre polynomials, with L0(µ) = 1, L2(µ) = (3µ2 − 1)/2
and L4(µ) = (35µ4 − 30µ2 + 3)/8. The monopole includes the correlation information of pure
radial redshift-space distances between pairs, and does not consider the angle of the pair with the
line-of-sight. The quadrupole, however, takes into account the information of the distribution of
pairs along the different observation directions. The octopole is very complicated to measure in
practice, and is not usually included in analyses.

The monopole and the quadrupole of the polynomial expansion can be given in terms of the
real-space correlation function as:

ξ0(s) =
(

1 + 2β
3 + β2

5

)
ξ(r) , (1.82)

ξ2(s) =
(

4β
3 + 4β2

7

)[
ξ(r)− ξ(r)

]
, (1.83)

with:
ξ(r) = 3

r3

∫ r

0
ξ(r′) r′2 dr′ . (1.84)

The quadrupole-to-monopole ratio, or normalized quadrupole, is defined as:

Q(s) = ξ2(s)
ξ0(s)− (3/s2)

∫ s
0 ξ0(s′) s′2 ds′ . (1.85)

At small scales its value depends strongly on the random motion of virialized galaxies, but in the
Kaiser approximation and at large scales it is directly related to β by:

Q = (4/3)β + (4/7)β2

1 + (2/3)β + (1/5)β2 . (1.86)

In order to extract information from these RSD and obtain an estimation of the amplitudes of
the multipoles of the correlation function, what one does is to measure the correlation function in
two dimensions decomposing the redshift-space separation ~s into its parallel and perpendicular
components, such that:

slos = ~s ·~l
|~l |

, (1.87)
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s⊥ =
√
~s · ~s− s2

los , (1.88)

where, if ~s1 and ~s2 are the redshift-space positions of the two galaxies considered, then ~s = ~s1−~s2
is the redshift-space separation vector of the pair, and ~l = (~s1 +~s2)/2 is the observer’s line-of-sight.
Considering the Landy-Szalay estimator (Eq. 1.65), the 2-dimensional correlation function can be
computed as:

ξ(slos, s⊥) = dd(slos, s⊥)− 2dr(slos, s⊥) + rr(slos, s⊥)
rr(slos, s⊥) , (1.89)

where dd, dr and rr are now the normalized number of pairs found in the data-data, data-random
and random-random samples considered. The different multipoles of ξ(s) are obtained from:

ξ`(s) =
(2`+ 1

2

)∫ +1

−1
ξ(slos, s⊥)L`(µ) dµ , (1.90)

where L`(µ) is the `th Legendre polynomial, and here µ = slos/s is the cosine of the angle to the
line-of-sight.

Finally, in order to include the non-linear RSD effects introduced by the random peculiar motions
of galaxies, the final redshift-space correlation function can be described like a convolution of the
linear redshift-space correlation function ξ(slos, s⊥) with a function f(u) providing the distribution
of random velocities u between pairs, such that:

ξ(slos, s⊥) =
∫ +∞

−∞
ξ(slos − u/(aH), s⊥) f(u) du . (1.91)

The usually adopted velocity distribution is:

f(u) = 1√
2σu

exp
[
−
√

2 |u|
σu

]
, (1.92)

where σu is the scale-independent pairwise velocity dispersion. In this case, f(u) is a functional
form that is found to describe the data accurately, but other distributions like a Gaussian or a
combination of Gaussians could be considered.

Projected two-point correlation function

Because RSD only affect the line-of-sight component of the 2-dimensional correlation function,
one can recover the projected real-space correlation function Ξ(r⊥) integrating ξ(slos, s⊥) along
the line of sight:

Ξ(r⊥) = 2
∫ ∞

0
ξ(slos, s⊥) dslos . (1.93)

Assuming a power law form for the real-space correlation function (Eq. 1.68), one can model
analytically the expected values of Ξ(r⊥) projecting the real-space correlation function:

Ξ(r⊥) = 2
∫ ∞
r⊥

ξ(r)
(
r2 − r2

⊥

)−1/2
dr =

√
π

Γ ((γ − 1) / 2)
Γ (γ / 2) rγ0 r

1−γ
⊥ , (1.94)

where r0 and γ are the correlation length and the slope of the power law, and Γ(x) is the usual
gamma function.
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1.2.7 The mass function and cluster abundances

Large astrophysical objects like galaxies and clusters of galaxies tend to emerge in dark matter
haloes, that at the same time form in the local maxima of the smoothed matter density field.

As we saw in Sect. 1.2.5, in the Press-Schechter spherical collapse model, density perturbations
collapse after the critical threshold of δc = 1.68 is reached. In this scenario and assuming Gaussian
random perturbations, the probability for the smoothed density perturbation field to exceed δc at
a given z and form a halo is given by:

Ph(M, z) = 1√
2πσ2(M, z)

∫ ∞
δc

exp
[
− δ2

2σ2(M, z)

]
dδ = 1

2erfc
[

δc√
2σ2(M, z)

]
, (1.95)

where erfc is the complementary error function, and σ(M, z) is the rms variance of matter
fluctuations on a scale M . This expression provides the fraction of volume that is converted in
objects of mass above M , and differentiating it we can find the same fraction but for objects with
masses in the [M,M + dM ] mass range:

dPh(M, z) =
(
∂Ph(M, z)

∂M

)
dM . (1.96)

Finally, dividing this expression by the volume that each of these objects occupies (V (M) = M/ρm,
with ρm the mean matter density), we can obtain the mass function n(M, z), which gives the
number density of collapsed haloes found at redshift z and with masses in the range [M,M + dM ].
It is expressed in terms of the comoving number density of collapsed objects per unit mass dM ,
and its functional form can be expressed analytically as:

dn(M, z)
dM = 1

V (M)
dPh(M, z)

dM = f(σ(M, z))ρm
M

d ln σ(M, z)−1

dM , (1.97)

where f(σ) is a model-dependent function that corresponds to the fraction of mass in collapsed
objects. In this case, it is equal to:

f(σ(M, z)) = 1√
2πσ2(M, z)

exp
[
− δ2

c

2σ2(M, z)

]
. (1.98)

Because σ evolves like σ(a) = D(a)σ0, different epochs will have different spectra of halo masses.
Although the spherical collapse approach can be improved considering ellipsoidal collapse, the

most common way nowadays to obtain an expression for the mass function is to measure it directly
from numerical simulations. Using several N-body codes and simulations with different ΛCDM
cosmological parameters, Tinker et al. [237] calibrated with good results the functional form of
the mass function:

f(σ(M, z)) = A

[(
σ(M, z)

b

)−a
+ 1

]
exp

[
− c

σ2(M, z)

]
, (1.99)

where A sets the amplitude of the mass function, a and b are the slope and the amplitude of the
low mass power law, and c controls the shape of the exponential decrease in the high mass end.
The parameters A, a, and b include an small dependence with redshift if the precision of the fit
wants to be preserved.
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Once the mass function is defined, the total number of haloes in the [Mmin, Mmax] mass range
and the [zmin, zmax] redshift region is expected to be:

Nh = fsky

∫ zmax

zmin

dV
dz dz

∫ Mmax

Mmin

dn(M, z)
dM dM , (1.100)

where fsky is the fraction of the sky considered, and dV/dz is the comoving volume element per
unit redshift.

Because the variance of matter fluctuations decreases with increasing smoothing scale, that
is, higher M correspond to lower σ and thus larger peak heights ν = δc/σ, the mass function
decreases with increasing masses, and massive haloes are supposed to be less abundant than low
mass haloes. Clusters, the most massive gravitationally bound structures in the Universe, form in
the densest regions of the dark matter field, usually where two or more filaments intersect, and
measuring their abundance as a function of mass and redshift is one of the most straightforward
ways to constrain cosmological parameters. This cluster counts technique is particularly useful to
evaluate Ωm and σ8, as the massive end of the mass function where clusters form is exponentially
sensitive to the value of σ, which depends on the scale R ∝ [M/(Ωm ρc)]1/3 that is containing
the mass M . The degeneracy between Ωm and σ8 can be broken if cluster counts are combined
with measurements of the growth rate, that depends primarily on Ωm.
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2 Clusters of Galaxies

Before being able to use clusters of galaxies to constrain cosmological models and gravitational
theories, one needs to build a sample of them and understand their physics. Clusters, which
are usually defined as the “most massive gravitationally bound structures in the Universe”, have
a rich phenomenology that permits their extreme physical conditions to be examined in many
independent ways. In this Chapter we describe some of these physical effects, which we measure
and characterise in the following Chapters. These include the gravitational redshift effect predicted
by General Relativity, the redshift enhancement of background galaxies produced by gravitational
lensing, and the distortion of the CMB induced by the Sunyaev-Zel’dovich effect.

In practice, the cluster mass range considered in surveys is about one order of magnitude in mass,
and needs to be estimated through weak lensing analysis, or traced from indirect mass proxies, like
the number of galaxies contained in them, or the amplitude of the Sunyaev-Zel’dovich distortion
of the CMB. In this Chapter we also describe how to relate masses to these two observables, as
one of the purposes of the following Chapters is to constrain these relations.

Before continuing, we briefly describe the halo density profile that we assume, namely the NFW
profile, and the concept of the luminosity function, both needed in order to model the observational
signatures of the gravitational redshift and the redshift enhancement effects.

2.1 NFW density profile

Dark matter haloes represent the building blocks of the large scale structure of the Universe.
Although they have complicated structures, cluster size systems with masses above 1014M� are
found to be dominated by large massive haloes generally in equilibrium [74]. In 1997, Navarro,
Frenk & White [152] showed that the cold dark matter haloes generated in a suite of N-body
simulations with different cosmological parameters followed an average “universal” density profile
which is now called the “NFW profile”, and has been found to describe the shape of real dark
matter haloes with great precision, regardless of their dynamical state, shape or mass. It is given
by:

ρNFW(r) = ρc
δs

(r/rs)(1 + r/rs)2 , (2.1)

where the mass scale parameter, δs, and the scale radius, rs, are related and depend on the halo
mass. The scale radius rs specifies the behaviour of the slope of the density profile, with ρ ∝ 1/r
for r � rs, ρ ∝ 1/r2 when r ∼ rs, and ρ ∝ 1/r3 for r � rs.
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2.1 NFW density profile

However, the quantity that completely determines the shape of the halo is the concentration
parameter. It is defined as:

c∆ = r∆
rs
, (2.2)

where r∆ corresponds to the radial distance from the center of the halo within which the mean
density is ∆c/m times the critical/mean density of the Universe, ρc/m. According to this, the mass
enclosed in an sphere of radius r∆ is equal to:

M∆ =
∫ r∆

0
ρNFW(r) r2 dr = 4πρc δs r3

∆ f(rs/r∆) , (2.3)

where:
f(x) = x3

[
ln(1 + 1/x)− (1 + x)−1

]
. (2.4)

Taking into account that from the definition of r∆ the mass of the halo must be equal to:

M∆ = 4π
3 ∆ ρc r

3
∆ , (2.5)

the masses provided by different choices of ∆ can be related solving for the characteristic scale δs,
and taking into account Eqs. 2.2, 2.3, and 2.5:

M∆X

M∆Y

=
r3

∆X

r3
∆Y

f(1/c∆X
)

f(1/c∆Y
) =

∆X r
3
∆X

∆Y r3
∆Y

. (2.6)

From this equation it is clear that to convert between different definitions of the concentration
parameter one only needs to invert Eq. 2.4, so that:

1
c∆X

= x

(
f∆X

= f

(
1
c∆Y

)
∆X

∆Y

)
. (2.7)

The inversion of f(x) can be easily obtained using an iterative process, however, the following
formula to do it was provided by Hu and Kravtsov [95], and can be used with great accuracy:

x(f) =
[
a1 f

2p +
(3

4

)2
]−1/2

+ 2f , (2.8)

where p = a2 + a3 ln f + a4(ln f)2, a1 = 0.5116, a2 = −0.4283, a3 = −3.13 × 10−3 and
a4 = −3.52× 10−5.

So, once a value of c∆ is given for any mass M∆, one can straightforwardly perform conversions
between different mass definitions following this methodology. To have an estimate of the value
of the concentration parameter given a certain mass, throughout this work we use the mass–
concentration relations provided by Bhattacharya et al. [29], which were obtained analysing the
shape of the haloes found in large ΛCDM numerical simulations, and are favoured by recent cluster
lensing observations [53, 141, 159, 246].
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2.2 The luminosity function

The luminosity function of a sample is defined as the number density of objects per unit luminosity
and per unit volume with luminosity L. The 3 parameter function provided by Schechter [207]
and commonly used reads:

φ(L) dL =
(
φ∗

L∗

)(
L

L∗

)α
exp

[
− L

L∗

]
dL , (2.9)

where φ∗ is the normalisation density of the luminosity function, L∗ is a characteristic luminosity
that may depend on redshift, and α is the power law slope at low L. This function behaves as a
power law at faint intrinsic luminosities, and is truncated by the exponential behaviour at bright
ones, when L > L∗. It is usually expressed in terms of magnitudes taking into account that the
magnitude and the luminosity are simply related by:

M −M∗ = −2.5 log
(
L

L∗

)
, (2.10)

and taking into account that φ(M) dM = φ(L) d(−L) must hold, leading to the expression:

φ(M) dM = (0.4 ln 10) φ∗ 100.4(α+1)(M−M∗) exp
[
−100.4(M−M∗)

]
dM , (2.11)

where M∗ is the corresponding characteristic absolute magnitude.
From the definition of the luminosity function, the number density of galaxies in a sample with

a luminosity higher than L is then equal to:

n(> L) =
∫ ∞
L

φ(L) dL = φ∗ Γ(α+ 2, L/L∗) , (2.12)

where Γ is the incomplete gamma function.

2.3 Gravitational effects in clusters

In the weak field regime, the metric of spacetime around an isolated distribution of mass, like that
of a galaxy or a cluster, can be locally described by:

ds2 = −
(

1 + 2Φ
c2

)
c2 dt2 +

(
1− 2Φ

c2

)
d~x2 , (2.13)

where Φ is the Newtonian gravitational potential, and d~x2 is the 3-dimensional line element in a
flat Euclidean space. According to General Relativity, photons move along null geodesics defined
by the metric, satisfying ds2 = 0. From this metric, two interesting phenomena related to the
behaviour of light can be described.

The effect of gravitational redshift is simply a consequence of the reduced frequency of light
observed for objects emitting from a lower gravitational potential relative to the observer. Applied
to clusters, this new observational signature differs from others in the sense that it provides a
novel and unique way to test gravity, as modified gravity could lead to deeper potential wells
inside clusters, and thus, an stronger gravitational redshift than predicted by General Relativity
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2.3 Gravitational effects in clusters

[84, 98]. An statistical effect on the redshifts of member galaxies has been claimed to be detected
for optically selected stacked samples of clusters from the SDSS survey [64, 202, 264], for which
the brightest cluster galaxy (BCG), in principle located at the deepest part of the potential well,
is found to lie systemically offset in velocity space relative to other member galaxies, which are
located in an outer region of the potential well.

After the first claimed detection of this redshift deviation by Wojtak et al. [264], it was soon
realised that the measured signal would also have a contribution induced by tangential motions
[270] and from two other effects related to galaxy kinematics [105], complicating the analysis.

Apart from this gravitational redshift effect, this metric also allows us to describe another
interesting gravitational effect induced by the presence of massive objects. As we saw in the
previous Chapter, according to General Relativity concentrations of matter curve spacetime, and
this curvature determines the trajectories of particles, leading, among other things, to the deflection
of photons that travel near these concentrations of matter.

In the case of a photon travelling tangentially to the surface of the Sun, this deflection should
be equal to 1.7 arcsec. This was confirmed in 1919 during a total solar eclipse in the famous
observation by Dyson, Eddington, & Davidson [66]. This gravitational lensing effect is one of the
most direct ways to estimate the masses of clusters of galaxies, as it only depends on its projected
2-dimensional mass distribution, and is independent of the nature and the dynamical state of the
matter contained in the cluster. This effect provides us with a unique tool to probe the dark
matter content of the Universe, its distribution, and therefore the growth of structures.

Gravitational lensing by clusters of galaxies was observed for the first time with the discovery of
giant arcs three decades ago [130, 222]. These giant arcs are distorted lensed images of background
galaxies produced in the strong gravitational lensing regime, which can originate other effects like
the splitting into multiple images of a single source object. In fact, the discovery of the twin lensed
images of the quasar 0957+561 represents the first observed gravitational lensing phenomena
[256]. In the weak gravitational lensing regime, the distortion manifests in a more statistical
coherent way, changing slightly the appearance of faint background galaxies. Measuring the shear
distortion distribution of these galaxies across the sky, one can reconstruct the 2-dimensional mass
distribution of the foreground cluster.

In addition to the distortion of shapes, gravitational lensing also magnifies images, and because
surface brightness is conserved, changes in the size of these background objects due to magnification
leads to an increase in their flux. The magnification bias effect is related to this increased luminosity
from background galaxies, which promotes galaxies above the flux limit whilst magnifying the area
of sky over which they are detected, leading to greater depth for luminous background galaxies
[41]. This effect has the advantage over weak lensing estimated from shear to be free from the
large intrinsic and instrumental shape dispersion. It requires on the other hand a clean sample of
background galaxies with accurate spectroscopic redshifts, limited to fewer galaxies.

Individual massive clusters now routinely provide a measurement of magnification bias, in terms
of the background counts. This effect is a projection over the integrated luminosity function
described before in this Chapter, which has been shown to reduce significantly the surface number
density of red background galaxies behind individual clusters [39, 239, 243, 245] and similar effects
are claimed for background quasars and Lyman break galaxies [79, 93]. The expansion of the sky
by magnification is found to dominate over the opposing increase from objects promoted from
lower luminosity above the flux limit. The requirement for this is deep imaging [234, 246], so that
this effect can be traced with sufficient numbers over several independent radial bins per cluster.
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Figure 2.1: Both the BCG, located in principle in the deepest part of the potential well, and the neighbouring
satellite galaxies have their light redshifted due to the gravitational redshift effect. This redshift
is stronger for the BCG than for satellite galaxies, so a distant observer finds that the BCG is
redshifted with respect to satellite galaxies, or equivalently, that satellite galaxies are blueshifted
with respect to the BCG.

This effect magnification bias effect has proven a practicable way of constraining the mass profiles
of individual massive clusters, typically increasing the precision by 30% when added simultaneously
to shear measurements within the same data [241].

In this section we review both the gravitational redshift and the magnification bias effects, whose
origin is found in the curvature of spacetime.

2.3.1 Gravitational redshift and other internal redshift distortion effects

General relativistic time dilation means light emitted from within a gravitational potential is
redshifted relative to a distant observer, and in proportion to the depth of the potential well. This
means we may expect the light coming from centrally located BCG galaxies to be relatively more
affected than the light emitted by an average cluster member. This effect is schematically shown
in Fig. 2.1. From the metric given by Eq. 2.13 this relative gravitational redshift (GR) is found to
be equal to:

∆zGR = ∆Φ
c2 , (2.14)

where ∆Φ is the gravitational potential difference between the cluster galaxy and the cluster
BCG. Analytic models [44] predict a gravitational redshift of the order of c∆zGR ∼ 10 km s−1 for
clusters with masses ∼ 1014M�, and as high as 300 km s−1 for clusters with masses ∼ 1016M�.

Making use of N-body simulations in a ΛCDM universe, Kim and Croft [109] concluded that,
assuming a redshift accuracy of 30 km s−1, over 5,000 clusters with masses above ∼ 5× 1013M�
were needed in order to measure the gravitational redshift effect at the 2σ level. An important result
of their study is that, above masses ∼ 1014M�, the gravitational redshift signal is proportional to
the cluster velocity dispersion, and hence, the number of clusters actually needed to detect the
gravitational redshift signal does not depend on the mass of the clusters used. This is because
the dispersion in the velocity difference between the BCG and the rest of the galaxies is found to
increase with cluster mass in the simulations, adding to the inherent noise. They stress that a
convincing detection would require sufficient data so that independent mass bins can be compared
to examine the signature of gravitational redshift as a function of cluster mass.

Shortly after the first detection claim of this effect by Wojtak et al. [264], Zhao et al. [270]
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pointed out a potentially significant additional new blueshift deviation effect related to the special
relativistic transverse Doppler effect (TD) generated by random motions of the galaxies moving
within the cluster potential. This additional shift is equal to:

∆zTD = 〈|~vgal|
2〉 − |~vBCG|2

2 c2 , (2.15)

opposite in sign to the gravitational redshift, and of the same order of magnitude for clusters in virial
equilibrium. In fact, for an spherical cluster in equilibrium, this yields c∆zTD = (3σ2

obs−3σ2
BCG)/2c,

where σobs is the observed line-of-sight velocity dispersion of the galaxies around the BCG, and
σBCG is the velocity dispersion associated to BCGs, which is usually taken to be σBCG ∼ σobs/3.

More recently, Kaiser [105] has raised other significant corrections. As we are observing galaxies
in our past light cone (LC), and due to the time it takes light to travel through the cluster, we
will see on average more galaxies moving away from us than toward us. This effect is compared by
Kaiser to the one that “causes a runner on a trail to meet more hikers coming toward her than
going in the same direction”. This results in another shift of the distribution of galaxies around
the BCGs equal to:

∆zLC = 〈|~vlos, gal|
2〉 − |~vlos, BCG|2

c2 , (2.16)

which has the same sign as the TD effect, and is of the same order of magnitude.
In addition to that, according to Kaiser [105] we also have to deal with the fact that we

are working with a magnitude-limited sample of galaxies: although the cluster catalogues that
are obtained using photometric data are volume-complete up to a certain redshift, the sample
of galaxies with measured spectroscopic redshifts is usually magnitude-limited. Proper motion,
changing the surface brightness (SB) and therefore the apparent luminosity of galaxies due to the
relativistic beaming effect, will bias the distribution of galaxies within clusters that are selected
for spectroscopic surveys. For low velocities, the proportional change in the fluence is equal to
3 vlos/c, but if we consider the change in frequency and the effect that this introduces on the
measurement, the change in the apparent luminosity l of the galaxy is equal to:

∆l
l

= (3 + α(z)) vlos
c
, (2.17)

where α(z) is the effective spectral index that takes into account the change in frequency and the
resulting response of the photon count detector to this change. Considering a broad-band filter
with an spectral transmission curve R(λ), the spectral index for a galaxy at redshift z with an
spectral energy distribution (SED) with a flux density f(λ) can be computed as:

α(z) = −d ln (
∫
R(λ/(1 + z))λ f(λ) dλ)

d ln (1 + z) . (2.18)

The modulation on the number of observable galaxies is thus obtained multiplying ∆l/l by the
logarithmic derivative of the comoving density of observable objects nobs above the luminosity
limit Llim(z), d lnnobs[> Llim(z)]/d lnL, which depends on the redshift distribution and the
luminosity function associated to the galaxy survey considered. This density modulation introduces
a change on the observed redshift distribution of galaxies equal to:

∆zSB = −〈(3 + α(z)) d lnnobs[> Llim(z)]
d lnL 〉 〈|~vlos|

2〉
c2 . (2.19)
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In opposition to the transverse Doppler and past light-cone kinematical effects, this new shift
introduces a net blueshift, which is also of the same order of magnitude, so it partly cancels these
other two contributions.

All this considered, the total redshift velocity difference vlos between a galaxy and the central
BCG is given by:

vlos = H (dgal − dBCG) + vpec, los + c∆z , (2.20)

where d is the distance between the observer and the object in Mpc, vpec, los is the line-of-sight
component of the peculiar motion of the galaxy, responsible for the fingers of God and the
flattening RSD effects (see Sec. 1.2.6), and ∆z is the term arising from the combination of the
previously mentioned distortions. To avoid confusion we will subsequently refer to the combination
of these four effects as an “internal redshift distortion”, which induces a new asymmetry on the
cluster-galaxy cross-correlation function [35, 55], different from the well known RSD asymmetry,
as it depends not only on the absolute value of the line-of-sight separation from the center of the
cluster, but also on its sign.

2.3.2 Magnification bias and redshift enhancement

In the case of the simple metric given by Eq. 2.13, the way light from background sources is
deflected by a concentration of matter, i.e., a lens, can be described as a first approximation in a
simple geometrical way.

In the “thin lens” case, when the thickness of the lens is much smaller than the distances
between the observer and the lens, and between the lens and the source, the lens equation that
describes the trajectories of photons is:

~η = Ds

Dl

~ξ −Dls
~̂α(~ξ) , (2.21)

where η is the distance between the source and the lens if the latter were projected on the source
plane, ξ is the impact parameter of the deflected light ray with the lens, α̂ is the deflection angle,
and Ds, Dl and Dls refer to the observer-source, observer-lens and lens-source angular diameter
distances, respectively. This is schematically shown in Fig. 2.2. This “thin lens” approximation is
reasonable in our case, as clusters have sizes of the order of a few Mpc, and the distances between
us, the clusters and the background objects are in general of the order of hundreds of Mpc.

The lens equation can be rewritten in terms of angular quantities, considering ~η = Ds
~β and

~ξ = Dl
~θ:

~β = ~θ − Dls

Ds

~̂α(Dl
~θ) ≡ ~θ − ~α(~θ) , (2.22)

where ~α is the scaled deflection angle. This equation provides the position in the sky ~θ in which
the observer sees an object really located at ~β, and if there is more than one solution of ~θ for a
fixed ~β, then the lens produces more than one image of the background object. In order to study
whether this happens or not in a lens, it is useful to define the convergence κ as:

κ = Σ
Σcrit

, (2.23)
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Figure 2.2: Scheme showing the different quantities involved in the lens equation. The deflected ray of
light that reaches the observer is marked in red.

where Σ is the projected mass density of the lens in units of the critical surface density for lensing:

Σcrit = c2

4πG
Ds

DlDls
. (2.24)

If in any region of the lens Σ ≥ Σcrit, then κ ≥ 1 and the lens, in the “strong” lensing regime,
produces more than one image of the objects located (if any) at ~β.

To describe the distortions generated by gravitational lenses, the 2-dimensional gravitational
deflection potential Ψ is defined as:

Ψ(~θ) = 1
π

∫
Alens

κ(~θ′) ln |~θ − ~θ′|d2~θ′ , (2.25)

which satisfies the equivalent 2-dimensional Poisson equation ∇2Ψ(~θ) = 2κ(~θ). The scaled
deflection angle ~α can be written as the gradient of this potential, ~α = ∇Ψ.

Because light from background sources is deflected differentially, the original surface brightness
of the source fs is remapped following fobs(~θ) = fs(~β(~θ)). In the “weak” lensing regime, when
the deflection angle and the size of the source are small, then this equation can be linearised as
fobs(~θ) = fs(A ~θ), where A is the “distortion matrix”, equal to the Jacobian of the transformation:

A = ∂~β

∂~θ
=
(
δij −

∂2Ψ(~θ)
∂θi∂θj

)
=
[

1− κ− γ1 −γ2
−γ2 1− κ+ γ1

]
, (2.26)

where γ1 and γ2 correspond to the real and imaginary parts of the shear γ = γ1 + iγ2, with:

γ1 = 1
2

(
∂2Ψ
∂θ2

1
− ∂2Ψ
∂θ2

2

)
, (2.27)

γ2 = ∂2Ψ
∂θ1∂θ2

. (2.28)
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Figure 2.3: When a massive object like a galaxy or a cluster of galaxies is located in front of an homogeneous
distribution of background galaxies, it acts like a gravitational lens magnifying these background
sources and expanding the area of the sky behind it. These two competing effects lead to an
effective variation on the number density of background sources, known as the magnification
bias.

according to this, images are distorted in shape and size.
In the case we are interested in, lens magnification is caused by a foreground cluster which acts

as a gravitational lens with a lensing shear γ and convergence κ. In this case, the magnification
produced by the lens is equal to:

µ = 1
detA = 1

(1− κ)2 − |γ|2
, (2.29)

which distorts the background region in two ways: i) because gravitational lensing preserves surface
brightness, the flux from a source is amplified as the lens increases the solid angle under which
such source appears. This implies that the luminosity limit of a survey is increased by a factor
Llim/µ in the lens region, resulting in a higher surface density of observed background objects
due to the ones which could not had been seen otherwise. ii) The sky area behind the foreground
lens is expanded by a factor 1/µ, so that the surface density of objects decreases as the effective
cross-section behind the clusters becomes smaller. The combination of these two effects and the
resulting difference on the number of lensed sourced detected is known as magnification bias [41],
shown schematically in Fig. 2.3.

Thus, if the observed apparent luminosity of a lensed source is given by Lobs = µL0, the
observed number of objects with luminosities bigger than Llim at redshift z is given by:

nobs[> Llim(z), z] = 1
µ
n0[> Llim(z)/µ, z] , (2.30)

where the 1/µ factor comes from the dilation of the sky solid angle. In the case of faint galaxies,
their number counts is observed to closely follow a power law, so if n0[> L(z)] ∝ L(z)−β, then
the previous equation simplifies to:

nobs(z) = µβ(z,L)−1 n0(z) , (2.31)
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where β is the logarithmic slope of the luminosity function φ evaluated at L:

β(z, L) = − d ln φ(z, L′)
d ln L′

∣∣∣∣
L
. (2.32)

Taking into account that the number density of observed objects nobs(z) depends on redshift, the
average redshift of the background lensed sources is given by:

〈zback〉 =
∫
nobs(z) z dz∫
nobs(z) dz , (2.33)

which, if β(z, L) is larger than unity, is higher than the average redshift in the absence of
gravitational lenses. We define the redshift enhancement of these background objects δz as:

δz ≡
〈zobs〉 − 〈ztotal〉
〈ztotal〉

, (2.34)

where 〈zobs〉 is the average redshift of the lensed nobs background objects, and 〈ztotal〉 is the
average redshift of the unlensed background objects, as would be seen without a lens.

2.4 The mass–richness relation

The mass–richness relation has been the focus of intense research in the past decade, as an
accurate scaling between the mass of a halo and the cluster observables is mandatory to constrain
cosmological parameters from cluster counting techniques [192, 238]. If one wants to obtain a
calibration which does not rely on matching a certain cosmology, a relation between the mass
of the cluster and a mass proxy like the number of galaxies contained in the cluster, the X-ray
luminosity LX , the thermal Sunyaev-Zel’dovich signal YSZ , or the lensing mass Mlens, must be
found.

Under the assumption of equilibrium, radial mass profiles have been estimated hydrodynamically
from Brehmmstralung X-ray emission profiles. However, usually X-ray data is too low surface
brightness to reach the virial radius. The SZ effect provides independent gas related data that
may be related to mass by augmenting X-ray data or through scalings that may be established
independently [193], but only recently samples of clusters with SZ-based mass estimates have
been constructed, usually limited to a few hundred clusters. The velocity dispersion of member
galaxies has also traditionally been used for mass estimation, via the Jeans equation [215] or via
the ”caustic method” [62] which identifies the escape velocity as a sharp caustic transition where
data is plentiful. The unknown velocity anisotropy profile required by the Jeans equation can be
solved for by combining dynamical and lensing data but only for the best studied clusters [124].
Weak lensing is understood to be one of the cleanest methods to derive cluster mass profiles,
requiring no assumptions about the dynamical state of the cluster [106]. However, it requires
correction for instrumental effects [107] and high resolution data to overcome the inherently wide
dispersion in galaxy shapes. The cleanest mass proxy is arguably provided by the number of
member galaxies, the so called richness, implicit in the assumption that the dominant cluster dark
matter is collisionless like galaxies.

Because these cluster observables are intrinsically noisy, for each mass–observable relation there
is a scatter σM |obs associated to the distribution of the random values of such observable given a
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true mass. The uncertainty in the value of this scatter alters the effectiveness of any cosmological
analysis as much as the uncertainty in the mean mass–observable relation.

The scaling between mass and the optical richness λ in clusters, which is found to be closely
proportional [18, 82], is described by the standard power law cluster mass–richness mean relation:

〈M |λ〉 = M0

(
λ

λ0

)αM|λ
, (2.35)

where M0 is a reference mass at a given value of the richness λ = λ0, and αM |λ is the slope of
the mass–richness relation.

In order to compute the mean mass of a cluster subsample, one first needs to consider the
probability P (M |λobs) of having a given value of the mass M for a cluster with an observed
richness λobs, which is itself a random variable:

P (M |λobs) =
∫
P (M |λ)P (λ|λobs) dλ , (2.36)

where P (M |λ) is a delta function (as the relation between mass and expected richness λ is given
by Eq. 2.35) and P (λ|λobs) is described by a log-normal distribution [129], following the usual
approach:

P (λ|λobs) = 1√
2πσ2

lnλ|λobs

exp[−x2(λ)] , (2.37)

with:
x(λ) = lnλ− lnλobs√

2σ2
lnλ|λobs

. (2.38)

Here σlnλ|λobs is the fractional scatter on the halo richness at fixed observed richness, and is
usually assumed to be constant with cluster redshift and richness. Because P (M |λ) is a delta
function, and considering Eq. 2.35, we also have that σ2

lnλ|λobs = σ2
lnM |λobs .

All this considered, the mean mass 〈M〉 of a sample of clusters binned in richness, with
λ ∈ [λobs

i , λobs
i+1] and containing Ni clusters, is given by:

〈M〉 = 1
Ni

Ni∑
j=1

∫
M P (M |λobs

j ) dM . (2.39)

It should be noted that the parametrisation presented in Eq. 2.35 is not unique. The mean
mass–richness relation can also be given in terms of the logarithmic mass:

〈lnM |λ〉 = ln M̃0 + α̃M |λ

(
λ

λ0

)
. (2.40)

These two different parametrisations are simply related by:

〈lnM |λ〉 = ln 〈M |λ〉 − 1
2 σ

2
lnM |λobs . (2.41)

Some authors and due to the recent data coming from deep optical surveys that extend to
redshifts as high as z ≈ 1, introduce a redshift dependence in these mass-richness relations, such
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Figure 2.4: Inverse Compton scattering: a low energy CMB photon with initial frequency ν interacts with
a ICM high energy electron and is scattered an angle θ, gaining energy in the process and
reaching the observer with a final frequency ν′.

that Eq. 2.35 is modified to contain an additional redshift term, yielding:

〈M |λ〉 = M0

(
λ

λ0

)αM|λ ( 1 + z

1 + z0

)βM|λ
, (2.42)

where βM |λ is the slope of the redshift-dependent term, and z0 is some arbitrarily chosen pivot
redshift. Equivalently, Eq. 2.40 would be expressed as:

〈lnM |λ〉 = ln M̃0 + α̃M |λ

(
λ

λ0

)
+ β̃M |λ

( 1 + z

1 + z0

)
. (2.43)

2.5 Thermal Sunyaev-Zel’dovich effect

The thermal Sunyaev-Zel’dovich (tSZ) effect has its origin in the interaction of the CMB photons
with the high energy free electrons found on the hot intracluster medium (ICM). When a photon
is scattered by an electron, its frequency change is given by the Compton scattering formula:

ν ′

ν
= 1

1 + [h/(mec2)](1− cos θ) , (2.44)

where θ is the angle of scattering, and ν and ν ′ are the initial and final frequencies, as shown
in Fig. 2.4. Although the probability of this to happen for a photon that is travelling through a
cluster is of the order of the 1%, the net effect results in an small mK change in the spectral
energy distribution of CMB photons.

Ignoring relativistic corrections, the tSZ spectral distortion of the CMB along the line-of-sight
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to the cluster, expressed in terms of temperature change, is:

∆TtSZ
TCMB

= g(x) y , (2.45)

where x = (h ν)/(kB TCMB) is the dimensionless frequency, y is the Compton parameter, and

g(x) =
(
x
ex + 1
ex − 1 − 4

)
. (2.46)

This expression is obtained from the distribution of photon frequency shifts caused by inverse
Compton scattering with a population of free electrons with concentration ne and at a given
temperature Te. For a derivation of this equation, we refer the reader to the papers of Rephaeli
[187], Sunyaev and Zel’dovich [229], or the more recent work by Birkinshaw [30]. Considering that
the scattering optical depth along a light-of-sight is equal to:

τe = σT

∫ ∞
0

ne dl , (2.47)

the Compton parameter y is defined as this optical depth times the fractional energy gain per
scattering, such that:

y = σT
me c2

∫ ∞
0

P (l) dl , (2.48)

where σT is the Thomson cross section and P = kB ne Te is the pressure produced by the free
electrons of the ICM.

Integrating over the solid angle of the cluster one obtains the integrated Compton parameter:

Y =
∫

Ω
y dΩ = D−2

A

σT
me c2

∫ ∞
0

dl
∫
Aclu

P (l) dA , (2.49)

where Aclu is the area of the cluster in the plane of the sky, and DA(z) is the angular diameter
distance at redshift z. This quantity is a measure of the total thermal energy of the gas contained
in the cluster.

Due to this thermal SZ effect, the change in intensity of the scattered CMB spectrum is given
by:

∆ItSZ(ν) = I0 h(x) g(x) y , (2.50)

where:
I0 = 2h

c2

(
kB TCMB

h

)3
, (2.51)

h(x) = x4 ex

(ex − 1)2 . (2.52)

One of the most interesting features of the tSZ effect is that it is redshift-independent, i.e., no
matter how far the cluster is, the distortion that it induces in the CMB spectra is the same. The
only redshift dependence comes from the diminishing size of the area subtended by the cluster in
the sky with increasing redshift, proportional to D−2

A , where DA is the angular diameter distance.
However, as we explained in Sec. 1.1.4, in the ΛCDM model the angular diameter distance starts
to decrease after redshift z ≈ 1, so objects at redshift z > 1 may be easier to detect than objects
at redshift z ≈ 1 because they appear larger in the sky.
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Considering the actual temperature of the CMB, TCMB = 2.73 K, ∆ItSZ cancels at ν ≈ 217GHz,
and is negative and positive for smaller and higher frequencies, respectively.

Kinetic Sunyaev Zel’dovich and IR emission from galaxies

Apart from this thermal component, the peculiar motion of the cluster with respect to the CMB
frame produces another kind of distortion in the observed temperature fluctuations, known as
kinetic SZ (kSZ), much smaller and more difficult to detect. In the non-relativistic limit, the
temperature change of the CMB induced by this effect can be approximated as:

∆TkSZ
TCMB

= −τ vlos
c
, (2.53)

where vlos is the line-of-sight component of the peculiar velocity of the cluster. The associated
change in intensity is equal to:

∆IkSZ(ν) = −I0 h(x) τ vlos
c
. (2.54)

Although the amplitude of the kSZ effect is smaller than the amplitude of the tSZ effect for
typical cluster velocities and temperatures, it produces its maximum spectral distortion precisely
near ν ≈ 217 GHz, where the tSZ effect cancels. Careful observations around this frequency can
provide estimations of cluster radial peculiar velocities.

Finally, in order to disentangle the different CMB spectral distortions generated by clusters, one
needs to take into account the emission on the infrared (IR) coming from the dust contained in
the luminous galaxies that belong to the cluster, or from our own Galactic dust. This emission
can be modelled as a simple emitting blackbody, represented by the Planck function B(ν, Tdust)
at rest frequency ν, which depends only on the dust temperature Tdust contained in these
galaxies. To account for the dust opacity, B(ν, Tdust) is multiplied by the term (1 − e−τ(ν)),
where τ(ν) = (ν/ν0)βdust is the optical depth, with ν0 the frequency at which it is equal to unity,
and βdust the spectral emissivity index. In the optically thin case (1− e−τ(ν)) ∼ νβdust , and the
expression of the flux density G ∝ νβdust B(ν, Tdust) of such graybody is:

G(ν) ∝ νβdust+3

ehν/kTdust − 1
. (2.55)

For typical temperatures of Tdust ≈ 25 keV, this emission becomes strong in the region where the
intensity change generated by the tSZ is positive, i.e., at ν > 200 - 300 GHz.

In Fig. 2.5 and for a typical cluster with y = 10−4, Te = 5 keV and vlos = 600 km s−1, we plot
the different components of the observed change in intensity ∆I of the CMB photons, coming
from the tSZ and kSZ effects, and from the dust IR emission. In Fig. 2.6 we show the CMB
distortion as seen by the space satellite Planck at 6 different effective frequencies, ranging from
100 GHz to 857 GHz. In Chapter 6 we use data from this satellite to study the tSZ emission from
clusters.
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Figure 2.5: Different components of the CMB intensity distortion (solid black) generated by clusters,
including the tSZ effect (dashed red), the kSZ effect (dash-dotted green), and IR emission
(dotted blue) coming from dust. For comparison, we also plot the scaled CMB spectral energy
distribution (solid gray). For the model we have considered a cluster with y = 10−4, Te = 5 keV
and vlos = 600 km s−1, and dust at a temperature Tdust = 25 keV with an spectral emissivity
index equal to βdust = 1.6.
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Figure 2.6: CMB distortion induced by the presence of clusters of galaxies as seen in the 6 ∆T/T maps
produced by the Planck High-Frequency Instrument. The size of the stamps is 2.3 deg × 2.3 deg.
In this example, the signal is obtained stacking the maps of a sample of ∼ 100 clusters with
richness N > 100 in the 0.1 < z < 0.5 redshift range.
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3 SDSS and Cluster Catalogues

In this chapter we review the SDSS data that we use in the following chapters. First, we introduce
the characteristics of the survey, the different data releases (DR), and the two main spectroscopic
samples that we consider in our analyses, namely, the Legacy and the BOSS samples.

We also briefly introduce the concept of cluster catalogue, the different ways in which they
can be created from a cluster finder algorithm, and then we describe the three large catalogues
that we test in Chapter 4 and that have been constructed from SDSS data, that is, the GMBCG
catalogue, the WHL12 catalogue, and the redMaPPer catalogue, with an special emphasis in the
latter, as it is the one that we consider in Chapters 5 and 6.

3.1 Sloan Digital Sky Survey

All our observational data comes from the Sloan Digital Sky Survey (SDSS), the most successful
photometric and spectroscopic survey to date, conducted on a 2.5-meter wide angle telescope
located at Apache Point Observatory [85], which is shown in Fig. 3.1.

Since it began in 2000, the SDSS has mapped the largest portion of the Universe to date, and
provides high-precision data that has proved very useful for several kinds of large scale structure
analyses. The telescope has scanned more than 14,000 deg2 of the sky with a mosaic CCD with
five colour-bands, u, g, r, i and z [81], shown in Fig. 3.2. The central wavelengths of these filters
are 355.1, 468.6, 616.6, 748.0, and 893.2 nm for the five u, g, r, i and z filters, respectively.

It has also obtained the spectra of more than 1,600,000 unique objects during the SDSS-I/II
Legacy programme [266] with the original SDSS spectrograph, that had 640 spectroscopic fibers
per plate, and more than 1,500,000 unique spectra with a more advanced 1,000-fiber per plate
spectrograph [219] during the SDSS-III [70] BOSS programme, with a wavelength coverage that
ranges from 360.0 nm to 1,040.0 nm. In both of these SDSS spectrographs, the light spectrum is
split and conducted to “blue” and “red” cameras that process different wavelength ranges. The
diameter size of the fibers that are plugged into the plates was updated from the 3 arcsec of the
original SDSS spectrograph, to 2 arcsec in the BOSS spectrograph. One of the aluminium plates
used to plug the fibers that conduct the light to the spectrograph is shown in Fig. 3.2.

The information obtained in this survey has been made public to the scientific community on a
series of different Data Releases (DR), with DR12 [4] being the latest at the time this work was
done, which contains, among other information, 14,500 deg2 of imaging comprising photometric
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3.1 Sloan Digital Sky Survey

Figure 3.1: The 2.5 meter f/5 modified Ritchey-Chrétien altitude-azimuth telescope of the SDSS survey.
It is located at Apache Point Observatory, New Mexico.

Figure 3.2: Left: the optical camera of the SDSS-III survey, composed of an array of 30 CCDs with
2048 × 2048 pixels each. The filters correspond to the five colour-bands u, g, r, i and z.
Right: One of the plates used in the BOSS survey. The holes in the plate indicate the positions
in the sky of the objects whose redshift is measured placing optic fibers that conduct the light
to the spectrograph. The equivalent diameter sizes in the sky of the plate and the fibers are 3
degrees and 2 arcsec, respectively.

50



Chapter 3. SDSS and Cluster Catalogues

30 60 90 120 150 180 210 240 270 300 330

RA [degrees]
-75

-60

-45

-30

-15

0

15

30

45

60
75

D
e
c 

[d
e
g
re

e
s]

SDSS Legacy

Figure 3.3: Sky footprint of the 801,945 galaxies with spectroscopic spectra that we use from the Legacy
survey, as available in DR10. The grey shaded area represents the galactic plane.

data of 208,478,448 galaxies, and the optical spectra of 2,401,952 unique galaxies to z = 0.7 in
∼10,500 deg2 of the sky.

In Chapter 4 we use the DR10 release, which contains all galaxies with reliable spectroscopic
measurements from the Legacy programme plus more than 850,000 galaxies from the BOSS
programme, and in Chapters 5 and 6 we use the data from the more recent DR12.

3.1.1 The Legacy spectroscopic sample

The spectroscopic redshifts of the Legacy survey were obtained as part of the SDSS-I and SDSS-II
programmes [266], over an observing period of eight years, shared with two additional surveys, the
Sloan Extension for Galactic Understanding and Exploration (SEGUE), for stars, and a Supernova
survey. The Legacy survey, originally designed to investigate the large scale structure of the
universe, is composed of:

• the Main sample [227], a magnitude-limited sample of galaxies with r-band Petrosian
magnitudes r < 17.7, and a median redshift of z ∼ 0.1,

• and the Luminous Red Galaxies (LRG) sample [69], an approximately volume-complete
sample up to z ∼ 0.4.

With a total sky coverage of 8,032 deg2, as shown in Fig. 3.3, the Legacy Survey includes
over 930,000 unique galaxies with spectroscopic redshift. Of those, we select the most reliable
spectra with database flags ZWARNING equal to 0 or 16, a “good” or “marginal” plateQuality,
and Z ERR < 0.0006. Within the redshift range in common with the cluster catalogues listed in
Sec. 3.2, we find 801,945 galaxy spectra useful for our purposes.

Although the spectroscopic sample and the sky coverage of the Legacy sample have remained
unchanged, the imaging and the spectroscopic pipelines have been improved in subsequent SDSS
data releases. Thus, here we use the Legacy survey spectra of the DR10 release [3]. The redshift
distribution of this sample is shown in Fig. 3.4, where it can be seen that most of these galaxies
are confined in the 0.00 < z < 0.20 range, with an extra contribution coming from LRG at higher
redshifts that peaks at z ∼ 0.35.
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Figure 3.4: Legacy (solid yellow) and BOSS (dashed purple) galaxy redshift distributions. The Legacy
survey is composed of a “Main” sample with median redshift z ∼ 0.1, and a LRG sample that
is volume-complete to z ∼ 0.4. The BOSS survey contains the spectra of the “LOWZ” sample
defined in the 0.15 < z < 0.40 redshift range, and the large “CMASS” sample, composed of
galaxies targeted in the 0.4 < z < 0.8 redshift region.

3.1.2 BOSS spectroscopic sample

The Baryon Oscillations Spectroscopic Survey (BOSS, [60]), designed to measure the Baryon
Acoustic Oscillations (BAO) scale at z = 0.3 and z = 0.57 to a 1.0% accuracy, is the largest of
the four surveys that comprise the six-year SDSS-III program. It aimed to obtain the spectroscopic
redshifts of 1.5 million LRG out to z = 0.7, and the Lyman-α absorption lines of 160,000 quasars
in the 2.2 < z < 3.0 range.

Completed on the 14th July 2014, it uniformly targeted and obtained the spectra of galaxies
in two redshift ranges: 0.15 < z < 0.40, which lead to the colour-selected “LOWZ” sample,
composed of the brightest and the reddest of the low redshift galaxies; and 0.4 < z < 0.8, designed
to obtain through a series of photometric colour cuts a volume-limited sample of galaxies with
approximately constant stellar mass, the so called “CMASS” sample. A total of about 1,500,000
unique galaxy spectra were measured over 10,000 deg2 of the sky in the Northern and Southern
Galactic Caps. The imaging data of these regions, shown in the top part of Fig. 3.5, was made
public in the DR8 release.

The DR10 provided the spectra of 859,322 unique galaxies over 6,373 deg2 in the sky, area
displayed in Fig. 3.5. As with the Legacy spectra, we select only the most reliable redshifts,
imposing the database flags ZWARNING NOQSO = 0 or ZWARNING NOQSO = 16, and removing objects
with PLATEQUALITY set to “bad” or Z ERR NOQSO > 0.0006. This gives us a sample of 855,097
galaxies. As seen from the redshift distribution in Fig. 3.4, most of BOSS galaxies lie above
z ∼ 0.4.

For the more recent DR12 considered in Chapters 5 and 6, we follow a similar approach,
selecting those spectra that satisfy the following quality flag conditions: ZWARNING NOQSO = 0
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or ZWARNING NOQSO = 16, PLATEQUALITY = good, and Z ERR NOQSO< 0.001. The 9,376 deg2

footprint of the final sample, which contains the spectra of 1,339,107 galaxies, is shown in Fig. 3.5.

3.2 SDSS cluster catalogues

Since the creation of the first catalogues of clusters of galaxies [1, 274], many efforts have
been conducted to create large catalogues of these objects because of their astrophysical and
cosmological interest.

Galaxy clusters can be detected in the sky using several observables. These include the X-ray
emission from the hot intra-cluster gas, the Sunyaev-Zel’dovich (SZ) distortion of the CMB
spectrum produced by the same gas, or the gravitational lensing distortion of background galaxies
located behind clusters. The first two methods require the gas to be abundant and hot enough for
the cluster to be detected by actual surveys, so usually only very massive clusters are included
in catalogues that are based on these emissions. While the data from the new deeper, higher
resolution lensing surveys arrives, many tens of thousands of clusters have been painstakingly
identified independently by several groups using different cluster finding algorithms in the huge
volume observed by the SDSS-I/II and BOSS surveys.

Among some of the recent ones based on SDSS data, we find the maxBCG catalogue by Koester
et al. [111], which is based on red-sequence cluster detection techniques and has provided 13,823
clusters with photometric redshifts (hereafter photo-z’s) using SDSS DR5 data. Szabo et al. [232],
using an adaptive matched filter (AMF) cluster finder [65], presented an optical catalogue of
69,173 clusters in the redshift range 0.045 6 z < 0.780, based on SDSS DR6 data. This catalogue,
differing from others, did not rely on the presence of a luminous central galaxy in order to detect
and measure the properties of each cluster, but provided a catalogue with the three brightest
galaxies associated to them. Using also DR6 photometric data, Wen et al. [259] found 39,716
clusters of galaxies below redshift z = 0.6, identifying as clusters those groups with more than
eight Mr 6 −21 galaxies inside a determined volume. Tempel et al. [236] constructed flux- and
volume-limited galaxy groups catalogues from SDSS spectroscopic data using a variable linking
length friends-of-friends (FoF) algorithm. The masses of the groups were estimated using the
velocity dispersion measurements via the virial theorem, and although 82,458 groups were found,
only around 2,000 of them had masses above 1014M�. The CAMIRA algorithm by Oguri [155],
based on colour prediction of red-sequence galaxies in clusters, provided richness and photometric
redshift estimates for 71,743 clusters in the 0.1 < z < 0.6 redshift range using SDSS DR8
photometric data.

Large numbers of clusters with spectroscopic redshift measurements are needed for the analyses
described in the following chapters, so here we focus on the three catalogues described below,
which offer some of the largest samples of clusters to date.

3.2.1 GMBCG cluster catalogue

We use the optical-based cluster catalogue presented by Hao et al. [89], obtained applying the
Gaussian Mixture Brightest Cluster Galaxy (GMBCG) algorithm to SDSS DR7 data. This cluster
finding algorithm relies on the galaxy red-sequence pattern and the presence of a Brightest Cluster
Galaxy (BCG) as key features of galaxy clusters. The SDSS photometric and redshift catalogues
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Figure 3.5: Top: Area of the sky with imaging data, as available in DR8. Although there is extra imaging
collected, these are the two contiguous areas we are interested in: in the center of the figure,
the Northern Galactic Cap, and centered in RA = 0, the Southern Galactic Cap. Middle: Sky
distribution of the 855,097 BOSS galaxies with spectra that we select from the DR10. Bottom:
The same as above but for the DR12 release, the final SDSS-III release that completed the
BOSS survey, and from which we use the spectra of 1,339,107 galaxies.
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Figure 3.6: Top: Distribution of the 20,119 GMBCG clusters in the sky with good spectroscopic measure-
ments of their central BCG. Middle: Footprint in the sky of the 52,682 clusters contained in the
WHL12 catalogue that have an spectroscopic redshift for their BCG. Bottom: Sky footprint of
the 26,350 clusters contained in the redMaPPer cluster catalogue, as given in the public 5.10
version based on SDSS DR8 photometric data. From these, 16,259 contain the spectroscopic
redshift of their most probable CG, number that increases to 19,473 when cross-matched with
DR12 data.
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Figure 3.7: GMBCG (dotted, red), WHL12 (continuous, blue) and redMaPPer (dashed, green) cluster
redshift distributions. Only those clusters with an spectroscopic measurement of their central
galaxy have been included.

are used to determine BCG candidates. To estimate the richness N of the cluster, a combination
of Gaussian fitters in colour space is used to identify overdensities around a BCG candidate among
galaxies brighter than 0.4L∗, where L∗ is the characteristic luminosity of the Schechter luminosity
function as given by see Blanton et al. [31], closer than 0.5 Mpc from the BCG, and within a
photo-z range of ±0.25. Then a circular aperture scaled to the amplitude of the overdensity
around the BCG is set to recompute the richness of the cluster. Only clusters with N > 8 are
included in the final catalogue, and their sky and spectroscopic redshift distributions are shown in
Figs. 3.6 and 3.7.

The resulting sample created from the application of this method comprises 55,424 clusters, and
is approximately volume limited up to redshift z ∼ 0.4, showing high purity and completeness in
this range. Of all these clusters, we are interested in just 20,119 of them, which have spectroscopic
redshift measurements of their associated BCGs.

In Chapter 4, in order to have an estimation of the mass in terms of the richness values provided
by the catalogue, we use the mean mass–richness relation provided by the authors of the maxBCG
catalogue [193], which uses the same richness definition as the GMBCG catalogue:

〈M500c|N〉
1014M�

= BM |N

(
N

40

)αM|N
, (3.1)

with:
BM |N = 0.95± 0.07 (stat)± 0.10 (sys) ,

αM |N = 1.06± 0.08 (stat)± 0.08 (sys) ,

where N accounts for the richness estimation provided by the catalogue, and M500c is the cluster
mass contained within the radius r500c, where the mean density of the cluster is 500 times the
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critical density of the Universe at the redshift of the cluster.
Finally, we would like to clarify that when the catalogue flag WeightOK is set equal to 1 for a

cluster, we choose to work with the GM Ngals weighted richness measurement recommended by
the catalogue authors, instead of GM Scaled Ngals.

3.2.2 WHL12 cluster catalogue

Using photometric redshifts, Wen et al. [260] identified 132,684 clusters from SDSS DR8 below
redshift z ∼ 0.8. This catalogue, which we denote as “WHL12” from now on, is constructed on
base of a FoF algorithm that links galaxies closer than 0.5 Mpc in the transverse direction, and
with a photo-z value differing less than ±0.04(1 + z). When an overdensity is detected, the galaxy
with the maximum number of links to other cluster candidates is taken as a temporary center, and
the BCG is identified as the brightest among those galaxies closer than a linking length from this
temporary center. Then, the total luminosity of the cluster candidate in the r-band is calculated
as the sum of all those members with luminosities brighter than 0.4L∗, and used to estimate its
richness NL∗ . A galaxy cluster is included in the catalogue if NL∗ > 12.

Because of the magnitude limit of the SDSS photometric data, this catalogue is claimed to be
complete up to redshift z ∼ 0.42 to a 95% level, in the sense that there are almost no missing
members among the galaxies contributing to the estimation of the cluster richness. From these
132,684 clusters, 52,682 of them have SDSS DR9 spectroscopic redshifts of the BCGs, and lie
within the region of interest for us. As we can see from Fig. 3.7, WHL12 is the catalogue that
provides at all redshift ranges the largest sample of clusters with an spectroscopic measurement of
their BCG. The sky footprint of this catalogue is shown in Fig. 3.6.

When converting richness into mass in Chapter 4, we use the scaling relation provided by the
authors of the catalogue, which reads:

log10

(
M200c

1014M�

)
= (−1.49± 0.05) + (1.17± 0.03) log10(N) , (3.2)

where N is the cluster richness. This relation was calibrated correlating the available X-ray and
weak lensing masses of some of the clusters contained in the catalogue, with the richness that the
algorithm had estimated for them.

3.2.3 redMaPPer cluster catalogue

More recently, Rykoff et al. [200] presented the “red-sequence Matched-filter Probabilistic Percola-
tion” (redMaPPer) cluster finding algorithm, prepared to process large amounts of photometric
data.

It may be considered an improved multi-colour evolution of the maxBCG [113] and GMBCG
[89] cluster finding algorithms, as the red-sequence cluster detection and the richness estimation
process were developed using the lessons obtained from those two previous catalogues.

The redMaPPer cluster finder algorithm relies on a self-training procedure that calibrates the
red-sequence as a function of redshift from a sample of galaxy clusters with known red spectroscopic
galaxies. This red-sequence pattern is then used in the photometric data to find potential clusters
and find, through an iterative process, the central galaxies (CGs), the redshift zλ, and the richness
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λ of each cluster. The authors of this catalogue argue that their method outperforms photo-z
algorithm finders in the redshift range where this catalogue is defined, although for higher redshifts
others may perform better, as the red-sequence clusters are of low contrast.

Among all the other cluster catalogues described in the literature, there are several reasons why
we consider redMaPPer to be the most robust and complete cluster catalogue based on SDSS
data that has been produced to date. These include:

• High purity, where purity here is not understood as false detections (as it is usually defined
in SZ and X-ray cluster samples), but as the fraction of clusters that is not affected by
projection effects that may lead to overestimated richness measurements. According to the
thorough analysis of Rykoff et al. [200], this purity is higher than the 95%, although a more
recent study [217] finds a higher rate of projection effects of the order of 12%± 4%. For
λ > 30 and z < 0.3, the completeness is claimed to be as high as & 99%.

• A conservative low richness cutoff, or detection threshold of λ/S(z) > 20, that enhances
the performance of the resulting cluster catalogue. The “scale factor” S(z) is introduced in
order to take into account the limited depth of the sample, so a cluster of richness λ has
λ/S(z) galaxies above the magnitude limit of the survey, and S = 1 at z < 0.35, where
the DR8 is volume limited. This richness cut corresponds to a mass limit of approximately
M200c > 1.4× 1014M�, or M500c > 0.7× 1014M�.

• Together with the photometric redshift estimates of each cluster, an SDSS spectroscopic
redshift measurement is provided for the CG when available.

• Instead of providing a unique CG candidate for the cluster, the algorithm indicates the
centering probability pcen of the five most probable CGs, together with their position in the
cluster.

• Provides supplementary information of the member galaxies that have been considered in the
richness estimation, with their membership probability. There is information for 1,736,221
member galaxies, of which 72,642 also contain spectroscopic redshift measurements.

The richness estimator λ, developed for this sample, is based on the previous optical single-colour
richness estimator λcol of Rozo et al. [193] and Rykoff et al. [199], with several improvements to
take into account things such as the survey mask, the probability of each galaxy to belong to the
cluster, or the contribution of foreground and background galaxies. We refer the reader to Rykoff
et al. [200] and Rozo et al. [198] for an in-depth explanation of the algorithm features.

In this catalogue the richness of a cluster is defined as:

λ =
∑

pi θ
L
i θ

R
i , (3.3)

where pi is the probability that each galaxy found near the cluster is actually a cluster member,
and θLi and θRi are the luminosity and radius-dependant optimized weights:

θLi = 1
2

[
1 + erf

(
mmax −mi

σi

)]
, (3.4)

θRi = 1
2

[
1 + erf

(
R(λ)−R

σR

)]
, (3.5)

where mmax is the magnitude that corresponds to the 0.2L∗ luminosity threshold, σi is the
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photometric error of the galaxy i, σR = 0.05h−1 Mpc, and R(λ) the richness-dependant aperture:

R(λ) =
(
λ

100

)0.2
h−1 Mpc . (3.6)

In Chapter 4, in order to obtain a mass estimate from the richness values included in the
catalogue, we will use the mass–richness relation by Rykoff et al. [199]:

ln
(

M200m

1014 h−1
70 M�

)
= 1.72 + 1.08 ln

(
λ

60

)
. (3.7)

Although the richness estimators λcol and λ differ in many aspects, it is shown that the mean
deviation between them is no larger than 10%. It may be noted that this does not provide
a rigorous mass calibration, as it is based on abundance matching techniques using the mass
function by Tinker et al. [237], and it has not been corrected for selection effects. A more precise
mass–richness relation has benn announced to be released in the future by the authors. Meanwhile
we will make use of this relation.

This cluster finder algorithm was designed to process future large photometric surveys like
DES and LSST, but it has been already run on the SDSS DR8 photometric and SDSS DR9
spectroscopic data in order to check the possible systematics associated to the algorithm itself,
and compare its results with other clusters catalogues, like the SZ Planck cluster catalogue [197],
or the X-CLASS X-ray clusters [203]. These analyses led first to an updated 5.10 public version of
the algorithm, described in Rozo et al. [198], and later to a 6.3 version, detailed in Rykoff et al.
[201].

The first publicly available DR8 redMaPPer catalogue covered an effective area of 10,400 deg2,
displayed in Fig. 3.6, and contained 25,236 clusters in the 0.08 6 zphoto 6 0.55 redshift range, of
which 13,128 also had spectroscopic measurements of their CG. The redshift distribution of the
clusters with spectroscopic measurements in this catalogue is shown in Fig. 3.7, and a sample
of optical images of a selection of reMaPPer clusters at different redshift ranges can be seen in
Fig. 3.8. The photometric sample was increased to 26,350 clusters in the updated 5.10 version,
and decreased to 26,111 in the 6.3 version. Finally, it should be mentioned that this catalogue is
claimed to be volume-complete up to z . 0.33.
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Figure 3.8: SDSS optical images of a selection of clusters included in the redMaPPer catalogue, with a
value of the richness λ > 80. From top to bottom, the rows correspond to clusters in the
redshift ranges: z ∈ [0.1, 0.2), [0.2, 0.3), [0.3, 0.4) and [0.4, 0.55). The scale of the images is
fixed to 3 arcmin × 3 arcmin in all cases.
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4 Gravitational Redshift and Redshift
Enhancement in Clusters

The evolution of the mass function of galaxy clusters is sensitively related to cosmology via the
dynamically opposing effects of gravity and the cosmological acceleration (Chapter 1, see Huterer
et al. [96] for a thorough review). It has been claimed that with only a few hundred massive
clusters below redshift z ∼ 0.5, competitive constraints on the standard cosmological model
and a consistency check of the viability of General Relativity on cluster scales can be achieved
[5, 134, 184]. In terms of the standard model, the parameters most sensitively constrained are
the normalization of the mass function, σ8, and the cosmological mean matter density, Ωm.
These parameters can, in principle, be constrained using the most massive clusters [90, 255, 257].
Currently the samples of clusters constructed for these purposes are X-ray or Sunyaev-Zel’dovich
(SZ) effect selected so that the masses are generally inferred from indirect scalings derived from
other samples of clusters at lower redshift related to lensing and/or internal dynamics. Efforts are
underway to obtain accurate masses of sizeable samples of massive clusters from deep multi-band
lensing observations, such as the CLASH survey [141, 246] and the “Weighing the Giants” project
[253]. These samples are a substantial step forward in that lensing based masses can indeed be
constructed, but they still rely on X-ray selection, with a significant scatter and the possibility to
be affected by serious biases when inferring masses indirectly this way [193]. Ideally the sample
selection would be best made by selecting clusters in a volume limited way from densely sampled
redshift surveys with masses obtained by weak lensing. Large surveys with the resolution required
for weak lensing work are underway: HSC [233], JPAS [27] and planned eBOSS, Large Synoptic
Survey Telescope (LSST), EUCLID, Wide-Field Infrared Survey Telescope (WFIRST), and the
Dark Energy Survey (DES), but currently no statistical sample of clusters selected this way exists
so far.

The relation between richness and mass has been shown to be fraught with systematic uncertainty
[193], related perhaps mainly to the complexities of gas physics that may be expected to significantly
complicate the conversion of X-ray or SZ luminosities to total cluster mass. Weak lensing mass
measurements for subsamples of relaxed clusters can help reduce the scatter in mass-observable
scaling relations [253]. Recent cluster weak lensing efforts with deep Subaru observations have
achieved an accuracy of sub-10% in the overall cluster mass calibration [246, 253], which is
currently limited by relatively small sample sizes.

Using three of the largest cluster catalogues produced to date, namely the GMBCG, the WHL12
and the redMaPPer catalogues described in Chapter 3, we relate the optical richness to statistical
measures of mass related observables, in particular we focus here on two independent effects
related to the gravitational fields of clusters of galaxies: gravitational redshift and gravitational
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magnification, both described in Chapter 2.
Wojtak et al. [264] claimed in 2011 to have measured for the first time the gravitational redshift

effect, using the GMBCG cluster catalogue and DR7 data. As for the redshift enhancement effect,
a significant first detection of this effect has been also reported recently by Coupon et al. [52]
combining SDSS clusters and lensing background galaxies from the BOSS survey. Here we explore
these effects further with the new data releases in an enlarged sample of clusters and background
galaxies, allowing new correlations to be examined in this context.

In this chapter, after converting richness into mass in Sec. 4.1 using the pertinent mass–richness
relations, and fitting an effective mass function to the number density distributions needed for the
models, we define in Sec. 4.2 the phase space region in which we study the velocity distribution of
galaxies around clusters to identify any possible gravitational redshift or internal motion related
effects. For the magnification we examine in Sec. 4.3 the mean redshift of background BOSS
galaxies, and report our conclusions in Sec. 4.4.

Throughout this chapter we adopt the cosmological parameters of a fiducial spatially flat
WMAP7 ΛCDM cosmology [114] with H0 = 72 km s−1 Mpc and Ωm = 0.26.

4.1 Data

In order to obtain a decent signal-to-noise ratio, thousands of clusters are needed to statistically
investigate their gravitational redshift and lensing properties. For that reason we focus our analysis
in the three cluster catalogues described in Chapter 3, the GMBCG (Sec. 3.2.1), the WHL12
(Sec. 3.2.2), and the redMaPPer (Sec. 3.2.3) catalogue, which offer some of the largest samples
of clusters with precise spectroscopic redshift measurements of their central galaxies, mandatory in
the gravitational redshift analysis. The spectroscopic redshift and sky distributions of these cluster
samples are shown in Figs. 3.6 and 3.7.

Throughout this chapter we convert the richness observable into mass using the mass–richness
relations appropriate for each case. We do this because we need to model the gravitational redshift
and the lensing magnification amplitudes, which result from the contribution of clusters of very
different mass ranges. Because we do not intend to constrain any cosmological parameter, for
our purposes a rough estimation of the mass function, that is, the number density of cluster as a
function of their mass, is enough.

To quantify cluster masses we adopt M200m units, i.e., mass measured with respect to 200
times the mean background density of the Universe. Because the mass–richness relations provided
by the authors of the catalogues are given in different units, when needed we use the prescription
given by Hu and Kravtsov [95] to convert between different mass definitions, which assumes
a Navarro-Frenk-White ([152], hereafter NFW) halo density profile. To obtain the appropriate
concentration parameters needed for this conversion, we use the mass–concentration relations
provided by Bhattacharya et al. [29]. After converting to M200m the richness values provided by the
three catalogues, we fit a Press-Schechter-like mass function to the observed cluster mass-density
distributions, shown in Fig. 4.1.

We summarise the cluster samples properties in Table 4.1, where the final number of clusters
considered in this study, Nclusters, takes into account the strong restrictions described in Sec. 4.2.

As for the galaxy catalogues used in this analysis, we have selected from the Legacy spectroscopic
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Figure 4.1: Observed mass distributions of clusters after converting richness into mass using the corre-
sponding mass–richness relations. Here dn/dM is the differential number of clusters per unit
of comoving volume and unit of mass. In order to model these mass distributions, for each
cluster sample we fitted a Press-Schechter-like mass function, shown as the dotted lines, which
spans from the least massive cluster contained in each catalogue, to the most massive one.
The shaded regions represent 90% confidence range.

Catalogue Nclusters 〈z〉 〈M200m〉[1014 h−1M�]
GMBCG 4,278 0.22 1.5
WHL12 12,661 0.19 1.4
redMaPPer 3,372 0.23 3.2

Table 4.1: Final number of clusters, mean redshift, and mean estimated mass of the samples considered.
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SDSS sample the cluster galaxies needed to construct the phase space distribution of galaxies in
which to measure the gravitational redshift effect. For the redshift enhancement measurement,
we restrict background galaxies to those contained in the CMASS sample, which are located at
z > 0.43.

Because the majority of the work presented in this chapter is based on Jimeno et al. [99], the
data that we use is collected from DR10. However, at the end we include part of the results shown
in Jimeno et al. [100], that make use of the more recent DR12. As we explained in Chapter 3,
these two data releases share the same imaging photometric information, and thus there should not
be much difference between the cluster catalogues produced from them. However, the increased
number of CMASS background galaxies lets us obtain a much more precise measurement of the
redshift enhancement effect.

4.2 Gravitational redshift

We now investigate the signal associated to the gravitational redshift and the other components
of the internal redshift distortions found in clusters of galaxies. The origin and observational
consequences of these effects is explained in detail in Sec. 2.3.1 of Chapter 2.

4.2.1 Model

We compute now the expected internal redshift distortion, ∆z, coming from the gravitational
redshift (GR), transverse Doppler (TD), past light cone (LC) and surface brightness (SB) effects
for GMBCG, WHL12 and redMaPPer catalogues. The internal redshift that one would observe at
a projected transverse distance r⊥ from the center of a cluster halo with mass M would be:

∆z = ∆zGR + ∆zTD + ∆zLC + ∆zSB . (4.1)

First, we compute the redshift distortion induced by the pure gravitational redshift as:

∆zGR = −2
c2 Σ(r⊥)

∫ ∞
r⊥

∆Φ(r)ρNFW(r) r dr√
r2 − r2

⊥

, (4.2)

where Σ is the 2-dimensional projected surface density of the 3-dimensional NFW density profile
ρNFW of a cluster halo with mass M , r⊥ is the transverse distance from the center of the halo,
and ∆Φ(r) is the potential energy difference between r and the center of such halo.

Then, we model the redshift distortions induced by the “kinematic” effects as:

∆zTD = 1
2 c2 (〈|~vgal|2〉 − |~vBCG|2) , (4.3)

∆zLC = 1
c2 (〈|~vlos gal|2〉 − |~vlos BCG|2) , (4.4)

where the ~vgal, ~vBCG, ~vlos gal and ~vlos gal correspond to the velocities and the line-of-sight component
of the velocities of the satellite galaxies and the BCGs, and use the prescription given by Zhao
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et al. [270] to compute 〈|~vgal|2〉 as a function of the potential via the isotropic Jeans equation:

〈|~vgal|2〉 = 3σ2
los = 3 〈

√
r2 − r2

⊥
∂Φ(r)

∂(
√
r2 − r2

⊥)
〉 . (4.5)

Finally, we take into account the SB effect adding the additional redshift deviation:

∆zSB = −〈|~vlos gal|2〉
c2 〈(3 + α(z)) d lnnobs[> Llim(z)]

d lnL 〉 . (4.6)

The value of α(z), the effective spectral index in SDSS r band, can be taken to be approximately
2 [105] considering the average redshift of the sample and the typical spectral energy distribution
(SED) of the galaxies with which we are measuring this effect. To compute d lnn/d lnL, we take
r < 17.77 as the apparent magnitude limit for our galaxies sample, and use the estimate of the
luminosity function in the r -band given by Montero-Dorta and Prada [145] based on DR6 data,
whose Schechter best fit parameters (see Eq. 2.11) are Φ∗ = 0.0093, M∗ − 5 log10 h = −20.71
and α = −1.26. It would be more accurate to use the specific luminosity function associated
to galaxies belonging to the clusters considered, but it was shown by Hansen et al. [88] that it
does not differ much from the overall survey luminosity function, so we can use it as a good
approximation. To calculate the average in Eq. 4.6, we do:

〈d lnn/d lnL〉 =
∫ z2
z1

(d lnn/d lnL) (dN/dz) dz∫ z2
z1

(dN/dz) dz , (4.7)

where dN/dz is taken from the Legacy galaxy redshift distribution as displayed in Fig. 3.4. The
lowest z1 and highest z2 redshift limits of integration are chosen according to the cluster sample
considered in each case.

Combining all these effects, the expected internal velocity distortion from an stacked sample of
clusters is obtained convolving ∆z with the distribution of masses contained in the cluster sample:

∆(r⊥) = c

∫M2
M1

∆z (r⊥) Σ(r⊥) (dn/dM) dM∫M2
M1

Σ(r⊥) (dn/dM) dM
, (4.8)

where we integrate in the mass range defined by the lowest M1 and highest M2 masses considered
in each catalogue, and the mass distribution in each case is given by dn/dM , which is functionally
fitted from the observed distribution of clusters, as in Fig. 4.1, but in this case considering only those
that were not discarded in the process, that is, with sufficient nearby galaxies with spectroscopic
measurements for a meaningful measurement. The model curves predict almost the same internal
redshift distortion for both GMBCG and WHL12 cluster samples, as the lowest mass and the mass
distribution of clusters are almost identical for both catalogues. The main difference between
these two catalogues, i.e., WHL12 ranging to higher masses, does not noticeably change the shape
of the model curve as the contribution coming from high mass clusters is highly suppressed by the
low values of the mass function at these scales. The redMaPPer model curve, in the other hand,
predicts a larger signal amplitude, which is consistent with the fact that redMaPPer minimum
richness value is much higher than GMBCG and WHL12 ones, resulting in a higher average cluster
mass.
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4.2.2 Results

In order to study the spatial distribution of galaxies around clusters, first, we carefully remove
from the SDSS Legacy and BOSS galaxy catalogues those galaxies identified as the BCGs of the
cluster catalogues. Here we take into account the fact that, according to SDSS specifications,
two galaxies with spectroscopic measurements are considered the same object if they are closer
than 3 arcsec in the Legacy survey case, and 2 arcsec in the BOSS survey case. This also helps us
identify which of the BCGs have the best spectroscopic measurements, so, in order to reduce the
noise introduced by uncertainties in the estimation of the center of the cluster, we only work with
those BCGs identified in our “high quality” SDSS galaxy sample, discarding this way BCG redshift
measurements obtained from “bad” plates. This leaves us with a total sample of 19,867 BCGs in
the GMBCG catalogue, 52,255 in the WHL12 case, and 10,197 in the redMaPPer one.

After the selection of field and central galaxies is done, we compute the projected transverse
distance r⊥ and the line-of-sight velocity vlos = c (zgal − zBCG)/(1 + zBCG) of all galaxies
with respect to the BCGs, and keep those that lie within a separation of r⊥ < 7 Mpc and
|vlos| < 6,000 km s−1 from these. Stacking all the obtained pairs into one single phase space
diagram, we get the density distributions shown on the left handside of Fig. 4.2. It should be
noted that, as we are working mainly in a low redshift region, the impact of the cosmological
parameters used to compute distances is not significant.

To remove the contribution of foreground and background galaxies not gravitationally bound
to clusters, we adopt an indirect approximation, where galaxies not belonging to clusters are not
identified individually in each cluster, as in the direct method, but taken into account statistically
once all the cluster information has been stacked into one single distribution of galaxies. See
Wojtak et al. [263] for a detailed study of different direct and indirect foreground and background
galaxies removal techniques.

In our case, we apply the following procedure: first, we bin the whole phase space distribution
in cells of size 0.04 Mpc× 50 km s−1. After that, we take all those bins lying in two “boundary”
stripes 4,500 km s−1 < |vlos| < 6,000 km s−1, and fit to the values found there a quadratic
polynomial that depends on both vlos and r⊥. Here we have assumed that all the galaxies in these
regions belong either to the pure foreground (vlos < −4,500 km s−1) or to the pure background
(vlos > 4,500 km s−1) sample. Then, we use this interpolated background model to correct the
“inner” phase space region (|vlos| < 4,500 km s−1) bins. The background-corrected phase space
diagrams for the three cluster catalogues can be seen on the right handside of Fig. 4.2.

In Fig. 4.2 we can spot two clearly distinguishable regions: the “inner”, dynamically relaxed,
region of the cluster at r⊥ . 1.5− 2 Mpc, where iso-density contours are closed, and, at larger
radius, the “outer” radial infall region, highly compressed along the line of sight. This characteristic
trumpet-shaped phase space distribution, related to the escape velocity, is applied as a “caustic
method” [62] to infer cluster mass profiles dynamically, where many redshifts of cluster members
can define the caustic location. See Zu and Weinberg [273] and Lam et al. [120] for recent
developments on the field.

Following the method described in Wojtak et al. [264], we split the background-corrected phase
space diagram into different transverse distance bins, and measure the galaxy velocity distributions
within these bins. In order to fit these distributions and detect any possible deviation from
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Figure 4.2: GMBCG (top), WHL12 (middle) and redMaPPer (bottom) phase space diagrams before
(left) and after (right) removing statistically the contribution from foreground and background
galaxies. White contours represent iso-density regions. The asymmetry between the distribution
of galaxies in the positive and negative vlos regions can be particularly clearly seen in the
redMaPPer case. This difference disappears after the statistical interloper removal. We also
plot as red dashed lines the boundaries at 1, 2.5 and 4.5 Mpc that determine the 4 radial
bins considered. In these diagrams, the position of the BCG is fixed at r⊥ = 0 Mpc and
vlos = 0 km s−1 by definition, and the density is determined by the number of galaxies with
spectroscopic redshift measurements around them.
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Figure 4.3: GMBCG (top), WHL12 (middle) and redMaPPer (bottom) velocity distributions for 4 different
radial bins, after the background and foreground contribution of galaxies has been removed. In
top of these distributions, as dashed curves, the double Gaussian functional fits that provide
the values of ∆, the deviation from 〈vlos〉 = 0.

〈vlos〉 = 0, we adopt the double Gaussian functional form:

f(vlos) = A exp
[

(vlos −∆)2

2σ2
A

]
+B exp

[
(vlos −∆)2

2σ2
B

]
, (4.9)

where both Gaussians, each with different amplitude and variance, share the same mean velocity
∆.

We now present the results obtained for each of the catalogues used in our analysis.

GMBCG catalogue

In order to work only with the most reliable data, we decide to use only those clusters with 6 or
more galaxies with an spectroscopic redshift measurement in the previously defined “inner” phase
space region, 7 Mpc and ±4,500 km s−1. We also restrict our sample to those clusters located
in the redshift range 0.1 6 z 6 0.4, where the catalogue is claimed to be complete, and with
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Figure 4.4: GMBCG (green), WHL12 (blue) and redMaPPer (red) ∆ points for 4 different projected radial
bins. The r⊥ boundaries of these projected radial bins, marked as dashed red vertical lines,
are: 0, 1, 2.5, 4.5 and 7 Mpc. Dotted curves represent predictions from model. GMBCG and
WHL12 model curves are almost identical, as the mass distribution of the clusters contained in
these catalogues is very similar. On the other hand, redMaPPer clusters are on average much
more massive, leading to an expected stronger effect.

a richness larger than 10, which corresponds to M200m ∼ 0.75× 1014 h−1M�. From the initial
19,867 clusters contained in the spectroscopic catalogue, this leaves us with a sample of 4,278
objects, with mean richness 18 (corresponding to M200m ∼ 1.5×1014 h−1M�), and mean redshift
z ≈ 0.22.

The velocity distribution and the resulting double Gaussian fits of the 4 radial bins considered
are shown in the top part of Fig. 4.3. The corresponding values of ∆ obtained from the fits are
displayed in Fig. 4.4. These values are negative for all the radial bins, and seem to be consistent
with the model proposed, for which the prediction is a nearly flat profile of ∆ ∼ −10 km s−1 at
radius beyond r⊥ > 0.5 Mpc from the central BCG position. Our measurements are compatible
with those obtained by Wojtak et al. [264], the difference between them coming from the different
radial binning used.

We also divide the data into different mass bins in order to test how the amplitude of the signal
changes with cluster mass. As before, we select only those clusters with 6 spectroscopic BCG-galaxy
pairs or more. Then, we divide the resulting sample into 3 different mass subsamples. For each of
these subsamples we would like to measure the integrated signal up to a certain radius r⊥, but, as
we expect cluster size to increase with richness, at a fixed distance galaxies in high richness clusters
are located deeper in the gravitational potential than in low richness clusters. In order to make
the measurements more comparable, we convert the projected r⊥ radial distances from the BCGs
into r200c units, i.e., we rescale the comoving transverse distances of the galaxies that belong
to a particular cluster using the r200c estimate of that cluster, obtained assuming a NFW halo
density profile, and using the mass–concentration relations provided by Bhattacharya et al. [29], as
explained in Sec. 4.1. We then measure, for each of the mass subsamples, the integrated signal of
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Figure 4.5: Measurements of the integrated signal of ∆ to a distance of 7 r200c, for 3 different mass bins in
the GMBCG cluster sample (green), 5 bins in the WHL12 one (blue), and 2 in the redMaPPer
case (red). Dotted curve represents model prediction.

∆ up to 7 r200c, and the resulting values obtained are displayed in Fig. 4.5. The first and the second
mass subsamples, with average masses of ∼ 0.8×1014 h−1M� and 1.4×1014 h−1M�, show values
of ∆ equal to −11.2± 3.2 km s−1 and −7.6± 4.0 km s−1, respectively. The third mass subsample,
with a higher average mass of ∼ 3.6× 1014 h−1M�, gives a value of ∆ = −16.2± 10.8 km s−1.
The error in this last measurement is such that it seems inappropriate to claim an observed signal
dependence with increasing mass, despite the seemingly detection of a negative internal redshift
distortion signal for the three mass subsamples taken together.

WHL12 catalogue

Taking the same conservative approach, we discard all those clusters with less than 6 spectroscopic
BCG-galaxy pairs in the phase space defined region. On the other hand, although the WHL12
catalogue is claimed to be complete over a wider redshift range than the GMBCG catalogue,
we decide to adopt the same limited range, 0.1 6 z 6 0.4, in order to reduce the potential
for any systematic differences between measurements, making further comparisons easier to
interpret. These limitations leave us with a sample of 12,661 clusters, with a mean richness
of 23 (corresponding to M200m ∼ 1.4 × 1014 h−1M�), and a mean redshift of z ≈ 0.19. The
resulting velocity distribution and fits are displayed in the middle part of Fig. 4.3 for the 4 different
radial bins used, and the fitted values of ∆ are shown in Fig. 4.4. As we can observe from the
figure, the measured signal deviates completely from the model proposed: the first and fourth
radial bins, centered at 1 Mpc and 5.75 Mpc, show values of ∆ consistent with zero. Even worse,
the second and third radial bins, centered at 1.75 Mpc and 3.5 Mpc, display positive values of
∆ ∼ +5 km s−1.

The number of clusters contained in this catalogue is large enough as to split it into different
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mass bins and still have enough number of objects to have a decent signal-to-noise ratio and test
the reliability of this detection. In this case we divide those clusters with more than 5 galaxies
with spectroscopic redshifts into 5 different mass subsamples. As before, we measure, for each of
these mass subsamples, the integrated signal of ∆ up to 7 r200c, where here we use the estimation
of r200c provided by the WHL12 cluster finder algorithm, a more direct indicator of the size and
concentration of each cluster. The resulting values obtained are displayed in Fig. 4.5. In this
case, the results obtained seem to be more illustrative than in the GMBCG case. The ∆ value
obtained from the first mass subsample, with an average M200m ∼ 0.8 × 1014 h−1M�, seems
to be in agreement with the model prediction, but the signal obtained is very weak, compatible
with zero at the ∼ 1σ level. The second and third mass subsamples, with average masses around
1.1× 1014 h−1M� and 1.6× 1014 h−1M�, show positive values of ∆. However, the fourth and
fifth mass subsamples, whose average masses are 2.4 × 1014 h−1M� and 4.6 × 1014 h−1M�
respectively, with values of ∆ equal to −17.2± 7.2 km s−1 and −22.2± 5.4 km s−1, indicate a
trend of a larger negative signal for larger cluster masses, corresponding to what one would expect
from the model. We may think of this as a result of the cluster finding algorithm being more
efficient in the task of identifying real clusters and their corresponding BCG for halo masses above
M200m ∼ 2× 1014 h−1M�, or the noise introduced by substructure and cluster mergers being less
important for massive, relaxed clusters. In any case, it is clear that the positive values obtained
in the radial global measurement of ∆ are explained by the fact that the clusters in the WHL12
catalogue residing in this less massive region dominate over the more massive and “reliable” ones.
The difference between GMBCG and WHL12 measurements may reside precisely in the fact that
GMBCG algorithm is optimised to identify red-sequence clusters and WHL12 relies only on galaxy
friends-of-friends counting for their detection. The former method may contain a higher percentage
of concentrated clusters, with a higher degree of virialisation resulting in concordance between the
measurement of internal redshift distortion effects and the model for which virialisation is assumed.

redMaPPer catalogue

We also restrict the redMaPPer sample to those clusters in the 0.1 6 z 6 0.4 redshift range and with
6 or more galaxies with spectroscopic redshift measurements, reducing their number from 10,197
to only 3,372, these having a mean richness of 35 (corresponding to M200m ∼ 3.2× 1014 h−1M�,
the double than in the two previously considered catalogues), and a mean redshift of z ≈ 0.23.
The velocity distribution with the corresponding double Gaussian fits and the resulting values of ∆
obtained from them are shown in Figs. 4.3 and 4.4 respectively. Although the amplitude of the
signal is expected to be higher for this cluster sample, apart from the second radial bin centered
at r⊥ = 1.75 Mpc, with ∆ = −16.7 ± 5.5 km s−1, all the other radial measurements of ∆ do
not deviate more than ±2 km s−1 from the measurements obtained using the GMBCG catalogue.
Even when all the ∆ measured points remain negative, there is no clear evidence for a stronger
internal redshift signal compared to the one provided by GMBCG catalogue.

Now, as the number of clusters is relatively small, we measure the integrated signal of ∆ up
to 7 r200c for only two mass subsamples of clusters. In this case, we use, as in the GMBCG case,
the r200c estimates obtained assuming a NFW density profile for the clusters considered. The
resulting measurements for the two mass bins, ∆ = −10.1±3.5 km s−1 and −21.1±5.1 km s−1 at
M200m = 2.4× 1014 h−1M� and 5.3× 1014 h−1M�, respectively, are displayed in Fig. 4.5. This
comparison shows that the measured amplitude of ∆ appears to be higher for the high-mass sample
than for the low-mass one at 1.8σ significance. It is also reassuring that these measurements
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follow closely the model prediction.

4.3 Redshift enhancement

In this section we describe the measurement of the redshift enhancement of background galaxies
behind the SDSS clusters due to lens magnification described in Sec. 2.3.2 of Chapter 2. This
may help elucidate further the results we have found above for the gravitational redshift. We
are interested in seeing to what extent the three cluster samples provide a consistent level of
projected mass as determined by a completely independent mass estimate generated by the effect
of gravitational lensing.

4.3.1 Model

In order to model the expected redshift enhancement signal produced by an ensemble of clusters, we
first calculate the effect of magnification on the unlensed redshift distribution n0(z) of background
sources using Eq. (2.31). To compute the magnification µ as a function of mass and distance from
the cluster center, as done throughout the chapter, we adopt the NFW density profile [152] with
the mass–concentration relations provided by Bhattacharya et al. [29], described at the beginning
of Chapter 2. We employ the projected NFW functionals given by Wright and Brainerd [265],
which provide a good description of the projected total matter distribution of cluster-sized haloes
out to approximately twice the virial radius, beyond which the two-halo term cannot be ignored
[156, 246]. As we shall see, however, this projected NFW model is sufficient to describe the data
with the current sensitivity. The model values are computed applying the relevant mass–richness
relation to individual clusters and summing over the cluster mass distribution of each cluster
sample, as shown in Fig. 4.1.

As for the luminosity function Φ of the source galaxies, from which we compute the logarithmic
slope β of Eq. 2.32, we follow Coupon et al. [52, hereafter, CBU13] and use the Schechter
parametrisation (Eq. 2.11) of the V -band luminosity function given by Ilbert et al. [97], obtained
using VIMOS VLT Deep Survey [122] data, and adopt the redshift evolution from Faber et al. [75]:
M∗ = −22.27− 1.23× (z − 0.5) and α = −1.35. The advantage of using this particular survey,
despite its small 1 deg2 survey area, resides in that it is much deeper (0.2 < z < 2.0, i < 24) than
the background galaxy sample we are using (0.43 6 z 6 0.90), so that the logarithmic slope of
the luminosity function as a function of redshift is very well described in the range of redshift and
magnitude we are interested in.

Finally, the limiting luminosity used to evaluate d ln Φ(z, L′)/d lnL′ in Eq. 2.32 is given by:

− 2.5 log10 L(z) = iAB − 5 log10
dL(z)
10 pc −K(z) , (4.10)

with iAB = 19.9 the limiting magnitude of the BOSS survey, and K(z) the K-correction:

K(z) = 2.5 (1 + z) + 2.5 log10

(
L(λe)
L(λ0)

)
, (4.11)

where the second term can be neglected as the V -band rest-frame flux falls in the i-band at
z ∼ 0.5.
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4.3.2 Results

Observationally, the redshift enhancement δz of background galaxies is defined as:

δz(r⊥) ≡ 〈z(r⊥)〉 − 〈ztotal〉
〈ztotal〉

, (4.12)

where 〈ztotal〉 is the average redshift of the unlensed Nback background BOSS galaxies:

〈ztotal〉 = 1
Nback

Nback∑
i=1

zi , (4.13)

and 〈z(r⊥)〉 is the average redshift of the lensed n(r⊥) background galaxies inside a radial bin at
a physical transverse distance r⊥ from the cluster BCG:

〈z(r⊥)〉 = 1
n(r⊥)

n(r⊥)∑
i=1

zi . (4.14)

A redshift enhancement signal at a significance level of 4σ was first detected by CBU13, who
used five different cluster catalogues and a total of 316,220 background BOSS galaxies from an
earlier data release (DR9). Compared to CBU13, here we use around a factor of two increase in
the number of background galaxies (855,097 in total), however, we restrict our analysis to those
clusters with a BCG spectroscopic redshift to ease the comparison with the gravitational redshift
measurements. We note that the increased number of background galaxies somehow compensate
the fewer clusters used in the analysis, so that the signal-to-noise ratio is similar to CBU13.

We first measure the redshift enhancement signal δz(r⊥) as a function of transverse distance r⊥
from the BCG for the full cluster sample, and then the radially integrated redshift enhancement
as a function of mass δz(M200m). We repeat the measurements for each of the three cluster
catalogues described in Chapter 3.

To estimate the errors on our measurements we generate 500 cluster random catalogues with
25,000 objects each, distributed inside the BOSS angular footprint and following the same redshift
distribution as the cluster catalogue of interest. Then, using the same radial or mass binning, we
measure δz in the exact same way as for the real cluster sample, and define the error bars as the
standard deviation of the 500 measured signal amplitudes. We also compute the full covariance
matrices to account for the re-use of cluster-background galaxy pairs in the stacked signal, when
computing the significance. As pointed out in more details by CBU13, here the level of systematic
is negligible compared to statistical errors.

Radial redshift enhancement

We measure δz in seven logarithmically spaced radial bins in the range 0.04 Mpc < r⊥ < 15 Mpc.
To compare these results with our gravitational redshift results (see Sec. 4.2.2), we consider only
those clusters for which the BCG has a spectroscopic redshift in the range 0.1 6 z 6 0.4. To
ensure a significant gap between the cluster lenses and background galaxies and avoid physically
associated pairs, we only use those CMASS galaxies with a spectroscopic redshift larger than
z = 0.45.
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Figure 4.6: Radial redshift enhancement signals for the GMBCG (green), WHL12 (blue) and redMaPPer
(red) cluster catalogues. The dotted curves represent the model predictions for the three
different cluster samples. For visual clarity, the symbols for GMBCG and redMaPPer are
horizontally shifted by ∓10% with respect to WHL12.

In Fig. 4.6 we show the results obtained for the GMBCG, WHL12, and redMaPPer cluster
catalogues. All measurements feature a δz value in agreement with the models within statistical
errors. We note that the difference between the redMaPPer model and the GMBCG/WHL12
models arises from the rather different mass distributions. As seen in Fig. 4.6, the difference is most
significant at a scale of ∼ 0.1− 0.4 Mpc. The detection significance of the redshift enhancement
of background CMASS galaxies behind clusters is calculated to be 2.8σ, 4.7σ and 3.9σ for the
GMBCG, WHL12 and redMaPPer cluster catalogues, respectively.

Integrated redshift enhancement

To study the mass dependence of this effect, we measure now the radially integrated redshift
enhancement signal in different mass bins. To keep an approximately constant signal-to-noise,
we use the same mass binning as in Sec. 4.2 and divide the GMBCG, WHL12 and redMaPPer
cluster samples into 3, 5 and 2 mass bins, respectively. We integrate δz(r) radially in the range
0.04 Mpc < r < 0.40 Mpc, where the signal-to-noise ratio is found to be highest.

Results are displayed in Fig. 4.7. We report a clear tendency of an increasing value of δz with
increasing average cluster-sample mass, in qualitative agreement with the model. However we
observe a ∼ 1− 2σ discrepancy at low mass (M200m < 1× 1014 h−1M�) for the GMBCG and
WHL12 cluster subsamples, and a ∼ 2− 3σ discrepancy for the WHL12 subsample at high mass
(M200m ∼ 5× 1014 h−1M�).
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Figure 4.7: Radially integrated redshift enhancement signal in the range 0.04 Mpc < r < 0.40 Mpc, in 3
different richness bins in the case of the GMBCG cluster catalogue (green), 5 richness bins in
the WHL12 case (blue), and 2 richness bins in the redMaPPer case (red). Model prediction is
shown as the dotted black curve.

Updated DR12 results

Finally, we briefly describe the results obtained on the measurement of the integrated redshift
enhancement with the more recent DR12, combined with the 5.10 version of the redMaPPer
catalogue (see Sec. 3.2.3). Because in this case we are not interested in a direct comparison with
the results obtained from the analysis of the gravitational redshift effect, we consider the complete
spectroscopic catalogue, and not only those clusters with more than 6 satellite galaxies with an
spectroscopic redshift measurement. This allows us to work with a sample of 19,473 clusters,
which is reduced to 13,516 clusters in the 0.10 6 z 6 0.40 redshift region.

We repeat the methodology described above, but now instead of converting richness into mass,
we directly consider three different richness cluster subsamples λ ∈ [22, 30), [30, 45), and [45, 200)
at redshifts below z 6 0.40, and convert the model prediction into richness space using the
mass–richness relation as we have been using it during this chapter, but now in the opposite
direction. The redshift enhancement signal δz obtained for these three richness subsamples is
shown in Fig. 4.8, together with the lensing model.

These results are a significant improvement with respect to the measurements performed with
DR10 (Fig. 4.7) because of the increase in the number of clusters considered and in the number
of background galaxies with measured redshifts. The redshift enhancement effect is now detected
with a significance of 6.6σ for the whole sample. Also, we observe a clearer trend of higher values
of δz for larger values of the average richness of the cluster sample considered, as expected. It
should be noted, though, that all the values of δz fall below the model, with a deviation of ∼ 1σ
for the first and third richness subsamples. This could be an indication of the level of miscentering
present in the position of the CGs with respect to the deepest part of the gravitational potential
well, which would be the main cause of the dilution of the redshift enhancement signal.

77



4.4 Discussion and conclusions

20 30 40 50 60 70
λ

0.01

0.00

0.01

0.02

0.03

0.04

0.05
δ z

redMaPPer

Figure 4.8: Integrated redshift enhancement signal obtained with the more recent DR12 sample of CMASS
galaxies and for three richness subsamples of the v5.10 redMaPPer catalogue, with λ ∈ [22, 30),
[30, 45), and [45, 200), in the redshift range zclu 6 0.40. The model prediction (dotted line)
as a function of richness is obtained through the mass–richness relation, used in this case to
convert mass into richness, and not the other way around as is usually done.

4.4 Discussion and conclusions

For the purposes of constraining cosmology, statistical work with the largest samples of clusters is
required, and one may hope to obtain masses and relate the mass function obtained to cosmological
parameters. Here weak lensing is often compromised by the the average quality of the observing
conditions and X-ray depth is relatively shallow so deeper surveys are required together with optical
follow-up to establish the cluster redshifts. The importance now of the SDSS resides on providing
the photometric data and significant redshift information to establish large samples of clusters.
The catalogues we have examined are so large we may pursue new, but not optimal, methods for
examining masses by stacking the data. This includes the enhanced depth from magnification
bias and gravitational redshifts, since the redshift accuracy is sufficient for this purpose and the
calibration of the data has been established with unprecedented precision.

Gravitational redshifts are the latest and most difficult means of examining cluster mass profiles,
but they also are, in principle, of great interest by directly assessing the validity of GR on large
scales. Here we have examined this using the Legacy sample of galaxies, comprising more than
800,000 galaxy spectra.

We have produced the phase space distribution of galaxies around the BCG spectroscopic
positions provided by three major cluster catalogues: GMBCG, with 20,119 clusters, WHL12,
with 52,682 clusters, and redMaPPer, with 13,128 clusters. Then we have measured the internal
redshift distortion ∆z associated to each cluster sample as a function of cluster radius. This
distortion is identified as the deviation from the BCG velocity of galaxies we associate with these
clusters. We have modelled this observational signature for each cluster survey taking into account
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the combination of the gravitational redshift, the transverse-Doppler, the past light cone, and the
survey-dependent surface brightness effects.

The net gravitational redshift effect that we derive is consistent with the expected cluster mass–
richness relation in the case of the GMBCG cluster sample, with values of ∆ around −10 km s−1.
In the redMaPPer sample case, with a higher average cluster mass and a lower number of clusters
contained in it, the agreement between model and observation is also good within the noise with
a difference of at most ∼ +5 km s−1 on average observed above the expectation. In the WHL12
case, we observe an unexpected mildly positive signal ranging from ∼ 0 km s−1 to ∼ +5 km s−1,
in complete disagreement with the model proposed for this sample.

If all our clusters were relaxed, had no substructure, and the number of spectroscopic measure-
ments were proportional to the density of galaxies, each cluster would practically follow the stacked
cluster distribution of Fig. 4.2. However, such an ideal case is not realised due to an inevitable
level of substructure, and from the observational selection effects and algorithmic limitations in the
definition of clusters and BCG galaxies. Even if BCG finder algorithms were perfect (in the sense
of identifying the brightest most massive galaxy of each cluster), it has been shown by Skibba
et al. [218] that the implicit assumption that BCGs reside at the potential minimum is subject to
an significant inherent variance leading to a biased measurement of the galaxy velocity dispersion
arising from a difference between the measured position of the BCG and the real position of the
cluster halo center [109]. The underlying offset distribution between the dark matter projected
center and the BCGs has been also studied by Zitrin et al. [271] and Johnston et al. [101], being
shown in the latter that the magnification signal is qualitatively less sensitive to the miscentering
effect compared to the shear signal. In principle, stacking all the velocity distributions of galaxies
around BCGs into an effective distribution accounts for some of the previously mentioned effects,
and enables us to measure any statistical deviation ∆ from 〈vgal〉 = 0. This is what we measured
in Sec. 4.2. However, if we look again at the galaxy velocity distributions (Fig. 4.3) from which
we measured ∆, we see that the velocity distributions obtained from GMBCG, WHL12 and
redMaPPer catalogues are different. A further analysis of these velocity distributions shows that
this difference holds for different ranges of mass. In the ideal relaxed case, these profiles should
follow σ2

obs = σ2
gal + σ2

BCG, relation from which σgal is obtained after assuming a relation between
the BCG motion and the velocity dispersion of satellite galaxies, σBCG = γ σgal. Wojtak et al.
[264] and Zhao et al. [270] consider γ ' 0.3, but it is pointed by Kaiser [105] that the frequent
misidentification of BCGs as central galaxies would lead to a higher value of γ ∼ 0.5.

Using the appropriate mass–richness relation for each cluster sample, we analysed the dependence
of the integrated internal redshift signal with mass, observing a clear correlation between the
intensity of the signal ∆ and the average mass of the sample, especially in the range M200m >
2× 1014 h−1M�, where the measurements follow particularly well the model. The positive radial
∆ signal in the WHL12 catalogue seems to mainly arise from lower mass clusters in the range
M200m < 2× 1014 h−1M�.

We have also measured the level of magnification bias in each cluster sample using the 850,000
galaxy spectra from DR10, almost tripling the number of galaxies used in the first measurement of
this effect [52]. We detect a clear radial redshift enhancement of the background galaxies behind
clusters in all three surveys with a significance of 2.8σ, 4.7σ and 3.9σ levels for GMBCG, WHL12
and redMaPPer cluster catalogues respectively.

Making use of the previously employed mass–richness relations, we have also measured the
integrated signal out to r⊥ = 0.4 Mpc for different subsamples of clusters with different average
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4.4 Discussion and conclusions

masses. After modelling this gravitational lensing feature using projected NFW functionals for
the clusters and luminosity functions based on deep spectroscopic surveys, we find a generally
good agreement between theoretical predictions and observations for the three cluster catalogues,
with a clear increase of the mean redshift of background sources at smaller decreasing projected
radial distance from the BCG, and also an increasing redshift enhancement with increasing cluster
masses. The WHL12 catalogue does not follow so well the model for the low and the high mass
bins falling below the expected value with discrepancies of 2.1σ and 2.5σ, respectively.

Finally, we have shown the latest results on the integrated redshift enhancement, obtained after
DR12 was made available to the public. We obtain a 6.6σ significance detection for the redMaPPer
sample, and a clear relation between the richness and the amplitude of the gravitational lens
magnification effect, with consistency at the 1.1σ level, a little below the model prediction. This
could be produced by the intrinsic miscentering of central galaxies with respect to the center of
the projected gravitational potential well.

From a comparison of our internal redshift distortion and lensing redshift enhancement mea-
surements for three major cluster samples defined from the SDSS survey, we conclude that the
WHL12 catalogue, containing the largest number of clusters, is anomalous in the sense that the
net internal redshift effect is found to be uniformly positive with radius at a level of +5 km s−1

instead of negative with ∼ −10 km s−1, as expected given the claimed richnesses of these clusters.
Examining the mass dependence of these results we find it is the clusters with M200m <

2×1014 h−1M� that introduce the unexpected positive signal, as more massive clusters produce a
net redshift of ∼ −20 km s−1, similar to GMBCG and redMaPPer samples. Given the much higher
number of clusters claimed for the WHL12 sample compared to the other two catalogues, it could
be that this positive signal arises from spurious detection of clusters or from chance projection
of less massive systems. Our analysis shows that internal redshift measurements are not simply
limited by the statistical precision, namely the number of clusters used, but are also sensitive to
systematic effects that are not fully understood. The internal redshift and lensing magnification
signals have totally different sensitivities to line-of-sight projection effects. It is very likely that a
higher degree of contamination due to projection effects in this catalogue is responsible for the
observed trends in both measurements, as lensing measures the sum of the projected signal.

For the redMaPPer cluster catalogue, which has the smallest sample size due to its conservative
minimum richness cutoff, both measurements are shown to agree well with respective predictions
albeit the large statistical uncertainties. It also exhibits the best performance in terms of the
accuracy of cluster mass estimates because the mass dependence of the signal predicted by models
is detected at the 1.8σ level. Our promising measurements of the internal redshift and redshift
enhancement effects obtained with the redMaPPer catalogue encouraged us to choose it over
other catalogues for the analyses developed in Chapters 5 and 6.
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5 Clustering and Number Density
Evolution of Clusters

The notorious sensitivity of cluster abundance to the growth rate of structure means that the
mass density of the Universe, Ωm, and the amplitude of the power spectrum, σ8 ∝ As, should be
particularly accurately derived from cluster surveys ([22, 28, 42, 46, 49, 71, 76, 92, 96, 133, 162,
163, 169, 195, 248, 251], see Sec. 1.2) providing a welcomed consistency check of the current
cosmological ΛCDM model. Even the presence of a few massive clusters at z > 0.5 has been
enough to overcome the long desired Ωm = 1 consensus [22], favouring a sub-critical mean
matter density for the Universe [20]. Empirically, Ωm ' 0.2–0.3 has long been argued by simply
extrapolating galaxy mass-to-light ratios (M/L) to large scales [161] and clarified with dynamical
measurements on larger scales [21, 166] and of course independently confirmed with increasingly
accurate claims from CMB acoustics [179, 223].

New underway surveys to find large samples of clusters above z > 0.5 with lensing based
masses are very exciting in this respect, so growth can be tracked as a function of cluster
mass with unprecedented precision, including subtle modification by cosmological neutrinos
[45, 119, 123, 258, 267], with little complication anticipated from detailed cosmological simulations
that include gas physics [32]. Using clusters, the current best estimates of the σ8 Ω'0.5

m combination
that principally determines growth [102, 132, 195] have until now been limited to the local volumes
where cosmic variance and relatively small samples means it is rather unclear how to assess
differences with the CMB based Ωmh

2 combination, fixed principally by the first peak of the
CMB, and σ8, where the uncertain level of electron Thomson scattering optical depth due to
reionization, τ , smooths the amplitude of CMB fluctuations. The Planck weighted values of these
observationally interdependent parameters, σ8, Ωm, h, τ , are now claimed to be in significant
tension with the constantly high value of H0 derived locally from the distance ladder [190].

Undermining the use of clusters in such comparisons is the indirectness of cluster mass estimates
for which empirical scaling relations have to be relied on for converting observables to mass.
Cluster richness seems to provide a robust connection, as it is close to being linearly related to
mass ([193, 194, 199], see Sec. 2.4), with a slope of d logM200/d logN ' 1.1, and a ' 20%
inherent scatter inferred [8] and with little evidence of evolution [9, 91, 267]. Power law scalings
to convert X-ray and SZ measurements to total cluster masses are complicated by compressed gas
and shocks from cluster interactions, so that the selection function and its evolution is challenging
[6, 11, 144, 147, 212, 231]. Lensing based scaling relations are now feasible for limited samples
but for which the initial X-ray or SZ selection complicates matters [196, 210].

Beyond cluster abundances, higher order moments of the density field, including the correlation
function of clusters of galaxies, also relate directly to the growth of structure [42]. The clustering
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of clusters is in this respect far more useful than for galaxies, where the strong dependence on
Hubble-type implies a complex “astrophysical bias” ([118, 166], see Sec. 1.2.5). A major advantage
of using clusters is their clear relation to the mass distribution, especially if direct lensing masses
can be obtained for statistically large samples of clusters. This is unlike galaxies where ellipticals
are measured to be much more spatially correlated than disk galaxies, implying as may be expected
that the creation of galaxies from the underlying mass distribution is not simply related to the local
density of dark matter. In the case of clusters the bias is more simply mass-density related, and is
not expected to be significantly influenced by gas physics, allowing relatively clean comparisons
between theory and observation. For clusters a nearly linear relation is established between
the measured richness and mass with a modest scatter, so richness can be reliably transformed
statistically when examining the clustering of clusters. Previous clustering work with the SDSS
has been done either with relatively small local samples with an uncertain mass–richness relation,
or relying on corrections for the wide smoothing by photometric redshifts [210], or on the angular
clustering [24]. In this chapter we establish the first spectroscopically complete analysis of cluster
statistics using the depth of the SDSS survey, beyond the local Universe.

Carefully carried out redMaPPer team work has been a big advance in identifying clusters by
their red-sequence of member galaxies and deriving reliable richnesses using the SDSS survey data
which has sufficient depth to detect clusters to z ' 0.3 with high completeness [200]. Currently
70% of the brightest cluster galaxies (BCG) in this clusters have redshift measurements with
the SDSS DR12 release. Here we augment these BCG measurements with additional cluster
member redshift measurements, by correlating redMaPPer identified red-sequence galaxies with the
enlarged DR12 redshift sample from the BOSS survey, which we show here provides spectroscopic
completeness to 93% overall, and > 97% for the redMaPPer richness complete redshift range
z < 0.325.

In tandem with this observational progress, advances in the N-body simulations of ΛCDM
have extended to volumes several times that of the observable Universe [13]. Large simulated
volumes are necessary to accurately predict the number of massive clusters, given their rarity. The
cosmological parameters chosen for these simulations follow the tradition set by Springel et al.
[226] for such groundbreaking simulations, allowing consistency checks between these generations
of simulations. The former consensus values adopted for these simulations [208] differ significantly
from the present Planck weighted values of σ8 and Ωm that principally influence cluster predictions.
The cause of this may be traced mainly to the relatively large τ estimated by WMAP [223] that
raises σ8 = 0.9, and lowers Ωm = 0.25. The amplitude of the CMB fluctuations on large scales
scale as As exp[−2 τ ], where As is the amplitude of the matter power spectrum. Hence a higher
optical depth τ due to reonization implies a higher As and consequently a higher σ8 ∝ As. The
Planck weighted values today are significantly “reversed” for these key parameters mainly because
of the much lower inferred τ .

In this chapter we use an updated version of the redMaPPer cluster catalogue and the BOSS
spectroscopic sample, both described in Chapter 3, to study the clustering and the abundance
of clusters of galaxies, which we describe in Secs. 5.3 and 5.4, respectively. Throughout this
chapter we compare our results with those obtained from the MXXL simulation, described in
Sec. 5.2. Finally, we use this simulation in Sec. 5.5 to perform a likelihood analysis to obtain the
cosmologically favoured mass–richness relation, and present our conclusions in Sec. 5.6.

As for the fiducial cosmological parameters needed to compute the correlation function and the
number density of clusters, we adopt the Planck Collaboration et al. [179] weighted cosmological
parameters H0 = 67.74 km s−1 Mpc−1 and Ωm = 0.309. At the end of this chapter we also
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Chapter 5. Clustering and Number Density Evolution of Clusters

consider the consensus parameters set in 2003 used for the largest available simulations and that
differ significantly in terms of σ8, Ωm and H0.

5.1 Updated redMaPPer cluster catalogue

After the comparisons performed between different cluster catalogues in Chapter 4, we decide to
focus our efforts on the clusters contained in the redMaPPer catalogue, that offered the most
consistent results in terms of a cross comparison of the redshift enhancement and the gravitational
redshift effects associated to clusters.

We update the publicly available 5.10 version catalogue, based on DR8 and DR9 data, using
the more recent DR12 BOSS spectroscopic data, which contains the spectra of 1,339,107 galaxies.
After selecting the spectra with the best quality (see Sec. 3.1.2), we cross correlate the angular
position on the sky of the most probable central galaxy (CG) associated to each cluster, with the
whole BOSS spectroscopic sample, and identify those objects that are closer than 0.50 arcsec,
finding 3,772 matches for the most probable CGs that did not have an spectroscopic redshift
measurement before. More than 99% of all the identifications are done for pairs that are closer
than 0.02 arcsec, but we actually find a gap between 0.40 and 1.50 arcsec where no identification
at all is made, making clear that we are safe from any possible misidentification due to close galaxy
pairs. We repeat this identification process with the second, third, fourth and fifth most probable
CGs in each cluster. A sizeable fraction of CGs do not have measured redshifts yet whereas one or
more of the highly probably CGs often does. This fuller comparison of members with redshifts
provides now for the first time a highly spectroscopically complete sample of clusters with which
one can make several precise calculations described later in this chapter.

Finally, we exclude those clusters that, as can be seen in Fig. 5.1, are outside the considered
DR12 BOSS area. This leaves us with a final sample of 19,473 clusters with spectroscopic redshift
measurement of their most probable CG, and a total of 23,135 clusters with spectroscopic redshift
measurement of one of their most likely “centrals”. In comparison, in the original photometric
redshift catalogue there were 24,869 clusters in the same BOSS region, meaning that we have
now spectroscopic information of more than the 93% of the clusters. This number increases to
> 97% for the 7,143 clusters within the redMaPPer selection limit, z 6 0.325.

When needed, in order to have a global redshift estimate of those clusters with more than one
CG with a spectroscopic measurement, we make an average of their redshifts zCG,i, weighted by
the centering probability pcen,i associated to each of the five potential CGs:

zcluster =

5∑
i=1

zCG,i pcen,i

5∑
i=1

pcen,i

(5.1)

The final redshift distribution of the clusters inside the BOSS region is shown in Fig. 5.2. Note
that there is near full spectroscopic redshift completeness to the peak of the redMaPPer selection
function at z = 0.325, and the bump feature at z ' 0.25 in the photo-z distribution, absent in
the spectroscopic DR12 sample where the numbers smoothly rise with the increasing volume, as
expected for a complete sample. The difference between our definition of zcluster, and zphoto, the
original photometric redshift provided by the catalogue, is shown in Fig. 5.3.
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Figure 5.1: Sky distribution of redMaPPer clusters. The region inside the red line represents the area of
the sky covered by the BOSS spectroscopic survey that overlaps with the redMaPPer catalogue.
We exclude clusters outside the BOSS region so that we have homogeneus high completeness
within the spectroscopic cluster sample that we have constructed.
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Figure 5.2: Original photo-z (dotted green line), DR9 spectroscopic redshift (dot-dashed blue line) and
updated DR12 spectroscopic redshift (solid red line) distribution of redMaPPer clusters. We
plot for comparison the proportional volume in each redshift bin (grey shaded line). From the
original 24,869 clusters with photometric redshift estimates, 15,936 clusters also have DR9
spectroscopic redshift information of their most likely CG, and 23,135 clusters have DR12
spectroscopic redshift measurements of at least one of their most likely CG. The clusters that
fall outside the BOSS region have been excluded from these samples.
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Figure 5.3: Relation between zphoto and our definition of zcluster, based on DR12 data and the centering
probabilities pcen,i of all the CG candidates, for each of the clusters in the redMaPPer catalogue.

5.2 MXXL simulation

The “Millennium-XXL” (MXXL, [13]) simulation is one of the largest dark matter N-body
simulations performed to date. It follows the nonlinear creation and growth of dark matter
structures within a cube of 3,000h−1 Mpc on each side, which contains 6,7203 particles of mass
mp = 8.456× 109M�.

Compared to its predecessor the “Millennium Simulation” (MS, [226]), the MXXL simulation
volume is 200 times bigger, comprising the equivalent volume of the Universe up to z = 0.72, or 7
times the volume of the BOSS survey. Although the particle resolution is 7 times lower in the
MXXL simulation than in the MS, it is 300 times higher than the “Hubble Volume Simulation”
[73], and has ample resolution for our cluster-related purposes. Note that these large simulations
deliberately share the same pre-Planck cosmology set by WMAP in 2003 to allow consistency
checks. This is not in practice limitation for our work given the realisation by Angulo and White
[12] that a simple rescaling of size and redshifts can effectively provide predictions for other
cosmologies using the same simulation, within the context of ΛCDM.

This simulation was designed to provide enough statistical power as to study and interpret some
of the problems related to the observation of clusters of galaxies, like the scaling between the
real mass of a cluster and the associated cluster observables, i.e., richness, lensing mass, X-ray
luminosity and thermal Sunyaev-Zel’dovich signal. The code employed in the simulation is a
extremely memory-efficient version of GADGET-3, which is itself a more sophisticated and efficient
version of GADGET-2 [224], the code used for the MS.

This code is also designed to carry out halo and subhalo finding procedures during its execution
with a friends-of-friends algorithm (FoF, [110]), combined with the SUBFIND algorithm [225],
which identifies locally overdense regions within the parent haloes found by the FoF. The halo
catalogues produced during this search provide information about masses, velocity dispersions,
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Figure 5.4: The matter power spectrum for a WMAP (black dashed line) and a Planck (red solid line)
cosmology. The former was used in the creation of the MXXL simulation, and we use the
latter to update it, following the prescription given by Angulo and White [12].

halo shapes, velocities, etc...
The original cosmology employed in the MXXL simulation is ΛCDM, with the same cosmological

parameters that were employed in the MS: Ωm = 0.25, ΩΛ = 0.75, σ8 = 0.9 and H0 =
73 km s−1 Mpc−1. We update this cosmology and the resulting halo catalogue using the prescription
given in Angulo and White [12], with this new set of cosmological parameters taken from the
combined analysis of Planck CMB data, BAO surveys and the JLA sample of Type Ia SNe [179]:
Ωm = 0.3089, ΩΛ = 0.6911, σ8 = 0.8159 and H0 = 67.74 km s−1 Mpc−1. This algorithm to
update simulations relies basically on the reassignments of masses, velocities and lengths, and
the rescaling of the time steps, i.e., the redshifts of the snapshots, to match the shape of the
smoothed linear matter power spectra of the desired cosmology, and thus the growth of structure.
The modification of the long wavelength modes relies on the Zel’dovich approximation so the
difference on large scales is also taken into account. In Fig. 5.4 we show the original WMAP
matter power spectrum used in the MXXL simulation, and the matter power spectrum that we
obtain considering a Planck cosmology and that we use to update the MXXL simulation, both
computed using the code CAMB [126]. From now on, we refer to this updated version as the MXXL
simulation.

5.2.1 MXXL synthetic cluster catalogues

We now describe how to create synthetic optical cluster catalogues from the MXXL simulation, so
we can compare them with the redMaPPer catalogue. We use the data coming from 5 adjacent
snapshots of the MXXL simulation, corresponding to the redshifts z = 0.027, 0.128, 0.242, 0.393
and 0.486. In each of these snapshots, we select around 7 million dark matter haloes with masses
above M200c = 1012 h−1M�, where here M200c is defined as the mass enclosed in a sphere
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centered in the potential minimum of the halo, that has a mean density 200 times the critical
density of the Universe.

Now, in order to build a synthetic cluster catalogue from the dark matter halo catalogue
produced by the simulation, where the “true” mass, the position and peculiar velocities of the
haloes are known, we need to assign a richness value and artificially place a central galaxy (CG) in
each of these haloes, which is, at the end, the information provided by the redMaPPer catalogue.

Richness

First of all, we need to associate an estimate of the richness to all the haloes in the MXXL
simulation. Following Sec. 2.4, we employ a mean mass–richness relation of the form:

ln
( 〈M200c|λ〉

1014 h−1M�

)
= ln

(
M200c(λ0)

1014 h−1M�

)
+ αM |λ ln

(
λ

λ0

)
, (5.2)

where M200c(λ0) is a reference mass at a given value of λ = λ0, and αM |λ is the slope of the
mass–richness relation. The fractional scatter σM |λ on the halo mass at fixed richness is given by
a log-normal distribution:

∆ ln
(

M200c
1014 h−1M�

)
= σM |λ . (5.3)

In Sec. 5.5, we find, through a likelihood analysis, the values of κM |λ, αM |λ and σM |λ that best
describe the observations, where for clarity we have defined:

κM |λ ≡ ln
(
M200c(λ0 = 60)

1014 h−1M�

)
, (5.4)

and use these values in advance in Secs. 5.3 and 5.4 when comparing the results obtained from
the redMaPPer catalogue with the “model” produced by the MXXL simulation. We follow the
results obtained by Angulo et al. [13] and Rozo et al. [195], and consider the value of the scatter
independent of the richness, and ignore any possible redshift evolution of the scatter or of the
slope of the mass–richness relation. Also, because in the simulation we know the value of the
true mass, rather than the value of the observable, we need to convert σM |λ into σλ|M inverting
Eq. 5.2, so σM |λ = αM |λ σλ|M .

In Fig. 5.5 we show the distribution of the masses of the MXXL clusters as a function of one
realization of the richness associated through a mass–richness relation with, e.g., a pivot mass of
κM |λ = 1.35, a slope of αM |λ = 1.10, and a scatter of σM |λ = 0.20, in comparison to the mean
mass–richness relation. The upscattering of low mass clusters into high richness regions increases
with higher values of the slope or larger scatter. The snapshot number 54 of the simulation, the
one considered in this figure, corresponds to z = 0.242, close to the mean redshift of the complete
cluster sample.

Miscentering of central galaxies

Recent studies have shown that the assumption that CGs lie basically at rest in the deepest part of
the potential well is not accurate. Although there is evidence of an special correlation between the
mass of a cluster halo and the properties (mass, morphology, star formation rate, stellar population,
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Figure 5.5: Mass distribution as a function of richness of the MXXL dark matter haloes found in snapshot 54.
As the black dashed line, the mean mass–richness relation with κM |λ = 1.35 and αM |λ = 1.10.
When the scatter in the mass–richness relation is not considered, there are ∼116,000 clusters
above the richness threshold λ > 22. If a scatter of σM |λ = 0.20 is introduced, we obtain the
cluster distribution shown in the figure, with around ∼128,000 clusters now with λ > 22 due
to the upscatter of low mass clusters.

colour, etc...) of its BCG [252], we may expect a large proportion of clusters are non-relaxed
dynamical systems that are still evolving, with BCGs following evolving orbits that need not be
located at the time-varying minimum of the cluster potential.

Miscentering is one of the main sources of error on stacked measurements on clusters, including
weak lensing mass determinations [242, 244], analyses of the power spectrum [186], gravitational
redshift and redshift enhancement measurements ([52, 105], see Chapter 4), or velocity dispersion
calculations [25]. That is why in the last few years many authors have tried to determine the level
of miscentering statistically.

There are two reasons why this miscentering may occur: the galaxy identified as the CG not
being the galaxy with the lowest specific potential energy (i.e., the one that could be considered
the CG), or the real CG not being in the center of mass of the dark matter halo.

In cluster catalogues like the maxBCG [111], the GMBCG or the WHL12, the center of a cluster
is identified with the position of the BCG. Although this assumption seems to improve the overall
centering performance of cluster-finder algorithms [191], Skibba et al. [218] claimed that between
the 25% and the 40% of cases the BCG is not the real CG, but a satellite galaxy, and von der
Linden et al. [252] found in a sample of 625 clusters that in more than a half of them the BCG
was not located in the center of the cluster.

Trying to quantify the level of miscentering, and using mock catalogues, Soares-Santos et al.
[221] found an offset distribution that could be fitted by a 2D Gaussian with a standard deviation
of σ = 0.47h−1 Mpc, meanwhile Johnston et al. [101] found σ = 0.42h−1 Mpc for the BCGs that
were not accurately centered, which ranged from 40% to 20% as a function of cluster richness.
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In order to address this problem, the redMaPPer iterative self-training centering algorithm uses
BCGs as the seeds for the centering process, but in successive calibrating iterations all the galaxies
found in the cluster that are consistent with the red-sequence are considered as potential CGs,
and have a centering probability assigned. When convergence is obtained, the galaxy with the
highest probability of being at the center of the cluster is tagged as the CG. It should be noted
that the miscentering introduced by the red-sequence prior that does not allow blue galaxies to be
selected as CGs is expected to affect less than 2% of the clusters. In any case, when the cluster
centers found on high resolution X-ray data were compared with the positions of the CGs found in
the redMaPPer catalogue, the redMaPPer algorithm was claimed to have a centering success rate
of ≈ 86% [191].

To include this effect into our synthetic catalogue, we follow the results of Johnston et al. [101]
and introduce a miscentering probability as a function of the halo richness. The probability pmc of
a CG being displaced from the center of its host halo follows: pmc(λ) = (2.13 + 0.046λ)−1, and
such displacement is given by a 2D Gaussian of width σmc = 0.42h−1 Mpc.

Peculiar motions of central galaxies

There are good reasons to believe that, compared to other member galaxies, CGs are a cold
population of galaxies due to dynamical friction or possible central gas cooling. How much so is
still a matter of discussion. Hierarchical merging of clusters means we must expect some level
of dispersion periodically as CGs respond to a rapidly evolving potential and merge with each
other. In any case, it is clear that their peculiar velocity cannot be ignored and in some cases
is very anomalous [215] and with a small net gravitational redshift expected [38] and measured
[99, 202, 264]. Puzzlingly, a significant fraction of CGs with peculiar motions are located in the
peak of the X-ray emission. Given the hydrodynamical forces relevant for the cluster, it is not
expected that the gas should move together with the CG during cluster encounters [144, 188].

The relation between the value of σCG, the distribution of CG motions, and σgal, the value
of the dispersion associated to cluster satellite galaxies, is still quite unknown. Oegerle and Hill
[154] found that from a sample of 25 clusters almost all CGs showed peculiar velocities relative to
the mean velocity of the clusters studied, with σBCG ≈ 175 km s−1. Coziol et al. [54], studying a
much larger sample of clusters, found that CGs having peculiar motions within the cluster was
a general phenomenon, with less than the 30% of them having velocities compatible with zero,
and more than half of them having velocities higher than 0.3σgal, depending this value slightly on
cluster richness. Skibba et al. [218], studying the miscentering of CGs, also found a relatively high
value for their velocities, with σCG ' 0.5σgal, that had also little dependence with the mass of
the host cluster.

In any case, to mimic this motion within clusters of our already placed mock CGs, we assign a
peculiar velocity to them given by σCG ' 0.4σvir, where σvir is the virial velocity associated to
the mass of the cluster. Once this peculiar motion has been added to the CGs, we move them
from real-space positions ~r to redshift-space positions ~s following Eq. 1.75:

~s = ~r + ~v ·~l
aH

~l , (5.5)

where the unitary vector ~l is pointing to an arbitrarily chosen line-of-sight direction, and ~v is the
final physical velocity of the CG.
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5.3 Correlation function

We compute the two-point redshift-space correlation function ξ(s, µ) using the 2-dimensional
Landy-Szalay estimator:

ξ(s, µ) = dd(s, µ)− 2dr(s, µ) + rr(s, µ)
rr(s, µ) , (5.6)

where dd(s, µ), dr(s, µ) and rr(s, µ) are the normalized number of pairs found in the data-data,
data-random and random-random samples. The only difference between this equation and Eq. 1.89
is that instead of being given in terms of slos and s⊥, is given in terms of the absolute redshift-space
distance s, and µ = cos θ, where θ is the angle of the pair with respect to the line-of-sight (los).

We want to investigate the multipoles of the correlation function ξ`(s), given by Eq. 1.90.
In practice, this is done weighting the dd, dr and rr pairs with the associated value of the `th
Legendre polynomial L`(µ) for the monopole (` = 0) and the quadrupole (` = 2):

ξ`(s) =
(2`+ 1

2

)
dd`(s)− 2dr`(s) + rr`(s)

rr0(s) . (5.7)

To optimally weight regions with different number densities, we apply FKP weighting [78] to
each cluster:

wP = 1
1 + n(z)PFKP

, (5.8)

where n(z) is the mean cluster density at redshift z, and PFKP = 20,000h3 Mpc−3.
For the data sample, i.e., redMaPPer clusters, instead of matching only the most probable

CGs, we use all the five CG candidates provided by the redMaPPer catalogue for each cluster,
taking their centering probabilities p to weight their contribution to the final pair count, so that∑5
α=1 pi,α = 1 for cluster i. The final data-data, data-random and random-random pair counts

can be expressed as:

dd`(s) = 1
Nd (Nd − 1) /2

Nd∑
i=1

Nd∑
j=i+1

5∑
α=1

5∑
β=1

wP,iwP,j pi,α pj,β L`(µ) , (5.9)

dr`(s) = 1
NdNr

Nd∑
i=1

Nr∑
j=1

5∑
α=1

wP,iwP,j pi,α L`(µ) , (5.10)

rr`(s) = 1
Nr (Nr − 1) /2

Nr∑
i=1

Nr∑
j=i+1

wP,iwP,j L`(µ) , (5.11)

where Nd is the number of clusters in the data sample, and Nr is the number of objects in the
random sample, which follows the same geometry and redshift distribution of the real data sample,
but is 200 times more dense.

We are also interested in the projected correlation function Ξ(r⊥), which provides information
of the real-space clustering so that we do not need to worry about the complications of peculiar
motions [59]. As it is obtained integrating the 2D correlation function ξ(slos, s⊥) along the
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line-of-sight (Eq. 1.93), we use the estimator:

Ξ(r⊥) = 2
slos,max∑

i

ξ(slos,i, s⊥) ∆slos , (5.12)

where we bin the 2D correlation function into linearly spaced bins of constant size ∆slos =
5h−1 Mpc, and select a maximum summation distance of slos,max = 30h−1 Mpc. ξ(slos, s⊥)
is obtained from Eq. 5.6 converting s and µ in terms of slos and s⊥, where slos = µ s, and
s⊥ =

√
s2 − s2

los, are the components of s parallel and perpendicular to the line-of-sight.
We use the jackknife method to compute the covariance matrices of the correlation function.

For each cluster sample we randomly create 80 cluster subsamples that comprise 1/80th part of
the total, and then compute 80 times the monopole, dipole and projected correlation function of
the total cluster sample with one of those cluster subsamples removed. The covariance matrix C
associated to this sample is then:

Cij = N − 1
N

N∑
k=1

(
〈χi〉 − χki

) (
〈χj〉 − χkj

)
, (5.13)

where χi corresponds to either ξ0, ξ2 or Ξ at the ith bin, and 〈χi〉 is the mean value of the N = 80
calculations at the ith bin.

5.3.1 Results

Redshift-space two-point correlation function

As a check of the power of both the spectroscopic sample that we have constructed and our
probability-weighted estimator ξ(s), we compute first the redshift-space two-point correlation
function up to s = 80h−1 Mpc. To do so, we use a test sample containing all the clusters in the
0.080 6 z 6 0.325 redshift range, and richness λ > 22, comprising 7,143 clusters. The values
obtained are shown in Fig. 5.6, where we also compare our results with previous measurements
of the cluster correlation function found in the literature, namely those by Bahcall et al. [23],
Estrada et al. [72] and Sereno et al. [213]. Notice in Fig. 5.6 that the correlation function rises
continuously to small radius with a slope similar to previous work but with much higher precision
because of the larger numbers of clusters sampled to higher redshift. The increasingly shallower
slope of Sereno et al. [213] at smaller scales is due to smoothing by the relatively large proportion
of photometric redshifts in their analysis of the GMBCG cluster catalogue.

Measured monopole, quadrupole, 2-dimensional, and projected correlation function

Here we first divide the redMaPPer catalogue into three different richness bins with similar numbers
of clusters, λ1 ∈ [22, 30), λ2 ∈ [30, 45), and λ3 ∈ [45, 200), and then divide again each of these
subsamples into two redshift regions in order to have a “low-z” and a “high-z” sample and examine
any possible evolution. The redshift regions for each of these six subsamples, together with the
mean redshift, mean richness and number of clusters contained, are listed in Table 5.1.

We now compute the monopole ξ0(s), the quadrupole ξ2(s), the 2-dimensional ξ(slos, s⊥), and
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Figure 5.6: Our measurement of the redshift space correlation function of clusters (black circles) shows the
huge improvement in precision now possible with the latest SDSS release, for the spectroscopi-
cally complete sample of 7,143 redMaPPer clusters contained in the full range 0.08 6 z 6 0.325,
with a lower richness limit of λ > 22. For comparison, we plot previous measurements that
also used SDSS cluster samples: Bahcall et al. [23] as red squares, Estrada et al. [72] as green
diamonds, and Sereno et al. [213] as blue triangles.

the projected Ξ(r⊥) correlation function following the procedure described before. We bin s into 8
logarithmic distributed bins between 5h−1 Mpc and 35h−1 Mpc, and bin slos and s⊥ into linearly
spaced bins of a size equal to 0.5h−1 Mpc× 0.5h−1 Mpc. The obtained values of ξ0, ξ2 and Ξ
for the six subsamples are shown in Fig 5.7, together with the MXXL realization model that best
fits the measured correlation function (see Sec. 5.5). In the same way, the redMaPPer and the
MXXL 2-dimensional correlation functions are shown in Fig. 5.8.

Although the measurements of the quadrupole are too noisy to obtain any information from
them, as we can see there is a clear increase in the amplitude of both the monopole and the
projected correlation function for higher richness bins, in excellent agreement with the MXXL
model predictions, which match very well with radius and with richness. There is no clear evidence
of any evolution between the two redshift bins in any of the three richness subsamples considered,
which is in good agreement with the MXXL simulation for the relatively small redshift range of the
data. Some differences are apparent here in the redshift direction in Fig. 5.8 with enhancement
along the line-of-sight compared to MXXL, which could be due to the higher than expected peculiar
motion of the CGs used to define the observed cluster redshifts, or to some systematics associated
to the way the algorithm identifies clusters that are close to each other along the line-of-sight
direction.
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Figure 5.7: Monopole ξ0(s) (left column), quadrupole ξ2(s) (central column) and projected correlation
function Ξ(r⊥) (right column) for two redshift samples: low-z (red squares for redMaPPer and
red dashed lines for the model) and high-z (blue circles for redMaPPer and blue dot-dashed
lines for the model), and three richness ranges: λ ∈ [22, 30) (upper panels), [30, 45) (central
panels), and [45, 200) (lower panels). The model curve here is derived in Sec. 5.5 from our
likelihood analysis based on the MXXL simulation, and the best fitting mass–richness relation.
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Figure 5.8: 2-dimensional correlation function ξ(slos, s⊥) for two redshift samples: low-z (left panels) and
high-z (right panels), and three richness bins: λ ∈ [22, 30) (bottom), [30, 45) (middle), and
[45, 200) (top). The model results derived in Sec. 5.5 from the MXXL simulation are shown
for comparison. Dashed contours correspond to values ξ(slos, s⊥) = (0.0, 1.5, 3.0, 4.5). For
clarity, a Gaussian smoothing with a kernel of width 5h−1 Mpc has been applied to the images.
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Table 5.1: Richness range λ, redshift region zclu, number of clusters N , mean richness 〈λ〉, and mean
redshift 〈zclu〉 of the six redMaPPer cluster subsamples considered in the measurement of the
correlation function.

Subsample λ zclu N 〈λ〉 〈zclu〉
λ1 low-z [22, 30) [0.080, 0.250) 1770 25.3 0.189
λ1 high-z [22, 30) [0.250, 0.400] 4493 25.6 0.334

λ2 low-z [30, 45) [0.080, 0.275) 1527 36.0 0.205
λ2 high-z [30, 45) [0.275, 0.425] 4008 35.9 0.363

λ3 low-z [45, 200) [0.080, 0.300) 1024 63.1 0.221
λ3 high-z [45, 200) [0.300, 0.450] 2384 62.11 0.388

Table 5.2: Values of the correlation length r0 and the real-space correlation function slope γ obtained for
the six redMaPPer cluster subsamples considered in Table 5.1.

Subsample r0 [h−1 Mpc] γ

λ1 low-z 14.53± 1.20 2.04± 0.18
λ1 high-z 15.58± 0.61 2.16± 0.11

λ2 low-z 17.32± 0.90 2.26± 0.19
λ2 high-z 17.74± 0.51 2.34± 0.10

λ3 low-z 23.05± 1.08 2.55± 0.20
λ3 high-z 22.19± 0.65 2.52± 0.13

Correlation length

In order to fit the real-space correlation function ξ(r), we approximate it by a power law:

ξ(r) =
(
r

r0

)−γ
. (5.14)

Considering this expression, from Eq. 1.93 we know that the projected correlation function of such
a real-space correlation function should follow:

Ξ(r⊥) =
√
π

Γ ((γ − 1) / 2)
Γ (γ / 2) rγ0 r

1−γ
⊥ , (5.15)

which is the function that we fit leaving both the correlation length r0 and the slope γ as free
parameters. In this equation Γ(x) is the usual gamma function.

The values found for both r0 and γ for each of the six redMaPPer subsamples considered before
are given in Table 5.2. The redshift and richness dependence of these results is shown in Fig. 5.9,
in comparison with the MXXL model that adopts the clustering-based mass–richness relation
parameters described later in Sec. 5.5. The slow increasing trend with redshift corresponds to the
increasing bias at fixed mass with redshift, corresponding to rarer more biased peaks in the density
field ([103], see Sec. 1.2.5).

The values of r0 for the cluster subsamples considered agree, within the noise, with the MXXL
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Figure 5.9: Values of the correlation length r0 obtained for the six cluster subsamples listed in Table 5.1
as a function of the average redshift of the sample. Within two redshift regions, three richness
ranges have been considered: λ ∈ [22, 30) (red squares), [30, 45) (blue triangles), and [45, 200)
(green circles). As dotted lines, the model values that we obtain from the MXXL simulation
for these three richness ranges (from bottom to top, respectively) and the snapshots available.
The mass–richness relation needed to obtain the MXXL model curves is obtained in Sec. 5.5.

simulation expected values, with the only exception of the λ3 subsample, where the low-z subsample
is slightly more than 1σ above the expected value, and the high-z is ∼ 1σ below the model. This
could be an indication of the limitations of the redMaPPer algorithm above z > 0.35, where it may
be overestimating the richness of some clusters and thus diluting the amplitude of the correlation
function.

Now we make the same measurement for these three richness subsamples but considering only
the more conservative redshift region 0.080 6 zclu 6 0.325, where the upper redshift limit is
defined by the careful redMaPPer analysis as the limit of their volume-complete region for clusters
with richness λ > 20. The results obtained are shown in Fig. 5.10, where the relation between
correlation length and richness, already noticed in Fig. 5.7 and with an obvious rising trend that is
very well fitted by MXXL, reflects the enhanced bias expected for more massive clusters formed in
a Gaussian random field.

From these measured values of the correlation length r0(〈λ1〉), r0(〈λ2〉) and r0(〈λ3〉), where
〈λ1〉, 〈λ2〉, and 〈λ3〉 represent the average cluster richness of the three richness subsamples
considered, we observe the following linear relation between the value of the richness λ and the
value of the correlation length r0:

r0(λ) = 9.87± 0.17 + (0.198± 0.004)λ . (5.16)

The fact that the data shows such a clear trend with richness rising at the rate that is consistent
with the MXXL simulation is very clear evidence for the standard physical understanding of the
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Figure 5.10: The correlation length r0 obtained from the projected correlation function for three redMaPPer
richness subsamples, λ ∈ [22, 30), [30, 45), and [45, 200), in the 0.080 6 zclu 6 0.325 redshift
range. The dotted line is the equivalent MXXL correlation length as obtained in the same
richness ranges once the mass–richness relation obtained in Sec. 5.5 is applied.

formation of structure from a Gaussian random field under gravity described in Chapter 1.

5.4 Cluster abundances

We proceed now to study the comoving density of clusters as a function of their richness and their
redshift. In this section, we limit our sample to the redshift range 0.080 6 zclu 6 0.325, where the
authors of the redMaPPer catalogue have established volume-completeness, required in this kind
of analyses. We can also see from Fig. 5.2 that this claim is supported by the way the number of
clusters scale in proportion to the cosmological volume. Above z = 0.35, the richness calculated by
the redMaPPer algorithm is increasingly limited to a diminishing proportion of relatively luminous
galaxy members so that an uncertain estimate has to be made to take into account undetected
galaxies below the survey magnitude limit, implying that richness estimates become more noisy
above this redshift. Also, with increasing redshift Eddington bias [67] tends to increase the cluster
density as a function of richness. Thus, we expect to obtain more robust results working with a
cluster redshift cutoff of z 6 0.325.

Following a similar approach to that described in Sec. 1.2.7, the number of clusters Ni that one
may expect to find in the redshift range [zmin, zmax], and within a richness range [λi, λi + ∆λ] is
given by:

Ni = fsky

∫ zmax

zmin

dV
dz dz

∫ λi+∆λ

λi

dN(λ, z)
dV dλ dλ , (5.17)

where fsky is the fraction of the sky covered by the survey, dV/dz is the comoving volume per
unit redshift, and dN/(dV dλ) is the theoretical cluster richness function.
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Figure 5.11: Cluster comoving densities n(z) in the 0.080 6 zclu 6 0.325 redshift range of three richness
subsamples, λ ∈ [22, 30) (left), [30, 45) (middle), and [45, 200) (right). The shaded region
represents Poisson noise and errors introduced by the uncertainty in the richness measurement
of each cluster, as provided by the redMaPPer catalogue. Dotted lines represent the MXXL
model density distributions in the same three richness ranges, once the optimal mass–richness
relation obtained in Sec. 5.5 is used to obtain the synthetic cluster catalogue.

5.4.1 Results

Comoving density redshift evolution

To compute cluster abundances, we average between several Monte Carlo (MC) realisations of the
redMaPPer richness distribution to take into account the error on the number of clusters contained
in each richness bin that the uncertainty on the richness estimate of each cluster, provided by the
redMaPPer catalogue, can introduce. We take the mean values when convergence is obtained,
and consider the standard deviation obtained from all these realisations an additional source of
systematics, adding it in quadrature to the intrinsic Poisson noise in each bin.

The comoving density of clusters n(z) found within the redshift region previously mentioned
is shown in Fig. 5.11 for three richness samples, where the λ1 ∈ [22, 30), λ2 ∈ [30, 45), and
λ3 ∈ [45, 200) binning has been again considered, together with the MXXL model abundances.

The agreement between the data and the simulation is within the noise in this redshift range,
showing a systematic decline of about 20% in the number density of clusters between z ∼ 0.1 and
z ∼ 0.3. This is similar to the predictions of MXXL for this redshift range, corresponding to the
expected growth of massive clusters over the past 3 Gyr in the context of ΛCDM.

Richness function

To compute the cluster richness function we restrict the sample to those clusters in the redshift
range 0.080 6 zclu 6 0.325, and then we divide it in two redshift bins such that there is
approximately equal number of objects in each redshift bin. This results in two subsamples
with 0.080 6 z1 < 0.246, and 0.246 6 z2 6 0.325, with mean redshifts 〈z1〉 = 0.186 and
〈z2〉 = 0.287, respectively. We then bin each subsample into 10 log-spaced richness bins in the
range λ ∈ [22, 200]. The results obtained are shown in Fig. 5.12. For comparison we also show
the MXXL model results, obtained interpolating to the mean redshifts of the data, z = 0.186 and
z = 0.287.
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Figure 5.12: Cluster richness function of the redMaPPer clusters in the range λ ∈ [22, 200] for two redshift
subsamples: 0.080 6 z1 < 0.246 with 〈z1〉 = 0.186 (red squares) and 0.246 6 z2 6 0.325
with 〈z2〉 = 0.287 (blue circles). Error bars include both Poisson noise and errors propagated
from the uncertainty on the measured richnesses. A zoomed region λ ∈ [22, 50] shows the
clear evolution with redshift relative to the small errors. The dashed red and dotted blue lines
represent the richness functions predicted by the MXXL-based model, derived in Sec. 5.5.

It should be noted that, as described in the following section, no evolutionary information was
used at all to calibrate the mass–richness relation applied to create the MXXL synthetic cluster
catalogues. Thus, the accurate agreement of the data in Fig. 5.12 with the evolution predicted
by MXXL shows the degree of consistency with the predictions of ΛCDM. Note that there was
no prior guarantee that this comparison would reveal the same evolutionary trend in the cluster
richness function.

5.5 Likelihood analysis

We now obtain through a likelihood analysis the mass–richness relation parameter values that best
describe the observations. We compare redMaPPer results with those drawn from MXXL, covering
a wide range of values for a power law mass–richness relation, where, as we described in Sec. 5.2,
κM |λ is the pivot mass normalisation, αM |λ is the slope, and the intrinsic dispersion is given by
σM |λ. As the assignment of richness given a value of the mass is an stochastic process, we average
the results generated from several realisations of the synthetic cluster catalogues produced using
the MXXL simulation (as we did in Sec. 5.4 with the redMaPPer catalogue) until convergence is
obtained.

For the pivot mass and for the slope we consider uniform flat priors: κM |λ ∈ [1.000, 2.000],
and αM |λ ∈ [0.500, 1.600]. For the case of the scatter, a hard cutoff σM |λ > 0 could bias the
resulting posterior distribution, so we adopt the inverse gamma distribution prior IG(ε, ε) for
σ2
M |λ [10, 210, 247] with ε a very small number (in our case, we take ε = 10−3). We sample the

99



5.5 Likelihood analysis

posterior distribution using a large enough 3-dimensional grid.

5.5.1 Clustering

We first derive a mass–richness relation through a likelihood analysis comparing the correlation
amplitude of redMaPPer clusters with the correlation amplitude measured in the MXXL simulation.

To make a more consistent joint analysis with the values obtained from the abundances-
based likelihood analysis, described later, we limit our sample to the clusters contained in the
volume-complete region 0.080 6 zclu 6 0.325.

In this case, to obtain the values for κM |λ, αM |λ and σM |λ that best describe the clustering
results we rely on the projected correlation function Ξ(r⊥) of the whole sample, without any
redshift nor richness binning. We follow the procedure described in Sec. 5.3 to obtain the points
and the covariance matrix required for the likelihood analysis. The likelihood employed has the
form:

L(~Ξ|~θ, C) ∝ exp
[
−1

2χ
2
(
~Ξ, ~θ, C

)]
, (5.18)

where ~Ξ is the 8-dimensional projected correlation function data vector obtained from the redMaP-
Per cluster sample, ~θ is the mass–richness relation model vector ~θ = (κM |λ, αM |λ, σM |λ), C is
the 8× 8 covariance matrix, and

χ2
(
~Ξ, ~θ, C

)
=
(
~Ξ− ~µ(~θ)

)
C−1

(
~Ξ− ~µ(~θ)

)T
, (5.19)

with ~µ(~θ) the projected correlation function vector measured from the synthetic cluster catalogues
produced from the MXXL simulation when the mass–richness with ~θ is considered, as described in
Sec. 5.2.

The projected correlation function obtained is shown in Fig. 5.13, together with the MXXL
realization with the mass–richness relation parameters given in Table 5.3.

Finally, we mention that these results are compatible with the ones obtained when we perform
the same analysis independently in three richness ranges, the previously mentioned λ1 ∈ [22, 30),
λ2 ∈ [30, 45), and λ3 ∈ [45, 200) richness bins.

5.5.2 Abundances

Repeating a similar likelihood analysis, but now comparing the richness function that describes the
distribution of redMaPPer clusters and the equivalent richness function provided by the MXXL
simulation, we obtain another independent mass–richness relation.

To compute the richness function from the data, we restrain our sample to those clusters
contained in the volume-complete region 0.080 6 zclu 6 0.325, without any further redshift
binning, and distribute them into 10 log-spaced richness bins in the range λ ∈ [22, 200] (the
maximum richness in this redshift range is found near ∼ 200). As the median redshift of the
sample considered, which comprises 7,143 clusters, is equal to 〈zclu〉 = 0.24, we work with the dark
matter halo catalogue obtained from the MXXL simulation snapshot number 54, that corresponds
to a redshift z = 0.242.

To obtain the best fit and the associated confidence intervals, we follow the procedure derived
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Figure 5.13: Projected correlation function Ξ(r⊥) of the redMaPPer clusters for the full 0.080 6 zclu 6
0.325 redshift range. The dashed green line is the expected correlation function derived from
MXXL when we convert between mass and richness using the best fit mass–richness relation
derived from the clustering data alone. The blue dotted line represents an independent check
using the abundances-based mass–richness relation.

by Cash [48] for Poisson statistics. To do so, we define the quantity C(~n|~θ) = −2 lnL(~n|~θ), where
L(~n|~θ) is the likelihood function that depends on both the 10-dimensional data vector ~n and
the mass–richness relation model vector ~θ = (κM |λ, αM |λ, σM |λ). The deviations of C from the
minimum follow a χ2 distribution, and in our case it is equal to:

C(~n|~θ) = −2 lnL(~n|~θ) = 2
(
E(~θ)−

N∑
i=1

ni ln ei(~θ)
)
, (5.20)

where E(~θ) is the total number of clusters expected in all the N = 10 bins, and ni and ei(~θ)
are the observed and the expected number of clusters in the bin i, respectively. To model the
expected number of clusters for each value of ~θ, we use the MXXL synthetic cluster catalogues
created applying the mass–richness relation with ~θ to the original dark matter halo catalogue.

The redMaPPer distribution that we obtain from this measurement, together with the MXXL
richness function obtained applying the mass–richness relation derived from this “abundance-
matching” likelihood analysis and given in Table 5.3, is shown in Fig. 5.14. This measurement
differs from the one described in Sec. 5.4 (Fig. 5.12) in that we are only considering one single
redshift bin to improve our statistics. Note that the fit of MXXL with the data is inherently more
accurate than for the correlation function, for which the link between mass and richness is less
direct than for abundances as discussed below in Sec. 5.6.

Again, the results obtained through this procedure are compatible with the ones obtained when
we perform the same analysis in two redshift subsets of the catalogue with equal number of clusters
contained in them, like we did in Sec. 5.4, with 0.080 6 z1 < 0.246 and 0.246 6 z2 6 0.325.
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Figure 5.14: Cluster richness function of the redMaPPer clusters for the full 0.080 6 zclu 6 0.325
redshift range, obtained dividing the sample into 10 log-spaced richness bins in the range
λ ∈ [22, 200]. Error bars combine Poisson errors with the errors introduced by the uncertainty
on the measurement of the richness of each cluster. The dotted blue and green dashed lines
correspond to the richness function of the MXXL realization with the mass–richness relation
parameters obtained from the abundances analysis and the clustering analysis (Table 5.3),
respectively.
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Table 5.3: The 1σ confidence values of the marginalised posterior probabilities of the mass–richness relation
parameters when the abundances, the clustering, and the combined abundances + clustering
analyses are performed.

Parameter Abundances Clustering Abundances + Clustering
κM |λ 1.351± 0.039 1.548± 0.205 1.341± 0.031
αM |λ 1.127± 0.021 1.102± 0.197 1.120± 0.017
σM |λ 0.194± 0.053 0.226± 0.089 0.164± 0.039
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Figure 5.15: Constraints on the mass–richness relation parameters κM |λ, αM |λ and σM |λ at 1σ and 2σ
confidence levels when the abundances (blue) and the abundances + clustering (red) analysis
are performed.

5.5.3 Results and combined analysis

The 1σ and the 2σ confidence regions of the κM |λ, αM |λ and σM |λ mass–richness relation
parameters, obtained through the abundance analysis and the joint abundances + clustering
analysis, are shown in Fig. 5.15, and the marginalised posterior probabilities of each parameter are
given in Fig. 5.16.

To compute the center (mean) and the scale (dispersion) of the marginalised posterior distribution,
we use the robust estimators described in Beers et al. [26]. The results derived from the abundances
analysis, the clustering analysis, and the combined analysis are listed in Table 5.3.

From our results, it is clear that the analysis of the abundances is much powerful in means of
constraining the mass–richness relation, as the range of parameters that satisfy the clustering
observations is much larger in comparison.

It should be noted, though, that both measurements provide very different mass–richness
relations. If we compare how the MXXL synthetic catalogues drawn from both mass–richness
relations perform in terms of agreeing with the data, we find that the abundances-based mass–
richness relation (i.e., the one obtained in Sec. 5.5.2) is discrepant with the correlation function
observations at the 2.4σ level (Fig. 5.13). On the other hand, when we apply the clustering-based
mass–richness relation (i.e., the one obtained in Sec. 5.5.1) to the MXXL and measure the richness
function, we find that there is a deviation of 8.1σ with respect to the best fit, making it clear that
the mass–richness relation obtained alone from the clustering data is not suitable to describe the
cluster abundances observed.

In any case, when we combine both analyses and perform a joint likelihood, we obtain a
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Figure 5.16: Posterior probability distribution of the mass–richness relation parameters κM |λ, αM |λ and
σM |λ marginalised over the other 2 parameters when the abundances (dashed blue) data only
and the abundances + clustering (solid red) combined data are considered.

concordance mass–richness relation that describes both measurements, with a pivot mass of:

κM |λ ≡ ln
(
M200c(λ0 = 60)

1014 h−1M�

)
= 1.341± 0.031 ,

an slope equal to:
αM |λ = 1.120± 0.017 ,

and an intrinsic scatter:

σM |λ ≡ ∆ ln
(

M200c(λ)
1014 h−1M�

)
= 0.164± 0.039 .

5.6 Discussion and conclusions

From the original redMaPPer catalogue and the latest DR12 spectroscopy, we have created a
sample of ∼ 23,000 clusters with spectroscopic redshifts, and have studied the cluster correlation
function and the cluster abundances as a function of their optical richness and redshift.

For the correlation function calculation, we have used the centering probabilities of the candidate
central galaxies that the redMaPPer catalogue provides as an additional weight to obtain a clearer
signal. We detect a significant increase of the amplitude of both the monopole and the projected
correlation function for higher average richness subsamples, but we do not notice any redshift
dependence when those richness subsamples are split into different redshift bins.

On the other hand, when we measure the cluster comoving number density on the range
0.080 6 z 6 0.325, and measure the richness function for two redshift slices with mean redshifts
〈z1〉 = 0.186 and 〈z2〉 = 0.287, we do detect a clear continuous evolution of the abundances of
clusters, which is in excellent agreement with the behaviour of the MXXL simulation.

We have compared our measurements with synthetic cluster catalogues that we have created
from the MXXL simulation, one of the largest cosmological simulations available, mimicking the
distribution, miscentering and peculiar velocities of central galaxies within clusters. To do so,
we have assumed the usual power law mass–richness relation to convert the masses of the dark
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matter haloes found in the simulation into richness. Assuming a ΛCDM Planck cosmology, we find
that the best agreement with the data is obtained for a mass–richness relation with a pivot mass
ln[M200c/(1014 h−1M�)] = 1.341± 0.031 evaluated at λ = 60, a slope αM |λ = 1.120± 0.017,
and a scatter σM |λ = 0.164± 0.039.

The MXXL fits to the data are remarkably good in all respects as a function of richness, redshift
and separation, with no clear discrepancy visible in any of these comparisons, providing very
strong confirmation of the detailed viability of the ΛCDM model. However, we do notice that the
amplitude of the correlation function is slightly higher than expected when only the abundances
are used to constrain the mass–richness relation, with a deviation of ' 2.5σ. The clustering
measurements are described by a large range of mass–richness relation parameters, many of them
agreeing with the abundance analysis, but the inherent precision is lower for defining the mass–
richness relation via clustering. This possible tension between the abundance defined mass–richness
relation and the amplitude of the observed correlation function has motivated us to make the
same consistency check with the former MXXL and Millennium Simulation WMAP consensus
values of σ8, Ωm and H0 because they were, until recently, significantly different from the most
recent Planck weighted values and these parameters are the most important for predicting the
abundances of clusters and their correlation function. With these former values we find a completely
acceptable consistency between the correlation function and the abundances. In Fig. 5.17 we
show the clustering predictions for both cosmologies when the mass–richness relation is obtained
independently from abundance-matching techniques. This may prove very interesting because of
the increased support for H0 = 73 km s−1 from the independent local distance ladder measurements
[190] that adds support to previous claims for this value at somewhat lower significance [80] and
from independent lensing time delay estimates of H0 [36].

Deeper, higher resolution, wide-field imaging surveys should finally provide the long hoped
statistically large sample of “mass selected” clusters to greater depth, in particular the Subaru/HSC
[143, 233], J-PAS Northern Sky [27] and DES [58] surveys now underway. Broad-band surveys
like HSC will require careful avoidance of foreground/member dilution of the background lensing
signal that is feasible by excluding degenerate colour space [40, 137, 138, 240], with the fullest
wavelength coverage to maximise the numbers of galaxies redder than the cluster and also dropouts.
In the case of J-PAS, the many narrow bands will provide unambiguous redshifts based on resolved
spectral features, allowing clusters to be identified cleanly and to relatively low mass [17]. All
these surveys will provide lensing masses and redshifts for all SDSS clusters, and will go beyond in
redshift, measuring unprecedentedly accurate growth as a function of cluster mass in the range
z . 1.0 (Fig. 5.18), with the prospect of constraining the total relativistic species contribution to
Ωm, and obtaining a clearer insight into the emerging tensions between the parameters describing
the standard ΛCDM model.
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Figure 5.17: The projected correlation function compared with those predicted by the MXXL, obtained
independently in two different cosmologies through the mass–richness relations derived from
the abundance-matching method: as the black dotted line, the former WMAP cosmology with
Ωm = 0.25 and σ8 = 0.9, and as the red dashed line, the Planck cosmology with Ωm = 0.309
and σ8 = 0.816. The WMAP cosmology model agrees more with the observations than the
model obtained when the Planck cosmology is considered.
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Figure 5.18: As dotted lines, the MXXL richness function at redshifts (from top to bottom): 0.027,
0.083, 0.154, 0.242, 0.351, 0.486, 0.652, 0.857, 1.110 and 1.424. We use the joint analysis
mass–richness relation (Table 5.3) to convert mass into richness. For comparison we show the
cluster richness function of the redMaPPer clusters in the 22 < λ < 100 range for two redshift
subsamples with 〈z1〉 = 0.186 (red squares) and 〈z2〉 = 0.287 (blue circles), illustrating the
potential of the upcoming deeper imaging surveys to evaluate the growth of structure.
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6 Planck/SDSS Cluster Mass and Gas
Scaling Relations

Galaxy clusters are powerful cosmological probes that provide complementary constraints in
the era of “Precision Cosmology”. They contribute accurate consistency checks and unique
new competitive constraints because of the well understood cosmological sensitivity of their
numbers and clustering [63, 96, 98, 165, 181]. The growth of structures has led the observational
evidence to support dark energy dominance today, in combination with complementary constraints
[6, 19, 20, 47, 68, 117, 160]. To realize their full cosmological potential, large, homogeneous
samples of clusters are now being constructed out to z ' 1 with weak lensing based masses, in
particular the Subaru/HSC and JPAS surveys [27, 157].

Currently the best direct lensing masses are limited to relatively small subsamples of X-ray and
Sunyaev-Zel’dovich (SZ) selected clusters, totalling ∼ 100 clusters [158, 246, 272]. One of the
main efforts is focused on defining scaling relations between clusters with such weak lensing masses
and the more widely available X-ray, SZ and/or optical richnesses with the reasonable expectation
that these relations may provide mass proxies in the absence of direct lensing masses. Such proxies
have a physical basis for clusters that appear to be virialised, so that X-ray temperature and
emissivity profiles can provide virial masses under hydrostatic equilibrium. Independently, the SZ
distortion of the CMB spectrum relates the density and temperature of cluster gas through inverse
Compton scattering, and hence naturally anticipated to scale approximately with cluster mass.

The cluster mass–richness relation, crucial in any attempt to use large number of clusters detected
in the optical to constrain cosmological parameters, has been estimated in the past decade using
cluster catalogues derived from the SDSS data, like the MaxBCG [112], or the already described
GMBCG, WHL12, and redMaPPer cluster catalogues, both in its SDSS [200] and DES [201]
versions. This relation can be estimated directly obtaining cluster masses from X-rays, weak lensing,
SZ effect or velocity dispersion measurements in clusters [10, 101, 135, 139, 204, 205, 212, 217],
or indirectly, using numerical simulations [13, 43] or, as we did in Chapter 5, comparing the
observed abundances or clustering amplitudes with model predictions [24, 199].

The dynamical evolution and growth of galaxy clusters are driven by the dominant dark matter,
but the relevant observables depend on the physical state of the baryons. Hence scaling relations
between clusters observables and mass are not direct, but have been predicted to follow physically
self-similar relations [103, 116] that have been tested observationally and with hydrodynamical
N-body simulations. Specifically, the integrated thermal SZ effect [230], the X-ray luminosity,
and the temperature are predicted to scale with the mass of the galaxy clusters as Y ∝ M5/3,
LX ∝ M4/3 and T ∝ M2/3, respectively. While simulations agree with the self-similar model
[2, 57, 146, 148, 261, 262], X-ray and SZ observations have uncovered departures from self-
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similarity that may be explained by complications due to cluster mergers, including shocked gas,
cool gas cores, and energy injection from active galactic nuclei (AGN) [14, 15, 61, 182, 250, 251].
Differences between the observations and purely gravitationally predicted scaling relations then
provide insights into the interesting physics of the intracluster medium [7, 16, 34, 51, 56, 136, 140].

In practice, samples of strong SZ-selected clusters that are also bright X-ray sources are currently
being used to calibrate the SZ–mass relation [16, 172, 177, 204], but, since such clusters are
often out of hydrostatic equilibrium for the reasons mentioned above, an SZ–mass scaling relation
requires a correction for “hydrostatic mass bias” [150, 206, 216, 269]. This hot gas related bias can
be broadened by other systematics like object selection process or by temperature inhomogeneities
in X-ray measurements. Another approach to calibrate the masses of the cluster sample is to stack
clusters in terms of richness and measure the SZ signal as a function of richness. This was done
first by Planck Collaboration et al. [171] using the MaxBCG catalogue and stacking the Planck
data, and more recently by Saro et al. [205] using an initial sample of 719 DES clusters with South
Pole Telescope (SPT) SZ data and assuming various priors to extract the SZ signal.

In this work, we extract the Planck SZ signal from ∼ 8,000 redMaPPer clusters identified in
the SDSS, that have allowed us in Chapter 5 to define accurate clustering and density evolution
measurements in the redshift range 0.100 < z < 0.325. Here we take this well defined cluster
sample and stack the Planck multi-frequency data over a wide range of cluster richness. We only
need to assume a weak prior for the global gas fraction using X-ray measurements to simultaneously
derive a more “self-sufficient” method to derive SZ pressure profiles and the corresponding mean
cluster masses binned by richness. Comparing masses derived this way with those expected from
weak lensing mass–richness relations found in the literature, we derive the intrinsic bias for our
sample and we then derive both a debiased mass–richness and a Y500–M500 relation describing
our observational results.

This chapter is organised as follows. In Sec. 6.1 we describe the data that we use in our analysis,
namely the redMaPPer cluster catalogue and Planck HFI maps. The basic modelling necessary to
derive the gas pressure profiles and the cluster masses from the observed SZ effect is presented
in Sec. 6.2, together with the mass–richness relation that we adopt. In Sec. 6.3 we process the
Planck data to obtain SZ maps given in terms of the Compton parameter y and use them to
constrain, through a joint likelihood analysis, the universal pressure profile parameters and the
mean masses of the cluster subsamples considered. In Sec. 6.4 we make an estimation of the
value of the bias between the weak lensing mass and the SZ derived mass, and obtain the optimal
mass–richness relation able to describe our bias-corrected masses. Finally, we use all the results
obtained in the previous sections to derive a Y500–M500 relation in Sec. 6.5, and present our
conclusions in Sec. 6.6.

Throughout this chapter we adopt a fiducial flat ΛCDM cosmology with a matter density
Ωm = 0.3 and a Hubble parameter with a value today of H0 = 70 km s−1 Mpc−1.

6.1 Data

In this work we combine the optically selected redMaPPer cluster sample from SDSS with the
all-sky temperature maps derived by the Planck space mission [174].
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6.1.1 redMaPPer cluster catalogue

Again, we base our analysis on the large sample of clusters provided by the SDSS-based redMaPPer
catalogue, described in Chapter 3.

In this chapter, we work with the latest publicly available 6.3 version [201] of the catalogue,
which contains 26,111 clusters in the 0.08 < z < 0.55 redshift region. In comparison with the
previous 5.10 version, which we used in Chapter 5, this one introduces, among other things, a
series of improvements to take into account the survey depth over the area of each cluster, varying
the magnitude limit considered to count galaxies within them, and modifications on the initial
sample of spectra that is selected to calibrate the red-sequence required for the algorithm to find
clusters. However, it should be noted that these changes are focused on improving the performance
of the data obtained from the DES survey [58], and should not change much the sample obtained
in the previous catalogue version, as both are constructed from the same DR8 imaging data.

Following the methodology of Chapters 4 and 5, we again restrict the sample of clusters
considered to those located in the volume-complete region 0.100 < z < 0.325. In this work we
do not need the accurate spectroscopic redshift estimates that the precise measurements of the
gravitational redshift and the clustering required, so we use the photometric redshifts as provided
by the algorithm to select those clusters we are interested in, obtaining a total of 8,030 over an
area of the sky of 10,401 deg2, shown in Fig. 5.1 of Chapter 5.

6.1.2 Planck SZ data

Although the Planck temperature maps have already been used to construct catalogues of SZ
sources [175] and an all-sky Compton y parameter map [178], we reprocess them for our own
purposes.

To obtain the Compton parameter maps required in our analysis, we use the Planck full mission
High-Frequency Instrument maps (HFI, [176]) at 100, 143, 217, and 353 GHz. These maps are
provided in HEALPix format [83], with a pixelisation of Nside = 2,048, which correspond to a
pixel resolution of ∼ 1.7 arcmin. The Planck effective beams for each of the 100, 143, 217, and
353 GHz channels can be approximated by circular Gaussians with FWHM values of 9.66, 7.27,
5.01 and 4.86 arcmin, respectively. To compute the contribution of the SZ signal in the Planck
temperature maps, we also make use of the spectral transmission information of each of these
frequency channels, as given in Planck Collaboration et al. [176], and shown in Fig. 6.1.

6.2 Model

In this work we infer the shape of the gas pressure profile and the mean masses of the cluster
subsamples considered from the observed values of the Compton parameter y (introduced in
Sec. 2.5 of Chapter 2), obtained from stacked samples of clusters binned in richness. We now
explain the necessary modelling that we perform before being able to do so.

We note that in this chapter we do not follow the ∆ = 200 mass definitions adopted in
Chapters 4 and 5, but work instead in terms of an spherical overdensity 500 times the critical
density ρc(z) of the Universe.
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Figure 6.1: The spectral transmission for the 6 different High-Frequency Instrument channels, with effective
frequencies of 100, 143, 217, 353, 545 and 857 GHz, from left to right. Of these, in our
analysis we only use information from the 100, 143, 217, and 353 GHz channels.

Pressure profile

In this work we adopt the generalised NFW (GNFW) “universal pressure profile” proposed by
Nagai et al. [150], that has a flexible double power-law form:

P(x) = P0

(c500 x)γ [1 + (c500 x)α](β−γ)/α , (6.1)

where x = r/r500 is the scaled dimensionless physical radius, and r500 is obtained from Eq. 2.5 for
a given value of M500. The physical pressure is given by:

P (x) = P500

(
M500

3× 1014 h−1
70 M�

)αp
P(x) , (6.2)

where:

P500 = 1.65× 10−3E(z)8/3
(

M500

3× 1014 h−1
70 M�

)2/3

h2
70 keV cm−3 , (6.3)

and αp = 0.12 accounts for the deviation from the self-similar scaling model [16].
From Eq. 6.1, it is clear that the slopes of the pressure profile are given, at different r500-scaled

distances, by γ for x � 1/c500, α for x ∼ 1/c500, and β for x � 1/c500. In our analysis and
following the approach by Planck Collaboration et al. [172], we leave P0, c500, α, and β as free
parameters. The low resolution of the Planck data does not have the power to constrain γ, so we
fix it to γ = 0.31, value obtained by Arnaud et al. [16] from a sample of 33 XMM-Newton X-ray
local clusters in the r < r500 range.

Thermal Sunyaev-Zel’dovich effect and Compton parameter

The pressure produced by the free electrons of the intracluster medium, P = kB ne Te, where ne
is the electron density and Te is the temperature, is related to the Compton parameter y through:

y = σT
me c2

∫ ∞
0

P (l) dl , (6.4)
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equal to the optical depth times the fractional energy gain per scattering along the line-of-sight,
with σT the Thomson cross section.

The thermal Sunyaev-Zel’dovich (SZ) distortion introduced in the CMB temperature of the
Planck maps due to the presence of a cluster is given by:

∆TSZ
TCMB

= g(ν) y , (6.5)

where the spectral distortion g is given in Eq. 2.46 in terms of the dimensionless frequency
(h ν)/(kB TCMB). Using this formula and after properly cleaning the maps from other undesired
contributions, in the following section we convert observed temperature fluctuations into values
of y, integrating over the different bandpass filters (Fig. 6.1) to include the dependence of the
measured amplitude of the signal with the shape of the spectral distortion g, shown in Fig. 2.5.

Assuming an spherical model for the cluster, we have from Eq. 6.4 that the Compton parameter
y at a distance r from the center of the cluster is equal to:

y(r) = σT
me c2

∫ ∞
−∞

P

(√
r′2 + r2

)
dr′ , (6.6)

and thus the integrated Compton parameter Y , obtained integrating y to a distance R from the
center of the cluster, is given by:

Y (R) =
∫ R

0
2π y(r) r dr = σT

me c2

∫ R

0
2π r dr

∫ ∞
−∞

P

(√
r′2 + r2

)
dr′ , (6.7)

which has units of Mpc2. It should be noted that, as y is a projected along the line-of-sight
quantity, Y is the so called “cylindrical” integrated Compton parameter Y cyl, and not the “spherical”
integrated Compton parameter, which would be obtained directly from the pressure profile doing:

Y sph(R) = σT
me c2

∫ R

0
4π P (r) r2 dr . (6.8)

In practice, Y cyl is used when dealing with observations, as this is the quantity that can be
measured from the data, and Y sph is used when dealing with models. Once a pressure profile has
been adopted, any measurement of Y cyl(n r500) can be straightforwardly converted in terms of
Y cyl(r500), and the latter to Y sph(r500). Finally, as y is dimensionless, Y can also be expressed in
units of arcmin2:

Y [arcmin2] = DA(z)−2
(60× 180

π

)2
Y [Mpc2] . (6.9)

From now on, we refer to Y sph(r500) as Y500, given in Mpc2 units.

Gas fraction

To improve our analysis, we use established results regarding the global gas fraction fgas in clusters,
particularly, those by Pratt et al. [182], who derived a mass–gas fraction relation using precise
hydrostatic mass measurements of 41 Chandra and XMM-Newton clusters [15, 228, 249], which
is also in good agreement with the results obtained from the REXCESS sample [33]. According
to their analysis, these clusters, whose masses range from 1013M� to 1015M�, follow the mean
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mass–gas fraction relation:

ln
(
fgas,500E(z)−3/2

)
= (−2.37± 0.03) + (0.21± 0.03) ln

(
M500

2× 1014M�

)
. (6.10)

To compute the gas fraction we first need to compute the gas mass:

Mgas,500 =
∫ r500

0
µemu ne(r) 4π r2 dr , (6.11)

where µe = 1.15 is the mean molecular weight per free electron, mu is the atomic mass unit, and
ne(r) is the electron density. Because the intra-cluster pressure is given by P (r) = ne(r) kB T ,
assuming an isothermal model for the cluster one can directly derive Mgas,500 from the adopted
pressure profile (Eq. 6.2).

For the temperature, we use the mean mass–temperature relation given by Lieu et al. [128]:

log10

(
M500E(z)
h−1

70 M�

)
=
(
13.57+0.09

−0.09

)
+
(
1.67+0.14

−0.10

)
log10

(
T

keV

)
, (6.12)

which was obtained combining weak lensing mass estimates with Chandra and XMM-Newton
temperature data of 38 clusters from the XXL survey [164], 10 clusters from the COSMOS survey
[108], and 48 from the Canadian Cluster Comparison Project (CCCP, [94, 131]), spanning a
temperature range T ' 1− 10 keV.

It is worth mentioning that if an isothermal model is assumed and we consider that Mgas ∝ fbM ,
where M is the total cluster mass and fb is the baryon gas fraction, from Eq. 2.49 we have
that the integrated Compton parameter scales as Y ∝ fbM T D−2

A . However, even clusters in
hydrostatic equilibrium are not strictly isothermal, and temperatures are commonly observed to
drop by a factor of 2 below a radius of r . 100− 200 kpc because of strong radiative cooling,
described best by a broken power law with a transition region [249]. In any case, these scales are
not resolved by Planck and in our analysis the assumption that the temperature is constant is a
good approximation for the radial scales considered in this work.

Miscentering

In the redMaPPer catalogue, for each cluster the 5 most probable central galaxies (CGs) are
provided with their corresponding centering probabilities. Usually, there is one CG with a much
higher probability of being the real CG than the other 4, so we consider the most probable CG
to be the center of the cluster. In any case, it is now known that, because clusters are still
evolving systems, CGs do not always reside at the deepest part of the DM halo potential well
[252], but sometimes have high peculiar velocities, are displaced with respect to the peak of the
X-ray emission [191], or are wrongly identified satellite galaxies [218].

In stacked measurements on clusters miscentering is one of the main sources of noise, and
should be taken into account. When modelling the SZ signal coming from stacked samples of
clusters, we introduce this effect in a similar way as we did in Chapter 5, i.e., considering the
results obtained by Johnston et al. [101], who found a CG-center offset distribution that could be
fitted by a Gaussian with a standard deviation of σ = 0.42h−1 Mpc for the CGs that were not
accurately centered, something that occurs between 20% and 40% of the time as a function of
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cluster richness, with a probability pmc(λ) = (2.13 + 0.046λ)−1.
However, it should be noted that this value of 0.42h−1 Mpc is about 2 arcmin at z ∼ 0.2, scale

well below the resolution of the Planck data we work with, so we do not expect this miscentering
to introduce a high level of noise in our stacked measurements of the SZ effect.

Mass bias

Usually referred to as hydrostatic equilibrium (HE) masses, in their derivation there is an implicit
assumption that the pressure is purely thermal. However, we may expect a non-negligible
contribution to the total pressure from bulk and turbulent gas motions related to structure
formation history, magnetic fields, and AGN feedback [177, 216]. Such non-thermal contributions
to the total pressure would therefore cause masses estimated using X-ray or SZ observations to be
biased low with uncertain estimates ranging between 5% to 20% [149, 153, 185, 209].

We simply relate the HE mass estimates MHE,500 obtained from our SZ observations to true
masses M500 through a simple mass independent bias:

MHE,500 = (1− b)M500 , (6.13)

where (1− b) is the so called mass bias factor. This term can include not only the bias coming
from departures from HE, but from observational systematics or sample selection effects. We note
that this bias is different from the “halo bias” described in Chapter 1, related to the distribution
and clustering of astrophysical objects.

Mass–richness relation

In order to relate mass and optical richness λ in clusters, following the prescription given in Sec. 2.4
we assume a standard power law cluster mass–richness mean relation:

〈M500|λ〉 = M0

(
λ

λ0

)αM|λ
, (6.14)

where M0, given in terms of M500, is a reference mass at a given value of λ = λ0, and αM |λ is
the slope of the mass–richness relation. As we did in the previous chapter, we consider λ0 = 60,
and assume a log-normal fractional scatter σM |λ:

∆ ln
(

M500
1014M�

)
= σM |λ . (6.15)

We choose this parametrisation over a logarithmic one, like that used in Chapter 5 (Eq. 5.2),
because in this form the resulting mean relation is less affected by the uncertainty in σlnM |λobs .

Since it was made public, there have been multiple attempts (including our own, described in
Chapter 5) to constrain in different ways the parameters of this relation using the redMaPPer
cluster catalogue [24, 77, 100, 127, 139, 142, 204, 205, 217]. Although some of these works
introduced a redshift dependence in the mass–richness relation, it was weakly constrained in all
cases, and compatible with no redshift evolution at all. Given the small redshift range in which
we work, redshift evolution is not important for our analysis and we refer our result to the mean
redshift of our sample, z = 0.245.
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6.3 Pressure profiles and mass estimation

6.3.1 Planck data processing

We first divide the redMaPPer cluster catalogue in 6 independent log-spaced richness bins, and take
all those clusters that reside within the 0.100 < z < 0.325 volume-complete redshift region. This
leaves a total of 8,030 clusters, distributed in number and mean richness as shown in Table 6.2.

Then, for each cluster subsample, we produce and stack the ν = 100, 143, 217 and 353 GHz
2.5 deg × 2.5 deg Planck maps associated to the clusters in each subsample and produce the
corresponding SZ maps following a technique similar to the one used in Planck Collaboration et al.
[180], based on internal linear combinations (ILC) of the four different HFI maps. In our case we
do not use the 70 GHz SZ map, as we prefer to smooth all the maps to a common higher 10
arcmin resolution instead. An example of the original ∆T Planck stacked maps that we work
with can be seen in Fig. 2.6 of Chapter 2.

Following Planck Collaboration et al. [180], we first use the M353 −M143 combination to
produce a “clean” M217 map, such that:

M c
217 = M217 −A (M353 −M143) , (6.16)

where Mν is the Planck map at frequency ν, and the value of A = 0.142 is found to produce
a 217 GHz map with minimal residual Galactic foreground. This M c

217 map contains the signal
coming from the pure CMB, and from the kinetic and thermal SZ. Although thermal SZ effect is
supposed to cancel at 217 GHz, the width of the bandpass introduces a non-negible contribution
coming from it. Thus, the thermal SZ signal maps at ν = 100 GHz and ν = 143 GHz that we
consider to construct the final y maps, are produced from the combination:

SZν = Mν −M c
217 − CνMdust , (6.17)

where Cν is the value that minimises the residuals in the region not containing SZ signal, i.e.,
where there are no clusters, and Mdust is the model dust map, obtained from the map combination:

Mdust = M353 −M217 . (6.18)

In our case, we find C100 = 0.015 and C143 = 0.043.
To convert from ∆TSZ to y units (Eq. 6.5), we compute the different effective spectral responses

f(ν) integrating the expected SZ spectrum (Eq. 2.46) over each Planck bandpass, shown in
Fig. 6.1. However, because the M353 −M143 combination used to obtain M c

217 contains a certain
amount of SZ signal, we need to correct for this defining an effective response f̃(ν), such that:

f̃(ν) = f(ν)− f(217)c − Cν [f(353)− f(217)] , (6.19)

where the “clean” response f(217)c, that accounts for the SZ residuals found in the “clean”
217 GHz map, is defined as:

f(217)c = f(217)−A [f(353)− f(143)] , (6.20)

following the combination used in Eq. 6.16.
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Figure 6.2: 0.75 deg × 0.75 deg stacked Compton parameter y maps in 6 richness bins (with the richness
ranges indicated on each stamp), obtained through the process described in Sec. 6.3.1. These
subsamples are defined in the volume-complete redshift region 0.100 < z < 0.325. The maps
have been smoothed to a common 10 arcmin resolution.

Our final SZ maps of the cluster subsamples considered, given in terms of the Compton parameter
y and shown in Fig. 6.2, are produced as a combination of the SZ100 and SZ143 maps, weighting
them by the inverse of the variance of each map. This particular combination has been proposed
by the Planck team to maximise the signal-to-noise of the SZ component whilst minimising the
contamination from Galactic emission and extragalactic infrared emission within clusters [180].
From Fig. 6.2 it can be seen that the SZ effect is strongly detected in these cluster stacks over
the full richness range.

6.3.2 Likelihood analysis

We now combine the data from Planck and the constraints imposed by the gas fractions to
perform a likelihood analysis that enables us to constrain the pressure profile parameters and the
mean masses of the 6 cluster subsamples. We explore the values of our 4+6 dimensional model
~φ = (P0, c500, α , β, M500,1, ... , M500,6) through a Monte Carlo Markov Chain (MCMC) analysis.

For a given value of r500(M500, z) we measure the Compton parameter y within a disk of
radius x = 0.35 and in 6 annulus given by radii xi and xi+1, where the xi = ri/r500 values are
log-spaced between 0.35 and 3.5. This results in a y vector of 7 values. Then, to account for the
background we subtract the mean value of the signal obtained from an annulus of radii xout and
xout + xFWHM, where xout = 3.5, and xFWHM = θFWHMDA(z)/r500 corresponds in x-space to
the θFWHM = 10 arcmin FWHM effective resolution of the SZ maps. The values of r500 used to
both model the signal and measure it from the data are obtained from M500 through Eq. 2.5.
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The log-likelihood employed has the form:

lnL(~φ) =
6∑

k=1
lnLk(~yk|~φk) , (6.21)

where ~φk = (P0, c500, α , β, M500,k), ~yk is the data vector obtained from the cluster subsample k,
and

lnLk(~yk|~φk) ∝ −
1
2 χ

2(~yk, ~φk, C) , (6.22)

where C is the covariance matrix, and

χ2(~yk, ~φk, C) =
(
~yk − ~µ(~φk)

)
C−1

(
~yk − ~µ(~φk)

)T
, (6.23)

with ~µ the model values drawn from ~φk. To model the signal, for each ~φk configuration we
produce mock maps of the Compton parameter y as a function of redshift. Then, we mimic
miscentering effects adding to the mock maps the same maps smoothed with a Gaussian of
width σmc = 0.42h−1 Mpc, and weighted by pmc(λ) = (2.13 + 0.046λ)−1. Finally, we produce
a weighted map integrating over the redshift distribution of the subsample considered, convolve
it with a 10 arcmin FWHM Gaussian, and perform the same measurements made in the Planck
data maps.

It should be noted that the mock y maps that we create to fit the observed signal are generated
from the pressure profile as given by Eq. 6.2 and for a given total model mass Mk

500. Hence, to
compute lnLk(yk|φk) we do not rely on the gas mass or fgas.

The covariance matrixes C are estimated from NR = 1,000 patches randomly chosen within the
redMaPPer footprint, where the same measurement described above is done. As this measurement
depends on the M500 value proposed, the 7× 7 covariance matrix is recomputed each time as:

Cij(M500) = 1
NR − 1

NR∑
n=1

(yni − 〈yi〉)(ynj − 〈yj〉) . (6.24)

As an example, the covariance matrix obtained considering a mass of M500 = 5 × 1014M� is
shown in Fig. 6.3, where the 30% base level correlation is coming from the fact that in each map
the same region is used to subtract the background from all the radial bins.

Finally, we consider the gas fraction constraints introducing a Gaussian prior ∼ N (fgas, σfgas),
where fgas is estimated from the results of Pratt et al. [182], as explained before. In each MCMC
step we compute, following the procedure described in Sec. 6.2, the 6 gas fractions associated
to a given set ~φ of pressure profile parameters and masses, and then use Eq. 6.10 to model the
expected gas fraction fgas for each value of M500,k, which we use for the prior. To estimate σfgas ,
we add in quadrature the errors derived from the uncertainties on both the mass–gas fraction
(Eq. 6.10) and the mass–temperature (Eq. 6.12) relations, which are obtained propagating through
a Monte Carlo (MC) method. Because we have decided to be as conservative as possible on the
relations employed and the resulting uncertainties in this analysis are large, we notice that the
contribution that this prior has in the final estimated values of the pressure profile is small, only
limiting those models where the gas fraction fgas,500 takes values below 0.05 or above 0.20 for
masses in the ∼ 1014 − 1015M� range.

For all P0, c500, α, β, M1
500, ... , M

6
500, we consider flat uninformative priors ∼ U(∞, −∞),
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Figure 6.3: Normalized covariance matrix used in the likelihood analysis for a mass of M500 = 5×1014M�,
corresponding to r500 = 1.11 Mpc. At the mean redshift of the sample and for the same mass,
r/r500 = 3.5 corresponds to 13.5 arcmin.

Table 6.1: The recovered values of the GNFW universal pressure profile parameters, together with the
best fit values.

Parameter Mean value Best fit
P0 6.48± 3.00 5.42
c500 1.65± 0.95 1.12
α 0.87± 0.25 0.81
β 3.19± 0.66 3.47

allowing for a wide range of different model-masses configurations.

6.3.3 Results

The derived posterior probabilities of the GNFW universal pressure profile parameters P0, c500, α
and β are displayed in Fig. 6.4. To compute the center (mean) and the scale (dispersion) of the
marginalised posterior distributions, we use the robust estimators described in Beers et al. [26].
The values obtained with this method, together with the best fit values, are listed in Table 6.1.

The y radial profiles recovered for the cluster subsamples considered are displayed in Fig. 6.5,
together with the joint best fit y profile model obtained, as shown in Table 6.1. It should be
noted that the observed y radial profiles, as we are not deconvolving them in our analysis, are not
necessarily self-similar due to the different relative size of the Planck beam with respect to r500
for the 6 cluster subsamples.

Finally, the mean masses recovered for the cluster subsamples are listed in Table 6.2.

117



6.3 Pressure profiles and mass estimation

2 3 4 5

β

1.5

3.0

4.5

c 5
00

0.6

1.2

1.8

2.4

α

5 10 15 20

P0

2

3

4

5

β

1.5 3.0 4.5

c500

0.6 1.2 1.8 2.4

α

Figure 6.4: Marginalised posterior distributions of the universal pressure profile parameters P0, c500, α and
β, as obtained in our MCMC analysis. Contours represent 68% and 95% confidence levels.
The best fit values, corresponding to [P0, c500, γ, α, β] = [5.42, 1.12, 0.31, 0.81, 3.47], are
marked with a white star. The best fit obtained by Arnaud et al. [16], [8.40 h−3/2

70 , 1.18, 0.31,
1.05, 5.49], is marked with a red triangle, and Planck Collaboration et al. [172] best fit, [6.41,
1.81, 0.31, 1.33, 4.13], with a green diamond.
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Figure 6.5: The values of y recovered at different scaled radii for the cluster subsets divided by richness,
and ordered as in Fig. 6.2. The error bars are the square root of the diagonal elements of the
covariance matrix. The red lines represent the prediction from the universal pressure profile
with the best fit parameters, [P0, c500, γ, α, β] = [5.42, 1.12, 0.31, 0.81, 3.47]. The best fit
masses used for the model are also shown for each sample, together with the richness range,
the mean richness, and the number of clusters contained in them.

Table 6.2: Richness range, number of clusters, mean richness and mean masses recovered from the SZ
signal of the cluster subsamples studied.

Richness range N 〈λ〉 〈MHE,500〉 [1014M�]
[136, 200) 19 157.6 6.48± 0.66
[93, 136) 68 109.6 4.52± 0.42
[63, 93) 293 74.3 2.77± 0.25
[43, 63) 902 50.8 1.84± 0.18
[29, 43) 2308 34.6 1.04± 0.13
[20, 29) 4440 23.8 0.54± 0.12
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Comparison with previous results

Regarding the pressure profile parameters, Arnaud et al. [16] obtained the best fit values
[P0, c500, γ, α, β] = [8.403h−3/2

70 , 1.177, 0.3081, 1.0510, 5.4905], relying on numerical simula-
tions for larger radii and using the XMM-Newton X-ray data up to r/r500 . 1 of a sample of 33
X-ray selected local (z < 0.2) clusters covering the 1014M� < M500 < 1015M� mass range.

More recently, deconvolving the stacked pressure profile of 62 SZ selected clusters, the Planck
Collaboration et al. [172] obtained, combining Planck with XMM-Newton data, the best fit values
[6.41, 1.81, 0.31, 1.33, 4.13], where the Arnaud et al. [16] value of γ = 0.31 had been previously
fixed, as we have done in our analysis. By comparison with pure estimates, it can be seen in Fig. 5
of Planck Collaboration et al. [172], that a large uncertainty is present in the estimation of these
parameters, with a high degeneracy between them, which we attribute to the larger radial extent
of our SZ profiles and the wider cluster mass coverage of our sample.

We also notice that the external slope, β, derived in this work points to shallower profiles in the
outer part of the clusters. This is in agreement with the results derived in the Coma and Virgo
clusters [173, 180] based on Planck data where the SZ signal extends to beyond the virial radius
in those clusters. Like in those papers, we can reach similar distances from the virial radii and be
sensitive to the external slope of clusters where the signal from neighbouring merging filaments is
expected to flatten the SZ profile.

6.4 Mass bias and mass–richness relation

6.4.1 Likelihood analysis

We now obtain the value of the mass bias comparing our results with recent weak lensing mass
derivations that make use of stacked subsamples of the redMaPPer cluster catalogue. We consider
the results by Simet et al. ([217], S16 from now on), who, making use of SDSS data for the weak
lensing mass estimates of the redMaPPer clusters in the 0.10 < z < 0.33 redshift region, obtained
one of the most precise mass–richness relations to date, and those by Melchior et al. ([139], M16
hereafter), which, using DES SV data to make stacked measurements of the weak lensing shear
as a function of mean cluster richness and mean cluster redshift, measured a redshift-dependent
mass–richness relation of comparable precision to that of S16. Because both of them are given
in terms of M200m, we consider a NFW profile [151] and the mass–concentration relation of
Bhattacharya et al. [29] to convert between different mass definitions, as we have done throughout
this work.

At the same time, we derive the optimal mass–richness relation able to describe our data,
considering the probability distribution of the bias obtained from the comparison with S16 and
M16 results. To do so, we first compare our masses with the masses estimated by S16 and M16
with a joint likelihood:

lnLbias = lnLS16 + lnLM16 , (6.25)

where LS16 and LM16 are computed comparing our 6 masses with the masses predicted by the
S16 and the M16 mass–richness relations at the 6 cluster subsample mean richnesses, with
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lnL ∝ −χ2/2, and:

χ2 [(1− b)] =
(
~M500 − ~Mmodel

500

)
C−1

(
~M500 − ~Mmodel

500

)T
, (6.26)

where the bias-corrected masses are computed as M500 = MHE,500/(1− b) , following Eq. 6.13,
and the S16 and M16 Mmodel

500 model masses are obtained evaluating the corresponding S16 or M16
mass–richness relation at the 6 cluster subsamples mean richnesses.

To obtain the resulting bias-dependent mass–richness relation, we compare these bias-corrected
masses with the masses predicted by the generic mass–richness relation given by Eq. 6.14, which
we compute following the steps described in Sec. 2.4 and considering a given set of free parameters
log10M0, αM |λ and σM |λ, which we constrain. The global likelihood has the form:

lnL = lnLbias + lnLM |λ , (6.27)

where LM |λ is computed now through another chi-square function similar to that of Eq. 6.26, but
considering both the value of the bias and the values of the mass–richness relation parameters for
the model masses.

Because the values of the SZ-estimated masses are correlated, this new covariance matrix
C is obtained directly from the MCMC analysis performed in Sec. 6.3, and used in this new
MCMC likelihood calculation. We also include the errors coming from the S16 and M16 model
uncertainties, adding them in quadrature to the diagonal of the covariance matrix.

For log10M0, αM |λ and (1− b) we assume flat uninformative priors, meanwhile for σM |λ we
assume the inverse gamma distribution prior ∼ IG(ε, ε), with ε = 10−3 [10].

6.4.2 Results

We notice that this analysis, based on mean masses rather than individual measurements, is not
able to constrain the value of σM |λ. As we saw in Chapter 5, the value of the scatter, difficult
to constrain in general, is usually found to be between 0.15 and 0.30. Saro et al. [204] find
σlnM |λobs = 0.18+0.08

−0.05, meanwhile Rozo and Rykoff [191] and Rozo et al. [197], comparing individual
redMaPPer clusters with X-ray and SZ mass estimates, find a value σlnM |λobs ≈ 0.25± 0.05.

In any case, the posterior probability of log10M0, αM |λ and (1− b) recovered from the MCMC
is shown in Fig. 6.6. As in the previous section, we use the Beers et al. [26] estimator to obtain
the values from the marginalised posterior distributions. The results are shown in Table 6.3.

Comparison with previous results

We now compare the value of the bias that we recover with those found in the literature. We also
compare the associated bias-dependent mass–richness relation with those mass–richness relations
used to obtain it, and with the one obtained recently by Baxter et al. [24]. We recall that our
estimations of both the bias and the mass–richness relation depend on the results of S16 and M16,
and should not be considered independent of them.

Comparing “observed” with “true” masses coming from several numerical simulations, Planck
Collaboration et al. [177] derived a mass-dependent bias with a mean value of (1− b) = 0.8+0.2

−0.1.
However, a bias of the order of 40% was needed in order to reconcile Planck clusters counts with
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Figure 6.6: Posterior probability distributions of the mass–richness parameters log10M0 and αM |λ, and
of the bias factor (1 − b). The best fit location is marked with a white star. The mass–
richness relation scatter, σM |λ, cannot be constrained by our data and its posterior probability
distribution is greatly influenced by the posterior, and thus not shown.

Table 6.3: The confidence values of the mass–richness relation parameters and of the bias factor (1− b),
together with the best fit. αM |λ is the slope of the mass–richness relation, and log10M0 is the
pivot mass, evaluated at λ0 = 60 and given in terms of M500c. The stacking analysis performed
is not able to constrain the value of σM |λ, which is largely determined by the prior, and thus
not shown.

Parameter Mean value Best fit
log10 (M0/M�) 14.435± 0.040 14.446

αM |λ 1.22± 0.04 1.21
(1− b) 0.76± 0.05 0.75
σM |λ - -
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CMB observations, and its value is still the focus of intense research. von der Linden et al. [254],
comparing Planck cluster mass estimates with weak lensing masses from the Weighing the Giants
(WtG) project, observed a higher bias of (1 − b) = 0.70 ± 0.06. In a similar way but using 50
clusters from the Canadian Cluster Comparison Project (CCCP), Hoekstra et al. [94] found a value
of (1− b) = 0.76± 0.05± 0.06. On the other hand, Smith et al. [220] obtained a smaller mass
bias of the order of the 5% from a sample of 50 clusters with X-ray and weak lensing masses
in the 0.15 < z < 0.3 redshift range, being statistical uncertainties more relevant than any bias,
and claimed that the high values of the bias inferred by the WtG and CCCP samples may be
dominated by clusters at z > 0.3. Although Sereno and Ettori [211] found a value of the bias of
the order of 25% for Planck masses with respect to their weak lensing masses, it was claimed
that this value was strongly dependent on redshift, following Smith et al. [220] results. Saro et al.
[205], following an approach similar to ours but using stacked measurements of the SZ signal
of 719 DES redMaPPer clusters with South Pole Telescope (SPT) data, needed a bias as high
as (1 − b) = 0.52 ± 0.05 to follow the model predictions when the Arnaud et al. [16] pressure
profile was assumed. However, this bias was reduced to the range (1− b) = 0.7− 0.9 when only
the clusters with richness λ > 80 were taken into account, or when other scaling relations were
considered. More recently, and using a sample of 35 Planck clusters that were within the area
covered by the CFHTLenS and RCSLenS photometric surveys, Sereno et al. [214] found that the
Planck estimated masses were biased low by ∼ 27± 11% with respect to weak lensing masses,
consistent with our findings here.

Regarding the mass–richness relation, in M16 a redshift-dependent mass–richness relation was
derived with a slope of 1.12± 0.20± 0.06 for a pivot mass log10 (M200m/M�) = 14.371± 0.040±
0.022 at a pivot richness λ = 30 and z = 0.5. Evaluated at our mean redshift z = 0.245 and their
pivot richness λ = 30, their mass–richness relation gives a mass log10 (M200m/M�) = 14.364±
0.080. Converting our masses to M200m, we find at λ = 30 a value of log10 (M200m/M�) =
14.327 ± 0.044. In the S16 case, they obtained a mass–richness relation with a slope equal
to 1.33+0.09

−0.10 for a pivot mass of log10(M200m/h
−1M�) = 14.344 ± 0.021 ± 0.023 at λ = 40.

Converting to their units, we find that our mass–richness relation at their pivot richness yields
a mass equal to log10(M200m/h

−1M�) = 14.329± 0.043. Baxter et al. [24], using the angular
clustering of redMaPPer clusters confined in two redshift bins in the 0.18 < z < 0.33 redshift
region, found a value of the slope of the mass–richness relation of 1.18± 0.16 and a pivot mass of
ln(M200m/M�) = 33.66± 0.18 at λ = 35 and z = 0.25. In our mass–richness relation at their
pivot richness, we find ln(M200m/M�) = 33.183± 0.099.

Our derived mass–richness relation, together with the bias-corrected masses used in this analysis
and the redMaPPer-based mass–richness relations found in the literature and just mentioned, are
shown in Fig. 6.7. Our estimated mass-richness relation can be seen to bracket the work of Simet
et al. [217] and Melchior et al. [139], in good agreement. Whereas the Baxter et al. [24] agrees in
terms of the slope of the relation, it lies significantly above the other work, including our own.

6.5 Y500–M500 relation

We now straightforwardly derive the Y500–M500 relation by considering the values of P0, c500, α,
β and (1− b) obtained, and assuming again a value of γ = 0.31. Following the usual notation we
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Figure 6.7: The blue shaded region represents our 1σ confidence interval of the mean mass–richness
relation with the parametrisation shown in Table 6.3, derived from the mean bias-corrected
masses (black circles) of the cluster subsamples considered. The errors on the M500 masses
include the uncertainty on the value of the bias. The Melchior et al. ([139], M16, red solid
line), Simet et al. ([217], S16, black dashed line), and Baxter et al. [24] mass–richness relations
(green dotted line) are also shown.

have:
E−2/3(z)

[
Y500

10−4 Mpc2

]
= 10A

[(1− b)M500
6× 1014M�

]B
, (6.28)

in which the redshift evolution is considered to be self-similar [103]. From the results previously
obtained, we find:

A = −0.22± 0.04 ,
B = 1.72± 0.07 .

The value of the slope is actually in good agreement with the expectation from self-similarity,
B ∼ 5/3. This value of the slope is within 1σ from the results of B = 1.79± 0.08 obtained in
Planck Collaboration et al. [177], with a normalisation factor of A = 0.19±0.02, different from our
value of A but compensated by the difference in the (1− b) factor. Our result is also compatible
with those of Sereno et al. [212], who obtained values for the slope of 1.4 - 1.9, albeit a relatively
wide range of slope, by considering samples of clusters with weak lensing mass estimates.

It should be noted that this is the mean Y500–M500 relation, so, although small in the SZ case, a
scatter σY |M should be considered when applying it to individual clusters, just as when converting
observed richness into mass (see Sec. 2.4). In Planck Collaboration et al. [177] a value of of the
scatter of ∼ 15% is considered, meanwhile in Sereno et al. [212] a scatter of the the 15 - 30%
order is estimated.

Finally, as a consistency check on our results, we measure Y cyl(3.5 r500) in the 6 y maps
corresponding to the 6 cluster subsamples, deriving the values of r500 from the mean masses
obtained in the MCMC analysis, listed in Table 6.2, and converting to Y500 using the universal
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Figure 6.8: The blue shaded region shows our 1σ confidence interval of the scaling relation between Y500
and M500, as given by the posterior probability distribution of the pressure profile parameters P0,
c500, α and β, the masses, and the bias factor. The black circles are the observed Y cyl(3.5 r500)
values for the cluster subsamples, converted to Y500 using the pressure profile parameters of
Table 6.1 and the masses of Table 6.2. The errors on the M500 masses include the uncertainty
coming from the bias. As the red shaded region, we plot the Planck Collaboration et al. [177]
Y500–M500 relation for comparison.

pressure profile as given by the P0, c500, α and β parametrisation of Table 6.1. We derive the
errors from 1,000 random patches within the redMaPPer footprint in a similar way as we did in
Sec. 6.3.2. We propagate the errors coming from the uncertainty in the pressure profile parameters,
the masses and the bias factor drawing a large enough number of samples from the posterior
probability distribution of the 4 + 6 + 1 dimensional parameter space, repeating the measurements,
and adding in quadrature the variance of the Y cyl(3.5 r500) values obtained.

Our mean Y500–M500 relation and the measured values of Y500 are shown in Fig. 6.8, where we
also plot the relation considered in Planck Collaboration et al. [177], with which good agreement
is found. In comparison our work follows a tighter relation, which is attributed to the relatively
large size of our cluster sample.

6.6 Discussion and conclusions

In this chapter we have presented and employed a new method to constrain simultaneously the
GNFW universal pressure profile parameters and the masses of 6 different richness subsamples of
clusters using stacked measurements of the SZ effect. We then estimated both a mass–richness
and a Y500–M500 relation using weak lensing mass estimates found in the literature.

Using the positions in the sky of ∼ 8,000 redMaPPer clusters in the 0.100 < z < 0.325
volume-complete redshift region, we have produced and stacked the Planck full mission SZ maps
of 6 richness subsamples of clusters, and constrained the common GNFW universal pressure profile
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6.6 Discussion and conclusions

parameters and the mean masses of each subsample through a MCMC analysis, obtaining better
constraints than previous works, with P0 = 6.48 ± 3.00, c500 = 1.65 ± 0.95, α = 0.87 ± 0.25
and β = 3.19 ± 0.66 for a fixed value of γ = 0.31, and masses in the 0.7 × 1014M� .
M500 . 9 × 1014M� range. The universal pressure profile parameters best fit is found at
[P0, c500, γ, α, β] = [5.42, 1.12, 0.31, 0.81, 3.47]. To improve the precision of our analysis, we
have used as a prior the Pratt et al. [182] mass–gas fraction relation obtained from different
subsets of Chandra and XMM-Newton clusters.

Then we have compared our SZ-based masses with independent weak lensing mass estimates
from the mass–richness relations of Simet et al. ([217], S16) and Melchior et al. ([139], M16),
finding a mean mass bias of (1− b) = 0.76± 0.05. This value does not depend strongly on the
richness subsample considered, and is in good agreement with other independent recent estimates
of the bias. Because we are working in the 0.100 < z < 0.325 redshift region it may not be
surprising that we differ with the higher redshift base estimate of Smith et al. [220], but this may
be understood given their claim that this bias may be enhanced in the z > 0.3 region.

By correcting for our estimated bias, we have then straightforwardly derived the mass–richness
relation able to describe the bias-corrected masses, finding a slope equal to αM |λ = 1.22± 0.04
for a pivot mass log10 (M500c/M�) = 14.432± 0.041 evaluated at λ = 60 at the mean redshift of
the sample, z = 0.245. The amplitude of the mass–richness relation is strongly tied to the weak
lensing-based bias correction results by S16 and M16 as described above, whereas the slope of
the mass-richness relation that we find is not linked because the bias correction is found to be
independent of cluster mass over our observed range.

From the estimated pressure profile parameters and bias, we have then derived a mean Y500–M500
relation E−2/3(z) 〈Y500〉 ∝ 10A 〈(1− b)M500〉B with a normalisation factor A = −0.22 ± 0.04
and a slope B = 1.72± 0.07. When the contribution from the bias is considered, this result is
within 1σ from the Planck mean relation in all the mass range considered, but has a tighter range
because of the relatively large size of our sample.

The results obtained in this work show the potential of this method, which provides powerful
tools to improve the estimation of cosmological parameters using clusters, which will be crucial in
future and ongoing surveys like the J-PAS [27] or DES [58] surveys.
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7 General Conclusions

The main objective of this Thesis has been to use large complete samples of clusters of galaxies,
drawn from photometric catalogues constructed from Sloan Digital Sky Survey (SDSS) data, to
make precise measurements of different subtle effects that emerge from their strong gravitational
potential, and to obtain scaling laws that allow to relate different observable proxies to their
underlying total mass. In addition to the introductory content, made of Chapters 1, 2 and 3, the
main results obtained in this Thesis can be found in Chapters 4, 5 and 6.

In Chapter 4 we have examined the consistency of three cluster catalogues selected from the
SDSS by measuring two independent gravity-based effects using all available spectroscopic redshifts
from the SDSS Data Release 10 (DR10). These catalogues, obtained using different cluster-finder
algorithms, and whose details are described in Chapter 3, are the GMBCG catalogue, with 55,424
clusters, the WHL12, with 132,684, and the redMaPPer, with 25,236. From all these clusters we
have selected those that were located in the 0.1 6 z 6 0.4 redshift region and had an spectroscopic
measurement of their central galaxy, which is supposed to trace the deepest part of the potential
well. Then, we have characterised statistically the velocity distribution of satellite galaxies and
searched for deviations that could indicate the presence of the gravitational redshift effect that we
have previously modelled taking into account the kinematical relativistic and flux bias corrections
that need to be introduced. Considering the clusters contained in the GMBCG and redMaPPer
catalogues, we have detected a signal at a level of ∼ −10 km s−1, compatible with the expectations,
meanwhile in the WHL12 case we detect an anomalous positive signal that deviates completely
from the model proposed. Splitting the cluster samples into different mass bins, we have found
that the higher mass clusters of the WHL12 catalogue provide a signal that is consistent with the
model proposed, meaning that the unexpected positive signal obtained from low mass clusters
is probably related to bulk motions from substructure and spurious cluster detections. In the
redMaPPer case we have found a clear mass-dependence of the amplitude of the signal, although it
provides the smallest sample of clusters. Secondly, we have measured the redshift enhancement of
flux-selected background galaxies from the BOSS survey, finding that all three catalogues generate
mass-dependent levels of lensing magnification bias. Because lensing is an stacked along the
line-of-sight effect, we expect catalogue contamination by projection effects to affect the measured
gravitational redshift and redshift enhancement signals in a different way. We conclude from this
analysis that all catalogues, specially redMaPPer, comprise a high proportion of reliable clusters,
and that the GMBCG and redMaPPer cluster finder algorithms favour more relaxed clusters with
a meaningful gravitational redshift signal, as anticipated by the red-sequence colour selection of
the GMBCG and redMaPPer samples.
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Taking into account the good results provided by the redMaPPer catalogue, in Chapter 5 we
have constructed a large sample of clusters of galaxies by correlating the more recently available
SDSS DR12 redshifts with the clusters identified by the redMaPPer algorithm, obtaining an
spectroscopic completeness > 97% for the 7,143 clusters contained in the z 6 0.325 region. With
this volume-complete sample of clusters, and considering the probabilistic nature of the cluster-
finding algorithm, we have measured the two-point redshift-space correlation function with much
more precision than earlier work. Performing these measurements for different richness and redshift
cluster subsamples, we have found no signs of redshift evolution and a clear increasing correlation
amplitude with larger richness (rising from r0 = 14h−1 Mpc at λ ' 25, to r0 = 22h−1 Mpc at
λ ' 60), as expected from the currently accepted large scale structure formation model where
clusters reside in the rare highest peaks of a Gaussian random field. We have also measured
the evolution of the number density of clusters, which we found declines by 20% over the range
0.1 < z < 0.3. Finally, we have derived an accurate power law mass–richness relation comparing
our estimated cluster richness function with the richness function constructed from the large
N-body Millennium XXL (MXXL) simulation, which we have previously scaled to match a Planck
cosmology. We have found that the observed amplitude of the correlation function at 〈z〉 = 0.24
exceeds the MXXL prediction by 20% at the ' 2.5σ level. Spurious, randomly located clusters
cannot be blamed for this tension, as this would reduce the correlation amplitude. Much better
consistency between the correlation function and the abundances is achieved when we repeat the
same analysis considering pre-Planck values of σ8 = 0.9, Ωm = 0.25, and h = 0.73.

Finally, in Chapter 6 and working again with the SDSS redMaPPer cluster catalogue, we have
defined a sample of over 8,030 clusters within the volume-complete redshift region z 6 0.325,
and have then constructed Sunyaev-Zel’dovich (SZ) effect maps by stacking Planck data over
the full range of richness considered. Making use of a Bayesian MCMC analysis and dividing the
sample into richness bins, we have solved simultaneously for the mean cluster mass in each bin
together with the corresponding radial pressure profile parameters. These profiles are well detected
over a much wider range of cluster mass and radius than previous work, showing a clear trend
towards larger break radius with increasing cluster mass. Our SZ-based masses fall ∼ 24% below
the predictions of mass–richness relations based on weak lensing data and found in the literature,
consistent with other work that has uncovered a similar “mass bias”. Relying on these weak lensing
relations we have corrected for this bias, and then have found through another MCMC analysis the
optimal mass–richness relation able to describe these debiased masses. Finally, we have derived
a tight Y500–M500 relation over a wide range of cluster mass, with a power law slope equal to
1.72 ± 0.07 that agrees well with the independent slope obtained by the Planck team with an
SZ-selected cluster sample, but extends to lower masses with higher precision.
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[35] C. Bonvin, L. Hui, and E. Gaztañaga. Asymmetric galaxy correlation functions. Phys. Rev.
D, 89(8):083535, Apr. 2014.

[36] V. Bonvin, F. Courbin, S. H. Suyu, P. J. Marshall, C. E. Rusu, D. Sluse, M. Tewes, K. C.
Wong, T. Collett, C. D. Fassnacht, T. Treu, M. W. Auger, S. Hilbert, L. V. E. Koopmans,
G. Meylan, N. Rumbaugh, A. Sonnenfeld, and C. Spiniello. H0LiCOW V. New COSMOGRAIL
time delays of HE0435-1223: H 0 to 3.8% precision from strong lensing in a flat ΛCDM
model. ArXiv e-prints: 1607.01790, July 2016.

[37] M. Boylan-Kolchin, V. Springel, S. D. M. White, A. Jenkins, and G. Lemson. Resolving
cosmic structure formation with the Millennium-II Simulation. MNRAS, 398:1150–1164,
Sept. 2009.

[38] T. Broadhurst and E. Scannapieco. Detecting the Gravitational Redshift of Cluster Gas.
ApJ, 533:L93–L97, Apr. 2000.
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Bernstein, E. Bertin, M. Brodwin, D. Brooks, E. Buckley-Geer, D. L. Burke, J. E. Carlstrom,
R. Capasso, D. Capozzi, A. Carnero Rosell, M. Carrasco Kind, I. Chiu, R. Covarrubias, T. M.
Crawford, M. Crocce, C. B. D’Andrea, L. N. da Costa, D. L. DePoy, S. Desai, T. de Haan,
H. T. Diehl, J. P. Dietrich, P. Doel, C. E. Cunha, T. F. Eifler, A. E. Evrard, A. Fausti Neto,
E. Fernandez, B. Flaugher, P. Fosalba, J. Frieman, C. Gangkofner, E. Gaztanaga, D. Gerdes,
D. Gruen, R. A. Gruendl, N. Gupta, C. Hennig, W. L. Holzapfel, K. Honscheid, B. Jain,
D. James, K. Kuehn, N. Kuropatkin, O. Lahav, T. S. Li, H. Lin, M. A. G. Maia, M. March,

147



Bibliography

J. L. Marshall, P. Martini, M. McDonald, C. J. Miller, R. Miquel, B. Nord, R. Ogando, A. A.
Plazas, C. L. Reichardt, A. K. Romer, A. Roodman, M. Sako, E. Sanchez, M. Schubnell,
I. Sevilla, R. C. Smith, B. Stalder, A. A. Stark, V. Strazzullo, E. Suchyta, M. E. C. Swanson,
G. Tarle, J. Thaler, D. Thomas, D. Tucker, V. Vikram, A. von der Linden, A. R. Walker,
R. H. Wechsler, W. Wester, A. Zenteno, and K. E. Ziegler. Constraints on the richness-mass
relation and the optical-SZE positional offset distribution for SZE-selected clusters. MNRAS,
454:2305–2319, Dec. 2015.

[205] A. Saro, S. Bocquet, J. Mohr, E. Rozo, B. A. Benson, S. Dodelson, E. S. Rykoff, L. Bleem,
T. M. C. Abbott, F. B. Abdalla, S. Allen, J. Annis, A. Benoit-Levy, D. Brooks, D. L. Burke,
R. Capasso, A. Carnero Rosell, M. Carrasco Kind, J. Carretero, I. Chiu, T. M. Crawford,
C. E. Cunha, C. B. D’Andrea, L. N. da Costa, S. Desai, J. P. Dietrich, A. E. Evrard,
A. Fausti Neto, B. Flaugher, P. Fosalba, J. Frieman, C. Gangkofner, E. Gaztanaga, D. W.
Gerdes, T. Giannantonio, S. Grandis, D. Gruen, R. A. Gruendl, N. Gupta, G. Gutierrez, W. L.
Holzapfel, D. J. James, K. Kuehn, N. Kuropatkin, M. Lima, J. L. Marshall, M. McDonald,
P. Melchior, F. Menanteau, R. Miquel, R. Ogando, A. A. Plazas, D. Rapetti, C. L. Reichardt,
K. Reil, A. K. Romer, E. Sanchez, V. Scarpine, M. Schubnell, I. Sevilla-Noarbe, R. C.
Smith, M. Soares-Santos, B. Soergel, V. Strazzullo, E. Suchyta, M. E. C. Swanson, G. Tarle,
D. Thomas, V. Vikram, A. R. Walker, and A. Zenteno. Optical-SZE Scaling Relations for
DES Optically Selected Clusters within the SPT-SZ Survey. ArXiv e-prints: 1605.08770,
May 2016.

[206] J. Sayers, S. R. Golwala, A. B. Mantz, J. Merten, S. M. Molnar, M. Naka, G. Pailet,
E. Pierpaoli, S. R. Siegel, and B. Wolman. A Comparison and Joint Analysis of Sunyaev-
Zel’dovich Effect Measurements from Planck and Bolocam for a Set of 47 Massive Galaxy
Clusters. ApJ, 832:26, Nov. 2016.

[207] P. Schechter. An analytic expression for the luminosity function for galaxies. ApJ, 203:
297–306, Jan. 1976.

[208] U. Seljak, A. Makarov, P. McDonald, S. F. Anderson, N. A. Bahcall, J. Brinkmann, S. Burles,
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