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Metaheuristicas hibridas basadas en reduccion
de instancias






1

Algoritmos metaheuristicos

Las ciencias de la computacién han enfrentado desde su concepcioén una gran
cantidad de problemas complejos de optimizacion. Estos al ser generalizados
y formalizados permiten con su progresiva solucion superar una gran variedad
de desafios en todos los campos de la actividad humana. La dificultad radica
en que muchos de estos problemas tienen un caracter combinatorial y no
permiten su resolucién directa con métodos exactos mas que en casos donde el
tamano del espacio de soluciones a explorar es pequeno, lo que muchas veces
no coincide con el escenario real de aplicaciéon, y por tanto resulta inviable.

En los casos, donde el tamafio del problema no permita la exploraciéon
exhaustiva del espacio de soluciones por medio de métodos exactos, se puede
recurrir a métodos aprozimados. Estos, si bien no garantizan encontrar una
soluciéon 6ptima, muchas veces pueden encontrar soluciones de alta calidad, y
por lo tanto, su utilizacién puede asociar un alto impacto industrial, ecolégico
o social. Es justamente desde esta perspectiva, que el presente trabajo explora
y presenta nuevas formas para enfrentar problemas de optimizacion combina-
torial.

Los problemas de optimizacién combinatorial (CO) & = (P, f), fueron
definidos en un trabajo fundacional de Papadimitriou y Steiglitz [93] como un
conjunto finito de objetos P y una funcién objetivo f : P — R que asigna un
valor de costo no-negativo a cada objeto s € P. Asi, el proceso de optimizacién
consiste en encontrar un objeto sx de costo minimo. En este contexto, debe
notarse que minimizar una funcién objetivo f es lo mismo que maximizar
la funcion —f. Esta es la razon por la cual todo problema de optimizacion
combinatorial puede ser descrito como un proceso de minimizacion.

El enfoque mas sencillo dentro de los métodos aproximados, es la apli-
cacion de técnicas heuristicas que construyan progresivamente una solucion al
problema en cuestiéon, como lo realizan las heuristicas constructivas, o bien a
través de la biisqueda sistemética dentro de la vecindad de una solucién previ-
amente determinada, como se realiza en el caso de las heuristicas de busqueda
local.
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Si bien las heuristicas se caracterizan por encontrar soluciones réapida-
mente, tienden a obtener soluciones mediocres debido a la imposibilidad de
eludir 6ptimos locales, esto se debe principalmente a que las heuristicas no
proveen de mecanismos que les permitan escapar de estas condiciones como
si lo tienen las técnicas metaheuristicas, las cuales son introducidas a conti-
nuacion.

1.1 Metaheuristicas

Los algoritmos metaheuristicos (MH) combinan heuristicas constructivas y/o
de busqueda local con otras ideas dentro, de un framework de control de mayor
nivel que supervisa el proceso de optimizacion llevado a cabo. Esto lo realizan
pudiendo utilizar la informacién proveniente de las distintas subtécnicas que
la componen y fases del algoritmo.

Las metaheuristicas poseen prestaciones que les permiten hacer frente a
los 6ptimos locales, logrando con ello mejorar sustantivamente los resultados
de las técnicas heuristicas. El origen de las metaheuristicas se encuentra en
el dominio de las comunidades de Inteligencia Artificial y la Investigacion de
Operaciones [103][54][15] en los afios ‘70. Una parte de ellas estan inspiradas
en procesos naturales como la evolucién de las especies o el comportamiento
de las hormigas durante la bisqueda y recolecciéon de alimento, y la otra res-
ponde a una simple extension de heuristicas como Greedy o busqueda local.
Otras caracteristicas inherentes a las metaheuristicas son el uso de compo-
nentes estocasticos y la posesién de multiples parametros que controlan su
comportamiento, que deben ser ajustados de forma ad-hoc en cada problema
abordado.

Una forma comun de clasificar las metaheuristicas es distinguiendo las
basadas en una tnica solucion (single solution based metaheuristics) de aque-
llas basadas en un conjunto o poblacion de ellas (population based metaheuris-
tics) [19]. En forma simplificada se puede establecer que una MH es exitosa,
si lograr balancear correctamente los dos aspectos del proceso de bisqueda
en el espacio de soluciones. El primero de ellos tiene que ver con la intensifi-
cacion o explotacion de las mejores soluciones en zonas confinadas del espacio
de soluciones, mientras el segundo guarda relaciéon con la diversificacion o
exploracién de diversas zonas, en busqueda de nichos potenciales de nuevas
soluciones potencialmente de calidad. Un factor diferenciador entre las MH es
la forma como se realiza este balance [5]. En términos de las taxonomia pro-
vista se puede afirmar que las MH simples basadas en una tnica solucién se
orientan més hacia la explotacién de soluciones, mientras que las MH basadas
en poblacién de soluciones se caracterizan por su capacidad de exploraciéon
del espacio de biisqueda.

Algunos ejemplos prominentes de metaheuristicas basadas en un tunica
solucion son busqueda de vecindad variable (variable neighborhood search),
busqueda local iterativa (iterated local search), recocido simulado (simulated
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annealing) y busqueda Taba (tabu search), el procedimiento de busqueda
aleatorizada voraz adaptativa (GRASP), algoritmos voraces iterados (Iter-
ated Greedy Algorithm). Mientras que los exponentes mas relevantes de las
MH basadas en poblaciéon de soluciones lo constituyen la familia de algorit-
mos evolutivos (evolutionary algorithms) y la optimizacién por colonias de
hormigas (ant colony optimization).

1.1.1 Metaheuristicas basadas en solucién tunica

Esta clase de metaheuristicas también son llamadas métodos de la trayecto-
ria, debido que parten desde una solucién inicial y se desplazan desde esta
describiendo una trayectoria sobre el espacio de busqueda. Algunos de estos
métodos por consiguiente pueden ser vistos como una extension inteligente de
las técnicas de buisqueda local. A continuacion se realiza una breve descripcion
de las ideas basicas bajo las este tipo de MH.

Procedimiento de biisqueda aleatorizada voraz adaptativa
(GRASP)

La metaheuristica Greedy Randomized Adaptive Search Procedure (GRASP),
corresponde a una de las metaheuristicas més simples, la cual conjuga heuris-
ticas constructivas y de busqueda local. En términos generales GRASP con-
templa dos etapas, en la primera se utiliza una heuristica greedy aleatoria, con
la cual se construye una soluciéon para la instancia del problema abordado. En
cada paso de construccién de una solucion llevada a cabo por el algoritmo
greedy aleatorio se selecciona un nuevo componente de soluciéon desde una
lista restringida de candidatos. La longitud de esta lista estd determinada
por un parametro que llamaremos «, en caso de que o = 1 la heuristica se
transforma en una heuristica greedy (determinista), mientras que si « toma
la longitud del tamano de componentes de solucién disponibles, conllevara a
la generacion de una solucion completamente aleatoria.

La segunda etapa consiste en la aplicaciéon de la técnica de busqueda local
sobre la solucién provista previamente por la técnica greedy aleatoria, con esto
se buscan soluciones de mejor calidad en la vecindad de la solucién original.
El algoritmo itera entre estos dos pasos hasta cumplir con algin criterio de
término. Es interesante notar el bajo consumo de memoria de esta técnica,
como también el hecho de que arranca con una nueva solucioén en cada iteracion
(multi-start). Festa y Resende revisan extensamente GRASP en [44] y su
aplicacion sobre problemas de optimizaciéon combinatorial en [45], por mas
antecedentes se recomienda revisar [104].

Algoritmos voraces iterados (IG)

Los algoritmos voraces iterados (Tterated Greedy Algorithm (IG)) [108], tiene
la fortaleza de ser muy eficiente en términos computacionales debido a la
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simpleza su algoritmo. La idea subyacente es bastante sencilla. IG comienza
generando una solucién inicial, posteriormente en cada iteracién del algoritmo
la solucién es parcialmente destruida en forma probabilistica. Esta destruccién
consiste en la remocién de componentes de soluciéon. La probabilidad de elimi-
naciéon de componentes esta determinada en funcion de la potencial utilidad de
estos. Luego de la etapa de destruccion se realiza un proceso de regeneracion
usando posiblemente la misma técnica greedy de construccion ya empleada
en la fase previa. Es admisible ademas utilizar optativamente luego de la re-
construcciéon una busqueda local. Al finalizar cada iteracion se determina la
aceptacion de la soluciéon generada como solucién actual, en base a un criterio
que por un extremo puede aceptarla solo si ésta significa una mejora respecto
a la actual, y por otro aceptarla siempre; en la practica se establecen crite-
rios intermedios, los cuales pueden incluso tener un caracter dindmico. Este
algoritmo itera sobre las etapas de destruccion, reconstruccion y verificaciéon
de aceptaciéon mientras no se cumpla un criterio de término establecido.

Busqueda local iterativa (ILS)

La busqueda local iterativa (Iterated Local Search (IG)), fue introducida por
Stiitzle en [I12], corresponde a una idea simple con cierta similitud a GRASP;
pero con la diferencia de que en ILS no se parte de una solucion independiente
con cada iteracion del algoritmo. ILS produce una solucién inicial mejorada
con busqueda local, que es posteriormente modificada iterativamente a través
de un proceso de perturbacion, el cual consiste en modificar componentes de
la solucién relacionada con un 6ptimo local. Esto depende logicamente del
problema. Las perturbaciones pueden ser de tamano fijo o adaptativo. Este
proceso que considera la historia de bisqueda realizada debe ser equilibrado,
puesto que de ser muy débil no permite escapar de los puntos de atraccién
de la solucién actual, y por otro lado al ser muy fuerte tendria el mismo
efecto de un re-arranque aleatorio. De forma similar a los algoritmos voraces
iterados, cada iteracion finaliza con la aplicacion de una funciéon que verifica
la aceptacion de la nueva soluciéon creada como solucion actual. Esta funcién
también puede considerar la historia del proceso de busqueda. Una revision
completa de ILS y sus aplicaciones esta disponible en [77].

Recocido simulado (SA)

El Recocido simulado (Simulated Annealing (SA)) es sin lugar a dudas una
de las metaheuristicas méas antiguas [84], y una de las primeras en considerar
un mecanismo especifico para escapar de minimos locales durante el proceso
de optimizacion. Esta técnica imita el proceso de recocido de metales y vidrio
desde estados de alta energia que al ser enfriados con un plan adecuado se
estabilizan en configuraciones de baja energia. Este descenso controlado de la
temperatura permite reducir las tensiones internas de los materiales tratados a
través de un proceso de reordenamiento molecular que disminuye en intensidad
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a medida que baja la temperatura. En términos algoritmicos esto se recrea
en (SA) de la siguiente forma: primero se genera una solucion inicial para
el problema planteado y una temperatura inicial alta, luego a medida que
esta temperatura decrece se selecciona de forma iterativa una solucion en la
vecindad de la actual y se acepta como nueva solucién actual considerando lo
siguiente: si la solucion es mejor a la presente siempre se acepta, mientras que si
esta es peor es aceptada probabilisticamente en base a la temperatura actual y
la diferencia de calidad de la solucion respecto a la vigente, lo cual se denomina
"movida cuesta arriba". La temperatura se baja de forma planificada a medida
que se itera —disminuyendo con ello la probabilidad de una "movida cuesta
arriba"— hasta alcanzar algin criterio de término. Esta técnica ha tenido un
amplio estudio y desarrollo de variaciones, lo cual se puede verificar en la
siguiente bibliografia [30] 47, [72] [74], 114 [25].

Buasqueda Tabu (TS)

La busqueda tabu (Tabu Search (TS)), es una metaheuristica muy antigua
[55], la cual hace uso explicito del historial de busqueda para escapar de min-
imos locales, ademéas de como mecanismo para controlar la exploracién del
espacio de busqueda. Esto lo logra utilizando el recurso memoria a través de
una estructura llamada lista Tabi, que almacena atributos de las soluciones ya
visitadas, e impide a la metaheuristica volver a seleccionarlas mientras estén
dentro de tal lista. Desde este punto de vista, la lista genera una vecindad
restringida donde la metaheuristica puede realizar la exploracién en cada it-
eracion, y desde donde se selecciona la mejor solucién disponible y se visita.
La lista Tabu al estar llena, descarta el registro de las soluciones mas an-
tiguas visitadas. Debe considerarse que, si la lista tuviese longitud infinita,
se bloquearia permanentemente la posibilidad de explorar zonas del espacio
de bisqueda. La determinacion de la longitud de la lista Tabt es muy impor-
tante, puesto que si el tamano es pequeno permite que el algoritmo realice una
exploraciéon confinada en una zona de el espacio de busqueda. Por otro lado,
si la lista es grande la busqueda se diversifica debido a la gran cantidad de
zonas prohibidas de visitar. Es posible encontrar implementaciones donde el
tamano de la lista Tabt es determinado de forma dinamica. Una descripciéon
extensa de esta técnica se encuentra en [54] y [21].

Buasqueda de vecindad variable (VINS)

Este algoritmo fue propuesto por Hansen y Mladenvic [85][86] y puede ser visto
como una variante probabilistica de (Variable Neighborhood Descent (VND)),
teniendo también al igual que éste, estrategias para conmutar entre distintas
funciones de vecindad, pero en el caso de la busqueda de vecindad variable
(Variable Neighborhood Search (VNS)), se realiza de forma controlada para
diversificar la busqueda y escapar de minimos locales. VNS requiere un con-
junto finito de funciones de vecindad para el problema como entrada. Al entrar
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en operaciéon esta metaheuristica genera una solucién inicial y luego en cada
iteracion realiza tres operaciones sacudir, busqueda local y mover. Sacudir esta
referido a elegir una solucién aleatoria de la k—esima vecindad de la solucién
actual, para luego generar una bisqueda local sobre esta solucion, si el resul-
tado obtenido es mejor que la solucion actual, la nueva soluciéon reemplaza a
la preexistente, en este caso se reinicia k referenciando la primera funcién de
vecindad, sino se procede a la siguiente funcién disponible, incrementando k.
Una revision de VNS y sus extensiones esta disponible en [60].

1.1.2 Metaheuristicas basadas en poblaciéon de soluciones

Este tipo de MH, a diferencia de los métodos de trayectorias, utilizan un con-
junto de soluciones que pueden ser recombinadas o alteradas principalmente
motivado por mecanismos sintetizados de la teoria de la evoluciéon de Dar-
win (Algoritmos Fvolutivos) , o bien buscan explotar las interacciones entre
estas soluciones buscando el desarrollo de un proceso inteligente de buisqueda
inspirado en la etologia, sin un mayor control central sino centrado en la auto-
organizacion (Swarm Intelligence). Los principales exponentes de este tipo de
MH se presentan a continuacion.

Optimizacién basada en colonia de hormigas (ACO)

La Metaheuristica Ant Colony Optimization (ACO) fue introducida por
Dorigo [37), 34, [36], esta tiene una inspiracion biologica, en particular esta
observa la conducta y mecanismos usados por las colonias de hormigas para
la bisqueda de la ruta méas corta entre fuentes de alimento y su colonia. El
algoritmo trabaja sobre el conjunto de componentes de solucion para el pro-
blema abordado, a los cuales les asocia valores de feromonas. Estos valores se
establecen a través de un modelo probabilistico parametrizado que resulta ser
el componente mas importante de ACO. El funcionamiento de este algoritmo
se basa en dos pasos:

1. Se construye un conjunto de soluciones candidatas usando modelos de fe-
romonas, esto es, a través de una distribucion probabilistica parametrizada
sobre el espacio de biisqueda.

2. Las soluciones candidatas son usadas para actualizar los valores de fero-
monas, permitiendo orientar las busqueda hacia futuras soluciones de alta
calidad.

La actualizacion de los valores de feromonas asociada a los componentes
de solucién permite concentrar la biusqueda en regiones del espacio donde
posiblemente se encuentren soluciones de alta calidad, esto esta basado en la
premisa de que buenas soluciones contienen buenos componentes. Las varian-
tes més populares de ACO son MAX-MIN Ant System (MMAS) [113] y Ant
Colony System (ACS) [35].
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Algoritmos evolutivos (EA)

Estas Metaheuristicas estan inspiradas en la evolucién natural de las especies
y en particular el principio de seleccién natural. Los algoritmos evolutivos
(Evolutionary Algorithms (EA)), a diferencia de las otras metaheuristicas re-
visadas y en similitud a ACO no se basan en una tunica solucién actual de
trabajo, sino que en un conjunto de ellas, a este conjunto se le denomina
poblacion de individuos. Esta poblacién corresponde a un conjunto de solu-
ciones candidatas.

Operativamente, la poblacién se inicializa de forma aleatoria al comienzo
del algoritmo, para luego hacerla evolucionar generacién tras generacion a
través de funciones de recombinacion o crossover que se encargan de generar
nuevas soluciones, esto se logra mezclando soluciones previas seleccionadas
probabilisticamente dependiendo de su calidad. Para realizar esto, se utiliza
una medida de calidad basada en la funcién objetivo del proceso de opti-
mizacion, esta medida de calidad asociada a cada individuo de la poblacién
se le denomina fitness. Los FAs también implementan un operador especifico
para escapar de minimos locales, el cual introduce variaciones arbitrarias (mu-
tacion) en las soluciones con independencia de las caracteristicas heredadas
de las soluciones padres. Este operador es usado con baja probabilidad, de-
bido a que una alta probabilidad puede destruir las mejoras logradas por el
proceso de evolucién. Dentro de los algoritmos evolutivos, podemos ver agru-
pados a técnicas como algoritmos genéticos [62], estrategias evolutivas [102],
programacion evolutiva [48] y programacion genética [73).

Una ventaja importante de estas técnicas, es la eficacia que presentan para
explorar ampliamente el espacio de busqueda, mientras que su principal debil-
idad radica en que le resulta dificultoso realizar mejoras finas de las soluciones.
Una técnica complementaria utilizada para mejorar el desempeno ante estas
dificultades, lo constituye el realizar busqueda local en la generacién de nuevos
individuos, a lo que también se le denomina algoritmo memético [87].

1.1.3 Otras Metaheuristicas

Existen otras metaheuristicas con una fuerte inspiracién biologica. Este es el
caso de Particle Swarm Optimization (PSO) [69, 29)], el cual se motiva en
comportamiento de bandadas de aves y cardiimenes de peces. Esta técnica ha
sido aplicada con éxito por Kennedy y Eberhart [68] para la optimizacion con-
tinua de pesos de redes neuronales. Otra técnica en esta categoria es la colonia
de abejas artificiales (Artificial Bee Colony (ABC)). Esta técnica basada en
poblacion se basa en tres tipos de agentes-abejas (empleadas, espectadoras,
exploradoras) que colaboran en la busqueda y recoleccion de polen, la cual ha
sido usada con éxito para abordar algunos problemas de optimizacién combi-
natoria [92, [105].

Otra metaheuristica antigua no muy activa en la literatura actual es
Guided Local Search (GLS) [119, 120]. Esta resulta interesante por poseer
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una estrategia distinta para escapar de 6ptimos locales, la particularidad de
la misma radica en que se basa en una modificacién dinamica de la funcién
objetivo basado en el historial de busqueda, lo que genera un cambio en el
escenario de busqueda. Otras técnicas metaheuristicas poco conocidas son
Squeaky Wheel Optimization [67], Extremal Optimization [16], y Great Deluge
Algorithm [39]. La revision presentada no es exhaustiva, para una discusion
més completa sobre metaheuristicas, el lector puede revisar [13] [19] [14] [1T5].

1.2 Metaheuristicas hibridas

Las metaheuristicas hibridas son un campo de investigacion relativamente re-
ciente [14]. En este se explora la mezcla de ideas de distintas metaheuristicas
y métodos exactos, buscando con esto sacar beneficio del ejercicio de comple-
mentar una técnica con distintas estrategias de optimizacion. El desarrollo de
metaheuristicas hibridas no es trivial y requiere experticia en distintas técni-
cas de optimizacion. Por otro lado, en su aplicacién estas técnicas tienden a
no ser generalizables con facilidad, mostrando excelentes resultados en ciertas
areas de problemas y resultados mediocres en otras.

En los primeros anos del desarrollo de métodos metaheuristicos se apli-
caron en comunidades cientificas sin mayor interaccion y/o vinculacion entre
ellas de forma pura. Esto estuvo justificado por los buenos resultados obtenidos
en relacion al estado del arte imperante. Posteriormente, cuando las mejoras
comenzaron a ser limitadas y se encontraron los limites al rendimiento de
estos algoritmos, naci6 la necesidad de explorar variantes que integraran las
caracteristicas de las propuestas preexistentes dando origen a esta area de
desarrollo. Actualmente existe mucho interés en metaheuristicas hibridas, lo
cual se refleja en la existencia de conferencias y workshops como CPAIOR
[95, I8, [75], Hybrid Metaheuristics [0, [7], Matheuristics [79, 59, B8, [80], la
publicacion de textos especializados como [27) [I4], y la existencia de her-
ramientas relacionadas, entre las cuales destaca ParadisEO [22].

Existen distintos tipos de hibridacién, a continuaciéon se establecen las
ideas principales que ellos instrumentalizan.

Representacion de Soluciones Incompletas y Decodificadores

En este caso se representan las soluciones candidatas al problema abordado
dentro de la metaheuristica de una forma indirecta, un ejemplo del uso de
representaciones indirectas lo constituyen los algoritmos genéticos, en estos se
utiliza ya sea por la necesidad de facilitar la accién de operadores de recombi-
nacioén como crossovers o mutaciones, o por el hecho de mantener propiedades
deseables. En estos casos se establece un decodificador, esto es una funcién
que realice la transformacion de esta soluciéon al dominio de busqueda real de
donde proviene su complejidad. Este tipo de metaheuristicas hibridas poten-
cia el desarrollo de decodificadores inteligentes que funcionen con soluciones
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parciales o incompletas, las cuales puedan ser completadas por una técnica
complementaria. Esta técnica puede basarse en una aproximacién de progra-
macion lineal entera [4], programacion dinamica [71] , o programacion basada
en restricciones [106] entre otras. Un ejemplo de este tipo de hibrido es la
combinacion de VNS con ILP utilizado para el problema generalized spanning
tree problem el cual puede ser revisado en [64].

Hibridaciéon basada en Buasqueda en grandes vecindades

La metaheuristica basada en Large Neighborhood Search (LNS), se sustenta
en que dada una solucién para una instancia del problema dado, se itera sobre
ella realizando sucesivos pasos de destruccion-reconstruccion. La destruccion
remueve aleatoriamente o selectivamente a través de una heuristica partes
de la solucion original, generandose una soluciéon parcial. Sobre esta solucion
parcial se aplica una técnica posiblemente exacta en busqueda de la mejor
soluciéon posible que contiene la solucién parcial, esto es, dentro de la gran
vecindad definida por el proceso previo de destruccion. Un ejemplo de este tipo
de hibridacion fue propuesta por Shaw [I10] donde se utiliza programacion
basada en restricciones para explorar grandes vecindades aplicado a problemas
de enrutamiento vehicular.

Construccion de soluciones paralelas, no-independientes dentro de
metaheuristicas

Muchas heuristicas y metaheuristicas denominadas constructivas se basan en
la construccién paso a paso de soluciones, este es el caso de la conocida heuris-
tica greedy. Por otro lado ACO y GRASP usan por su parte, mecanismos de
construccién de soluciones secuenciales, independientes y probabilisticos que
les permiten también determinar en cada paso el siguiente componente de
soluciéon a considerar. La probabilidad para la determinacion de estos pasos
constructivos considera una funcion heuristica (greedy comtinmente) y posi-
blemente el historial de buisqueda, lo cual define una distribucién de probabili-
dad sobre el espacio de bisqueda, y constituye lo que llamaremos conocimiento
del problema primario. Este tipo de hibridacion se basa en establecer y usar
el conocimiento del problema secundario para mejorar el desempeno de la
basqueda. Este conocimiento proviene de otros métodos de biisqueda en ar-
bol como branch-and-bound y derivados como beam search, los cuales otorgan
capacidades para limitar la busqueda a través de la evaluaciéon de soluciones
parciales o extender las soluciones con variantes permitiendo con esto parale-
lizar el proceso de buisqueda. Un ejemplo de este tipo de metaheuristicas que
usa conocimiento complementario del problema y construcciéon paralela no in-
dependiente de soluciones es BEAM-ACO [8] aplicado a open shop scheduling
problem.
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Hibridacion basada en registros de solucién completos

Este tipo de hibridaciéon trata de potenciar las capacidades de algoritmos
evolutivos, lo que se logra por medio de la implementaciéon de un arbol de
exploracién complementario basado en branch-and-bound. Este arbol permite
tener prestaciones adicionales como una mutacion informada, brindando la
posibilidad de evitar revisitar soluciones ya descubiertas y apoyar la evaluacion
de soluciones costosas. Esta técnica es en especial util cuando un EA enfrenta
espacios de busqueda pequenios sin estar provisto de operadores de variabilidad
que entreguen innovacion suficiente, posiblemente causado porque el algoritmo
fue calibrado para mejorar el desempeno en la buasqueda fina de soluciones de
alta calidad. Un ejemplo de este tipo de hibridacién puede ser revisado en
[65, [66]. donde se aplica la técnica para enfrentar el problema generalized
minimum spanning tree.

Hibridacion basada en reducciéon de instancias

Los solvers para modelos de programacion entera representan una excelente
herramienta para distintos problemas de optimizacién combinatorial, este es
el caso de herramientas como CPLEXEI y GUROB]EI. Lamentablemente éstas
no resultan tutiles en instancias de problemas medianos y grandes donde sus
soluciones decaen en calidad o simplemente no se obtienen. Para estos casos la
propuesta de hibridacién recae en disminuir el tamano de la instancia de forma,
inteligente, para lograr un tamano de problema que haga 1util la aplicaciéon de
la herramienta solver, manteniendo la posibilidad de obtener soluciones de
alta calidad e incluso soluciones éptimas.

1.3 Hibridacién basada en reducciéon de instancias

La presente disertacion se basa justamente en el desarrollo de metaheuris-
ticas basadas en reduccién de instancias de problema. En este contexto se
muestra como progresivamente se desarrollaron distintas heuristicas, modelos
ILP, metaheuristicas y estrategias que fueron validados sobre distintos pro-
blemas de optimizacién combinatorial para de esta forma dar sustento a una
propuesta de framework de optimizacion general, el cual constituye el méas
importante resultado de este proceso de investigacion.

1.3.1 Trabajos relacionados

El uso de técnicas de reducciéon de instancias se aplica de diferentes formas
sobre metaheuristicas en la literatura. Una de estas es dentro de un operador

1 IBM ILOG CPLEX Optimization Studio es un producto de IBM ®
2 Gurobi Optimizer es un producto de Gurobi Optimization ®
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de la MH, Aggarwal et. al. aplica esta idea en algoritmos evolutivos [I], donde
se unen dos o mas soluciones (solution merging) generando un operador de
cruza (crossover) optimizado. Esto posteriormente fue aplicado al problema
quadratic assignment [2].

Rothberg [107] establece una integracion entre algoritmos evolutivos y MIP
(mized integer programming), en esta propuesta se muestra como a intervalos
regulares de iteracion del EA se aplica una heuristica de ramificacién y poda
(branch-and-bound) y luego se realiza una union (merge) de las soluciones,
con lo cual se fijan las variables de la solucion comunes a los padres. Al fijar
los valores se produce una instancia de problema reducido, la cual es abor-
dada por un solver MIP. En este contexto la mutaciéon opera de una forma
relativamente similar, seleccionando sobre un padre un conjunto aleatorio de
variables a ser fijadas, posteriormente se aplica también un solver MIP. Tam-
bién se aborda la seleccion de padres para operadores de cruza en EA, lo cual
se prueba sobre los problemas single machine scheduling, optimal linear ar-
rangement, traveling salesman problem [121], y en k-cardinality tree problem
[10]. Un enfoque distinto es provisto en [811 [82], en donde se utiliza ACO para
generar miltiples rutas para el problema vehicle routing considerando restric-
ciones de factibilidad, entonces se aplica un solver exacto sobre un problema
set-partitioning relajado con el objetivo de seleccionar un subconjunto de ru-
tas, éstas son utilizadas para la generaciéon de nuevas rutas en la siguiente
iteracion.

La aplicacion de MIP solvers sobre instancias reducidas de problemas si
bien no figura sistematicamente en la literatura; se puede apreciar en [28|
donde se propone un algoritmo para resolver un problema de planificacién
(scheduling) a ser usado en el proceso de fabricacion de fibra éptica. Este uti-
liza en la primera fase una técnica de busqueda local (LS) para crear soluciones
factibles, usando posteriormente un solver MIP y obteniendo como resultado
soluciones al menos tan buenas como las encontradas previamente por LS.
Otra propuesta en dos fases en presentada en [3] y [31] donde se aborda el
problema del vendedor viajero (TSP). Primero se generan soluciones de alta
calidad por medio de una metaheuristica, las cuales son combinadas en una
sub-instancia de problema reducido a la que se le aplica en la segunda fase un
solver exacto.

Klau propone en [70] una propuesta para enfrentar el problema prize-
collecting Steiner tree. En este se reduce la instancia de forma que ain con-
tenga la solucion 6ptima, luego se aplica un algoritmo memético a la subins-
tancia reducida. Finalmente se usa un solver MIP sobre la unién de todas las
soluciones de la primera y tdltima poblacion del algoritmo memético.

Dentro de las metaheuristicas basadas en reducciéon de instancia, es im-
portante destacar el framework Generate-and-Solve (GS) debido a la cercania
al trabajo propuesto en esta disertacion. GS propone una metaheuristica de
dos fases, en la primera un componente llamado SRI (Solver of Reduced In-
stances), el cual corresponde a un método exacto se aplica sobre una sub-
instancia del problema original, de tal forma que cualquier solucién obtenida
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también es una solucion de la instancia original de problema. En la segunda
fase un componente metaheuristico llamado GRI (Generator of Reduced In-
stances) se utiliza para generar subinstancias del problema que contengan
soluciones de alta calidad. GS es aplicado a problemas de corte, empaque
y carga [90} [O11 89, 97, [T09] y problematicas asociadas a redes inalambricas
[33, 32, [98]. GS considera retroalimentacion de informacién para el control
de su funcionamiento desde el componente SRI hacia el GRI, lo cual también
contempla el control del tamano de la subinstancia generada, a través de un
operador de control de densidad [97]. Cabe destacar que el componente GRI
ha sido implementado a través de algoritmos evolutivos [97) O8] y recocido
simulado [32], 109].

1.4 Organizaciéon de la disertaciéon

Esta disertacion esta estructurada en base a una compilaciéon de publicaciones
que enfrentan la tematica del uso de reducciéon de instancias de problemas de
distintas formas y en distintos contextos. Esto se presenta en el texto en dos
partes. La primera parte establece los fundamentos de las técnicas utilizadas
(Capitulo, los contextos de problemas abordados (Capitulo y una descrip-
cion de las contribuciones realizadas (Capitulo . La Parte I cuenta también
con las conclusiones de la investigacion realizada y los trabajos proyectados
en la linea de investigacion (Capitulo , ademés de una descripcion de las
publicaciones realizadas durante todo el proceso de investigacion (Capitulo
5). En la Parte II se entrega in extenso las publicaciones seleccionadas para
esta disertacion.
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Problemas combinatoriales abordados

La solucién de los problemas de optimizacién combinatorial, es uno de los
desafios més importantes de la matematica. Considerando la complejidad de
problemas [52] de forma simplificada, tenemos dos clases, la primera, la (Clase
P) es aquella de todos aquellos problemas que pueden ser resueltos en tiempo
polinomial. Mientras que para la segunda clase (Clase NP-hard) se desconoce
un algoritmo que resuelva estos problemas de forma eficiente (en tiempo poli-
nomial). Muchos de los CO pertenecen a esta segunda clase, por lo cual no
pueden hasta el momento ser resueltos de forma exacta de forma eficiente, mas
que en instancias de de cierto tamano, que depende del problema. En partic-
ular las propuestas algoritmicas presentadas en esta disertaciéon abordan un
conjunto de problemas CO (NP-hard), los cuales son descritos a continuacion.

2.1 Minimum Common String Partition (MCSP)

Los problemas de optimizacion relacionados con cadenas de texto (strings),
como resultan ser las representaciones de cadenas de ADN son muy comunes
en el campo de la bioinformaética. Ejemplos de esto son el problema de seleccion
de cadenas (string selection problem) [83] [88] 94], el problema la subsecuen-
cia mds larga comin (longest common subsequence problem) y sus variantes
[63] [ITT], problemas de alineacion (alignment problems) |56, [100] y de bisqueda
de similitud (similarity search) [99]. Estos problemas resultan ser computa-
cionalmente muy dificiles, muchas veces NP-Hard [52]. El problema de parti-
ciones de cadenas de texto minimas comunes MCSP (minimum common string
partition problem) esta dentro de esta categorfa. MCSP puede ser descrito de
la siguiente forma: Dadas dos cadenas de texto relacionadas, las cuales deben
ser particionadas en una misma colecciéon de subcadenas, se debe minimizar
el tamafo de la particiéon. Formalmente, dadas dos cadenas de texto s1 y sa,
ambas de longitud n sobre un alfabeto X', considere que s; y so deben estar
relacionadas, esto significa que cada simbolo debe aparecer la misma cantidad
de veces en ambas cadenas, lo cual implica que ambas cadenas tienen la misma,
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longitud. Una solucién vélida para el problema MCSP se obtiene por realizar
la particion de s; en un conjunto P; de subcadenas no superpuestas, y so en
un conjunto P, de subcadenas con similar caracteristica, tal que P; = Ps.
Ademés, se busca una solucion valida tal que |P;| = | P2| es minimo.

Como ejemplo se puede considerar el siguiente caso. Sean dos cadenas de
ADN, s = AGACTG y s = ACTAGG, claramente s; y so estan rela-
cionados debido a que A y G aparecen dos veces en cada cadena, mientras C
y T aparecen una. Una solucién trivial para este problema, puede ser obtenida
al generar una particién para ambas cadenas con subcadenas de longitud 1,
esto es, P, = P, = {A,A,C, T, G, G}, en este caso el valor de la funcion
objetivo seria 6. Por otro lado, el valor de la funcién objetivo para la solucién
optima es 3, y se alcanza cuando P, = P, = {ACT, AG, G}.

El problema MCSP tiene aplicacion en el campo de la bioinformatica. Chen
et al [24] establecen que este problema esta muy relacionado con el de orde-
namiento por reversos con duplicados (sorting by reversals with duplicates), el
cual es clave para el problema de reordenamiento de genoma.

2.2 Minimum Covering Arborescence (MCA)

El problema de cobertura minima considerado en esta secciéon pertenece a la
familia de problemas MWRA (minimum weight rooted arborescence). En este
tipo de problemas, dado un grafo dirigido aciclico con pesos enteros en los arcos
—donde en algunos casos los pesos pueden estar restringidos a valores positivos,
mientras en otros estos pueden ser negativos—. Se busca una solucién sobre el
grafo, esta corresponde a un subgrafo del grafo problema que establece una
arborescencia con raiz en un nodo predefinido. Dentro de este contexto, una
arborescencia con raiz es un arbol dirigido no necesariamente de cobertura,
en el que todos los arcos apuntan en sentido contrario de la raiz. El objetivo
consiste en encontrar dentro de las soluciones validas, una con peso minimo.
El costo de cada soluciéon al problema estd dado por la suma del peso de
sus arcos. Este tipo de problema tiene aplicacién en vision computacional y
planificaciéon de la produccién multi-etapas.

El problema MCA se define formalmente de la siguiente forma: Con-
sidere un grafo dirigido aciclico (DAG) denotado por G = (V, A), donde
V = {v1,...,v,} es el conjunto de n nodos y A C {(4,5) | i # j € V} es
el conjunto de m arcos dirigidos. Se asume que v; es el nodo raiz. Cada arco
a € A tiene asignado un peso entero w(a) € Z. Ademaés el conjunto predefinido
X C V de los nodos del grafo problema debe ser incluido en la solucion valida.
De esta forma cualquier arborescencia T = (V(T'), A(T))—donde V(T) C V
es el conjunto de nodos de T'y A(T) C A es el conjunto de arcos de T—con
raiz en v1 y con X C V(T') es una solucion valida al problema. Sea A el con-
junto de todas las arborescencias. El valor de la funcion objetivo (esto es, el
peso) f(T) de una arborescencia T' € A se define de la siguiente forma:
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(a) Ejemplo de grafo deen-  (b) soluciéon optima de
trada. valor -14.

Fig. 2.1: (a) muestra un grafo de entrada con ocho nodos y quince arcos. El
nodo de més arriba es el nodo raiz (root) v;. Ademés, los nodos coloreados
negros forman el conjunto X, esto es, estos deben ser incluidos en cualquier
solucion valida. (b) muestra la solucién 6ptima de valor —14.

()= > wla) . (2.1)

a€A(T)

El objetivo del problema MCA es encontrar una arborescencia T* € A tal
que el peso de T* es menor o igual al peso de cualquier arborescencia en A. En
otras palabras, el objetivo es minimizar la funcién objetivo f(-). Un ejemplo
del problema MCA puede ser visto en la Figura

2.3 Weighted Independent Domination (WID)

WID es un problema de optimizaciéon combinatorial que fue introducido en
[23]. Este corresponde a una extension del bien conocido independent domi-
nation (ID) problem. En este problema, dado un grafo G = (V,E), V es el
conjunto de nodos y F se refiere al conjunto de aristas. Una arista e € E que
conecta los nodos u # v € V, es de igual forma llamada (u,v) o (v,u). La
vecindad N (v) de un nodo v € V se define como N (v) :={u € V' | (v,u) € E},
ademas la vecindad cerrada N|[v] de un nodo v € V se define como N[v] :=
N(v) U {v}. Por otro lado, el conjunto de aristas incidentes sobre el nodo
v € V de denota como §(v). Debe notarse, que en este contexto, una arista
e € F es llamada incidente al nodo v, si v forma una de las dos puntas de e.
Dado un grafo no-dirigido G = (V, E), un subconjunto D C V de nodos es
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llamado conjunto dominante si cada nodo v € V'\ D es adyacente al menos a
un nodo de D, esto es, si por cada nodo v € V' \ D existe al menos un nodo
u € D tal que v € N(u). Adicionalmente, un conjunto I C V es llamado un
conjunto independiente si para cualquier par v # v € I, se cumple que v y
v’ no estan conectados por una arista en G. En consecuencia, un subconjunto
D C V es llamado conjunto independiente dominante si D es ambos un con-
junto independiente y un conjunto dominante. Finalmente, dado un conjunto
independiente y dominante D € V', para todo v € V' \ D se define la vecindad
restringida por D, N (v | D) como N (v | D) := N(v) N D, esto es, la vecindad
de v es restringida a todos sus vecinos que estan en D.

En el problema WID se tiene que dado un grafo no-dirigido G = (V, E)
con pesos en nodos y aristas. Mas especificamente, donde a cada v € V' y
e € E se le asocia un peso entero w(v) > 0, w(e) > 0, respectivamente. La
resolucién consiste en encontrar un conjunto dominante independiente D en
G que minimice la siguiente funcién de costo:

f(D):=> w)+ > min{w(v,u)|ue N(|D)} (2.2)
ueD veV\D

En otras palabras, el valor de la funcién objetivo de D es obtenido por
la suma de los pesos de los nodos en D, més la suma de los pesos de las
aristas de peso minimo que conectan los nodos que no estdn en D con nodos
dentro de D. Como ejemplo considere los grafos en la Figura En este
ejemplo el peso de los nodos esté indicado dentro de éstos, y el peso de las
aristas se puede visualizar junto a las mismas. Un posible grafo de entrada se
muestra en la Figura 2:2a] Un conjunto dominante de peso minimo 6ptimo
(el conjunto de nodos grises) se muestra en la Figura Sin embargo, debe
notarse que este conjunto no es independiente, debido a que dos nodos que
forman parte del mismo son adyacentes entre si. Un conjunto independiente
dominante de peso minimo 6ptimo es presentado en la Figura Debe no-
tarse que para ambos, el minimum weight dominating set problem y minimum
weight independent dominating set problem, los pesos de las aristas no son con-
siderados. Finalmente, la solucién 6ptima para el problema WID se presenta
en Figura[2.2d] Las aristas de peso minimo seleccionadas para conectar nodos
en D con nodos fuera de D estan senaladas con lineas remarcadas. El valor de
la funcién objetivo para este solucion es 13, lo cual se forma de la composicién

del peso de los nodos (2 + 1 + 2) y el de las aristas (4 + 1+ 3).

2.4 k-Cardinality Tree (kCT)

El problema k-cardinality tree (kCT) fue definido en [58]. Siendo mostrado
en [46][101] que corresponde a un problema N P-hard que tiene distintas apli-
caciones en leasing de campos petroleros [57], distribucion de instalaciones
[50][49], mineria de cielo abierto [96], descomposicion de matrices [I7][18] y
telecomunicaciones [53].
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Fig. 2.2: Ejemplo que relaciona el problema WID con el problema minimum
weight dominating set y con el problema minimum weight independent domi-
nating set

Técnicamente, el problema kCT puede ser descrito de la siguiente forma.
Sea G(V, E) un grafo no-dirigido en el cual cada arista e € F tiene un peso
we > 0y cada nodo v € V tiene un peso w, > 0. Ademaés, se denota por Ty, el
conjunto de todos los arboles de cardinalidad k en G, esto es, con exactamente
k aristas. El problema consiste en encontrar un arbol de cardinalidad &, T} €
Tr que minimize:

f(Ty) = Z we | + Z wy | (2.3)

GBEE'T,C vGVTk

donde dado un arbol T';, Ep denota en conjunto de aristas de T', y V corre-
sponde al conjunto de nodos de T'. Una instancia al problema kCT se denota
con una tupla (G, k), donde G es un grafo no dirigido con peso en las aristas,
v k es la cardinalidad buscada.

La literatura presenta principalmente dos casos especiales del problema
general kCT, las cuales se definen como sigue: (1) edge-weighted kCT (e-kCT),
donde el peso de los nodos es cero y (2) node-weighted kCT (n-kCT), donde
todos los pesos de las aristas son cero. En esta investigacion fue de interés el
subproblema (e-KCT), el cual fue abordado por técnicas exactas [51][26][116]
y heuristicas [41][40]]26]. Una de las mejores heuristicas elaboradas construye
un arbol de expansiéon de un grafo dado, que subsecuentemente aplica un
algoritmo de programacion dindmica polinomial [78] que encuentra el mejor
arbol de cardinalidad k en el arbol de expansion. Investigaciones posteriores
se enfocan méas en el desarrollo de metaheuristicas, (para ejemplos se puede
revisar [9] [20] [I17]) y metaheuristicas hibridas [10].
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Contribuciones

En esta secciéon se establecen y describen de forma preliminar las contribu-
ciones que sustentan esta disertacion, las cuales son discutidas en extenso en
las publicaciones incorporadas en el texto.

3.1 Efectos de la reduccién de instancias sobre un
modelo ILP para el problema MCSP

La investigacion realizada comienza con la exploracion del uso de modelos
ILP sobre el problema MCSP, ya descrito en la seccion 2.1} En este contexto
se presenta el primer modelo ILP para solucionar este problema.

3.1.1 Modelo ILP propuesto

El modelo se basa en la definicién de dos matrices de dimensiones m x n, M1
y M2 con filas 1 < i < m que representan los m bloques comunes o subcade-
nas comunes entre ambas cadenas relacionadas consideradas en el problema.
Ademas las columnas 1 < j < n representan la posiciéon de estos bloques
comunes en s; en el caso de M1 y en s5 en el caso de M2, y donde n es la
longitud de ambas cadenas. En general las entradas de las matrices M1y M2
son establecidas en cero, con excepcién de aquellas posiciones ocupadas por el
bloque comtin en estas matrices. Consideremos la posicion (i, j) de una matriz
con la notacién M; ; y finalmente consideremos para cada bloque comin exis-
tente entre s; y so el cual llamaremos b; una variable binaria x;. Considerando
estas definiciones podemos expresar el problema MCSP en forma del siguiente
modelo ILP, el cual denotaremos como ILP,,;,.
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miani (3.1)
i=1

sujeto a:

m

> M-z =1 paraj=1,...,n (3.2)
i=1

m

ZMZwaizl paraj=1,...,n (3.3)
i=1

x; € {0,1} parai=1,...,m

La funcion objetivo minimiza el niimero de bloques comunes seleccionados,
mientras la restriccion se asegura que la cadena correspondiente al bloque
comun seleccionado no se solapa en la cadena sy, en tanto se asegura lo
mismo pero sobre la cadena s;. Ademéas se debe notar que las restricciones
y implicitamente aseguran que la suma de las longitudes de las
cadenas correspondientes a los bloques comunes seleccionados sea igual a n.

3.1.2 Evaluacién de Modelo ILP sobre instancias de problema
pequenas

El modelo ILP,,;, es evaluado inicialmente en base a un conjunto de cadenas
de prueba propuesto por Ferdous y Sohel Rahman [42], el cual esta orientado
a la aplicacion sobre el area bioinformaéatica. Este conjunto se estructura en
base a cuatro grupos de cadenas de problemas organizadas segin su longi-
tud, todas ellas basadas en un alfabeto de tamano 4, compuesto por las letras
{A,C, G, T}. Este conjunto de prueba se caracteriza por poseer 15 secuencias
de ADN reales y ademaés por el hecho que la longitud maxima de las cadenas
no supera las 600 letras. El GRUPO1 estd compuesto por cadenas de longi-
tud maxima de 100 caracteres, el GRUPO2 por su parte tiene cadenas con
longitudes entre 201 y 400 caracteres, el GRUPO3 utiliza cadenas entre 401
y 600 caracteres, y finalmente el grupo REAL posee cadenas con longitudes
variables entre 200 y 600. En todos los casos de prueba se us6 CPLEX para la
resoluciéon del modelo ILP,,;.. Los resultados fueron comparados con lo de una
implementacion de la heuristica greedy, una implementacion ACO [42] y un
algoritmo de bisqueda probabilistica sobre arboles (TRESEA) [I1], que hasta
el momento resultaba ser el estado del arte sobre el problema.

Los resultados logrados por ILP,,, fueron destacables, el modelo resulté
tener mejores resultados en todas las instancias de pruebas, superando a todos
los algoritmos en la comparacién y en particular a la mejor propuesta existente
en la literatura (TRESEA) en términos de mejora promedio (porcentual), por
un 4.8% en el caso del GRUPO1, 9.2% para el GRUPO2, 9.7% en el caso del
GRUPO3 y un 9.9% para los casos de secuencias de ADN reales; no obstante
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Table 3.1: Resultados de aplicar CPLEX a ILP,,;, en el contexto de instancias
de problemas grandes.

length value time (s) gap |B|
800 210 2531 10.7% 214622
1000 304 1673 26.4% 334411
1200 342 3435 22.6% 480908
1400 401 6459 24.9% 653401
1600 442 10987 24.1% 854500
1800 486 18276 24.0% 1084533
2000 n.a. n.a. n.a. 1335893

estos buenos resultados, es relevante constatar que ILP,,;, sélo pudo encontrar
soluciones 6ptimas para el GRUPO1 y excepcionalmente en uno de los casos
del grupo REAL, lo que llevo a cuestionar la escalabilidad del rendimiento
entregado por el modelo ILP a medida que se incrementa la longitud de las
instancias de problema, razén por la cual se procedi6 a estudiar sus resultados
con problemas mas grandes, lo cual es revisado a continuacion.

3.1.3 Evaluaciéon del Modelo ILP sobre instancias de problemas
grandes

Para lograr poner a prueba el modelo ILP propuesto sobre problemas més
grandes se desarrolld6 un nuevo conjunto de evaluacién basado en cadenas
aleatorias ficticias de ADN, las longitudes de las cadenas de ADN de este
nuevo conjunto son {800, 1000, 1200, 1400, 1600, 1800, 2000}. El modelo fue
ejecutado sobre CPLEX con una restriccion de tiempo preliminar méximo de
computo de 3600 segundos de CPU, y con una detencion forzada si el computo
de la primera solucién se proyectase méas alla de las 12 horas. El resultado
de la aplicaciéon de ILP,,;, se puede ver en la Tabla @ En esta tabla, en
las primeras 3 columnas se aprecia la longitud de las cadenas, la soluciéon
obtenida y el tiempo utilizado respectivamente, ademés en la cuarta columna,
se muestra el (gap), o la brecha existente entre la solucion encontrada y la
cota inferior al momento del término de la ejecucion del algoritmo. Por otro
lado, la dltima columna |B|, entrega el tamano del conjunto de subcadenas
comunes para la instancia de problema.

Los resultados dan a conocer que el modelo ILP,,;, se vuelve inviable de
ser aplicado sobre CPLEX de forma eficiente en los tiempos considerados,
puesto que desde tamanos de instancia de problema de 1400 ya se excede la
cota de 3600 segundos establecida, mostrando una tendencia exponencial que
impide que se obtengan resultados dentro de la cota de 12 horas para el caso
de longitud 2000.

23



24 3 Contribuciones

3.1.4 Reduccion heuristica del tamano de una instancia de
problema

Con el objetivo de superar el problema de desempeno de la aplicacion de
modelos ILP sobre instancias de problemas grandes, se opta por probar el
comportamiento del modelo ILP sobre una instancia reducida de problema.
Para esto se analiz6 la distribucién de los bloques comunes en términos de
su longitud. La idea intuitiva en este contexto es que mejores soluciones re-
quieren menos bloques y mas grandes. El estudio arrojé de forma consistente
e independiente del tamano de problema que alrededor del 75% de los bloques
comunes disponibles en | B| son de tamaio 1, y por otro lado s6lo una pequenia
porcion de estos participan de las soluciones 6ptimas. Considerando esto, se
desarrolld una heuristica determinista basada en MIP que permita reducir el
espacio de componentes de solucion (bloques comunes) privilegiando el uso de
cadenas mas largas. Esto se logra a través de la aplicacion de dos fases de ILP,
ambas basadas en el modelo ILP,,, utilizindolo con variantes que permitan
en una primera fase construir una solucién parcial basada en bloques comunes
extensos, y en una segunda fase completar la soluciéon parcial agregando los
bloques comunes faltantes.

En la primera fase de la heuristica el conjunto B debe poseer todos los blo-
ques disponibles. Para este propodsito sea B>; (donde I > 1) denota el subcon-
junto de B que contiene todos los bloques comunes b; de B con |¢;| > I-donde
t; es un string comin que se encuentra tanto en s; como en Ss—, esto es, todos
los bloques con cadenas més largas o iguales a [. Debe notarse en este contexto
que le = B. Ademas |B21| 2 |BZQ| Z |Bzg| Z Z |B200| Sea lmax el
mas pequeilo valor para ! tal que |B>,,, | > 0. Obsérvese que B>, solo
contiene bloques comunes con las cadenas mas largas. Estableciendo un valor
especifico para [ de [2,1,.,], €l siguiente modelo ILP, al cual nos referiremos
como ILP,,,, puede ser resuelto.

min Z T +y (3.4)

b;€EB>;

sujeto a:

Z M1;;-2;<1 paraj=1,...,n (3.5)
b;€B>;

Z M2;;-x;<1 paraj=1,...,n (3.6)
b,€B>;

> ltilwi=n—y (3.7)
bq‘,eBZl

x; € {0,1} para b; € B>
y€{0,1,...,n}
ILP,,, esta basado en una variable binaria x; por cada bloque comin b; €
B>, y una variable adicional y € {0,1,...,n} la cual cuenta el namero de
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posiciones que no son cubiertas por ningin bloque. Ademas las matrices M1
y M2 son las mismas introducidas en la seccion [3.1.1] esto es, ellas estan
definidas sobre todo el conjunto B. La funcién objetivo minimiza el ntiimero de
bloques seleccionados y el niimero de posiciones no cubiertas. Las restricciones
(3.503.6)) son las mismas de ILP,,, (ver seccion , més alld del hecho
de que las igualdades han sido reemplazadas por simbolos < (permitiendo
dejar posiciones no cubiertas). Ademaés, en la restriccion la variable y
es agregada al lado derecho, permitiendo con esto el conteo del nimero de
posiciones no cubiertas. En términos simples, la idea de ILP,,, es producir
una soluciéon parcial para la instancia MCSP original que cubra lo mas posible
ambas cadenas de entrada por medio de la menor cantidad posible de bloques
comunes.

La resolucion de ILP,,, se le denomina como phase 1 de la heuristica
propuesta. Sea Spp1 la soluciéon provista por la fase 1. Debido a las restricciones
de ILP,,,, esta solucién parcial es una solucién valida para el problema MCSP
original. La idea de la segunda fase es entonces producir la mejor solucién
completa posible que contenga S,;1. Esto se logra resolviendo el siguiente
ILP, al cual se le llamara ILP,,,.

min Z Z; (3.8)

bi €EBpraUSpn1
sujeto a:
Z M1,;-2;,=1 paraj=1,...,n (3.9)
bi€Bpr2USpn1
> M2;-x;=1 paraj=1,...,n (3.10)
bi€Bpr2USpn1
z; =1 parab; € Sphl (3.11)
xz; € {0,1} para b; € Bppo
Donde Bpho := B(Spn1) C B es el conjunto de los bloques comunes que

puedes ser agregados a Spp1 sin violar restricciones. Debe notarse que el mo-
delo ILP,,, es el mismo modelo ILP,,,, s6lo que ILP,,, Gnicamente considera
bloques comunes de Bpha y que éste fuerza a cualquier solucion a contener
todos los bloques comunes de Spp1; ver restricciones .

Los resultados de las pruebas realizadas, muestran que la heuristica de-
sarrollada logra vencer al mejor algoritmo en la literatura por un promedio
de un 6.5% cuando se utiliza el set de prueba propuesto por Ferdous y Sohel
(Seccion [3.1.2)); aunque sélo logra igualar al modelo ILP original (ILP.,, ) en
15 de los 45 casos propuestos. Por otro lado, al evaluar la heuristicas con ins-
tancias de problemas grandes a través del set de prueba producido para esta
investigacion (ver Seccion [3.1.3)), ésta logra amplia ventaja sobre (ILP,,,), uti-
lizando un fraccién del tiempo necesitado por esta ultima lo que se justifica
por el significativamente mas pequeno conjunto de componentes de solucién
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utilizado (bloques comunes), el cual resulta ser de solo entre un 2.5% a un
6.1% del total de bloques disponibles.

3.2 Desarrollo de una metaheuristica hibrida basada en
reduccién de instancias

Luego de los buenos resultados de la heuristica basada en reducciéon de ins-
tancias, se procedi6é a buscar una extension de la idea a través del desarrollo
de un framework que permitiese buscar genericidad en la aplicacion de esta
solucién sobre distintos tipos de problemas combinatoriales, manteniendo los
beneficios de poder usar un solver de proposito general como CPLEX para la
solucién de instancias de problemas grandes, lo que resulta inviable de forma
directa.

De esta forma se proyecté una metaheuristica basada en dos componentes
fundamentales, primero una técnica heuristica constructiva y en segundo lugar
un solver exacto para modelos ILP. El algoritmo propuesto se basa en la
siguiente idea general:

1. Se produce una subinstancia reducida de un problema, donde la solucién
a esta subinstancia resulta ser una solucién también para la instancia
original, no necesariamente la 6ptima global.

2. Se aplica un solver exacto a la instancia reducida del problema, buscando
una soluciéon de alta calidad.

3. Se utiliza el resultado del solver exacto como feedback para una siguiente
iteracion del algoritmo.

En base a estas ideas se proyect6 la metaheuristica hibrida llamada Con-
struct, Merge, Solve & Adapt (CMSA), la cual se describe a continuacion.

3.2.1 Construct, Merge, Solve & Adapt

El algoritmo CONSTRUCT, MERGE, SOLVE & ADAPT (CMSA) trabaja de la
siguiente forma. Durante cada iteracion primero se genera un nimero de solu-
ciones validas para la instancia de problema original de forma probabilistica
(CoNsTRUCT). Luego en un segundo paso los componentes de solucion uti-
lizados por las soluciones creadas son agregados en conjunto ¢’ (MERGE),
para luego ser utilizados por un solver exacto y encontrar una solucién 6p-
tima (SOLVE). Finalmente para cerrar cada iteracion, la informacion sobre
los componentes utilizados y no utilizados de C’ brindada por el solver es
usada para descartar componentes menos ttiles a través de algtin mecanismo
de envejecimiento (ADAPT).

En el Algoritmo I} se puede ver el detalle del funcionamiento de CMSA y
sus parametros. Coémo se puede apreciar CMSA tiene como parametros basicos
age .« €l cual determina la cantidad méaxima de iteraciones que un compo-
nente de solucién puede estar en C sin ser utilizado por el solver, ademas de
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Algorithm 1 CONSTRUCT, MERGE, SOLVE & ADAPT (CMSA)

input: instancia de problema Z, valores para parametros n, y age
Spet := NULL, C' := 0
agelc] ;=0 for all ce C
while tiempo de CPU no alcanzado do
fori=1,...,n, do
S := ProbabilisticSolutionGeneration(C)
for todo c€ S and c ¢ C' do
agelc] :==0
C':=C"U{c}
10: end for
11:  end for
12: S, := ApplyExactSolver(C")
13:  if 5., es mejor que Syy then Sue := S,
14:  Adapt(C’, S, age
15: end while
16: output: Sy

max

©

Inax)

ng el cual determina el nimero de soluciones construidas probabilisticamente
en el primer paso en cada iteracion.

3.2.2 Aplicacion de CMSA sobre MCSP & MCA

CMSA fue evaluado sobre los problemas MCSP (ver Seccién[2.1) y MCA (ver
Seccién . En el caso de MCSP las pruebas se vuelven a realizar sobre el
conjunto definido por Ferdous y Sohel (Seccion , ademés de un nuevo set
con instancias con n € {200,400, ...,1800,2000}, que incorpora alfabetos de
12 y 20 caracteres ademas del tradicional de 4 (ADN), usando dos distribu-
ciones de probabilidad distintas, configurando con esto un conjunto de 600
instancias de prueba. En el caso del problema MCA, también se elabor6 un
conjunto de prueba el cual estd compuesto por DAGs con tamafio en nodos
de n € {500,1000,5000} y densidades determinadas por probabilidades de
existencia de sus arcos, en este caso los nodos pertenecientes al subconjunto
X (requisito del problema), son elegidos aleatoriamente del conjunto de nodos
alcanzables en proporciones de {1%, 10%, 20%} del total de nodos, el conjunto
provee un total de 270 problemas.

En el caso del problema MCSP, los resultados de CMSA fueron contrasta-
dos contra las siguientes propuestas: la heuristica ILP previamente desarrol-
lada [12], una heuristica greedy [61], una metaheuristica ACO [42] [43], el
algoritmo TREESEA [I1] y la aplicacion del modelo ILP desarrollado sobre la
instancia completa de problema(I L Peomypi). Debe notarse que para los casos de
CMSA y TREESEA, se opt6 por un proceso de calibracion de parametrosﬂ ad-

! Proceso llevado a cabo con el uso de la herramienta 1racE (Iterated Race for
Automatic Algorithm Configuration) desarrollado en IRIDIA (Université libre de
Bruxelles) [76]
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Fig. 3.1: Diferencias entre los resultados de CMSA y los obtenidos por la apli-
caciéon de CPLEX a ILPF,,;, relacionado con 600 instancias del segundo set
de prueba. Cada caja muestra estas diferencias para 10 instancias. Valores
negativos indican que CPLEX obtiene ventaja sobre CMSA.

hoc al problema, llevado a cabo en base a un conjunto de datos diferentes a los
utilizados en los experimentos. Por otro lado, al considerar el problema MCA,
los contendientes de CMSA fueron la heuristica constructiva PGREEDY, que
de hecho se corresponde con la fase ProbabilisticSolutionGeneration de CMSA
YV ILP.ompi, €l cual se refiere a la aplicacién del solver CPLEX sobre la instan-
cia completa original del problema. En este caso también se realizé un proceso
de calibracion de parametros mediante IRACE [76] que se aplico a CMSA y
PGREEDY

3.2.3 Resultados de la aplicacion de CMSA

De la aplicacion de CMSA y las otras técnicas evaluadas sobre los problemas
estudiados, se pueden extraer las siguientes observaciones relevantes. En el
caso de CMSA sobre MCSP, se puede notar que el tamano del alfabeto incide
en los resultados, siendo mayor la complejidad para los algoritmos cuando el
alfabeto es mas restringido (4 letras). En resumen CMSA se muestra compet-
itivo con ILP,,,,, en instancias pequetias, siendo CMSA superior a medida que
crece el tamano de las instancias, venciendo a todos los algoritmos con los
cuales se compar6 incluido ILP,,,,, €l cual en contraste sobre cierto tamano de
instancia de problema ya no logré obtener resultados dentro de los tiempos
admisibles. En la Figura[3.1] se puede apreciar graficamente las diferencias en-
tre ILP,,;, y CMSA, en términos de la mejora lograda por CMSA sobre ILP,,;,.
En estas graficas se puede apreciar con facilidad como se distancian los resul-
tados a medida que crecen los tamanos de instancias para el caso del alfabeto
XY maés restringido (X = 4).

Para explicar las diferencias entre los resultados entre CMSA y la apli-
cacion de CPLEX a ILPF,.;, puede inspeccionarse la Figura en esta se
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Fig. 3.2: Evoluciéon del tamafnio de instancia original usado por CPLEX y de
subinstancia usado por CMSA

muestra informacién sobre el tamano original de cada instancia de problema
en términos del nimero de componentes de soluciéon disponibles, comparado
con el tamano promedio de la sub-instancias generadas por CMSA.

En la misma figura se demarcan las lineas solidas que indican el tamano
del conjunto completo de componentes con el formato "ILP X' X Y" que in-
dica en X el tamano del alfabeto y con Y el tipo de distribucion Y € {L, S},
donde L se refiere a una distribucion lineal y S a una sesgada, mientras por
otro lado las lineas segmentadas muestran el tamano de la subinstancia usada
por CMsA. Considerando lo anterior, se puede apreciar que las seis curvas
de lineas s6lidas muestran un crecimiento exponencial asociado al incremento
de m; mientras que por otro lado, las seis curvas segmendadas exhiben un
crecimiento mas bien lineal asociado al incremento de n. Ademés se puede
observar que el tamafio de las subinstancias utilizadas por CMSA es significa-
tivamente menor que el tamano de la instancia original. Esta es la razén de
porqué el componente CPLEX de la fase (SOLVE) de CMSA puede resolver
la subinstancia cerca de los valores 6ptimos en corto tiempo.

En el caso del problema MCA, los resultados muestran un comportamiento
similar al mostrado sobre el problema MCSP, en este caso CMSA se mostrd
competitivo con I LFP,,n,,, en casos de instancias pequenas y superior en casos
grandes donde incluso IL Py, no logré mostrar resultados en las cotas de
tiempo establecidas. Al igual que en el caso de MCSP se explica por el bajo
porcentaje de uso de componentes de solucién en la subinstancia empleada
por CMSA, que incluso desciende porcentualmente respecto al tamano de la
instancia original a medida que aumenta el tamano de los grafos y su densidad,
esto se puede revisar en la Figura|3.3
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Fig. 3.3: Tamano promedio de las sub-instancias abordadas por CMSA asocia-
das a 20 instancias de conjunto de prueba. Las pruebas estan categorizadas en
nueve subconjuntos diferentes. Los tamanos de las subinstancias estan mostra-
dos como porcentajes de los tamanos de las instancias originales.

3.3 Sustitucion de CPLEX en CMSA por la
metaheuristica PBIG

En esta seccién se revisara la tltima parte de la investigacion realizada. Esta
consiste en el uso del framework CMSA para mejorar el desempeno de otras
metaheuristicas. Esto en particular se propone a través del uso de una imple-
mentacion de un algoritmo greedy iterativo basado en poblacion (population-
based iterated greedy, (PBIG) para el problema WID (ver Seccion us-
ada dentro de CMSsA como componente de la fase (SOLVE), adicionalmente se
muestran contribuciones complementarias realizadas, las cuales consisten en
modelos ILP utilizados para enfrentar el problema WID.

La implementacion de este nuevo enfoque es necesario, debido que existen
casos donde CPLEX no es lo suficientemente eficiente para ser usado como
componente SOLVE dentro de CMSA.

3.3.1 Modelos ILP aplicados sobre el problema WID

Se desarrollaron tres modelos ILP para enfrentar el problema WID, los cuales
se describen a continuacion.

3.3.1.1 ILP-1: Modelo basado en variables indicadoras

El primer modelo ILP —que llamaremos ILP-1—usa tres conjuntos de vari-
ables binarias. Por cada nodo v € V este usa una variable binaria x,. Ademaés,
por cada arista e € E el modelo usa una variable binaria y. y una variable
binaria z.. Asi x, indica si v es elegido para la solucion. Ademas, z. indica si
e € E es seleccionada para conectar un nodo no elegido con uno elegido. La
variable y. es una variable indicadora, que establece si e es seleccionable o no
para formar parte de la solucién.
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(ILp-1) min Z zyw(v) + Z zew(e) (3.12)
veV eel
sujeto a: @, +x, <1 para e = (u,v) € E (3.13)
Ty + Z Ty > 1 parav € V (3.14)
u€N (v)

Ty + Ty = Ye

para e = (u,v) € E (3.15)

Ze < Ye para e € F (3.16)

Ty + Z ze 21 parav € V (3.17)
e€d(v)

x, € {0,1} parav € V

ye € {0,1} parae € E

ze € {0,1} para e € E

Las restricciones (3.13)) son las que establecen la independencia, esto es,
estas restricciones se aseguran que dos nodos adyacentes no pueden formar
parte de la soluciéon. La restriccion verifica el conjunto dominante. Esta
se asegura de que cada nodo v € V, ya sea el nodo en si mismo o al menos
uno en su vecindad esté considerado en la soluciéon. Esos dos conjuntos de
restricciones son comunes a los tres modelos presentados. Las restricciones
en , aseguran que las variables indicadoras estén correctamente acti-
vadas. Debe notarse que cada arista que contribuye a la funcién objetivo debe
siempre conectar a un nodo no seleccionado para la solucién con uno consid-
erado por ésta. Asi, si dado una arista e = (u,v), ya sea que v o u estd en
la solucién, la variable y. es forzada a tomar el valor 1, lo cual indica que
esta arista es seleccionable. Las restricciones en relacionan las variables
indicadoras con las variables que muestran que aristas son seleccionadas. En
particular, si una variable indicadora y. tiene valor 0, z. es forzada a tomar
valor 0, lo cual significa que e no puede ser elegido. Finalmente, las restric-
ciones en se aseguran que cada nodo v € V' que no forma parte de la
solucién —esto es, cuando x, = 0—esta conectado por una arista a un nodo
que si forma parte de la solucion. Debido al objetivo de minimizacién en la
optimizacion las aristas con los pesos mas bajos seran seleccionadas para este
proposito.

3.3.1.2 ILP-2: Eliminando las variables indicadoras

El segundo modelo ILP —el cual llamaremos ILP-2 —sigue la misma idea de
ILP-1, pero con la salvedad de que no requiere de las variables indicadoras.
Esto es, el modelo ILP-1 sblo necesita las variables binarias z, para todo
v € V y las variables z, para todo e € E. El significado de estas variables ya
fue descrito anteriormente.
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(ILP-2) min Z zyw(v) + Z zew(e) (3.18)

veV c€E
sujeto a: @, + 1, <1 para e = (u,v) € E (3.19)

Ty + Z Ty > 1 parav €V (3.20)
weN(v)

Ty + Ty > 2e para e = (u,v) € E (3.21)

I—zy)+ (1 —zy) > 2 para e = (u,v) € E (3.22)

Ty + Z ze 21 parav € V (3.23)
)

x, € {0,1} parav €V

ze € {0,1} parae € E

Debe notarse que las restricciones del conjunto independiente , las
del conjunto dominante , y las restricciones que se aseguran de que cada
nodo v € V que no forma parte de la solucion esta conectado por una arista a
un nodo que forma parte de la solucién, son las mismas que las de modelo ILP-
1. Sin embargo, los dos grupos de restricciones de ILP-1 (restricciones
y ), son reemplazados por los grupos v (3.22). Debe notarse que
cuando ambos x, y x, —relacionados mediante la arista e = (u,v) € E—
estan con valor cero, la restriccion fuerza a la variable z. a tomar
valor cero, lo que significa que una arista que conecta los dos nodos no se-
leccionados puede ser elegida por la solucién. Ademéas cuando ambos x, y x,,
—nuevamente relacionados mediante la arista e = (u,v) € E— tienen valor
1, la restriccion fuerza a la variable z. a tomar el valor cero, lo cual
significa que la arista que conecta los dos nodos seleccionados no puede ser
elegida para la solucion.

3.3.1.3 ILP-3: Uso de variables explicitas para considerar peso de
arcos

El tercer modelo ILP—el cual llamaremos de ahora en adelante ILP-3— es
estructuralmente diferente a ILP-1 y ILP-2. La idea central de éste es mode-
lar la contribucién del peso de las aristas de cada nodo en términos de una
variable entera ¢, para todo v € V. Obviamente, el peso de las aristas de un
nodo seleccionado v € V—esto es, cuando z,, = 1-—debe ser cero, mientras la
contribucién de la arista de un nodo no seleccionado v € V' debe ser igual al
peso de la arista de peso minimo que conecta este nodo a un nodo seleccionado.
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(ILP-3) min Z Zpw(V) + gy (3.24)
veV
sujeto a: x, +x, <1 Ve=(u,v) €FE (3.25)
To+ Y awu>1 YoeV (3.26)
wEN (v)
G < (1—z,)M YveV (3.27)
@ >0 VveV (3.28

v > zqw(e) — | z,M + Z Ty M
e'=(v,v")€d(v)
S.t. w(e)<w(e)
z, € {0,1} VveV
€ (—|V]-M,..., M)} VoeV

Debe observarse que las restricciones de conjunto independiente ([3.25) y
las de conjunto dominante estan también en ILP-1 y ILP-2. Ademés,
las restricciones establecen el limite superior de la contribucién de una
artista en cero en casos que el nodo correspondiente forma parte de la solucion,
esto es, del conjunto dominante e independiente. En caso de que el nodo no
forme parte de la solucion, la restriccion establece el limite superior en
un valor de una gran constante M, la cual fue establecida en funcion del peso
méaximo de todas las aristas del grafo. Ademas, el conjunto de restricciones en
(13.28)) establece el limite inferior de todas las contribuciones en cero. Final-
mente, las restricciones (3.29)) establecen el limite inferior de la contribucién
de aristas, para que éstas sean iguales al peso de la arista de minimo peso que
conecta el respectivo nodo con uno de su vecindad seleccionada.

3.3.2 Aplicaciéon de Metaheuristica PBIG sobre el problema WID

Los tres modelos ILP presentados, fueron desarrollados parar ser evaluados
como componentes de la fase SOLVE de CMsA. Lamentablemente el desempeno
de estos tres modelos fue pobre, incluso con instancias mas pequenas que las
originales en casos con 500 y 1000 nodos. Esto llevé a desarrollar un nuevo
planteamiento, en el cual el solver es reemplazado por otra metaheuristica que
es aplicada sobre la sub-instancia reducida generada por las primeras fases del
CMSA, pero con un tiempo mas limitado. La metaheuristica seleccionada para
este propésito es PBIG, la cual se describe a continuacién, aplicada a WID.
Una descripcion de alto nivel de la implementacion de PBIG—al que se
referird como PBIG—esta dada en el algoritmo [2| PBIG requiere el grafo pro-
blema G, y los parametros: (1) tamafio de poblacion pg,e € Z7T, (2) el limite
inferior (D!) y el limite superior (D*), para el nivel de destruccién aplicado
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Algorithm 2 PBIG para el problema WID

1: input: grafo de entrada G, parametros psize > 0, D', D, drate, lsize € [0, 1]
2: P := GeneratelnitialPopulation(psize, drate, lsize)

3: while no se satisfaga la condicién de término do
4: Paew =10

5:  for cada solucion candidata S € P do

6 S = DestroyPartially(S)

7 S’ = Reconstruct(S‘,dmte,lsize)

8 AdaptDestructionRate(5, S’)

9: Prew i= Puew U {5}

10: end for

11: P := Accept(P, Puew)

12: end while

13: output: argmin {f(S) | S € P}

a cada solucion de la poblacion por cada iteracion, (3) el grado de determin-
ismo drate € [0,1], y (4) el tamano de la lista de candidatos lsi,e > 0. Los
dos ultimos parametros controlan el nivel de avaricia (greediness) del proceso
probabilistico de reconstruccion de soluciones. Ademas, se debe notar que los
valores para los limites mencionados deben cumplir 0 < D! < D* < 1. Para
la siguiente descripcion, cada solucién S es un subconjunto de los nodos de
V, tiene un valor de funcion objetivo f(S), y una tasa de destruccion Dg
individual posiblemente dindmica.

El algoritmo funciona como sigue. Primero las psi,e soluciones de la
poblacion inicial son generadas por la funcion GeneratelnitialPopulation (psige,
drates lsize) (ver linea 2 de Alg. [2]). Luego, cada iteracion consiste de los sigu-
ientes pasos: Primero, una poblaciéon vacia P,.., llamada poblacién de de-
scendientes es creada. Luego, cada solucion S € P es parcialmente destruida
usando el procedimiento DestroyPartially(S) (ver linea 6 de Alg. . Esto re-
sulta en una solucién parcial S. Sobre la base de S , se construye una soluciéon
completa S’ usando el procedimiento Reconstruct(S’, drates lsize) (ver linea 7 de
Alg. . Aqui, la tasa de destruccion Dg de la solucién S es adaptada dependi-
ente de la calidad de la solucion S’ en la funcion AdaptDestructionRate(S, .S").
Cada solucién nueva obtenida es almacenada en P,.,. Notese que las dos fases
de destruccién y reconstrucciéon son aplicadas a todas las soluciones de P de
forma independiente entre ellas. Cuando la iteraciéon estéd completa, el pro-
cedimiento Accept(P, P,..,) selecciona las mejores pgie soluciones de PUP,.,,
para la poblacion de la préoxima generacion. En el caso de que dos soluciones
de P U P,.. sean iguales, el criterio de desempate esta basado en las tasas
de destruccién individuales. Mas especificamente, la solucién S con la tasa
individual més alta de destruccion Dg es preferida sobre la otra. Finalmente
el algoritmo termina cuando el limite de tiempo de procesamiento ha sido
alcanzado, y la mejor solucién es retornada.
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3.3.3 Uso de PBIG como componente de CMSA

El framework CMSA fue desarrollado para tratar de dar escalabilidad a la
eficiencia de solvers ILP exactos en el contexto de instancias de problemas
grandes, donde de forma directa resultan completamente inviables. Debido
a los deficientes resultados de los modelos ILP mostrados sobre el problema
WID, esta version de CMSA no usa un solver exacto sino que en su lugar
trata las sub-instancias con el algoritmo PBIG, el cual se aplica sobre cada sub-
instancia con cierta limitacion de tiempo. El algoritmo resultante se denomina
(CMsA-PBIG), el cual es provisto como Algoritmo

En el contexto del problema WID, el conjunto de componentes de solu-
cion utilizados por esta version de CMSA corresponde al conjunto de nodos del
grafo de entrada. Ademas, las soluciones pueden ser probabilisticamente con-
struidas por dos versiones de greedy estocasticas definidas para este propésito.
Estos algoritmos requieren dos parametros: (1) la tasa de determinismo que
llamaremos (dSips® en el contexto de CMSA-PBIG) y (2) el tamano de la lista

rate
de candidatos (I’ en el contexto de CMSA-PBIG).

El algoritmo inicia su operacién de la siguiente forma, primero, la mejor
solucién hasta el momento Spes es inicializada a NULL, indicando que ain
no existe una solucion, Ademas la subinstancia actual V! C V' (donde V es
el conjunto de nodos del grafo de entrada G) es inicializado como un con-
junto vacio. Entonces en cada iteracién, un ntiimero de n, soluciones es prob-
abilisticamente generado a través de la funcion ProbabilisticSolutionGenera-
tion (0Pt greedys rates lSipe®), en este caso el pardmetro opty,eeqy Permite se-
leccionar una de las dos implementaciones elaboradas de Greedy para estos
propositos. Los nodos encontrados en las soluciones construidas son agregados
a V’'. Ademas cada nodo v € V' tiene una edad, etiquetada como age[v], la
cual se inicializa en cero. Luego, PBIG es aplicado en la funcion ApplyPBIG(V")
para encontrar soluciones de alta calidad, pero restringido a los nodos de V|
esto es, el proceso de re-construccion de PBIG esté restringido a elegir nodos
de V. Si la solucion resultante, llamada S;big, es mejor que la mejor solucion
hasta el momento Sys¢, la solucion S;)big es adoptada como la mejor solucion
hasta el momento. Luego, la subinstancia V'’ es adaptada en base a la solucién
Spst en conjunto con las edades de los nodos en V'. Esto es realizado por la
funcion Adapt(V’, S, agenax) de la siguiente forma. Primero, la edad de
cada nodo en V' \ ST, es incrementada mientras la edad de cada nodo en

Lbig €8 reinicializada a cero. Subsecuentemente, aquellos nodos de V’ con una
edad mayor a age, ., —el cual es un pardmetro del algoritmo—es removido de
V. Esto causa que nodos que no son seleccionados por las mejores soluciones

de PBIG no hagan més lenta la ejecuciéon de PBIG en las siguientes iteraciones.

Resultados

Se realizd una extensa comparacion de algoritmos sobre el problema WID,
lo que incluyo a los tres modelos ILP presentados (ILp-1 y ILp-2,ILP-3), las
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Algorithm 3 CMSA-PBIG para el problema WID

1: input: grafo de entrada G, valores de parametros para PBIG y valores para los

4 cmsa jecmsa
Parametros drate ) Usize > 38Cmaxs> Ma, tmax, and optgreedy

2: Spst := NULL

3V =0

4: age[v] := 0 para todov € V

5: while el tiempo limite de CPU no sea alcanzado do
6: fori=1,...,n,do

T S := ProbabilisticSolutionGeneration(0pt g ceqay» drate s lsive )
8: for todo v € S and v ¢ V' do

9: agelv] :==0

10: V'« V'u{v}

11: end for

12:  end for

13: Sl < ApplyPBIG(V")

14: if f(S;big) < f(Shst) then Sy := S;big
15:  Adapt(V', Sppig, age

16: end while

17: output: Spsr

max)

dos versiones de heuristicas greedy desarrolladas, el algoritmo PBIG y CMSA-
PBIG, esto es, siete algoritmos en total. Las pruebas se realizaron sobre un
total de 540 instancias de problemas provenientes de dos conjuntos de prueba
de similar tamano. El primer conjunto se denomina conjunto de grafos aleato-
7108, y Sus instancias se caracterizan porque todos los nodos tienen similar
probabilidad de conectarse entre si. El conjunto posee una variedad de grafos
determinados por la probabilidad de la ocurrencia de una arista, su cantidad
de nodos y distintos tipos de esquemas de generaciéon de pesos, los cuales
pueden dar mas importancia a los nodos o a las aristas, o bien ser neutrales.
Las mismas consideraciones de esquemas de pesos, cantidad de nodos y pro-
babilidad de nodos se aplica para el segundo conjunto de prueba llamado
conjunto de grafos geométricos aleatorios. La diferencia radica en que este
segundo grupo introduce el concepto de radio de conexiéon el cual limita la
posibilidad de conectar nodos entre si, a los que estan en dentro de esta dis-
tancia determinada por el radio, esto se logra con una disposicién aleatoria
inicial de coordenadas para todos los nodos de la instancia.

Es importante notar que PBIG y CMSA-PBIG fueron sometidos a procesos
de calibracion usando la herramienta IRACE.

Luego de las pruebas realizadas, al considerar todas las instancias en con-
junto, se puede constatar que CMSA-PBIG es el algoritmo con mejor desem-
peno, seguido por PBIG. Luego los siguen los modelos ILP, donde ILP-2 es
generalmente el de mejor rendimiento seguido por ILP-3 y ILP-1. Finalmente
los de peor rendimiento son las heuristicas greedy. Todas las diferencias tienen
significancia estadistica. Una representacion de esto se puede ver en la Figura
a través de un grafico de diferencias criticas (CD), donde cada algoritmo
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ILp-2 “—GREEDY1
ILp-3

Fig. 3.4: Gréfico de diferencias criticas para las 540 instancias de problemas
en conjunto. El eje muestra el ranking promedio para los 7 algoritmos consid-
erados.

es posicionado en un segmento de acuerdo al ranking promedio respecto al
total de instancias de problema. La diferencia critica es computada con nivel
de significancia del 0.05, y para este caso entre todas las propuestas existen
diferencias estadisticas significativas. Adicionalmente se pudo notar que las
estructuras de los grafos no alteran el desempeno, siendo éste similar para los
distintos tipos de grafos. CMSA-PBIG y PBIG son las mejores propuestas sobre
el problema WID entre las técnicas verificadas, con significancia estadistica en
todos los casos. Ahora, en la comparacion entre CMSA-PBIG y PBIG, se puede
observar que CMSA-PBIG tiene —para todos los subconjuntos de instancias—
un mejor desempeno promedio que PBIG. Esta diferencia es estadisticamente
significativa cuando consideramos todas las instancias de problema en con-
junto, y en el caso de grafos orientados a aristas. Este resultado es de gran
interés, debido a que muestra que, con la aplicacién del framework CMSA
sobre otra metaheuristica, es posible incrementar el rendimiento de la meta-
heuristica.
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Conclusiones

En este trabajo se ha mostrado céomo instancias grandes de problemas de
optimizacién combinatorial pueden ser abordadas por técnicas exactas (ILP)
sobre herramientas solver estandares, lo cual se logra, cuando previamente se
realiza una reduccion inteligente del tamano de la instancia de problema; sin
lo cual la aplicacién de ILP seria inviable. Esto se descubrié en un principio,
gracias al desarrollo de una heuristica exacta basada en MIP, que entregd
el sustento para el desarrollo de un framework general llamado CMSA, que
resulta ser la principal contribucién de este trabajo.

CMSA mostro su utilidad en la simplificacion y depuracion de subinstan-
cias de problemas grandes permitiendo el uso de modelos ILP sobre ellas,
ademaés esta técnica mostro su valor al mejorar el rendimiento de otras meta-
heuristicas, lo que es un resultado de gran interés, y que abre un campo de
investigacion futuro. De forma detallada, las principales conclusiones de esta
investigacion son las siguientes:

e Durante el proceso de investigacion se desarroll6 un conjunto de técnicas
algoritmicas que configuran las contribuciones de esta tesis. Estas son un
modelo ILP para el problema MCSP que mejora lo descrito en la literatura
para problemas pequenos, y una heuristica basada en ILP, que también
mejora los resultados publicados, pero con la capacidad de enfrentar ins-
tancias de problemas grandes. Ademés se presenta una nuevo framework
de optimizacién de propoésito general CMSA, que permite ser la base de de-
sarrollo de metaheuristicas hibridas y que prueba su utilidad al ser usado
complementariamente con modelos ILP y otra metaheuristica (PBIG). En
este contexto se logra posicionar a CMSA en el estado-del-arte para los
problemas MCSP, MCA y WIDP, en especial al tratar con instancias de
problemas grandes. Durante el proceso de desarrollo de CMSA, también
se logro el desarrollo de tres modelos ILP para el problema WIDP y dos
variantes Greedy para el mismo problema, junto con la implementacién de
la metaheuristica PBIG.
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e (CMsA permite extender el uso de modelos ILP sobre instancias de pro-
blemas que de forma directa les seria inviable usando herramientas solver
estandar—en este caso particular CPLEX—. En términos generales, la res-
olucitn de instancias reducidas por el framework propuesto, muestra resul-
tados competitivos con el modelo ILP aplicado sobre las instancias origi-
nales no reducidas de problemas pequenos (cuando el modelo ILP puede
aplicarse de forma directa a la instancia de problema) y supera amplia-
mente al uso de modelos ILP de forma directa en problemas medianos y
grandes.

e Otro resultado interesante de la investigacion, es el hecho de que CMsA
permitié mejorar el buen desempeno de la metaheuristica PBIG, que por
si sola estaba posicionada en el estado-del-arte en la solucion del problema
WIDP. Esto entrega un precedente importante y abre lineas de investi-
gacion asociadas al desarrollo de otras hibridaciones.

4.1 Trabajos futuros

Derivado del trabajo realizado, se vislumbran dos lineas complementarias de
trabajo, una ligada a la mejora del framework presentado, y la segunda vin-
culada a la explotacién de éste. En el contexto de la mejora, es claro que debe
revisarse con mas detalle el mecanismo de envejecimiento de componentes de
solucién en la fase ADAPT de CMsA, la cual segiin experimentos preliminares
muestra que podria ser mejorada considerando aspectos sobre la calidad de las
soluciones encontradas y la interacciéon de estos componentes, en conjunto al
uso un enfoque estocéastico en este proceso. En el contexto de la explotacion de
CMSA, se debe explorar la utilidad del framework sobre otro tipo de problemas
de optimizacion combinatorial, como es el caso de problemas de permutacién
y planificacién, asi también la prueba en conjunto con otras metaheuristi-
cas disponibles en el estado-del-arte de distintos CO, buscando mejorar los
resultados de la literatura.
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Publicaciones

Como resultado de la investigacion, se desarrollaron diversos articulos en re-
vistas y conferencias. En esta seccion se introducen los articulos seleccionados
para esta disertacion y presentados con posterioridad en la Parte II del tra-
bajo. Algunos trabajos publicados no fueron elegidos por constituir resultados
parciales posteriormente extendidos en otras publicaciones o por no estar rela-
cionados con la temética general presentada en este trabajo.

5.1 Publicaciones incluidas en la disertacion

Capitulo 6: Mathematical Programming Strategies for Solving the
Minimum Common String Partition Problem

Este trabajo muestra los resultados de enfrentar el MCSP con un modelo
de programacién lineal. En este contexto se muestra el primer modelo ILP
desarrollado para este problema y su desempeiio, poniendo énfasis en que
no es aplicable a problemas grandes. El trabajo explora el desarrollo de una
heuristica de dos fases basada en ILP y sustentada en la reducciéon de instan-
cias de problema que resulta tener resultados superiores a los existentes en la
literatura.

Capitulo 7: Construct, Merge, Solve Adapt: A New General
Algorithm For Combinational Optimization

Dada la ventaja mostrada por la reduccién de tamano de instancia encontrada,
este trabajo presenta una nueva metaheuristica hibrida de propoésito general
basada en este concepto. La propuesta es probada sobre los problemas MCSP
y MCA mostrando ser competitiva con solvers exactos para instancias de
problemas pequenos y medianos y muy superior a estos con instancias de
problemas grandes.
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Capitulo 8: The Weighted Independent Domination Problem:
Integer Linear Programming Models and Metaheuristic
Approaches

En este trabajo originalmente se busca extender la aplicaciéon de CMSA sobre
el problema WID, y en ese contexto el articulo informa del desarrollo de dos
heuristicas del tipo greedy y tres modelos ILP (componentes de CMSA). Dado
que el solver utilizado (CPLEX) no resultan lo suficientemente eficiente para
su integracion con CMSA, se presenta una metaheuristica PBIG aplicada a
WID y una aplicaciéon de CMSA con PBIG como alternativa a los modelos
ILP, mostrando resultados sobresalientes de estos dos tltimos algoritmos.

5.2 Publicaciones no incluidas en la disertacion

The Weighted Independent Domination Problem: ILP Model and
Algorithmic Approaches

Este trabajo se presentd en (EvoCop2017) y fue nominado a mejor articulo.
Este presenta el desarrollo de un modelo ILP y dos heuristicas voraces (greedy)
para abordar el problema WID. Ademas para este mismo problema, se pre-
senta una metaheuristica PBIG. Los resultados muestran el buen desempeno
del modelo ILP en instancias de problema pequeno y la superioridad de la
metaheuristica en instancias de problemas mayores.

Iterative Probabilistic Tree Search for the Minimum Common
String Partition Problem

En este articulo se explora el uso de una técnica de bisqueda en arbol iterativa
probabilistica sobre el problema MCSP, mostrando como ésta supera a las
implementaciones estandar de greedy, y ademés de una implementacién de
una metaheuristica ACO.

Generate, Solve & Adapt: Una propuesta de metaheuristica
hibrida aplicada al problema de kCT

Este articulo presenta una propuesta del framework GSA, el cual es una ver-
sion temprana de CMSA. La propuesta se evalia sobre el problema kCT
mostrando ventajas sobre heuristicas voraces tradicionales y permitiendo el
uso de modelos ILP sobre problemas que no podrian ser abordados con este
de forma directa.
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An Artificial Bioindicator System for Network Intrusion Detection

Este trabajo responde a una linea de investigacién distinta a la presentada
en este texto, pero realizado durante el periodo de estudios doctorales. En
el articulo se presenta una propuesta de bioindicadores artificiales usados
como clasificadores para detectar intrusiones en redes de datos. El clasificador
estd inspirado en el sistema inmune biologico e implementa una poblaciéon de
agentes que evoluciona y aprende a vivir en su entorno. En este proceso se
transforman en bioindicadores que pueden reaccionar a anomalias. La pro-
puesta permite detectar ataques desconocidos y no requiere entrenamiento
previo. En las pruebas realizadas pudo mejorar los resultados de 3 algoritmos
en el estado del arte usando un conjunto de prueba estandarizado.

5.3 Lista de publicaciones

En esta seccion se proveen las referencias el trabajo cientifico publicado du-
rante el desarrollo de esta disertacién. Los articulos incluidos en esta dis-
ertacion estéan destacados.

Revistas internacionales

e Pedro Pinacho Davidson, Christian Blum and José A. Lozano.
The Weighted Domination Problem: Integer Linear Program-
ming Models and Metaheuristic Approaches. Furopean Journal
of Operational Research (EJOR). (enviado)

e Christian Blum, Pedro Pinacho, Manuel Lépez.Ibanez, José A.
Lozano. Construct, Merge, Solve & Adapt: A New General Al-
gorithm For Combinational Optimization. Computers € Opera-
tions Research 68 (2016), pp. 75-88.

e Christian Blum, José A. Lozano, Pedro Pinacho Davidson. Math-
ematical Programming Strategies for Solving the Minimum Com-
mon String Partition Problem. Furopean Journal of Operational
Research (EJOR) 242 (3) (2015), pp. 769-777.

e Christian Blum, José A. Lozano, Pedro Pinacho Davidson. An Artificial
Bioindicator System for Network Intrusion Detection . Artificial Life 21
(2) (2015), pp. 93-118.

Conferencias internacionales

e Pinacho, Pedro, Blum C., Lozano J.A. (2017) The Weighted Independent
Domination Problem: ILP Model and Algorithmic Approaches. In: Hu B.,
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Lopez-Ibanez M. (eds) Evolutionary Computation in Combinatorial Op-
timization. EvoCOP 2017. Lecture Notes in Computer Science, vol 10197.
Springer, Cham.

Blum C., Lozano J.A., Pinacho Davidson P. (2014) Iterative Probabilistic
Tree Search for the Minimum Common String Partition Problem. In: Blesa
M.J., Blum C., Vok S. (eds) Hybrid Metaheuristics. HM 2014. Lecture
Notes in Computer Science, vol 8457. Springer, Cham.

Conferencias nacionales

Pedro Pinacho, Christian Blum, José A. Lozano. Generate, Solve & Adapt:
Una propuesta de metaheuristica hibrida aplicada al problema de KCT.
XI Congreso Chileno de Investigacion Operativa (OPTIMA 2015), Antofa-
gasta, Chile.
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applications in computational biology. In this work we propose the first integer linear programming model
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1. Introduction

Optimization problems related to strings—such as protein or
DNA sequences—are very common in bioinformatics. Examples in-
clude string selection problems (Meneses, Oliveira, & Pardalos, 2005;
Mousavi, Babaie, & Montazerian, 2012; Pappalardo, Pardalos, &
Stracquadanio, 2013), the longest common subsequence problem and
its variants (Hsu & Du, 1984; Smith & Waterman, 1981), alignment
problems (Gusfield, 1997; Rajasekaran, Nick, Pardalos, Sahni, & Shaw,
2001), and similarity search (Rajasekaran, Hu, Luo, Nick, Pardalos,
Sahni, & Shaw, 2001). These problems are often computationally very
hard, if not even NP-hard (Garey & Johnson, 1979). In this work we
deal with the minimum common string partition (MCSP) problem,
which can be described as follows. We are given two related input
strings that have to be partitioned each into the same collection of
substrings. The size of the collection is subject to minimization. A for-
mal description of the problem will be provided in Section 1.1. The
MCSP problem has applications, for example, in the bioinformatics
field. Chen, Zheng, Fu, Nan, Zhong, Lonardi, and Jiang (2005) point out
that the MCSP problem is closely related to the problem of sorting by
reversals with duplicates, a key problem in genome rearrangement.
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Tel.: +34 943017119.
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(J- A. Lozano), ppinacho@santotomas.cl (P. Davidson).
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In this paper we introduce the first integer linear program (ILP) for
solving the MCSP problem. An experimental evaluation on problem
instances from the related literature shows that this ILP can be effi-
ciently solved, for example, by using any version of IBM ILOG CPLEX.
However, a study on new instances of larger size demonstrates the
limitations of the model. Therefore, we additionally introduce a de-
terministic 2-phase heuristic which is strongly based on the original
ILP. The experimental evaluation shows that the heuristic is appli-
cable to larger problem instances than the original ILP. Moreover, it
is shown that the heuristic outperforms competitor algorithms from
the related literature on known problem instances.

1.1. Problem description

The MCSP problem can technically be described as follows. Given
are two input strings s; and s,, both of length n over a finite alphabet
3. These two strings are required to be related, which means that each
letter appears the same number of times in each of them. Note that
this definition implies that s; and s, have the same length. A valid so-
lution to the MCSP problem is obtained by partitioning s; into a set P,
of non-overlapping substrings, and s, into a set P, of non-overlapping
substrings, such that P; = P,. Moreover, we are interested in finding
avalid solution such that |P;| = |P,| is minimal.

Consider the following example. Given are DNA sequences s; =
AGACTG and s; = ACTAGG. Obviously, s; and s are related because A
and G appear twice in both input strings, while C and T appear once.
A trivial valid solution can be obtained by partitioning both strings
into substrings of length 1, that is, P; = P, = {A,A,C, T, G, G}. The
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objective function value of this solution is 6. However, the optimal
solution, with objective function value 3, is P; = P, = {ACT, AG, G}.

1.2. Related work

The MCSP problem has been introduced by Chen et al. (2005) due
to its relation to genome rearrangement. More specifically, it has ap-
plications in biological questions such as: May a given DNA string
possibly be obtained by rearrangements of another DNA string? The
general problem has been shown to be NP-hard even in very restric-
tive cases (Goldstein, Kolman, & Zheng, 2005). Other papers concern-
ing problem hardness consider, for example, the k-MCSP problem,
which is the version of the MCSP problem in which each letter occurs
at most k times in each input string. The 2-MCSP problem was shown
to be APX-hard in Goldstein et al. (2005). When the input strings
are over an alphabet of size c, the corresponding problem is denoted
as MCSP-. Jiang et al. proved that the decision version of the MCSP¢
problem is NP-complete when ¢ > 2 (Jiang, Zhu, Zhu, & Zhu, 2012).

The MCSP has been considered quite extensively by researchers
dealing with the approximability of the problem. Cormode and
Muthukrishnan (2007), for example, proposed an O(lognlog*n)-
approximation for the edit distance with moves problem, which is a
more general case of the MCSP problem. Shapira and Storer (2002) ex-
tended on this result. Other approximation approaches for the MCSP
problem have been proposed in Kolman and Walen (2007). In this
context, Chrobak, Kolman, and Sgall (2004) studied a simple greedy
approach for the MCSP problem, showing that the approximation ra-
tio concerning the 2-MCSP problem is 3, and for the 4-MCSP problem
the approximation ratio is 2(log(n)). In the case of the general MCSP
problem, the approximation ratio is between ©(n%43) and 0(n%67),
assuming that the input strings use an alphabet of size O(log(n)).
Kaplan and Shafrir (2006) raised the lower bound to £2(n%46). Kolman
proposed a modified version of the simple greedy algorithm with an
approximation ratio of 0(k?) for the k-MCSP (Kolman, 2005). Recently,
Goldstein and Lewenstein proposed a greedy algorithm for the MCSP
problem that runs in O(n) time (see Goldstein & Lewenstein, 2011).
He (2007) introduced a greedy algorithm with the aim of obtaining
better average results.

Damaschke (2008) was the first one to study the fixed-parameter
tractability (FPT) of the problem. Later, Jiang et al. (2012) showed that
both the k-MCSP and MCSP¢ problems admit FPT algorithms when k
and c are constant parameters. Finally, Fu, Jiang, Yang, and Zhu (2011)
and Ding and Fu (2013) proposed an 0(2””00)) time algorithm for the
general case and an O(n(logn)?) time algorithm applicable under some
constraints.

To our knowledge, the only metaheuristic approaches that have
been proposed in the related literature for the MCSP problem are (1)
the MAX-MZIN Ant System by Ferdous and Sohel Rahman (2014,
2013)and (2) the probabilistic tree search algorithm by Blum, Lozano,
and Pinacho Davidson (2014). Both works applied their algorithm to
a range of artificial and real DNA instances from Ferdous and Sohel
Rahman (2013).

1.3. Organization of the paper

The remaining part of the paper is organized as follows. In
Section 2, the ILP model for solving the MCSP is outlined. Moreover,
an experimental evaluation is provided. The deterministic heuristic,
together with an experimental evaluation, is described in Section 3.
Finally, in Section 4 we provide conclusions and an outlook to future
work.

2. An integer linear program to solve the MCSP

In the following we present the first ILP model for solving the
MCSP. For this, the definitions provided in the following are required.
Note that an illustrative example is provided in Section 2.3.

2.1. Preliminaries

Henceforth, a common block b; of input strings s; and s, is denoted
as a triple (t;, k1;, k2;) where t; is a string which can be found starting
at position 1 < k1; < ninstring s; and starting at position 1 < k2; <n
in string s,. Moreover, let B = {b1,..., by} be the (ordered) set of
all possible common blocks of s; and s,.! Given the definition of B,
any valid solution S to the MCSP problem is a subset of B—that is,
S C B—such that:

1 Yhes |ti| = n, that is, the sum of the length of the strings corre-
sponding to the common blocks in S is equal to the length of the
input strings.

2. For any two common blocks b;, bj € S it holds that their corre-
sponding strings overlap neither in s; nor in s;.

Moreover, any (valid) partial solution Sp,ia is @ subset of B fulfill-
ing the following conditions: (1) 2bieSpartial |til <n and (2) for any
two common blocks b;, bj € Syl it holds that their corresponding
strings overlap neither in sy nor in s,. Note that any valid partial so-
lution can be extended to be a valid solution. Furthermore, given a
partial solution Sparial, S€t B(Spartial) C B denotes the set of common
blocks that may be used in order to extend Spy,ia Such that the result
is again a valid (partial) solution.

2.2. The integer linear program

First, two binary m x n matrices M1 and M2 are defined as fol-
lows. In both matrices, row 1 < i < m corresponds to common block
b; € B. Moreover, a column 1 < j < n corresponds to position j in in-
put string s1, respectively s,. In general, the entries of matrix M1 are
set to zero. However, in each row i, the positions that string t; (of
common block b;) occupies in input string s; are set to one. Corre-
spondingly, the entries of matrix M2 are set to zero, apart from the
fact that in each row i the positions occupied by string t; in input
string s, are set to one. Henceforth, the position (i, j) of a matrix M is
denoted by M;;. Finally, we introduce for each common block b; € Ba
binary variable x;. With these definitions we can express the MCSP in
form of the following integer linear program, henceforth referred to
by ILPqyig.

m

min ) "x; (1)
i=1

subjectto :

m

> Ml x=1 forj=1.....n (2)

i=1

m

ZMZ,—_j~x,-:1 fOl‘jZl,...,ﬂ (3)

i=1
x;€{0,1} fori=1,...,m

Hereby, the objective function minimizes the number of selected
common blocks. Constraints (2) make sure that the strings corre-
sponding to the selected common blocks do not overlap in input string
s1, while constraints (3) make sure that the strings corresponding to
the selected common blocks do not overlap in input string s,. More-
over, note that constraints (2) and (3) implicitly ensure that the sum
of the length of the strings corresponding to the selected common
blocks is equal to n.

2.3. Example

As an example, consider the small problem instance from
Section 1.1. The complete set of common blocks (B) as induced by

1 The way in which B is ordered is of no importance.
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Table 1
Results for the 10 instances of GRouP1.
id GREEDY  Aco TRESEA  ILPyig
Value Best  Best Value Time (seconds)  Gap (percent) |B|
1 46 42 42 *41 0.0 4299
2 56 51 48 47 2 0.0 6211
3 62 55 56 *52 34 0.0 8439
4 46 43 43 41 1 0.0 4299
5 44 43 41 *40 0.0 4718
6 48 42 41 *40 3 0.0 4435
7 65 60 60 *55 38 0.0 8687
8 51 47 45 *43 2 0.0 4995
9 46 45 43 *42 0.0 4995
10 63 59 58 *54 51 0.0 9699
Avg. 527 48.7 477 45.5 13.5 0.0 6029.3

input strings s; = AGACTG and s, = ACTAGG is as follows:

b1 = (ACT,3,1)
b, = (AG,1,4)
bs = (AC.3.1)
by = (CT,4,2)
bs =@, 1,1)
bs = (A, 1,4)

B— b; =@A.3,1)

“)bs = (@A 3,4
by =(C.4,2)
b10=Cr75’3)
b1 = (G, 2,5)
b1z = (G, 2,6)
b3 = (G,6,5)
b]4_(G,6,6)

Given set B, matrices M1 and M2 are the following ones:
001110 111000
110000 000110
001100 110000
000110 011000
1 000O0O0 1 000O0O
100 00O 00 0T1O00O0
001O0O00O0 1 000O0O

MI=10 0100 0 M2=10 0010 0
000T1O00O0 01 00O00D0O
00 0O0T1D0O 001O0O00O0
01 00O00O0 0 00OT1DPWO
01 00O00O0 00 0O0O0°1
00 0O0O0OT1 0 00O0T1DWO
00 0O0O0°1 00 0O0O0°1

The optimal solution to this instance is S = {bq, by, by4}. It can
easily be verified that this solution respects constraints (2)-(4) of the
ILP model.

2.4. Experimental evaluation

In the following we will provide an experimental evaluation of
model ILPyg. The model was implemented in ANSI C++ using GCC
4.7.3 for compiling the software. Moreover, the model was solved with
IBM ILOG CPLEX V12.1. The experimental results that we outline in
the following were obtained on a cluster of PCs with “Intel(R) Xeon(R)
CPU5130” CPUs of 4 nuclei of 2000 megahertz and 4 gigabytes of RAM.

2.4.1. Problem instances
For testing model ILP;; we chose the same set of benchmark in-
stances that was used by in Ferdous and Sohel Rahman (2013) for the

experimental evaluation of their ant colony optimization approach.
This set contains, in total, 30 artificial instances and 15 real-life in-
stances consisting of DNA sequences. Remember, in this context, that
each problem instance consists of two related input strings. More-
over, the benchmark set consists of four subsets of instances. The first
subset (henceforth labeled GRouP1) consists of 10 artificial instances
in which the input strings are maximally of length 200. The second set
(Groupr2) consists of 10 artificial instances with input string lengths
between 201 and 400. In the third set (GRouP3) the input strings of the
10 artificial instances have lengths between 401 and 600. Finally, the
fourth set (REAL) consists of 15 real-life instances of various lengths
from [200, 600].

2.4.2. Results

The results are shown in Tables 1-4, in terms of one table per in-
stance set. The structure of these tables is as follows. The first column
provides the instance identifiers. The second column contains the re-
sults of the greedy algorithm from Chrobak et al. (2004) (results were
taken from Ferdous and Sohel Rahman (2013)). The third column pro-
vides the value of the best solution found in four independent runs
per problem instance (with a CPU time limit of 7200 seconds per run)
by the Aco approach by Ferdous and Sohel Rahman (2014, 2013).2
The fourth column provides the value of the best solution found in
10 independent runs per problem instance (with a CPU time limit
of 1000 seconds per run) by the probabilistic tree search algorithm
(henceforth labeled TRESEA) by Blum et al. (2014). TRESEA was run on
the same machines as the ones used for the current work. Finally, the
last four table columns are dedicated to the presentation of the results
provided by solving model ILP. The first one of these columns pro-
vides the value of the best solution found within 3600 CPU seconds.
In case the optimality of the corresponding solution was proved by
CPLEX, the value is marked by an asterisk. The second column dedi-
cated to ILPyiz provides the computation time (in seconds). In case of
having solved the corresponding problem to optimality, this column
only displays one value indicating the time needed by CPLEX to solve
the problem. Otherwise, this column provides two values in the form
X/Y, where X corresponds to the time at which CPLEX was able to
find the first valid solution, and Y corresponds to the time at which
CPLEX found the best solution within 3600 CPU seconds. The third one
of the columns dedicated to ILP, e shows the optimality gap, which
refers to the gap between the value of the best valid solution and the
current lower bound at the time of stopping a run. Finally, the last
column indicates the size of set B, that is, the size of the complete set
of common blocks. Note that this value corresponds to the number

2 In this context, note that the experiments for Aco were performed on a computer
with an “Intel(R) 2 Quad” CPU with 2.33 gigahertz and 4 gigabytes of RAM.
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Table 2
Results for the 10 instances of GROUP2.
id GREEDY  Aco TRESEA  ILPyig
Value Best Best Value Time (seconds)  Gap (percent) |B|
1 119 113 111 98 50/2067 2.9 37743
2 122 118 114 106 80/1046 7.5 47174
3 114 111 107 97 35/1220 2.7 36979
4 116 115 111 102 48/891 49 40960
5 135 132 127 116 83/2703 6.7 52697
6 108 105 102 93 39/1476 5.6 35650
7 108 98 96 88 31/3107 6.0 30839
8 123 118 114 104 61/3248 5.1 42668
9 124 119 113 104 49/1563 52 42998
10 105 101 98 89 27/1397 36 31169
Avg. 1174 113.0 1093 99.7 50/1872 5.0 39887.7
Table 3
Results for the 10 instances of GRouP3.
id GREEDY  Aco TRESEA [LPoyig
Value Best Best Value Time (seconds)  Gap (percent)  |B|
1 182 177 171 155 333,858 7.5 110973
2 175 175 168 155 345,693 7.7 102670
3 196 187 185 166 462/2063 85 119287
4 192 184 179 159 458/976 6.9 114975
5 176 171 163 150 279/682 9.7 99775
6 170 160 162 147 239/573 9.1 88839
7 173 167 161 149 253/620 9.8 95765
8 185 175 169 151 312/3591 6.7 97400
9 174 172 169 158 352/1022 10.9 104186
10 171 167 161 148 343/1334 9.1 98237
Avg. 1794 1735 168.8 153.8 338/1241 8.6 103211.0
Table 4
Results for the 15 instances of set REAL.
id GREEDY  Aco TRESEA [LPorig
Value Best Best Value Time (seconds)  Gap (percent) |B|
1 95 87 86 “78 968 0.0 22799
2 161 155 154 139 196/441 9.2 80523
3 121 116 113 104 61/3575 5.6 45869
4 173 164 158 144 301/1353 6.5 91663
5 172 171 165 150 379/1998 7.9 108866
6 153 145 143 128 170/3584 6.5 70655
7 140 140 131 121 180/1814 6.9 73502
8 134 130 128 116 127/3268 6.8 65560
9 149 146 142 131 191/358 8.8 75833
10 151 148 144 130 144/3429 6.1 69560
11 126 124 121 110 114/3591 4.8 56160
12 143 137 138 126 178/651 9.8 70861
13 180 180 171 157 469/2236 71 115810
14 152 147 146 130 161/3099 6.7 73449
15 157 160 152 139 295/1430 7.7 91060
Avg. 1471 1433 1395 126.9 212/2120 6.7 74163.9

of variables used by ILP,;s. The best result (among all algorithms) for
each problem instance is marked by a grey background, and the last
row of each table provides averages over the whole table.

The following conclusions can be drawn when analyzing the re-
sults. First, CPLEX is able to solve all instances of GROUP1 to optimality.
This is done, on average, in about 13 seconds. Moreover, none of the
existing algorithms was able to find any of these optimal solutions.

Second, CPLEX was also able to find new best-known solutions for
all remaining 35 problem instances, even though it was not able to
prove optimality within 3600 CPU seconds, which is indicated by the
positive optimality gaps. An exception is instance 1 of set REAL which
also could be solved to optimality. Third, the improvements over the
competitor algorithms obtained by solving ILP,; with CPLEX are re-
markable. In particular, the average improvement (in percent) over
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Fig. 1. Distribution of the string lengths corresponding to the complete set of common blocks. The distributions are shown averaged over all instances for each of the four sets of

problem instances.

TRESEA, the best competitor from the literature, is 4.8 percent in the
case of GRouP1, 9.2 percent in the case of GRoupr2, 9.7 percent in the
case of GRouP3, and 9.9 percent in the case of REAL.

In order to study the limits of solving ILPy;; with CPLEX
we randomly generated larger DNA instances. In particular, we
generated one random instance for each input string size from
{800, 1000, 1200, 1400, 1600, 1800, 2000}. CPLEX was stopped when
at least 3600 CPU seconds had passed and at least one feasible solu-
tion had been found. However, if after 12 CPU hours still no feasible
solution was found, the execution was stopped as well. The results
are shown in Table 5. The first column of this table provides the length
of the corresponding random instance. The remaining four columns
contain the same information as already explained in the context
of Tables 1-4, just that column Time (seconds) simply provides the
computation time (in seconds) at which the best solution was found.
Analyzing the results we can observe that the application of CPLEX
to ILPy e quickly becomes unpractical with growing input string size.
For example, the first valid solution for the instance with string length
1600 was found after 10987 seconds. Concerning the largest problem
instance, no valid solution was found within 12 CPU hours.

3. A MIP-based heuristic

As shown at the end of the previous section, the application of
CPLEX to ILPyg reaches its limits starting from an input string size
of about 1200. However, if it were possible to considerably reduce
the size of the set of common blocks (B), mathematical programming

Table 5
Results of applying CPLEX to ILP,g in the context of larger instances.

Length  Value  Time (seconds)  Gap (percent) |B|

800 210 2531 10.7 214622
1000 304 1673 26.4 334411
1200 342 3435 22.6 480908
1400 401 6459 249 653401
1600 442 10987 241 854500
1800 486 18276 24.0 1084533
2000 n.a. n.a. n.a. 1335893

might still be an option to obtain good (heuristic) solutions. With
this idea in mind we studied the distribution of the lengths of the
strings of the common blocks in B for all 45 problem instances. This
distribution is shown—averaged over the instances of each of the
four instance sets—in Fig. 1. Analyzing these distributions it can be
observed, first of all, that the distribution does not seem to depend
on instance size.> However, the important aspect to observe is that
around 75 percent of all the common blocks contain strings of length
1. Moreover, only a very small portion of these common blocks will
form part of an optimal solution. In comparison, it is reasonable to
assume that a much larger percentage of the blocks corresponding to
large strings will form part of an optimal solution. These observations
gave rise to the heuristic which is outlined in the following.

3 Most probably the distribution would change in some way when changing the size
of the alphabet.
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3.1. Heuristic

The proposed heuristic works in two phases. In the first phase, a
subset of B (the complete set of common blocks) must be chosen. For
this purpose, let B, (where | > 1) denote the subset of B that contains
all common blocks b; from B with |t;| > [, that is, all blocks whose
corresponding string is longer or equal than L. Note, in this context,
that B-1 = B. Moreover, note that [B.1| > |B>3| > |B>3| > -+ > |Booo|-
Let Imax be the smallest value for I such that |B., .. | > 0. Observe that
B. .., only contains the common blocks with the longest strings.
Having chosen a specific value for I from [2, Inax], the following ILP,
henceforth referred to as ILppy, may be solved.

min ) x;+y )
bieB.;

subjectto :

> Mi;x <1 forj=1,....n )
bieB.,

> M2-xi<1 forj=1,....n (6)
bieB-;

Dot -xi=n—-y 7
bieB.,

x; €{0,1} forb; € B,
yef{0,1,...,n}

ILP,pq is based on a binary variable x; for each common block
b; € B}, and an additional variable y € {0, 1, ..., n} that counts the
number of positions that are not covered by any chosen block. More-
over, matrices M1 and M2 are the same as the ones introduced in
Section 2.2, that is, they are defined over the whole set B. The objec-
tive function minimizes the number of chosen blocks plus the num-
ber of uncovered positions. The constraints (5)-(6) are the same as in
ILPoig (see Section 2.2), apart from the fact that all equality symbols
are replaced by the <-symbol. Moreover, in constraints (7) variable y
is added to the right-hand side in order to account for the number of
uncovered positions. In short, the idea of ILPpy,; is to produce a partial
solution for the original MCSP that covers as much as possible of both
input strings, while choosing as few common blocks as possible.

Solving ILPy,; will henceforth be referred to as phase 1 of the
proposed heuristic. Let us denote by S,p,; the solution provided by
phase 1. Due to the constraints of ILPpp this solution is a valid partial
solution to the original MCSP problem. The idea of the second phase
is then to produce the best complete solution possible that contains
Spn1- This is done by solving the following ILP, henceforth referred to
as ILpphZ-

min )" X (8)
bi€BpnaUSpn1
subjectto :
Z M],‘J~Xi=1 forj:l,..,,n (9)
biGBphZUSphl
Z MZ,‘J‘~X1‘=1 forj:l,.,.,n (10)
bieBphZUSphl
xi=1 fOI'b,‘ESpm (11)

Xj € {0, 1} for b,’ € Bph2

Hereby, B,y := B(Syn1) C B is the set of common blocks that may
be added to Spy; without violating any constraints.” Note that model
ILPpp is the same as model ILPy g, just that ILP,,, only considers com-

4 Remember that solutions are subsets of B.
5 See Section 2.1 for the definition of B(.).

Table 6

Results of the heuristic. Each of the four subta-
bles deals with one of the four problem instance
sets. Note that BEST KNowN refers to the best
heuristic results known from the literature.

id BEST Heuristic
KNOWN  y/31ue

Time (seconds)

(a) Instances of GRouP1.

1 42 41 1
2 48 47 2
3 55 +52 43
4 43 41 2
5 41 40 2
6 41 +40 3
7 60 *55 7
8 45 43 3
9 43 42 2
10 58 54 58

Avg. 47.7 45.5 12.3

(b) Instances of GROUP2.

1 111 100 209
2 114 107 248
3 107 98 297
4 111 103 268
5 127 116 280
6 102 96 224
7 96 90 164
8 114 104 232
9 113 108 157
10 98 92 159

Avg. 109.3 1014 2238

(c) Instances of GRouP3.

1 171 161 674
2 168 162 479
3 185 171 980
4 179 167 786
5 163 153 431
6 160 151 499
7 161 154 228
8 169 160 315
9 169 158 779
10 161 154 459

Avg.  168.6 159.1 563.0

(d) Instances of REAL.

1 86 80 130
2 154 139 563
3 113 105 223
4 158 142 560
5 165 161 494
6 143 133 401
7 131 123 433
8 128 121 404

9 142 +131 398
10 144 133 448
11 121 113 367

12 137 129 319
13 171 161 1105
14 146 136 553
15 152 144 405

Avg. 1394 130.1 453.5

mon blocks from By, and that it forces any solution to contain all
common blocks from Sppq; see constraints (11). This completes the
description of the heuristic.

3.2. Experimental evaluation

Just like model ILPyg, the heuristic was implemented in ANSI
C++ using GCC 4.7.3 for compiling the software. The two ILP models
were solved with IBM ILOG CPLEX V12.1, and the same machines as
for the experimental evaluation of ILPy; were used for running the
experiments.
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Fig. 2. Detailed information on the results of the proposed heuristic for four chosen problem instances. The description of the information content of the graphics is provided in
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As mentioned before, the heuristic may be applied for any value
of [ from the interval [2, Imax]. In fact, we applied the heuristic to each
of the 45 problem instances from sets GRouP1, GRoupr2, GROUP3, and
REAL, with all possible values for [. In order not to spend too much
computation time the following stopping criterion was used for each
call to CPLEX concerning any of the two involved ILP models. CPLEX
was stopped (1) in case a provenly optimal solution was obtained
or (2) in case at least 50 CPU seconds were spent and the first valid
solution was obtained. The overall result of the heuristic for a spe-
cific problem instance is the value of the best solution found for any
value of I. Moreover, as computation time we provide the sum of the
computation times spend for all applications for different values of L.

The results are shown in Table 6, which contains one subtable for
each of the four instance sets. Each subtable has the following format.
The first column provides the instance identifier. The second column
contains the value of the best heuristic solution found in the literature.
Finally, the last two table columns present the results of our heuristic.
The first one of these columns contains the value of the best solution
generated by the heuristic, while the second column provides the
total computation time (in seconds). The last row of each subtable
presents averages over the whole subtable. Moreover, the best result
for each instance is indicated in bold font, and those cases in which
the result of applying CPLEX to ILPyz could be matched are marked
by a “+” symbol.

The results allow to make the following observations. First, our
heuristic is able to improve the best-known heuristic result from
the literature in all 45 cases. Overall, the heuristic improves by
6.5 percent (on average) over the best known heuristic results from
the literature. On the downside, the heuristic is only able to match
the results of applying CPLEX to model ILPyjg in 15 out of 45 cases.
However, this changes with growing instance size, as we will show
later in Section 3.4.

3.3. Gaining insight into the behavior of the heuristic

With the aim of gaining more insight into the behavior of the
heuristic with respect to the choice of a value for parameter /, the
following information is presented in graphical form in Fig. 2. Two
graphics are shown for each of the four chosen problem instances.
More precisely, we chose to present information for the largest prob-
lem instances from each of the four instance sets (see subfigures (a)
to (d) of Fig. 2). The left graphic of each subfigure has to be read as fol-
lows. The x-axis ranges over the possible values for I, while the y-axis
indicates the size of the set of common blocks that is used for solving
models ILPppq and ILPpy;. The graphic shows two curves. The one with
a black line concerns solving model ILPpy in phase 1 of the heuristic,
while the other one (shown by means of a grey line) concerns solving
model ILPpp, in phase two of the heuristic. The dots indicate for each
value of [ the size of the set of common blocks used by the correspond-
ing models. Moreover, in case the interior of a dot is light-grey (yellow
in the online version) this means that the corresponding model could
not be solved to optimality within 50 CPU seconds, while a black in-
terior of a dot indicates that the corresponding model was solved to
optimality. Finally, the bars in the background of the graphic present
the values of the solutions that were generated with different values
of I. The graphics on the right hand side present the corresponding
computation times required by solving the different models.

The following observations can be made. When the value of [ is
close to the lower or the upper bound—that is, either close to 2 or
close to Imax—one of the two involved sets of common blocks is quite
large, and, therefore, the computation time needed for solving the
corresponding ILP may be large, in particular when the input instance
is rather large. On the contrary, for intermediate values of [, the size
of both involved sets of common blocks is moderate, and, therefore,
CPLEX is rather fast in providing solutions, even if the optimal solution
is not found (or cannot be proven) within 50 CPU seconds. Moreover,

Table 7

Results of applying the heuristic in the context of larger instances.
Length  CPLEX  Heuristic

Value Value  Time (seconds) |Bs| [Bpha| Percent of B
800 210 225 10 801 13169 6.1

1000 304 276 55 1385 16318 49
1200 342 330 57 1785 17192 3.6
1400 401 384 60 2535 21158 3.2
1600 442 416 63 3244 21512 2.5
1800 486 473 91 4416 45770 4.2
2000 n.a. 518 138 5132 68785 5.1

the value of [ with which the best results are obtained seems difficult
to be predicted. While rather small values of | are required for the first
three of the chosen problem instances, an intermediate value of [ is
best in case of instance 13 of REAL.

3.4. Results of heuristic for larger instances

With the aim of reducing the required computation time as much
as possible, the heuristic was applied with an intermediate value of
[ =5 to all problem instances from the set of larger instances de-
scribed at the end of Section 2.4.2. The results are shown in Table 7.
The first table column provides the length of the input strings of the
corresponding random instance. The second column indicates the re-
sult of applying CPLEX with a computation time limit of 3600 CPU
seconds to lLPorig.G The remaining five columns contain the results
of heuristic. The first one of these columns provides the value of the
solution generated by the heuristic, while the second column shows
the corresponding computation time. The next two columns provide
the size of the sets of common blocks used in phase 1, respectively
phase 2, of the heuristic. Finally, the last column gives information
about the number of common blocks considered by the heuristic in
comparison to the size of the complete set of common blocks (which
can be found in Table 5). In particular, summing the common block set
sizes from phases 1 and 2 of the heuristic and comparing this number
with the size of the complete set of common blocks, the percentage
of the common blocks considered by the heuristic can easily be cal-
culated. This percentage is given in the last table column. As before,
the best result per table row is indicated by a grey background.

The following observations can be made. First, apart from the
smallest problem instance, the heuristic outperforms the application
of CPLEX to model ILPy 5. Moreover, this is achieved in a fraction of
the time needed by CPLEX. Finally, it is reasonable to assume that the
success of the heuristic is due to an important reduction of the com-
mon blocks that are considered (see last table column). In general,
the heuristic only considers between 2.5 percent and 6.1 percent of
all common blocks. This is why the computation times are rather low
in comparison to CPLEX.

4. Conclusions and future work

In this paper we considered a problem with applications in bioin-
formatics known as the minimum common string partition problem.
First, we introduced an integer linear programming model for this
problem. By applying the IBM ILOG CPLEX solver to this model we
were able to improve all best-known solutions from the literature for
a problem instance set consisting of 45 instances of different sizes.
The smallest ones of these problem instances could even be solved to
optimality in very short computation time. The second contribution

6 Remember that the results of applying CPLEX to ILP,yg were described in detail in
Section 2.4.2.
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of the paper concerned a 2-phase heuristic which is strongly based on
the developed integer linear programming model. The results have
shown that, first, the heuristic outperforms competitor algorithms
from the literature, and second, that it is applicable to larger problem
instances.

Concerning future work, we aim at studying the incorporation of
mathematical programming strategies based on the introduced inte-
ger linear programming model into metaheuristic techniques such as
GRASP and iterated greedy algorithms. Moreover, we aim at identi-
fying other string-based optimization problems for which a 2-phase
strategy such as the one introduced in this paper might work well.
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1. Introduction

In this paper we introduce a general algorithm for combinatorial
optimization labelled Construct, Merge, Solve & Adapt (CMSA). The
proposed algorithm belongs to the class of hybrid metaheuristics
[1-4], which are algorithms that combine components of different
techniques for optimization. Examples are combinations of meta-
heuristics with dynamic programming, constraint programming, and
branch and bound. In particular, the proposed algorithm is based on
the following general idea. Imagine it were possible to identify a
substantially reduced sub-instance of a given problem instance such
that the sub-instance contains high-quality solutions to the original
problem instance. This would allow applying an exact technique—
such as, for example, a mathematical programming solver—with little
computational effort to the reduced sub-instance in order to obtain a
high-quality solution to the original problem instance. This is for the
following reason. For many combinatorial optimization problems the
field of mathematical programming—and integer linear programming
(ILP) in particular—provides powerful tools; for a comprehensive
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introduction into this area see, for example, [5]. ILP-solvers are in
general based on a tree search framework but further include the
solution of linear programming relaxations of a given ILP model for
the problem at hand (besides primal heuristics) in order to obtain
lower and upper bounds. To tighten these bounds, various kinds of
additional inequalities are typically dynamically identified and added
as cutting planes to the ILP-model, yielding a branch & cut algorithm.
Frequently, such ILP approaches are highly effective for small to
medium sized instances of hard problems, even though they often do
not scale well enough to large instances relevant in practice. Therefore,
in those cases in which a problem instance can be sufficiently reduced,
a mathematical programming solver might be very efficient in solving
the reduced problem instance.

1.1. Related work

The general idea described above is present in several works from
the literature. For example, it is the underlying idea of the general
algorithm framework known as Generate-And-Solve (GS) [6-9]. In
fact, our algorithm can be seen as an instantiation of this framework.
The GS framework decomposes the original optimization problem into
two conceptually different levels. One of the two levels makes use of a
component called Solver of Reduced Instances (SRI), in which an exact
method is applied to sub-instances of the original problem instance
that maintain the conceptual structure of the original instance, that is,
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any solution to the sub-instance is also a solution to the original
instance. At the other level, a metaheuristic component deals with the
problem of generating sub-instances that contain high quality solu-
tions. In GS, the metaheuristic component is called Generator of
Reduced Instances (GRI). Feedback is provided from the SRI component
to the GRI component, for example, by means of the objective function
value of the best solution found in a sub-instance. This feedback serves
for guiding the search process of the GRI component.

Even though most existing applications of the GS framework are
in the context of cutting, packing and loading problems—see, for
example, [7-11]—other successful applications include the ones to
configuration problems arising in wireless networks [12-14]. More-
over, it is interesting to note that the applications of GS published to
date generate sub-instances in the GRI component using either
evolutionary algorithms [10,14] or simulated annealing [11,13].
Finally, note that in [10] the authors introduced a so-called density
control operator in order to control the size of the generated sub-
instances. This mechanism can be seen as an additional way of
providing feedback from the SRI component to the GRI component.

Apart from the GS framework, the idea of solving reduced
problem instances to optimality has also been explored in earlier
works. In [15,16], for example, the authors tackle the classical
traveling salesman problem (TSP) by means of a two-phase
approach. The first phase consists in generating a bunch of high-
quality TSP solutions using a metaheuristic. These solutions are
then merged, resulting in a reduced problem instance, which is
then solved to optimality by means of an exact solver. In [17] the
authors present the following approach for the prize-collecting
Steiner tree problem. First, the given problem instance is reduced
in such a way that it still contains the optimal solution to the
original problem instance. Then, a memetic algorithm is applied to
this reduced problem instance. Finally, a mathematical program-
ming solver is applied to find the best solution to the problem
instance obtained by merging all solutions of the first and the last
population of the memetic algorithm. Massen et al. [18,19] use an
ant colony optimization algorithm to generate a large number of
feasible routes for a vehicle routing problem with feasibility con-
straints, then apply an exact solver to a relaxed set-partitioning
problem in order to select a subset of the routes. This subset is
used to bias the generation of new routes in the next iteration.

Finally, note that a first, specific, application of the general
algorithm proposed in this work has been published in [20] in the
context of the minimum weight arborescence problem.

1.2. Contribution of this work

Even though—as outlined above—there is important related work
in the literature, the idea of iteratively solving reduced problem
instances to optimality has not yet been explored in an exhaustive
manner. In this work we introduce a generally applicable algorithm
labelled Construct, Merge, Solve & Adapt (CMSA) for tackling combi-
natorial optimization problems. The algorithm can be seen as a specific
instantiation of the GS framework. It is designed to take profit from ILP
solvers such as CPLEX even in the context of large problem instances
to which these solvers can not be applied directly. In particular, the
main feature of the algorithm is the generation of sub-instances of the
original problem instance by repeated probabilistic solution con-
structions, and the application of an ILP solver to the generated sub-
instances. Hereby, the way of generating sub-instances by merging the
solution components found in probabilistically constructed solutions
distinguishes our algorithm from other instantiations of the GS fra-
mework from the literature. This feature is actually quite appealing,
because our algorithm can easily be applied to any problem for which
(1) a constructive heuristic and (2) an exact solver are known.

We consider two test cases for the proposed algorithm: (1) the
minimum common string partition (MCSP) problem [21], and a

minimum covering arborescence (MCA) problem, which is an
extension of the problem tackled in [20]. For both problems, ILP
solvers such as CPLEX are very effective in solving small to med-
ium size problem instances. However, their performance deterio-
rates (1) in the context of the MCSP problem when the length of
the input strings exceeds 600, and (2) in the context of the MCA
problem when the number of nodes of the input graph exceeds
1000. We will show that the CMSA algorithm is a new state-of-
the-art algorithm for the MCSP problem, especially for benchmark
instances for which the application of CPLEX to the original ILP
model is not feasible. In the context of the MCA problem we will
show that our algorithm is able to match the performance of
CPLEX for small and medium size problem instances. Moreover,
when large size instances are tackled, the algorithm significantly
outperforms a greedy approach.

1.3. Organization of the paper

The remaining part of the paper is organized as follows. The CMSA
algorithm is outlined in general terms in Section 2. The application of
this algorithm to the minimum common string partition problem is
described in Section 3, whereas its application to the minimum cov-
ering arborescence problem is outlined in Section 4. An extensive
experimental evaluation is provided in Section 5. Finally, in Section 6
we provide conclusions and an outlook to future work.

2. Construct, Merge, Solve & Adapt

In the following we assume that, given a problem instance Z to
a generic problem P, set C represents the set of all possible com-
ponents of which solutions to the problem instance are composed.
C is henceforth called the complete set of solution components
with respect to Z. Note that, given an integer linear (or non-linear)
programming model for problem P, a generic way of defining the
set of solution components is to say that each combination of a
variable with one of its values is a solution component. Moreover,
in the context of this work a valid solution S to Z is represented as
a subset of the solution components C, that is, S = C. Finally, set
C’ = C contains the solution components that belong to a restricted
problem instance, that is, a sub-instance of Z. For simplicity rea-
sons, C' will henceforth be called a sub-instance. Imagine, for
example, the input graph in case of the TSP. The set of all edges can
be regarded as the set of all possible solution components C.
Moreover, the edges belonging to a tour S—that is, a valid solution
—form the set of solution components that are contained in S.

The Construct, MERGE, Sowve and Apapt (CMSA) algorithm works
roughly as follows. At each iteration, the algorithm deals with the
incumbent sub-instance C'. Initially this sub-instance is empty. The
first step of each iteration consists in generating a number of fea-
sible solutions to the original problem instance Z in a probabilistic
way. In the second step, the solution components involved in these
solutions are added to C' and an exact solver is applied in order to
solve C' to optimality. The third step consists in adapting sub-
instance C’' by removing some of the solution components guided
by an aging mechanism. In other words, the CMSA algorithm is
applicable to any problem for which (1) a way of (probabilistically)
generating solutions can be found and (2) a strategy for solving the
problem to optimality is known.

In the following we describe the CMSA algorithm, which is pseudo-
coded in Algorithm 1, in more detail. The main loop of the proposed
algorithm is executed while the CPU time limit is not reached. It con-
sists of the following actions. First, the best-so-far solution Sy is initi-
alized to nuiL, and the restricted problem instance (C') to the empty set.
Then, at each iteration a number of n, solutions is probabilistically
generated (see function ProbabilisticSolutionGeneration(C) in line 6 of
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Algorithm 1). The components of all these solutions are added to set C'.
The age of a newly added component c (age[c]) is set to 0. After the
construction of n, solutions, an exact solver is applied to find the best
solution S, in the restricted problem instance C' (see function
ApplyExactSolver(C') in line 12 of Algorithm 1). In case S, is better
than the current best-so-far solution Sy, solution S;pt is stored as the
new best-so-far solution (line 13). Next, sub-instance C’ is adapted,
based on solution S, and on the age values of the solution compo-
nents. This is done in function Adapt(C’, Sg,, agemay) in line 14 as fol-
lows. First, the age of each solution component in C’ is increased by
one, and, subsequently, the age of each solution component in S;pt cC
is re-initialized to zero. Finally, those solution components from C’
whose age has reached the maximum component age (age,,.c) are
deleted from C'. The motivation behind the aging mechanism is that
components which never appear in an optimal solution of C’ should be
removed from C’ after a while, because they slow down the exact
solver. On the other side, components which appear in optimal solu-
tions seem to be useful and should therefore remain in C'. In general,
the average size of set C' depends on the parameter values. For
example, the higher the value of age,,,, the higher the average size of
C’ during a run of the algorithm. In summary, the behavior of the
general CMSA algorithm depends on the values of two parameters: the
number of solution construction per iteration (1,) and the maximum
allowed age (age, . ) of solution components. Moreover, as long as the
mechanism for probabilistically generating solutions has a non-zero
probability for generating an optimal solution, the probability to find an
optimal solution converges to one with a growing computation time
limit. This completes the general description of the algorithm.

Algorithm 1. Construct, Merge, Solve & Adapt (CMSA).

1: input: problem instance Z, values for parameters n, and
A8Cmax
Spser=NULL, C':=
age[c]:=0 for all ce C
while CPU time limit not reached do
fori=1,...,n, do
S:=ProbabilisticSolutionGeneration(C)
for all ce S and c¢C’ do
age[c]:=0
C':=C" U {c}
10: end for
11:  end for
12: S, =ApplyExactSolver(C')
13: if S, is better than Spsr then Spst:=S;,¢
14:  Adapt(C’, Sqpr, ag€max)
15: end while
16: output: Sy

3. Application to the MCSP problem

The MCSP problem is an NP-hard string problem from the
bioinformatics field. String problems are very common in bioin-
formatics. This family of problems includes, among others, string
consensus problems such as the far-from most string problem
[22,23], the longest common subsequence problem and its var-
iants [24,25], and alignment problems [26]. These problems are
often computationally very hard, if not even NP-hard [27].

The MCSP problem can technically be described as follows.
Given are two input strings s and s® of length n over a finite
alphabet X. The two strings are related, which means that each
letter appears the same number of times in each of them. This
definition implies that s! and s? have the same length n. A valid
solution to the MCSP problem is obtained by partitioning s! into a

set P; of non-overlapping substrings, and s? into a set P, of non-
overlapping substrings, such that P; = P,. Moreover, the goal is to
find a valid solution such that | P;| = | P»| is minimal. Consider the
following example. Given are DNA sequences s! = AGACTG and
s2 = ACTAGG. As A and G appear twice in both input strings, and C
and T appear once, the two strings are related. A trivial valid
solution can be obtained by partitioning both strings into sub-
strings of length 1, that is, Py =P, = {A,A,C, T, G, G}. The objective
function value of this solution is 6. However, the optimal solution,
with objective function value 3, is P, = P, = {ACT, AG, G}.

The MCSP problem was introduced by Chen et al. [21] due to its
relation to genome rearrangement. More specifically, it has appli-
cations in biological questions such as: May a given DNA string
possibly be obtained by rearrangements of another DNA string? The
general problem has been shown to be NP-hard even in very
restrictive cases [28]. Approximation algorithms are described, for
example, in [29]. Recently, Goldstein and Lewenstein [30] proposed
a greedy algorithm for the MCSP problem that runs in O(n) time. He
[31] introduced a greedy algorithm with the aim of obtaining better
average results. To our knowledge, the only metaheuristic approa-
ches that have been proposed in the related literature for the MCSP
problem are (1) the MAX-MZN Ant System by Ferdous and Sohel
Rahman [32,33] and (2) the probabilistic tree search algorithm by
Blum et al. [34]. In these works the proposed algorithm is applied to
a range of artificial and real DNA instances from [32]. Finally, the
first ILP model for the MCSP problem, together with an ILP-based
heuristic, was proposed in [35].

The remainder of this section describes the application of the
CMSA algorithm presented in the previous section to the MCSP.
For this purpose we define the set C of solution components and
the structure of valid subsets of C as follows. Henceforth, a common
block ¢; of input strings s' and s? is denoted as a triple (tl-,kil,kiz)
where t; is a string which can be found starting at position 1 < k,-l
<n in string s' and starting at position 1 <k?<n in string s°.
Moreover, let C={cy,...,cm} be the arbitrarily ordered set of all
possible common blocks of s! and s?, i.e., C is the set of all solution
components. Given the definition of C, a subset S of C is called a
valid subset iff the following conditions hold:

1. 37 csltil <n, that is, the sum of the length of the strings cor-
responding to the common blocks in S is smaller or equal to the
length of the input strings.

2. For any two common blocks ¢;,¢j €S it holds that their corre-
sponding strings neither overlap in s' nor in s2.

Given a valid subset ScC, set Ext(S)c C\S denotes the set of
common blocks that may be used in order to extend S such that
the result is again a valid subset. Note that in case Ext(S)=¢ it
necessarily holds that >~ _s|t;| =n. In this case S is a valid subset
which corresponds to a complete (valid) solution to the problem.

3.1. Probabilistic solution generation

Next we describe the implementation of function Probabil-
isticSolutionGeneration(C) in line 6 of Algorithm 1. The construc-
tion of a complete (valid) solution (see Algorithm 2) starts with the
empty subset S:=@. At each construction step, a solution compo-
nent ¢* from Ext(S) is chosen and added to S. This is done until
Ext(S) = 9. The choice of ¢* is done as follows. First, a value § € [0, 1]
is chosen uniformly at random. In case 6 < drate, ¢* is chosen such
that |t«| > | tc| for all c e Ext(S), that is, one of the common blocks
whose substring is of maximal size is chosen. Otherwise, a can-
didate list L containing the L,. longest common blocks from Ext(S)
is built, and c* is chosen from L uniformly at random (ties are
broken randomly). In case the number of remaining blocks in Ext
(S) is lower than [, all the blocks are selected. In other words, the
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greediness of this procedure depends on the pre-determined
values of drie (determinism rate) and l,. (candidate list size).
Both are input parameters of the algorithm.

Algorithm 2. Probabilistic solution generation (MCSP problem).

—_

input: 5]‘ 52, dratev lsize
S:=0
while Ext(S) # ¢ do
Choose a random number 6 € [0, 1]
if 6 <d;ae then
Choose c* such that |te| > | t¢| for all ¢ € Ext(S)
S:=S U {c¥}
else
Let L < Ext(S) contain the (at most) L,. longest com-
mon blocks from Ext(S)
10: Choose c¢* uniformly at random from L
11: S:=S U {c*}
12:  end if
13: end while
14: output: The complete (valid) solution S

LRI AN

3.1.1. Solving reduced sub-instances

The last component of Algorithm 1 which remains to be
described is the implementation of function ApplyExactSolver(C') in
line 12. In the case of the MCSP problem we make use of the ILP
model proposed in [35] and the ILP solver CPLEX for solving it. The
model for the complete set C of solution components can be
described as follows. First, two binary m x n matrices M' and M? are
defined. In both matrices, row 1 <i<m corresponds to common
block c¢; e C. Moreover, a column 1 <j < n corresponds to position j
in input string s', respectively s2. In general, the entries of matrix M'
are set to zero. However, in each row i, the positions that string t; (of
common block ¢;) occupies in input string s! are set to one. Corre-
spondingly, the entries of matrix M? are set to zero, apart from the
fact that in each row i the positions occupied by string t; in input
string s? are set to one. Henceforth, the position (ij) of a matrix M is
denoted by M;;. Finally, we introduce for each common block ¢; € C
a binary variable x; With these definitions the MCSP can be
expressed in terms of the following ILP model.

subject to:

m
Z]Wij-xizl forj=1,...,n
i=1

Z]\/[fjwi:l forj=1,...,n
i=1

x; €{0,1} fori=1,...,m

The objective function minimizes the number of selected common
blocks. Constraints (2) make sure that the strings corresponding to
the selected common blocks do not overlap in input string s',
while constraints (3) make sure that the strings corresponding to
the selected common blocks do not overlap in input string s%. The
condition that the length of the strings corresponding to the
selected common blocks is equal to n is implicitly obtained from
these two constraint sets.

As an example, let us consider the small problem instance that
was mentioned at the start of Section 3. The complete set of

common blocks (C), as induced by input strings s! = AGACTG and
s2 = ACTAGG, is as follows:

¢ =(ACT,3,1)
¢ =(AG, 1,4)
c3=(AC3,1)
c4=(CT,4,2)
C5=(A,1,1)
c=(A,1,4)
c;=(A3,1)
€= cs=(A,3,4)
c9=(C,4,2)
C10=(T,5,3)
C]]I(G,Z,S)
c12=(G,2,6)
¢13=(G,6,5)
c14=(G,6,6)

Given set C, matrices M' and M? are the following ones:
001110 111000
11 0 0O0O 000110
001100 11 00 0O
000110 011000
1 0 00 0O 1 0 00 0O
1 0 00 0O 00 O01O00O0

vi_|001000| , |100000
0 01O0O00O0 000100
00 O01O00DO0 01 00O00O0
00 O0O0T1TTPO 0 01O0O00O0
01 00O00O0 00O0O0OT1TT0O0
01 0O0O00O0 0 0 00 O0 1
0 0 0O0O01 00 O0O0O0T1TPO0
0 0 0O0O01 0 0 0O0O01

The optimal solution to this instance is S* ={cy, ¢y, C14}. It can
easily be verified that this solution respects constraints (2) and
(3) of the ILP model.

Note that this ILP model can also be solved for any subset C’ of
C. This is achieved by replacing all occurrences of C with C’, and by
replacing m with | C’'|. The solution of such an ILP corresponds to a
feasible solution to the original problem instance as long as C’
contains at least one feasible solution to the original problem
instance. Due to the way in which C’ is generated (see Section 3.1)
this condition is fulfilled.

4. Application to the MCA problem

The MCA problem considered in this section belongs to the
family of minimum weight rooted arborescence (MWRA) problems
[36]. In this type of problem we are given a directed (acyclic) graph
with integer weights on the arcs. In some of these problems the
weight values might be restricted to be positive, while in other
problems positive and negative weights are allowed. Valid solu-
tions to such a problem correspond to subgraphs of the input
graph that are arborescences rooted in the pre-defined root node.
In this context, a rooted arborescence is a directed, rooted (not
necessarily spanning) tree in which all arcs point away from the
root node (see [37]). The goal is to find, among all valid solutions,
one with minimal weight. Hereby, the weight of an arborescence is
defined as the sum of the weights of its arcs. These type of
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problems have applications, for example, in computer vision and
in multistage production planning.

The specific problem tackled in this work—henceforth called
minimum covering arborescence (MCA) problem—is an extension of
the MWRA problem considered in [20] and the minimum covering
arborescence problem is described on page 535 of [38]. The MCA
problem is formally defined as follows. Given is a directed acyclic
graph (DAG) denoted by G = (V, A). Hereby, V = {vq, ..., v,} is the set
of n nodes and A< {(i,j)li#jeV} is a set of m directed arcs.
Without loss of generality it is assumed that v, is the designated
root node. Each arc a € A has assigned an integer weight w(a) € Z.
Moreover, a pre-defined subset X =V of the nodes of the input
graph must be included in a valid solution. Any arborescence T =
(V(T),A(T))—whereV(T) = V is the node set of T and A(T) = A is the
arc set of T—rooted in v, with X = V(T) is a valid solution to the
problem. Let A be the set of all such arborescences. The objective
function value (that is, the weight) f(T) of an arborescence T € A is
defined as follows:

f(T):= Z w(a). “4)

aeA(T)

The goal of the MCA problem is to find an arborescence T* € A
such that the weight of T* is smaller or equal to the weight of any
arborescence in .A. In other words, the goal is to minimize objec-
tive function f(-). An example of the MCA problem is shown in
Fig. 1. As the problem version in which X =¢ is already NP-hard
[20], the more general problem in which X # ¢ is also NP-hard. An
example for the MCA problem is shown in Fig. 1.

The remainder of this section describes the application of the
CMSA algorithm to the MCA problem. For this purpose we define
the set of solution components and the structure of valid subsets
of the complete set of solution components as follows. First, in the
case of the MCA problem, the complete set of solution components
corresponds to the set A of arcs of the input graph, that is, C:=A.
However, for the sake of maintaining the readability of the fol-
lowing description of the algorithm components we continue to
use notation A instead of C. Second, a subset S of A is called a valid
subset iff T=(V(S),S) is an arborescence of the input graph G
rooted in v;. Hereby, V(S) = V refers to the subset of nodes that is
obtained by joining all the heads and tails of the arcs in S. Given a
valid subset S c A, Ext(S) c A\S refers to all arcs that can be added

a b
v1 = 100t v1 = root
57 6 -4 5 4
2 3 1 31
1

0D & 0 0

Example input graph. Opt. solution of value -14.
Fig.1. (a) shows an input graph with eight nodes and 15 arcs. The uppermost node is
the root node v;. Moreover, the nodes colored in black form set X, that is, they must
be included in any valid solution. (b) shows the optimal solution with value —14.

to S such that the result is again a valid subset. More in detail,
Ext(Sy:={a= (v;,vj) e Alv; € V(S),v; € V\V(S)}. In the special case of
S =0, Ext(S):==0ut(v,), where Out(v), given v e V, denotes the set of
outgoing arcs of v, that is, the set of arcs that have v as tail. In the
same way, In(v) denotes the set of incoming arcs of v, that is, the
set of arcs that have v as head. Finally, a valid subset corresponds
to a (valid) solution to the problem in case X = V(S).

4.1. Probabilistic solution generation

Next, the implementation of function ProbabilisticSolutionGenera-
tion(C) in line 6 of Algorithm 1 is described. The pseudo-code of this
procedure is outlined in Algorithm 3. Starting from the root node v, at
each step an arc—that is, a solution component—is chosen from set A
(see lines 3 and 7 of Algorithm 3). For the choice of the first solution
component in line 3, A is defined as the set of outgoing arcs of the root
node v;. For all further construction steps, A is defined as Ext(S).
However, instead of considering the whole set of arcs connecting one of
the nodes of the current arborescence with one of the remaining nodes,
function Reduce(A) is applied before choosing one of the arcs from A
(see line 8). This function chooses from each set {(v;, vi)|vj € V(S)} = A,
for all v;e V\V(S), the arc with minimal weight. The chosen arc
remains in A, while the other ones are deleted. In other words, if a node
v;ie V\V(S) may be connected via several arcs with the current
arborescence T = (V(S),S), only the arc with minimal weight is con-
sidered. Finally, the process of constructing a solution finishes when
A =g, that is, when all nodes are already included in the constructed
arborescence. In principle, the construction process could already be
stopped once all nodes from X are included in the constructed arbor-
escence. However, experimental tests have shown that generating
spanning arborescences leads, overall, to better results.

Algorithm 3. Probabilistic solution generation (MCA problem).
1: input: a DAG G = (V,A) with root node v+, dmin, dmax
S:=0
A:=0ut(v;)
while A # ¢ do
a*:=Choose(A, dpin, max)
S:=S U {a*}
A=Ext(S)
A::Reduce(A)
end while

output: valid subset S which induces arborescence
T=(V(S).9

AW

=0 00 N U

e

The choice of an arc from A is done in function Choose(A, dnmin,
dmax)—see line 5 of the pseudo-code—based on heuristic infor-
mation. The heuristic information #(a) of an arc a e A—which will
be used below in Eq. (7)—is computed as follows. First, let

Wmax:=max{w(a)|a € A}. 5)

Based on this maximal weight of all arcs in G, the heuristic infor-
mation is defined as follows:

n(a)=Wmax + 1-w(a) (6)

In this way, the heuristic information of all arcs is a positive
integer number. Moreover, the arc with minimal weight has the
highest heuristic value.

Given the current valid subset S—corresponding to arbores-
cence T = (V(S),S)—and the non-empty set of arcs A that may be
used for extending S, the probability for choosing arc aeA is
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defined as follows:

n(a

—_— 7
w e all@) )

p(alS)=

At the start of each arborescence construction, a so-called deter-
minism rate 6 is chosen uniformly at random from [diq, dmax],
where 0 <di, <dmax <1. The chosen value for dis then used
during the arborescence construction as follows. At each con-
struction step, first, a value r € [0, 1] is chosen uniformly at random.
Second, in case r < &, the arc a* € A with the maximum probability
is deterministically chosen, that is: a*=argmax,_,{p(alS)}.
Otherwise, that is, when r > &, arc a* € A is chosen probabilistically
according to the probability values.

4.1.1. Solving reduced sub-instances

The last component of Algorithm 1 which remains to be
described is the implementation of function ApplyExactSolver(C’)
in line 12. In the case of the MCA problem we make use of the
following ILP model, which is a slight modification of models that
can be found in [20,39,40] for related problems. The model works
on an augmented graph G* =V :=V U {vg},A":=A U {(vo, v1)}),
where vy is an additional dummy node and (vg, v1) is a dummy arc
connecting vo with the root node v,. The weight w(vg, v;) of arc
(vo, V1) is zero. Henceforth, let Pred(a)e A* denote for each aeA
the set of predecessor arcs, that is, the set of arcs pointing to the
tail of arc a. The ILP model works on a set of binary variables which
contains for each arc aeA™ a binary variable x, € {0, 1}. The ILP
itself can then be stated as follows.

min Z w(a) -z, (8)
acA
subject to:
Y <1 forv e V\(XU{u}) 9)
ac€ln(v;)
Z T =1 forv, € X (10)
a€ln(v;)
Ty — Z Ty <0 forae A (11)
a’€Pred(a)
l‘(vu"vl) =1 (12)
2o €4{0,1} forac A"

Hereby, constraints (9) ensure that for each node v; e V\(X U {v1})
(that is, all nodes of the original graph without the nodes from X
and the root node) at most one incoming arc is chosen to form part
of the arborescence. For all nodes in X, constraints (10) make sure
that exactly one incoming arc is chosen. Constraints (11) ensure
that if an arc a from the original graph is chosen for the arbores-
cence, then also one predecessor arc of the tail of a must be chosen
for the arborescence. Finally, constraint (12) forces the arbores-
cence to start in dummy arc (vg, v1), which means that v, is forced
to be the root node of the arborescence in the original graph G.

This ILP model can also be solved for any subgraph G of G
which is, itself, a DAG with root node v;. Note that set C’ (see
Algorithm 1) in case of the MCA problem induces such a subgraph.
The optimal solution to such a reduced ILP corresponds to a fea-
sible solution to the original problem instance as long as G’ con-
tains at least one feasible solution to the original problem instance.
Due to the way in which C’ is generated (see Section 4.1) this
condition is fulfilled.

5. Experimental evaluation

The proposed applications of CMSA to the MCSP problem and
the MCA problem were implemented in ANSI C+ + using GCC
4.7.3 for compiling the software. Moreover, both the complete ILP
models and the reduced ILP models within CMSA were solved with
IBM ILOG CPLEX 12.1. The experimental evaluation was conducted
on a cluster of 32 PCs with Intel(R) Xeon(R) X5660 CPUs with
2 cores at 2.8 GHz and 48 GB of RAM.

5.1. Experiments concerning the MCSP problem

The following algorithms were considered for the comparison:
Greedy, the greedy approach from [31]; TreSEa, the probabilistic
tree search approach from [34]; ILPcompi, the application of CPLEX
to the complete ILP for each considered problem instance; Heurllp,
the application of an ILP-based heuristic from [35];! and Cwmsa, our
proposed CMSA approach. Moreover, in the context of the existing
benchmark instances from the literature a comparison to the ant
colony optimization approach from [32,33] (labelle Aco) is also
included.

5.1.1. Benchmark instances

Both existing as well as new benchmark instances were used
for the experimental evaluation. As a first benchmark set we chose
the one that was introduced by Ferdous and Sohel Rahman [32] for
the experimental evaluation of their ant colony optimization
approach. This set contains, in total, 30 artificial instances and 15
real-life instances consisting of DNA sequences, that is, the size of
the alphabet is four. Remember, in this context, that each problem
instance consists of two related input strings. Moreover, the
benchmark set is divided into four subsets of instances. The first
subset (henceforth labelled Groupl) consists of 10 artificial
instances in which the input strings are maximally of length 200.
The second set (Group2) consists of 10 artificial instances with
input string lengths between 201 and 400. In the third set
(Group3) the input strings of the 10 artificial instances have
lengths between 401 and 600. Finally, the fourth set (Real) consists
of 15 real-life instances of various lengths between 200 and 600.

The second benchmark set that we used is new. It consists of 20
randomly generated instances for each combination of
n e {200,400, ...,1800, 2000}, where n is the length of the input
strings, and alphabet size |X| € {4,12,20}. 10 of these instances
are generated with an equal probability for each letter of the
alphabet. More specifically, the probability for each letter [e X to
appear at a certain position of the input strings is % The resulting
set of 300 benchmark instances of this type are labelled Linear.
The other 10 instances per combination of n and | 2| are generated
with a probability for each letter [e X to appear at a certain
position of the input strings of I/ Z}f‘] i. The resulting set of 300
benchmark instances of this second type are labelled Skewed.

5.1.2. Tuning of Cmsa and TRESEA

Cmsa has several parameters for which well-working values
must be found: (n,) the number of solution constructions per
iteration, (age,,,) the maximum allowed age of solution compo-
nents, (drate) the determinism rate, (l,.) the candidate list size,
and (tmax) the maximum time in seconds allowed for CPLEX per
application to a sub-instance. The last parameter is necessary,
because even when applied to reduced problem instances, CPLEX
might still need too much computation time for solving such sub-

! Heurllp has a parameter I that needs to be given a value. In our experiments
we chose | =min{5, Imax}, Where Inh.x denotes the length of the longest common
block. This is following a suggestion of the authors of [35].



C. Blum et al. / Computers & Operations Research 68 (2016) 75-88 81

instances to optimality. In any case, CPLEX always returns the best
feasible solution found within the given computation time.

We decided to make use of the automatic configuration tool
irace [41] for the tuning of the five parameters. In fact, irace was
applied to tune Cwmsa separately for each instance size from
{200,400, ..., 1800, 2000}. For each of these 10 different instance
sizes we generated 12 training instances for tuning: two instances
of type Linear and two instances of type Skewed for each alphabet
size from {4, 12, 20}. The tuning process for each instance size was
given a budget of 1000 runs of Cmsa, where each run was given a
computation time limit of 3600 CPU seconds. Finally, the following
parameter value ranges were chosen concerning the five para-
meters of Cmsa:

® 1,¢{10,30,50}

® age .. e{1,5,10,inf}, where inf means that solution compo-
nents are never removed from C'.

® d..e €{0.0,0.5,0.9}, where a value of 0.0 means that the selec-
tion of solution component c* (see line 6 of Algorithm 2) is
always done randomly from the candidate list, while a value of
0.9 means that solution constructions are nearly deterministic.

b lSiZE € {33 5, ]0}

® (max € {60,120,240,480} (in seconds)

The 10 applications of iraceproduced the 10 configurations of
Cmsa shown in Table 1a. The following trends can be observed.
First of all, with growing instance size, more time (tmax) should be
given to individual applications of CPLEX to sub-instances of the
original problem instance. Second, irrespective of the instance
size, candidate list sizes (L) smaller than five seem to be too
restrictive. Third, also irrespective of the instance size, less than 30
solution constructions per iteration (1n,) seem to be insufficient.
Presumably, when only few solution constructions per iteration
are performed, the resulting change in the corresponding sub-
instances is not large enough and, therefore, some applications of
CPLEX result in wasted computation time. Finally, considering the
obtained values of d;ae for instance sizes from 200 to 1600, the
trend is that with growing instance size the degree of greediness

Table 1
Parameter settings produced by irace for the 10 different instance sizes.
(a) Tuning results for Cmsa

n Ng A8€max rate Lsize Emax
200 50 inf 0.0 10 60

400 50 10 0.0 10 60

600 50 10 0.5 10 60

800 50 10 0.5 10 240
1000 50 10 0.9 10 480
1200 50 10 0.9 10 480
1400 50 inf 0.9 5 480
1600 50 5 0.9 10 480
1800 30 10 0.5 5 480
2000 50 10 0.0 10 480

(b) Tuning results for TreSea

n rate Lsize
200 0.9 5
400 0.9 3
600 0.9 10
800 0.5 5
1000 0.5 5
1200 0.5 3
1400 0.5 5
1600 0.0 5
1800 0.0 10
2000 0.0 10

in the solution construction should grow. However, the settings of
d;ate for n e {1800, 2000} is not in accordance with this observation.

In addition to tuning experiments for Cmsa, we also performed
tuning experiments for TreSea. In fact, TreSea constructs solutions
in the same way in which they are constructed in Cmsa. The
parameters involved in TreSea are, therefore, d;a¢e and I,e. For the
tuning of TreSEa we used the same training instances, the same
budget of 1000 runs, and the same parameter value ranges as for
the tuning of Cmsa. The obtained parameter values per instance
size are displayed in Table 1b.

5.1.3. Results

In the following we present the experimental results for the
two benchmark data sets described in Section 5.1.1, which are
different from the data sets used for tuning the algorithms.

The first benchmark set, as outlined above, consists of four
subsets of instances labelled Grour1, Grour2, Grour3, and ReaL. The
results for these groups of instances are shown in the four
Table 2a-d. The structure of these four tables is as follows. The first
column provides the instance identifiers. The second column
contains the results of Greepy. The third column provides the value
of the best solution found in four independent runs per problem
instance (with a CPU time limit of 7200 s per run) by Aco; results
are taken from [32,33]. The fourth column contains the value of
the best solution found in 10 independent runs per problem
instance (with a CPU limit of 3600 s per run) by TreSea. The next
three table columns are dedicated to the presentation of the
results provided by solving the complete ILP model ILPomp. The
first one of these columns provides the value of the best solution
found within 3600 CPU seconds. The second column provides the
computation time (in seconds). In case of having solved the cor-
responding problem to optimality, this column only displays one
value indicating the time needed by CPLEX to solve the problem.
Otherwise, this column provides two values in the form X|Y,
where X corresponds to the time at which CPLEX was able to find
the first valid solution, and Y corresponds to the time at which
CPLEX found the best solution within 3600 CPU seconds. Finally,
the third one of the columns dedicated to ILPcomp Shows the
optimality gap, which refers to the gap between the value of the
best valid solution and the current lower bound at the time of
stopping a run. The next two columns display the results of the
ILP-based, deterministic heuristic Heurltp. The first column con-
tains the results, and the second column the computation time.
Finally, the last three columns of each table are dedicated to the
presentation of the results obtained by Cwmsa. The first column
provides the value of the best solutions found by Cmsa within 3600
CPU seconds. The second column provides the average (mean)
results over 10 independent runs per problem instance. The last
column indicates the average time needed by Cwmsa to find the best
solution of a run. The best result for each problem instance is
marked by a grey background and the last row of each table
provides averages over the whole table.

Analyzing the results it can be observed that the results of Cmsa
are very similar to the ones of applying CPLEX t0 ILPcomp. In fact,
the application of the non-parametric Wilcoxon test for all four
instance subsets did not reveal differences of statistical sig-
nificance between both techniques (for an a-value of 0.05). In
comparison to the other techniques (Greepy, Aco, TRESEA and HEur-
ILp) both Cmsa and the application of CPLEX t0 ILP,mp Significantly
outperform the competitors.

As described in Section 5.1.1, the second benchmark set which
was specifically generated for this paper, consists of 300 instances
of type LiNnear and another 300 instances of type Skewep. The results
for instances of type LiNear are presented in the three Table 3a-c
and the ones of type Skewep are presented in the three Table 4a-c,
in terms of one table per alphabet size. In contrast to the first
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Table 2
Results for the instances of the first benchmark set (consisting of Grour1, Grour2, Grour3 and REAL).

id GREEDY Aco TRESEA ILPcompl HEurlILp Cmsa

Value Value Value Value Time Gap Value Time Best Mean Time

(a) Results for Grour1.

1 46 42 42 41 1 0.0% 42 <1 41 410 2
2 54 51 48 47 3 0.0% 48 <1 47 470 6
3 60 55 55 52 30 0.0% 54 <1 52 52.0 298
4 46 43 43 41 2 0.0% 43 <1 41 410 23
5 44 43 41 40 1 0.0% 43 <1 40 40.0 2
6 48 42 41 40 3 0.0% 41 <1 40 40,0 2
7 64 60 59 55 38 0.0% 59 <1 56 56.0 29
8 47 47 45 43 3 0.0% 44 <1 43 430 1027
9 42 45 43 42 2 0.0% 48 <1 42 420 28
10 63 59 58 54 50 0.0% 58 <1 54 54.0 36
Avg. 514 48.7 475 455 133 0.0% 48.0 <1 456 456 145
(b) Results for Grour2
1 118 113 111 98 66/1969 2.9% 108 3 101 101.2 2045
2 121 118 114 106 129/1032 7.5% 111 2 104 104.6 1677
3 114 m 107 97 55/1216 2.7% 105 3 97 97.1 1883
4 116 115 110 102 63/949 49% 111 3 102 102.5 1187
5 132 132 127 116 146/3299 6.7% 125 4 117 117.8 1581
6 107 105 102 93 56/1419 5.6% 101 <1 94 95.4 1587
7 106 98 95 88 41/2776 6.0% 96 2 88 89.0 2103
8 122 118 114 104 101/2980 51% 116 2 103 105.2 1858
9 123 119 113 104 81/1630 5.2% 112 2 104 104.9 2010
10 102 101 97 89 32/1458 3.6% 94 3 89 89.8 1550
Avg. 116.1 113.0 109.0 99.7 77/1873 5.0% 107.9 2 99.9 100.8 1748
(¢) Results for Grour3
1 181 177 171 155 733/1398 7.5% 173 5 157 157.9 1842
2 173 175 168 155 553/869 7.7% 165 9 156 157.5 1702
3 195 187 185 166 746/2183 8.5% 180 6 166 1673 1805
4 191 184 179 159 731/1200 6.9% 171 15 160 161.8 2057
5 174 171 162 150 485/886 9.7% 164 4 149 1511 1224
6 169 160 162 147 399/764 9.1% 155 4 148 149.3 2027
7 171 167 159 149 524/990 9.8% 160 4 146 147.8 2265
8 185 175 170 151 492/3584 6.7% 166 7 153 154.2 1790
9 174 172 169 158 571/1186 10.9% 169 5 154 155.3 2468
10 171 167 160 148 547/1446 9.1% 160 4 148 149.0 1768
Avg. 178.4 1735 168.5 153.8 578/1451 8.6% 166.3 6 153.7 155.1 1895
(d) Results for ReaL
1 93 87 86 78 972 0.0% 85 <1 78 78.9 1192
2 160 155 153 139 432/752 9.2% 150 3 138 140.0 1960
3 119 116 113 104 125/3580 5.6% 112 2 103 104.7 1126
4 171 164 156 144 577/1730 6.5% 158 6 143 143.7 2037
5 172 171 166 150 778/2509 7.9% 161 5 151 152.9 1557
6 153 145 143 128 257/3578 6.5% 139 3 126 1276 1469
7 135 140 131 121 359/2187 6.9% 132 2 122 122.7 1657
8 133 130 128 116 275/3365 6.8% 123 3 118 118.4 1576
9 149 146 142 131 399/613 8.8% 139 2 130 130.7 1790
10 151 148 143 131 311/1771 7.2% 144 3 131 131.7 1500
1 124 124 120 110 205/3711 4.8% 122 2 1m 1119 1658
12 143 137 138 126 299/793 9.8% 136 2 126 1275 1903
13 180 180 172 156 784/1130 71% 171 5 158 158.6 2066
14 150 147 146 134 370/2456 9.7% 147 6 133 134.0 1789
15 157 160 152 139 560/1762 7.7% 148 3 141 141.7 1424
Avg. 146 1433 139.3 1271 409/2131 7.0% 137.8 3 1273 128.3 1647
benchmark set, for which the probabilistic algorithms such as The analysis of the results permits to draw the following

TreSEA and Cwvsa were applied for 10 independent runs, results for conclusions:

instances of type LiNear and SkeEwep are presented in these tables in

terms of averages over 10 random instances of the same char- ® Surprisingly, hardly any differences can be observed in the
acteristics. Each algorithm included in the comparison was applied relative performance of the algorithms for instances of type
exactly once to each problem instance. Note that in addition to LiNear and instances of type Skewep. Therefore, all the following

different alphabet sizes (| 2| € {4,12,20}) this second benchmark statemer}ts hold both for. Linear and Skewep instances.
. . ® Concerning the application of CPLEX to ILPcmp;, the alphabet
set also contains much larger instances than the first benchmark . h -
. i ) size has a strong influence on the problem difficulty. A value of
set (input strings with a length of up to n=2000).

“n/a” denotes that CPLEX was not able to find a feasible solution
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Table 3
Results for the instances of set LiNEAR.

Table 4
Results for the instances of set Skeweb.

n GREEDY TRESEA  ILPcompl HEeurlLp Cwmsa n GREEDY TRESEA  ILPcompl HEeurlLp Cwvsa

Mean Mean Mean Time Gap Mean Time Mean Time Mean Mean Mean Time Gap Mean Time Mean Time
(a) Results for instances with ¥ =4 (a) Results for instances with ¥ =4
200 750 687 635 4/104 0.0% 69.0 <1 637 608 200 68.7 628 574 10/217 0.0% 64.6 <1 575 903

400 1334 1261 1157
600 183.7 1775 162.2
800 2411 2327 24638

108/2081 6.8% 1243 3 1164 1381
513/1789 94% 1741 8 162.9 1918
1671/1671  23.8% 2291 17 2124 2434

1000 2870 2804 n/a n/a n/a 2772 1095 2569 2623
1200 333.8 3304 n/a n/a n/a 3248 1803 303.3 2369
1400 3855 3789 nja n/a n/a 3731 1807 351.0 2452
1600 4323 4271 nfa n/a n/a 416.7 1811 400.6 1973
1800 4774 4742 nja n/a nfa 4644 1813 4454 2194
2000 521.6 520.7 n/a n/a n/a 512.7 1820 494.0 1744
Avg. 3071 3017 n/a n/a n/a  296.5 1018 280.7 1969

(b) Results for instances with *=12

200 1273 1221 1192 1/1 0.0 1230 <1 1192 22

400 2289 2235 2089 7/51 00 2157 6 2094 892
600 3222 318.7 291 47(1277 0.9 296.2 691 2938 1433
800 4114 408.1 368.7 147/2405 1.6 3739 1546 3732 1484
1000 499.2 4949 4534 395/2084 3.8 452.0 1802 449.9 2651
1200 586.0 585.6 536.6 784/3188 47 5424 1803 531.0 2318
1400 666.0 664.6 684.1 1667/1667 158 653.3 1864 606.9 2467
1600 7544 7546 7735 2648/2648 16.0 749.7 2045 694.8 2392

1800 8273 833.0 n/a n/a n/a  850.7 3301 773.6 1484
2000 913.5 916.2 n/a n/a nfa  939.6 5052 849.6 2967
Avg. 533.6 5321 n/a n/a nfa 5197 1811 4901 1811
(c) Results for instances with X =20

200 149.2 146.6 1462 1/1 0.0% 1464 <1 1462 2
400 2745 2688 2615 2/2 0.0% 2638 <1 2619 80
600 389.2 3835 3623 10/15 0.0% 3693 4 366.6 364

800 4958 4923 4561 43/700 0.0% 4647 121 4631 804

1000 600.6 597.5 5471 125/1737 0.6% 5625 205 5550 529

1200 706.1 707.8 6422 296/2732 13% 6588 415 6485 1372
1400 8011 804.0 7379 559/2314 31% 7457 812 737.7 2334
1600 899.8 903.1 8613 966/2885 6.6% 8726 1015 825.7 2251
1800 996.8 1000.1 10129 1559/1845 12.6% 9944 1336 917.6 2437
2000 1097.8 1102.6 1136.0 2349/2349 14.4% 1120.7 1773 1024.9 2924

Avg. 6411 6406 616.35 591/1458 39% 6199 568 5944 1310

400 1203 115.0 1053
600 170.6 163.8 149.7
800 2198 2133 224

168/1330 76% 1165 3 105.1 1314
938/2193 10.1% 1652 38 1504 1500
2600/2600 22.9% 211.7 1334 196.5 2303

1000 268.6 2617 n/a n/a n/a 260.1 1798 240.2 2692
1200 313.8 309.0 n/a n/a n/a 302.1 1807 285 2785
1400 358.7 3522 nfa n/a n/a 346.0 1801 3276 2888
1600 4009 3979 nja n/a n/a 3944 1807 376.0 2171
1800 440.6 4421 nja n/a nfa 4317 1808 417.7 2162
2000 485.0 481.2 nfa n/a n/a 4689 1814 4702 1222
Avg. 2847 2799 nla n/a nfa 2761 1221 2626 1994

(b) Results for instances with ~ =12

200 1179 1127 1085 1/1 0.0% 1127 <1 1086 12
400 2161 2085 1934 10/136 0.0% 1976 32 194.3 1002
600 304.8 301.7 2745 71/1081 12% 2779 650 2772 1711
800 3893 3854 3470 248/2725 23% 348.8 1533 351.0 2177
1000 471.6 4689 4294 650/2582 49% 4287 1805 4244 2648
1200 5511 5499 5594 1351/1804 14.9% 535.0 1686 500.1 2597
1400 625.7 626.3 6451 2693/2693 16.7% 638.4 1879 570.0 2962

1600 705.6 7064 nja n/a nfa 7151 2981 643.8 2434
1800 7884 7889 nfa n/a n/a 810.1 4689 7233 2329
2000 8578 858.0 n/a n/a n/a 8799 6072 7973 2805
Avg. 502.8 5007 n/a  nja nfa 4944 2133 459.0 2068
(c) Results for instances with X =20

200 1404 1359 1347 11 0.0% 1365 <1 1347 8
400 2555 2513 2403 3/4 0.0% 2461 2 240.6 1080

600 366.8 3612 3361 19/101 0.0% 3446 15 3411 764

800 4663 462.7 4244 80/1119 02% 4299 442 4298 753

1000 567.6 566.6 514.7 202/2253 0.9% 525.0 1130 5209 1121
1200 661.8 6624 604.2 469/2064 21% 608.2 1633 605.7 1869
1400 762.3 760.7 6944 719/2511 2.8% 696.1 1837 6932 1743
1600 8512 855.2 863.3 1378/1828 12.3% 8389 1804 7804 2681
1800 948.7 948.8 969.8 1774/1976 13.9% 964.7 1713 870.2 2815
2000 1034.3 1037.7 1061.6 2589/2589 14.4% 1066.6 2547 9671 2978

Avg. 6055 6043 5844 723/1844 4.7% 585.7 1112 5584 1581

within 3600 CPU seconds. For instances with | X| =4, CPLEX is
only able to provide feasible solutions for input strings of length
up to 800, both in the context of instances LiNeaR and SKEwED.
When | 2| =12, CPLEX can provide feasible solutions for input
strings of length up to 1600 (LiNeaRr), respectively 1400 (SKEwWED).
However, starting from n=1000 CPLEX is not competitive with
Cwmsa anymore. Finally, even though CPLEX can provide feasible
solutions for all instance sizes concerning the instances with
| X| =20, starting from n=1400 the results are inferior to the
ones of Cwsa.

® For instances smaller than those for which Cwmsa outperforms
CPLEX, the differences between the results of Cvsa and the ones
of applying CPLEX t0 ILP¢omp are, again, very small.

In summary, we can state that Cmsa is competitive with the
application of CPLEX to the original ILP model when the size of the
input instances is rather small. Moreover, the larger the size of the
input instances, and the smaller the alphabet size, the greater is
the advantage of Cwmsa over the other algorithms. The validity of
these statements can be conveniently observed in the graphics of
Fig. 2.

Finally, we also provide information about the average sizes of
the sub-instances tackled within Cmsa, in comparison to the sizes
of the original problem instances. In particular, the average sizes of
the sub-instances are shown in Fig. 3 in percent of the original
problem instance sizes. For example, in the case |X| =4, LINEAR,
and input strings of length n=200, the considered average size of

the tackled sub-instances within Cwsa is approximately 58% of the
size of the original instances. It can be observed that this per-
centage is getting smaller and smaller with growing size of the
original instances. This is why CPLEX can either solve the sub-
instances to optimality or provide nearly optimal solutions in little
computation time, even in the context of large original problem
instances.

5.2. Experiments concerning the MCA problem
The following algorithms were considered for the comparison:

1. SPGreepy: this is a cut-down version of Cmsa in which solutions are
probabilistically generated, while other algorithmic components
such as the ageing mechanism and the application of the ILP
solver to reduced instances are not used. Remember that in the
Cwmsa implementation for the MCA problem, solutions are gener-
ated that are not extensible, that is, the generated solutions cover
all reachable nodes. This implies that, during the construction
process, once all nodes from X are included in the current
arborescence, other complete (and valid) solutions are encoun-
tered. For each solution construction, PGreepy returns the best
solution encountered in the process of generating a non-
extensible solution.

2. ILPcompi: the application of CPLEX to the complete ILP for each
considered problem instance.

3. Cwmsa: the proposed CMSA approach.
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5.2.1. Benchmark instances

A diverse set of benchmark instances was generated in the
following way. Each benchmark instance is characterized by three
different parameters. First, the size n (number of nodes) of each
generated DAG is taken from {500, 1000, 5000}. In the process of
randomly generating a DAG G=(V,A) with n nodes, the arc
probability p,. is used to determine for each possible arc a
pointing from a node v; eV to another node v; e V\{v;}—where i
< j—if ais added to A or not. Three different arc probabilities were
considered: p,.€{0.1,0.3,0.5}. Finally, the third parameter
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Fig. 2. Differences between the results of Cmsa and the ones obtained by applying CPLEX to ILPcomp concerning the 600 instances of the second benchmark set. Each box
shows these differences for the corresponding 10 instances. Note that negative values indicate that CPLEX obtained a better result than Cwsa. (a) Results for = = 4, LiNear (left),
Skeweb (right). (b) Results for ~ = 12, Linear (left), Skewep (right). (¢) Results for X = 20, Linear (left), Skewep (right).
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Fig. 3. Average sizes of the sub-instances tackled within Cmsa concerning the 600 instances of the second benchmark set. In particular, sub-instance sizes are shown in
percent of the original instances. For example, in the case | X| =4, LiNear, and n=200, the considered average size of the tackled sub-instances within Cwmsa is approx. 58% of

the size of the original instances.

done in this way, because initial experiments indicated that a low
percentage of arcs with negative weights leads to more difficult
problem instances. For each possible combination of values for n,
Paro, and perc, 10 problem instances were randomly generated. This
makes a total of 270 problem instances.

5.2.2. Tuning of Cmsa and PGREeDY

Cmsa has several parameters for which well-working values
must be found: (n,) the number of solution constructions per
iteration, (age,,x) the maximum allowed age of solution compo-
nents, and d,j,—respectively dm,x—which determine the degree of
greediness which is employed during the process of constructing a
non-extensible arborescence. Note that, in the case of the MCA
problem, parameter tm.x—the maximum time in seconds allowed
for CPLEX per application to a sub-instance—was not subject to
parameter tuning. This is because, in all cases, applications of
CPLEX to sub-instances used very few CPU seconds. Therefore, we
used a problem instance independent value of 50 for tpax.

As in the case of the MCSP problem, we make use of the
automatic configuration tool irace [41] for the tuning of the three
parameters. More specifically, irace was applied to tune Cwmsa
separately for each combination of n and p,,.. For each of these
9 combinations we randomly generated 12 training instances: four
instances for each possible value of perc. The tuning process for
each instance size was given a budget of 1000 runs of Cmsa, where
each run was given a computation time limit of n/2 CPU seconds.

Finally, the following parameter value ranges were chosen con-
cerning the three parameters of Cmsa:

® n,e{10,30,50}

® age .. €{1,5,10,inf}, where inf means that solution compo-
nents are never removed from the sub-instance.

b4 (dmin, dmax)

€{(0.0,0.0),(0.5,0.5),(0.9,0.9), (0.0, 0.5), (0.5,0.9), (0.0, 0.9)}

The 9 applications of iraceproduced the configurations of Cwmsa as
shown in Table 5a. The following trends can be observed. First of
all, the desired number of solution constructions per iteration
seems to decrease with increasing instance size (in terms of the
number of nodes). The same trend can be observed for the values
of parameter age,,.,, whose desired value tends to decrease with
increasing instance size. Concerning the greedyness of the solution
constructions process, rather low greedyness seems to be indi-
cated. This is with the exception of the instances with n=500 and
P.c = 0.5 for which the obtained values for dy;, and dmax are 0.5,
respectively 0.9.

In addition to tuning experiments for Cmsa, we also performed
tuning experiments for PGreepy. As PGreepy constructs solutions in
the same way in which they are constructed in Cmsa, the parameters
involved in PGreepy are d,,j, and dmax. For the tuning of PGreepy we
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Table 5
Parameter settings produced by irace for the 9 different combinations of n and p,.
(a) Tuning results for Cmsa

used the same training instances and the same parameter value
combinations as for the tuning of Cwmsa. The obtained parameter
values per combination of n and p,,. are displayed in Table 5b .

(M, Parc) Ng Ag€max (dmin» dmax)
5.2.3. Results
(500, 0.1) 50 10 (0.0,0.0) In the following we present the experimental results for the
(500,0.3) 30 10 05,05) benchmark set described in Section 5.2.1. The results are shown in the
Efggb?g i) ?8 g 282 8:2; three Table 6a-c. Note that each table row provides average results over
(1000, 0.3) 30 1 (0.5,0.5) 10 problem instances, and that each considered algorithm was applied
(1000, 0.5) 10 1 (0.5,0.5) exactly once to each problem instance. The layout of the three tables is
(5000, 0.1) 10 5 (0.0,0.5) as follows. The first column provides the size of the input graphs in
Egggg: 82; 18 ; :g:g:g:g; terms of the ngml.oer of nodes, whereas the §gcond column indicates
(b) Tuning results for PGreedy the graph density in terms of the edge probability used to generate the
corresponding graphs. The third and fourth column provide the results
(1, Parc) (dmin, dmax) and computation times of PGreepv. The next three table columns are
dedicated to the presentation of the results provided by solving the
(500, 0.1) (0.9,0.9) . . k
(500, 0.3) 05.0.9) complete ILP model ILPyp described in Section 4.1.1. The first one of
(500, 0.5) (0.9,0.9) these columns provides the value of the best solution found within n/2
(1000, 0.1) (0.5,0.9) CPU seconds, where n is the number of nodes of the respective graphs.
(1000, 0.3) (05,09 The second column provides the computation time (in seconds) needed
E;ggg: g?; ;gig: 8:3 to solve the problgms to optimality (if possible). Fina_lly, t_he third one of
(5000, 0.3) (0.0,0.5) the columns dedicated to ILPemp Shows the optimality gap, which
(5000, 0.5) (0.0,0.5) refers to the gap between the value of the best valid solution and the
current lower bound at the time of stopping a run. The last two
Table 6
Results for the MCA problem instances.
n Parc PGREEDY ILPompl Cwmsa
Mean Time Mean Time Gap Mean Time
(a) Results for instances with perc = 1%
500 0.1 10,011.7 95.4 —940.1 0.4 0.0 —~940.1 7.6
0.3 2429.6 123.9 —13,450.8 3.5 0.0 —13,450.8 26
0.5 —6244.6 151.8 —28,030.8 12.8 0.0 —28,030.8 47
1000 0.1 33,128.9 272.4 —15,263.9 45 0.0 —15,251.2 63.0
0.3 —7501.4 2354 —-62,414.8 423 0.0 —62,414.5 86.4
0.5 —42,531.7 292.9 —106,522.3 152.9 0.0 —106,522.3 58.4
5000 01 —114,469.8 1073.0 n/a nfa n/a —-530,515.0 1572.8
03 —757318.8 1167.1 nfa nfa nfa —1,380,184.7 938.1
0.5 —1,203,516.6 1716.8 n/a n/a nfa —1,959,379.6 365.6
(b) Results for instances with perc = 10%
500 01 47,753.9 100.1 5648.3 0.3 0.0 5653.6 29.8
0.3 12,247.8 153.9 -11,3383 3.6 0.0 -11,3383 3.3
0.5 6.8 142.9 —26,982.4 114 0.0 —26,982.4 112
1000 01 62,650.5 130.1 -9115.1 3.5 0.0 —9025.9 119.3
03 1152.3 248.4 —61,065.8 385 0.0 —61,065.8 51.2
0.5 —39,504.9 205.3 —105,633.0 145.6 0.0 —105,633.0 515
5000 0.1 —104,899.7 1760.7 nfa n/a nfa —526,539.8 1922.3
0.3 —758,425.1 853.0 n/a n/a n/a —1,379,684.4 861.9
0.5 —1,203,092.2 1239.2 n/a n/a nfa —1,959,193.4 247.2
(c) Results for instances with perc =20%
500 01 51,730.7 139.2 10,887.8 0.3 0.0 10,899.6 419
03 14,726.6 126.4 —9801.0 32 0.0 —~9801.0 3.2
0.5 2258.7 104.4 —25,827.6 111 0.0 —25,827.6 320
1000 01 66,223.5 237.3 —4228.4 2.9 0.0 —4190.0 168.7
0.3 4079.5 2581 -59,319.6 36.4 0.0 —-59,319.6 73.2
0.5 —39,905.1 218.8 —104,945.8 136.7 0.0 —104,941.1 571
5000 01 —-105,791.8 1304.2 n/a n/a n/a —522,990.6 18319
0.3 —751317.6 1768.9 n/a n/a n/a —1,379,042.0 754.9
0.5 —1,204,557.1 967.2 nfa n/a nfa —1,959,042.5 399.5
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Fig. 4. Average sizes of the sub-instances tackled within Cmsa concerning the 270
instances of the benchmark set, categorized into nine different subsets (see the text
for a more detailed description). Sub-instance sizes are shown in percent of the
original instances. For example, in the case 500-H, that is, graphs with 500 nodes of
high density, the considered average size of the tackled sub-instances within Cvsa
is approx. 22% of the size of the original instances.

columns display the results obtained by Cwmsa. The first one of these
columns provides the results and the second one the average time
needed by Cwvsa to obtain these results. The best-performing algorithm
for each table row is marked by a grey background.

The analysis of the results permits to draw the following
conclusions:

® Concerning the application of CPLEX to ILPcompi, the size of the
input graphs has—as expected—a strong influence on the pro-
blem difficulty. In fact, CPLEX was able to solve all problem
instances with n € {500, 1000} to optimality. In contrast, CPLEX
was not even able to come up with a feasible solution within the
allowed computation time in the case of input graphs with
n=>5000. The percentage of nodes that must be included in a
solution (perc) apparently has no influence on CPLEX. With
growing value of perc, CPLEX seems even faster in solving the
corresponding problem instances.

e For input graphs with n € {500, 1000} Cwmsa is nearly always able
to provide optimal solutions, and is, therefore, competitive with
Criex. With growing graph density, Cmsa is considerably faster
than Criex. For instances with n=5000, Cmsa outperforms both
CrLex, which is not able to provide feasible solutions, and the
probabilistic greedy algorithm PGREEDY.

Again, as in the case of the MCSP problem, we also provide in the
case of the MCA problem information about the average sizes of the
sub-instances tackled within Cwvsa, in comparison to the sizes of the
original problem instances. These average sub-instance sizes are shown
in Fig. 4 in percent of the original problem instance sizes. More in detail,
the 270 benchmark instances are categorized into nine different subsets
concerning the number of nodes and the density of the graph. A
notation X-Y is used, where X refers to the number of nodes of the
graphs, that is, X e {500, 1000, 5000}, and Y refers to low, medium and
high density, that is, Y € {L, M, H}. For example, in the case 500-H, that
is, graphs with 500 nodes of high density, the considered average size of
the tackled sub-instances within Cwvsa is approximately 22% of the size
of the original instances. It can be observed that this percentage is
getting smaller and smaller with growing size of the input graphs and
growing density. This is why CPLEX can either solve the sub-instances
to optimality or provide nearly-optimal solutions in little computation
time, even in the context of large original problem instances.

6. Conclusions and future work

In this paper we introduced a new, generally applicable, algo-
rithm for solving combinatorial optimization problems. The

algorithm is an instantiation of the Generate-and-Solve framework
from the literature. It is based on the general idea of generating
solutions in a probabilistic way, solving the sub-instances of the
original problem instance that result from merging the solution
components contained in the generated solutions to optimality,
and adapting these sub-instances based on an aging mechanism.
The proposed algorithm has been applied to two NP-hard com-
binatorial optimization problems—the minimum common string
partition problem and the minimum covering arborescence pro-
blem—as test cases. The results have shown that the proposed
algorithm is a state-of-the-art method for these problems, espe-
cially, for what concerns rather large problem instances.

In future work we will consider the following two lines of
research. First, we would like to apply the algorithm to other types
of combinatorial optimization problems such as, for example,
permutation problems or scheduling problems. Second, we plan to
study alternatives for the aging mechanism applied in this work.
This is because the aging mechanism results in a binary decision
whether a solution component is considered or not. It would be
interesting to investigate more fine-grained mechanisms that take
into account the quality of the solutions or interactions between
solution components.
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Abstract

This work deals with the so-called weighted independent domination problem, which
is an NP-hard combinatorial optimization problem in graphs. In contrast to previous
work, this paper considers the problem from a non-theoretical perspective. The first
contribution consists in the development of three integer linear programming mod-
els. Second, two greedy heuristics are proposed. Finally, the last contribution is a
population-based iterated greedy metaheuristic which is applied in two different ways:
(1) the metaheuristic is applied directly to each problem instance, and (2) the meta-
heuristic is applied at each iteration of a higher-level framework—known as construct,
merge, solve & adapt—to sub-instances of the tackled problem instances. The results
of the considered algorithmic approaches show that integer linear programming ap-
proaches can only compete with the developed metaheuristics in the context of graphs
with up to 100 nodes. When larger graphs are concerned, the application of the
populated-based iterated greedy algorithm within the higher-level framework works
generally best. The experimental evaluation considers graphs of different types, sizes,
densities, and ways of generating the node and edge weights.

Keywords: combinatorial optimization, integer linear programming, heuristics,
population-based iterated greedy, construct, merge, solve, and adapt

1. Introduction

The so-called weighted independent domination (WID) problem is a combinato-
rial optimization problem that was introduced in [1]. This problem is an extension
of the well-known independent domination (ID) problem. Given an undirected graph
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G = (V,E), V is the set of nodes and E refers to the set of edges. An edge e € E that
connects nodes u # v € V is equally denoted by (u,v) and by (v,u). The neighborhood
N(v) of anode v €V is defined as N(v) := {u € V | (v,u) € E}, the closed neighbor-
hood N[v] of anode v € V is defined as N[v] := N(v) U{v}, and the set of edges incident
to a node v € V is denoted by 8(v). Note, in this context, that an edge e € E is called
incident to a node v, if v forms one of the two endpoints of e. Given an undirected
graph G = (V,E), a subset D C V of the nodes is called a dominating set if every node
v € V\ D is adjacent to at least one node from D, that is, if for every node v € V\ D
exists at least one node u € D such that v € N(u). Furthermore, a set I C V is called an
independent set if for any pair v # V' € I it holds that v and v’ are not connected by an
edge in G. Correspondingly, a subset D C V is called an independent dominating set if
D is both an independent set and a dominating set. Finally, given an independent dom-
inating set D € V, for all v € V \ D we define the D-restricted neighborhood N(v | D)
as N(v | D) := N(v) N D, that is, the neighborhood of v is restricted to all its neighbors
that are in D.

In the WID problem we are given an undirected graph G = (V,E) with node and
edge weights. More specifically, for each v € V, respectively e € E, we are given an
integer weight w(v) > 0, respectively w(e) > 0. The WID problem consists in finding
an independent dominating set D in G that minimizes the following cost function:

f(D):=Y wu)+ Y, min{fw(v,u)|ueN(|D)} (1)

ueD veV\D

In words, the objective function value of D is obtained by the sum of the weights of
the nodes in D plus the sum of the weights of the minimum-weight edges that connect
the nodes that are not in D to nodes that are in D. As an example consider the graphics
in Figure 1. The node weights are indicated inside the nodes and the edge weights are
provided besides the edges. A possible input graph is shown in Figure la. An optimal
minimum weight dominating set (the set of gray nodes) is shown in Figure 1b. How-
ever, note that this set is not an independent set because the two nodes that form the set
are adjacent to each other. An optimal minimum weight independent dominating set'
is given in Figure lc. Note that for both, the minimum weight dominating set prob-
lem and the minimum weight independent dominating set problem, the edge weights
are not considered. Finally, the optimal solution to the WID problem is shown in Fig-
ure 1d. The minimum weight edges that are chosen to connect nodes not in D to nodes
in D are indicated with bold lines. The objective function value of this solution is 13,
which is composed of the nodes weights (2 + 1 + 2) and the edge weights (4 + 1 + 3).

1.1. Our Contribution

So far, the WID problem has only been considered from a theoretical perspective.
It is easy to see that the problem is NP-hard. This is because with w(v) = 1 for all

'In this problem, given an undirected graph with node weights, the goal is to find an independent domi-
nating set for which the sum of the weights of the nodes is minimal.
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(a) Graph with node (b) Minimum weight (c) Minimum weight (d) Optimal solution to
and edge weights. dominating set. dominating indepen- the WID problem.
dent set.

Figure 1: Example that relates the WID problem with the minimum weight dominating set problem and with
the minimum weight independent dominating set problem.

v €V and w(e) = 0 for all e € E it reduces to the independent domination problem
which was shown to be NP-hard in [2]. A linear time algorithm for the WID prob-
lem in series-parallel graphs was proposed in [1]. In this work we consider the WID
problem in general graphs from an algorithmic perspective. Our contributions are as
follows. First, we present three integer linear programming (ILP) models for the WID
problem. Second, we propose two different greedy heuristics for solving the problem.
The first one is known from the minimum weight independent dominating set problem,
while the second one is specifically developed for the WID problem. Third, we pro-
pose a so-called population-based iterated greedy (PBIG) algorithm. This algorithm
employs an iterated greedy metaheuristic in a population-based fashion, and can there-
fore be seen as a hybrid between methods based on local search and population-based
methods. Finally, in addition to applying the PBIG algorithm directly to all problem in-
stances, we also apply it within a framework known as construct, merge, solve & adapt
(CMSA) [3]. CMSA was initially introduced for being able to take profit from exact
solvers—such as, for example, the general purpose ILP solver CPLEX—in the context
of problem instances that are too large to be tackled directly by the respective exact
solver. CMSA generates, at each iteration, a number of probabilistic solutions which
are used to produce sub-instances to the tackled problem instances. The exact solver is
then used to solve the corresponding sub-instance at each iteration of CMSA. In fact,
in the context of the WID problem we tried to implement a standard CMSA algorithm
based on all three ILP models proposed in this work. Unfortunately, these versions of
CMSA were still not efficient enough in order to be able to deal with, for example,
graphs with 1000 nodes. Therefore, the idea was to study if CMSA can also be used in
order to improve the working of a standard metaheuristic such as PBIG. This gave rise
to a CMSA-PBIG algorithm which makes use of the framework of CMSA and uses
PBIG (instead of an exact solver) for deriving hopefully good solutions to the corre-
sponding sub-instance at each iteration of CMSA. The obtained results show that this
is, indeed, the case. Note that this work is a signficiant extension of a paper that ap-
pears in the conference proceedings of EvoCOP 2017 [4]. The extension concerns the



development of two additional ILP models, the application of PBIG within the CMSA
framework, and the application to problem instances that represent different types of
graphs.

1.2. Related Work

On one side, there is related work for problems similar to the one considered in this
work. The minimum independent dominating set problem, for example, has recently
been approached by a greedy randomized adaptive search procedure (GRASP) in [5].
Another related problem is the minimum weight dominating set problem. This problem
has been quite popular in recent years as a test case for metaheuristics. The most
recent research efforts for this problem have led to the development of an ant colony
optimization approach and a genetic algorithm in [6], a hybrid evolutionary algorithm
in [7], a hybrid approach combining iterated greedy algorithms and an ILP solver in a
sequential way in [8], and a memetic algorithm in [9].

On the other side, there is related work concerning the employed metaheuristic,
that is, PBIG. In general, iterated greedy (IG) algorithms have shown to be able to
work very well in the context of problems for which a good and fast greedy heuristic is
known. Prime examples include those to various scheduling problems such as [10, 11].
The first PBIG approach was proposed in the context of the minimum weight vertex
cover problem in [12]. Later, PBIG was also applied to the delimitation and zoning
of rural settlements [13] and, as mentioned above, to the minimum weight dominating
set problem [8]. Moreover, the literature contains related work concerning applications
of CMSA. More specifically, CMSA—using CPLEX as the exact solver— has been
applied to hard combinatorial optimization problems such as minimim common string
partition [3, 14] and the repetition-free longest common subsequence problem [15].

1.3. Organization

The remainder of this paper is organized as follows. In Section 2, three different
ILP models for the WID problem are proposed. Two greedy heuristics are outlined in
Section 3. Moreover, the PBIG approach and its application in the CMSA framework
are described in Section 4. Finally, an extensive experimental evaluation is provided in
Section 5 and conclusions as well as an outlook to future work is given in Section 6.

2. ILP Models

In the following we present three different ILP models for the WIDP problem.
These models are experimentally evaluated in Section 5.

2.1. ILP-1: Model based on Indicator Variables

The first one of the proposed ILP models—henceforth called ILP-1—uses three
sets of binary variables. For each node v € V it uses a binary variable x,. Moreover, for
each edge e € E the model uses a binary variable y, and a binary variable z,. Hereby,
x, indicates if v is chosen for the solution. Moreover, z, indicates if e € E is selected
for connecting a non-chosen node to a chosen one. Variable y, is an indicator variable,
which indicates if e is choosable, or not.



ALp-1) min Y xow(v)+ Y zew(e) )

veV ecE
st x,+x, <1 fore = (u,v) €E 3)

X, + Z x, > 1 forveV (@)
ueN(v)

Xy + X, = Ve fore = (u,v) €E %)

Ze < Ye forec E (6)

ot Y ze>1 forveV )
ecd(v)

x, €4{0,1} forveV

ye €{0,1} forec E

z. €{0,1} forec E

Hereby, constraints (3) are the independent set constraints, that is, they make sure
that two adjacent nodes can not take part in the solution. Constraints (4) are the dom-
inating set constraints. They ensure that for each node v € V, either the node itself or
at least one of its neighbors form part of the solution. These two sets of constraints
will be the same in all three ILP models. Constraints (5) ensure the proper setting of
the indicator variables. Note that edges that contribute to the objective function value
must always connect a node that is not chosen for the solution with a node that is in
the solution. Therefore, if—concerning an edge e = (u,v)—either v or u is in the solu-
tion, variable y, is forced to take value one, which indicates that this edge is choosable.
Constraints (6) relate the indicator variables with the variables that actually show which
edges are chosen. In particular, if an indicator variable y, has value zero, z, is forced
to take value zero, which means e cannot be chosen. Finally, constraints (7) ensure
that each node v € V that does not form part of the solution—that is, when x,, = 0—is
connected by an edge to a node that forms part of the solution. Due to the fact that the
optimization goal concerns minimization, the edge with the lowest weight is chosen
for this purpose.

2.2. ILP-2: Eliminating the Indicator Variables

The second ILP model—henceforth called ILP-2—follows the same idea as ILP-1,
apart from the fact that it does not require the set of indicator variables. That is, model
ILP-2 only makes use of binary variables x, for all v € V and binary variables z, for all
e € E. The meaning of these variables is described above.



(ILP-2) min Z x,w(v) + Z zew(e) (8)

veV eckE
st x,+x, <1 fore = (u,v) €E 9)

Xy + Z X, > 1 forveV (10)
ueN(v)

Xy + Xy > Ze fore = (u,v) €E (11)

(T=x,)+(1—x) >z fore= (u,v) €E (12)

xt Y ze>1 forveV (13)
eed(v)

x, €{0,1} forveV

z. €{0,1} forec E

Note that the independent set constraints (9), the dominating set constraints (10),
and constraints (13) that ensure that each node v € V that does not form part of the
solution is connected by an edge to a node that forms part of the solution, are the
same as in model ILP-1. However, the two sets of constraints concerning the indicator
variables from model ILP-1 (constraints (5) and (6)) are replaced by constraints (11)
and (12). Note that when both x, and x,—concerning an edge e = (u,v) € E—are set to
zero, constraints (11) force variable z, to take value zero, which means that an edge that
connects two non-selected nodes can not be chosen for the solution. Furthermore, when
both x, and x,—again concerning an edge e = (u,v) € E—are set to one, constraints
(17) force variable z, to take value zero, which means that an edge that connects two
selected nodes can not be chosen for the solution.

2.3. ILP-3: Expicit Variables for the Edge-Weight Contribution

The third ILP model—henceforth called ILP-3—is structurally different to ILP-1
and ILP-2. The main idea is to model the edge-weight contribution of each node in
terms of an integer variable g, for all v € V. Obviously, the edge-weight contribution
of a selected node v € V—that is, when x, = 1—must be zero, whereas the edge-weight
contribution of a non-selected node v € V must be equal to the weight of the minimum-
weight edge that connects this node to a selected node.



(ILP-3)

min Y x,w(v)+qy (14)
veV

sit.x, +x, <1 Ve=(u,v)€E (15)
ot Y x>1 Vvev (16)

ueN(v)
gy < (1=x,)M VveVv 17)
gy >0 VveV (18)
Yvevy,
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e=(uyedy) 1

Observe that the independent set constraints (15) and the dominating set constraints
(16) are again as in ILP-1 and ILP-2. In addition, constraints (17) set the upper bound
of an edge-contribution variable to zero in case the corresponding node forms part of
the solution, that is, of the independent dominating set. In case a node does not form
part of the solution, constraints (17) set the upper bound to a large constant M, which
we have set to the maximum weight of all edges of the graph in our implementation.
Furthermore, constraints (18) set the lower bound of all edge contributions to zero.
Finally, constraints (19) correctly set the lower bound of the edge contributions in order
to be equal to the weight of the minimum-weight edge connecting the respective node
with one of its selected neighbors.

3. Greedy Heuristics

The first one of two different greedy heuristics developed in this work is a simple
extension of a well-known heuristic for the minimum weight independent dominating
set problem. Given an input graph G, this heuristic starts with an empty solution S = @
and adds, at each step, exactly one node from the remaining graph G’ to S. Initally, the
remaining graph G' is a copy of G. After adding a node v € V' to S, all nodes from
N[v | G'|—that is, from the closed neighborhood of v in G'—are removed from V.
Moreover all their incident edges are removed from E’. In this way, only those nodes
that maintain the property of S being an independent set may be added to S. At each
step, the node v € V'’ that maximizes w is chosen to be added to S, where N(v| G')
refers to the neighborhood of v in G’. In other words, nodes with a high degree in the
remaining graph G’ and with a low node weight are preferred. Note that this greedy
heuristic does not take the edge weights into account. They are only considered when
calculating the objective function value of the final solution S. The pseude-code of this



Algorithm 1 Greedy Heuristic (GREEDY 1)

1: input: a undirected graph G = (V, E) with node and edge weights
2: §:=0

3: G =G

4: while V' # 0 do

50 V= argmax{% | v € V'} {Ties are randomly resolved}

6:  S:=Su{v‘}

7. Remove from G’ all nodes from N[v | G'] and their incident edges
8: end while

9: output: An independent dominating set S of G

heuristic, henceforth referred to as GREEDY 1, is shown in Algorithm 1.

In contrast to GREEDY 1, the second greedy heuristic is designed to take into ac-
count the edge weights already during the process of constructing a solution. The
algorithmic framework of this greedy heuristic—henceforth denoted by GREEDY 2—is
the same as the one of GREEDY 1. However, the way in which a node is chosen at each
step is different. For the description of this greedy heuristic the following notations are
required. First, the maximum weight of any edge in E is denoted by wnax. Then, let
S €V be a partial solution, that is, S is an independent set which is not yet a dominating
set, but which can be extended to be a dominating set. The auxiliary objective function
value f**(S) is defined as ¥,cy c(v | S), where c¢(v | S) is called the contribution of
node v with respect to partial solution S. Given S, these contributions are defined as
follows:

1. IfvesS:c(v|S) =w)
2. IifvgSand N(v)NS=0: ¢(v|S) := Wmax
3. Ifvé Sand N(v)NS#0: c(v|S) :=min{w(e) | e = (v,u),u € S}

Note that in the case of S being a complete solution, it holds that f(S) = f2*(S).
Now, in order to obtain GREEDY2, line 5 of Algorithm 1 must be exchanged with the
following one:

v :=argmin { f*"*(SU{v}) |veV'} (20)

4. Population-Based Iterated Greedy Algorithm

A high level description of the implemented PBIG approach—henceforth referred
to as PBIG—is given in Algorithm 2. Apart from the input graph G, PBIG requires
values for five parameters: (1) the population size pgj,e € Z*, (2) the lower bound (D?)
and the upper bound (D") for the degree of destruction applied to each solution of the
population at each iteration, (3) the determinism rate dyy € [0, 1], and (4) the candidate
list size lgize > 0. The latter two parameters control the greediness of the probabilistic
solution (re-)construction procedure. Moreover, note that for the values of the above-
mentioned bounds it must hold that 0 < D! < D* < 1. For the following description,
each solution S is a subset of the nodes of V, has an objective function value f(S), and



Algorithm 2 PBIG for the WID problem

1: input: input graph G, parameters psize > 0, Dl,D”,drate, Lsize € [0,1]
2: & = GeneratelnitialPopulation( psize , drate, Lsize )
3: while termination condition not satisfied do

4: P =0

5. for each candidate solution S € & do
6: S := DestroyPartially(S)

7: S’ := Reconstruct(S, dae, Lsize )

8: AdaptDestructionRate(S, S")

9: P =P U {S’}

10:  end for

1: P := Accept(Z, Ppo)

12: end while

13: output: argmin {f(S) | S € &}

an individual, possibly dynamic, destruction rate Dy.

The algorithm works as follows. First, the psi,. solutions of the initial popula-
tion are generated by function GeneratelnitialPopulation(psize, drate, Lsize) (see line 2 of
Alg. 2). Afterwards, each iteration consists of the following steps. First, an empty
population &, called offspring population, is created. Then, each solution S € &7 is
partially destroyed using procedure DestroyPartially(S) (see line 6 of Alg. 2). This re-
sults in a partial solution §. On the basis of 5‘, a complete solution S’ is then constructed
using procedure Reconstruct(.SA', drate, Lsize) (see line 7 of Alg. 2). Then, the destruction
rate Dg of solution S is adapted depending on the quality of solution §’ in function
AdaptDestructionRate(S,S"). Each newly obtained complete solution is stored in Z2,.,,.
Note that the two phases of destruction and re-construction are applied to all solutions
from & independently of each other. When the iteration is completed, procedure Ac-
cept(Z, Z,.,) selects the best pgize solutions from & U &2, for the population of the
next iteration. In the case of two solutions from &2 U &2, being equal, the criterion
used for tie-breaking is based on the individual destruction rates. More specifically,
the solution S with the highest individual destruction rate Dy is preferred over the other
one. Finally, the algorithm terminates when a predefined CPU time limit is reached,
and the best found solution is returned. The four procedures that form the core of PBIG
are described in more detail in the following.

GeneratelnitialPopulation( psize, drate, Isize): This function generates pgi,e solutions for
the initial population. For this purpose it uses the mechanism of GREEDY2? (see
Section 3) in a probabilistic way. At each construction step, first, a random number
8 €0, 1] is generated. In case 8 < dyye, the best node according to the greedy function
is chosen. Otherwise, a candidate list of size min{|V’|, Lz}, where V' CV are the

2Note that GREEDY? is chosen over GREEDY 1 because, as it will be shown later, GREEDY2 generally
works better than GREEDY 1.



nodes that can be selected at the current construction step, is generated, and one of the
nodes from the candidate list is chosen uniformly at random. Note also that the initial
destruction rate (Ds) of each solution S is set to the lower bound D' for the destruction
rates.

DestroyPartially(S): In this function, max{3,|Ds - |S||} randomly selected nodes are
removed from S, where Dy is the current individual destruction rate of solution S.

Reconstruct(S' s drate, lsize): Given as input a partial solution S, this function re-constructs
a complete solution S’ in the same way in which solutions are probabilistically con-
structed in the context of generating the initial population (see above). Moreover, the
initial destruction rate Dg of §' is set to D'.

AdaptDestructionRate(S,S’): The individual destruction rate Dg of solution S (from
which partial solution § was obtained) is updated on the basis of the lower bound D'
and the upper bound D" as follows. If f(S") < f(S), the value of Dy is set back to the
lower bound D'. Otherwise, the value of Dgs is incremented by a certain amount. After
initial experiments, we determined this amount to be 0.05. If the value of Dy, after this
update, exceeds the upper bound D, it is set back to the lower bound D'.

Note that the idea behind this way of dynamically changing the value of Dy is as
follows. As long as the algorithm is able to improve a solution using a low destruction
rate, this rate is kept low. In this way, the re-construction is faster. Only when the
algorithm seems not to be able to improve over a solution, the individual destruction
rate of this solution is increased in a step-wise manner.

4.1. Application of PBIG in the CMSA Framework

As mentioned before, the CMSA framework was introduced in [3] in order to be
able to take profit from an efficient exact solver even in the context of problem in-
stances that are too large to be solved directly by the exact solver. The general idea of
CMSA is as follows. At each iteration, solutions to the tackled problem instance are
generated in a probabilistic way. The solution components found in these solutions are
then added to a sub-instance of the original problem instance. Subsequently, an exact
solver such as, for example, CPLEX is used to solve the sub-instance to optimality.
Moreover, the algorithm is equipped with a mechanism for deleting seemingly useless
solution components from the sub-instance. This is done such that the sub-instance has
a moderate size and can be solved rather quickly to optimality.

In the context of the WID problem, the set of solution components corresponds
to the set of nodes of the input graph. Moreover, solutions can be probabilistically
constructed by a probabilistic version of either GREEDY1 or GREEDY2. In fact, both
greedy heuristics can be made probabilistic by the mechanism described in the context
of PBIG in the previous section. For this purpose we require two parameters: (1) the
determinism rate parameter (called dii>¢ in the context of CMSA-PBIG) and (2) the
candidate list size (called /)3 in the context of CMSA-PBIG). Our initial idea was to
use one of the three proposed ILP models in order to solve the sub-instances within
CMSA-PBIG to optimality. However, even though smaller than the original problem
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instances, this idea turned out to be inefficient in the case of graphs with 500 and
1000 nodes. Therefore, we implemented the following option. Instead of applying an
exact solver to each sub-instance, the PBIG algorithm is applied with a certain time
limit to each sub-instance. The resulting pseudo-code of CMSA-PBIG is provided in
Algorithm 3.

Each algorithm iteration works as follows. First, the best-so-far solution Sy is
initialized to NULL, indicating that no such solution exists yet. Moreover, the current
sub-instance V' C V (where V is the set of nodes of the input graph G) is initialized to
the empty set. Then, at each iteration, n, solutions are probabilistically generated in
function ProbabilisticSolutionGeneration(optyeedy, drae s Lize )» either making use of
GREEDY (in case 0ptye.qy = 0) or of GREEDY2 (in case optyeqy = 1). The nodes
found in the constructed solutions are then added to V’. Furthermore, each node v €
V' has an age, labelled age[v], which is initialized to zero. Next, PBIG is applied
in function ApplyPBIG(V’) to find a high-quality solution, however, restricted to the
nodes from V’; that is, the solution (re-)construction process of PBIG is restricted to
choose nodes from V. If the resulting solution, labelled S;big, is better than the current
best-so-far solution Syf, solution S;big is adopted as the new best-so-far solution. Next,
sub-instance V' is adapted on the basis of solution S;big in conjunction with the age
values of the nodes in V'. This is done in function Adapt(V’, S;.. ag€may) as follows.
First, the age of each node in V' \ S{Dbig is incremented while the age of each node in
S;big is re-initialized to zero. Subsequently, those nodes from V' with an age value
greater than age,,,—which is a parameter of the algorithm—are removed from V’.
This causes that nodes that are never selected for the best solutions of PBIG do not
slow down the working of PBIG in coming iterations.

5. Experimental Evaluation

The following seven algorithmic approaches are evaluated on a large variety of
benchmark instances: (1-3) the application of CPLEX to the three ILP models (ILP-1,
ILP-2, and ILP-3), (4) GREEDY 1, (5) GREEDY2, (6) PBIG, and (7) CMSA-PBIG. All
techniques were implemented in ANSI C++ using GCC 4.6.3 for compiling the soft-
ware. Moreover, we used CPLEX version 12.6 in single-threaded execution for solving
the ILP models. The experimental results that are presented in the following were ob-
tained on a cluster of 32 computers with Intel® Xeon® X5660 CPUs of 6 nuclei of 2.8
GHz and (in total) 48 Gigabytes of RAM. For each run of CPLEX we allowed a maxi-
mum of 4 Gigabytes of RAM. In the following, first, the set of benchmark instances is
described. Then, a detailed analysis of the experimental results is presented.

5.1. Benchmark Instances

Two types of graphs were considered for the experimental evaluation: (1) random
graphs and (2) random geometric graphs. In each case, graphs of different properties—
for what concerns, for example, the density—and different sizes were created. In
particular, for each type we generated graphs of 100, 500 and 1000 nodes, that is,
[V| € {100,500,1000}. The random graphs were generated adding edges between
nodes totally at random, with a given probability ep for each edge. This probability
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Algorithm 3 CMSA-PBIG for the WID problem

1: input: input graph G, parameter values for PBIG and parameter values for dgs”,
1754 age nax> Mas fmax, and opt

size greedy

2: Spsf := NULL

3V =0

4: age[v] :=0forallveV

5: while CPU time limit not reached do

6: fori=1,...,n,do

7: $ := ProbabilisticSolutionGeneration(optyreedys drae » Lize
8: forallve Sandv ¢ V' do

9: age[v]:=0
10: Vi« V'u{v}

11: end for

12:  end for

13: S{Dbig + ApplyPBIG(V")

14: if f(S;Jbig) < f(Sbsf) then Sy := S{)big
15: Adapt(V’, Sj.. agemay)

16: end while
17: output: Sy

controls the density of the graph. In particular, we considered ep € {0.05,0.15,0.25}.
The random geometric graphs were created as follows. First, the |V| nodes were as-
signed to random coordinates from the unit square. Then, a radius (r) was fixed and
each pair of nodes at a distance smaller or equal than the radius was connected by an
edge. The radius controls the density of the graph, that is, the larger the radius the
denser is the resulting graph. In order to produce graphs with densities comparable to
the ones of the random graphs we considered r € {0.14,0.24,0.34}. The main differ-
ence between random geometric graphs and random graphs is that in the former ones
only nodes that are placed close together may be connected while in the latter ones any
two nodes may be connected.

Three different schemes for generating the node and edge weights were considered.
In the first scheme, both node and edge weights were drawn uniformly at random from
{0,...,100}. Henceforth, we call the resulting graphs neutral graphs. In the second
scheme, node weights were drawn uniformly at random from {0, ...,1000} and edge
weights were drawn uniformly at random from {0, ..., 10}. In these graphs, henceforth
called node oriented graphs, the choice of the nodes is presumably very important be-
cause of the nodes themselfs. Finally, in the third scheme node weights were drawn
uniformly at random from {0,...,10} and edge-weights were drawn uniformly at ran-
dom from {0,...,1000}. In these edge-oriented graphs, the choice of the nodes is
important due to edges that are made available for connecting non-chosen nodes to
chosen nodes.

For each combination of a graph type, a number of nodes, an edge probability
(respectively, a radius), and a weight generation scheme, we produced 10 problem
instances. This makes a total of 540 graphs: 270 random graphs (this set is henceforth
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called RG) and 270 random geometric graphs (this set is henceforth called RGG).

5.2. Tuning Experiments

The automatic configuration tool irace [16] was used in order to find well-working
values for the parameters of PBIG and CMSA-PBIG. In this section we describe the
experimental setup used for the tuning experiments, and the tuning results.

5.2.1. Tuning of PBIG

The following five parameters were considered in the case of PBIG: pgize, D', D,
drate and Igze. The tuning tool was applied separately for each combination of graph
type, number of nodes and the weight generation scheme. Note that no separate tuning
was performed concerning the graph density (depending on ep in the context of random
graphs, respectively r in the context of random geometric graphs). This is because,
after initial runs, it was shown that the other parameters have a higher influence on the
behavior of the algorithm. Summarizing, irace was applied 18 times with a budget of
1000 applications of PBIG per tuning run.

For each application of PBIG a time limit of |V|-3 CPU seconds was fixed. For
each run of irace, two tuning instances were generated for each combination of graph
type, number of nodes, graph density, and weight generation scheme. This gives a total
of six tuning instances per run of irace. The following parameter value ranges were
considered for each tuning run:

® Dsize € {1,10,50,100}.

e For the lower and upper bound values of the destruction percentage, the follow-
ing value combinations were considered: (Dl,D“) € {(10,10), (20,20), (30,30),
(40,40), (50,50), (60,60), (70,70), (80,80), (90,90), (10,50), (30,70), (50,90)}.
Note that in those cases in which both bounds have the same value, the percent-
age of deleted nodes is always the same.

o drye € {0.0,0.3,0.5,0.7,0.9}.
o lie €{1,3,5,10}.

The results of the tuning processes in the case of random graphs are presented in Ta-
ble 1. The trends are as follows: the population size (psiz) should be rather high.
Interestingly, the option of a dynamically changing value for the destruction rate (D',
D") never resulted best. In most cases a fixed value greater than 0.5 is selected. The de-
terminism rate (d;4) should be rather low, specially when large graphs are concerned.
Finally, the candidate list size (i) should be rather high.

In the same way, the results of the tuning processes for random geometric graphs
are shown in Table 2. Here, the trends are as follows: the chosen population sizes are
rather high, with one exception (|V| = 100, node-oriented). Interestingly, this is also
the only case in which a dynamically changing destruction rate was selected. In the
other cases a fixed value greater than 0.4 is selected for this parameter. The selected
determinism rate tends to decrease with increasing graph size, and the candidate list
size should be rather high.
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Table 1: Results of tuning PBIG with irace for random graphs.
Weight scheme |V| Psize (DlyDu) drae  Isize
100 50 (0.7,0.7) 00 5
neutral 500 100 (0.5,0.5) 0.3 10
1000 100 (0.5,0,5) 0.0 10
100 10 (0.8,08) 0.0 10
node-oriented 500 100 (0.6.0.6) 0.0 5
)
)
)
)

1000 100 ( 0.3 10
100 100 (0.6,0.6 00 10
(
(

edge-oriented 500 50 0.0 10

1000 100 00 10

Table 2: Results of tuning PBIG with irace for random geometrics graphs.

Weight scheme V| Psize (DZ DY) diae size

100 50 (0.8,0.8) 0.3 10

neutral 500 100 (0.5,0,5) 0.5 5
1000 100 (0.4,04) 03 5

100 1 (05,09) 05 10

node-oriented 500 100 (0.5,0.5) 03 10
1000 50 (0.6,06) 03 5

100 100 (0.8,0.8) 0.9 10

edge-oriented 500 50 (0.4,04) 0.0 10
1000 100 (0.4,0.4) 0.0 10

5.2.2. Tuning of CMSA-PBIG

In addition to the five parameters of PBIG, the tuning procedure for CMSA-PBIG
must additionally consider the six parameters of the CMSA framework of CMSA-PBIG:
diaies Lgize s 38maxs Ma, fmax, and Opty..qy. The parameter value ranges for the five
PBIG-parameters were chosen as for the tuning procedure of the stand-alone PB1G. For
the six additional parameters of CMSA-PBIG, the value ranges considered were the

following:
o d ¢ {0.0,0.3,0.5,0.7,0.9}.
o 199 ¢ {1,3,5,10,20}.
e age.. €{1,3,5,10,inf}.
e n, €{1,10,30,50}.
o fmax € {1,2,5,10,50}.

® Optyrecqy € {0, 1}, where value O represents the selection of GREEDY1 for the
probabilistic construction of solutions, and value 1 the selection of GREEDY?2
for this purpose.
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Table 3: Results of tuning CMSA-PBIG with irace for random graphs.
Weight scheme ‘V‘ Psize <D’;D“) draie Lsize  digie’  I3¢ agemax  Ma fmax Oplgreedy

size

100 50 (03,07) 07 3 05 3 inf 30 1 1

neutral 500 50 (03,03) 03 5 03 5 inf 30 5 1
1000 10 (04,04) 00 5 03 20 5 10 5 0

100 1 (0606) 07 10 07 10  inf 30 1 0

node-oriented 500 10 (03,0.3) 03 10 05 20 35 10 0
1000 10 (0505 00 5 05 20 10 30 50 1

100 1 (0509 05 5 05 5 nf 30 5 I

edge-oriented 500 100 (0.3,03) 00 5 03 20 350 10 0
1000 50 (04,04) 03 10 05 10 350 50 1

Weight scheme VI psze (D',D"
100 10
neutral 500 10

) duwe  Lige  dfet 1P agena M fmax  OPlorecay
( )y 03 3 03 20 10 30 2
( ) 03 3 03 20 10 30 2
1000 100 ( ) 03 10 0.5 20 inf 30 5
100 10 (0505) 07 10 05 10 1
node-oriented 500 1 (02,02) 07 10 0.3 20 inf 30
( )
( )
( )
( )

1000 50 0.7 3 0.5 10 5 50

100 1 0.7 10 0.5 10 5 50

edge-oriented 500 1 0.7 10 0.5 10 5 50
1000 50 0.0 10 0.5 10 10 1

[V RV RV IRV Sl R
_——o o o= = =

The setup of the tuning processes for CMSA-PBIG was the same as for the ones
of PBIG. That is, irace was applied 18 times with a budget of 1000 applications of
CMSA-PBIG per tuning run. The time limit of |V|-3 CPU seconds per execution was
applied, and the same tuning instances were used.

The results of the tuning processes in the case of random graphs are shown in
Table 3. Note that when referring, in the following, to PBIG, we mean the application
of PBIG within CMSA-PBIG. The following remarkable trends can be observed: the
selected destruction rate of PBIG is generally lower than the one chosen for the stand-
alone version of PBIG. The determinism rate of PBIG decreases with increasing graph
size. Interestingly, the required candidate list size of PBIG is generally lower than the
one of the probabilistic solution construction mechanism of the CMSA framework.
Concerning the remaining parameters of the CMSA framework, the following can be
observed: the determinism rate of the probabilistic solution construction mechanism
of CMSA-PBIG tends to decrease with increasing graph size. The number of solutions
constructed per iteration (n,) is around 30. The time limit for the application of PBIG
at each iteration (f,x) increases with increasing graph size, and finally, the selection
of GREEDY1 (value 0 of optyeeqy) is most common for graphs generated according to
the node-oriented weight scheme, while GREEDY2 seems preferred for the remaining
graphs.

In the same way, the results of the tuning processes concerning random geometric
graphs are presented in Table 4. The trends that can be observed in this case are very
similar to those already outlined for random graphs.

5.3. Numerical Results

The seven solution approaches were applied exactly once to each problem instance.
The computation time limit for the applications of CPLEX, PBIG and CMSA-PBIG
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was |V| -3 seconds for each graph. The results are presented in numerical form in
two tables: Table 5 contains the results for all random graphs and Table 6 contains the
results for all random geometric graphs. The two tables have the following format. The
first three table columns indicate the number of nodes in the graph (]V|), the weight
generation scheme, and the graph density in terms of the edge probability (ep) for
random graphs and the radius (r) for random geometric graphs. The results of the
seven approaches are presented in two columns for each approach. The first one of
these columns (with heading result) provides, in all seven cases, the average result
obtained for the corresponding 10 problem instances. In the case of GREEDY1 and
GREEDY?2, the second column provides the average computation times (in seconds).
In the case of the application of CPLEX to the three ILP models, the second columns
provide the average optimality gaps (in %) that correspond to the results shown in
the first columns. Finally, in the case of PBIG and CMSA-PBIG, the second column
shows the average time at which the best solutions of a run were found. Note that the
best result of each table row is shown with gray background. In addition, we applied
a statistical significance test to the results of each table row. More specifically, in
each table row all approaches were compared to the best-performing approach and
the results of those approaches who are statistically equivalent to the best-performing
approach are marked by the v symbol (significance level of 0.05). The statistical
differences have been assessed using the Friedman test and the p-values have been
corrected for multiple comparison using Finner’s procedure [17].

Additionally, we aimed for detecting the differences between the algorithms (if any)
for large subsets of the problem instances. First, all the algorithms have been compared
simultaneously using the Friedman test. Then, given that in all the cases the test rejects
the hypothesis that all the algorithms perform equally, all the pairwise comparisons
have been tested using the Nemenyi post-hoc test [17]. The corresponding results are
shown in Figures 2 and 3 by means of so-called criticial difference plots. Briefly, each
approach is positioned in the segment according to its average ranking concerning the
considered subset of instances. Then, the critical difference (CD) is computed for a sig-
nificance level of 0.05 and the performance of those algorithms that have a difference
lower than CD are regarded as equal—that is, no difference of statistical significance
can be detected. This is indicated in the graphic by horizontal bars joining the respec-
tive algorithms.>

The experimental results allow us to make the following observations:

e When considering all instances together—see Figure 2a—CMSA-PBIG is the
best-performing algorithm, followed by PBIG. The next group of approaches is
composed of the application of CPLEX to the three ILP models. Concerning
the order between them, ILP-2 is generally the best-performing one, followed by
ILP-3 and then ILP- 1. Finally, the worst-performing group of algorithms is com-
posed of the two greedy algorithms, with GREEDY2 outperforming GREEDY 1.
All differences are statistically significant.

3Note that all the tests and the plots have been generated using R’s scmamp package [18], available at
https://github.com/b0rxa/scmamp.
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e Concerning the two types of graphs that were studied—that is, random graphs
vs. random geometric graphs—essentially no differences can be observed in the
relative behaviour of the algorithms. This means that the studied techniques are
not affected by local structures that are present in graphs.

e Concerning the comparison between GREEDY1 and GREEDY?2 it can be ob-
served that, while GREEDY2 outperforms GREEDY | when all problem instances
are considered together—in the context of node-oriented graphs, GREEDY 1 has a
better average ranking than GREEDY?2 (not statistically significant). Concerning
computation time, both algorithms are by far the fastest ones in the compari-
son. Naturally, the computation time of GREEDY?2 is slightly higher than that of
GREEDY 1.

e Comparing the performance of the three ILP models, we can observe that ILP-2
generally achieves the best performance. In particular, for all considered subsets
of instances (concerning density and weight generating scheme) ILP-2 outper-
forms ILP-1. This was to be expected, as the only difference in the two models
is the elimination of a set of variables (also resulting in a change of a subset
of the constraints). ILP-2 generally also outperforms ILP-3, with the exception
of node-oriented graphs, for which ILP-3 achieves a better ranking than ILP-2.
Finally, it can also be observed—when looking at the tables containing the nu-
merical results—that all three ILP models are competitive with CMSA-PBIG and
PBIG in the context of instances of 100 nodes.

e CMSA-PBIG and PBIG are clearly (and with statistical significance) the best-
performing approaches in our set of compared approaches. This holds when
considering all instances together, but also for all subsets of studied instances
(see Figures 2 and 3). Concerning the comparison between the two, it can be ob-
servered that CMSA-PBIG has—for all considered subsets of instances—a better
average ranking than PBIG. This difference is statistically signficiant when con-
sidering all instances together, and in the case of edge-oriented graphs. This
relative performance between CMSA-PBIG and PBIG is of general interest, be-
cause it shows that by applying a metaheuristic in a framework such as CMSA,
it is possible to improve the performance of the metaheuristic.

Summarizing, we can state that—in the context of the WID problem—the studied
metaheuristics outperform the ILP-based approaches, which in turn outperform the
greedy approaches. The ILP-based approaches can only compete with the metaheuris-
tics in the case of instances of 100 nodes. Moreover, we would like to point out again
the fact our results have shown it to be possible to improve the performance of a meta-
heuristic by repeatedly applying it to intelligently generated sub-instances of the tack-
led problem instances, as it is done in the CMSA framework.

6. Conclusions and Future Work

This paper has dealt with an NP-hard problem in graphs, the so-called weighted
independent domination problem. We proposed three different integer linear program-
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CwmsA-PBIG ———— ILp-1 CMSA-PBIG ILp-3
PBIG ———— IREEDY2 PBIG——— SREEDY2
TLp-2 —GREEDY1 p2—m ——GREEDY]1
ILp-3 Irp-1

(a) All instances together. (b) Random graph instances (set RG).
1 2 3 4 5 6 7
L L L L L )
CMsA-PBIG 0 ILp-1
PBIG ————— GREEDY2
p2—MmMm L——GReepyY1
ILp-3

(c) Random geometric graph instances (set RGG).

Figure 2: Criticial difference plots for all 540 problem instances together (a), the 270 instances of set RG (b),
and the 270 instances of set RGG. The axis shows the average ranking of the seven considered techniques

concerning the considered (sub)sets of instances. Horizontal bars connect techniques for which no statistical
differences were found.

2 3 4 5 6
1 2 3 4 5 6 7 L L L L J
. | . ) . )

CMSA-PBIG ] + CMSA-PBIG TLp-1
PBIG— ] IL PBIG ‘GREEDY1
p-2—m— L GreEDYL Ip-3——m SREEDY2
TLp-1 ILp-2.

(a) All instances with neutral weighting scheme. (b) All instances with node-oriented weighting
scheme.
1 2 3 4 5 6 7 2 3 4 5 € 7
L L L L L L J | ! ! ! ! !

CwmsA-PBIG ILp-3 CMSA-PBIG 1
PBIG———— ILp-1 Poic DY2
IL GREEDY1 op-2———— ———CrEEDY1

GREI ILp-1
(c) All instances with edge-oriented weighting (d) All low density instances.
scheme.
1 2 3 4 5 6 1 2 3 4 5 6
. ! . . | . | ) A )

CMsA-PBIG: 1 TLp-1 CMSA-PBIG: ] FREEDY2
PBIG— IREEDY2 PeiG——m— TLp-1
np2— L—GreEDY1 ILp-2: GREEDY1
ILp-3 ILp-3

(e) All medium density instances. (f) All high density instances.

Figure 3: Criticial difference plots for six different subsets of problem instances concerning their weighting
scheme and their density. The axis shows the average ranking of the seven considered techniques concerning

the considered (sub)sets of instances. Horizontal bars connect techniques for which no statistical differences
were found.
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ming models for this problem. Additionally, two different greedy heuristics were pre-
sented. The first one of these heuristics is an adaptation of a known heuristic from a
related problem to the weighted independent domination problem. This heuristic disre-
gards the edge-weights during the solution construction process. The second heuristic
was especially developed for the tackled problem. Finally, we presented a population-
based iterated greedy algorithm which takes profit from the better one of the two
greedy heuristics. In addition to a standalone application of the population-based it-
erated greedy algorithm, the algorithm was applied within the construct, merge, solve
& adapt framework. The results have shown that the population-based iterated greedy
algorithm applied within the before-mentioned framework is, with statistical signifi-
cance, the best-performing approach in the comparison. This is especially interesting,
because it shows that the performance of a standard metaheuristic may be improved by
the application within a framework such as construct, merge, solve & adapt, which is
based on reducing the size of the tackled problem instances.

In the near future we plan to investigate the application of other metaheuristics
within the construct, merge, solve & adapt framework in the context of a diverse set of
difficult combinatorial optimization problems.
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