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Introduction

The computation of eigenvalues is unavoidably iterative. This is a conse-
quence of their definition —and how this leads to compute them as roots
of the characteristic polynomial— and Abel’s famous proof that there is no
algebraic formula for the roots of a general polynomial of degree greater
than four. The QR algorithm is one of the most important methods for
computing both eigenvalues and eigenvectors and for the general, nonsym-
metric eigenvalue problem it is the king. This work builds up to the ultimate
algorithm, the shifted Hessenberg QR algorithm, by starting with simpler
ones.

The first chapter is a brief summary of already familiar concepts that are
mentioned and used throughout the work. Its goal is to make the dissertation
self-contained.

The second chapter develops both the power and inverse power meth-
ods. The convergence of the power iteration is studied in terms of subspace
convergence and the implementation details of both methods are taken care
of.

The third chapter establishes the convergence of the QR algorithm by
linking the shifted QR routine with the inverse power method and the un-
shifted QR algorithm with the power method. Then, in order to solve a
practical problem inherent to the QR iteration, it introduces the Hessenberg
form of a matrix and demonstrates how to reduce any matrix to Hessenberg
form.

(This is not the only way to prove the convergence of the QR iteration.
Wilkinson in [7] connects the QR method with simultaneous iteration. Then
Buurema in [0] gives a geometric proof of QR’s convergence with and without
shifts using simultaneous iteration and Krylov subspace ideas. And Francis
and Kublanovskaya had ideas of their own that will be developed later on
this introduction.)

Fourth and fifth chapters implement two different versions of the QR
algorithm: the explicitly shifted QR routine and the implicitly shifted QR
routine. Both methods reduce any given matrix to a Schur form. While the
first algorithm reduces a matrix to a complex Schur form, the second one
reduces it to a real Schur form.

Finally, appendix A contains the MATLAB implementations of all the
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algorithms given in the work and appendix B analyzes the precision and
accuracy of both implementations of the QR algorithm.

Regarded by some as ‘one of the jewels in the crown of matrix computa-
tion’ the QR algorithm was a ‘genuinely new contribution to the field of
numerical analysis and not a refinement of ideas given by Newton, Gauss,
Hadamard, or Schur.” In any case, if we ‘have seen further than others, it is
by standing upon the shoulders of giants’. And those giants happen to be an
English man and a Russian woman. The QR iteration was simultaneously
developed in the late 50’s and early 60’s by John Francis in England and
Vera Kublanovskaya in the Soviet Union, but it is the firsts work that has
had more influence simply because he dealt with the implementation and
applications of the method.

John G. F. Francis was born in London in 1934 and in October 1961
—the time of the publication of his papers on the then called ‘the QR
transformation’— he was working for the National Research and Develop-
ment Corporation (NRDC). He started to work there in 1954 and although
he entered Christ’s College at Cambridge University in 1955 to study math,
he did not complete a degree and returned to NRDC in 1956. He left this
job in 1961 and dropped all connections with numerical analysis.

Francis developed the whole QR algorithm on his own, apart from the
influence of different papers, such as Rutishauser’s [11]. He did not collab-
orate with anybody: the ideas, theorems and implementation of QR were
all his. On the one hand, his knowledge of Fike’s [12] and Wilkinson’s work
on the stability of the unitary matrix transformation helped John shift the
emphasis from the Gaussian elimination-based LR algorithm of Rutishauser
to the use of orthogonal Householder and Givens eliminations in QR. These
make the algorithm accurate and backward stable. On the other hand, his
awareness of the power of inverse interation for finding eigenvalues accu-
rately from approximations inspired him to apply shifts to QR; and the
development of the Implicit Q Theorem paves the way to obtain complex
conjugate eigenvalue pairs of real matrices in real arithmetic. These ensure
the fast convergence of the method.

The first of his papers, [8], starts by proving the convergence of the lower
triangle entries of the unshifted explicit QR iterates A* to zero, assuming
that A is nonsingular and has eigenvalues of distinct moduli. Then proceeds
to establish the invariance of normalcy, symmetry and Hermitianness of a
matrix during QR iterations. He accounts for the computational saving that
means first reducing the matrix A to Hessenberg form —it reduces each step
from O(n3) to O(n?)—, proposes elimination methods for achieving such
form, and emphasizes in both the convergence of the algorithm to the Schur
form of A and the rate of convergence of the iterates’ subdiagonal entries
afy as (|Ai/A\])F.

The second paper [9] deals with the implementation of the algorithm.
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First of all, the Implicit Q Theorem is established thus helping modify the
QR algorithm from its explicit factorization to the implicit one. It is noted
that complex conjugate shifts of explicit QR can be performed simultane-
ously in one implicit double real step. Bulge chasing is introduced: it creates
a bulge that protrudes from the Hessenberg form and then chases it down
the diagonal until re-establishing the Hessenberg form. The near singularity
of A — al when « is close to an eigenvalue helps him deflate the last row
of A to save some computations. Implementation of Givens rotations and
Householder eliminations are discussed for ensuring backward stability and
it even details a close precursor of what nowadays is known as the Wilkinson
shift.

Vera Nikolaevna Kublanovskaya, on the other hand, was born on 21
November 1920 in Vologda Oblast, Russia and passed away in February 21,
2012. In 1945, after surviving the siege of Leningrad she was accepted to
study mathematics at Leningrad State University. She joined the Leningrad
branch of the Steklov Mathematical Institute of the USSR Academy of Sci-
ences after graduating in 1948 and worked there at least until 2009.

Kublanovskaya started to develop her version of the QR method inspired
by [11]. She presented a matrix A = L- @ where L is a lower triangular ma-
trix and @) is orthogonal —she proposed constructing the last one by using
elementary rotations or reflections. Her algorithm factors A = Ay = Ly -Q1,
then multiplies As = Q1 - L1 and factors Ao = Q2 - Lo etc. Her first paper
explains the basics of this factorization and reverse-order multiplication for
nonsingular matrices A with real and distinct modulus eigenvalues; and in-
troduces the linear convergence of the diagonal entries of the matrix L to
the eigenvalues of such matrices. The second paper proves that the conver-
gence happens at least linearly and improves it by introducing simple shifts.
Finally, in a third paper, Kublanovskaya indicates how the L) method can
be adapted to find the singular values of A, that is, the eigenvalues of the
product AA* or A* A, without explicitly computing the matrix products.

Neither Kublanovskaya nor her colleagues implemented her method dur-
ing this time or later. She was not involved in further investigations of the
QR itself, but some of her work can be regarded as an extension of the
underlying ideas of the QR method.






Chapter 1

Previous concepts

1.1 Notation and basic results

The goal of this dissertation is to comprehend how every available linear
algebra software library computes the eigenvalues and eigenvectors of any
given matrix A. Throughout the work the nature of the topic we will be
treating will ask for either complex or real matrices. So at the start of every
chapter we will indicate whether we work with A € C"*™ or A € R™*", that
is, A € F»*™ where F = C or F = R. For this chapter, let F = C.

Scalars will be appointed with greek letters as A or u, vectors with lower
case letters —z, y, etc.— and matrices with upper case letters —A, B, etc.—.
A! will designate the transpose of a matrix, i.e., if

ail o Qi am o Gpl
A=|: .. | then A' =
an1 - Gnn Aln " QOnn

A* indicates the conjugate transpose of a matrix, that is,

ail -+ Aanl
A - . S . )
Aln *°° Onpn

where Z is the conjugate of the complex number z. Notice that if A is a real
matrix, A = A*.
A complex matrix U is unitary if

vur=U"U =1,
and these kind of matrices hold another interesting equivalence:
e U is unitary.

e The rows —and columns— of U form an orthonormal basis of F**".



2 1.1. Notation and basic results

Unitary matrices are usually called orthogonal when they are real.

Now, the first thing we ought to do is define the eigenvalues and eigen-
vectors:

Definition 1.1.1. Let A be of order n. The pair (A, z) is called an eigenpair
or right eigenpair of A if

e r#0, and
e Axr = \x.

The scalar A is called an eitgenvalue and the vector x is called an eigenvector.
On the other hand, the pair (\,y) is called a left eigenpair if

e y # 0, and
o YA =1y*\
Real matrices may have complex eigenvalues and eigenvectors: take for

example
0 -1
nl

Its eigenvalues are ¢ and —¢, and its eigenvectors [ﬂ and [_12]

Notice that if (A, z) is an eigenpair, then (A, 7x) is also an eigenpair.
Thus in order to eliminate this trivial nonuniqueness we might require, for
example, z*x = 1. Nevertheless, this does not eliminate the nonuniqueness
of the eigenvectors, e.g., there may be many unitary vectors. That is why
in some contexts —precisely in §2.1.1—, we may refer to the linear subspace
spanned by an eigenvector.

Definition 1.1.2. Let V be a vector space over a field K, and S a set
of vectors. Then the subspace spanned by S is the set of all finite linear
combinations of elements of S, i.e.,

k
(S) = {Z)\wi:kEN,viESaDd )\iEK}.
=1

If S ={v1,...,vn}, we may write (S) = (v1,...,v,). In this work, depending
on the context, K =Ror K =Cand V =R" or V = C".

Secondly, as it will be proved later, the QR algorithm computes the
eigenvalues of any given matrix by reducing it to its Schur form.
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Theorem 1.1.1 (Schur). Let A be of order n. Then there is a unitary
matriz U such that

U*AU =T

where T is upper triangular. By appropriate choice of U, the eigenvalues
of A, which are the diagonal elements of T may be made to appear in any
order.

Proof. Theorem 1.12 of [1]. O

Actually, the QR iteration can be implemented in two different ways: the
first one reduces the given matrix to the complex Schur form —a complex
upper triangular matrix with both the real and complex eigenvalues in the
diagonal—, and the real Schur form —a real block upper triangular matrix
where the blocks of order one contain the real eigenvalues and the ones of
order two contain the complex conjugate eigenvalues. Chapters 4 and 5 are
devoted to the complex and real Schur forms, respectively. A proof of the
less known real Schur form will be provided in Chapter 5.

Thirdly, we must talk about the reliability of the algorithms. The rou-
tines given troughout the dissertation are designed so that they are either
backwards stable —Definition 1.1.3—, or stable in the usual sense —Definition
1.1.4. These definitions make the algorithms accurate and their output re-
liable.

Definition 1.1.3. An algorithm f : X — Y for a problem f: X — Y is
said to be backwards stable if for all x € X there exists £ € X such that

12 =20 _ oenr)

and
flx) = f(@).

In our case, if we are working with complex matrices, then X =Y = C"*"™,
but X =Y = R™" if real matrices are considered.

Definition 1.1.4. Let the sequence A1, Ao, ..., A, be generated by the re-
cursion

Ajy1 = [Rp Ag Sk, for every k=1,...,m —1 (1.1)

where Rj and Sp are unitary matrices generated from Aj. fl denotes
floating-point computation with rounding unit €3; and includes any errors
made in generating and applying Ry and Si. Set

P:Rmfl'--Rl andQ:Sy--Sm,l.
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Then we say that the sequence (1.1) is stable in the usual sense if there is a
matrix F and a slowly growing function ~y,s such that

1By
41,

and
A, = P(A1 + E)Q.

A couple of words must be said about vector and matrix norms too. We
will mainly use the 2-norm, |||,, of either a vector or a matrix and the
Frobenius norm, |||, of a matrix. We will just give the definitions and
main properties of them. Further information can be found in [17] and [18].

Definition 1.1.5. (i) For every vector z € C", the vectorial norm ||-||, is

defined as
n
2
lzlly = | D lail
i=1
(ii) For every matrix A € C™*™, ||-||, is the matrix norm induced by the

norm /s, i.e.,

[All; = max [|Azl],.
||9’?H2:1

(iii) For every matrix A € C"*™, the matrix norm ||| is defined as

n m
> layl”

i=1 j=1

1Al =

And a little list of properties that will be used throughout the work:
Proposition 1.1.2. Let A € C"*"™ and x € C™. Then:
. 2 *
(i) [llly = 2.

(ii) For every x € C"
[lly = ll" [l -

For every A € C™*™

Al = | A% and [[Ally = [|A"[]; -

(iii) Matriz norms ||-|| and ||-||p are unitarily invariant. That is for every
AeCmm 4f U € C™™ —or C™*5— is unitary then

IUA[ly = [[AU]ly = [[Ally and [[UA|p = [|AU]|p = Al -
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(iv) Matriz norms |||, and ||-||p are consistent, i.e., for every A € C"*™
and B € C™*¢

IABlly < [[Ally [|Blly and [[AB|z < [[Allp [Bllf -

(v) All the norms defined in a vectorial space V' of finite dimension are
equivalent. That is, if u and v are two norms defined in V', then there
erist a,b € R such that

a < p(z) <b forallx eV.
v(x)
In our case, |||y and ||| are norms defined in the vectorial space

C™ ™, Thus there exist ¢c,d € R, such that

o< 14,
EP

<d for all A € C™™.

Proof. Check [17]. O

Finally, a note regarding conditioning. In the field of numerical analysis
the condition number of a function measures how much the output value of
the function can change for a small change in the input argument. In other
words, it measures how sensitive the output of a function is to changes
on the input. A problem is said to be well-conditioned if its condition
number is small and ill-conditioned if its condition number is high. Sadly,
we do not have neither the time nor the space to study the conditioning
of the Schur decomposition through the QR routine. A proper analysis
of the QR iteration should consider and take into account the condition
number. At least when studying the precision of the algorithm; to check,
for example, whether those matrices with worst backwards error have the
highest condition number or not.






Chapter 2

The power and inverse power
methods

2.1 The power method

The power method is based on a simple idea. Let A be a complex nonde-
fective matrix and (\;, x;) a complete set of eigenpairs. All z; are linearly
independent, so if ug € C" then

Uy = Y1T1 + -+ Ynln (21)
uniquely. As Az; = \;z;, then AFz; = )\fcc,-, thus
Akuo = 71)\’1%1 + -+ %)\an-

Assuming that both v; and )\’f are not zero

1 LY k
Afuy =21 + e <]> T 2.2
X ]Z; nmAn) Tt (22)

Now, if [A{| > || V5 € {2,...,n}, i.e., A; is a dominant eigenvalue, the sum-
mation on the right part of (2.2) will approach to 0 as k — oo. Therefore the
left part of the equality will become an increasingly accurate approximation
to the dominant eigenvector x;.

Notice that, for now, we do not know how to compute eigenvalues using
this method. We can summarize this superficial knowledge of the power

7
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iteration in Algorithm 1:

Input : matrix A, number of iterations n.
Output: approximate eigenpair (A, z)
PowerMethod (4, n)
Select starting unitary vector ug
for k € {1,...,n} do
uy < Aug
ug <= u/ ||ual]
end
return u

® N & ok~ W N+

end

Algorithm 1: Initial approach to the power method.

2.1.1 The convergence of the power method: subspace con-
vergence

Truth is, when computing eigenvectors we are not interested in the vector
per se, but rather in the linear subspace spanned by that eigenvector. Take
for example the following matrix and starting vector:

0 -1 1
A—[_l O]anduo—[l].
Note that ug is an eigenvector of A, consequently any multiple of that vector

will be an eigenvector too. Now let us look at the first four iterations of the
power method:

Aug = [:ﬂ , A%y = [ﬂ , Ay = [:ﬂ and A*uy = [ﬂ .

The sequence of eigenvectors produced by the power method seems not to
converge to ug, however, it converges to (ug), the linear subspace spanned by
ug. As a result, we will have to study the convergence of the power method in
terms of subspace convergence. This can be achieved by identifying the set
of subspaces of dimension d with a quotient space of matrices and defining
the quotient topology on it. For this purpose the Grassmanian, the set of
linear subspaces of the vector space C" of given dimension d, will be needed.
That is,
Grg(C") ={S <C": dim S = d}.
First, we start by establishing a connection between linear subspaces and

matrices:

Definition 2.1.1. Let S be a subspace of C™ of dimension d and {z1, ..., 24}
a basis for it. Then
X = [x]. e ‘/Bd]
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is a base-matriz of S.

It is clear that if X € C"*? and rank(X) = d, then X spans a subspace
of dimension d, but distinct matrices may create the same subspace:

Lemma 2.1.1. Let X1, X5 € C™ 4 X, and Xo generate the same subspace
if and only if rank(X1) = rank(Xs) = d and there exists P € C™*? invertible
such that

X=Xy P

Unfortunately, we lack the space to develop properly the topology of
Grg(C™) and prove every result needed to establish correctly the convergence
of subspaces. A decorous proof can be found in the notes to the course
Advanced Numerical Methods imparted by Ion Zaballa at UPV/EHU, on
pages 216 through 226 of [10].

The results that are fundamental to understand and establish the con-
vergence of the power iteration are the ones that follow.

Theorem 2.1.2. Let {S;}ir=01,.. C GrgC" be a sequence of subspaces and
let S € Grg(C). Let Q € My, 4(C) be an orthonormal base-matriz of S and,

for all k € {0,1,...}, let Qi € Mn,d(C) be an orthonormal base-matriz of
Si. Then

Sk =S = Vke{0,1,..} 32, € C> unitary such that QrZj — Q.
Proof. Theorem 1.5.2 of [15]. O

Theorem 2.1.3. Let X € C"¢ and let A € C™™ be a matriz such that
rank(A*X) = d for all k € {0,1,2,...}. Then if the sequence of sub-
spaces {{A*X)} converges, it does so to a subspace S € Gry(C") that is
A-invariant.

Proof. Theorem 10.4 of [16]. O

And the convergence of the power method to an eigenvector is a conse-
quence of this last two results:

Corollary 2.1.4. Let A € C™*" and let ¢ € C" be a unitary vector. If the
k

_a4q
[ 4%q],
then y is a unitary eigenvector of A.

sequence of subspaces < > converges to a nonzero subspace < y >,

Proof. Let us assume that (A%¢) — (y), then by Theorem 2.1.3, (y) is
A-invariant, i.e.,
Ay € (y) — Ay = ay;

which means that y is an eigenvector of A. Now,

(AFq) — (y) <= 3Joy, where o, AFq — v,
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and as ||-||, is a continuous function, then
ewaal, — lwl,

and
ol | A%]|, — Nyl

We can deduct that i
(larlA%) . (y)

ok | [| AFqll, lylly’
and finally,
i) () =
T ) = () =)
<\|A’“q\lz lyll
where 1/ is a unitary eigenvector. ]

That is, if the power method converges, it does so to a unitary eigenvec-

tor. The following theorem provides a sufficient and necessary condition for
k

q
| A%qll,

the convergence of < > for general matrices A and vectors q.

Theorem 2.1.5. Let q9 € C™ be a unitary vector, let A € C" ™ be a
diagonalizable matriz and let 1, ..., A\, be its eigenvalues. Let {v1,...,v,} be
a basis of unitary eigenvectors of A such that Av; = \jv; for alli € {1,...,n}
and write qo in the following way

go = vl + -+ - + apvy,. (2.3)
Ak qq

HAkQOH and assume also that

Let g, =

Al > ol = As[ = - > Al (2.4)

Then, (qx) — (n
then for all k € {0,

if and only if a1 # 0. Moreover, if {<qk>} converges,
,2,...} there exist z, € C such that |zx| = 1 and

k )
Proof. Firstly, let us prove that the convergence of the power method only
happens when «; in (2.3) is nonzero.

)
1

A2

lzrqr —villy = O( N

—>) Let us assume that (¢;) — (v1). Then by Theorem 2.1.2 there exist
B; € Csuch that 5;q; — vi. Now, let P be the projection of (v1) along
(v2, ..., ). (This projection is called the spectral projection along the
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I

eigensubspace (v1).) Then, P(8;q;) = Pv1 = vl Here, since g; is the

Jjth iterate through the power method, g; = HA]q ” and by (2.3)
Alg 1 i i) o
T, = T, (et o) =
1 j ;
m Oél)\l’l)l + -+ Oén/\nUn .
2
Thus,
B; B; , 4
P(Bjq5) = Tal, P(Alq) = TWals PlogMor+ -+ oM, ) =
Bj i
.7041)\ V1.
[A7goll,
That is, ”A;B L al)\ v1 — v1 and since vy # 0, then «y # 0.
First,

) = ()

and by Corollary 2.1.4 if this subspace converges then it does so to a
subspace generated by an eigenvalue, that is,

Alqq . :
—————— ) — (y) where y is an eigenvalue of A.
147 qoll,
Secondly, using the decomposition (2.3) and since ); is an eigenvalue
of A for every i € {1,...,n},
Algy = 041)\{01 + o N, =
Algqy al N an N,

_ 1 I\ I'\j
. = : vt ———v, =aj v+ -+, Mo
1470l 114740l 1A7qoll, ™ — e

By hypothesis, oy # 0 then of # 0, and A\; # 0, thus

Alqqg LYY
,j—q, v+ — ;. (2.5)
i A1 [[A7qol[ = 1N

)\.
Here, following hypothesis (2.4), Al < 1 for all i € {1,...,n}, thus

Al
Al
— 0. Then as j tends to infinity,
’AIV j—o0

Alqo
@y A7 [[ATqoll,
and by Theorem 2.1.2, (g;) — (v1).
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Assuming that A is nondefective and has a dominant eigenvalue, a nec-
essary and sufficient condition for the power method to converge has been
settled and now it is time to study the convergence rate of the power itera-

A 1
tion. In (2.5) set ¢; = o Bj = - and x; = Z ——vl, then

[A7qolly’ Y

5]‘(]]' =1+ mj.
Let us now obtain a bound for the norm of z;:

J

)\2 as || A3 J an | | An
gl < |22 |2 ol + |22 |52 Heall +-- 22|52 ol
v; is unitary by hypothesis, thus
)\2 J )\3 (6779 )\n 3
ol < | =2 |22 .. 2 =
H ]||2 — )\1 )\1 + + )\1
Xl (| A an | [ An
A2 &2 3|’ IR i N M )
A1 aq )\2 A2
Here, , .
@ Ml |en] | Aaf
a1 )\2 AQ
is a nonincreasing sequence, so it can be bounded by, for example,
A3 | An |
K:% 73+_“+%7n :% %4_...4_%
1 Ao Ao a1 aq 631
Which means that
A2
zill, < K|—
oyl < K|
On the other hand, since 3;¢; = v1 + z; and ]lggo zj=0
1 =
]ggoﬁjq] V1.
Due to ||-||, being a continuous function and ||g;||, = [Jvi|, = 1,
lim |3, = 1.
Jj—00
What is more,
Alqq 1 , ,
181 - 11 < af = [l L, o] =

‘a’l)\{‘ ‘al)\{) ‘al)\{’



Chapter 2. The power and inverse power methods 13

1

o]

1

Algll, — Ha Mo ,
‘H 0”2 14101 ‘al)\i‘

2’ < HAjé_m - al)\{leQ = |51l -

That is, for all j € {0,1,2,...}
1= lljlly < 18j] < 14 [l

and since x; — 0, there exists J € N such that for all j > J, 1 — ||z;||, > 0.

From now on we will assume that j > J. Let z; = Lg—J' then |z;| =1, and
J

(o ay) € (o) = ey
z q /UI X = /U]_ X — =
1B 7T 1= gl =zl 1= gl
L fgly + gy, @ _ (1+ 1l )M L
1 — [l 1 — lz;ll, 1 — lz;ll, 1 —lajlly ™
Thus,
5]l v1 + 5
quj_m:#
1 — [l
and since vp is unitary
2 |

12ja5 = villy < 7=
T 27 1=l

Now, z; —> 0 so there exists J' € N such that 1 — ||z, > 3 for all j > .J'.
Hence,

12ja5 = vally < 41z, -

Finally, for all j > max{.J, J’,0},

Ao |7
a0 -l < 4K |3
1

O

Conditions |A1] > |A2] and a3 # 0 seem rather restrictive, but they
actually are not. Almost every complex random matrix has a dominant
eigenvalue. And although real matrices tend to have a dominant eigenvalue,
if that eigenvalue is complex then the power iteration does not converge
—real arithmetic can not approach complex numbers—.

The second restriction, a; # 0, is discussed in §2.1.3.
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2.1.2 Convergence criteria, optimal residuals and the Rayleigh
quotient

Now that we know the requisites for the power method to converge, when
do we stop to iterate? Computing the residual

T = Aup — ppug

is a way of measuring how far our current approximation is from the real
eigenpair and although it does not give us a direct estimate of the er-
ror it does provide the following —the iteration subscripts are dropped for
generality —:

Theorem 2.1.6. Let r = Au — pu. Then there exists a matrix

ru*

E=—s (2.6)
o
such that 1B
b Il
P 2
= , p=2F (2.7)
1All, Al [lully
and
(A— FE)u=pu (2.8)

Proof. We just need to verify (2.7) and (2.8) using (2.6). First,

(A— F)u=pu <~ <A7“u2> U= pu <= Aufru—uZz,uu
[[ull3 [[]l3
lull3
Au—r g:pu<:>T:Au—uu.
[[ully
And for (2.7):
i, el e, o)

1Al 1Al AL Nl

At this point we need to introduce dual norms, which are defined for any
norm as follows:

|z|" = sup |y*z|.
lyll=1

More specifically, the dual norm of the 2-norm is the 2-norm itself:

Izl = sup |yz| < sup |ylly [zl = llll, -
lvll,=1 lyll=1
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(The Cauchy-Schwarz inequality has been used to separate the inner product
*z.) And the reciprocal:

n

g TiT;i

=1

2
el
Jal,

(A specific unitary vector y = ﬁ has been chosen in the inequality.) Thus,
2

lzlly = sup |y*z| = sup
lyllo=1 Iyl =1

Z YiZi

2 qu2

[P

‘j : Tidy

we have proven that |z||, = ||z||5 Yo € C". Now come back to (2.9). We
have to study |ru*(|, where p =2, F. So

n n n n n n
2 —2 2 —2 2 2 2 2
Ira % =D e =Y il [ = Il fugP = (il [full3
i=1 j=1 i=1 j=1 i=1 j=1

= lru*lly = lIrll lull, -

And using the dual norm:

[ru*fly = ﬂ‘lp [ruzlly = ||Shlp [u™z] [[rlly = ”Shlp [z%ul ||rlly = llrllo llull, -
Z = zZ||l=
Hence
BN, il lully _ D7l
1AL, AL flall; 1Al lully
O

The theorem states that if the residual is small, then the pair (u, u) is an
exact eigenpair of the nearby matrix A — E. It also suggests to stop when
the 2-norm or Frobenus norm —it does not matter which as both of them are
unitarily invariant and equivalent— of A — F is relatively small comparing
to the norm of A and it gives a computationally cheaper way to compute
this quotient. The reason to stop the algorithm following this criteria has to
do with backwards stability —see Definition 1.1.3. In our case £ = A — F,
= A, f will be the eigenpair the power method computes and f the exact
eigenpair of A. Hence, if we stop iterating when the relative error of A — FE
with regard to A is of the order of the machine epsilon, the power iteration
algorithm will be backwards stable. We may stop when that relative error
is less than the machine epsilon times a reasonable quantity.

In computing the residual » = Au — pu we naturally take u to be the
k-th iterate of the starting vector ug. We will choose p in such a way that
minimizes the residual in some norm, 2-norm in our case, as we are mainly
working with it.

Theorem 2.1.7. Let u # 0 and for any p set r, = Au— pu. Then |[ry||,
s minimized when
u* Au

u*u

M:

in which case v, Lu.

= H»’UHz



16 2.1. The power method

Proof. Let us assume |lul|, = 1 —in our case the power iteration makes u to
be unitary at every step—, let [u U] be unitary and set

u* uw*Au  u AU v h* u* v h*| |u*
A RCR R v S I e A R A |
Then,

u* Aoy — u* |y hT| |uf _ u* .

R | R o

U*u = 0 due to [u U} being unitary, thus
u* I 2 Ol I Y I B B R P R e
Ul g B||0 ol — g o | g |-

N 2
],
U]t

Then )
V=
g

thus, as [u U] is unitary and ||-||, is unitarily invariant,

)

2

2 2 2
lrully = v = ul™ + llgll”

which will be minimized when p = v = u* Au.

Secondly, let us prove r, and u are orthogonal, that is, let us compute
their inner product and see that it is zero. For this purpose, let us recall
that the scalar product of ry, and p is rju:

= rpu = (Au — pu) v = (Au) u — (pu) v = u* A*u — v

u U] is a unitary matrix, thus ||u 2—yw*u=1and
[ Yy 2

WA —putu = ur AU — = vt A% — (vt Au) = uF AT — (uFAu)* =
uw Ay —utA*u = 0.
O

The quantity u*Au/u*u is an example of a Rayleigh quotient and pro-
vides a highly accurate approximation to the corresponding eigenvalue of
A — E. It is usually generalized this way:

Definition 2.1.2. Let u and v be vectors with v*u # 0. Then the quantity
v*Au

v*u

is called a Rayleigh quotient.
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2.1.3 Implementation details

We know both the circumstances that make the power method converge
and the appropriate criteria to stop the algorithm. Therefore it is time to
implement it and give some technical details.

Computation and normalization

If we were to ingenuously implement the power method we could compute,
for every step k, A¥ug which runs in O(kn?). Instead, calculating ug,; =
Auy, runs in much cheaper O(n?). If the matrices we are working with have
structured elements and sparsity, the computational cost can be dropped
even more.

The approximation of the eigenvector will be normalized in every step
in order to avoid overflow and underflow.

Choice of starting vector

If we rewrite the expansion (2.1) as ug = y1x1 + Xoco where

72
XQZ[xQ xn] and ¢y = S

In

then the ratio ||ca|| /|y1| gives a measure of how far is the starting vector
from the real eigenvector. It is important for ug to have the smallest posible
quotient, which is minimized by the eigenvector. We may use an approxi-
mation of the eigenvector if we have it at hand. Sometimes the structure of
the problem may dictate the choice of ug. It is advisable to avoid patterned
starting vectors: highly structured problems may have such eigenvectors
and if that eigenvector is not the dominant one, v; will be zero and so the
method will not converge.

Otherwise, taking a random wug (usually a vector of random normal de-
viates) is good enough. For a random vector u of order n to have v = 0
means that z; and u are orthogonal. The orthogonal complement of the
vector u is a space of dimension n — 1 and thus the probability of a random
vector of order n to be in a subspace of dimension n — 1 is 0. Hence, the
probability of a vector of random normal deviates to be perpendicular to xy
is zero.

Shift and spectral enhancement

If A is a nondefective matrix and the eigenvalues of A satisfy |[A\1| > |Aa] >
... > |Anl], then the power method almost always converges to the biggest
eigenvalue at a rate of |A2| / |\1]; but if this quotient is near one convergence
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will be slow. Sometimes this can be resolved by working with the matrix
A — kI, whose eigenvalues are A\y — K, ..., \, — k. For example, let A have
eigenvalues 1, 0 and —0.99. In this case the ratio will be 0.99, but if we take
k = —0.5, the eigenvalues will shift to 1.5, 0.5 and —0.49 and thus the ratio
will improve to 1/3.

The shifting of a matrix is an example of spectral enhancement. The
next section of this chapter discusses a much more powerful one: the shift-
and-invert operation.

The shifted power method

Input : matrix A, shift x, convergence criterion €, nonzero starting
vector  and maximum number of iterations n.
Output: approximate eigenpair (u, )
1 PowerMethod (A, k,€,z,n)
2 Anorm < 1/ ||A|
3 xznorm 1/ | z||,
a X 4 x - xnorm
5 for i € {1,...,n} do
6 y +— Ax
7 B x*y
8 r— Y — Ux
9 T4 Y — KT
10 znorm 1/ ||z||,
11 T < x - TNnorm
12 if |7, - Anorm < € then
13 ‘ return (u,x)
14 end
15 end
16 error
17 end

Algorithm 2: The shifted power method

The MATLAB implementation of Algorithm 2 is in A.1.1. A couple of
remarks to the algorithm above:

e Intermediate parameters y = Ax, xnorm and Anorm are used to
avoid some computations. Furthermore, floating-point divisions are
expensive so both xnorm and Anorm are the inverse of the norm of
the matrices x and A.

e The code returns an error after a maximum number of iterations is
reached so that the algorithm stops if it does not converge.
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e The convergence test given in Theorem 2.1.6 is based on the eigenpair
(1, ) but Algorithm 2 returns (u,z) were T is the next iteration of
x. Strictly speaking we can’t assure ¥ is the eigenvector of a nearby
matrix A — F, but since it is the result of an extra iteration it will
almost always be a better approximation of the real eigenvector.

2.2 The inverse power method

The main flaw of the power iteration, the fact that it only computes the dom-
inant eigenvalue, can be overcome by finding a proper spectral enhancement.
The traditional one for doing so is called the shift-and-invert enhancement
and applying it to the power iteration results in the inverse power method.

2.2.1 Shift-and-invert enhancement and the Rayleigh quo-
tient method

Let A have eigenvalues Ay, ..., A, and let us assume A is simple. If we have
an approximation x of the eigenvalue A1, then the eigenvalues of the matrix
(A—rI)~" are
1 1
M1 = )\1_/{7 ooy Un = \

n — K

from where we can conclude that u; — oo as k — A;. Therefore we can
transform any eigenvalue into a dominant one and the dominance can be as
large as we want. As a result, the inverse power method is nothing but the
power method applied to the enhanced matrix A — k1.

Let us see why the Rayleigh quotient defined in Definition 2.1.2 can be
used to provide a better approximation to the eigenvalue than a random
shift k. Let g; be the unitary approximation to the dominant eigenvector of
A computed in the jth iteration of the power method. If g; were to be an
exact eigenvector of A then

Agj = \gj = ¢; Agj = \qjqj = A,

and ¢;Ag; would be an exact eigenvalue. Thus if ¢; is an approximate
eigenvector of A then, due to the continuity of the matrix multiplication,
q;-‘qu would be an approximate eigenvalue of A. Consequently, replacing
Kk with p at every iteration will improve the convergence. This method is
referred to as the Rayleigh quotient method and provided A is hermitian,
using it can enhance the convergence of the power iteration to be, at least,
quadratic.
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2.2.2 Implementation details

Due to the nature of the shift-and-invert enhancement, the residual can be
computed almost for free. Let

_ . Yy x A
y=A—-rl) 2, d=—"—andw=—— = (A—kl)i.
1yl Y1l

Then, by taking
p=1"(A—kl)z =2"w

the residual can be written as
r=A-kNi—-Xe=(A—rl)T—3"(A—kKl)TZ =w — pi.
The Rayleigh quotient shift con be computed as p = k + p because
pu=rk+p=r+a(A—rlit =K+ 3"AT — Kk = 3" AZ.

Hence the algorithm can be presented as:

Input : matrix A, shift x, convergence criterion €, nonzero starting
vector  and maximum number of iterations n.
Output: approximate eigenpair (u, )
1 InversePowerMethod (A, k,¢€,x,n)
2 Anorm < 1/ ||A|| g
3 for i < 1 to n do
4 y < (A — xI)™'z (solve the system (A — kl)y = )
s || ynorm < 1/)lyll,
6 T <y - ynorm
7 w 4 T - ynorm
8 p— TFw
9 U K+p
10 T w— Pl
11 T
12 K 1
13 if ||7]|5 - Anorm < e then
14 ‘ return (p,x)
15 end
16 end
17 error
18 end

Algorithm 3: The inverse power method

The major work on this algorithm consists on solving the system on
row 3 and some care must be taken so as not to increase too much the
running time. It is usually solved using LU decomposition with Gaussian
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elimination and partial pivoting, which runs in O(n3). Again, depending
on the matrices we are working with solving the system could be cheaper.
They can be structured, for example.

The MATLAB code is in A.1.2.






Chapter 3

First steps towards an
efficient QR algorithm

3.1 Introduction

Let us start by saying that

unless otherwise indicated, in this chapter A will be a complex matrix of
order n.

The QR algorithm reduces a matrix A to triangular Schur form by uni-
tary similarity transformations. Most discussions of it start by showing the
following naive approach:

Input : matrix A
Output: triangular matrix T

1 naiveqr (A)

2 AO +— A

3 k<« 0

4 while not convergence do

5 Choose shift xy,

6 Factor Ay — kil = Q Ry, where Qi is unitary and Ry is upper

triangular (QR factorization)

7 Agr1 = RpQp + kil
8 k+—k+1
end
10 return Ay
11 end

Algorithm 4: First approach to the QR algorithm

This routine is simplistic and far removed from the versions of QR used
in practice. However, it usually presented for two reasons: the sake of
historical accuracy —Kublanovskaya’s version works this way and so does

23



24 3.2. The shifted QR algorithm and the inverse power method

Rutishauser’s precursory LR algorithm— and its usefulness to relate the
shifted version of QR with the shifted inverse power method and the un-
shifted version with the power method. Before anything else, let us prove
the following results:

Lemma 3.1.1. For every step k of the QR method, matrices A1 and Ay,
are unitarily similar.

Proof. In line 6 of Algorithm (4) a QR factorization of Ay is computed:
A — kil = Qi Ry, with Qi unitary and Ry upper triangular. Then, Ry =
Q7 (A — ki) and plugging this on line 7 of Algorithm 4:

A1 = RipQr—kil = Qi(Ap—ril)Qr+ril = QrALQr—kiI+ri] = QL ALQk
O

Noticing that we have defined Ag = A on line 2 of algorithm (4) leads
to this corollary:

Corollary 3.1.2. For every step k, the matrix Ax computed by the QR
algorithm is unitarily similar to the initial matriz A.

Lemma 3.1.3. Hermitian matrices remain unchanged under a QR step,
that is, if A is hermitian then so is Ay for every k.

Proof. We know from Lemma 3.1.1 that A1 = Q; ArQ%, from which using
Corollary 3.1.2 we infer

A= Q- QyAQo - Q.
Then

and if A is hermitian, A* = A, so

P =Qk QoAQo - Qr = Ay

3.2 The shifted QR algorithm and the inverse power
method

The above-mentioned connection between the shifted QR and the inverse
power method is in reality an accesory to prove that this method approaches
a deflation to the Schur form, which is what makes this algorithm worth
considering for the computation of eigenvalues and eigenvectors. To see the
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intuition behind this, let (), ¢q) be a left eigenpair of the matrix A and let
Q= [Q* q] be unitary. Then

a0 — |@AQs QiAq] _ [B h
wAe= [q*AQ* Q*AQ] - [@* fj

where §* = ¢*AQ, = A\¢*Q,« =0 and 1 = ¢*Aq = A\¢g"q = X due to @ being

unitary. Thus, o o
. B h B h
cae= [ )= 4
Our search has been reduced to the matrix B. (In these cases it is said that
the problem has been deflated.)

In practice, though, this procedure does not make much sense, since
eigenvalues and eigenvectors of A, B , etc. are required, which are exactly the
ones this project looks for. Nevertheless, by choosing ¢ to be an approximate
of an eigenvector, ¢* in (3.1) will be small as ||g||, is the norm of the residual
q*A — fig*. Let us prove this. Let r; = ¢*A — ig*. Following the proof of
Theorem 2.1.7 —where (fi,q¢*) is a left eigenpair instead of a right one—,
I7all? = |¢*Agq — f1|* +||g]|*. Thus, if we choose ji = ¢*Aq then ||rs|| = ||4]-

The following theorem specifies which ¢ does the algorithm implicitly
choose by linking it to the inverse power method and as a result making the
procedure worth considering for the computation of both eigenvalues and
eigenvectors.

Theorem 3.2.1. The QR method chooses q to be a vector produced by the
inverse power method with shift k applied to the vector e, where e, is the
nth canonical vector. What is more, if A is partitioned in the form

A= L]B* Z] (3.2)

(3.1)

it suggests the starting shift kK = p.
Proof. Rewrite the QR factorization of A — k1I:

A=kl =[Q. d [R:} — m (A= kI) = m -

r
R is upper triangular so, r* = rppe). Therefore
(A=Kl = rppe = ¢* = rppel (A — k1),

which means that the last column of the () matrix calculated by the QR
algorithm is the result of the inverse power method with shift x applied to
the vector e,.

Now, partition A in the form (3.2). Then, following Theorem 2.1.7, in
which we proved that the residual r, = Au—wvu is minimized when v = “;f;“
for some u # 0. The starting vector e, implies that v = e} Ae,, = p. O
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3.2.1 Convergence of the shifted QR algorithm

We now know that the shifted QR method approaches the deflation to a
Schur form of a given complex matrix A. Furthermore, the reason for this
is that the shifted QR routine can be related to the inverse power method,
which was explained in §2.2. However, at which rate does the problem
converge?

Theorem 3.2.2. The convergence of the shifted QR algorithm is locally
quadratic.

Proof. If A is partitioned in the form (3.2), the QR algorithm will converge
to a deflated matrix if § in (3.1) converges to zero. Lets obtain a bound of
the norm of § using ||g||,. Partition Ay — kil = QR in the form

Ay — k] = [Bk —*Rk.[ h ] _ [IZ f] [S r] _OR
9g P — K e mw |0 p
and Axy+1 — kil = RQ in
B — kil h S r||P
Akﬂ—m:[’“*i ; ! ]z[ H f}ZRQ-
941 Pkt1 — Kk 0 pfle =
Let us now drop the subscripts to simplify the notation:
_|B—k&I h | P fl|S r| _
P R L | T

and

A _B—/{Ii@_SrPf_
A N [ e

Notice in (3.4) that
3t = pe* = |13ll, < ol llell, (3.5)

so further information on the absolut value of p and the norm of e is needed
to bound that of §. First, since () is unitary, the norms of its rows and
columns must be one, i.e., |e|5 + 72 =1 =||f|3 4+ 72, and so

lelly = 1112 - (3.6)
Now, from (3.3) and assuming S is nonsingular, we have
GF=e'S=g'S =" == (g*S_l)ak =
lell, = [[(g*S™) Ml = 1657 glly, < 157, lglly = o llgll, -
(Remember that ||-||, is consistent and that ||Al|, = [|A*||, for every A €

C™*™.) Briefly,
lelly < o llglly - (3.7)
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On the other hand, to obtain a bound on p, rewrite (3.3) using the fact

that @ is unitary
[P* e] |:B—/€I h ] _ [S r]
VA g p—kK 0 p

and find that p = f*h + 7(u — k). Using (3.6), (3.7), and that |7] < 1 due
to |m| < 1; we conclude

lplly = 172 +7(n = R)lly < [[fllg [Alla 7l [ = sl < lelly [Ally+p = £ =

lelly < allgliz Ally + lu— ] (3.8)
Finally, substituting (3.7) and (3.8) in (3.5)

A~ 2
I3l < o llglly (o lglla 1hlly + |1 = &) = o® llgliz I1Ally + o llglly I — 6] =

~ 2
13l < o llgllz 121l + o llglly 11 — 5] - (3.9)

Restoring the iteration subscripts, the result is

2
lgr+1lla < 0% lgwll2 k]l + o gl | — sl

where some addends can be simplified. First, remembering that all the
iterations of QR are unitarily similar to the initial matrix A —as was proved
in Corollary 3.1.2— and looking on (3.2):

2 2 2 2 2 2 2 2
1Prllz < Nkllz + 10l™ = [ Akenlly < [ Akll3 llenlls = 14xllz = [[All;-
Then 3 n > 0 where ||h|l, <7 and

2
Igir1lls < oin llgells + ox llgells ik — kil -

This expressions suggests, apart from the one seen in Theorem 3.2.1, another
reason to choose g = ki as the appropriate shift on every iteration: it gives
an upper bound for the norm of gi4; on terms of the square of ||gll,.
Therefore,

lg1lla < o llgell®-

Finally, o, = HS e 1H2 can be proved to be smaller than a constant ¢ for
small enough values of gx. (It is not an easy task to prove this property
rigorously. Let us just say that it is based on the important fact that the
factors @ and R of the QR factorization of a matrix A depend continuously
on the elements of A.) So, letting o, < o for all k leads to

lgrall < *nllgl® - (3.10)

O
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Remark 3.2.1. The convergence of the shifted QR method is said to be lo-
cally quadratic and not simply quadratic because the condition HS,; ! H2 <o
only holds for small enough values of g;. Therefore the convergence analysis
is not global. What is more, it does not exist a theoretical result ensuring
the global convergence of the QR algorithm for any given matrix A. Experi-
ence has shown that the method at first consumes some iterations in which
the convergence is very slow or it seems to not converge, and later starts to
converge very fast. Subsequent eigenvalues need fewer and fewer iterations
to converge. This has to do with the relation between the QR algorithm
and the power method, which is the subject of the next section.

Remark 3.2.2. We mentioned that it does not exist any result ensuring
the global convergence of the QR algorithm. [13] and [I14] treat this matter
meticulously.

Example 3.2.1. (i) Once quadratic convergence is reached, the conflu-

ence is very fast. For example substitute o?n = 1 and ||go|| = 107! in
(3.10):

lgall, < 1072

g2l < 107"

lgsll, < 107°

lgall, < 1071

Four iterations are enough to reduce the error by a factor correspond-
ing to the double-precision rounding unit.

(ii) If Ap is Hermitian then so is every Aj —check Theorem 3.1.3— and
thus, in (3.3), hy = g, which means n = ||gx||, and our bound has
been improved to

3
Igkrilly < 0* llgells -

This type of convergence is even faster. Take 02 = 1 and ||go|| = 1071
lgnlly < 1072

lg2lly <107
H93H2 < 107%

In three iterations the error has been reduced way below the double-
precision rounding unit.
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3.3 The unshifted QR algorithm and the power
method

The connection of the QR algorithm with the inverse power method ex-
plains why the convergence to a particular eigenvalue is quick. But the
method, however more slowly, produces approximations to the other eigen-
values. This is due to the relation between the QR routine and the power
method.

As it has been shown in Lemma 3.1.1, each step of the QR routine
consists of a unitary similarity transformation A1 = Q;AQ). At the end
of the process we will need a single transformation that will move A = Ay to
Agy1. This can be achieved by accumulating the transformations, in other
words, setting

Qr= Qo Qx (3.11)
then
QrAoQr = Apt1.

And this matrix Qj, has more applications:

Theorem 3.3.1. Let Qq, ..., Qr and Ry, ..., Ry be the orthogonal and trian-
gular matrices generated by the QR algorithm with shifts ko, ..., ki starting
with the matriz A. Let

Qr = Qo---Qp and Ry, = Ry --- Ry.

Then .
QkRk = (A—/ikf)'”(A—/ﬁ}oI). (3.12)

Proof. We will proceed by induction over k.

e k=0.
The QR routine characterizes A7 as A1 = RogQo + kol where Qg is
unitary. So

Ro = (A1 = rol)Qg = Qp(A — kol)QoQp = Qo(A — rol).

That is,
QoRo = QoRo = (A — kol).

e Induction hypothesis.
Assume Qk_llv%k_l = (A —kp_1I) - (A —Kol) it is true.

e The general —kth— case.
By the QR routine characterization Agy1 is Agr1 = RpQr — ki1, thus

Ry, = (Aps1 — k1D)Qf = Qi(A — ki) Qu Qi
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Notice (3.11), then

Rp = (A — kpD)Qf = QL(A — ki) Q1.
Postmultiply Ry_1:

Ry = RiRy—1 = Q}(A — kD) Qp—1 Ry—1.

By the induction hypothesis:

v v

Ry = Q1(A—kpl)(A—Kp—11)--- (A — Kkol).

That is,
QrRr = (A— ki) - (A — Kol).

O]

It is from this result that we derive the relationship between the unshifted
QR algorithm and the power method. The unshifted QR algorithm uses
shifts k = 0, so by (3.12)

QiR = A*.

Remembering that Ry, is upper triangular, Ripe = %gli)el. Therefore

ol (k) 5 ke
QrRrer =7 Qrer = A'eq,

which means that the first column of Qk is the normalized result of applying
k iterations of the power method to e;. Here, assuming that the conditions
for the convergence of the power method are met —check Theorem 2.1.5—,

(k)

the vectors ¢;’ approach the dominant eigenvector of A. To see this, let

Qk = [q“gk) Qik)} Then A, —the kth iterate of A through the unshifted

QR algorithm—

. SEV* 4 50F) V40 )
A0 Qg)}:[((ql) i (@) Ak

(a1")°
(@)

A
A, = QLAQ), = < N
b QRAGK [ OGP 4¢P () 4P

that is,
L | @) add @) a0t ],
QW) 4 (W) 4™ | ~ Lok Br

This is the same process as that of the beginning of §3.2, but with right

eigenvectors and eigenvalues instead of left ones. We know that qg ) ap-
proximates the dominant eigenvector of A, then g — 0 and the Rayleigh
quotient (V(k))*Aquﬁ) = pup — A1 where A1 is the dominant eigenvalue of A.



Chapter 3. First steps towards an efficient QR algorithm 31

3.3.1 Convergence of the unshifted QR algorithm

As is often fashion in mathematics, the convergence of the unshifted QR
routine can be proved as a special case of a more general result: under the
right circumstances the unshifted QR algorithm actually triangularizes A.

Remark 3.3.1. From now on some special notation will be used sometimes.
Let A be a matrix of order n, then |A| does not refer to its determinant but
to a matrix where its elements are the elements of A in absolute value. That
is,
lau| -+ ain|
Al = :
lant| - ‘ann|
Theorem 3.3.2. Let X 'AX = A = diag(\1, ..., \,) where
Al > > |- (3.13)

Suppose that X! has an LU factorization X' = LU, where L is unit
lower triangular, and let X = QR be the QR factorization of X. If A* has
the QR factorization A* = Qkék, then there are diagonal matrices Dy with
|Dy| = I such that QpDy, — Q.

Proof. By hypothesis,
X1AX = A = AF = XA*X ™! = QRALU = QR(A*LATF)(AFD).

Due to L being lower triangular, for all ¢ > j,
A\
(AkLAik)i’j = Eij <) .
Aj
Thus by (3.13), A*\LA™* — I. Now, write (A*LA™F) = I + E}, where
E; — 0. Hence,
AR = QR(A*LA™®)(A*U) = QR(I + E)(A*U) = Q(I + RERR™Y)(RA*U).
Letting Qkf%k be the QR decomposition of I + RE,R™ ",
AF = (QQi)(RxRAMU);

and since I + RE,R~! — I, by the continuity of the elements of the QR
factorization, both R, — I and @ —— I. Define dq,...,9,, to be the
diagonal elements of R, RA*U and

A T
Dk = dla.g (,51|, cony |6n|> .
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As a consequence, the triangular factor (the one on the right) in the decom-
position
AF = (QQuD; ") (D Rk RAMD)

has positive diagonal elements, and by the uniqueness of the QR decom-
position Q; = QQyD; *. Finally,

QrDr = QQr — Q
O

Corollary 3.3.3. Under the conditions of Theorem 3.3.2 the unshifted QR
algorithm produces a sequence of matrices converging to a triangular matriz.

Proof. The columns of the Q-factor of X are the Schur vectors of A corre-
sponding to the eigenvalues in the order (3.13). Therefore, with its columns
suitably scaled the matrix Qk converges to the orthogonal part of the Schur
decomposition of A. Then the QR iterates Ay = Q’,;Aék must converge to
the triangular factor of the Schur decomposition of A. O

3.4 Making the QR iteration practical: the Hes-
senberg form

Let us look back to the implementation written in Algorithm 4 and calculate
its time complexity. The most expensive computation inside the iteration
is the QR decomposition in line 4, which runs in O(n?). Since at least one
iteration per eigenvalue is needed, the operation count of finding all the
eigenvalues is, at the very least, O(n?).

The solution to this problem is to somehow compute the QR decomposi-
tion in a cheaper way. In §4.4 and §5.4 we will see that the QR decomposition
of upper Hessenberg matrices can be done in O(n?). These matrices have
the following form (for dimension n = 5):

X X X X X
X X X X X
0 X X X X
0 0 X X X
0 0 0 X X

(In this representation, called Wilkinson diagram, the zeros stand for a zero
element and the crosses for elements that may be nonzero.) Computing the
QR decomposition in @(n?) brings down the total operation count of the
QR method to O(n?). The important fact is that any matrix can be reduced
to upper Hessenberg form. Here is the way to do it.
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3.4.1 Householder transformations

The mentioned reduction is accomplished by a class of transformations called
Householder transformations or elementary reflectors. Such a transforma-
tion is a matrix of the form

H = I —uu* where |u, = V2

or
H =1 —2uu* with |Jul, = 1.

They can be cheaply applied to any matrix A:
HA=(I—-uu)A=A—-u(u*A),
AH = A(I —uu*) = A — (Au)u”.

Lemma 3.4.1. A Householder transformation is Hermitian and unitary.
Proof. Let H = I — uu* be an elementary reflector. Then, on the one hand,
H=I-uw")"=I"—(w")*" =1 —uu"=H,

which makes H Hermitian. On the other hand,
HH* = H*H = H*> = (I —uu")(I —uu*) = I — uu* — wu* + wuuu* =
I —2uu* 4 |Jull3 wu* = T — 2uu* 4 2uu* = I,
so H is unitary. O

Householder transformations will be used in this work to introduce zeros
in any vector:

Theorem 3.4.2. Let a # 0 be a vector and let
pm + e

_a1
VI PTGl

where |p| =1, ay is the first element of the vector a, and pa; > 0. Then

Ha= (I —uu*)a=—vey,
where v € C.
Proof. Let z = pm, then ||z]|, = |p| HZ”; =1. Set z; = p”‘;—ib —z1 is the

first element of the vector z. Thus we have to prove that if

o (3.14)

VI+tz’
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then
H<MH22> = (] — uu*) <HGH22> = —ve; for some v € C.
P P

Which can be written as

MHZ — %(I — uu*)z = —rej.
P

p
Taking (3.14) we deduce that

* *
*_Z +e1

VIt

Hence,
* 1 * €\ * * * *
uu’ = 3 o (z+e)(z" +e]) = 7 (22" + ze] + e12" + eq€]).
Now,
1
(I —uu®)z=2z2— o (2272 + z€]z 4+ 12"z + e1€]2).
By setting ¢ = ?121 and noticing that
<1
* * 0
zejz = z1z and e1ejz = |
0
then
<1
(I —uu*)z=z—cl|z|32—cznz—clz|3e1—c| .
0
Here 2 is unitary and
21
Z = )
Zn |
S0
z cz [ 22 ¢ 1
1 1 1 0 0
(I —uu*)z = — - N D
Zn czp, | c212n O 0
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That is,

Z1 —Cz1 —cz%—c—czl
zZ9 — CZ9 — CZ122

(I —wu)z =
Zn — C2Zp — C212p,

Here, for rows 2 through n,

zi — ¢z — cz1z = z — czi(1 + z1),

1
14217

and since ¢ =
zi —czp —czz; =z — 2 = 0.
And for the first row:

zl—czl—cz%—c—czl:zl—c—czl—czl(l—i-zl):zl—c—czl—zlz

=—c—czp=—c(l4+2z)=-1

That is,
—1
0

(I—wu)z=| .

0

Finally, by setting v = IIIi)sz

MHZ — %([ —uu*)z = —ve;.
P p

This result suggests the following O(m) —where m is the length of the
vector a— running-time algorithm to generate Householder transformations.
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Its MATLAB implementation can be found in A.2.1.

Input : vector a.
Output: vector u and contant v.

1 housegen (a)

2 U a

3 | v al,

4 if v =0 then

5 U < \/5

6 return

7 end

8 if u; # 0 then

9 ‘ p ﬁ—h

10 end

11 else

12 ‘ p<+—1

13 end

14 up < 1+ ug

15 U \/%

16 V<4 —pv

17 end

Algorithm 5: Generation of a Householder transformation

3.4.2 Reduction to Hessenberg form

Theorem 3.4.2 shows how to use elementary reflectors to introduce zeros in
a vector. By accumulating these transformations any matrix can be reduced
to upper Hessenberg form.

Theorem 3.4.3. Let A be a matriz of order n. Then there exist a unitary
matriz H such that
H*AH =U

where U is in upper Hessenberg form.

Proof. Partition A in the form

_ |enn ajy
A=
a1 Ago

and let H 1 be a Householder transformation such that
Hlagl = ri1ex.

By setting H; = diag(1, fIl), then

HAH _ Aall ACLT2I’}1A _ a1 AaTZE[lA
R Hyiaor HiAxpH; vier HiAsHp|'
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We have made zero the elements in positions (k,1) for k = 3,4, ..., n.
For the general step, let us assume that we have generated k—1 reflectors
such that

Air an Lk+1
Hk,1~--H1AH1---Hk,1 = 0 ALk az,k—i-l

0 apr1x Arrirn

where A1, is a Hessenberg matrix of order k—1. Now create a transformation
such that

Hyag1x = vier.

And again, by setting Hy = diag(Iy, ﬁk),

Ar agg AikHIfk

HyHyg 1 -HiAHy - Hp 1 Hp= | 0 oy ay, g1 Hk
0 wper HpApgr g1 Hy

For achieving the reduction to upper Hessenberg form of a matrix of
order n, n — 2 of the Householder transformations built above are needed.
Once they are generated,

H, o HAH, - H, o=U

will hold, where U is in upper Hessenberg form. Setting H = Hy--- Hp_o,
taking into account that every elementary reflector is Hermitian then H* =
(Hy---Hp9)*=H} 4 ---Hf = Hyp_9--- Hy it can be concluded that

H*AH =U.
O

This result can be packed into a neat algorithm —Algorithm 6— that
reduces a matrix A to its upper Hessenberg form.

The routine performs both on the first and second loop multiplications
of vectors and matrices, which run on O(n?). Both loops iterate from 1 to
n — 2 so the total running time is O(n?®). The MATLAB implementation of
Algorithm 6 can be found in A.2.1.

This algorithm is backwards stable. Let Hj be the ezact Householder
transformation generated from the computed Aj and let Q=H, - H,_,.
Then there is a matrix E satisfying

1£1l

= Tn€M
1Al ™

such that the computed Hessenberg matrix H satisfies

H=Q"(A+E)Q.
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In this case 7, is a slowly growing function of n. Thus, the computed
Hessenberg form is the exact Hessenberg form of A + E where ||E||, is of
the order of the rounding unit compared to ||A|l,.

Input : matrix A of order n.
Output: reduced matrix H and transformation matrix Q).

1 hessreduce (A)

2 H+ A

3 Q<+ 1

4 for k€ {1,...,n—2} do

5 /* Generate the Householder transformation that

annihilates the k-th column */

6 [u, Hq1,k]  housegen(H g y1,...n} k)

7 Qkt1,. bk < U

8 /* Multiply the transformation on the left %/
9 U= ut - Hign oy {k4,.n)
10 Higrr, b gkt 1,my < Higony k1,0 — U0

11 Higro ke <0

12 /+* Multiply the transformation on the right x/
13 v Heyon) (ke 1,n) " U

14 He ooy fkest,ny < Hin o) (ki 1,my — v U

15 end

16 /* Accumulate the transformations on matrix @ */
17 for ke {n—-2,..,1} do

18 U= Qi1 0}k

19 U= U Q) {kt 1, )

20 Qk1,.) (k1) & QUit1,.n} {kt1,n) — UV

21 Q1,..n}k < €k

22 end

23 end

Algorithm 6: Reduction to upper Hessenberg form

3.4.3 Invariance of the Hessenberg form under a QR step

It will later be implemented a O(n3) running time QR routine using the
Hessenberg form. But does the QR iteration preserve this form?

Theorem 3.4.4. Hessenberg form is preserved by QR iteration.

Proof. Let A be an invertible matrix. Hence, its QR decomposition can be
computed using the Gram-Schmidt process. If A = [al an} then its
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QR decomposition has the factors

* DY DR *

0
Q= [61 en} and R =
0 0 enap
where u
1
MO ]
1
ujas U9
U2 = az — — Uy —> €9 = ——
uju [[uz||
k-1 wiay .
Uk :“k_zu*u,“j — €k = sl
j=1 13" ’

Then the decomposition of A; — ;1 will lead to an upper Hessenberg Q,
since the jth column of @ is a linear combination of the leading j columns
of A; — k;I. The RQ product will be upper Hessenberg too, as R is upper
triangular. Adding ;I does not cause losing the upper Hessenberg form.
O






Chapter 4

The explicitly shifted QR
algorithm

4.1 Introduction

Once the foundations of an O(n?) implementation of the QR algorithm have
been laid, it is time to address the technicalities that make it possible. The
goal of the QR routine is to compute the Schur triangulation of any given
matrix A. Nevertheless, there exist two different Schur decompositions: the
complex form and the real form. This chapter explains the technical details
of the explicitly shifted QR algorithm, which computes the complex Schur
form. Hence,

in this chapter A will be a complex matriz of order n.

4.2 Negligible elements and deflation

If the QR routine is applied to an upper Hessenberg form matrix H, then,
from what has been learned in §3.2, h, ,—1 is expected to rapidly converge
to zero. Simultaneously, from §3.3 other subdiagonal elements h;11,; may
tend to zero and if some of those can be regarded as negligible the problem
deflates and computations are saved. The criteria we will use to select
negligible subdiagonals is the following:

Lemma 4.2.1. Let h;y1; be a subdiagonal element of an upper Hessenberg
form matriz H. If

|hit14] < enr ||Allp where epr is the machine epsilon, (4.1)

then setting hiy1,; = 0 is, normuwise, equivalent to making a relative pertur-
bation in A of the size of the rounding unit.

41
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Proof. To simplify the discussion let us assume that the current value A
of A has been calculated without error. Then there exists an orthogonal
matrix Q such that A = Q*AQ. Setting h;y1; = 0 means replacing A by
/1 = A — hi+17iei+1ef. NOW7

A=A~ hi1ei1ef = Q AQ — Q" Qhiy1€i41€;Q*Q,
and by taking E = Qh;y1ei+1€; Q"
A=Q"AQ - Q*'EQ = Q*(A - E)Q.

Now, as was showed in Proposition 1.1.2 the Frobenius norm is unitarily
invariant, thus

1Q (A= E)Qlp = A= Elp <[Alp+Elp-
Here, looking at the definition of E, F = Qhit1 €;11€;Q%, so

1B = [|Qhiv1i€ir1€; Q%[ p = [[hit1i€ir1€] ]| p = [hit1il leir1e] ||z = [hiv1] -

Hence,
[Allp + 1 Ellp < [Allp + il
and by (4.1)
[Allp + 1 Ellp < [[Allp +em Al = | Ellp < eml|Allp =
1E]l 7
< ey, (4.2)
1Al 7

which means that the perturbation matrix E is of the size of the rounding

unit compared to A.
O

When applying the QR algorithm to a Hessenberg matrix, subdiagonal
elements tend to converge to zero starting from the element (n,n — 1) and
proceeding upward on the subdiagonal. That is the reason why algorithms
that find negligible elements implement a backsearch. In any case, subdiag-
onal elements in other positions may deflate too, in which case the routine is
to be implemented between those rows. In the case of the following Wilkin-
son diagram,

O O OoOlo o oo KK
SR =R =R=l=
SRS N EERSRSIE
O O OO M KK K
O O O < K KK KA
O O O K KK KA
O O A K AR KA
i el el
P4 A A R K
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the problem must be deflated twice: first, between rows four and seven and
then between rows one and four.

Algorithm 7 searches, starting from the southeast and going up the sub-
diagonal and in O(n) time, deflation rows in an upper Hessenberg matrix. If
it returns indices i1 and i, where i1 < i9, then the matrix is to be deflated
between those rows. Else, it will return 7; = is = 1 and the matrix is de-
flated and thus the complex Schur form has been computed. The MATLAB
implementation can be consulted in A.3.1.

Input : upper Hessenberg matrix H, index /.
Output: indices i1, 9.
1 backsearch (H,{)
2 11 4
3 19 14
4 while i1 > 1 do
5 if h;, 4,1 is negligible then
6 hi1,i1—1 ~0
7 if il = iQ then
8 19 < 1] — 1
9 111 —1
10 end
11 else
12 ‘ return
13 end
14 end
15 else
16 11 <11 — 1
17 end
18 end
19 end

Algorithm 7: Algorithm that finds deflation rows in a Hessenberg
matrix.

4.3 The Wilkinson shift

After selecting the range [i1, i2] into which to perform the QR step, its time
to choose a shift. Theorem 3.2.1 settles a shift for which the QR algorithm
obtains quadratic convergence, but if we operate on a real matrix H with
complex eigenvalues the algorithm will not converge, as complex eigenvalues
cannot be approximated by real shifts. We can jump this ditch using the
Wilkinson shift, which is nothing but the eigenvalue of the matrix

W Pig—1,i9—1 Mig—1.iy
Rigis—1  Nigis
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nearest to h;, ;,. Furthermore, as the method converges, element h;, ;,—1 will
approach to 0. Hence, the submatrix W will be close to upper triangular,
so its eigenvalues will be converging to the diagonal elements. Thus, the
nearest eigenvalue to h;, ;, will be itself. Consequently, the Wilkinson shift
will approach the Rayleigh quotient shift as h;, ;,—1 — 0, maintaining the
quadratic convergence.

This 2x 2 eigenvalue problem is solved by applying the usual root formula
to the characteristic polynomial of the matrix. Let the last matrix be

a b
W= L d} |
Then by taking the shifted matrix

W — dl — [a —d b]
c 0

the problem has been simplified: no longer is the eigenvalue nearest to d

wanted, computing the smallest eigenvalue of W — dI is now the goal. To

see why, let (A, z) be an eigenpair of W — dI. Then,
(W—dlx =Xt = Wz —dx =z = Wz = (A+d)z.

In other words, the eigenvalues of W can be written as kK = A + d, where A
is an eigenvalue of W — dI and d is southeastest element of W. As a result,
the eigenvalue of W closest to d is the smallest eigenvalue, in absolute value,
of W — dI plus d. Now, take the characteristic polynomial

pw—ar(A) = A% — (a — d)\ — be

and set p = aT_d and g = be. Then,

pw_ar(A) = A2 — 2p\ — ¢

Its roots are
A=pEt\p*+q=p=Er.

Notice that r is the square root of p? + ¢, so if this sum happens to be
very small then there is danger of underflow when applying the square root.
To avoid this, the largest root is computed first and then the smallest is
deduced using the relation ApinAmax = —¢. The largest root is determined
using |A\? = [p£7)® = [p|* £ 2 Re(pF) + |r|* —line 10 of Algorithm 8—.
All of the above can be neatly resumed in the following routine —whose
MATLAB code is in A.3.2—:
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Input : elements a, b, c and d of the matrix B.
Output: eigenvalue of B nearest to d.
1 wilkshift (a,b,c,d)
2 K< d
3 s < |a| + [b] + |c| + |d|
4 if s =0 then
5 ‘ return
6 end
7 g+ (Y)-(9
8 if ¢ # 0 then
9 p<+05-((2)— (%))
10 r+—\p*+gq
11 if Re(p) - Re(r) + Im(p) - Im(r) < 0 then
12 | v —r
13 end
14 K4 K—5- (ﬁ)
15 end
16 end

Algorithm 8: Computation of the Wilkinson shift

Notice the scaling factor s in line 3 of Algorithm 8. It is cancelled in
line 14 and it is introduced so that the product bc does not overflow. There
may also be scaling factors cheaper to compute, e.g., s = Re(a) + Im(a) +
Re(b) + Im(b). The algorithm runs in constant time O(1).

4.4 Implicit QR factorization and RQ product

The goal of the QR routine is to introduce zeros in the subdiagonal of an
upper Hessenberg matrix. Although we already know how to introduce those
zeros by using Householder transformations, it is more efficient to do so in
a different way:.

Definition 4.4.1. A plane rotation —or Givens rotation— is a matrix of
the form

P = [ < 8] where |¢|* + |s|* = 1.
-5 ¢

Remark 4.4.1. The transformation is called a rotation because in the real
case it rotates 2-vectors clockwise through the angle § = arccos(c).

Lemma 4.4.1. Plane rotations can introduce zeros in a 2-vector.
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Proof. Let a # 0 and let [Z] be a 2-vector. Set

b
v=n/la)* + o], c= M, and s = — .
v la| v

Then
- 2
< 9815 $0- (5 15
—5 ¢l |b|  |—a lal ||| T | _lal’b  lalb| T Lo T
5 lalv v _|zz|l/+7 0
That is,
c s|la| _ |va/lal
5 A B[ @

Zeros can be introduced anywhere in a matrix in a similar way.

Definition 4.4.2. A plane rotation in the (i,j)-plane is a matrix of the
form

i J
1 ... 0 0 --- 00 --- 01
0 1 0 0 0
ifo0 0 ¢ s 0 0
Py = :
i |0 0 —s c 0
0 0 O 0 1 0
' 0o -~ 0 0 -+ 00 -+ 1]

That is, a rotation in the (7, j)-plane is an identity matrix in which a plane
rotation has been introduced in the submatrix corresponding to rows and
columns ¢ and j.

Remark 4.4.2. Let us see the effect of premultiplication and postmultipli-
cation by P;;:

o Let
Y = P; X.

If X and Y are partitioned by rows

* * *
Y; = cx; + s,
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* * — X
y] :ij_sxi,

yr=xp Vk#ik.

Expressly, premultiplication by a rotation in the (4, j)-plane combines
rows ¢ and j and leaves other intact.

o Let
Y = XP;;.

Then if X and Y are partitioned by columns
Yi = Cx; + Sxj,

Yj = —8x; + cxj,

Y=z Vk#1,].

In other words, postmultiplication by a rotation in the (i, j)-plane
alters only columns ¢ and j.

To sum up, Algorithm 9 generates a Givens rotation satisfying (4.3) in
O(1) time. If b = 0, then it returns the identity rotation, and if a = 0,
exchanges the two elements of the vector. The scalar 7 is nothing but a
scaling factor to avoid both overflow and underflow; and it could be replaced
by, for example, 7 = |Re(a)| + [Im(a)| + |Re(b)| + |Im(b)| —this version of
T saves computations. ¢ and s, too, could be defined in a different way in
Lemma 4.4.1, but the version given makes the final value of ¢ real, which
saves some work in practice. The MATLAB code of Algorithm 9 can be
found in A.3.3.

On the other hand, Algorithm 10 is a simple routine combining the only
two vectors that are involved in the application of a rotation generated by
Algorithm 9. Its MATLAB code can be found in A.3.3. It works in O(n)
and can be used in different ways:

PX =rotapp(c, s, X; (1,..n}» Xj{1,..n} )
P*X = rotapp(c, =5, X; (1,..n}> Xj {1,..n})
X P =rotapp(e, =3, X; (1.} Xjf1,...n} )

X P* =rotapp(c,s, X; (1,..n)> Xj{1,...n})-



48 4.4. Implicit QR factorization and RQ product

Input : scalars a and b.
Output: overwritten scalars a and b, and scalars ¢ and s defining the
plane rotation.

1 rotgen (a,b)

2 if b =0 then
3 c+1

4 s+ 0

5 return

6 end

7 if a =0 then
8 c+0

9 s+ 1

10 a<+b

11 b« 0

12 end

13 W a/lal

14 T < |a| + |b]
15 I/(—T~\/|(l/7"2+‘b/7'|2
16 c < la| /v

17 s+ v-b/v

18 a V-

19 b+ 0

20 end

Algorithm 9: Generation of a plane rotation

Input : scalars c and s, vectors x and y.
Output: overwritten vectors x and y.
rotapp (¢, s,x,y)

t<—c-x+s-y

Yy<—c-y—S8-x

Tt

[SL BNV R VR

end

Algorithm 10: Application of a plane rotation

Finally, it is time to put together all the pieces developed previously
into an algorithm that reduces an upper Hessenberg matrix to its complex
Schur form. If the upper triangular form of any given matrix A is what we
want, then it has to be used alongside hessreduce —Algorithm 6. Provided
a deflation strategy is used, then it is stable in the usual sense —Definition
1.1.4. This implementation returns an error when a maximum iteration
count is exceeded, so that it will not run forever if convergence does not
happen. Real-life implementations, on the contrary, try ad hoc shifts to
push the algorithm into convergence.
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There is no theoretical result assuring the global convergence of the al-
gorithm —check Remark 3.2.2—, but tipically hqr takes several iterations to
deflate to the first eigenvalue, then some less to deflate to the second one,
and so on. Eventually the subdiagonals of H become small enough so that
quadratic convergence is achieved. If at some point ¢; > 1 further computa-
tions are saved. Assuming at most k iterations are needed to compute each
eigenvalue and that 7; = 1 then we get an upper bound to the operation
count of kn?, i.e., hgr runs, at most, in O(n®). The MATLAB code is in
A.3.3.

Remark 4.4.3. As a follow up to Remark 3.2.2, we can now give an example
of a matrix that fails to converge under QR iteration:

0 01
Y=1]1 0 0
010

Feel free to try it in the implementation given above. Practical algorithms
use exceptional shifts for the matrices that do not converge. That is why, if
you try to compute the eigenvalues of Y with, for example, the commands

MATLAB, LAPACK or Wolfram Mathematica have implemented it will
converge.



50

4.4. Implicit QR factorization and RQ product
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26
27
28

29

30
31
32
33

34

Input

Output: real Schur form overwritten in H, transformation matrix Q.

: upper Hessenberg matrix H, upper bound for iterations

maxiter.

hqr (H,maxiter)

end

11 <1

19N

iter < 0

c <+ {0,™,0}
s+ {0,,0}
while true do

iter < iter + 1
if iter > maxiter then
‘ error
end
Oldig < 19
{i1,i2} < backsearch(H,iq)
if 79 = 1 then
‘ return
end
if iy #£ oldis then
‘ iter < 0
end
R < Wﬂkshift(hiz_17i2_1, hi2_17i2, hi27i2_1, hig,ig)
hil,il — hi1,i1 — K
for i € {i1,...,io — 1} do
{hijis hit1, ciy si} < rotgen(hig, hit1,)
hit1it1 ¢ hig1i01 — K
{Hi vty Hiv1 fiv1,n }
rotapp(ci, $is H; i1, nys Hit1 {i+1,...n})
end
for i € {i1,...,io — 1} do
{Hq, iy Hiivyi ) <
rotapp(ci, Si, Hyi,. i1y, Hit,.i1},i41)
{Qu,..n),is Q1 n}it1 ) <
rotapp(ci, 8i, Qq1,....n}is @1, n}it1)
hi,i — hm’ + K
end
hi27i2 — hig,ig + K

end

Algorithm 11: Schur form of an upper Hessenberg matrix
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4.5 Eigenvectors of the complex Schur form

Now that we know how to compute the complex Schur decomposition of a
general complex matrix A, and thus its eigenvalues, it is time to compute
the inseparable companion of the eigenvalues: the eigenvectors. If A =
QTQ* is the complex Schur decomposition of A and Y is the matrix of right
eigenvectors of T', then the matrix of right eigenvectors of A is QY. Let us
see why. Let (A, z;) be an eigenpair of A for all ¢ = 1,...,n. Thus, due to

QA=TQ",
Azx; = \jz; = Q" Az; = Q" x;\; for every i € {1,...,n}.
Hence, by setting X = [a:l xn] and A = diag(A1, ..., An),
QAX = Q' XA =TQ"X = Q" XA.

Taking Q*X =Y,
TY = YA,

thus Y contains the right eigenvectors of T" in columns. Since we set Q*X =
Y, then X = QY which is what we wanted to prove. This means that if
Y is the matrix of right eigenvectors of T' then QY is the matrix of right
eigenvectors of A.

Because of this, we can use the Schur decompositions eigenvectors to
compute those of A. Let T be the Schur decomposition of A and partition
it the following way:

Tir tue Tigsr
_ *
T=|0 7w Tppn

0 0 Thkyrps1

If 71 is a simple eigenvalue of T', then

—(Th1 — 7 D) "M

1
0
is an eigenvector of T, that is,
Tir tix  Tigta —(T1 — D) "M, —(T11 — D) Mt
0 Tkk tz,k—i—l 1 = Tkk 1
0 0 Tkyrpm1 0 0
Lets prove it. First, realize that
Tty Tigr —(Tv1 — el )t —(T11 — il )t
0 7r t;kﬂ 1 = TLk 1

0 0 Thyrke41 0 0
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if and only if

Tt Tig+ —(T11 — i) "y, —(Th1 — T D) "M
0 7r tz7k+1 1 —Tkk 1 =0.
0 0 Thrr1ker 0 0

Now,
—T11(Th1 — i) Mg + tak — Tk (T11 — i) ™M1,
Thk — Tk =
0 0
—T11 (T — e d) M tag + tag + Tk (To1 — Terd) ™ Mg |
0 -
O -
—(T11 — kD) (Tu1 — D) Yag + tag —t1g + 1k |
0 = 0 =0
0 0 ]

On to the main argument, writing the kth eigenvector in the form

the first row can be obtained by solving the upper triangular system

(T11 — mI)xﬁk) = —t1g, (4.4)

and by writing this system in the more general form (T — pl)x = b an

(k)

algorithm to compute x; can be derived more easily. Partitioning the last

equality as
T —pl T Ty| b«
SR &

and looking to the second row gives (7 — pu)¢ = 3, and so

From the first row of (4.5) we infer that

(T — pD)xy + &t = by = (T — pl )z = by — iy,
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which is a triangular system of order one less than the original, which can be
further reduced by recursively applying the same procedure. All this gives
the following algorithm to solve original system (4.4):

1 x40

2 for je{n,n—1,...,1} do

3 |z x;/(Th; — p)

4 x{17"'7j_1} e x{17"'7j_1} - x] ' T{17'7]_1}7j
5 end

This is, grosso modo, how the eigenvectors of a complex Schur form will
be computed. Two details have to be taken care of though. The first one:
the shift p applied in (4.5) will be a diagonal element of the matrix T'; then,
if the matrix has multiple eigenvalues, some diagonal element of T7; may be
equal to 7, and the algorithm will try to divide by zero. This is avoided
by substituting values of 7 — p smaller than u - €jy by this quantity. It
seems inappropriate to substitute an essentially zero value by an arbitrary
number, but as seen in Lemma 4.2.1, this replacement corresponds to a small
perturbation in A.

The second problem is that the values of an eigenvector can be of widely
varying size. Thus, computing them may result in overflow. Since eigenvec-
tors are defined up to scalar factor, we will normalize them when there is
danger of overflowing. This normalization, at the same time, can provoke
the underflow of other elements. However, as it has been seen in Lemma
4.2.1, setting them to zero is equivalent to a small perturbation in A.

Algorithm 12 implements in O(n?) the computation of the eigenvectors
of a triangular matrix A. The MATLAB code can be found in A.3.4. Some
comments about it:

e Numbers smallnum and bignum are considered to avoid underflow
and overflow, respectively. The first one is usually taken as %w where
w is a number just above the underflow point. In a similar way, the
second one is chosen as %v where v is a number near the overflow
point.

e The algorithm is stable in the sense that each eigenvector satisfies

| £ |
1T

(T + Ez):rz = t;;x; where < vem (4.6)
for some constant «v. The matrix FE; is different for every eigenvector
thus the eigenvalue-eigenvector decomposition may not be stable in
the usual sense.
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24

Input : upper triangular matrix T’
Output: matrix X containing, in columns, the normalized right
eigenvectors of T'.

righteigvec (T)
n < size(T")
smallnum < a small number above the underflow point
bignum < a number near the overflow point
for k € {n,n—1,...,1} do
Xt k-10k & — T, k1) k
Tk < 1
X{k+1,...,n},k <0
dmin < max{ens - [t |, smallnum}
for je{k—-1,..,1} do
d <+ th — tk,k
if |d| < dmin then

‘ d < dmin
end
if |2 x| /bignum > |d| then

s <= |d| / ||
X, kbk < S X, kb k

end
Tjk < :Uj’k/d
X1k < X1k — %k - T -1y
end
Xt,omrk — Xpnwba/ | X1yl
end

end

Algorithm 12: Right eigenvectors of an upper triangular matrix



Chapter 5

The implicitly shifted QR
algorithm

5.1 Introduction

The previous chapter describes a variant of the QR algorithm that computes
the complex Schur form of any given complex matrix. All the same, complex
arithmetic is much more expensive than real arithmetic and thus should be
avoided when possible. The Hessenberg reduction of a real matrix happens
in real arithmetic, therefore only the reduction to Schur form has to be
altered to avoid complex arithmetic. The implicitly shifted QR routine is
an adaptation of the previous algorithm that computes the real Schur form
of any matrix as such decomposition always exists. But first, a note:

From now on A will be a real matriz of order n.

Now, on to the main point.

Theorem 5.1.1 (Real Schur form). Let A be of order n. Then there is an
orthogonal matriz U such that T = U'AU is block upper triangular of the
form

[Ty Ty Tig -+ Tig
0 Toy Toz --- Top

T=yUlAU =] 0 0 Tz3 --- T3] (5.1)
0 0 0 - T

The diagonal blocks of T are of order one or two. The block of order one
contain the real eigenvalues of A. The blocks of order two contain the pairs
of complex conjugate eigenvalues of A. The blocks can be made to appear in
any order.

95
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Proof. Let (A, z) be a complex eigenpair where
A=pu+ivand x =y +iz.

Firstly, note the following two equalities:

_ . . T+
N . , . i(T — )
rT—T=y+iz—y+iz=2z— 2z = 5

Then by using these identities and the fact that if Az = Az then AT = Az,

x4+ T Ar Az Xz Xz z(p+iv)  T(p—iv)
A :A = — _— = _— = =
Y < > y T Tt 2 T
po g e ve | (edEy o fi@—n)y
>ty T 2“(2)”(2)“‘” v
and
A= A i(T — x) _iAE_iAx_@_Mj_ii(u—iu)_ix(u—kiu)_
N 2 2 2 2 2 2 2 B

M(z(m;x)) +y<m—;—x> =vy+ puz.

That is, Ay = uy — vz and Az = vy + pz; or more compactly
[T
A[y z]:[y z] [—1/ M]—[y z]L.

(Note that the eigenvalues of L are A and A:

‘,u—v Y :(U—,u)2+u2:v2—2,uv+u2+l/2:>

-V u—v

20 £ \/4p? — 4p? — 402 21 £ 20 By
v=H \/MQ e Y = Mg W:MiiV:>U:)‘0rU:)\')

Now let [y z] = [Ql Qg} [Iﬂ be the QR decomposition of [y z],
then [y z] = @1R. It can be proved —Theorem 1.3 of [I]— that if a
complex vector is an eigenvector of a matrix then its imaginary and real

parts are independent; thus y and z are independent, R is nonsingular and
so Q1 = [y z] R~!. Hence,

A=A [y z] R™!= [y z] LR'=QRLR™'.
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Now,

[Qi] 4[Q Q]:[QﬁAQl QﬁQA2]:[Q§Q1RLRl QﬁAQQ}
Q4 bR LAQ1 Q5AQz| — |QL@IRLR™ QLAQ,

and remembering that the columns and rows of the Q-factor of a QR de-
composition form an orthonormal basis

Q) _[BLE Q14Q
a4t e =" Ghg|

and thus the deflation is completed. RLR™! is similar to L so its eigenvalues
are A and A. Following the notation given in (5.1) we have proved that

Ty QﬁAQz}
0 QLAQ:]"

Therefore, to complete the proof and reach the matrix given in (5.1), the
matrix Q5AQ; has to be deflated by blocks. This is achieved by repeating
the process above for the complex eigenpairs, and the process seen at the
beginning of §3.2 —but with right eigenpairs instead of left eigenpairs— for
the real eigenpairs.

LA, = [

O

A single step of the implicitly shifted QR algorithm does three things:
look for almost zero —or negligible— elements and 2x2 blocks and deflate
the problem if any are found, compute the double shift and chase the bulge.
The next three sections explain and implement each of those parts.

5.2 Negligible 2x2 blocks and deflation

The convergence of the shifted QR algorithm, once it is asymptotic, depends
on the eigenvalues of the matrix that define the shift, i.e.,

hnfl,nfl hnf 1,n
hn,n—l hnn

If those eigenvalues are complex and nondefective h,,_1 ,—2 converges quadra-
tically to zero, and if they are real and nondefective, both h,_1,—2 and
hnm—1 converge quadratically to zero. Else, elements hp_1,-2 or hyp_1
may slowly converge to zero and so deflation of both simple elements and
2 x 2 blocks must be allowed. Algorithm 13 is a generalization of Algorithm
7 that allows the deflation of those blocks and simple elements. Negligible
elements are detected with the same criteria as in (4.1). The MATLAB
implementation is in A.4.1.
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32

Input : Hessenberg matrix H, index /.
Output: indices i; and i such that one of following condition holds:

(i) 1 <4y <i9 < /¢ and the matrix deflates at rows i1 and is.

(ii) 1 =141 =iz and the matrix is deflated.

backsearch2 (H, /)
11 4
19 4
while 71 > 1 do
if H;, ;,—1 is negligible or ia = 2 then
if 79 # 2 then
‘ Hi17i1—1 +~0
end
ifilziz—l 0ri2:2then
/* Process the 2 X2 block x/
if i3 # 2 then
11 11— 1
1911 — 1
end
else
11 < 1
19+ 1
end
end
else if i1 = iy then
11 11— 1
19— 11— 1
end
else
‘ return
end
end
else
| i1
end
end
end

Algorithm 13: Finding deflation rows in a real upper Hessenberg
matrix.
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5.3 The double shift

The key to perform the QR routine in real arithmetic is a happy little idea.
Let k be a complex Wilkinson shift, then its conjugate % is also a candidate
for a shift. Assume two steps of the QR algorithm are applied, one with
shift x and the second with shift %, resulting in the matrix H. By Theorem
3.3.1if

QR = (H — xI)(H —&I)
is the QR factorization of (H — xI)(H —%I), then H = QHQ. But

(H—kI)(H —&I) = H*> — (k+®)H 4+ kil = H* — 2Re(r)H + |s| I,

which is real; and as H is real then so must be Q and H. This method is
referred to as the Francis double shift strategy.

So now the plan is to compute H? — 2Re(x)H + || I, then calculate its
Q-factor Q and produce H = QH Q But this is not practical at all, as the
first two operations run in O(n?). Fortunately, Francis itself provided a sling
for this broken arm by demonstrating a property of the upper Hessenberg
matrices.

5.3.1 Implicit Q theorem

The reduction of a matrix A to upper Hessenberg form is not unique —check
Lemma 5.3.1. Nonetheless, there is some limit to this nonuniqueness and
that is what the implicit Q theorem proves. But first, some hypothesis must
be provided in order to prove the result.

Lemma 5.3.1. Let H = Q'AQ be a unitary reduction of A to Hessenberg
form. Then there exists another reduction to Hessenberg form H = QtAQ
that only differs on the rescaling of the elements ofﬁ and the scaling of the
columns on by a modulus of factor one. Thus the rescalling does not make
essential difference and the reduction is said to be determined up to column
scaling of Q.

Proof. Let D be a matrix of order n with |D| = I —remember Remark
3.3.1. Defining @ = @D, the columns of ) are nothing but the columns of
Q rescaled by a factor of modulus one. Now

H=0Q'AQ = DQ'AQD = DHD,

which means that fLij = dj;hi;jdj;. Therefore H is also upper Hessenberg
and its elements are the elements of H rescaled. O

Definition 5.3.1. Let H be upper Hessenberg of order n. Then H is
unreduced if hiy1,; #0Vie {1,...,n—1}.
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Theorem 5.3.2 (Implicit Q theorem). Let A be of order n and let H =
Q'AQ be a unitary reduction of A to upper Hessenberg form. If H is unre-
duced then up to column scaling of Q@ the matrices Q and H are uniquely
determined by the first column of Q.

Proof. By hypothesis,
H=Q'AQ = QH = AQ,

then by partitioning @Q = [ql qn} and taking into account that H is
upper Hessenberg
Aqr = h11q1 + ho1g2. (5.2)

So by premultiplying (5.2) by ¢} and remembering that the columns of the
Q-factor form a orthonormal basis, then

hi1 = qi Aqi.
Now that the north westest element of H is known,
ha1q2 = Aq1 — hiiqu,

where the right part of the equality must be nonzero since it was hypothe-
sized that hoy # 0. [|q1|, = 1 thus by taking ho1 = ||Ag1 — h11q1]|5 then

_ Ag - huq
q2 = .
|Ag1 — hi1qi]l5

For the general case, assuming that ¢, ..., ¢x have been defined and with
them the elements of the respective columns of H

Aqr = higqr + -+ Pk + Pt 1 £ Qrt1-
By orthonormality of the columns of @,

hi = ¢t Aqy, for all i € {1,...,k}

and

Pt ki1 = Aqi — hirqr — -+ — hirqr.
Since H is unreduced then hy1 5, # 0 and so must be Agqy—h1xq1—- - - —hirqr,
hence by taking

sk = | Agr — hawqr — -+ — Pk

Qr+1 is determined up to a modulus of factor one.
Lastly, from the last column of (5.2)

hin = ¢ Aqy, for all i € {1,...,n}.
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5.3.2 Implementation of the double shift

Let us go back to the plan defined at the beginning of this section: compute
C = H? — 2Re(k)H + |k|I, calculate its Q-factor Q and produce H =
QHQ. The implicit Q theorem, provided the first column of the matrix C,
paves the path to an efficient implementation of the Francis double shift.
Remembering the proof of Theorem 3.4.4, the first column of the @Q-factor
Q is nothing but the first column of C divided by its norm. Therefore to
compute Q and produce H= QH Q we only need the first column of C'. Let
us see how to calculate it without explicitly computing C' itself.

We do not need to compute « itself to know Re (k) and |x|, because

and R are the eigenvalues of the matrix

hn—l,n—l hn—l,n
)
hnm,—l hn,n

therefore the roots of the characteristic polynomial

:L,Q - (hn—l,n—l + hn,n)-r + (hn—l,n—lhn,n - hn—l,nhn,n—1)§

from where

x2 - (hn—l,n—l + hn,n)x + (hn—l,n—lhn,n - hn—l,nhn,n—l) - (1‘ - H)(JJ - E),

and
.732 - (hn—l,n—l + hn,n)x"i_ (hn—l,n—lhn,n - hn—l,nhn,n—l) = $2 - (K—I—E)aj —KK.

Hence,

t=2Re(k) =Kk +R="ln 1n1+hnn=tr [hg“” hzlv"] (5.3)
n,n—1 n,n

and

Pyt Py
d=|k]* = KK = hn_1m—1hnn — hn1nhnn_1 = det [ n-ln-1 On 17”] :
hn,n—l hn,n

(5.4)
Now, as H is upper Hessenberg only the first three components of the first
column of H? are non zero:

ha1  hao hot | = ho1(hi1 + ha2)

hit hi2 [hn} h?, + hizha
0  hs haihsa
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Then the first three components of the first column of C' are

c1 h3, + highay — thiy +d
co| = | hai(hi1 + ho2) — tho
c3 haihso

Insert (5.3) and (5.4) and develop the sums:

c1 h3, + highor — (hn—1n-1 + hun)hi1 + (Pn—1n—1Pnn — hn—1nhnn-1)
c= || = ho1(h11 + ho2) — (hn—1,n—1 + hpn)ho1
c3 ho1h3o

h%l + h12h21 - hn—l,n—lhll - hnnhll + hn—l,n—lhnn - hn—l,nhn,n—Z
ho1(h11 + ho2 — hpn—2.n—1 + hpp + h11 — h11) =
ha1hs2

ha1 ((h% — hpn—1m—1h11 — hpnhit + b1 n—1hnn — hn—1nhnn—2) + hm)

ho1[(h22 — h11) — (hpn — h11) — (hn—1n—1 — h11)]
ha1h32

[(hpn — h11)(hn—1n—1 — h11) — Bn—1nhnn—2] + hi12
ha1 (ho2 — hi1) — (hpn — h11) — (hn—1,n—1 — h11)

h32
That is,
C1 [(hnn - hll)(hn—l,n—l - hll) - hn—l,nhn,n—Q] + h12
c= |ca| = ha1 (h22 — h11) — (hpn — h11) — (hn—1n—1 — h11)
c3 h32

Two proportional vectors determine the same Householder transformation
so ho1 can be ignored in the definition of ¢, hence the working Algorithm
(14) ignores it. (The same goes for the norm of the first column of C' that
must have been dividing c.) Input elements are scaled to avoid underflow or
overflow on the computation of the element ¢;. The last row computes the
Householder transformation as that is what we set out for. The MATLAB
implementation is in A.4.2.
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Input : elements hy1, hi2, ho1, hao, h3a, hn1n1’ hn1n7 hnnp Ron,-
Output: vector u.

1 startqr2step (hll) h12, hgl, th, hgg, hn1n17 hn1n7 hnnl, hnn)
2 S 1/max{\h11|,\h12|,|h21\,|h22|,\h32|,|hn1n1 g | b |}
3 h11 — 8h11

4 h12 < 8h12

5 hgl — Sh21
6

7

8

9

’ hnln ’

h22 < Sh22

h32 — 8h32

Pning < Shniny

hnin < Shnin

10 hnng < Shpn,

11 hpn < Shpn,

12 p < hnn - hll

13 q 4 hnin, —h1l

14 T < h22 — h11
(quhnnlhnln)/hzl + h12

15 c < r—p—gq
h3o

16 {u, v} + housegen(c)

17 end

Algorithm 14: The start of an implicit QR double shift

5.4 Bulge chasing

The use of the implicit double shift creates a protrusion in the matrix.
Let Ry denote the Householder transformation corresponding to the vector
returned by Algorithm 14. Premultiplication by Ry acts only on the first
three rows and postmultiplication on the first three columns. Figure 5.1
illustrates this transformation for a matrix of dimension n = 5.

RoH Rg

O OO XN
O O MM A
S Ko A X
PO R R A
MO R R R
O MK KA
O MM M A
S MM M A
PO AR A
MO R R A

Il

=

Figure 5.1: Effect of the Householder transformation corresponding to the
vector u returned by Algorithm 14.

This matrix has to be converted back to Hessenberg form and that is
achieved by chasing the bulge down the diagonal. Following with the ex-
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ample started in Figure 5.1, first an elementary reflector R; is applied.
This Householder transformation affects rows and columns two through four.
Check Figure 5.2.

X X X X X X X X X X
X X X X X X X X X X
Hy=|X X X X x| 2508 1y x X X X|=H
X X X X X 0 X X X X
00 0 X X 0 X X X X

Figure 5.2: First step of the bulge chasing.

Now, in Figure 5.3, an elementary reflector that eliminates the unwanted
zeros on the second column is applied.

X X X X X X X X X X
X X X X X X X X X X
H=|0 X X x x| 25% 1y x X X X|=H,
0 X X X X 0 0 X X X
0 X X X X 0 0 X X X
Figure 5.3

This last element can be annihilated by either a Householder transfor-
mation or a plane rotation Rg. This is because plane rotations can only
introduce one zero at a time. In the previous steps we wanted to introduce
more than one zero so the application of Givens rotations was out of the pic-
ture. Note that plane rotations are not simetric matrices, then if a Givens
rotation is applied instead of a Householder transformation, the matrix that
it is postmultiplied has to be the transpose of the one premultiplied.

X

R3Ho R

—

SRS Rals
Sl
SRl
SRl
SRl
SRl

I

&

X
X
0
0
0

= R
O MoK KA

X
Hy=10
0
0

Algorithm 15 implements this process. It takes a Hessenberg matrix H,
the vector u resulting from Algorithm 14, and indices i; and i3 —between
which the routine is applied in the matrix H. The result is overwritten
in H and transformations are accumulated in . The algorithm runs in
O(n?(iz — i1)) and the MATLAB code is in A.4.3.
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22

23

24

Input : Hessenberg matrix H, vector u, indices i1 and .
Output: matrix H and matrix Q.
qr2step (H,u,i1,12)
Q<1
for i € {i1,...,i2 — 1} do
J « max{i; — 1,41}
v—ut - Hy oy )
Hy w2ty < Hiivoy {Gn) — WU
iu < min{i + 3,92}
V< H{l,...,iu},{i,...,iJrQ} U
Hp, i fieiv2y < Hiiad fo,i2) — vu!
v = Q1) i it2) — VU
Q1. n} firiv2) < Qi,n) fi,it2) — vut
if ¢ #£ io — 2 then
| {u,v} < housegen(Hiy1, . it3} (iy)
end
if © # i, then
Hi+1,j —0
HH_QJ' +—0
end

end
{Hiy 1,52, Hiyip—2,¢,8} < rotgen(Hi, 14,2, Hiy ip—2)
{H o1} {in—1,.m) Hiio} {in—1,..m} ) <

rotapp(c, 8, Hi, 1} fis—1,...n}» H{iz} {iz—1,...n})
{H{lw-,iz}»{h—l}’ H{17--~,i2}7{i2}} A

rotapp(c, 8, Hy1, iny fia—1}> H{1,...in} fin})
{Qq1,..n}fia—11> Q1. .} {i} ] <

rotapp(c, s, Qq1,....n} {is—1} @{1,....n} . {iz})

end

Algorithm 15: The doubly shifted QR step.

5.5 A working implementation of the implicitly

shifted QR algorithm

Algorithm 16 computes the real Schur form of any given Hessenberg matrix.
The MATLAB implementation can be found in A.4.4.

Remark 5.5.1. To follow up on Remark 3.2.2 and Remark 4.4.3, the im-
plicit QR algorithm does not converge for the matrix

0 01
Y=]1 0 0
010
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Feel free to try it in the present implementation of the implicitly shifted
QR iteration. Again, real-life implementations use ad-hoc shifts every few
iterations if the routine fails to converge.

Input : real upper Hessenberg matrix H, maximum number of
iterations mazxiter.
Output: real Schur form 7', transformation matrix @

1 hqr2
2 11+ 1
3 19 < N
4 iter <— 0
5 while true do
6 if iter > itermax then
7 ‘ error
8 end
9 Oldig )
10 {i1,12} < backsearch2(H, i)
11 if i9 = 1 then
12 ‘ return
13 end
14 if i9 = oldiy then
15 ‘ iter < iter + 1
16 end
17 else
18 ‘ iter < 0
19 end
20 u < startqr2step(Piy iy, Piy i1, Riy 41,0 Py 11,6041, Py 42,641
Piy—1i0—1, Pig—1,in> P in—1 Pin i)
21 {H,Q} < qr2step(H,u,i1,i2)
22 end
23 end

Algorithm 16: Real Schur form of a real upper Hessenberg matrix.

Some observations about it:

e Assuming the real Schur forms needs k iterations to compute an eigen-
value and that i; = 1 throughout the reduction, then it consumes 2kn?
floating point multiplications and 2kn? floating point additions to com-
pute all of them. On the other hand, assuming that calculating each
eigenvalue takes k' iterations, the complex Schur form will need 12k'n?
floating point multiplications plus 8k'n? floating point additions. The
Real Schur form is cheaper to compute.

e The double shift algorithm is numerically —and backwards— stable in
the usual sense, very much like the single shift algorithm.
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e Although both routines are backwards stable they do not esentially
calculate the same matrices. While the eigenvalues of the real Schur
form occur in conjugate pairs, those of the complex form can drift away
from conjugacy. What is more, if the eigenvalue is ill conditioned, the
conjugate eigenvalues can drift far away from conjugacy.

5.6 Eigenvectors of the real Schur form

Asin §4.5, if A = QT Q" is the real Schur decomposition of A and Y is the
matrix of right eigenvectors of T', then the matrix of right eigenvectors of A is
QY. We might want to use Algorithm 12 to compute the right eigenvectors
of the real Schur form 7', but this form, as opposed to the complex Schur
one, has 2 x 2 blocks on the diagonal. Therefore Algorithm 12 has to be
modified. This section contains the theoretical background we developed to
obtain a generalization of Algorithm 12.

In order to do this, we have to consider two distinct cases: the case of a
real eigenvalue and the case of complex conjugate eigenvalues. Let us start
with the first one. There are two cases to consider if the eigenvalue we are
going to compute is simple: the eigenvalue located just above in the diagonal
is also simple or the eigenvalues above are complex conjugate. Let us begin
with the first case. Suppose 1" has the form

T ti2 ti3
0 72 73|,
0 0 733

where neither 799 nor 733 is an eigenvalue of T7;. Then we seek the eigen-
vector corresponding to A = 733 in the form

1
&2
1
Thus we have the equation
Ty ti2 ti3| |71 1
0 72 To3| |&2| = |&2| A (5.5)
0 0 733 1 1

(The reason for putting A on the right of the eigenvector will become clear on

the case of complex conjugate eigenvalues.) The second row of (5.5) yields
723

A —Tog

To2€2 + To3 = oA = o =

And the first row

Tiixy + t12ée + tiz = 1A = (T — M)z = —t1262 — t13,
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hence we may obtain x; by solving the 2x2 system (T1;—AI)x1 = —t12{a—t13
and &2 by the usual back-substitution.
Let us now assume that T has the form

Ty T2 ti3
T=10 Ty taf,
0 0 733

where 733 is not an eigenvalue of neither 711 or T52, and 777 and T do not
share any eigenvalue. Thus, we seek eigenvectors of the form

x1
2| ,
1_
that is,
Ty T2 tis] [z T
0 Toy toz| |x2| = |22| A, (5.6)
0 0 m3] |1 1

where A = m33. From the second row we deduce that
Tooxo + tog = ATy — (TQQ — )\I)ZEQ = —io3.

Notice that (T2 — AI) is not singular due to 733 not being an eigenvalue of
T52. Now, from the first row of (5.6),

Tiixy + Tioxe + t1z = Ay = (T — M)x1 = —Tigxe — ti3,

where (777 — AI) is not singular because 733 is not an eigenvalue of Tij.
Therefore, we may obtain both x; and x5 solving linear systems.

For the case of complex conjugate eigenvalues, we split the study into two
cases: the eigenvalue above is simple or the eigenvalues above are complex
conjugate. For the first one, let us assume that 7" has the form

T tiz Ti3
T = 0 799 t;S ,
0 0 Tis3

where 792 is not an eigenvalue of neither 717 and T33, and T33 and 711 do
not share any eigenvalue. Thus, instead of looking for an eigenvector, we
look for an eigenbasis: a matrix of two columns of the form

X1
5
X3
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The linear subspace spanned by the columns of this matrix contains the
real and complex parts of the eigenvectors of T33 —remember that the 2 x 2
blocks located in the diagonal of a real Schur form contain complex conjugate
eigenvalues. Now, in the same way that we have generalized an eigenvector
we have to generalize the eigenvalue. This will be achieved by taking a
matrix L of order two. Thus, the eigenvalue problem has been generalized

T tip Tiz| | Xa X1
0 7292 t§3 x§ = .1‘; L. (57)
0 0 T33 X3 X3

From the third row of (5.7) we deduce
T33X3 = X3L = L = X5 ' T35 X3,

i.e., L and T33 are similar and thus they have the same eigenvalues. The
second row yields

TQQJ;; + T33X3 = :L’;L - IL’;(L — 7'22[) = t;3X3,

where (L — 7921) is not singular because, by hypothesis, 99 is not an eigen-
value of T33 and thus it is not an eigenvalue of L. The first row of (5.7)
yields

T Xy + tigxs + T3 Xs = XiL = T X1 — X1L = —T13X3 — t1275,

which is a solvable Sylvester’s equation due to 717 and L having no com-
mon eigenvalues —check Theorem 1.16 on [1]. (Algorithm 1.1 on [1] gives an
implementation that solves Sylvester’s equations, but we will use the com-
mand sylvester available on MATLAB.) Therefore we may obtain X3 by
solving a 2 x 2 system and X by solving a Sylvester’s equation.

On the other hand, if the eigenvalues just above happen to be complex
conjugate then T' has the form

T T2 Ti3
T'=10 1Ty T3],
0 0 T3

where 717 and 753 do not share any eigenvalues and neither do T» and T33.
So, we seek an eigenbasis of the form

X1
X2 ’
X3
where X3 is nonsingular, i.e.,
Ty T Tiz| [ Xy X
0 T22 T23 X2 = X2 L. (58)

0 0 T33| | X3 X3
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Take X3 arbitrary but nonsingular. The third row yields
T33X3 = X3L = L = X5 ' T3 X;.

(Notice that L and T33 are similar and thus they share eigenvalues.) From
the second row of (5.8),

TooXo +T33X3 = XoL = TooXo — XoL = —T33X3,

is a solvable Sylvester’s equation for X9 because Tho and T33 do not share
eigenvalues. And from the first row,

T11 Xy +TioXo +T13X3 = X1 L = T11 X7 — X1L = —T12 X9 — T13X3,

another solvable Sylvester’s equation for X, due to 711 and T33 not having
common eigenvalues.

Now, looking back at (5.7) and (5.8), what about X3? How may we chose
it? A natural choice will be X3 = I, which is a generalization of £3 = 1 and
allows to form L without any computations. But chosing X3 = [yg z;;],
where 3 = y3 + iz3 is the right eigenvector of T33, turns out to be more
convenient. Arguing as in Theorem 5.1.1, let

=[5
v u
where p & iv are the eigenvalues of T33. Now, by partitioning X = [y z},
then

This means that y + iz are the right eigenvectors of T corresponding to the
eigenvalues p + iv. Thus this choice generates the real and imaginary parts
of the desired eigenvector.

TX =XLorTly z]=[y z][“ ”].

In conclussion, the algorithm that computes the right eigenvectors of
a real Schur form T has to walk the diagonal starting from the southeast
and finishing in the northeastest element. For each element of the diagonal
it must be checked whether it is a simple eigenvalue or a 2 x 2 block and
compute accordingly. We are not done though. When implementing the
algorithm to compute the eigenbases of a real Schur matrix 7" some special
cases have to be considered. They are discussed below.

The first one: all the eigenvectors and eigenbases have been calculated
and the only remaining eigenvector corresponds to a simple eigenvalue. Par-
tition 1" the following way,

[T 11 f{g]
0 TQQ ’
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for which we seek an eigenvector of the form

=)

To|

1t | |€1] _ |&
AL SR

Tooxo = $2>\ = Thoxy — :L‘Q/\ =0

That is,

The second row yields

which is a Sylvester’s equation with the solution x5 = 0. Following with the
first row

181 + tlaxe = &1A = &1 = &1,

thus we may take any & # 0. Then e; is an eigenvector of T' corresponding
to the eigenvalue 7.

The second one: all the eigenvectors and eigenbases have been computed
and the only remaining eigenbasis corresponds to two complex conjugate
eigenvalues. Partitioning 7" in the form

T Tho
0 T22 ’

where T7; is the 2 x 2 block containing the remaining eigenvalues. We seek
an eigenbasis of the form

X1

%)

Ty Tl | X1 _ | X1 I
0 T22 X2 X2 ’

thus

The second row yields
TooXo = XoL = THs X9 — XoL = 0,

which is a Sylvester’s equation with the solution X9 = 0. Therefore the first
row gives
T11 X1+ T X=X L—= L= X1_1T11X1.

We will select X7 following the result developed earlier in this section: it
will contain, in columns, the real and imaginary parts of the eigenvectors of
TH.

The third and last one: all the eigenvectors and eigenbases have been
computed, except for an eigenvector corresponding to a simple eigenvalue
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and an eigenbasis corresponding to a 2 x 2 block. Now, partitioning 7" in

the form
Tty i3
0 T Tbs
0 0 T3

we seek an eigenbasis of the form

&1
X2 )
X3
i.e.,
11ty ti3| | & &1
0 Ty Tbg Xo| = | Xof L.
0 0 133 X3 X3

The third row yields
T33X3 = X3L — T33X3 — X3L = 0,

which is a Sylvester’s equation with solution X3 = 0. Thus the second row
yields
TooXo = XoL = L = X5 T2 Xo,

and we will choose X5 as usual: it will contain, in columns, the real and
imaginary parts of the eigenvectors of T53. Now, on the first row

1181 + 112 Xe = &1L = &i(L — m11l) = 175X,
which is a linear system.

We now have the knowledge to implement a working algorithm that
computes the eigenbases of a real Schur form. The routine we created does
not fit in a single page, so it has been divided in Algorithm 17, Algorithm 18
and Algorithm 19. The MATLAB implementation is far from being perfect.
It does take into account most of the computational aspects of the problem
and thus computes correctly the eigenbases of most matrices —as it will be
shown in Appendix B. Anyway, it overlooks both possible underflow and
overflows, so for some specific matrices the imaginary part of some complex
eigenvalues may underflow. An example of such a matrix is A = PDP~!
where P is any nonsingular matrix of order six and

31 0 0 00
03 0 0 00
H_ |00 3 100e 0 0
0 0 —100e;, 3 0 0
00 0 0 20
00 o 0 0 3
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Calculating the relative error of the eigenbases results in an error, as MAT-
LAB tries to divide 0/0.
This algorithm is stable in the same sense as (4.6).
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25
26
27
28
29
30
31
32

33
34
35

36
37
38
39
40
41
42
43

Input

: complex Schur form matrix T of order n.

Output: matrix Y containing, in columns, the normalized right

eigenvectors of T'.

hqr2 (7))
j+n
while j # 0 do
if j =1 then
y11 <1
JJ—1
end
else if to; # 0 and j = 2 then
Yoz <1
JJ—2
end
if tji—1= 0 and j > 1 then
if j =2 then
A~ tj,j
yjj < 1
Yi—15 < ti-15/ A —tj-1,-1)
Y{libi € Yt/ 9111l
JeJ—1
end
else if t;_1 ;2 =0 and j > 2 then
A tjj
Yij < 1
Yi-14 < ti-15/(A—tj-15-1)
Solve the system (t{1,. j_2y 1, j—21 — Al)z1 =
=l j—2y,i-1 " Yi—1j — {1, j—2}.
Y{1,...j—2}j < 21
Y i Y0l 19l
JJ—1
end
else if j > 3 then
A — tjj
yjj <1
Solve the system
(tgi-2 -1, G-24-1y = A2 = ~t(j05-1)5
Y{j—2.5-13j < T2
if 7 > 3 then
Solve the system (t;y, ;311 j—33 — Al)T1 =
_t{17~~~:j*3},{j*27j*1}y{jfljfl}:j o t{17~--»j*3}7j
Y{1,...5-3}j < T1
end
Y{1eedbd < YLyl [V
JJ—1
end
end
end
end

Algorithm 17: Eigenbases of a real Schur form.
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Input : complex Schur form matrix 7" of order n.
Output: matrix Y containing, in columns, the normalized right
eigenvectors of 7.

1 hqr2 (7))
2 while j # 0 do
3 /* The current eigenvalues are complex conjugates
4 else
5 if j = 3 then
6 y11 <1
7 Z <matrix of right eigenvectors of t1; 1 jy ;-1 /1
8 L Z70 tp o1y - 2
9 Yo, ihiz gt < [Re(Zg, py1) Im(Zg, ny1)]
10 Y{Lenh =15} < YL -1} [V (1m i-1
11 j+—j—3
12 end
13 elseif t;_5; 3 =0 and j > 3 then
14 Y-Lipdi-ar <1
15 L= 15} -1}
16 Solve the system x5(L —tj_2j-ol) = (tj_o j—1,3)"1
17 Yj-2{j-14} & T2
18 Solve Sylvester’s equation
U1, j—3) {1, -3y X1 — Xa L =
—to, st — sy 22
19 Y(1.i-3n -1y & X
20 YL hl—1} € Vb=t Vg -1yl
21 j—7—2
22 end
23 end
24 end
25 end

Algorithm 18: Eigenbases of a real Schur form, part 2.
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o N O oA W N =

10

11
12
13
14
15

16
17
18
19
20
21
22
23

Input : complex Schur form matrix T of order n.
Output: matrix Y containing, in columns, the normalized right
eigenvectors of T

hqr2 (7))

else

end

end
end

while j # 0 do

else if j > 4 then

if j > 4 then
Y-1gh -1y <1
L ty15105-14)
Solve Sylvester’s equation
tj-sj-2)(i-3g-2X2 — XoL = —t(;_ 3 0y (1531
Yi-35-230i-14) < X2
Solve Sylvester’s equation
U1, j—a) {1, j—4) X3 — X3L =
—t{17"~7j_4}’{j_3aj_2}X2 - t{lz“'vj_4}’{j_1’j}
Y{1,j—a} {i-14) & X3
nd
Ise
Ygsap {34y < 1
Solve Sylvester’s equation
t1,2y,(1,2 X4 — Xalyzay (34} = —t{1,2),{3.4}
Y(1,2),43.4) < X4
end

y{l,.“,j},{j—l,j} A y{lv“"j}v{j_luj}/ Hy{l,,j},{j—l,j}H
J=J—2

(e

end

Algorithm 19: Eigenbases of a real Schur form, part 3.
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Appendix A

Implementation in MATLAB

As the title says, this appendix contains all MATLAB implementations of

the algorithms described on the work. The code has been ordered in the same
structure of chapters, sections and subsections as above. It has also been up-

loaded to the following GitHub repository: https://github.com/gorkaerana/Bachelors-
degree-dissertation.

A.1 The power and inverse power methods

A.1.1 The power method

PowerMethod function

function [ lambda, z ] = PowerMethod ( A, kappa,
epsilon, x, MaxIter )

Anorm = 1l/norm(A,’ fro’);
xnorm = 1l/norm(x);
X = X*Xnorm;
for i = 1:MaxIter
y = AxX;
mu = (x")x*y;
r =y — Mu*x;
x =y — kappaxx;
xnorm = 1l/norm(x);
X = X*XNOorm;

if (norm(r)«Anorm < epsilon)

77
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78 A.1. The power and inverse power methods

lambda = mu;
z = X;
return
end
end
error (! Maximum number of iterations exceeded; increase

options MaxIter.’);

end

A.1.2 The inverse power method

InversePowerMethod function

function [ lambda, z ] = InversePowerMethod ( A, kappa
, epsilon, x, MaxIter )
[m, "] = size(A);
Anorm = 1/norm(AZ,’ fro’);
for i = 1:MaxIter
y = (A - kappaxeye (m)) \x;
ynorm = 1/norm(y);
x1 = y*ynorm;
W = Xxynorm;
ro = (x1")*w;
mu = kappa + ro;
r = w — roxxl;
x = x1;
kappa = mu;
if (norm(r)«Anorm <= epsilon)
lambda = mu;
zZ = X;
return
end
end
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79

error ('Maximum number of iterations exceeded;

option MaxIter.’)

end

increase

A.2 First steps towards an efficient QR algorithm

A.2.1 Making the QR iteration practical:

form

Housegen function

the Hessenberg

function [ u,nu ] = housegen( a )

u = a;
nu =
1if (

norm(a) ;

nu==0 )
u(l) = sqgrt(2);
return
end
if (u(l) =0 )
rho = (u(l)’)/norm(u(l));
else

rho = 1;

end

(rho/nu) xu;
) = 1 + u(l);
u/sqgrt(u(l));
—(rho’) *nu;

=

u
u (
u
nu =

end

Hessreduce function
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80 A.3. The explicitly shifted QR algorithm

function [ H,Q ] = hessreduce( A )

[n, ] = size(A);
Q = eye(n);
for k = 1:n-2

[u,H(k+1,k)] = housegen(H(k+l:n,k));
Q(k+l:n,k) = u;

v = (u")*H(k+1l:n,k+1:n);
H(k+1l:n,k+1:n) = H(k+1l:n,k+1l:n) - uxv;
H(k+2:n,k) = 0;

v = H(l:n,k+l:n)*u;
H(l:n,k+1l:n) = H(l:n,k+1l:n) — vx(u’);

end

I = eye(n);

for k = n-2:-1:1
u = Q(k+1l:n,k);
v = (u")*Q(k+l:n,k+1l:n);
Q(k+1l:n,k+1:n) = Q(k+l:n,k+1l:n) - uxv;
Q(:,k) = I(:,k);

end

A.3 The explicitly shifted QR algorithm

A.3.1 Negligible elements and deflation

Backsearch function

function [ 11,i2 ] = backsearch( H,z )
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%$GORKA ERAA ROBLES - This function finds deflating
rows on a complex Schur

$form matrix.

% It is based on the ideas developed in 4.2.

% Input: Hessenberg matrix H of order n; index z (1

< z <= n)

Output: indices il and i2 (il, 12 <= z) holding

o\

one of the following
conditions:
1) 1 <= 11 < i2 <= z, deflate at rows il and

o° oo

i2.
% 2) 1 =12 = i2, matrix is completely deflated
il = z;
i2 = z;
normH = norm(H,’ fro’);

while (il > 1)

if (abs(H(il,il-1)) < eps*normH)
H(il,i1-1) = O;
if (11 == 1i2)
i2 = i1 - 1;
il = i1 - 1;
else
return
end
else
il = i1 - 1;
end

end

end

A.3.2 The Wilkinson shift

Wilkshift function

function [ kappa ] = wilkshift( a,b,c,d )

$GORKA ERAA ROBLES - This function computes the
Wilkinson shift of a

$submatrix of order 2.
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82 A.3. The explicitly shifted QR algorithm
% It is based on the ideas of 4.3.

% Input: matrix B = ( a b )

% (cd)

% Output: shift kappa, nearest eigenvalue to d

kappa = d;

s = abs(a) + abs(b) + abs(c) + abs(d);
if (s == 0)

return
end

g = (b/s)*(c/s);

if (g "= 0)
p = 0.5x((a/s) - (d/s));
r = sqrt(p*p + q);
if ( (real(p)*real(r) + imag(p)*imag(r)) < 0 )
r = -r;
end
kappa = kappa — sx(gq/ (p+r));
end
end

A.3.3 Implicit QR factorization and RQ product

Rotgen function

function [ a,b,c,s ] = rotgen( a,b )
%$GORKA ERAA ROBLES - This function generates a Givens
rotation from
%elements a and b. It is implemented in complex
arithmetic.
It follows the ideas developed in 4.4.

o oo

Input: quantities a, b where (c s ) (a) = (nuxa/
abs (a))

o\

|
[0)]
Q
o

0 )
Output: constants c and s; overwrites a with its

o\

final version and b with

o\°

zero
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if ( b==0 )
C 1;
s = 0;
return
end
if ( a==0 )
c = 0;
s = 1;
a = b;
b = 0;
return
end
mu = a/abs (a);
tau = abs(real(a)) + abs(imag(a)) + abs(real (b)) + abs
(imag (b)) ;
nu = tau*sqrt (abs (a/tau) "2 + abs(b/tau) "2);

c = abs(a)/nu;
s = mux (b’) /nu;
a = nu*mu;
b = 0;
end
Rotapp function
function [ x,yv 1 = rotapp( ¢,s,%x,y )
$GORKA ERAA ROBLES - This function takes a plane

rotation defined by c and
%s (the scalars returned by rotgen) and applies it to
the vectors x and y.

$P (x"t). It is implemented in complex arithmetic.
5 (y't)
% It follows the ideas developed in 4.4.
% Input: rotation matrix P = (c s ); vectors x and
Y
(=s" c’)

Output: x and y overwritten with P (x"t)

o° oo o

(y't)
t = c*xx + sx*y;
y = cxy — (s")xx;
X = t;
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84 A.3. The explicitly shifted QR algorithm

end
hqr function
function [ H,Q ] = hgr( H,Q,maxiter )
$GORKA ERAA ROBLES - This routine overwrites H with a

unitary similar
$triangular matrix whose diagonals are the eigenvalues
of H (the real Schur
form). Transformations are stored in Q.
It follows the ideas developed in 4.4.
Input: upper Hessenberg matrix H; number of

o° o o°

maximum iterations maxiter

o\°

Output: Schur form overwritten in H; similarity
transformation Q

[n,”] = size(H);
i2 = n;

iter = 0;

c = zeros(l,n);
zeros (1l,n);

S

while 1
iter = iter + 1;
if (iter > maxiter) % Throws an error 1f maxiter
is exceeded
error (' Maximum number of iterations exceeded;
increase option maxiter.’)
end

oldi2 = 1i2;
[1i1,12] = backsearch(H,i2); % Check subdiagonal
for near ceros, deflating points

if ( i2==1 ) % End the function if H is upper
triangular
return
end
if ( i27=01di2 ) % Set iteration number to zero if

there is another deflating row
iter = 0;
end
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[

% Compute Wilkinson shift
kappa = wilkshift( H(i2-1,i2-1),H(i2-1,1i2),H(i2,12

H(il,i1l) = H(il,1il) - kappa; % Apply shift to the
element of the diagonal that is left out of the
loop
for j = 11:1i2-1 % Loop reducing the matrix to
triangular form
[ H(J,3),H(J+1,3),c(3),s(J) 1 = rotgen( H(J,]J)
SJH(J+1,3) ); % Apply rotation so that the
subdiagonal is set to zero
H(j+1,3+1) = H(Jj+1,Jj+1) - kappa; % Apply shift
to diagonal
[ H(3,J+1:n),H(J+1,j+1l:n) ] = rotapp( c(3),s(J
),H(Jj,J+1l:n),H(J+1, j+1l:n) ); % Modify the
involved rows
end

for k = il1l:12-1 % Loop applying the back
multiplication

[ H(l:k+1,k),H(l:k+1,k+1) ] = rotapp( c(k),
conj(s(k)),H(1l:k+1,k),H(Ll:k+1,k+1) )

[ O(l:n,k),Q(l:n,k+1l) 1 = rotapp( c(k),conj(s(
k)),0(l:n,k),Q(l:n,k+1) ); % Accumulate
transformations

H(k,k) = H(k,k) + kappa;

.
4

end
H(i2,12) = H(i2,i2) + kappa; %

end

A.3.4 Eigenvectors of the complex Schur form

Righteigvec function

function [ X ] = righteigvec( T )

$GORKA ERAA ROBLES - This routine computes, given an
upper triangular

Smatrix T, its right eigenvectors. They are stored in
the matrix X by

%$columns. They are normalized to have Frobenius norm
one.
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86 A.4. The implicitly shifted QR algorithm

[n, ] = size(T);

smallnum = (n/eps)*realmin;
bignum = (eps/n)*realmax;

X = zeros (n);

for k =n:-1:1

X(l:k-1,k) = -T(l:k-1,k);

X(k,k) = 1;

X(k+1l:n,k) = 0;

dmin = max (eps*abs (T (k,k)),smallnum);

for j = k-1:-1:1
d=T(3,3) - T(k,k);
if ( abs(d) <= dmin )
d = dmin;
end
if ( abs(X(Jj,k))/bignum >= abs(d) )
s = abs(d)/abs (X (3, k));

X(1l:k,k) = sxX(1l:k,k);
end
X(3, k) = X(3,k)/d;
X(1l:3-1,k) = X(1l:3-1,k) = X(J,k)*T(1:3-1,73);
end
X(1l:k,k) = X(1l:k,k)/norm(X(1l:k,k),"fro’);

end

A.4 The implicitly shifted QR algorithm

A.4.1 Negligible 2x2 blocks and deflation

Backsearch2 function

function [ H,Q,11,i2 ] = backsearch2( H,Q,z )
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87

normH = norm(H,’ fro’);
il = z;
i2 = z;
while i1>1
if ( abs(H(il1,il1-1)) > eps#*normH && 12 "= 2
il = il - 1; % Reduce il
else
if i2 "= 2
H(il,il-1) = 0; % Deflate
end

% Check if it is a 1x1l or 2x2 block

if (il == 12 - 1 || 1i2 == )
% If it 1s a 2x2 block process it
[H,Q] = blockprocess(H,Q,1i2);

if i2 "= 2 % If it is a complex block go

to row 11-1
i2 = 11 - 1;
il = i1 - 1;

else $ If i2==2 then we have reached the

firs 2x2 block
i1 = 1;
i2 = 1;

end

% If not, it is not a 2x2 block, it is a 1x1.

Go to row il-1 or

o)

% break the loop.

elseif 11 == 12
i2 = 11 - 1;
il = i1 - 1;

[}

else % Break the loop and finish the
function
break
end
end
end

end

)
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A.4.2 The double shift

Startqr2step function

function [ u ] = startqgr2step( hll, hl2, h21, h22, h32
, hnlnl, hnln, hnnl, hnn )
$GORKA ERAA ROBLES - This function returns the
elements of the first
column of H"2 - 2«Re(kappa)+H + |kappal|=*I.
It is based on the ideas developed in 5.3.2.

o° oo o

Once it has computed the first three elements, it
creates a vector u

o\

that generates a Householder reflection so that
the bulge chasing can

o\°

be applied to the rest of the matrix.

elements = [hll, hl2, h21, h22, h32, hnlnl, hnln, hnnl
, hnnl;

s = 1/max (abs (elements));

elements = sxelements;

p = elements(9) - elements(l);

g = elements (6) - elements(1l);

r = elements (4) - elements(l);

c = [(p*g — elements (8)+elements (7)) /elements (3) +
elements (2); (r-p—qgq); elements(5)];

[u, "] = housegen (c);

end

A.4.3 Bulge chasing

Qr2step function

function [ H,Q ] = gr2step( H,Q,u,1il,1i2 )
$GORKA ERAA ROBLES - This function, apllies the bulge
chasing to a matrix
$H. It takes the vector u generated by startgriZ2step
and the deflation rows
%$given by backsearch2.
% It follows the ideas developed in 5.4.
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[n,”] = size(H);
for i = 1i1:12-2
J = max ([i-1,111);
v = transpose(u)*«H(i:1+2, j:n);
H(i:i4+2,Jj:n) = H(i:1i4+2,3j:n) - uxv;
iu = min([14+3,12]1);
v = H(l:iu,i:i+2) *u;
H(l:iu,i:i+2) = H(1l:iu,i:1+2) - vxtranspose(u);
v = Q(l:n,i:1+2) *u;
Q(l:n,i:i+2) = Q(1:n,i:1+2) - wv*transpose(u);
if (1 "= (12-2) )
[u, "] = housegen(H(i+1:143,1));
end
if (1 "= 11 )
H(i+1l,3) = 0;
H(i+2,3) = 0;
end
end
if (12 > 2 )

[H(i2-1,i2-2),H(i2,i2-2),c,s] = rotgen(H(i2-1,12
-2),H(1i2,12-2));
[H(i2-1,i2-1:n),H(i2,i2-1:n)] = rotapp(c,s,H(i2-1,
i2-1:n),H(i2,i2-1:n));
[H(1:1i2,i2-1),H(1:1i2,12)] = rotapp(c,s,H(1:12,12
-1),H(1:1i2,12));
[Q(1l:n,i2-1),0Q(1l:n,1i2)] = rotapp(c,s,Q(l:n,i2-1),Q
(1:n,12));
end
end

A.4.4 A working implementation of the implicitly shifted
QR algorithm

hqr2 function

1‘function [ H,Q ] = hgr2( H,Q,maxiter )
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90 A.4. The implicitly shifted QR algorithm

%$GORKA ERAA ROBLES - This function applies the
implicitly shifted OR

%iteration to an upper Hessenberg form matrix H and
applies the

$transformations to the matrix Q.

% It follows the ideas developed in 5.5.

[n,”] = size(H);
i2 = n;
iter = 0;

while 12 > 1

if ( iter > maxiter ) % Return an error 1f the
routine does not converge.
error (' Maximum number of iterations exceeded;
increase option maxiter.’)
end

oldiz2 = 1i2;
[H,Q,11,i2] = backsearch2(H,Q,i12); % Find
deflation rows.

if ( 12 == o0ldi2 ) % If it does not converge, sum
one to the counter.
iter = iter + 1;
else $ If it does converge set the counter to 0.
iter = 0;
end
% Apply the bulge chasing if the matrix hast not
been completely
% deflated.
if (i2 > 1)
u = startgr2step(H(il,il),H(il,1i1+1),H(1i1+1,i1l
), H(il+1,i1+1),H(i1+2,411+1),H(i2-1,1i2-1),H(
i2-1,i2),H(i2,i2-1),H(i2,12));
[H,Q]l= gr2step(H,Q,u,11,12);
end

end
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end

A.4.5 Eigenvectors of the real Schur form

eigenbasis function

function [ Y ] = eigenbasis( T )

$GORKA ERAA ROBLES - This function computes the
eigenbases of a real Schur

$form matrix T.

% The implementation follows the computations
developed in section 5.6 of

% the dissertation.
[n, "] = size(T);
J = n;
Y = zeros (n);
while ( jJ "= 0 )
if ( jJj == 1) % Base case number 1: the first
eigenvalues is simple
Y(1,1) = 1;
J=31-1
elseif ( T(2,1) "= 0 && j == 2 ) % Base case

number 2: the first two eigenvalues are complex
conjugate
[L,"] = complexschur(T(1:2,1:2));
L = [real(L(1,1)),imag(L(1,1));-imag(L(1,1)),
real (L(1,1))];
Y(1:2,1:2) = L;

% Y(1:2,1:2) = eye(2);
J=3-2;
elseif ( T(j,j-1) == 0 && Jj > 1 ) % The current

eigenvalue is simple

if (J==2)
lambda = T (3, 3);
Y(j,J) = 1;
Y(3-1,3) = T(3-1,3)/(lambda - T(j-1,3-1));

Y(1:3,3) Y(1l:3,3)/norm(Y(1l:3,3),  fro’);
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else

J=3-1
elseif ( T(j-1,3-2) == 0 && J > 2 )
lambda = T (3, 3);
Y(jlj) =1;
Y(3-1,3) = T(3-1,3)/(lambda - T(3-1,3-1));
Y(1:3-2,3) = (T(l:3-2,1:3-2)-1lambdax*eye (]
=2))\(-T(1:3-2,3-1)*Y(J-1,3)-T(1:3-2,3)
)i
Y(1:3,3) = ¥(1:3,3)/norm(Y(1:3,3),"  fro’);
J=31-1
elseif ( 3 >= 3 )

end

lambda = T (3, 3);
1

Y(3j,3) = 1;

Y(j-2:3-1,3) = (T(j-2:3-1,J-2:7-1)-lambdax
eye (2))\(-T(3-2:3-1,3));

if (3> 3)

end

Y (1
j =

Y (1
[L,
X3
X3
L =

Y (2

Y (1

Y(1:3-3,3) = (T(1l:3-3,1:3-3)-lambdax*
eye (J=3) )\ (-T(1:3-3,]J-2:3-1)*Y (j-2:
j_llj)_T(lzj_‘glj));

:3,3) = Y(1:3,3)/norm(Y(1:73,73),  fro’);
j - 1;

1) = 1;

Z] = complexschur(T(j-1:3,3-1:3));

= righteigvec (L) ;

Z*xX3;
[real(L(1,1)),imag(L(1,1));-imag(L
(1,1)),real (L(1,1))1;

:3,2:73) = [real (X3(:,1)),imag(X3(:,1))
1i
,2:3) = T(1,2:3)*Y(2:3,2:73)/(L-T(1,1) *
eve(2));
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Y(:,3-1:3) = Y(:,J-1:73)/norm(Y(:,3=-1:73),"
fro’);
J=3 -3

elseif ( T(j-2,3-3) == 0 && jJ > 3 ) % The
eigenvalue above is simple

[L,Q1l] = complexschur(T(j-1:3,3-1:3));

X3 = righteigvec (L) ;

X3 = Q1%X3;

X3 = [real(X3(:,1)),imag(X3(:,1))1; % The
definitive X3

Y(3-1:3,3-1:9) = X3;

L = [real(L(1,1)),imag(L
(1,1)),real (L(1,1))1;
computing XSA(f ) xT3
theoretical results

Y(3-2,3-1:3) = (T(3-2,3-1:3)*X3)/(L - T(J
-2,3-2) *eye (2));

X2 = Y(3-2,3-1:3);

Y(1:3-3,3-1:7) = sylvester(T(1:3-3,1:3-3)
,—L,-T(1:3-3,3-1:73)*X3-T(1:J-3, J-2) »x2)

Y(:,3-1:3) = Y(:,J-1:73)/norm(Y(:,3=-1:73),"
fro’);

J=3-2

elseif ( j >= 4 ) % The eigenvalues above are
complex conjugate
if (3 > 4))
[L,Q01] = complexschur(T(j-1:3,3-1:3));
X3 = righteigvec (L) ;
X3 = Q1%X3;
X3 [real (X3 (:,1)),imag(X3(:,1))1; %
The definitive X3
Y(j-1:3,3-1:3) = X3;
L = [real(L(1,1)),imag(L(1,1));-1imag(L
(l,l)),real(L(l,l))];(
computing X37 (=1)+xT33%xX3, we follow

o\

Instead of
theoretical results

Y(3j-3:3-2,3-1:3) = sylvester(T(j-3:7
_21 j_3:j_2) ,—L, —T(j—3:j—2, j—l'j)*X3

X2 = Y(3-3:3-2,3-1:9);
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Y(1l:J-4,]-1:j) = sylvester(T(l:j-4,1:]
-4),-L,-T(1l:3-4,3-3:3-2)*X2-T(1:7
-4,9-1:79)*X3);
else
Y(3:4,3:4) = eye(2);
Y(1l:2,3:4) = sylvester(T(1:2,1:2),-T
(3:4,3:4),-T(1:2,3:4));
end
Y(:,3-1:3) = Y(:,J-1:73)/norm(Y(:,3-1:73),"
fro’);
j:j_2r
end
end
end
end




Appendix B

Precision and accuracy
analysis

Once the theoretical and technical details have been settled, it is time to
check whether the implementations are accurate or not. Since this work is
centered in the two variants of the QR algorithm, we will only check the
implementation of the essentials: the Hessenberg reduction, the explicit QR
algorithm and its pertinent eigenvectors, and the implicit QR iteration and
its eigenvectors.

This addendum has the same composition as Appendix A: the tests have
been ordered following the same structure of chapters, sections and subsec-
tions as the dissertation. Unless it is otherwise indicated, each analysis
contains a brief explanation, a MATLAB script with the numerical simula-
tions, and a graphic of those simulations. All the scripts can be found in the
GitHub repository above mentioned: https://github.com/gorkaerana/Bachelors-
degree-dissertation.

B.1 First steps towards an efficient QR algorithm

B.1.1 Making the QR iteration practical: the Hessenberg
form

This subsection tests the accuracy of the Hessenberg reduction, which is
explained in §3.4 and its implementation can be found in A.2.1. Let A be a
matrix of order n and T = Q*AQ its Hessenberg reduction. The following
analysis tests if

|A - QTR
— - S M
1A]l

for some reasonable constant v. Running the following script

(B.1)

Hessenberg reduction test

95


https://github.com/gorkaerana/Bachelors-degree-dissertation
https://github.com/gorkaerana/Bachelors-degree-dissertation
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96 B.1. First steps towards an efficient QR algorithm

sim = 1000;

for j = 1l:sim
n = randi ([5,30]);
A = exp(randn(n)*1li + randn(n));

[H,Q] = hessreduce (A7) ;
semilogy (j,norm (A — Q+HxQ’)/norm(A),’.");
hold on

end

axis ([l sim eps 107 (-14)1])

ylabel ("\epsilon. M < y < 107 {-14}")

returns Figure B.1 —notice that the axis Y is in logarithmic scale and that
Y = 0 corresponds to €);:

kM<y<10\“‘

e

100 200 300 400 500 600 700 800 200 1000

Figure B.1: Backwards error of the Hessenberg reduction.

That is, since in MATLAB €7 = 2.2204-107 16, for every complex matrix
A, the backwards error of computing the Hessenberg reduction through the
hessreduce function satisfies

A - QTQ"|

S 50 - €EM -
1Al

But are the matrices ) above unitary? Let us see:

Script to check if the matrices () of the Hessenberg are unitary
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97

)

sim = 1000;
for 3 = 1l:sim

n = randi([5,30]);

A = exp(randn(n)x1i + randn(n));
[H,Q] = hessreduce (A);

semilogy (j,norm(eye(n) - Q*Q"),’.");
semilogy (j,norm(eye(n) — Q’"*Q),’0o’);

hold on
end
axis ([l sim eps 107 (-14)1])
ylabel (" \epsilon_ M < y < 107 {-14}")

% reduction to Hessenberg form from being unitary.

Sy S 104141

Figure B.2: Unitariness of the matrices Q.

Since

I — QQ*|| <50-ep and ||[I — Q*Q| <50 - e,

we can say that they are.

B.2 The explicitly shifted QR algorithm

1000

Now let us check on the explicitly shited QR algorithm —explained in §4

and implemented in MATLAB in A.3—. The following script

Complex Schur reduction test

% Script that computes the backwards error from
calculating the complex

o)

% Schur form of a matrix.
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sim = 1000;
for j = 1l:sim

n = randi ([5,307]);

A = exp(randn(n)*1li + randn(n));

[T,Q] = complexschur (A7) ;

semilogy (j,norm (A — Q*TxQ’)/norm(A),’.");
hold on

end
axis ([l sim eps 107 (-14)1])
ylabel (" \epsilon_ M < y < 107 {-141}")

computes the error (B.1), where A is our matrix, and 7' = Q*AQ is Schur
form of A. Figure B.3 shows the computations.

Sy S 10441

1015 , . . » _

100 200 300 400 500 600 700 800 200 1000

Figure B.3: Backwards error of the Schur reduction.

In this case, for every complex matrix A,

|4 - QTQ"

< 80 - €.
|A]

As in the section above, are the matrices ) unitary?

Unitariness of the matrices () of the Schur reduction

sim = 1000;
for 3 = 1l:sim
n = randi ([5,30]);
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7 A = exp(randn(n)x*1i + randn(n));

8 [T,Q] = complexschur (A);

9 semilogy (J,norm(eye (n) - Q*Q’)/norm(A),’.");
10 semilogy (J,norm(eye (n) — Q’*Q)/norm(A),’o’)
11 hold on
12 |end
13 |axis([1 sim eps 107 (-14)1])

14 |ylabel (" \epsilon_ M < y < 107 {-14}")

101 T T

Sy 10841

Figure B.4: Unitariness of the matrices ) of the Schur reduction.

As Figure B.4 shows, in this case, for every complex matrix A

|A—QQ"| <10-€ep and [|[A—Q*Q| < 10-€x.

Now, since the Schur reduction algorithm works properly, let us see if the
eigenvalues are computed correctly. The Schur decomposition of a matrix
is not unique so the vector of the eigenvalues computed by MATLAB and
the vector obtained by this implementation will not display the eigenvalues
in the same order. Thus, instead of comparing each eigenvalue, we will
compare the norms of the eigenvalue vectors to check if the computations
are correct. This is what the following script does.

Eigenvalue comparison: MATLAB vs. our implementation

1|% Script that

computes the backwards error calculating
the eigenvalues

using the explicitly shifted QR iteration.

sim = 1000;
for 3 = l:sim

QU = W N
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n = randi([5,30]);
A = exp(randn(n)*1i + randn(n));
[T,Q] = complexschur (3);
eigenval = abs(eig(A));
semilogy (Jj,norm(eigenval - abs(diag(T))) /norm/(
eigenval),’.’”);
hold on
end
axis ([l sim eps 107 (-14)1])

ylabel (" \epsilon_ M < y < 107 {-14}")

And the result is displayed by Figure B.5.

4071 T T

bM<y<10\““‘

1015

100 200 300 400 500 600 700 800 200 1000

Figure B.5: Eigenvalue comparison chart.

In this case, for every matrix A, if v is its eigenvalue vector computed by
MATLAB and v’ the one calculated by the implementation this dissertation
presents, then

o
=2 gy ey
o]

B.2.1 Eigenvectors of the complex Schur form

For the eigenvectors we will not use the usual test (B.1), but rather one given
by Stewart in [1], on page 104. We know that both the Hessenberg reduction
and the Schur form reduction work properly. Let A be a complex matrix
and T = Q*AQ its complex Schur form. Then, as it was shown in §4.5, if
X is the matrix of right eigenvectors of T', QX will be the matrix of right
eigenvectors of A. Hence, the analysis of the accuracy of the eigenvectors
will be done over the residuals r; = Tx; — Tj;x;, i.e.,
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7]

< Yeum-
[PaIRIEA]

Running the script

Norms of the residual r; = T'x; — t;;x;

o)

s Script that computes the backwards error of the
eigenvectors of a complex

[o)

% Schur form.

sim = 250;
c =1
J = 1l:sim

n = randi([5,30]);

A = exp(randn(n)x1i + randn(n));
[T,Q] = complexschur (A);

X = righteigvec(T);

for

for i = 1:n
semilogy (¢, norm (TxX(:
norm (T) *norm (X (:, 1
hold on
c =c¢c + 1;
end

~ 0~

end

displays Figure B.6:

101
SN P o .
NI i

102 3 . s s oA

nl . " i
prenn i B ,
105 - . ¢ i 7

1028 w % i *

o2 . s 2 . -

[ 500 1000 1500 2000 2500 3000 3500 4000 4500

Figure B.6: Norms of the residual r; = Tx; — t;;x;.

The eigenvectors computed are extraordinarily precise: for every com-
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plex matrix A, the eigenvectors of its Schur form 7' fulfill

Il
7l =

B.3 The implicitly shifted QR algorithm

Finally, the implicitly shifted QR iteration, developed in §5 and implemented
in A4.

Reduction to real Schur form

sim = 1000;
for 7 = 1l:sim
n = randi([5 30]);
A = randn(n);
[T,Q] = realschur(A);
nn = norm(A — QxT*Q’) /norm(A);
semilogy (j,nn,” .");
hold on
end
hold off

This script returns Figure B.7
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Figure B.7

which shows, as usual, that the relative error

A - QTR
1A]

is of a size comparable to the machine epsilon.
As for how close the transformation matrices ) from being unitary, run
the following script which shows Figure B.8.

Unitariness of the transformation matrix ()

sim = 1000;

l:sim

for jJ

n = randi([5 3071);

A = randn (n);
[7,Q0] = realschur (A);
semilogy (J,norm(eye (n) — Q*Q’)/norm(a),’.");
semilogy (j,norm(eye (n) — Q’+*Q)/norm(A),’o’);
hold on

end

hold off




© 00 O U i~ W N

e = S Sy Sy S
CU W N~ O

16
17
18
19
20

104 B.3. The implicitly shifted QR algorithm

1018 1 1 1 1 1 1 1 1 1
0

100 200 300 400 500 600 700 800 200 1000

Figure B.8
Again, the implementation returns a unitary matrix Q.

B.3.1 Eigenvectors of the real Schur form

As for the eigenbases of the real Schur form, we designed the next script:

Norms of the residual r; = Tx; — t;;x;

o

% Script that computes the backwards error of the
eigenvectors of a real

o

% Schur form matrix.

simulations = 500;

counter = 1;

bad = 0;

for k = 1 : simulations
n = randi([5 10]);
A = randn(n);
[

=

"1 = realschur (A);

Y = eigenbasis(T);

o\

subdiagonal is a vector representing the
elements of the subdiagonal: 1

% if it is nonzero, 0 if it is =zero
subdiagonal = not (not (diag(T,-1)));

for j = 1:(n-1)
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if (J =1 && jJ "= (n-1) )
if ( subdiagonal (j+1) == 1 ) % The
subdiagonal is in between two complex
conjugate eigenvalues
continue % subdiagonal (7-1) == 1 &&
elseif ( subdiagonal(j) == 1)
L = Y (-1)*T*Y;
norm (T*Y (:, J:J+1)=-Y (:, J:J+1)*L(J:]
+1,3:3+1))/ (norm(T) *norm (Y (:, J:J+1)
)) i
else % Simple eigenvalue
L =Y (-1)*T«*Y;
a = norm(T*Y (:, 3+1)-Y (:, J+1)*«L(j+1,7
+1))/ (norm(T) *norm (Y (:, 3+1)));

a

end
elseif ( j == )
if ( subdiagonal(l) == ) % Complex

eigenvalue
L Y© (1) *TxY;
a norm(TxY (:,1:2)-Y(:,1:2)*L
(1:2,1:2))/ (norm(T) *norm (Y (:,1:2)))
else % Simple eigenvalue
= Y " (-1)*T*Y;
a = norm(T*«Y(:,1)-Y(:,1)*L(1,1))/ (norm
(T) *norm (Y (:,1)));

—
I

end
elseif ( j == (n-1) )
if ( subdiagonal (n-1) == 1 ) % Complex

eigenvalue
L = Y " (-1)+T*Y;
norm(TxY (:,n-1:n)-Y(:,n-1:n)+*L(n
-1:n,n-1:n))/ (norm(T)*norm(Y (:,n-1:
n)));
else % Simple eigenvalue

L = Y (-1)*T*Y;
norm(TxY (:,n)-Y(:,n)*L(n,n))/ (norm
(T) »norm (Y (:,n)));

)
Il

V)
Il

end

end
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if (a > 107 (-13))
bad = bad + 1;
disp (A);
return

end

semilogy (counter,a,’.”)

hold on

counter = counter + 1;
end

end

ylabel (Y107 {-18} < vy < 107 {-15}")
axis ([l counter 10~ (-18) 10" (-15)1)

hold off

This program computes the relative error —with the same criteria used
for the eigenvectors of the complex Schur form— of either the eigenbases or
the eigenvectors, depending on the size of the block. Figure B.9 shows the
output.

1017 E E, ot i : - e =

18
10
200 400 600 800 1000 1200 1400 1600 1800 2000 2200

Figure B.9: Relative error of eigenbases and eigenvectors

Since for nearly every eigenbasis and eigenvector

7]
T < 10en,
[EAE

the computation of those is accurate —do not forget the examples given on
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the final part of §5.6.
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