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Abstract A class of dynamical dark energy models is con-
structed through an extended version of fermion fields corre-
sponding to phantom dark ghost spinors, which are spin 1/2
with mass dimension 1. We find that if these spinors interact
with torsion fields in a homogeneous and isotropic universe,
then it does not imply any future dark energy singularity or
any abrupt event, though the fermion has a negative kinetic
energy. In fact, the equation of state of this dark energy model
will asymptotically approach the value w = −1 from above
without crossing the phantom divide and inducing therefore
a de Sitter state. Consequently, we expect the model to be
stable because no real phantom fields will be created. At
late time, the torsion fields will vanish as the corresponding
phantom dark ghost spinors dilute. As would be expected,
intuitively, this result is unaffected by the presence of cold
dark matter although the proof is not as straightforward as in
general relativity.

1 Introduction

It is well known that General relativity (GR) is a successful
theory in agreement with a great number of observations [1].
It describes gravity by means of the Einstein–Hilbert action,
which is proportional to the curvature scalar R. When this
action is varied with respect to the Riemannian metric gμν ,
one obtains the Einstein equations. It is also well known that
there are two conditions assumed about the affine connec-
tion in GR, one is the metric compatibility, and the other is
the torsion-free condition. Under these two conditions, there
exists exactly one connection, namely the Levi-Civita con-
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nection, or sometimes the Christoffel connection, on a given
manifold with a given metric. On the other hand, relativis-
tic quantum field theory (QFT) is a highly successful theory
in describing the electromagnetic, strong, and weak inter-
actions. However, the framework of QFT is basically con-
structed in the flat Minkowski spacetime and interactions are
independent of the background spacetime. From Einstein’s
GR, we know that spacetime itself should be dynamical and
interact with other fields through the gravitational field. From
Einstein’s point of view, the gravitational field should cou-
ple with all the fields in our universe. Therefore, angular
momentum should also have a contribution to the energy-
momentum tensor. Hence, spinor fields, which carry intrinsic
angular momentum predicted by QFT, may actually couple
with gravity. Specifically, we know that in QFT, all elemen-
tary particles are classified by means of the irreducible uni-
tary representations of the Poincaré group which has two
labels, the mass m and the spin s. In ordinary GR, mass cou-
ples to the curvature, whereas spin does not couple to any
geometrical quantity [2]. To treat mass and spin on equal
footing, spin should couple to spacetime metric in some way
source the gravitational field. This would lead to a theory
of gravity more general than GR. Einstein–Cartan theory is
probably the simplest extension of GR which incorporates
spin and mass in its formulation, providing, therefore, a more
complete treatment in what refers to the Poincaré group.1

Recently, Ahluwalia–Khalilova and Grumiller proposed
novel four-component spinors by means of the eigenspinors

1 Similar to the situation in GR where not only the mass but also the
linear momentum contributes to the energy-momentum tensor, i.e., not
only ρ (energy density) but also p (linear momentum) contributes, in the
case of spins, a generalized theory of gravity that respects the Poincaré
group should not only include the intrinsic spin but also the orbital
angular momentum and their contributions to gravity, somewhat similar
to what is done in Quantum Mechanics.
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of the charge conjugation operator C in momentum space
[3–5]. They can be named dark spinors [6]. They satisfy
(CPT )2 = −1 and have the dimension of mass. In com-
parison, the Dirac spinors in the standard model satisfy
(CPT )2 = 1 with the dimension of mass 3/2. Since CPT
is anti-unitary for the dark spinor, it restricts the interactions
between it and other standard model particles, that is, the
interactions between a dark spinor and the standard matter
particles will always be paired in a dark spinor and its conju-
gate. Because the dark spinors have the dimension of mass,
by power counting renormalizability, interactions of the dark
spinors with other particles of the standard model take place
only through the Higgs doublet or with gravitational fields.
Hence, these spinors are candidate for dark matter [3,4]; this
is in part the origin of its name. Besides, these spinors can
couple to all parts of the torsion tensor [3,6,7], unlike the
ordinary Dirac spinors, which can only couple to its axial
vector part [2,7,9,10]. Hence, the dark spinors may have far
more interesting implications in cosmology than ordinary
spinors.

On the other hand, it has been shown that our universe
is spatially flat and started accelerating in the recent past.
This conclusion has been backed up by many observational
data such as type Ia supernovae [11], baryon acoustic oscilla-
tion [12], and cosmic microwave background radiation [13].
To explain the recent accelerated expansion, an unknown
component with negative pressure is usually assumed, and
it is called dark energy. In the last years, describing what
dark energy really is has become one of the most challeng-
ing questions in cosmology. The simplest candidate for dark
energy is a small positive cosmological constant �, which
gives the equation of state w ≡ p/ρ = −1 where p stands
for the pressure and ρ for the dark energy density. Although
the cosmological constant with cold dark matter; i.e. the
�CDM model, can explain pretty well the observational data,
it suffers, however, from fine-tuning and coincidence prob-
lems – why is the cosmological constant so small and did
it only become dominating almost at present? To address
these issues, cosmologists have considered dynamical dark
energy models, such as quintessence [14], phantom [15], and
quintom [16]. In these models, the equation of state w is
not necessarily a constant and may evolve with time. Most
dark energy models are constructed by scalar fields, having
w ≥ −1, converging to w = −1, and the quantum stability
of such theories is guaranteed by the energy conditions [17].
However, recent models with the equation of state w < −1
and converging to w = −1 from below, generally referred
to as phantom, have drawn a lot of attention. The equation
of state w < −1 is usually realized by a negative kinetic
energy, and this counter intuitive assumption violates all the
energy conditions, resulting usually in singularities or abrupt
events, such as the big rip [15,18–21], the sudden case [22–
25], the big freeze [24,25,27,28], the type-IV singularity

[24,26–30], the little rip [31–34], or the little sibling of the
big rip [35]. Nevertheless, a phantom model with equation
of state w < −1 could still be a phenomenologically viable
model, for example, as an effective description [36,37].

Dark spinor fields as a source of dark energy have been
considered by various authors [6,38–43,45]. However, none
of them consider the spinor field with a negative kinetic
energy and torsion at the same time. Our work addresses the
following question: Can a phantom dark ghost spinor field
embedded in Einstein–Cartan gravity avoid dark energy sin-
gularities? Technically, this amounts to asking what would
be the effect of torsion in phantom dark energy models. We
find that in this case the equation of state will not cross the
phantom divide. In other words, we provide an example of
a dark energy model with a negative kinetic energy without
any potential to produce quantum instabilities as it fulfills the
null energy condition.

This paper is organized as follows. In Sect. 2, we review
the basic ideas of Einstein–Cartan gravity. In Sect. 3, we
construct a dark energy model based on a dark ghost spinor
interacting with torsion in a homogeneous and isotropic uni-
verse. In Sect. 4, we compute the field equations of this model
and qualitatively solve them, studying the evolution of the
Hubble parameter H = ȧ

a and the equation of state wde for
the dark ghost spinors. Furthermore, we consider the exis-
tence of another component corresponding to cold dark mat-
ter (CDM). We solve the two-component system numerically.
Then we study the behavior of the equations of state for dark
energy, dark matter, the torsion fields as well as the effec-
tive equation of states whenever necessary. In Sect. V, we
conclude and discuss our results.

2 Summary of Einstein–Cartan theory

Einstein–Cartan(–Sciama–Kibble) theory of gravity, like
GR, is based on the Einstein–Hilbert action [2]. It relaxes,
however, the GR constraint on the affine connection, �̃k

i j , to
be symmetric in its lower two indices. Hence the antisymmet-
ric part of the affine connection, i.e. the Cartan torsion tensor
Si j k = �̃k

[i j] = 1
2 (�̃k

i j − �̃k
ji ), which is a dynamical variable,

independent of the Riemannian metric gi j is also allowed [2].
The notation [i j] stands for the antisymmetrization of the ten-
sor indices, defined by T[i j] = 1

2 (Ti j − Tji ) for any tensor
Ti j ; similarly, the notation (i j) means symmetrization of the
tensor indices, T(i j) = 1

2 (Ti j +Tji ). Quantities denoted with
a tilde always take torsion into account. The torsion tensor
has 24 independent components in general. Note that we still
require the metric compactibility condition ∇̃ρgμν = 0, and
the metric compactible affine connection with torsion can be
written as [2]

�̃k
i j = �k

i j − Ki j
k, (2.1)
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where �k
i j is the usual Christoffel symbol, defined by �k

i j =
1
2g

kl(∂i gl j + ∂ j gil − ∂l gi j ), and Ki j
k is called the contortion

tensor, defined by [2]

Ki j
k = −Si j

k − 2Sk (i j) = −Si j
k − Ski j − Sk ji . (2.2)

Note that the Cartan torsion tensor is antisymmetric in its
first two indices, Si j k = −S ji

k , by definition; however, the
contortion tensor is antisymmetric in its last two indices,
Ki j

k = −Ki
k
j . By virtue of the last two equations, the

inverse relation between the torsion and the contortion tensor
reads Si j k = −K[i j]k .

After introducing the Cartan torsion and the contortion
tensor, we can now define the action of the Einstein–Cartan
theory of gravity which is simply the Einstein–Hilbert action
with torsion and metric which are regarded as independent
variables:

S =
∫

d4x
√−g

(
1

2κ
R̃ + L̃m

)
, (2.3)

where we set the speed of light to be unity, c = 1, the gravita-
tional coupling constant κ = 8πG, and L̃m is the lagrangian
density of matter minimally coupled to gravity. Before taking
the variation of the action, it should be noted that the indepen-
dent variables are the metric tensor gi j and the torsion tensor
Si j k , the contortion tensor Ki j

k actually depends on the met-
ric since we lower and rise some indices via gi j [2]. Even
though, in principle, we should do the variation with respect
to the metric and the torsion tensors, it is more convenient
to vary with respect to the contortion tensors instead, since
the affine connection can be separated into the torsion-free
Christoffel symbol and the contortion tensor, and the relation
between torsion and contortion is only algebraic. Thus, we
will vary the total action with respect to the metric and the
contortion tensors, and we obtain two field equations:

R̃i j − 1

2
R̃gi j = κ	̃i j , (2.4)

Si j k + δik S
j
l
l − δ

j
k S

i
l
l = κτ i j k, (2.5)

where the first field equation is similar to the original Einstein
equation, we define G̃i j ≡ R̃i j− 1

2 R̃gi j , which is the Einstein
tensor with torsion, 	̃i j is the canonical energy-momentum
tensor, and the second one is called the Cartan equation. Note
that in general, R̃i j is no longer symmetric, like G̃i j , due to
the fact that the affine connection is asymmetric �̃k

i j �= �̃k
ji .

We define the modified torsion tensor to be T i j
k ≡ Si j k +

δik S
j
l
l − δ

j
k S

i
l
l . The right hand side (rhs) of Eq. (2.5) is the

spin tensor τ i j k , which is defined by

τk
ji = δL̃m

δKi j
k
. (2.6)

The canonical energy-momentum tensor is given by

	̃i j = σ̃i j +
(
∇̃ + Klk

l
) (

τi j
k − τ j

k
i + τ k i j

)
, (2.7)

where σ̃i j is the metric energy-momentum tensor, defined by

σ̃i j = 2√−g

δ
(√−g L̃m

)

δgi j
, (2.8)

and the second term in Eq. (2.7) is the correction to the
energy-momentum tensor generated by the spin–torsion
interaction. Since the Cartan equation is, in general, a set
of 24 algebraic equations rather than differential relations
between torsion and spin fields, it means that there would
be no torsion outside matter distribution with spin source. In
other words, torsion cannot propagate through the spacetime
outside the matter distribution with spin source [2]. Further-
more, we are able to substitute the torsion everywhere by the
spin tensor and eliminate the torsion from the formalism. It
then leads to the so-called Einstein–Cartan equation,

Gi j = κσ̂i j , (2.9)

where the effective energy-momentum tensor on rhs is given
by [2,46]

σ̂i j ≡ σ̃i j + κ
(
−4τi

k [lτ| j |l k] − 2τi
klτ jkl + τ kl iτkl j

)

+ 1

2
κgi j

(
4τm

k [lτml
k] + τ klmτklm

)

≡ σ̃i j + κui j , (2.10)

which is symmetric and obeys the usual conservation law
∇ j σ̂i j = 0. In fact, note that the Einstein–Cartan equation
can be rewritten without including any torsion term by simply
substituting all the torsion terms with the spin tensor terms.
For example, Eq. (2.10) can be rewritten without any torsion
term as the metric energy-momentum tensor can be split into
a pure metric term and a spin tensor term. One can interpret
Eqs. (2.9) and (2.10) in such a way that the geometry is a result
from the contribution of the matter field plus some spin–spin
interaction. In summary, all the torsion terms disappear in
both sides of Eq. (2.9), however, torsion exists on both sides
of Eq. (2.4).

3 A dark energy model of phantom dark ghost spinors
with torsion

In this section, we consider a dynamical dark energy model
constructed from dark spinors in Einstein–Cartan theory. In
fact, we will consider dark ghost spinors (cf. the action (3.8)).
To begin with, since it is sometimes more convenient to work
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in an orthonormal basis, let us introduce the vielbein eμ
a ,

defined by

gμνe
μ
a e

ν
b = ηab, (3.1)

where gμν is the spacetime metric and ηab is the metric of
the local inertial frame given by ηab = diag(1,−1,−1,−1).
The Greek letters (μ, ν, . . .) take values (t, x, . . .) and are
called the holonomic indices representing the spacetime
frame; the Latin letters (a, b, . . .) taking values (0, 1, . . .)

are called the anholonomic indices representing the local
inertial (orthonormal) frame. We choose the anholonomic
γ -matrices, γ a , in the Weyl representation [7]

γ 0 =
(
O 1

1 O

)
, γ i =

(
O −σ i

σ i O

)
, γ 5 =

(
1 O

O −1

)
,

(3.2)

where i = 1, 2, 3, σ i are the Pauli matrices and γ 5

= iγ 0γ 1γ 2γ 3. The γ -matrices satisfy

{γ a, γ b} = 2ηab. (3.3)

We define γ μ = eμ
a γ a , then {γ μ, γ ν} = 2gμν . The anti-

commutator of two matrices is defined as {A, B} = AB+BA
while the commutator as [A, B] = AB − BA.

The covariant derivatives of the dark ghost spinor λ and

its dual
¬
λ in the local inertial frame are defined in the same

way as for the ordinary spinors, i.e.

∇μλ = ∂μλ − �μλ, (3.4a)

∇μ

¬
λ = ∂μ

¬
λ + ¬

λ�μ, (3.4b)

where �μ is called the spin connection which is used to
make the covariant derivative of a spinor transform correctly
under both local Lorentz transformation and general coordi-
nate transformation. In addition, the dual of the dark ghost
spinor is defined as

¬
λα(p) = iεβ

αλ
†
β(p)γ 0, (3.5)

with the antisymmetric symbol ε
{−,+}
{+,−} = −1 = −ε

{+,−}
{−,+}.

It should be mentioned that this definition of dual has been
recently replaced by Ahluwalia in Ref. [52,53] in order to
remove problems related to Lorentz violation and locality
concerning Eq. (3.5). In addition, in what refers to cosmo-
logical applications, at a classical level, the use of Eq. (3.5)
is completely fine. Note that since the dark spinor is still of
the form (1/2, 0) ⊕ (0, 1/2) within the representation of the
Lorentz group, it is consequently a spin 1/2 particle and not
a spin 3/2 particle. So, the covariant derivative in Eq. (3.4) is
covariant. By further requiring that ∇μeaν = 0, the relation

between the spin connection and the affine connection can
be obtained in the following form [7,43]:

�μ = i

2
ωab

μ fab, (3.6a)

ωab
μ = eaν ∂μe

νb + eaνe
σb�ν

μσ , (3.6b)

where f ab = i
4 [γ a, γ b] is the generator of the local Lorentz

group. Within the presence of torsion fields, we now need to
extend the definition of the covariant derivatives on spinors
to include torsions. According to Eq. (2.1), we may sepa-
rate the non-torsion-free affine connection into a torsion-free
Christoffel symbol plus a contortion tensor. Applying this
relation into the spin connection Eq. (4.4) and, after some
algebra, we obtain

∇̃aλ = ∇aλ + 1

4
Kabcγ

bγ cλ. (3.6)

Since
¬
λλ is a real scalar, the covariant derivative on the dual

spinor
¬
λ can be obtained from the Leibnitz rule. We obtain

then

∇̃a
¬
λ = ∇a

¬
λ − 1

4
Kabc

¬
λγ bγ c. (3.7)

After defining the covariant derivatives of the dark spinors
within a geometry with torsion, we can construct our dark
energy model by considering ghost dark spinors; i.e., with a
negative kinetic energy, in an Einstein–Cartan theory, where
our lagrangian density reads

L̃dGS = −1

2
gab∇̃(a

¬
λ∇̃b)λ − V (

¬
λλ), (3.8)

where V (
¬
λλ) is an arbitrary potential. Besides, we should

mention that the main difference between Ref. [6] and our
work is that here we consider a negative kinetic term regard-
ing it as a dynamical dark energy model and we analyze if the
model would lead to instabilities or not (on the form of dark

energy singularities). Notice that if we only use gab∇̃a
¬
λ∇̃bλ

in our lagrangian, after taking the variation with respect to

the metric, we are left with the term ∇̃a
¬
λ∇̃bλ, which is not

necessarily symmetric since the spin connection does not
commute with each other in general, i.e. �a�b �= �b�a ,
even in the absence of torsion. Therefore, we have to sym-
metrize the kinetic term to ensure the symmetric property of
the field equation. Although the lagrangian density is some-
what similar to the one of a complex scalar field, we empha-
size that a complex scalar field is a spin-0 field, and hence
cannot interact with torsion as a spinor field does. Taking
the variation with respect to the metric, we obtain the metric
energy-momentum tensor,
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σ̃i j = −2∇̃(i
¬
λ∇̃ j)λ − gi j L̃dGS . (3.9)

The spin tensor can be obtained by taking the variation of the
action with respect to the contortion tensor:

τ k j i = δL̃dGS

δKi
jk

= −1

4
∇̃i

¬
λγ jγ kλ + 1

4

¬
λγ jγ k∇̃iλ, (3.10)

which can be separated into torsion-free and non-torsion-free
parts,

τ i j k = −1

4
∇k

¬
λγ jγ iλ + 1

4

¬
λγ jγ i∇kλ

+ 1

16
Kkab

¬
λγ aγ bγ jγ iλ

+ 1

16
Kkab

¬
λγ jγ iγ aγ bλ, (3.11)

where the first two terms on rhs in Eq. (3.11) are torsion
free while the last two terms are non-torsion free. From this,
we can see that the spin–angular momentum tensor indeed
depends on the contortion tensor and cannot be expressed as
an axial vector of the torsion tensor as the Dirac spinor does
[2,9]. Therefore, the dark ghost spinor can possibly couple to
all the irreducible parts of the torsion tensor, and give richer
implications in Einstein–Cartan cosmology than the ordinary
Dirac spinors [7].

From Sect. II, we know that the gravitational action in
Einstein–Cartan theory is similar to GR, the difference lies
in the Ricci scalar R̃, where we treat the metric and the non-
torsion-free affine connection as independent variables. It
follows that the full action of our model reads

S =
∫

d4x
√−g

(
1

2κ
R̃ + L̃dGS

)
. (3.12)

In a spatially homogeneous and isotropic universe, we use the
flat Friedman–Lemaître–Robertson–Walker (FLRW) metric

ds2 = dt2 − a2(t)(dx2 + dy2 + dz2), (3.13)

where a(t) is the scale factor. Accordingly, the vielbein eμ
a

are easy to obtain

eμ
0 = δ

μ
0 , eμ

i = 1

a
δ
μ
i , (3.14a)

and the inverse vielbein eaμ reads

ea0 = δa0 , eai = aδa0 . (3.14b)

In this background, the non-vanishing torsion-free Christof-
fel symbols are [6]

�x
tx = �

y
ty = �z

tz = ȧ

a
, (3.15a)

�t
xx = �t

yy = �t
zz = aȧ, (3.15b)

where the dot denotes differentiation with respect to the cos-
mic time t . The corresponding spin connection coefficients
in the holonomic frame �μ can be obtained by using Eq. (3.6)
and read [6,43]

�t = 0, �xi = −1

2
(aȧ)γ tγ xi , xi = x, y, z. (3.16)

It follows that we can compute the spin connection in the
anholonomic frame, �a , and the non-vanishing terms are

�0 = 0, �i = −1

2

(
ȧ

a

)
γ 0γ i , i = 1, 2, 3. (3.17)

If the cosmological principle is assumed, it can greatly reduce
the degrees of freedom of the torsion, in other words, the only
not necessarily vanishing components of the torsion tensor
in the anholonomic frame are [6]

Si jk = f (t)εi jk, (3.18a)

Si0i = −h(t), i = 1, 2, 3, (3.18b)

where f (t) and h(t) are called the torsion functions, which
depend only on t due to the homogeneous and isotropic
assumptions, and εi jk is the antisymmetric Levi-Civita sym-
bol with ε123 = 1.

With the above expression, once we know the non-
vanishing torsion terms, we can obtain the non-vanishing
contortion terms by means of Eq. (2.2). Then, by using
Eq. (2.1) we can determine the connection �̃λ

μν and finally

compute the Einstein tensor with torsion G̃i j directly using
the definition of the Ricci tensor, R̃σν = ∂μ�̃

μ
νσ − ∂ν�̃

μ
μσ +

�̃
μ
μλ�̃

λ
νσ − �̃

μ
νλ�̃

λ
μσ . Taking these steps, we obtain [6]

G̃tt = 3

(
ȧ

a

)2

+ 12

(
ȧ

a

)
h + 12h2 − 3 f 2, (3.19)

G̃xx = a2
[
−2

(
ä

a

)
− ȧ

a

(
ȧ

a
+ 8h

)
− 4ḣ − 4h2 + f 2

]
,

(3.20)

G̃xx = G̃ yy = G̃zz . (3.21)

On the other hand, to obtain the complete field equation, one
also has to know the energy-momentum tensor, the rhs of
Eq. (2.4), 	̃i j . Since the cosmological principle has to be
applied not only to the geometrical side but also to the mat-
ter side, the matter distribution should also be homogeneous
and isotropic. Therefore, we can assume that the dark ghost
spinor fields in our model depend only on time, t , writing

λ(t) = ϕ(t)ξ and
¬
λ = ϕ(t)

¬
ξ , where ϕ(t) is a real function

and ξ is a constant dark ghost spinor and its corresponding

123



278 Page 6 of 11 Eur. Phys. J. C (2017) 77 :278

dual
¬
ξ is defined by Eq. (3.5). Since the cosmological prin-

ciple implies the off-diagonal components of the Einstein
tensor to vanish, for example G̃tx = G̃xy = 0, it naturally
constrains the energy-momentum tensor on the rhs of the
field equation, Eq. (2.4). That is to say, the off-diagonal com-
ponents of the energy-momentum tensor should also vanish
even in the absence of torsion. To be precise, this means
that the dark ghost spinor is required to satisfy the condi-
tion that the off-diagonal components of the metric energy-
momentum tensor should also vanish, i.e. σ̃t x = σ̃xy = 0.

The simplest way to satisfy this condition is to assume a

spinor with zero norm,
¬
λλ = 0 [54]. In this context, the

word “ghost” refers to the fact that it has no contribution to
the metric energy-momentum tensor and thus has no effect
on the curvature of spacetime in the absence of torsion [55–
57]. In our case the word “ghost” can be used, in addition,
because of the sign of the kinetic term in the action (3.8). A
cosmological dark ghost spinor can be given by [6,54]

λ{−,+} = ϕ(t)ξ, ξ =

⎛
⎜⎜⎝

0
±i
1
0

⎞
⎟⎟⎠ , (3.22)

λ{+,−} = ϕ(t)ζ, ζ = i

⎛
⎜⎜⎝

∓i
0
0

−1

⎞
⎟⎟⎠ , (3.23)

while its corresponding dual spinor reads

¬
λ = ϕ(t)

¬
ξ,

¬
ξ = i (0, i,±1, 0) . (3.24)

Notice that in Eq. (3.24) and in what follows, we suppress
the helicity index, i.e., λ{−,+} = λ, because in our model,
we assume that λ{−,+} is the only dark ghost spinor and
it corresponds to dark energy in our universe. Therefore,
although, in principle, λ{+,−} could as well contribute to
dark energy, we choose only one spinor of the two possi-
ble spinors for simplicity. Since the norm of the dark ghost

spinor vanishes, the potential V which is a function of
¬
λλ

plays a role similar to that of the cosmological constant.
Note that Eq. (3.22) is based on the consistency of the cos-
mological principle, i.e. our universe is homogeneous and
isotropic on large scale, therefore only the time dependence
degree of freedom remains. Besides, the energy-momentum
tensor has also to be compatible with the cosmological prin-
ciple, thus the zero norm is a natural choice.2 However, a
more general spinor with non-vanishing norm may also sat-
isfy the condition that the off-diagonal components of the

2 At cosmological scales, the fermion number might not be conserved;
see for example Refs. [58,59].

metric energy-momentum tensor vanish; in that case, higher
order self-interactions are allowed.

The Cartan equation (2.5) is in general a set of 24 alge-
braic equations, however, using Eqs. (3.18), it reduces to two
independent equations relating torsion and spin tensors, i.e.
T123 = f (t) = κτ123 and T101 = 2h(t) = κτ101. Using
Eq. (3.22), we can calculate

τ 12
3 = − 1

4
∇3

¬
λγ 2γ 1λ + 1

4

¬
λγ 2γ 1∇3λ

+ 1

16
K3ab

¬
λγ aγ bγ 2γ 1λ + 1

16
K3ab

¬
λγ 2γ 1γ aγ bλ,

= 1

2

(
ȧ

a

)
ϕ2 + h(t)ϕ2,

τ 10
1 = − 1

4
∇1

¬
λγ 0γ 1λ + 1

4

¬
λγ 0γ 1∇1λ

+ 1

16
K1ab

¬
λγ aγ bγ 0γ 1λ + 1

16
K1ab

¬
λγ 0γ 1γ aγ bλ,

= 1

2
f (t)ϕ2.

Here, we have used the following properties of the ghost dark

spinor:
¬
λλ = 0,

¬
λ(γ 0γ 1γ 2γ 3)λ = ¬

λ(−iγ 5)λ = −2ϕ2, and
the non-zero components of the contortion tensor: K123 =
− f (t) and K101 = K202 = K303 = 2h(t). Then it is straight-
forward to solve the functions f (t) and h(t) in terms of the
matter field ϕ(t)

h(t) = −1

4
κϕ2 f = −

1
2κ2ϕ4

4 + κ2ϕ4

(
ȧ

a

)
, (3.25)

f (t) = 2κϕ2

4 + κ2ϕ4

(
ȧ

a

)
. (3.26)

Here, we can see that the dark ghost spinor indeed has non-
trivial contributions both to the spatial axial components and
to the temporal components of the torsion tensor as compared
with the Dirac spinor which has only a contribution to the
spatial axial vector components of the torsion tensor [7,9].
Moreover, the non-trivial components of the spin–angular
momentum tensor in our model are τ123 = 1

2
ȧ
aϕ2 + hϕ2

and τ101 = − 1
2 f ϕ2 = τ202 = τ303, which are of course

homogeneous and isotropic in agreement with the cosmo-
logical principle. To obtain the canonical energy-momentum
tensor, we need to compute the contributions of the spin–
angular momentum taking into account the torsion interac-
tions, (∇̃k + 2Skl l)(τi j k − τ j

k
i + τ k i j ) (cf. Eqs. (2.2) and

(2.7)). Finally, we find that the non-vanishing components
read

	t t = V0 + 3

(
ȧ

a

)
f ϕ2 + 6 f hϕ2, (3.27)

	xx = −a2V0 − a2ϕ2 f

(
6h − 2

ϕ̇

ϕ
− ḟ

f

)
, (3.28)

123
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	xx = 	yy = 	zz, (3.29)

where V0 = V (0). We will analyze the dynamics of our dark
energy model in the next section.

4 Cosmological evolution of the ghost dark spinor

The evolution of the Hubble parameter, H = ȧ/a, can be
determined from the Einstein equation (2.4). The correspond-
ing Friedmann and Raychaudhuri equations read

H =
√

κV0

2
√

3

4 + κ2ϕ4√
4 − 3κ2ϕ4

, (4.1)

Ḣ = −κV0

12

20κ2ϕ4 + 3κ4ϕ8

4 − 3κ2ϕ4 , (4.2)

where Eqs. (3.19)–(3.21) and (3.27)–(3.29) have been used.
The evolution of the matter field ϕ(t) can be obtained by tak-
ing the time derivative of Eq. (4.1) and equating it to Eq. (4.2),
then

ϕ̇

ϕ
= −

√
κV0

4
√

3

20 + 3κ2ϕ4

20 − 3κ2ϕ4

√
4 − 3κ2ϕ4. (4.3)

Equation (4.3) gives the evolution of the matter field, com-
bining it with Eq. (4.1), one obtains a differential equation
for the scale factor in terms of the matter field ϕ(t)

d ln a

d ln ϕ
= −2

4 + κ2ϕ4

4 − 3κ2ϕ4

20 − 3κ2ϕ4

20 + 3κ2ϕ4 . (4.4)

After solving the above differential equation, we obtain

a(ϕ) = a0

ϕ2

[
(4 − 3κ2ϕ4)4

20 + 3κ2ϕ4

] 1
9

, (4.5)

where a0 is an integration constant.
As we mentioned previously, the Einstein–Cartan equa-

tion (2.9) can be interpreted in such a way that the geome-
try is the result of the contribution of the matter fields plus
some spin–spin interaction. Therefore for a homogeneous
and isotropic universe, we can define for example an equation
of state for dark energy, wd , related to the ghost dark spinor
from the metric energy-momentum tensor given in Eq. (2.8)
where σ̃ i

j = diag(ρd ,−pd ,−pd ,−pd), and wd ≡ pd/ρd ;
then we have

wd = −1 + 2κ2ϕ4

12 − 3κ2ϕ4 . (4.6)

This equation of state does not take into account the spin–
spin interaction; i.e. the energy-momentum tensorui j defined

1 2 3 4 5
0.0

0.2

0.4

0.6

0.8

1.0

Fig. 1 Numerical plot of ϕ(t) in Eq. (4.3) from t = 0 to t = 5 with
ϕ(0) = 1, and κ = V0 = 1

in Eq. (2.10). We could equally define a spin–spin effective
equation of state related to ui j , which we omit here for sim-
plicity.

Since ϕ is constrained by Eq. (4.3) to satisfy the condition

0 ≤ ϕ2 <

√
4

3κ2 , the time derivative of ϕ is always negative
(cf. again Eq. (4.3)), then ϕ will decrease. In fact, ϕ will
monotonically decrease to its lower bound, ϕ = 0, as time
goes to infinity, as we next show in Eq. (4.11) (please see as
well Fig. 1).

Then wd goes to −1 asymptotically, the Hubble parameter
is almost a constant, and the scale factor expands as a(t) ∝
exp(Ht); therefore our universe enters a de Sitter phase at
late time. From the positivity of the second term on rhs in
Eq. (4.6), we see that the equation of state will always be
larger than −1. If we consider the contribution of the spin–
spin interaction, we can define the total equation of state
wtot ≡ ptot/ρtot from σ̂ i

j = diag(ρtot,−ptot,−ptot,−ptot);
then

wtot = −1 + 2

3

20κ2ϕ4 + 3κ4ϕ8

(4 + κ2ϕ4)2 . (4.7)

Since both definitions for the equation of state show that our
dynamical dark energy model does not cross the phantom
divide, we do not expect quantum instabilities even though
the kinetic energy is negative; cf. Eq. (3.8). Note that in a
finite cosmic time, ϕ will never become 0, therefore, neither
the Hubble parameter nor its time derivative diverge at a
finite cosmic time, hence this model is free from the big
rip singularity [15,18–21]. Indeed, the universe would be
asymptotically de Sitter in this model.

We can expand Eqs. (4.1) and (4.3) around ϕ = 0 to the
first few orders to see its qualitative behavior,

H =
√

κV0

2
√

3

(
1 + 5

4
κ2ϕ4 + O(ϕ8)

)
, (4.8)

ϕ̇

ϕ
= −

√
κV0

2
√

3

(
1 − 3

40
κ2ϕ4 + O(ϕ8)

)
. (4.9)

123
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Solving these differential equations to first order, we obtain

a(t) = a0 exp

(√
κV0

2
√

3
t

)
, (4.10)

ϕ(t) = ϕ0 exp

(
−

√
κV0

2
√

3
t

)
. (4.11)

We see that as time goes to infinity, ϕ(t) exponentially
decays, so do the torsion functions h and f ; cf. Eqs. (3.24)
and (3.25). It is not surprising because as the spin sources
dilutes the torsion will vanish accordingly [6].

We next consider the existence of some kind of cold
dark matter given by a perfect fluid of a spin-0 parti-
cle with the energy-momentum tensor given by σ(m)

μ
ν =

diag(ρm, 0, 0, 0), where ρm is its energy density. Since it has
spin 0, it has no extra contribution to the torsion by the Cartan
equation, Eq. (2.5), it only has an additive contribution to the
total energy-momentum tensor, σ̂i j in Eq. (2.9), that is

σ̂i j = σ
(m)
i j + σ̃

(de)
i j + κui j , (4.12)

where σ̃ (de) is the metric energy-momentum tensor of the
ghost dark spinor defined in Eq. (2.8). Then Eqs. (4.1) and
(4.3), are modified as

H2 = κV0

12
(1 + β)

(4 + κ2ϕ4)2

4 − 3κ2ϕ4 , (4.13)

ϕ̇

ϕ
= −

√
κV0

4
√

3

1√
1 + β

20 + 3κ2ϕ4

20 − 3κ2ϕ4

√
4 − 3κ2ϕ4

− 1

4

(4 + κ2ϕ4)(4 − 3κ2ϕ4)

20κ2ϕ4 − 3κ4ϕ8

β̇

1 + β
, (4.14)

where β ≡ ρm
V0

while Eq. (4.2) remain unchanged. We define
the total equation of state of the universe by using again
σ̂ i

j = diag(ρtot,−ptot,−ptot,−ptot), which gives

wtot ≡ ptot

ρtot
= −1 + 2

3

20κ2ϕ4 + 3κ4ϕ8

(4 + κ2ϕ4)2 (1 + β)−1. (4.15)

The conservation of the energy-momentum tensor∇iσ
(m)i

j =
0 reads

β̇

β
= −3

(
ȧ

a

)
. (4.16)

Substituting ȧ
a using Eq. (4.12) into Eq. (4.16), we get

β̇ = −
√

3κV0

2

4 + κ2ϕ4√
4 − 3κ2ϕ4

β
√

β + 1. (4.17)

To see the stability of the late-time behavior, we analyze the
autonomous (ϕ, β) system, which is

ϕ̇ = −
√

κV0

4
√

3

ϕ
√

4 − 3κ2ϕ4
√

1 + β

20 + 3κ2ϕ4

20 − 3κ2ϕ4

+
√

3κV0

8

ϕ(4 + κ2ϕ4)2
√

4 − 3κ2ϕ4

20κ2ϕ4 − 3κ4ϕ8

β√
1 + β

, (4.18)

β̇ = −
√

3κV0

2

4 + κ2ϕ4√
4 − 3κ2ϕ4

β
√

β + 1. (4.19)

The only fixed point is (ϕ0, β0) = (0, 0). We linearize the
system around the fixed point, by expanding (ϕ, β) = (ϕ0 +
δϕ, β0 + δβ), and we obtain

(
δϕ̇

δβ̇

)
=

√
κV0

2
√

3

(−1 0
0 −6

)(
δϕ

δβ

)
. (4.20)

The linearized system is automatically diagonal, one can
easily read off its eigenvalues, both are real and negative.
Therefore, (ϕ, β) = (0, 0) is an attractive fixed point, and
this would give us wtot → −1 in the future. As the uni-
verse expands, the torsion will vanish. When both ϕ and β

are small, the Hubble parameter will be nearly constant, the
scale factor a(t) grows exponentially, which means the uni-
verse will again enter a de Sitter phase.

The numerical evolution of the equation of state, wtot(z),
and the Hubble parameter H(z) of the universe with redshift
z ≡ −1 + a0

a are shown in Figs. 2 and 3, respectively, where
a0 stands for the present value of the scale factor.

Note that, for σ̃ (de)i
j = diag(ρde,−pde,−pde,−pde),

the conservation equation, ∇i (σ̃
(de)i

j + κui j ) = 0, can be
interpreted as the continuity equation of the energy density of
the ELKO spinor with a source term, ρ̇de +3H(ρde + pde) =

1.0 0.5 0.5 1.0
z

1.000

0.999

0.998

0.997

0.996

wtot z

Fig. 2 wtot(z) defined in Eq. (5.14) from z = 1 to z = −1 with
ϕ(1) = 0.1, β(1) = 0.01, κ = 1, and �m0 ≈ 0.3
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1.0 0.5 0.5 1.0
z

0.5775

0.5780

0.5785

0.5790

0.5795

0.5800

H z

Fig. 3 H(z) given in Eq. (5.12) from z = 1 to z = −1 with ϕ(1) = 0.1,

β(1) = 0.01, and κ = 1. The asymptotic line is H(z) =
√

3
3 ≈ 0.577,

and �m0 ≈ 0.3

Q where Q > 0 means energy is transferred from torsion to
ghost dark spin, and Q = 0 means no interaction between
torsion and the spin field.

We can as well define an equation of state for dark energy
again as wde ≡ pde

ρde
, then3

wde = −1 + 2κ2ϕ4(1 + β)

3(4 − 3κ2ϕ4) + 6κ2ϕ4(1 + β)
. (4.21)

We can as well define an effective equation of state for dark
energy weff

de ≡ pde
ρde

− Q
3Hρde

, then

weff
de = −1 + 2βκ2ϕ4

4 − (1 − 2β)κ2ϕ4

+ 8

3

(6 − 3β)κ4ϕ8 + (40 − 24β)κ2ϕ4 + 48

(4 + κ2ϕ4)(4 − (1 − 2β)κ2ϕ4)(20 − 3κ2ϕ4)
.

(4.22)

The term, Q, is equally present when β = 0; i.e. in the
absence of dark matter. The numerical evolution of wde and
weff

de with redshift z are given in Figs. 4, and 5. Note that at
early time, weff

de < wde, which means Q > 0, thus energy is
transferred from torsion to the ELKO fields, and at late time,
weff

de ≈ wde, which means Q ≈ 0 as is expected since the
torsion will eventually vanish.

3 Please note that Eq. (4.21) is different from Eq. (4.6). The reason is
that by adding cold dark matter into the model, we modify the spin
connection (cf. Eqs. (3.16) and (3.17)), therefore we modify the spin
energy-momentum tensor in Eq. (3.9).

1.0 0.5 0.5 1.0
z

1.000

0.999

0.998

0.997

0.996

wde z

Fig. 4 wde(z) given in Eq. (5.20) from z = 1 to z = −1 with
ϕ(1) = 0.1, β(1) = 0.01, κ = 1, and �m0 ≈ 0.3

1.0 0.5 0.5 1.0
z

1.004

1.002

1.000

0.998

0.996

weff de z

Fig. 5 weff
de (z) given in Eq. (5.21) from z = 1 to z = −1 with ϕ(1) =

0.1, β(1) = 0.01, κ = 1, and �m0 ≈ 0.3

5 Conclusion and discussion

In this paper, we consider Einstein–Cartan theory, which is
the simplest generalization of ordinary general relativity that
incorporates torsion fields as the antisymmetric part of the
affine connection. In such a theory, there are two field equa-
tions, one is like the traditional Einstein equation and the
other one is an algebraic relation between the torsion fields
and the spin fields of the matter sources. We introduce a new
kind of spin 1/2 particle called dark spinor which is the eigen-
spinor of the charge conjugation operator, and which is dif-
ferent from the Majorana spinor due to the double-helicity
structure [4]. The equation of motion for such a spinor is
the Klein–Gordon equation rather than the Dirac equation.
Then we propose a dark energy model with a negative kinetic
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energy constructed from such a dark spinor which interacts
with the torsion fields in a FLRW universe.

Although the kinetic energy is negative, the equations
of state wde and wtot do not cross the phantom divide and
approach −1 asymptotically, satisfying the weak energy con-
dition, hence we expect the model to be stable at the quantum
level. No big rip singularity will occur at a finite cosmic time
in this setup. Torsion will vanish at late time, and the Hubble
parameter will approach a constant asymptotically. Further-
more, we consider the existence of some cold dark matter,
which is assumed to be a pressureless scalar particle with-
out contribution to the torsion fields. In this two-component
system, we find that there is a unique attractive fixed point,
which is simply (ϕ, β) = (0, 0), and all of the equations of
state wtot, wde, and weff

de will converge to −1 from above no
matter what the initial condition is. Therefore, the universe
will eventually enter a de Sitter phase at late time with or
without dark matter.

On this work, we assumed a constant potential in Eq. (4.8)
as it is the simplest way to fulfil the requirement of homo-
geneity and isotropy. Therefore, we did not consider the
spinor mass, even though evolving potentials can be con-
sidered and we will leave it for subsequent work [60]. This
model could equally help to solve the coincidence problem
as, in principle, dark matter would have spin which would
interact with torsion, which itself would interact with the
spinor which plays the role of dark energy. Here also we
leave this issue for future work [60].

The main difference between our work and Ref. [6] is pre-
cisely the sign of the kinetic term of the spinor. In addition,
the authors of Ref. [6] identified a matter coupling source
whose spin–angular momentum is compatible with a homo-
geneous and isotropic spacetime and in particular they found
very interesting inflationary solutions of de Sitter type, i.e.
they applied their model to physics of the early universe,
unlike us; we were more interested in late-time cosmology
and in potential ways of removing dark energy singularities.
In addition, as shown in Fig. 5, our theory exhibits “safe”
phantom-like behaviors; i.e. we obtain a phantom-like behav-
ior in the absence of a dark energy singularity.
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