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ABSTRACT: The discussion on mathematical explanation has inherited the same sense of dissatisfaction that philoso-
phers of science expressed, in the context of scientific explanation, towards the deductive-nomological model.
This model is regarded as unable to cover cases of bona fide mathematical explanations and, furthermore,
it is largely ignored in the relevant literature. Surprisingly, the reasons for this ostracism are not sufficiently
manifest. In this paper I explore a possible extension of the model to the case of mathematical explanations
and I claim that there are at least two reasons to judge the deductive-nomological picture of explanation as
inadequate in that context.
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RESUMEN: El debate sobre la explicacién matematica ha heredado el mismo sentimiento de insatisfacciéon que los
filésofos de la ciencia expresaron, en el contexto de la explicacion cientifica, hacia el modelo nomolégico
deductivo. Este modelo se considera incapaz de cubrir casos de explicaciones matematicas genuinas y, ademas,
continua siendo ignorado en gran medida en la literatura relevante. Sorprendentemente, las razones de este
ostracismo no son suficientemente manifiestas. En este articulo exploro una posible extension del modelo al
caso de las explicaciones matematicas y sostengo que hay por lo menos dos razones para juzgar la imagen
nomolégico deductiva de la explicacién como inadecuada en este contexto.

Palabras clave: modelo nomolégico deductivo, Hempel, explicacion matematica, explicacion cientifica.

1. Introduction: an Unsatisfactory Peacefulness

The expression ‘mathematical explanation’ is generally used to indicate two distinct
classes, or senses, of explanation: mathematical explanations in empirical sciences (MES)
and mathematical explanations in mathematics (MEM). In both these explanations math-
ematics is regarded as playing an essential role in the explanation provided, i.e. mathe-
matics unveils the reason why a particular state of affairs is true, although MES and MEM
denote different things: the former are explanations in empirical sciences that make use
of mathematics, whereas MEM refer to explanatory practices that take place within the

" An earlier version of this paper was presented at the CSHPS annual conference (Wilfrid Laurier Uni-
versity and University of Waterloo, May 2012.) and at the 4th conference of the SPS (University of
Quebec in Montreal, June 2012). I’d like to thank the audience at those meetings for comments and
feedback that have substantially improved this paper. I am also grateful to two anonymous referees
for their valuable comments. This work was supported by a Fernand Braudel-IFER Outgoing Fellow-
ship from the Fondation Maison des Sciences de ’THomme (FMSH, Paris) and the European Union
(Action Marie Curie COFUND 7th PCRD).
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realm of mathematics itself. The existence of mathematical explanations, both in the
sense of MES and of MEM, is now largely recognized in the literature (Mancosu 2011).
There is no consensus, however, on how they work and whether they can be captured
through a model. A possible strategy in the investigation of these explanations has been
to assess a model of scientific explanation, such as Kitcher’s unification model or Van
Fraassen’s pragmatic account, on a case of mathematical explanation (MES or MEM)
which has been recognized as genuinely explanatory by the scientists in their practice.
This is, for instance, the strategy chosen by Johannes Hafner and Paolo Mancosu in their
studies on mathematical explanation (Hafner and Mancosu 2005, 2008). Similarly, David
Sandborg tested Van Fraassen’s model of explanation on a case recognized by the math-
ematician George Polya as a genuine example of MEM (Sandborg 1998). Besides pro-
viding philosophers with new insights into the mechanisms which would regulate MES
and MEM, carrying out the analysis of mathematical explanation in this ‘practice-driven’
fashion also reveals the efficacy or the limitations of theories of scientific explanation
and hence has been regarded as philosophically fruitful (Tappenden 2005).

Various traditional models of scientific explanation have been assessed in the con-
text of mathematical explanation. It is therefore natural to ask what is the result of such
an assessment in the case of the well-known deductive-nomological (D-N) model of sci-
entific explanation. Now, whether we examine the contemporary studies on explanation
and we turn our attention to the way in which the D-N model is discussed in con-
nection with mathematical explanation, we find the following setting: the philosophical
discussion about mathematical explanation has inherited the sense of dissatisfaction that
philosophers of science expressed, in the context of scientific explanation, towards the
D-N model. With only the exception of a few papers, in fact, the —exponentially growing
up— literature on mathematical explanation either rules out the possibility to use such a
model for cases of MES and MEM, or simply ignores it, thus contributing to sanction its
inefficacy. Even when the D-N model is mentioned in a paper on mathematical explana-
tion, and therefore some attention is devoted to it, the author soon dismisses it as a good
model to cover mathematical explanations. The consequence of this attitude is that any
potential amendment to the model is cast aside from the beginning, Nevertheless, the
reasons for this profound skepticism are not clear enough and they remain rather unex-
plored. As it was said above, other models of scientific explanation have been thought to
extend to mathematical explanation and they have been subjected to an accurate analy-
sis. These assessments have pointed to some problems of the models and therefore they
disclosed the reasons why these models (or their extensions) are not good candidate to
cover mathematical explanation in the classes MES and MEM. More importantly, they
have led to progress in the philosophical analysis of scientific and mathematical expla-
nation. On the other hand, there is no trace of such an evaluation for the case of the
D-N model in the context of mathematical explanation. Why is such a a classical theory
of explanation in trouble when faced with a case of mathematical explanation? Surpris-
ingly, although philosophers manifest a negative attitude towards the use of the model
in the context of mathematical explanation, the literature has remained rather silent in
this regard.

One reason for this philosophical peacefulness may be that there is an extraordinar-

Theoria 80 (2014): 223-241



Deductive Nomological Model and Mathematics: Making Dissatisfaction more Satisfactory 225

ily obvious reason for it!. But what exactly is such an obvious reason? The D-N model
was introduced as model of scientific explanation by Carl Hempel and Paul Oppenheim
in 1948. As we are going to see in the next section, these authors conceived explanation
as a mere logical deduction (the explanandum is deduced from laws of nature and initial
conditions) whose constituents have to satisfy certain logical and empirical conditions
of adequacy. On this account, it seems therefore meaningless to speak of ‘mathemati-
cal explanation’. And this simply because according to this picture of explanation what
is primary to explanation are laws of nature and initial (empirical) conditions, whereas
mathematics has no explanatory import. Of course, this does not mean that Hempel and
Oppenheim denied that mathematics contributes to explanation. Mathematics helps in
formulating laws of nature, which are the very basic ingredient of the D-N model, and
therefore it has an essential role in explaining scientific facts. However, the D-N model
mirrors the idea that the explanatory power is not conveyed by the mathematics involved,
thus ruling out the possibility of any genuine mathematical explanation. This would be
the obvious reason why the D-N model is banned from the debate on mathematical
explanation. For instance, in comparing the main features of structural explanations (a
particular instance of MES) with those which would fit a D-N explanation, Mauro Do-
rato and Laura Felline write:

However, as already implicitly shown in our former discussion, the D-N model cannot actually
cover the presented case studies: when a phenomenon is explained structurally, the purely mathe-
matical features of the model become essential, while laws of nature and initial conditions might
be necessary but insufficient for the explanation (Dorato and Felline 2011, 172)

The point made here by Dorato and Felline, namely that the D-N model cannot
cover mathematical explanations because these are essentially different from the kind
of (scientific) explanations the D-N model was designed to cover within its structure,
is perfectly reasonable and might well be adduced as the obvious reason why it is not
worth using the D-N model in the context of mathematical explanation. Nevertheless,
whether this is #be reason for the ostracism towards the Hempelian account, it remains
hidden in much of the debate on mathematical explanation. More generally, the inade-
quacy of the D-N model (i.e. inadequacy with respect to mathematical explanations in
the forms MES and MEM) is implicit in a number of significant papers by some of the
participants in the debate, e.g. in the works of Mark Colyvan and Christopher Pincock.
Such inadequacy is indeed an implicit premise of their studies. But whether these authors
consider that the D-N model is not able to capture the cases of mathematical explana-
tion they focus on, they should at least offer (explicitly) the reason(s) why this is so.
These authors do no offer, at least to my knowledge, these reasons. Their works suffer
from this incompleteness, and the present paper is intended to contribute to the debate
on mathematical explanation by providing explicit (and fresh) reasons that substantiate
the inadequacy of the D-N model and complement Dorato and Felline’s considerations.
Besides, and more importantly for my purposes here, to observe that the D-N model is
not able to capture some cases of mathematical explanation does not exclude that it may

! Likewise in a sport magazine it would be superfluous to mention that the football team which won the
last FIFA World Cup was not eliminated in the semi-finals.
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be modified and improved in order to capture genuine cases of MES or MEM. Indeed,
whether a model of scientific explanation is dismissed as good candidate in the case of
mathematical explanation, the reasons for this choice should be made clear in all their
aspects. In such an evaluation, the possibility that a model could be successfully extended
(where ‘success’ is given by the ability the model has to account for mathematical expla-
nations) should be considered as well. This was the case for Kitcher’s unification model
or Van Fraassen’s pragmatic approach, however this is not what happened for the D-N
model. The dissatisfaction with respect to this model, or better towards such a picture
of explanation, remains. But, again, this dissatisfaction has not been sufficiently settled.

The main purpose of this paper is to make this dissatisfaction more explicit and,
consequently, more satisfactory. I will suggest that the D-N model cannot be extended,
at least if we retain the original conception of explanation put forward by Hempel and
Oppenheim, to cover cases of mathematical explanation. And this for two (related) dif-
ficulties that the D-N picture of explanation faces in the context of mathematical expla-
nations in science and in mathematics: (@) it cannot deal with mathematical operations
or procedures which do not come under the form of statements but which are regarded
as playing an explanatory role; () it is not a sufficiently good indicator of the intuitions
coming from scientific practice, thus imposing a picture of explanation which is not au-
thentic (at least if we have faith in the intuitions of our scientists and mathematicians).
In the following section I shall introduce the original model, together with three major
criticisms that have been addressed to it. My aim in this section will be twofold. I shall
provide the reader with a quick review of the account and, second, I shall show that
the same dissatisfaction expressed towards the D-N model in the context of scientific
explanation is present when the model is discussed in connection with mathematical
explanations. Next, I shall consider a possible extension of the D-N account for math-
ematical explanations. My discussion will be based on a paper by Alan Baker (2005), in
which such an idea is sketched (i.e. the idea that the D-N model can extend to mathemat-
ical explanations if properly modified). In section 4 I shall point to the limitations that
the extended version of the D-N model has in the context of mathematical explanation.
The last section of the paper contains my conclusions.

2. D-N model and Dissatisfaction

In their famous essay Studies in the Logic of Explanation (1948), now considered one
of the most influential studies in 20th century philosophy of science, Carl Hempel and
Paul Oppenheim first advanced their D-N model of explanation (also known as covering
law model). On this account, the explanation of a phenomenon is given in terms of a
logical relation between a class of sentences and a singular sentence. A phenomenon is
said to be explained when it is possible to deduce a sentence (the explanandum E), which
describes the phenomenon to be explained, from some sentences (the explanans) which
include initial conditions Cq, ..., Cy and law-like generalizations L1, ..., L. In order for
the proposed explanation to be sound, its constituents have to satisfy certain conditions
of adequacy, which may be divided into logical and empirical conditions (Hempel and
Oppenheim 1948, 137):
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* Logical conditions of adequacy:

R1 The explanandnm must be a logical consequence of the explanans.

R2 The explanans must contain general laws, and these must actually be required

for the derivation of the explanandum and use no accidental generalizations?.

R3 The explanans must have empitical content: that is, it must be capable, at least
in principle, of test by experiment and observation.

* Empirical condition of adequacy:
R4 The sentences constituting the explanans must be true.

As an illustration, consider we are asked why in April 1910 Halley’s comet passed
through its perihelion. We can derive a statement describing the position of the comet in
April 1910 by using as premises Newton laws and some initial conditions (information
about the masses of the Sun and the comet together with the present positions and ve-
locities of each). This is a sound deductive argument in which Newtonian laws figure as
essential premises, and therefore the D-N model considers it as an explanation of why
in April 1910 Halley’s comet came closest to the Sun.

Does the D-N model offer us the ultimate story about explanation in science? Un-
fortunately, it does not. Two classical counterexamples undermine the claim that the
D-N model provides sufficient conditions for successful scientific explanation, while a
third counterexamples attacks the claim that the model provides necessary conditions
for explanation. I assume the reader is familiar with them, however I will shortly recon-
sider them here.

The first counterexample concerns the so called explanatory asymmetries (Bromberger
1966). Explanatory asymmetries appear when we have pairs of deductively valid argu-
ments which rely on the same law(s) but which differ radically in explanatory potential.
The classical example is that of the flagpole and the shadow. If we consider a flagpole and
its shadow, from information about the height of the flagpole, the angle ! it makes with
the Sun plus laws describing the rectilinear propagation of light, we can derive (a sentence
about) the length of the shadow. This amounts to a reasonable explanation of the length
of the shadow and fits Hempel’s D-N model (the four conditions of adequacy Ry, R2, R3
and Ry are satisfied). Nevertheless, equally, the deduction is perfectly legitimate, via the
same laws and the same observation on the angle !, the other way around (we can detive
the height of the tower from the length of the shadow). The problem with this second
derivation, in the context of explanation, is that it seems nonsense to say that the length
of the shadow explains the height of the flagpole. Indeed, it is difficult to regard this as
a genuine explanation of why the flagpole has that particular height. Although the for-
mer derivation corresponds to a reasonable explanation, the latter derivation intuitively
fails to explain its conclusion. However, the D-N model considers as perfectly legitimate
both directions of the explanation, thus lacking resoutces to discriminate the (intuitively)

% The term “laws” must be read as “laws of nature”, as suggested by condition R3.
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good explanation. A second counterexample to sufficiency is given by cases of explana-
tory irrelevances, i.e. situations where the logical derivation can satisfy the D-N criteria but
it should be considered a faulty explanation because it contains irrelevancies other than
those associated with the directional features of explanation. The birth-control pills ex-
ample given by Wesley Salmon exemplifies such situations (Salmon 1971, 34): (L) All
males who take birth control pills regularly fail to be pregnant; (C) Mario Rossi is a
male who has been taking birth control pills regulatly; thus (E) Mario Rossi fails to be
pregnant. Despite the example fulfills the requirements of the D-N model, it would be
manifestly bizarre to consider the sound deductive argument of premises (L) and (C)
as a bona fide explanation of (E).

The previous counterexamples show that if we want to preserve the D-N model we
have to add to nomic expectability, i.e. “expectability on the basis of lawful connections”
(Salmon 1989, 57), some other independent feature in order to account for directional
features of explanation and ensure the explanatory relevance that is missing in the birth-
control pills example. A third counterexample questions the claim that the D-N model
describes necessary conditions for successful explanation. More precisely, it addresses
Hempel’s thesis of structural identity, according to which there exists a logical symmetry
between explanation and prediction (Hempel and Oppenheim 1948, 139). The classical
paresis and syphilis example, put forward by Michael Scriven (1962), is intended to show
that this is not always the case. In short, the problem is that there exist explanations
that have not a D-N structure: the condition cited as explaining X fails to be nomo-
logically sufficient for X and it also fails to make X high probable. The paresis-syphilis
explanation considered by Scriven represents a case where an empirical phenomenon
is explained but the D-N model is not able to exhibit its nomic expectability. In other
words, nomic expectability is not a necessary condition for explanation.

After this short review of the D-N model, together with the main difficulties it faces,
let me consider how the dissatisfaction which comes with the previous counterexamples
is inherited when the D-N model is considered in the context of mathematical expla-
nation. In order to discuss this point, however, I first need to highlight the very basic
source of this dissatisfaction. To put it differently, I want to make clear why the previ-
ous counterexamples are regarded as legitimate to face the D-N model and erode the
Hempelian picture of explanation.

The three counterexamples above are implicitly based on the following intuition:
what is taken to be genuinely explanatory should agree with what is taken to be explana-
tory in science, and more precisely with what is taken to be a bona fide explanation by
the working scientists. The scientists’ claims provide indicators of genuine explanation,
and philosophers of science have to integrate their analysis in light of these claims. For
instance, one deduction in the asymmetry problem is regarded as explanatory in science,
whereas the other is not. In this case, the philosophical analysis of explanation has to
turn to science and interpret philosophically the intuitions of the practicing scientist. A
good account of explanation should be able to reflect these intuitions. And, in fact, this
is the reason why the three examples above represent a problem for the D-N model.
Of course, criticisms of the D-N model and statements about where and when it is ex-
planatory, came from philosophers like Scriven and Bromberger. But the philosophical
analysis put forward by these authors is sensitive to the claims of the practicing scientists
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and is supposed to mirror them. After all, we don’t want our philosophical model to crash
against the intuitions coming from scientific practice (or, even worse, against the intu-
itions coming from our E HcMk). Observe that, contrary to what some philosophers
engaged in the debate on mathematical explanations put forward, I am not suggesting
here that claims from scientific practice should be considered as H Y LB ddrdQitke kekpla-
nation’. Rather, T consider that these claims are L Q G loftIR WeRHdtVhere is a genuine
mathematical explanation. An indicator needs some justification, whereas evidence does
not. In other words, although we want our philosophical notion of mathematical expla-
nation in science to reflect the scientists’ intuitions, we do not want take these intuitions
as genuine (unjustified) evidence for our philosophical work®.

Now, whether we consider mathematical explanations and we examine in what terms
the D-N model is discussed in that context, we find the same sense of dissatisfaction that
philosophers feel towards the model in the case of scientific explanation. When an em-
pirical phenomenon or a mathematical fact is accounted for through mathematics, and
the mathematical machinery is recognized by scientists as yielding explanatory power,
philosophers of science want their model of explanation to recognize this caseasa ER QD

| L &pthnation. This would permit them to mitror the intuitions of scientists and ac-
count for their claims. However, it is simple to see why the D-N model fails to detect as
explanatory such cases of mathematical explanation, thus betraying their expectations.
According to condition Rz, the H[S O B D4 \empirical content. Thus explana-
tions with mathematical H [ S O DafQ InQi¥tcdDy ruled out as genuine explanations
by the D-N model. But, once again, to accept that would be quite unfavorable from
a philosophical standpoint. Indeed, it would force us to deny that we are confronted
with a genuine explanation and that mathematics plays an explanatory role — regardless
whether the case is taken to be a genuine explanation by working scientists and math-
ematics is considered to play an explanatory role. This is the criticism that lies behind
Dorato and Felline’s observation (reported in the previous section). And, although in
a different flavour, this is the criticism put forward by Robert Batterman in his book
7KH '"HYLO L QoW)KAtcoHIME DolBaxt¢rman, the D-N model is not able to
account for a particular kind of MES that he calls “asymptotic explanation” and whose
existence is acknowledged by scientists in their practice®. In addition, Batterman notes
that there is also a second argument against the possibility of using the D-N schema to
cover cases of asymptotic explanations. His second observation concerns the use of ide-
alization in the explanation involved. According to Hempel and Oppenheim, an adequate

3 In the next section I will show how Alan Baker adopts this standpoint, i.e. he considers that scientists’
judgements about explanatory value need to be taken at face value and provide such evidence.

* Similarly, Juha Saatsi observes that although philosophy of science should be sensitive to what scientists
say about explanation, pronouncements and judgements from the practice of scientists do not provide
any evidence for genuine explanation (Saatsi 2011, 153).

> In footnote number 34 of his paper “Whose Devil? Which Details?” (2005), Gordon Belot suggests that
there is no genuine fundamental distinction between the type of MES highlighted by Batterman, i.e.
asymptotic explanation, and a classical D-N type explanation. In his reply to Belot, Batterman shows
how asymptotic explanations cannot be given under the form of D-N derivations, and this because
the nature of this class of MES is really different from that of the standard D-N type explanations
(Batterman 2005).
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' 1H[SODQDWLRQPXVWPHHW WKH THP SL UL FDKCHRRHBA WQ RIQ\R |
FRQVWLWYSQRAIWKEH WUXH +HQFH DQ\H[SODQDWLRQ DSSHLE
LFDO LGHDOL]DWLRQV DQG LGHDOL]JHG VWUXFWXUHV ZKLFK I
JRRG FDQGLGDWH IRUWKH' 1 ORJLFDO PDFKLQHU\ %DWWHUP
PDWKHPDWLFDO H[SODQDWLRQVDUHUXOHGRXWDFFRUGLQJ
FRQGLWLRQV RIDGHTXDF\

,Q VKRUW WR DFFHSW WKH' 1PRGHOLQ WKHRULJLQDO IRU
LQJWKDW PDWKHPDWLFDO H[SODQDWLRQV 0(6 DQG 0(0 H[LV\
IURP VFLHQWLILF SUDFWLFH VHHP WR VXJJHVW WKDW WKLV L\
IRUWKHVHLQWXLWLRQVWKURXJKVRPHFRQFHSWXDOIUDPHZ
VXSSRVHG WR GR RUDW OHDVW RQHRILWV PDLQ WDVNV 7KHU
VWLOO ZDQW DQVZHUHG DQG WKDW KDV QRW EHHQ DGGUHVVH
LPSOHPHQWDWLRQ RIWKH' 1 PRGHO LQ WKH FRQWH[W RI PDW
IROORZLQJVHFWLRQ , VKDOO WXUQ WR WKLV LVVXH

(IWHQGLQJWKH"'" 1 PRGHO WRODWKHPDWLFDO ([SODQDWLR

7KHILQDO FRQVLGHUDWLRQV RIWKH SUHYLRXV VHFWLRQ VXJ.
PRGHO DQG WKHERQIPINVE®ARMRWLFDO H[SODQDWLRQV DUH PXW
7KHUH UHPDLQV KRZHYHU WKH SRVVLELOLW\WKDW WKH ' 10O
FRXQW IRUPDWKHPDWLFDO H[SODQDWLRQV ,Q WKLV VHFWLR
,QKLVSDSHU J1$UHWKHUHJHQXLQHPDWKHPDWLFDOH[SOD
$0DQ %DNHU SUHVHQWYV D FDVHRIO0(6 IURPHYROXWLRQD
ORJLFDO SKHQRPHQRQ FRQFHUQV S\KH. A GIIHF B\F RIHFRIGEDQ L QVH
WKLV SKHQRPHQRQ FDXJKW WKH DWWHQWLRQ RI SKLORVRSKF
LQ WKH IDFW WKDW WKUHH V $HR L IFWHFIEHD AIKGDVR IP\M KKHD XN @ B D
OLIH F\FOHV RU \HDUV ZKLFK DUH SULPH QXPEHUV $0OW
OLIH F\FOH FRXOG EH H[SODLQHG E\UHIHUULQJWR HFRORJLFI
FLFDGD OLIH F\FOH DQG SUHVHQFH Rl WZR VHSDUDWH OLIH F
VSHFLHV LQ GLIIHUHQW UHJLRQV DQG HYROXWLRQDU\ELROR
HPHUJHQFHRIDGXOW FLFDGDV WKH SULPH QXPEHUHG \HDU
RXVDQGLVLQ QHHG RI H[SODQDWLRQ :HZDQW DQ DQVZHU WH
DUHWKH OLIH SHULRGV RI WKH FLFDGD SULPH"
1RZ DV %DNHU SRLQWV RXW WZR H[SODQDWLRQV EDVHG RC
SHULRGV KDYHEHHQ RIIHUHG RQHEDVHGRQDYRLGLQJSUHGE
DQFH RI K\EULGL]DWLRQ ZLWK RWKHU VSHFLHV 7KH IRUPHU L
WKH SDUWLFXODU OLIH SHULRGV RIFLFDGDV DYRLG RYHUODS
LFDO RUJDQLVPV DQG DUH WKHUHIRUH EHQHILFLDO ZKHWKHU
7KH ODWWHULVEDVHGRQWKHREVHUYDWLRQ WKDW WKHVH Ol
VXEVSHFLHV DQG DUHWKHUHIRUHEHQHILFLDO VLQFH PDWLQ
RIIVSULQJ WKDW ZRXOG QRW EH FRRUGLQDWHG ZLWK HLWKHU
FRQVLGHU WKHQ WKDW WKH SDUWLFXODU OLOMBHWEALRGY DQ
RORZMUH SHULRGV RIRWKHU SHULRGLFDO RUJDQLVPV :LWKF
QLFDOLWLHV RIWKHDUJXPHQW %DNHU-VREVHUYDWLRQ LV W|
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'"HGXFWLYH 1RPRORJLFDOORGHODQG ODWKHPDWLFV ODNLQJ'LVVDWLVIDFWI

E\D QXPEHU WKHRUHWLF UHVXOW fSULPH SHULRGV PLQLPL]F
SULPH SH®WRR\GKWWKH HI[SODQDWLRQV XVH WKLV UHVXOW DV DQ
WKHH[SODQDWLRQ IRUZK\LVDGYDQWDJHRXV IRU WKHFLFDG
7TKHQXPEHU WKHRUHWLF UHVXOW LV WKHUHIRUHHVVHQWLDO
QDWLRQ ZKLFKPDNHVDOVR XVHRIVSHFLILFHFRORJLFDOIDF
DQVZHUV WKH SDUWLFXODU TXHVWLRQ T:K\DUH SULPH SHULR
7KHVWUXFWXUHRIWKHH[SODQDWLRQLVJLYHQ E\WKHIROOR

%LRORJLFDOODZ +DYLQJDOLIHF\FOHSHULRG ZKLFKPLQLPL]H®
ORZHU SHULRGVLVHYROXWLRQDULO\DGYDQWDJHRXYV

I1XPEHUWKHRUHWLFWKHRUHP SULPHSHULRGVPLQLPL]JHLQWH
SHULRGYV

JURP DQG ZH KDYH

OL[HGELRORJLFDO PDWKHPDWLFDOODZ +HQFHRUJDQLVPV ZL
WRHYROYH SHULRGVY WKDW DUH SULPH

&RPELQLQIJWKH SUHYLRXV UHVXOW ZLWKWKHIROORZLQJ

(FRORJLFDO FRQVWUDLQW &LFDGDV LQ HFRVA\VWHP W\SH ( DU
WR SHULRGV IURP WR \HDUYV

ZHREWDLQ WKH SUHGLFWLRQ
+HQFH FLFDGDVLQ HFRV\VWHP W\SH ( DUHOLNHO\WRHYROYH

$FFRUGLQJ WR %DNHU WKH IDFW WKDW VRPH ELRORJLVWYV
DERYH ZKLFKUHOLHV RQWKHQXPEHU WKHRUHWLF UHVXOW
WKH DSSOLFDWLRQ RI PDWKHPDWREZW YIHFHO GARH] B BR ROWHR WK
VFLHQWLVWY FRQVLGHU WKLY DV D FDVHRIJHQXLQH PDWKHP
HQRXJK _WUHPDLQVWKHGLIILFXOWSUREOHPRIGHWHUPLQLC
WKLV H[SODQDWRU\ SRZHU FRPHV IURP QDPHO\ WR DFFRXQW
PDWKHPDWLFV 7KLV LVVXHLVUDLVHG E\%DNHULQ VHFWLRQ
HIDPSOHD JHQXLQHO\PDWKHPDWLFDO H[SODQDWLRQ"--

,Q WKH WKLUG SDUW RI KLV SDSHU %DNHU FRQVLGHUV DV S
HIDPSOH RI 0(6 WKUHH DFFRXQWYVY RI VFLHQWLILF H[SODQDWL
PRGHO DQG 9DQ )UDDVVHQ:-V SUDJPDWLF PRGHO 7KH FDXVDO
SRVVLEOHDFFRXQWIRUO(6 EHFDXVHRILWV LQFRPSDWLELOL!

7KHQXPEHU WKHRUHWLF UHVXOW LV DFWXDOO\D FRQVHTXHQFHRIWZR O
7KHVDPHDUJXPHQW KROGV IRUFLFDGDV KDYLQJD OLIH F\FOHSHULRG RI
FDVHWKHHFRORJLFDO FRQVWUDLQW ZLOOEHGLIIHUHQW
7KLV FODLP LV PDGH PRUH H[SOLFLW LQ %DNHU 197KH ZD\ELRORJLV
FDVHVXJJHVWV WKDW WKH\GR WDNH WKH PDWKHPDWLFV WREHH[SODQD
OHloM e 'RUDGRSWLQJ WKLV VDPH SRLQW RIYLHZ-- %DNHU
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H[SODQRQYMWXKYM RWKHU KDQG %DNHU FODLPV WKDW WKH ' 1 DF
DFFRXQW JTERWK VXSSRUW WKH FODLP WKDW WKH FLFDGD FD\
H[SODQDWRU\DSSOLFDWLRQRIPDWKHPDWLFVWRVFLHQFH:--
QRW IXUWKHU VXEVWDQWLDWH WKLV FODLP , WDNH LW DV VW
WHQVLRQ RIWKH' 1 PRGHO WR PDWKHPDWLFDO H[SODQDWLRC

$W WKLV SRLQW WKH UHDGHU PLJKW EH VXUSULVHG WR UH
ELOLWDWH IRUD FDVHRI PDWKHPDWLFDO H[SODQDWLRQ D F
ZDV DGGUHVVHG WR H[SODQDWLRQV DQG SUHGLFWLRQV WDN
IURREVHUYWDWRIEBQWY 2XU VWXSHIDFWLRQ KRZHYHU GRH\
PRYH PLJKW EH IUXLWIXO WKDW LW PLJKW UHLQIRUFH SUHYL
WLYH UHSHUFXVVLRQV RQ WKH VWXG\ RI PDWKHPDWLFDO H[S
WKDW WKLV PRYH KDV QRW\HW EHHQ PDGH $GGLWLRQDOO\ L\
SUREOHPV ZLWK WKH ' 1 PRGHO GR QRW REYLRXVO\ DSSO\ WR
GHHG PDQ\RIWKHSUREOHPV ZLWK WKH' 1 PRGHO IRU VFLHQV
FDXVDOLW\DQG SUREDELOLILFDWLRQ ZKLFKDUH QRW VR UH(
HVSHFLDOO\ WKRVH ZLWKLQ PDWKHPDW BB\ P HOBFWKHUHIRU
EHWWHU FKDQFH RI ZRUNLQJ ZLWK PDWKHPDWLFDO H[SODQDW

,QZKDW VHQVHLVLWSRVVLEOHIRUWKH' 1PRGHO WR FRYHU
UHPDUNV WKDW WKH VWHSV H[SODQDWLRQ VFKHPD DERYH K
WLDO OD\RXW SURSRVHG E\WKH' 1 PRGHO +RZHYHU SUHPLVFH
LOQWHUVHEWLRQ:- UHIHUVWR D PDWKHPDWLFDO WKHRUHP ZK
DQG GRHVY QRW UHSUHVHQW D ODZ RbL @I X H PARKX Y VIHRODW L
%DNHULV FRQVFLRXV RIWKLVY SUREOHP ZLWK WKH ' 1 UHTXLUF

%XW GRHVY WKH GHGXFWLYH QRPRORJLFDO PRGHO KDYH WKH UHVRXUI
QRQ H[S OPRMIS/RRBVIWMWH[SODQDWLRQV" 2QH SRLQW LQ WKH SODWRQL\
SXUHO\ PDWKHPDWLFDO SUHPLVH RI WKH FLFDGD LQIHUHQFH LV LQ
FDVH D WKHRUHP RI QXPEHU WKHRU\ $ EURDGHQLQJ RI WKH FDWHJRU
PDWKHPDWLFDO WKHRUHPVY DQG SULQFLSOHV ZKLFK VKDUHFRPPRQO
DQG QHFHVVLW\ ZRXOG FRXQW WKH PDWKHPDWLFDO WKHRUHP DV H
WKHELRORJLFDO ODZ %DNHU

,QWKLV SDVVDJHKHVXJIJHVWV WKDW LQRUGHUWRVXFFHV\
WKH' 1 PRGHO ZRX0OG QHHG DQ H[WHQVLRQ EDVHG RQ WKH JTE
ODZV RI QDWXUH WR LQFOXGH PDWKHPDWLFDO WKHRUHPV DQ
QRW SXVK IXUWKHU WKLV LGHD LI ZHRRW®BRRKILV VXD OHVIW L R Q
PRGHO ZRXOG DVVXPH WKH IROORZLQJ IRUP

R, 7TKH[SOPAUQ@WRQWDLQ JHQHUDO ODZV ZKLFK LQFOXGH P|
DQG WKHVHPXVW DEFWXDOO\ EH UH[SOLGBIBXAKH GHULY

JXUWKHUPRUH DOVR WKH OR3gVKRA 6B EG LPMRIRQLRH® GG RX F
IRUWKHPRGHO WRDGPLW PDWKHPDWLFDO HISODQDWLRQV

ODWKHPDWLFDO REMHFWV DUHDFDXVDO &DXVDO PRGHOV PLVV 0(6 VLPSO
WKH QDWXUDO VFLHQFHV DV HVVVHQWLDOO\FDXVDO DQG WKHUHIRUH W
PDWLFDO H[SODQDWLRQYV
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R3' The explanans must have empirical or mathematical content.

What about conditions Ry and R4? When we come to the empirical condition of
adequacy Ry, it might be thought that this condition should be left out in the case in
which the explanans contains mathematical statements. Observe, however, that it poses
no problem once we adopt a view on truth-values of mathematical statements that ap-
peals to the standards of mathematics itself. If we adopt such a point of view, known as
mathematical naturalism (Maddy 1997), to defend the truth of a mathematical claim we do
not need to appeal to standards outside of mathematics. Rather, we assume that mathe-
matics provide their own s#7 generis standards of justification, in the same way that physics
does. On this account, the singular sentence ‘Mt. Everest is snowcapped’ is as true as
the mathematical statement 7 +5 = 12°. Of course, to preserve Rg with the name of
‘empirical condition of adequacy’ would be misleading in the context of our extension
to mathematical explanations. This is why I will refer to this condition simply as Rg*
(‘The explanans must be true’). Finally, let’s leave Ry unchanged and, for convenience
sake, name it Ry* (“The explanandum must be a logical consequence of the explanans’).

Let’s baptize D-N*, or D-N Extended, the resulting account of explanation, whose
criteria of explanation are fixed by conditions Rq* ... Rg*. On the D-N* account, a phe-
nomenon or a mathematical fact is said to be explained when it is possible to deduce a
statement (the explanandum E*) from some statements (the explanans) according to the
conditions of adequacy R1* ... Rg*. Of course, with respect to the D-N model, here the
explanandum can be a statement describing an empirical phenomenon or a mathematical
statement such as, for instance,  For every real X > 0 and every integer N > O there is
one and only one positive real Y such that y" = X . The two situations correspond to a
case of MES and MEM, respectively.

The important aspect of this extension is that, although some amendments have
been introduced to cover mathematical explanations, the original and fundamental in-
tuition behind the D-N model has been preserved: to have a genuine explanation is to
have a sound deductive argument that makes use of at least one lawful connection. As
specified by Ro*, the law-like generalizations considered here include mathematical the-
orems.

Finally, it might be noted that the advocates of the original D-N model referred to
types of explanation where it is possible to trace a causal history from the sentences
C1,Cy, ..., Ck to a singular event by empirical regularities L1, Lo, ...,L; (Hempel and
Oppenheim 1948, 139). Of course, to adopt conditions R1* ... R4* is to abandon the
idea that an explanation must provide such a causal linkage. Otherwise, no mathematical
explanation would be allowed.

In this section I pursued further Alan Baker’s suggestion and I showed how the D-N
model could be modified to handle mathematical explanations inside its structure. This
extension, which I called D-N*, has not been explored yet. To extend the basic intu-
ition of the deductive-nomological model has required some changes to the criteria for
sound explanation, however it has preserved the basic intuition of the original account
proposed by Hempel and Oppenheim. This is why I consider the D-N* model as an
extension of the preexistent D-N model, and not a new account of explanation. In the
following section I shall offer two examples (of MES and MEM, respectively) that are
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LQWHQGHG WR VKRZ WKDW DQG ZK\ WKH' 1 DFFRXQW ODFNV
IRUPDWKHPDWLFDO H[SODQDWLRQV ZLWKLQ LWV GHGXFWLYF
ZLOOVHUYHDVDUHLQIRUFHPHQW RI WKH GLVVDWLVIDFWLRQ

:KDW-V WKH ODWWHU"

W LVQRZWLPHWRFKHFNWKHHIITHFWLYHQHVV RIWKH' 1 PRC
UHFRJQEJRIGDPR\EKHPDWLFDO H[SODQDWLRQV ,Q WKLV VHFW!I
H[DPSOHV RI PDWKHPDWLFDO H[SODQDWLRQ RQHIRUO0(6 DQG
,DP JRLQJWR VKRZ LV WKDW D TXLEN DVVHVVPHQW RI WKH ' 1
KLIJKOLJKWV WZR UHODWHG GLIILFXOWLHV WKDW WKH +HPSH
WKH FRQWH[W RI PDWKHPDWLFDO H[SOD@DMWWLRRYQRW FLHQF!I
GHDO ZLWK PDWKHPDWLFDO RSHUDWLRQV RUSURFHGXUHV W
VWDWHPHQWY EXW ZKLFK DUH UHJDUWGH® DV ©8DADQIXDIQ H[SC
FLHQWO\JRRG LQGLFDWRURIWKHLQWXLWLRQV FRPLQJIURP
SLEWXUH RI H{SODQDWLRQ WKDW LV QRW DXWKHQWLF 7KHVH
SUREOHPV WKH'1 PRGHO GRHV QRW SURYLGH QHFHVVDU\FR
SODQDWLRQ L H WKHUH DU E K Q BPHIMWEKHFXVWLLAD O HI[S3 06 DG W \
EXWZKLFKGR QRW TXDOLI\DVH[SODQDWLRQVDFFRUGLQJWR
GRHV QRW SURYLGH VXIILFLHQW FRQGLWLRQV IRUPDWKHPDW
RIVWDWHPHQWY WKDW TXDOLI\DV H[SODQDWLRQV DFFRUGLQ
GR QRW QRUPDOO\WKLQNRIWKHP DV H[SODQDWRU\
JLUVWRIDOO ZKDWDERXW %DNHU:VFDVHRIFLFDGDV",V W}
WKLV FERQ PVLBBKHPDWLFDO H[SODQDWLRQ" ,Q FDVHV RI0(6 VX
WHKHSODQDGIGWKH VHQWHQFH WKDW GHVFULEHV WKH SKHQRP
ORJLFDO FRQVHTX®GIQIBBIVRY WKMWHS DUJXPHQW DERYH VKRZV
ULRQIV VDWLVILHG ,Q DGGLWLRQ LW 5V DWQUGRSUKW IRUZDU G
IXOILOOHG WRR WKXV PDNLQJSRVVLEOHIRURBK®D 1 WRFRQV
ILBBBWKHPDWLFDO H[SODQDWLRQ $IWHUDOO ZHKDYHEXLOW
PRGHO XSRQ %DNHU-V FRQVLGHUDWLRQV FRQFHUQLQJ WKDW
OHVV QRWDOOO(6 H[KLELW WKHVWUXFWXUHRIWKHFLFDGD F
UHFRJQL]JHG DV VXFKLQVFLHQWLILFSUDFWLFHDQGLQ ZKLFK \
H[SODQDWLRQ GRHVY QRW FRPHLQ WKH IRUP RI D WKHRUHP L |
UHTXLYUHG)RWBLQVWDQFH LQWKHLU SDSHU JY7KH ([SODQDWRL
$LGDQ/\RQDQG ODUN &RO\YDQFRQVLGHUVXFKDQH[DPS
DFFRXQWD SDUWLEXODU SK\VLFDO V\VWHP FDOOHG J+pQRQ +

E\DSDUWLFOHPRYLQJLQ WK, E)LS LEH G GRD D SRWHQWLDO
‘HZDQW WR H[SODLQ WKHEHKDYLRXU UHJXODURU QRW RI WK
JHW-V WKHUHIRUH WDNHWKHVHQWHQFHGHVFULELQJWKH UH
DV R{BODQDRYGXK® WXUQV RXWWKDW WKHUHDUHWZR PDWKHP
EHKDYLRXU RI WKH VAIVWHP :H FDQ VWXG\ WKH VI\VWHP WKUR X

7KHSUREOHPRIH[SODLQLQJWKHEHKDYLRXURIWKLV V\WVWHP ZDV RULJLQ
OLFKHO +pQRQDQGKLVFROOHDJXH&DUO +HLOHV +pQRQDQG +HLOHYV
RQ WKHLU ZRUN
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we can adopt the Hamiltonian formulation which comes with a particular mathematical
structure called S K D V.H'hY BaRrdnfian formulation is obtained by introducing the
Lagrangian function L = T ! U, where T is the kinetic energy of the system, and suc-
cessively obtaining the equations of the motion from the so called /DJUDQJH.-V HTXDWLRQV
In this formulation, a system with N degrees of freedom possesses N (second-order)
differential equations of motion, while the state of the system is represented by a point
in an N-dimensional FR Q I L J X WBoW toRr@nafeS @ frdhamed IHQHUDOL]HG FRRUGL
Q D WaHNAmiltonian formulation, on the other hand, is “based on a fundamentally
different picture” (Goldstein 1957, 335) and makes possible to describe the motion in
terms of first-order equations of motion, knownas +DPLOWRQ -V FDQRQLFDO HTXDWL
These equations describe the behaviour of the system point in a particular space, the
phase space, which has 2n-dimensions and whose coordinates are the 2n independent
variables that appear in the canonical equations of motion. In other words, in the Hamil-
tonian formulation of mechanics the dynamics of our Hénon-Heiles system is defined
by the evolution of points (‘trajectories’) in the phase space!’.
The fact that the Hénon-Heiles system exhibits regulat or chaotic motion is deduced
visually from a representation in the phase space. How? By considering the total energy
of the system E constant, we lower the dimensionality of the phase space by one. Next
we take a 2-dimensional cross section of this hypersurface in the phase space and we map
the intersections of the trajectories with the plane by using a function called 3SRLQF.DUp PD S
Finally, we look at the dots made by the solutions (orbits of the system) on the Poincaré
section and we can visually grasp qualitative information about the dynamics of the sys-
tem at that particular energy. Thus the phase space, with its mathematical apparatus, is
regarded to have an explanatory role:

The explanatory power is in the structure of the phase space and the Poincaré map. So it seems
that this is a case where using the phase space is essential to our understanding and ability to
explain certain features of the world. (Lyon and Colyvan 2008, 14)

Now, it is important to note again that the Hamiltonian procedure involving phase
space is not the only alternative for the study of the system. However, to analyze the
system via the Lagrangian route seems not to convey the sense of explanatoriness that
we obtain from the use of the phase space theory in the Hamiltonian formalism:

[...] although there is a Lagrangian formulation of the theory in question that does not employ
phase spaces, the cost of adopting such an approach is a loss of explanatory power. (Lyon and
Colyvan 2008, 2)

From Lyon and Colyvan’s example two important points emerge: first, even though
mathematics comes as an essential ingredient, it is not a particular theorem (i.e. a math-
ematical law) which participates in the explanation; second, although two mathematical
procedures are acceptable as to study the physical phenomenon (regular or chaotic mo-
tion of the particle moving in the potential), only one of them carries explanatory power.
Consequently, in the context of this example, the D-N* is confronted with the following
problem: the model cannot deal with mathematical operations or procedures (such as

" Of course, there are technicalities I am glossing over here for the purposes of exposition. See Hénon
and Heiles (1964) and Lyon and Colyvan (2008) for the full treatment.
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the use of the Hamiltonian formalism including phase space and Poincaré map) which
do not come under the form of statements, and therefore it does not recognize the expla-
nation as genuine®2. What is more, even if we would have such mathematical procedures
under the form of statements, the D-N* model would lack resources to discriminate be-
tween the explanatory mathematical procedure and the non-explanatory one. Indeed, it
might be thought that what phase-space language provides is just a useful way of visual-
izing universal generalizations. Although the individuation of the general (mathematical)
laws that are required for the derivation of the explanandu» would be quite tedious, we
might think that for some initial conditions we will have that such (mathematical) laws
imply that the system has chaotic behaviour. According to this scenario, the D-N* would
account for the explanatory character of the phase-space treatment. Nevertheless, in this
case the Lagrangian treatment will be explanatory as well. After all, Hamilton’s equations
are derived from Lagrange’s equations using a (mathematical) transformation, namely the
Legendre transform. Consequently, also in the Lagrangian case it will be possible to say
that some (mathematical) laws imply that, for certain initial conditions, the system has
chaotic behaviour. More generally, these procedures (the Lagrangian and the Hamilto-
nian) are both formally correct from a mathematical point of view, and therefore the
D-N* would consider both equally explanatory on the basis of criterion R1* (both are
good ingredients of the logical deduction). But, again, note that scientists consider as
bona fide mathematical explanation only one mathematical procedure, that which uses
the Hamiltonian formalism. As a consequence, to regard the Lagrangian treatment of
the Hénon-Heiles system as equally explanatory, as the D-N* model suggests, would go
against the opinion of scientists (Hénon and Heiles) and would not do justice to their
intuitions.

In the previous lines | showed that the D-N* model does not recognize as explana-
tory the example of MES in question because of difficulty (a). Furthermore, | claimed
that even if the D-N* model would be capable of bypassing difficulty (a), it would sug-
gest a picture of explanation which does not fit with the intuitions coming from scientific
practice. In other words, difficulty (b) remains. The second example | want to consider
is a case of mathematical explanation, and in particular a case of MEM, where the dif-
ficulty (b) is even more pronounced. To anticipate the point, the D-N* model identifies
every formal proof in mathematics as a genuine explanation. Every formal proof, in
fact, inevitably follows a logical deductive schema in which the basic concept is that of
a statement being a logical consequence of some other statements. Moreover, when we
consider such a proof, conditions Ro*, R3* and R4* are fulfilled as well. But, once again,
does the D-N* model accurately mirror the intuitions coming from the practicing math-
ematicians? It seems that this is not the case, and this exactly because mathematicians do
not consider every correct formal proof as an explanation of a mathematical result. There
are several examples of MEM that have been discussed in the literature and that might
be used here to illustrate this point (Mancosu 2011 provides a survey of various cases
which are to the point). Nevertheless, for the purposes of this paper it will be sufficient
to consider just one case.

12 Note the difference between the Hénon-Heiles case and the example chosen by Baker, where the math-
ematics involved was expressed by a single theorem.
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L QKLVSDSHU T1([SODQDWRU\8QLILFDWLRQDQG WKH&DXVD:
3KLOLS .LWFKHU SRLQWV RXW WKDW H[SODQDWRU\DV\PPHWU
HPDWLFVDQGDUHQRWD SULYLOHJHRIWKHFDXVDO GHEDWH F
7R LOOXVWUDWH KLV SRLQW KH FRQVLGHUV WKH SURRI RI D S|
RI RQH VSHFLILF D[LRPDWL]DWLRQ RI WKH WKHRU\ RI ILQLWH .
XODU D[LRPDWL]DWLRQ FRQWDLQLQJWKHH[LVWHQFH RI WKH
SUHIHUUHG E\WKH PDWKHPDWLFLDQV LQ RUGHU WR H[SODLQ
VLRQ SURSHUW\ 1HYHUWKHOHVV WKHUHYHUVH GHULYDWLRZC
DQLGHPSRWHQW HOHPHQW DQG RILQYHUVHV IURP WKH GLYL\V
QDWXUDO DQG QRQ H[SODQDWRU\GHULYDWLRQ WKRXJK IRUTJ
LV UHJDUGHG DV H[SODQDWRU\RQ WKH EDVLV RILWV FDSDFLW
ZKHUHDV WKH RWKHU GHULYDWLRQ GRHV QRW SURYLGH VXFK !

S WLVQRWKDUGWRVHHDUHDVRQIRUWKHGLVWLQJXLVKLQJRIWKH GH
EHJHQHUDOL]HG WR DFKLHYH PRUH ZLGH UDQJLQJ UHVXOWYV > @ WK
GHULYDWLRQV ZHFRXOG SURYLGHIRUD PRUHJHQHUDO UHVXOW WKH
JHQHUDOL]HG LWDSSOLHVRQO\WR WKHORFDO FDVH .LWFKHU

1RZ ZH ZDQW WR DQDO\JHWKH VLWXDWLRQ WKURXJK WKH O}
ZHGLVFRYHUSUHWW\VRRQLVWKDW DQDORJRXVO\WR ZKDW K
ZLWK FDVHV RI H[SODQDWRU\DV\PPHWULHYV LQ WKH HPSLULFD
DQG WKH VKDGRZ H[DPSOH UHSRUWHG LQ VHFWLRQ WKH"' 1
FULPLQDWHEHWZHHQWKHWZR IRUEBQ®DWBHKH D ®WWRBOV DQG
H[SODQDWLRQ ,QGHHG DFFRUGLQJWR WKH'1l PRGHO ERWHK
PHHW FYULWH3JDRG DUH WKHUHIRUH UHFRJQL]JHG DV JHQXLQH
QDWLRQV &HUWDLQO\SURYLQJWKHRUHPV LV WKH FDQRQLFD
PDWKHPDWLFDO IDFWV +RZHYHU LW VHHPV WKDW LI ZH OLPLV
LW\ LQIRUPLQJPDWKHPDWLFDO UHDVRQLQJWR LQFOXGH MXV
LQGXELWDEOH SUHPLVHY WKHQ ZH ZLOO QRW KDYH DQ\ DFFH
DUHLQWHUHVWHG LQ KHUH 7KLV LV ZK\WKH'1 PRGHO ZKLF
GRHVY QRW GLVFULPLQDWH EHWZHHQ WKH H[SODQDWRU\ GHUL
LQ WKH H[DPSOH SXW IRUZDUG E\ .LWFKHU

W PLJKW EH REVHUYHG WKDW WKH' 1 PRGHO OHIW URRP IRL
H[SODQDWRULQHVV RQDFRQWLQXXP ,Q RWKHU ZRUGV WKDW
EDVLF LGHD LV WR \H{ 50 DRHDBBNMHODZVH VR WKH PRUH FDVHV \F
VXPH XQGHU WKHIHZHU DQG PRUH EDVLF ODZV WKH PRUH H[S¢
ZKHWKHU PDWKHPDWLFLDQV UHFRJQLVH SURRIV DV PRUH DQC
PLJKW EH XVHG WR HYDOXDWH GHJUHHV RI H{SODQDWLRQ LQ |
‘1 PRGHO 1HYHUWKHOHVV DV LQ WKHFDVHUHSRUWHG E\ .L!
FRQVLGHU DV WKHRQO\RSWLRQ IRUD GHULYDWLRQ WR EH H[S
IRUHLW VHHPV WKDW WKLV GHJUHHV Rl H{SSODQDWLRQLGHD Z
WKHLQDGHTXDF\KLJKOLJKWHG VR IDU

7KH XQFRQYLQFHG UHDGHU PLJKW VWLOO WKLQN WKDW WKt

7KLVLVWKHILUVWWLPH DWOHDVWWRP\NQRZOHGJH WKDW VXFKDQDQEC
DV\PPHWULHVLQHPSLULFDO VFLHQFHDQG H[SODQDWRU\DV\PPHWULHV
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planatory proofs, and that D-N* explanations are sufficient in mathematics. After all,
although only a few accounts of explanatory proofs in mathematics have been put for-
ward, the prima facie impression may be that at least one of them seems to be rephrasable
in terms of the D-N* schema. In his seminal 1978 paper on mathematical explanation in
mathematics, Mark Steiner proposed his account for proof-explanations (Steiner 1978).
According to Steiner, a proof is explanatory if: it depends on a property of a mathemat-
ical entity mentioned in the theorem (this property is called characterizing property); it can
be deformed by substituting the characterizing property of a related mathematical entity
and getting a related theorem. The general idea behind these criteria is that to every de-
formation of the proof there corresponds a deformation in the theorem, and therefore
to an array of (explanatory) proofs there corresponds an array of theorems. In this case,
the unconvinced reader might say that what Steiner’s model picks out is a class of ex-
planatory proofs that can be accounted in terms of an entire array of D-N* explanations.
Observe, however, that Steiner’s account has been strongly criticized by various authors
(see Mancosu 2011 for a survey of these criticisms). More importantly, among these crit-
icisms, some have pointed to the fact that Steinetr’s model does not correctly account for
cases of mathematical explanations recognized as such in mathematical practice (Hafner
and Mancosu 2005, Molinini 2012)'*. Therefore it seems that difficulty (b) comes up
again.

The general moral of the previous lines is that the D-N* model does not accurately
mirror important aspects of scientific practice and, furthermore, it does impose a picture
of explanation which is not authentic. By adopting the D-N* we are left with a schema
which is nothing more than a purely logical deduction. Consequently, explaining an out-
come E (a statement describing an empirical phenomenon or a mathematical statement)
is just a matter of showing that it is expectable on the basis of lawful connections (where
laws also include mathematical theorems). Although this would be at odds with the in-
dicators coming from scientific practice, as the two previous examples show, it might
be thought that this observation cannot be used to criticize the D-N*. In fact, once we
adopt the Hempelian perspective that explanation 7slogical deduction, we do not need to
resort to such ‘indicators’ from scientific practice. It should be noted, however, that the
import of such indicators is considered by many philosophers as of primary importance
for the philosophical analysis of the notion of explanation in science and mathematics
(Mancosu 2008). And, once again, it seems very natural to think that accounting for
them is one of the main task of philosophy of science.

" In my (Molinini 2012) T show how, at least in some particular cases, the explanatory character of the
proof depends on the purity of methods used by the mathematician. In considering a proof for a
theorem, the mathematician restricts the conceptual resources used to prove the theorem to those
which determine the content of the theorem. In this way he increases the epistemic quality of the
proof, which he finally regards as explanatory. This intuition cannot be rendered through the D-N
model, which does not account for such extra-logical ingredients.
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&RQFOXVLRQV

'"HVSLWH WKH JUHDW LQWHUHVW LQ WKHOLQNDJHEHWZHHQ VF
H[SODQDWLRQ DQ H[WHQVLYH GLVFXVVLRQ RI PRGHOV RI VFL
RI PDWKHPDWLFDO H[SODQDWLRQ KDV QRW EHHQ RIITHUHG DQ
SDSHU , VKRZHG KRZWKH' 1 PRGHO RI VFLHQWLILF H[SODQDW|
WR PDWKHPDWLFDO H[SODQDWLRQ ZKHQ WKH FRQGLWLRQV RI
SURSHUO\ PRGLILHG 0\ DQDO\VLV ZDV LQWHQGHG WR FODULI
H[SODQDWLRQ ZKLFK FRPHV ZLWK WKH' 1 PRGHO LV LQVXIILFL
SODQDWLRQV ,QIDFW WKHVHUHDVRQV DUHQRW H[SOLFLWO\
DOWKRXJK LWLV RIWHQ DVVXPHG WKDW WKH' 1 PRGHO FDQQF
WLRQV )HZ DXWKRUV $0ODQ %DNHU 5REHUW %DWWHUPDQ O
KDYH SURYLGHG D VNHWFK RI WKH UHDVRQV ZK\ WKH ' 1 SLFW.
UHJDUGHG DVLQDGHTXDWHLQ WKHFRQWH[W RIPDWKHPDWLF
WKDQ D FRPSOHWHDQDO\WLY WKHVHDXWKRUV KDYH SURSRV|
GLUHFWLRQ O\DQDO\VLV ILOOV WKLV JDS EHFDXVH LW LV HQV
WKH' 1 SLFWXUH RIH[SODQDWLRQ WR PDWKHPDWLFDO H[SOD
FRQVLGHUDEO\WR WKH ODFNRIDQDO\VLY SUHVHQW LQ PXFK F
WKH TXLFN DJDLQ FRQVLGHUDWLRQV RITHUHG LQ WKH OLWH
DQG %DWWHUPDQ

W ZDV QRW P\LQWHQWLRQ KHUHWR GLVFXVVHYHU\SRVVLE
WR PDWKHPDWLFDO H[SODQDWLRQ , KDYH SLFNHG RXW RQO\
QDPHG ' 1 %\SRLOQWLQJ WRGLVKRXWOKRY WKH ' 1 VXIIHUV
SUREOHPV RI QHFHVVLW\DQG VXIILFLHQF\ WKHUH H[LVW PDW
ILWWKHPRGHO EXBRQUHBGID QDWHE QV E\ WKH VFLHQWLVWYV W
HPDWLFDO H[SODQDWLRQV WKDW ILW WKH PRGHO EXW WKDW
QDWLRQV LQ VFLHQWLILF SUDFWLFH ORUHRYHU , SXW IRUZD
7KHIDLOXUH RIWKH' 1 PRGHO DVLQ WKHFDVHRIWKH RULJL
LQDELOLW\RIORJLFDORQHWRPLUURUSDUWLEXODU QRQ OR.
FDUU\H[SODQDWRU\LPSRUW ,Q WKHWZR H[DPSOHV FRQVLGH
QRQ ORJLFDO IHDWXUHV DUH WKH FDSDFLW\ PDWKHPDWLFV K
DOO\VRPHLQIRUPDWLRQRQD GLDJUDP DQG LWV FDSDFLW\ R
ODNLQJORJLFDO GHGXFWLRQWKHKDOOPDUNRIH[SODQDWLR
1 PRGHO EXW DPRXQWVY WR WKH LPSRVLWLRQRID GHILQLQJ F
RXJKW WR EHFRXQWHG DV fPDWKHPDWLFDO H{SODQDWLRQ - 7
LVLQFRPSOHWHDQG QRW VDWLVIDFWRU\ $QG P\JHQHUDO IH}
WKH' 1 SLEFWXUH RI H[SODQDWLRQ WR 0(6 DQG 0(0 ZRXOG IDFH
WKRVH KLIKOLJKWHG KHUHDQG ZRXOG WKHUHIRUH EH XQVXFI

2l FRXUVH P\ GLVVDWLVIDFWLRQ ZLWK WKH' 1 DQG WKH ' 1
FLILFSLFWXUHRIH[SODQDWLRQ ZKLFKVWDQGV EHKLQG WKHV
DVVXPSWLRQ WKHLQWXLWLRQV FRPLQJIURP VFLHQWLILF SU
PDWLYHDQG ULJLG VWDQGDUGYV RI H{SODQDWLRQ VXSSO\ SKI
WKH VWXG\ Rl H{SSODQDWLRQ $QG WKHVH LQWXLWLRQV VKRX
FDODFFRXQW V RIH[SODQDWLRQ 1HYHUWKHOHVV WKLV LV
DQG ZLGHO\DFFHSWHG QRW RQO\LQ WKH FRQWH[W RI H[SOD

7TKHRULD



'DQLHOHO02/,1,1,

FRQWH[W RI SKLORVRSK\ RI VFLHQFH , ZRXOG EH KDSS\ DERX)\
‘1 PRGHO RUDQ\RWKHUDFFRXQWRIH[SODQDWLRQ LGHQWL
DVJHQXLQHDQG WKDW SDUWLFXBERQMM[SOBPQDWLRQ LQ VRERJ
HQWLILF SUDFWLFH DV ZHOO 7KLV VLWXDWLRQ ZRXOG EH , W|
RI WKH SKLORVRSKLFDO LQYHVWLJDWLRQ ZKLFK OLHV EHKLQ
WKH RWKHU KDQG , UHJDUG QHLWKHU UHDVRQDEOH QRU SKLC
VRSKLFDO PRGHO RI H{SODQDWLRQ GRHV LPSRVH RQ WKH VFL
H[SODQDWLRQ WKDW WKH VFLHQWLVW ZRXOG QRW DFFHSW
$V D ZKROH P\UHVXOWV FRQILUP WKH GLVVDWLVIDFWLRQ W
WRZDUGV WKH XVHRIWKH' 1PRGHOLQ WKHFRQWH[W RI PDWK
PRUH WKH\ KLJKOLJKW WKH UHDVRQV ZK\ WKH SLFWXUH RI HJ
WKDW DFFRXQW LV SUREOHPDWLF WKXV PDNLQJRXUVHQVH R

5(0)(5(1&(6

%DNHU $ $UHWKHUH JHQXLQHPDWKHPDWIORMGH[SODQDWLRQV RI SK\V
%DNHU $ ODWKHPDWLFD®HLSQNVBDRIXRQOL® KIFARILEORVRSK\ RI 6 FLHQFH
%DWWHUPDIKHBGHYLO LQIRKB GHMRIIGOBQ LYHUVLW\ 3UHVV

%DWWHUPDQ 5 5HVSRQVH WR %HORBMKL® R WK BHOALH'QRHFK GHWDLOV
%HORW * :KRVH GHY2IOIORVRSEHRIBIEFQ W'Q F H

%URPEHUJHU 6 (KD TQXE DWW CRGW\W,RG E\5 &RORGQ\ 3LWWVEXUJK 8QLY

3BLWWVEXUJK 3UHVYV
'RUDWR 0 DQG/ )HOOLQH 6FLHQWLILF H[$6DH@WIIRE 6\@ G XWX Q V@ LIV

HGLWHG E\'$ %RNXOLFK DQG 3 %WHRNXPQ RV KOV HQ 3RLORVRSK\ RI 6 FLH
'RUGUHFKW 6SULQJHU
*ROGVWHL@EODVVLFDO/OWHF&GDRHBBLQJ ODVVDFKXVHWWY $GGLVRQ :HVOH\

+DIQHU - DQG 3 ODQFRVX 7KH YDULHWaHWXD®IOWWHR QW[ § D 0 GIPS\ARGE
DQG 5HDVRQLQJ 6 WNGHWHG &D ® KOHDRIPRIVXY . ) -jUJHQVHQ DQG 6 3HGHU)
'RUGUHFKW 6SULQJHU

+DIQHU - DQG 3 O0DQFRVX Pok-H FB® G OXROMLRISAKD \R L BRW/IKMIRG W LFDO 3UDF W
3 ODQFRVX 2 2[IRUG 2[IRUG 8QLYHUVLW\3UHVV

+HPSHO & DQG 3 2SSHQKHLP 6 W X G BKY QRWRISHK ORI J&FLRIQHIS 6 W@ B WH.

2

+pQRQ 0 DQG& +HLOHV 7KH DSSOLFDELOLW\RI WKH WKLUG LQWHJUD
PHQYMWURQRPLFD® -RXUQDO

.LWFKHU 3 ([SODQDWRU\ XQLILFDWLRQ D @BLW R MW E CLVFOIDO( MS/DWDXQFDMKLURHD

HGLWHG E\3 .LWFKHUDQG : ®DQRRY RIRMEWMN G,L HRFILQWKH 3KLORVRSK\ RI
8QLYHUVLW\RIOLQQHVRWD 3UHVV OLQQHDSROLYV
I\RQ $ DQGO &RO\YDQ 7TKHH[SODQ@RWIRRMBRKHN ROIAFKBEYBWEBBHYV
ODGG\ 3 1IDWXUDOLVP R2QIRDW KLPDWHEBRQ 3UHVYV
ODQFRVX 3 HAKH SKLORVRSK\RIRPWRHKEPDOWRLFG 8 GIUWNHUWILAH 3UHVV

ODQFRVX 3 ([SODQDWLRKH @\W D /IKRRRED(\W E Kk ReOHEFPHHEL D RHBKLORV R S K\
HGLWHGE\( 1 =DOWD
OROLQLQL ' /HDUQLQJIURP (XOHU )URPPDWKHPBWILEGRORBIUIKLMDNLFH WR F

6FLHQWLDH
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