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Abstract: In this paper, an extension of Darbo’s fixed point theorem via 6-F-contractions in a Banach
space has been presented. Measure of noncompactness approach is the main tool in the presentation
of our proofs. As an application, we study the existence of solutions for a system of integral equations.
Finally, we present a concrete example to support the effectiveness of our results.
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1. Introduction and Preliminaries

Integral equations are equations in which an unknown function emerges under an integral
sign. Integral equations are handled naturally in applied sciences, such as physics and engineering.
Furthermore, especially integral equations have been connected with many applications in actuarial
science (ruin theory), inverse problems, Marchenko equation (inverse scattering transform), radiative
transfers and Viscoelasticity. (see, for example [1].)

One of the strong tools in solving integral equations is fixed point theory. Fixed point theory is
one of highly active fields for research in nonlinear analysis. Some new and interesting results in this
direction can be found in [2,3].

The existence of solutions for nonlinear integral equations have been perused in many papers
via applying the measures of noncompactness approach which was initiated by Kuratowski [4].
The Kuratowski measure of noncompactness has absorbed many researchers studying the fields of
functional equations, ordinary and partial differential equations and many other branches. In fact,
since measures of noncompactness are functions which are suitable for measuring the degree of
noncompactness of a given set, they are very useful instrumentations in functional analysis such as the
metric fixed point theory and the operator equation theory in Banach spaces (see [5,6]). Recently, in [7]
the concepts of w-1 and B-1 condensing operators have been defined and using them some new fixed
point results via the technique of measure of noncompactness have been presented.

For more details on the theory of measure of noncompactness, its applications and its relations
with nonlinear analysis we refer the reader to [8-13].

In this paper, first we collect some indispensable concepts and results that will be applied
throughout this text. Then, we obtain some new fixed point theorems utilizing the measure of
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noncompactness. In the second section, we apply our results to obtain coupled fixed points. Finally, in
order to demonstrate the applicability of our results, we investigate the existence of solutions for a
system of integral equations.

Throughout this paper, let € be a real Banach space with norm ||.|| and A be a nonempty subset of
¢. We mark by A and Convc(A) the closure and the closed convex hull of A, respectively. In addition,
let M(€) denotes the family of all nonempty and bounded subsets of € and let 91( &) be the collection
of all relatively compact subsets of €. Let R denotes the set of all real numbers and R} = [0, +0).
Moreover, let B(1,r) be the closed ball with center ¢ and radius r. Furthermore, let B, indicates the ball
B(0,7).

The following Definition of a measure of noncompactness is adapted from [14].

Definition 1. We say that a mapping m : (&) — R is a measure of noncompactness in the Banach space
¢ if
1°  The family kerm = {A € M(€&) : m(A) = 0} is nonempty and kerm C N(E);
2 ACX= m(A) < m(X);
3% m(A) =m(A);
4°  m(ConvA) = m(A);
5 mAA+(1-21)Z) < Am(A)+ (1= A)m(X) forall A € [0,1];
6°  If {An} is a sequence of closed sets from IM(€) such that Ay 1 C Ay forn = 1,2,---, and if
r}l_r}r;o m(Ay) =0, then Ao = N2 Ay # .
In 2012, Wardowski [15] presented a significant generalization of the Banach contraction principle.
He introduced a new class of control functions F which provide a large number of contractions.
Let T indicates the set of all functions W : (0, c0) — 9 such that:
(W1) W is strictly increasing, i.e., for all p, 0 € (0, 00) such that p < o, one has W(p) < W(o),
(W2) lim p, = 0if and only if lim W (p,) = —oo, for all sequence {p,, } of positive values,
(W3) lim p"W(p) =0, for some v € (0,1).
p—0+

Let A be the following subfamily of I consists of all functions W : AT — 9 so that
(W;) Wis a continuous and strictly increasing mapping;

(Wa) nlgrolo tp = 0 iff nlgrolo W(t,) = —oo, for each sequence {t,} C R™.

Example 1. If W (¢

) =In(t), or Wa(t) =1 — %, where p > 0, or W5(t) = 1 — 1=, or Wy(t) = . 1
then W; € A, i=1,2,3,4.

1 e

Consider U(t) = —1 +t for t > 0. Note that lirgl+ p’U(p) = —c0 (0 < v < 1), thatis, U € A, but
o—

it is not a Wardowski mapping.

As in [16], let © indicates the family of all functions 8 : 58 — 9 such that:

(61) nh—r>Io10 0" (t) = —oo forall t > 0;
(62) 6(t) <tforallt>0;
(83) 0 is an increasing continuous mapping.

Example 2. Take 01(t) =t —7 (T >0),0,(t) =2 —1(t < 1Vand 6(t) = Vt —1(t > 1). Then 6; € ©
fori=1,2.

Now we remind two significant theorems playing a main designation in the fixed point theory.
These theorems is extracted from [17] and [18] respectively.
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Theorem 1. Let () be a nonempty, bounded, closed and convex subset of a Banach space €. Then each continuous
and compact mapping W : Q) — Q) possesses at least one fixed point in the set ().

The above formulated theorem organizes the well known Schauder fixed point principle.
The Darbo fixed point theorem (the generalization of Schauder fixed point principle), is regulated
as below.

Theorem 2. Let ) be a nonempty, bounded, closed and convexsubset of a Banach space € and let Y : QO — Q)
be a continuous mapping. Assume that there exists a constant y € [0,1) such that m(YA) < ym(A) for any
nonempty subset A of O3, where m is a MNC defined in €. Then Y admits at least a fixed point in Q).

2. Main Results

The Darbo contraction principle [18] is an applicable instrumentation for solving problems in
nonlinear analysis. In this section, we want to extend it using the concept of 8-20-contractions.

For simplicity, a nonempty, bounded, closed and convex subset () of a Banach space € is indicated
by NBCC, shortly.

Theorem 3. Let () be an NBCC subset of a Banach space € and let Y : (3 — Q) be a continuous operator
such that

W(m(YA)) < 6(W(m(A))), @
forall A C Q), where W € A, 0 € © and wm is an arbitrary MNC. Then Y has at least one fixed point in Q).

Proof. Define a sequence {Q), } such that Qy = Q and Q,,,1 = Conv(Y(Qy)) foralln € N.

Let there exists an N € N such that m(Qy) = 0. So, Qy is relatively compact and Theorem 1
yields that Y possesses a fixed point. So, we can suppose that m(),) > 0 for each n € N.

It is clear that {Q, } ,en is a sequence of NBCC sets such that

Q20 2--20, QQn+l-
On the other hand,

W(m(Qyi1)) = W(m(YQy)) (2)
< W (m(Qn)))
< W (m(Qy-1)))
< 6" (W(m(Q)))-

Tending n — oo in (3) and applying (6;), we have lim W(m(Qy41)) = —oo. According to the fact
n—oo
that W € A, we obtain that

lim m(Q 1) = 0.

According to principle (6°) of Definition 1 we evolve that the set Qe = (1] (), is a nonempty,
n=1
closed and convex set and it is stable under the operator Y and belongs to Kerm. Then in view of the

Schauder theorem, Y has a fixed point. O

Taking 0(t) =t — 7, for all t € R, we conclude that:
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Corollary 1. Let Q) be an NBCC subset of a Banach space € and let Y : QO — Q) be a continuous operator
such that

T+ W(m(YA)) < W(m(A)), 3)

forall A C Q, where W € A, T is an arbitrary positive amount and w is an arbitrary MNC. Then Y admits at
least one fixed point in Q).

Remark 1. We can get the Darbo’s fixed point theorem in the above corollary if we take W(t) = Int, for all
t>0.

3. Coupled Fixed Point

The notion of coupled fixed point has been introduced by Bhaskar and Lakshmikantham [19].

Definition 2. We say that (1,x) € €2 is a coupled fixed point of a mapping Y : € x € — € if Y(1,x) = 1and
Y(x, 1) = «.

The following Theorem which is adapted from [13] helps to construct new measures from arbitrary
measures.

Theorem 4. Suppose thatmy, my, ..., m, are measures of noncompactness in Banach spaces €1,&;,..., €y,
respectively, the function f : [0,00)" — [0,00) is a convex function and f(i1,--- ,1,) = 0 if and only if
ti=0foralli=1,2,--- ,n. Then

W(A) = f(my(Aq), ma(A2), ..., mu(Ay)),

is a measure of noncompactness in €1 x € x ... x &, where A\; denotes the natural projection of A into &,
foralli=1,2,...,n.

From now on, we assume that W is a sub-additive mapping unless otherwise stated. For instance,
any concave function f : [0,00) — [0, 00) with the reservation that f(0) > 0, is a sub-additive function.

Theorem 5. Let () be an NBCC subset of a Banach space € and let Y : Q) x Q) — Q) be a continuous function
such that

W(m(Y(Ar x Az))) < 5[0(W(m(A1) +m(Ag)))] (4)

N —

for all subsets Ay, Ay of Q), where m is an arbitrary MNC and 6 and VV are as in Theorem 3. Then Y embraces
at least a coupled fixed point.

Proof. Consider Y : O — Q2 by

Y(r,x) = (Y(t,x),Y(x,1)).

Clearly, Y is continuous. We show that Y satisfies all the conditions of Theorem 3. Let A C (? be a
nonempty subset. We know that m(A) = m(A7) +m(Ap) isa (MNC) [14], where A; and A, denote
the natural projections of A into &. From (4) we have
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Now, from Theorem 3 we deduce that Y has at least a fixed point which implies that Y has at least a
coupled fixed point. [

Taking 0(t) = t — 27 (T > 0) in Theorem 5 we have:
Corollary 2. Let ) be an NBCC subset of a Banach space € and Y : (3 x Q) — Q) be a continuous function

such that

T+ Wm(Y(Ar % Ag))] € 2Wm(Ar) +m(Ag) 5)

N

for any subsets Aq, Ay of O, where wis an arbitrary (MNC), and VV is as in Theorem 3. Then Y has at least a
coupled fixed point.

The subadditivity assumption of W has been omitted in the following theorem.

Theorem 6. Let () be an NBCC subset of a Banach space € and let Y : Q) x Q) — Q) be a continuous function
such that

W(m(Y(Ar x A2))) < 00V (max{m(Ar),m(A2)}) ©)

for all subsets Ay, Ay of Q), where wm is an arbitrary MNC and 6 and VV are as in Theorem 3. Then Y possesses
at least a coupled fixed point.

Proof. Take Y : 0% — 02 by
Y(1,6) = (Y(1,x),Y(x,0)).

It is clear that Y is continuous. We show that Y satisfies all the conditions of Theorem 3. We know that
m(A) = max{m(A1), m(Az)} is a (MNC) [14], where A1 and A; denote the natural projections of A
into €. Let A C O? be a nonempty subset. From (6) we have

W(m(Y(A))) < WER(Y(A1 X Ag) X Y(Ag X A1)

= W(max{m(Y(A1 x Ap)), m(Y(Az x A71))})

= max{W(m(Y(A1 x A))), W(m(Y(Az2 x A1)))}

< max {§(W (max{m(A1),m(A2)})),0(W(max{m(Az),m(A1)}))}
= 0(W(max{m(A;1),m(A)}))
=0(W(m(A))).

Now, in view of Theorem 3 we deduce that Y possesses at least a fixed point, that is, Y has at least a
coupled fixed point. [
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Corollary 3. Let Q2 be an NBCC subset of a Banach space € and let Y : Q) x Q) — Q) be a continuous function
such that

T+ W(m(Y(A1 X Az))) < W(max{m(A;),m(Az)}) )

for all subsets Ay, Ay of O, where m is an arbitrary (MNC), T > 0 and W is as in Theorem 3. Then Y has at
least a coupled fixed point.

4. Application

This section of the article is dedicated to discussing the existence of solutions for the following
system of equations:

(1)
) = £ (100 ate)), [ 8 (0500, ()
" )
120) = £ (1 1a(000)), 1 p(0)), [ 05,2000, s 1) )
where 1 € [0, T].

Let C[0, T] be the space of all real functions which are bounded and continuous on the interval
[0, T] with the usual norm

el = sup{|e(t)] : t € [0, T]}.
The modulus of continuity of a function ¢ € C[0, T] is as

w(te) = sup{|u(t) —u(s)| : t,s € [0,T], |t —s| < €}.

Uniform continuity of : on [0, T] yields that w(te) — 0 as e — 0.
Now, let w(A,e) = sup{w(te) : 1+ € A}. The Hausdorff measure of noncompactness for all
bounded sets A of C[0, T] is as follows:

w(A) = lim { sup cu(le)}.

e—0 1EA

(See more detail in [13].)

Theorem 7. Suppose that:

(i) p,0: [0, T] — [0, T] are continuous functions,
(ii) The function f : [0, T] x R® — R is continuous and there exists a function W € A so that

7

W(‘f(t,m,yz,x)—f(tvl,VZ,z)DSG(W(max{‘yl—vl ]/lz—VQ‘}—F‘K—Z‘)), 9)

(iii) g: [0, T] x [0, T] x R? — R is continuous,
(iv) The inequality

W (BW(r+G)) + M <
has a positive solution ry, where M = max{f(1,0,0,0) : ¢ € [0,T]}, and G, =
o(1)
sup {| [ st pa)ie] 1 € 0,7) lpall | < r}-

Then the system of integral Equations (8) possesses at least one solution in the space (C[0, T])?.
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Proof. LetY : C[0, T| x C[0, T] — CJ0, T] be defined by

0)
Y (1, p2) (1) = f (L (p(l)),uz(p(t)%/og g, u1(p(x)), pa(p(x)))dx). (10)

According to given assumptions, we conclude that the function Y (1, #2) is continuous for arbitrarily
1, 42 € C[0, T]. Furthermore, from our assumptions, we obtain that

0)
Y (i1, 2)(1)] = \f(t,m(p(t)),Mz(p(t)),/og 8%, p1(p(x)), w2 (p(x)))dx)
0

\ftm 1) w2(p(1)), /OQ 8%, pa (p(x)), ua(p(xc)))dr) — f(1,0,0,0)
+|£(,0,0,0)|.

Furthermore, we have

{0

W(|f (o )m@O)AQ

< Q(W(max{’yl(

g@mﬂﬂM@LM@WDM@*f@QQMD
p+y/ 8(6,%,11(p(x)), 12 (p()) x| ) )

%m(mwwmwmmu+y4 (05,0 (p(6)), o))t
0 (W (max{]|pal, 1211} + G, I12l}))-

IN

IN

Thus,

(e 00 1200, [ 805,10 (0(6)) o)) — £,0,0,0)
< (0 (max{llml, 12} + Gona(faaly) )

From the above calculations, we have

1Y, p2) )] < W (G(W(max{llﬂll\f 2l } + GmaX{HHlH/HHzH}))) +M. (11)

Along of inequality (11) and applying (iv), the function Y maps (B,)? into By,.
Now, we shall prove the continuity of function Y on (B, )2. So, fixe > 0and take yq, po, vy, 1 € By,
arbitrarily such that ||1; — v;|| < e foralli = 1,2. Then, for all 1 € [0, T], we obtain that
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W(|¥ G, 1m2)(0) = Y, 2) ()

< W(\f(» o), o), [ 805, 1 o(6)), o))
— f (o), alp(v), /0 " 11 (0(6)), v >>>dx>\)
( (max{m @+ | [ 2 o)), (oo

Y gt (ot >>,vz<P<K>>>d’<>D>
( (max{Hﬂi —vill}

[ /\

] [ ste 110060, (o061 — 500,51 (p(00), v o))l
< 0(w (max{p - u,||}+TQm))<w<gg?§{||wvi||}+TQ$0>,

where

Qi = sup{lg (s &, pr, p2) — g1, v, v2)| =,k € [0, T], (il |, [|vil | < vo, [[ps — il < e}

The continuity of g on the compact set [0, T]* x [—ro, rg]? yields that Q5 — 0 as ¢ — 0. Thus,

Y (p1, p2) (1) — Y(V1,1/2)(1)‘ = 0as ¢ — 0. Thatis, Y is a continuous function on (B;,)?. Now, we
show that Y satisfies all the conditions of Theorem 6. Let A1, Ay be nonempty and bounded subsets
of By,. Assume that e > 0 is an arbitrary constant. Also, we take 11,15 € [0,T], with |in — ] < ¢,
lo(12) —p(11)| < eand pj € A forall j = 1,2. Then we have

Y (1, p2) () = Y (i1, 12) 12)| (12)
< [Fla o) atotn)), [ sl pp0), o))
~ Flatn o)) (o)), [ st (o), ralo ()|
< £ o)) alo(e)), [ (o510 (p000), il (s)))e)
~ F oo, o)), [ sl 10000, (i)
(o) palp(e)), /Q(‘”gm w10 (p(), (o)) )
~ fl o / (01,11 (p(x), 2 (p ) )|
[ malpti), atota)), [ gton o) o)) i)
~fl e / gl (o m(p(x)))d@]
| o), o), [ glon 11 (006)) o)) )
/

~ flapmlp gli2, %, 11 (p m(p(x)))dx)].
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Using condition (9) we have
Y1, 2) () = Y(1,12) (1)
<wy(fe) + W1 (9(W(max{|ﬂ1(p(tl)) — (o) alpl) ~ palo2)1)
w2 (e(w(| [ om0, st~ [ gt (o) pa(p(w)ax))
—1(9(W(\ L sttt (o — [ gt o) o] ) )
< wn(f9) + W (6(W<max{w(ul,a,wwz,s)}))) 13
2w (0(W(| [ gt m (00 (o)) ) )
s (o(W( ™ gt 100, 12 (000)) — gl 1 00, a0 )

wry ()

= sup{[f(in,u,0,2) = f(o,u,0,2)[ : 11,12 € [0, T], |2 = a| <&, [[ul], |[o]] <o, |2] < Gry }, wro (8, €)
= sup{[g(n,x,u,0) = g(1a, k,1,0)| - 11,12, € [0, T], |12 — 11| <& [Jull, [[o]| <0},

Uy, = sup{|g(t,x,u,0)| : 1,k € [0,T],u,v € [—ro, 70l }.

Since in (13), u; was an arbitrary element of A; for i = 1,2, we obtain that
W(Y(A x Ag),€) < wry(f,€) + W (9 (W(max{w(A1,s),w(A2, e)})))
+wt <9 (W(w(g,s)uro))) + w1 <9 (W(Twro (g,s)))).
The uniform continuity of f, ¢ and g on the compact sets [0, T] x [—7o,70]*> X [=Gy,, G,], [0, T] and

[0, T]? x [—rg, 9]?, respectively, yields that wy, (f, &) — 0, w(0,€) — 0and wy,(g, &) — Oase — 0.
Therefore,

w(Y(A1 x Ap)) < W1 (B(W(max{w(/\l),w(/\z)})>).
Thus, we obtain that
W(w(X(A1 % A))) < (W (max{ew(A1),w(A2)})) (14)

Therefore, Theorem 6 concludes that the operator Y admits a coupled fixed point. That is, the system
of functional integral Equation (8) has at least one solution in (C[0, T])?. O
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5. Example

Example 3. Suppose that the following system of integral equations be given:

arctan ¢(#)+sinh ! x(t)
8rr+18

1t s([sine(s)| 4+ /(14 2(s)) (1 + sin2k(s)))
*3 /o &1+ 2(5)) (1 + sin?x(s)) ds

1 (15)
K(t) _ %e_tz + arctanK(8t7)T—',J-rst1;1h 1(t)

1t s([sink(s)| 4+ /(1 +«2(s)) (1 + sin2i(s)))
T3 /o (1 k2(s)) (1 + sini(s)) ds.

We observe that this system of integral Equation (15) is a special case of the system (8) with

p(t)=0o(t)=t,  te€0,1],

1 _p  arctani+sinh 'k p
tr/ ’ =5 ! Q
flbwmp)=ge" + =g 3@ T3

4

and

s(|sine] + /(1 + 2)(1 + sinZk))
et(1+ 2)(1 + sin?k)

Q(t,s,1,x) =

We need to verify the conditions (i)—(iv) of Theorem 7 to show that the above system has a solution.

Condition (i) is clearly evident. We define W(t) = Int and 6(t) = t — In 8. Now, we have

W(‘f(t,t,;c,m) —f(t,u,v,n)’)

|arctan ¢ — arctan u| 4 |sinh ™'k —sinh L o] |m — n|
8+ t8 T3
arctan |t —u| |k —o|  |m—n]
87 81 8 )
<In (max{|t—ul,|x —v|} + |m —n|) —In8
= 0(W (max{|t — ul,[x —v|} + |m —nl)).

< In(

)

< In(

So, we observe that f satisfies condition (ii) of Theorem 7. Furthermore,
M = sup{|£(£,0,0,0)| : t € [0,1]} = sup{%e_tz e [0,1]} <05

Obviously, condition (iii) of Theorem 7 is valid, that is, g is continuous on [0, T] x [0, T] x R?, and

Gy = sup {’ /Of s(Jsine(s)| + /(1 +2(s))(1 +sin2K(s)))dS

ey e AL CE AL [—nr]}

12
< supg <1

Furthermore, clearly every r > 0.15 satisfies the inequality appears in condition (iv), i.e.,

r—|—1<
g =

w(e(W(r+6.)))+M<wH(o(W(r+1)))+05=

r.
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Consequently, the conditions of Theorem 7 are fulfilled and so, the above system of integral equations admits at
least one solution in {C[0, T]}>.
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