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1. Introduction and Preliminaries

In 1981, Heilpern [1] utilized the approach of fuzzy set to initiate a family of fuzzy mappings
which are extensions of multivalued mappings and obtained a result for these mappings in metric
linear space. In this paper, we shall use the following notations which have been recorded from [2-12].

A fuzzy set in M is a function with domain M and values in [0,1], I M is the collection of all
fuzzy sets in M. If © is a fuzzy set and p € M, then the function values ©(y) is called the grade of
membership of y in ©. The a -level set of A is denoted by [®], and is defined as follows:

0], = {n:0(n) = a}ifac(01],

[©]g = {p:O(u) > 0}.

Here © denotes the closure of the set ®. Let F (M) be the collection of all fuzzy sets in a metric
space M.

Czerwik [13] in 1993 extended the conception of metric space by initiating the notion of b-metric
space and obtained the celebrated Banach fixed point theorem in this generalized metric space.

Definition 1. A b-metric on a nonempty set M is a function d,: M x M — RJ such that these
assertions hold:

(b)) dp(p,@) =0 p=a,

(b2) dy (1, @) = dy(@, ),

(bs) dy (1, 0) < s(dy (1, @) + dy(@, V)
forall y,,v € M, wheres > 1.

The triple (M, dy, s) is said to be a b-metric space. Clearly, every metric space is a b-metric space
whenever s = 1, but the converse need not be true.
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Example 1 ([13]). Let M = [0,00) and dj : M x M — [0, 00) defined by

dy(p, @) = [ — @

forall u, € M. Clearly (M, dy, 2) is a b-metric space, but not a metric space.

Example 2 ([14]). Let p € (0,1) and IP(R) = {{yn} CR: OZO; lpn|? < oo} endowed with the function
n=1
dy - 17(R) x IP(R) — R defined by

1
Z

(G} @uh) = ( b =)

foreach {pn},{@,} € IP(R), is a b-metric space with s = 27
Definition 2 ([13]). Let (M, d;,s) is a b-metric space.

(i) A sequence {y,} in M converges to yt € M if limy, 00 dpy (pin, #) = 0.

(ii) A sequence {y, } in M is a Cauchy sequence, if for each € > 0 there exists a natural number
N(e) such that dj (yn, ptm) < € for each m,n > N(e).

(iii) We say that (M, d,, s) is a complete if each Cauchy sequence in M converges to some point

of M.

Definition 3 ([15]). Let (M, dy, s) is a b-metric space. A subset A C M is said to be open if and only if for
any u € A, there exists € > 0 0 such that the open ball Bo(p,€) C A. The family of all open subsets of M will
be denoted by T.

Proposition 1 ([15]). T defines a topology on (M, dy, s).

Proposition 2 ([15,16]). Let (M, dy,s) be a metric type space and T be the topology defined above. Then for
any nonempty subset A C M, we have

(i) A is closed if and only if for any sequence {}t,, } in A which converges to j;, we have u € A.
(i) if we define A to be the intersection of all closed subsets of M which contains A, then for any
# € A and for any € > 0, we have
Bo(p,e)NA #Q.

Let P.(M) denote the class of all non-empty and closed subsets of M and Py, (M), the class of
non-empty, closed and bounded subsets of M . Let y € M and ) C M,

dy(u, Q) = inf{dy(p,v) : v e Q}.
For (1, () € Py(M), the function Hy, : Py (M) x Pyy(M) — [0, +00) defined by
Hy(, Q) = max{d, (M, D), 0p(, ) }

where
5;,(01,02) = sup {db(y,a)) /S Ql, w € Qz}

is said to be Hausdorff b-metric [14] induced by the b-metric d;.
We recall the following properties from [14,17]:
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Lemma 1. Let (M, dy,s) be a b-metric space. For any Oy, )y, Q3 € Py (M) and any p, @ € M, we have
the following:
(1) dyp(p, Q) < dy(u,b) forany b € Q.
(ii) 0y (Q, Q) < Hp(Qy, M)
(i) dy (u, Qn) < Hyp(Oq, Q) forany y € Qq,
(iv) Hb(le Q]) =0,
(v) Hy(, Q) = Hp (O, 1)
(vi) Hy(Q1, Q3) < s[Hy(Q1, Q) + Hp(Q2, Q3)]
(vii) dp(p, 1) < s[dp(p, @) + dp(@, 1))
Furthermore, we will always assume that
(viii) dy, is continuous in its variables.

In 2012, Wardowski [18] initiated a new version of contractions which is named as F-contractions.
Many researchers [19-23] established distinct fixed point results by utilizing these contractions.
Cosentino et al. [24] used the wardowski’s approach in the setting of b-metric space defined as follows:

Definition 4. Let | s denotes the collection of functions F : (0, 400) — (—o0, +00) satisfying the properties:

(F1) F is strictly increasing;

(R) V {,'Hn} - (0, +00), limy 0 Un = 0 <= limy F(ﬂn) = —00;

(F3) 30 < r < 1such that lim,,_,o+ u"F(u) = 0.

(Fy) for each sequence {j,} C R of positive numbers such that ¢ + F(spn) < F(py—1), ¥V n € Nand some
0>0,then o+ F(s"un) < F(s" 'y, 1) foralln € Nand s > 1.

Throughout this paper, we assume that the functions F € /s which are continuous from the right.
On the other hand, Constantin [25] initiated a new collection P of continuous functions ¢
(R*)> — R* satisfying these conditions:

(1) ¢(1,1,1,2,0),0(1,1,1,0,2),(1,1,1,1,1) € (0,1],
(72) o is sub-homogeneous, that is, for all (uy,uo, 3, ua,us) € (RT)° and « > 0, we have

(7(04]11/ 06‘112, D‘V?ﬂ 0(]14, 0“1’{5) S “U(le ]’l2/ ll3/ ]14, VS)/
(03) 0 is anon-decreasing function, i.e, for y;, @; € Rt, ui <w;i=1,..5 weget

U(l’llr VZ/ l’l3/ ]’{4/ ]’15) S U(wlr (DZI CDS/ CD4/ (DS)

and if Wi, @; € R+,i = 1,..,4, then 0'(]11,]12,]43,]44,0) < 0'(6’01,602,6’03,604,0) and
o(p1, pa, 43,0, pa) < 0 (@1, @2, 03,0, @)

and obtained a random fixed point theorem for multivalued mappings.
The following lemma of [26] is needed in the the proof of our main result.

Lemma 2. Ifo € Pand y, € R are such that
p <max{c (@ @, u@+u0),0 (@ @u0,o0+p),o(@nood+u0), (@ uwo0,e+u)},
then u < @.

The purpose of this paper is to present some common a-fuzzy fixed points for fuzzy mappings
via F-contraction in complete b-metric space to extend the main result of Heilpern [1], Wardowski [18],
Ahmad et al. [19], Sgroi et al. [21], Cosentino et al. [24] and Shahzad et al. [27] and some known results
of literature.
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2. Results and Discussion
We state our main result in this way.
Theorem 1. Let (M, dy,s) be a complete b-metric space with coefficient s > 1 and let Ry, Ry : M —

F (M) and for each i, @ € M, I asgs, (1), ass, (@) € (0,1] such that [D‘ily]aml ()7 [mzw]amz(w) € Py(M).
Assume that 3 F € [, a constant ¢ > 0 and o€ P such that

dy (1, @), dp (1, [Ript] oy (1)) 4 (@, [Py (),
20+ F(sHb([%llleml () [DQz(D]acmz @) <F <U ( i, [ERZ(D}MZ(@))/db(fD/ [mll‘]aml(m) (1)

forall y,@ € M with Hb([mlﬂ]aml (1) 7 [Eﬁzw]mz(m) > 0.Then there exists y* € M such that y* €
[ﬁly*]aml (u*) n [mzy*]amz(y*) .

Proof. Let jig € M, then by hypotheses 3 aw, (110) € (0,1] such that [R1 0]y, () € Pep(M). Let pg €
1
[%lyo]aml (o) - For this pi1, 3 s, (41) € (0,1] such that [SRwﬂamz(m) € Poy(M).

20+ F (db (‘”1, [9%2#1]“%2(#1))) <20+F (Hb ([9%1,140]0le (o) * [9%2y1]am2(yl)))
<20+F (SHh ([9%1}10]“%1 (o) * [mZ;ul]zxmz(y])))
(s dy(po, 1), (Ho, [Rabolag, (ug)) Ao (111, [P2ttt]agy (1y))-
dy (1o, (Rt ] gy (1)) Ao (1, [R1HO oy (1)

(s dy(po, 1), dp (o, 1), o (11, [Pttt ]ag(y))
dp (4o, [Fop] gy ()0

IN

IN

and so
; ( ] ) ., dy(po, 1), d (Ho, 1), o (11, [Pttt ] ag (y))r
b\ 2 Ly () dp (1o, [Fop] gy (1)), 0 '

Then Lemma 2 gives that d,, (;41, [9%2]/11}“%2(”1)) < dy(po, u1)- Thus, we obtain

20+F (SHb ([mlPlO]aml (o) 7 [mﬂll]amz(m)))

- (U < dy(pto, 1), dy (o, 1), dp (11, [Pt ]y (1)) ))
dy(po, [P2pt1]ag (4y)) 0
(U ( dy (Ho, ), dv(po, 1), dy (o, 1), ))
2dy(po, p1),0
F (dy(po, p1)o (1,1,1,2,0))
F (dp(po, 1)) -

IN IA
-

IAIA

@

Since F € fF5,s0 3 h > 1 such that

F (hSHb ([%17’10]“%1 (#0) 7 [mzyl]“mz(ﬂl))> <F (SHb ([mlyo]“ml (Ho)” [9%2}41]“%2(#]») e ®)
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Next as d, (;11, [mzyl]amz(m)) < hH, ([%mo]ml (o) 7 [Eﬁzyl]amz(ﬂl)) , we deduce that there exists

U2 € [D‘izyl]amz(m) (obviously, pp # ]/ll) such that db(]/ﬂ, ‘uz) < hH, ([mlﬂo]aml (o) 7 [mzyl]amz(m)> .
Thus, we have

F (Sdb(ylr ‘”2)) <F (hSHb ([mll’lo]tx%l(yo) ’ [mzl’lﬂamz(;{])>> <F (SHh ([mlyo]agql(ﬂo) ’ [mﬂ’lﬂamz(;{]))) +0

which implies by (2) that

20+ F (sdp(p1, p2)) <20+ F (SHb ([mlﬂo]aml(yo) , [mzﬂl]amz(m)) +0
< F(dp(po, 1)) + e

Thus we have
0+ F (sdy(p1,12)) < F(dp(po, 1)) 4)

For this pip, 3 ag, (42) € (0,1] such that [%WZ}W] (1a) € Pevr(M).

20+ F (d;, (]/lz, [%1ﬂz]aml (PZ))) <20+F (H;7 ([%lyz]aml (12) 7 [D‘izyl]amz(m)))
S2+F (SHh ([ml‘uz]fxml (1)’ [9%2]/!1]“%2(#10)

rlo db(yZ/ ,ul)/ db(IuZI [mlyz]aml (yz))’db(yl’ [mZVﬂ‘xmz (F‘l))’
db(l"Z/ [mzyl]zxmz(yl))’ db (‘1/11, [mll’IZ]am] (PZ))

dy(p2 1), dp (2, [Fabio]agy () Ao (i1, p2),
0, dp (1, [Rib2) o (1)

. dy (i1, 2), (12, [Fabi2]agy ()9 (1, 12),
0, db(.ulf [ml,uZ]aml (yz))

IN

IN
s
S|

and so
J ( 9170 ) § dy (2, 1), o (B2, [Rapalagy () o (p1, 12),
b \H2r PMb2]ag, (4y) o 0,dy(pa, [Eﬁmz]aml (2 :

Then Lemma 2 gives that d,, (;42, (R 142] 4 (#2)) < dp(p1, p2). Thus, we obtain
1

20+F (SHh ([ml}lz]ml (n2) ﬁﬁzyl]“z@(ﬂl)))
rleo db(ﬂZ/ ,Ml)/ db(yZI [mll’u]aml (yz))/ db(]’llf VZ)r
0,dp(p1, [Fapialug, (1))

o[ A p2),do(p, i2), dy (i, ),
0,2dy(p1, 12)

F (dyp(p1,p2)0 (1,1,1,0,2))
F(dy(p1,12)) -

IN

IN
-

IN A

(@)
Since F € f4,s0dh > 1 such that

F (hSHb ([%zyl]“mz(ﬂl) ’ [mlm]“ml (Plz))) =F (hSHb ([ml‘uz]“ml (12) 7 [mz‘ul]“mz(ﬂl)))

< F (sHy (D12l () Bt lag ) ) H0- ©)
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Next as d, (yz, [%Wﬂaml(yz)) < hH, ([mzyl]“mz(m),[mlyz]% (HZ)), we deduce that 3 pz €

[mlyz]aml (12) (obViously, U3 # ]42) such that dh(]/lz, ]/13) < hH, ([%zyl]mz(#l) , [mlyz]aml (”2)> . Thus,
we have

F (sdy(p2, p3)) < F (hSHb ([9‘{2]41]%2(,41) [ Rip2]ay, (yz)))
< F (sHy ([Biplug, () PRott]gy 1) ) + 0
which implies by (5) that
20+ F (sdy(p2, p3)) <20+ F (sHb ([%luz]aml(m , [%zm]%(m)) +o
< F(dp(p2,11)) + ¢ = F(dp (1, 2)) + 0

Consequently, we get
@+ F(sdy(p2,13)) < F(dp(p1, 12)). )

So, pursuing in this way, we obtain a sequence {,} in M such that pzn+1 € [Ripon],,, (jia) A0
1 n

Hon+2 c [mZHZT’l"rl]IquZ (]4211+1) and

0+ F(sdy(pont1, pont2)) < F(dp(pan, Hon+1)) (8)

and
0 + F(sdy(pans2, pony3)) < F(dp(poni1, Hons2)) €

Vn € N. By (8) and (9), we get
@ + F(sdyp(pn, pn1)) < F(dp(ptn-1, 1)) (10)
vn € N. By (10) and (F;), we have
0+ F(s"dy(jtn, tn1)) < F(s" 'y (in—1, in))- (11)
Thus by (11), we obtain
F (5" dy(jin, ns1)) < F (5"t pin) ) = @ < F (8" 2ppn-2, 1)) = 20
< o S F(dp(ppo, p1)) — ne. (12)
Taking n — oo, we get nlglc}o F (s"dy(pn, pns1)) = —oo. Along with (F,), we have
Jim s"dy (pn, pny1) = 0.
By (F3), 3r € (0,1) so that
T [ g )] F (8 g 1) = 0.
From (12), we have

[s"dp(pn, pns1)) F (s"dy (pn, pns1)) — [8" Ay (pn, pins1)]"F (dp(po, 1))
[s"dp (hn, pns1)]"[F (dp(po, 1)) — o] = ["dp (pn, pins1)]"F (dp (0, 1))
—nels"dy(pn, pn41)]” < 0.

IN A
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Taking n — oo in the above expression, we get

lim n[s"dy(pn, pns1)]” = 0. (13)

n—o0

Hence nh_r}lgo n%s"db(yn, tn+1) = 0. Now, the last limit implies that the series Y > ; s"dp, (yn, ppt1) is

convergent. Thus {, } is a Cauchy sequence in M. Since (M, dp, s) is a complete b-metric space, so 3
w* € M such that
lim u, = p*. (14)

n—oo

Now, we prove that u* € [Rop*| . We assume on the contrary that u* ¢ [9Rpu*]

R ). Then
“9‘{2(” ) “9%2(# )
by (14), 3ng € Nand {py, } of {p,} such that dy, (p2,,+1, [mzy*}amz(y*)) > 0,V ny > ng. Now, using (1)
with p =y, 11 and @ = p*, we obtain

2e+F {SHZJ( [Bat2nc] g (1) [%P‘*]%(u*))}

<r db(ﬂan/ ],l*), db(Vanr [mlﬂzmhml (Fan)),db(‘u*’ [mzﬂ*]amz (u*)”
(o4
B db(Van, [mzy*]amz(ﬂ*))’db(#*’ [ml‘uZ""]”‘ml (}'lzﬂk))

This implies that
20+F [dh<#znk+1f [9“214*]«%2(#*))}
<20+F {SHb( I:mlluznk]lxm] (H2ny )’ [mz‘u*]“f“z(”*))]

<r db(Hanr V*)/ db(Vanr [ml,uzm(]mml (P‘an)), db(]/l*/ [mzﬂ*]amz (F*) s
g .
B db(]/‘2nk1 [mz‘u*]“%z(ﬂ*))'db<y*' [ml‘uznk}“im (Van))

As ¢ > 0, so by (F1), we obtain

dp(Hane, 1), dy (M2ny,s [9‘{1}!2;1,(}“%1 (mnk)),db(l/i*/ [Robt gy () - )

dy(pone+1, Rop™ ] 4ee () <O . .
b(VZ 1 [ 2U ] mz(i )) ( db(‘uznk,[mz‘u ]“mz(ﬂ*))’db(y , [i)ﬁilyz”k]aml(mnk))

Letting n — oo in the above expression, we have

Ay (", [F0b g (o)) < 0.

Hence p* € [Rop*],,
[mlﬂ*]aml (n*) N [mzﬂ*]ﬂmz(%*)' -

(u) - Similarly, one can easily prove that p* € [®yp*], (- Thus p* €

Dtml

For one fuzzy mapping, we deduce the following result.

Theorem 2. Let (M, dy, s) be a complete b-metric space with coefficient s > 1 and let R : M — F (M) and
for each p, @ € M, Jaq(p), am(@) € (0,1] such that Ryl ), R@], (o) € Pep(M). Assume that 3
F € [, aconstant ¢ > 0 and o€ P such that

dy (i, [Re] »dp (@, [Ry]

“m(w))

20+ F(SHy (98] 1) DALy )) = F <a ( @), s I 1) 8 L)) ) )

“m(ﬂ))

for all y,0 € M with Hy([Ru]
[%y*]ﬂém(]/l*) :

“%(P‘)’[mw]am(w)) > 0.Then there exists y* € M such that y* €
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Corollary 1. Let (M,dy,s) be a complete b-metric space with coefficient s > 1 and let Ry, Ry : M —
F (M) and for each p, @ € M, I am, (1), an, (@) € (0,1] such that [R;u] Rr@] € Pyy(M).
Assume that 3k € (0,1) and o€ P such that

am, (1) [ P2@ag (@)

dy(p, @), dy (p, [Rrp] ) dp(@, [Rr@] )s
SHb([le]:xg{] (V) , [mz(@]amz ((D)) S ko ( LY (}4) &R, (@) (15)

dy (1, [iﬁz@}mz (@) dp(@, [mlf‘]aml ()

Vu,@ e M. Then 3 u* € M such that y* € [9{1;1*]“%1 ) N [%zy*]“mz(y*) .

Proof. Let k € (0,1) be such that k = ¢=2¢ where ¢ > 0 and F(#) = In(8) for 6 > 0. From (15), for all
H,@ € M with Hb<[9%1‘u]“ml (1) [%Z(D]“ERZ (w)) > 0, we get

F(sHy ([P, (0 2@l 0))) < ~20+ F <0- ( A1t @), b, Pty 1) 2o(@: ol ) ))

dp (1, [P2@] sy, (), 0@, [P, (1))
that is

dy(#, @), dp (1, [R1p] o, (1)) Ao (@, [R2@] )
20 + F(SH;,([D%#]D(%1 ()’ [9‘{2(27]%{2 (w))) <F ((7 < o, (1) R AC)

dp (V/ [mZ(D}amz (@) ), dp(@, [ml V]aml (w) )
Thus we can apply Theorem 1 to deduce that 93, and %R, have a common fuzzy fixed point. [

Corollary 2. Let (M,dy,s) be a complete b-metric space with coefficient s > 1 and let Ry, Ry : M —
F (M) and for each y, @ € M, 3 am, (1), as, (@) € (0,1] such that [R; ] %zw]amz(w) € Poyp(M).
Assume that 3k € (0,1) and o€ P such that

aon, ()7 |

(sHb([mh”]aml () [P2@l (w)))

dp (@), dp (1 [Py (), (@, [F2®l oy (), )

sH, ([% ]/l]zx /[m w]a @ )70‘
P o (7 Ry @ ( dp (1, [P2@] 4y, (), (@, [Pl (1))

e
ko < dp (4, @), d (1, [Pl ()46 (@, [Ra@] g (), )

16
dp(p, [me]am (m))/ dy(@, [%1}1]“%1 (Pl)) "

V@ € M. Then 3™ € Msuch that p* € [Rap*],,, () N [Pop’]

%y am, (*) *

Proof. Let k € (0,1) be such that k = e~2¢ where ¢ > 0 and F(0) = 0 + [n(6) for § > 0. From (16),
forall jt, @ € M with Hb([%ly]aml (1) 7 [EJKizci)]a%2 (@)) > 0, we get

F(SHy (911 (1[92 (7)) < ~20+ F (a ( A (1, @), (1, PRy, 10) (@ (PP ) ))

dy (1, [Pl (), A (@, Pty (1))
that is

20+ F(sHy (Rl 1 [P0 () < F (U < Ao (1, @),y (4, IRl 10): (@1 (B2 ) )) .

dp (1, [P2@] g, (@), (@, [Rapla, (1))

Thus we can apply Theorem 1 to deduce that 93; and i, have a common fuzzy fixed point. [J
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Corollary 3. Let (M, dy,s) be a complete b-metric space with coefficient s > 1 and let Ry, Ro: M — F(M)
and for each y,0 € M, 3 an, (1), an,(@) € (0,1] such that [Rqpu] Ror@| € Py(M).
Assume that 3k € (0,1) and o€ P such that

aon, (1) [ P2@) g (@)

SHb([le]aml ()’ [mzw]amz (w))(SHb([mly]ayl (n)” [mzw]rxmz(w)) +1)

. dp (1, @), dp (1 [P ]y (), (@, [F2®lsyy (),
db(ﬂ/ [mz(ﬂ]amz (w))’ dp (‘Dr [mll’l]aml (y))

((T( dy (@), dp (1 [Py (), (@, [F2®loyy (), ) N 1)

(17)
Ay (1, [P2@] g, (@) B0 (@, [Rip]a (1))

forall y,c € M. Then 3 u* € M such that u* € [Ryp*] ) N [PRap”]

ooy, (p* gy, (*) °

Proof. Let k € (0,1) be such that k = e~22 where ¢ > 0 and F(0) = In(6? + ) for 6 > 0. From (17),
for all u, @ € M with Hy([R1p] R > 0, we get

aon, (1) 7 [P2@l gy (@)

dy (1, @), dy (1, [Fapt],, . () (@, [P2@], (o)),
F(sHbumlmml(m,[mzw]%@))g—zg+p(0< o), (s ikl 1) (@, oLy, ) ))

dy (1, [Po®@] iy, (), (@, [Fib] gy (1))
that is

20+ F(sHy([B1blagy 1)/ [R2@a, (@))) < F (U < Ao @), Ay 1t Piaptlag (1)) (@1 P2l ) )) .

(1, [P2@] g, (@), (@, [P, (1))
Thus we can apply Theorem 1 to deduce that 931 and R, have a common fuzzy fixed point. [J

Remark 1. If we take s = 1, then b-metric spaces turn into complete metric spaces and we get some new fixed
point theorems for fuzzy mappings in metric spaces.

We obtain the following result from our main theorem by taking one fuzzy mapping.

Corollary 4. Let (M, dy,s) be a complete b-metric space with coefficient s > 1 and let R : M — F (M) and
foreach u,@ € M, 3 am(u), am (@) € (0,1] such that [Ru| R € Py( M). Assume that 3
F € Fs, aconstant ¢ > 0 and o€ P such that

a () 7 (P4 ()

ZQ + F(SHb([mV]am(V) , [mw]am(@))) <F <(7 < dh("l/l,(D),db(}l, [m}l}amw)),dh(@, [mw]am(w))r )) (18)

db (V' [%w]am((ﬂ) )’ db (CD, [m‘u]zxm(;{) )

forall y, @ € M with Hy([Rpu] Ro®] 4. (0)) > 0. Then 3 p* € M such that p* € [Rp*|

a (o) 7 | a (") -

Proof. Take R; = Ry = Rin Theorem 1. O
Corollary 5. Let (M,dy,s) be a complete b-metric space with coefficient s > 1 and let Ry, Ry : M —

F (M) and for each yp, @ € M, I am, (1), an, (@) € (0,1] such that [R; ] Ryr@] € Poy(M).
Assume that 3F € [ 5, a constant ¢ > 0 and o€ P such that

am, (1) [ P2@ g (@)

20+ F(sHp ([Pl oy, () - [P2®layy (@) < F (dp(p, @) (19)

forall y, € M with Hy([R1p]
[mlﬂ*]aml(y*) N [mzﬂ*]ﬂmz(ﬂ*) )

g, (1) 7 [mzw]amz(w)) > 0.Then there exists y* € M such that u* €
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Proof. Considering o€ P given by o (1, pa, i3, Ha, pi5) = pq1 in Theorem 1. I

Remark 2. If we take Ry, Ry : M — F(M)as Ry = Ry =R : M — F(M) and s = 1 in the above
Corollary, we get the main result of Ahmad et al. [19]. With this, if F(6) = 0 4 1In(0), for 6 > 0, then a result
by Heilpern [1].

Corollary 6. Let (M,dy,s) be a complete b-metric space with coefficient s > 1 and let Ry, Ry : M —
F (M) and for each y, @ € M, I am, (1), a, (@) € (0,1] such that [R; ] Rr@| € Pyp(M).
Assume that 3F € F5,0 >0,0€ Pand A; > 0(i = 1,...5) such that

aon, (1) 7 2@y, (@)
20 + F(sHp ([Pl g, () - [P2®layy (@)))

My (p, @) + Aody (p, [P plag, () + Asddp (@, [Pl ()
HAady (1, [l (@) + Asdp (@, [Rip]ag, ()

forall u,@ € M with Hh([i)%ly}ml () 7 [%zw]amz(w)) > 0and (A1 +A2)(s+1) +s(Az+Ag)(s+1) +
2sA5 < 2.Then there exists p* € M such that p* € [Rap*], (o) N [F2p]

%y am, (1) *

Proof. Considering o€ P given by o(p1, pa, U3, Ha, M5) = Api1 + Aopin + Asps + Aapa + Aspis in
Theorem 1, where A; > 0 such that (A1 +Ap)(s+1) +s(A3 +Ag)(s+1) +2sA5 < 2. [

Remark 3. Taking F(6) = 0 + 1In(0), for 6 > 0, we get Theorem 2.2 of Shahzad et al. [27].

Example 3. Let M = {0,1,2} and define metric d, : M x M — R by

0,ifu=w
,ifu # @and u,@ € {0,1}
5, if i # @and p,@ € {0,2}
1, ifu #w@and y,@ € {1,2}.

dp(p, @) =

=N\ =

It is easy to see that (M, d) is a complete b-metric space with coefficient s = % , which the ordinary triangle
inequality does not hold. Define

[
@WM#MWF{&ﬁtﬂ

and
0, ift =0,2
3ift=1

Define a : M — (0,1] by a(p) = 1 forall y € M. Now we obtain that

(R2)(1) = {

[ {0} =01
mm;—{ {1} ifu=2.

For yu,@ € M, we get

Hy((9%0], [9%2]) = iy (921, [92],) = H, ({0}, {1}) = ¢.

1 1
2 2

Nl—
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Tuking F(0) = 6 + In(0), for > 0 and ¢ = 1f5 > 0. Then

20+ F(sHy([90]}, [92),)) = o5 + 7 +In(5-5) < 5 +1n(3) = F(d(0,2))
also L1 31
20+ F(sHy([901],, [92))) = 5 + 1 +1n(3.2) < 14In(1) = F(dy(1,2)

forall uy, 0 € M. Asaresult, all assumptions of Theorem 2 hold by considering o€ P as o (p1, Ha, U3, Ha, Y5) =
11 and there exists a point 0 € M such that 0 € [R0] 1 is an a-fuzzy fixed point of R.

Fixed point results for multivalued mappings can be deduced from fuzzy fixed point results in
this way.

Theorem 3. Let (M, dy, s) be a complete b-metric space with coefficient s > 1 and let G1, Gy : M — Py(M).
If3F € Fsand ¢ > 0 such that

dy(p, @), d(p, Gip), d(@, Gr),
2o+ FisHy (G, Goo)) < F ("( 0 Ga), (@, Gug) ))

forall yu, 0 € M with Hy (Gyp, Go@) > 0. Then 3 u* € M such that y* € Gipu* N Gop™.

Proof. Consider a : M — (0,1] and Ry, R, : M — F(M) defined by

Ry (1) (1) = { “(g,)ﬁif ;GG?;%

and
R (u)(t) = { “(o;f)i'ff;GGzG:.%
Then
PRaplgy = {t:Ra()(t) = a(p)} = Gip and - [Rop] ) = {t: Ra(u)(t) > a(p)} = Gope.

Hence, Theorem 1 can be applied to get yu* € M such that y* € [Ryp*], () N [F2p" ]y, () =
1 2
G NGu*. O

Corollary 7. Let (M, dy,s) be a complete b-metric space with coefficient s > 1 and let G : M — Py (M).
If3F € Fsand o > 0such that

dy(p, @), dp(p, Gp), dp (@, G®),
20+ F(sHy(Gu,Gw)) < F ((7 ( b i, Iz}w),db(w,bG‘u) >>

forall u,@ € M with Hy (Gu, G@) > 0. Then 3 u* € M such that y* € Gu*.

Proof. Taking G; = G, = G in Theorem 3. [

We can get the following result of Cosentino et al. [24] in this way.

Corollary 8 ([24]). Let (M, dy,s) be a complete b-metric space with coefficient s > 1 and let G : M
— Py(M). If3F € Fsand o > 0 such that

20 + F(sHy(Gp, G@)) < F (dy(4, @)
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forall u, @ € M with Hy (Gu, G@) > 0. Then 3 u* € M such that y* € Gu*.
Proof. Considering o€ P given by o (1, pa, 3, Ha, 5) = pq in Corollary 8. O

Corollary 9. Let (M, d) be a complete metric space and let G : M — Py(M). If3F € F, 0 > 0and A;
>0(i =1,..5) such that

Md(u, @) + Aod(4, Gpt) + Asd (@, G)
20+ F(H(Gu,Gw)) < F
o+ F(H(G, Go)) ( +A4d(p, Go) + Asd (@, G)

forall yu, 0 € M with H(Gu, G®@) > 0and Ay + Ay + A3 +2A5 = land Ay # 1. Then 3 u* € M such that
we Gu*.

Proof. Considering o€ P given by o (uy, pa, i3, Ha, 45) = A1p1 + Aoy + Azps + Aapta + Asps, where
Ai>0(@=1,.5and Ay + Ay + A3 +2A5 = 1 and A4 # 1 and taking s = 1 in Corollary 8, we get the
main result of Sgroi et al. [21]. O

Remark 4. If we consider G: M — M,s=1and Ay =1, Ay = A3 = Ay = Ay = 0, we get the main result
of Wardowski [18].

3. Applications

Consider the integral inclusion of Fredholm

b
u(t) € g(t) +/a K(t,s,u(s))ds, t€ la,b] (20)

where K : [a,b] x[a,b] xR — K (R) a given multivalued operator, where K., represents the
class of non-empty compact and convex subsets of R. Here g € C[a,b] are given and y € Cla, b]
unknown functions.

Now, for p > 1, define b-metric d; on Cla, b] by

dy(p, @) = (max [u(t) —@(t)[)V = max [u(t) — @(t)[” (21)
tela,b] te(a,b]

for all 4, @ € C[a, b]. Then (Cla, b],dy,, 2P 1) is a complete b-metric space.

We will assume the following:

(@) V u € Cla,b], the operator K : [a,b] x[a,b] xR — K (R) is such that K(t,s, u(s)) is lower
semicontinuous in [4, b] x [a, D],

(b) 3O : [a,b] x [a,b] — [0, +00) which is continuous such that

Hy(K(t,s,1u) — K(t,;s,@) < O(t,5)|pu(s) — @(s)|
Vt,s € [a,b], u @€ Cla,bl.

(c) 3 0 > O such that
14

< bD(t )d) < e
sup / ,8)ds | < ——.
tefap] /4 2r-1

Theorem 4. Under the conditions (a)—(c), the integral inclusion (20) has a solution in Cla, b).

Proof. Let M = Cla, b]. Define the fuzzy mapping R : M — Py, (M) by

(Rt o () = {w e M:o(t) € g(t) + /abK(t,s,y(s))ds, tela, b]}.
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O

Let 4 € M be arbitrary. For the multivalued operator K (t,s) : [a,b] x [a,b] — K (R), it follows
from the Michael’s selection theorem that there exists a continuous operator k (t,s) : [a,b] x [a,b] — R

such thatk,(t,s) € K, (t,s) foreacht,s € [a, b]. It follows that g(t) + fab ku(t,s)ds € Ru. Hence Ry # Q.
It is an easy matter to show that 9y is closed, and so details are omitted (see also [28]). Furthermore,
as g is continuous on [a, b] and K, (t,s) is continuous on [a,b] % [a,]], so their ranges are bounded.
It follows that Ry is also bounded. Thus Ry € Py, (M).
We will check that the contractive condition (19) holds for R in M with some ¢ > 0 and
F € Fg, e,
20 + F(s0p(Rpn, Rpz)) < F(dp(pa, p2))

for yq, pp € M . For this, let i1, o € M, then there exist Ry, Ry such that Ruq , Rup € Py(M).
Let @0, € Ry, be arbitrary such that

b
@i(t) € o(t) + [ K(t,s,1(5))ds

for t € [a,b] holds. It means that V t,s € [a,b], Ik, (t,5) € Ky, (t,5) = K(t, 5, p1(s)) such that

b
@i(t) = o(t) + [k, (t,5)ds
a
for t € [a,b]. For all yq, pp € M, it follows from (b) that

Hy (K(t,s, 1) = K(t,s, p2) < O(t,5)|pa(s) — pa(s)]-

It means that 3 z(t,s) € Ky, (t,s) such that

[y (t5) = 2(t,9)[" < O(t,5) 1 (s) — pa(s)].

for all ¢, s € [a,b].
Now, we can consider the multivalued operator U defined by

U(t,s) = Kuy (t,s) N{u € R: |ky, (t,5) —u| < O(t,s)|p1(s) — pa(s)]}

Hence, by (a), U is lower semicontinuous, it follows that there exists a continuous operator k},2 (t,s):
[a,b] x [a,b] — R such that k,(t,s) € U(t,s) for t,s € [a,b]. Then @,(t) = g(t) + fab ky, (t,s)ds
satisfies that

@ (1) Gg(t)—l—/;K(t,s,yz(s))ds, £ € [a,b).

t € [a,b]. Thatis @, € Ry and

@1(t) =@ (B < (/ah |y (8,5) = kyuy (15| d5>p

p

IN

</ab O(t,s)|u1(s) — Vz(s)|ds>
max (/abD(t,s)ds)p () — @(t)|?

te(a,b)

IN

e ¢

< de(ﬂl, p2)
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Vt,s € [a,b]. Hence, we get
2P dy (@1, @2) < e dy(pa, 1)

Interchanging the roles of y1 and pp, we obtain that

sHy (R, Ruz) < e °dy(p1, p2)-

By passing to logarithms, we write

In(sHy (Rp1, Rpz)) < Ine °dy(p1, p2))-

Taking the function F € F s defined by F(0) = In() for 6 > 0, we get that the assumption (18) is
fulfilled. Using the result (9), we achieve that the integral inclusion (20) has a solution.

4. Conclusions

In this article, we have established some generalized common fixed point resultss for a-fuzzy
mappings in a connection with F- contraction and a family P of continuous functions o : (R*)> —
R* in the setting of complete b-metric spaces. The obtained results extended and improved
various well-known results in literature including Heilpern [1], Wardowski [18], Ahmad et al. [19],
Sgroi et al. [21], Cosentino et al. [24] and Shahzad et al. [27] . As applications, we analyzed the existence
of approximate solutions for Fredholm integral inclusions. Our results are new and significantly
contribute to the existing literature in fixed point theory. Similar generalizations of these contractions
for the L-fuzzy mappings Ry, R, : M — F1 (M) would be a distinctive subject for future study.
One can apply our results in the solution of fractional differential inclusions as a future work.
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