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Summary

One of the most interesting phenomena in fluid literature is the occurrence and
evolution of vortex filaments. Some of their examples in the real world are smoke
rings, whirlpools, and tornadoes. For an ideal fluid, there have been several models
and governing equations to describe this evolution; however, due to its simplicity
and geometric properties, the vortex filament equation (VFE) has recently gained
substantial attention. As an approximation of the dynamics of a vortex filament, the
equation first appeared in the work of Da Rios in the beginning of twentieth century
[53]. This model is usually known as the localized induction approximation (LIA).

In this work, we examine the evolution of VFE for regular polygonal curves both
from a numerical and theoretical point of view in the Euclidean as well as hyperbolic
geometry. This has been achieved through four chapters where the first chapter briefly
describes the model, previous work and motivation; the second chapter deals with
the regular polygons with nonzero torsion in the Euclidean setting and in the third
and fourth chapters, we consider the case of regular planar polygons in the hyperbolic

setting. In the following lines, we summarize each of these chapters briefly.

Summary of Chapter 1

The chapter begins with a brief introduction to VFE,
Xt = Xs Ny Xssa (1)

where X is an arc-length parameterized curve representing vortex filament, s the

arc-length parameter, ¢ time and AL is the cross product given by
a /\:t b= (:I:(ang - (Zgbg), a3b1 - albg, (llbg — a2b1),

where the positive sign corresponds to the Euclidean case and the negative sign to the

hyperbolic case. The tangent vector T = X, satisfies the so-called Schrédinger map
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equation onto the sphere
T, =T Ny Ty, (2)

which has a very important property that during its evolution T preserves its size.
Through a transformation given by H. Hasimoto in 1970, (1)—(2) are related to the
cubic nonlinear Schrédinger equation [38].

In this work, we are mainly interested in filaments with corners. The evolution
of curves with one corner otherwise smooth has been understood thoroughly both
from a theoretical and numerical point of view, and the corresponding problem we
refer to as one-corner problem [21, 36]. However, the case of curves with multiple
corners was unaddressed until very recently. In this direction, the evolution of a regular
planar M-sided polygon in the Euclidean case revealed several interesting properties of
VFE. In this work, the corresponding problem will be referred to as planar M -polygon
problem [22]. This chapter briefly describes and highlights the key points of the two
problems. Furthermore, we discuss some exact solutions of VFE in the hyperbolic space
which also helps us in understanding the nature of polygonal curves in that setting.
Finally, we state some recent theoretical results on the evolution of VFE for polygonal

lines that play a very important role in obtaining certain preserved quantities [8, 9].

Summary of Chapter 2

The key ingredients of this chapter are M-polygons with nonzero torsion (helical
M-polygons) in the Euclidean space R?, and using them we show that the helices
and straight lines have the same instability as the one already established for circles
[22, 25]. In this direction, we consider the initial curve as a helical M-polygon which is
characterized by two parameters M and b. The parameter b corresponds to the third
component of the tangent vector T, a 2m-periodic function that takes M values on the
unit sphere S?; moreover, these parameters also determine the curvature angle py and
torsion angle fy. At the level of the NLS equation, the nonzero-torsion problem can be
seen as a Galilean transformation of the planar M-polygon problem. Consequently,
using some algebraic computations, the evolution can be described for times that are
rational multiple of 27 /M?, i.e., when ¢ = t,, = (27/M?)(p/q), with ged(p,q) = 1,
p € Z,q € N. It is found that the helical M-polygon curve at time ¢,, is a polygon
with Mg sides (if ¢ odd) or Mq/2 sides (if ¢ even). The presence of torsion causes a
lack of space and time periodicity which gives rise to what we call as Galilean shift
and phase shift. Then, a principle of conservation of energy proved in [8] allows us

to compute the angle p, between any two adjacent sides of the resulting polygon, so,
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using the generalized quadratic Gaufl sums, we can construct the polygonal curve, up
to a rigid movement. Later on, using algebraic techniques as in [23], an expression for
the speed of the center of mass c;; is given. With all these ingredients, the algebraic

solution can be computed up to a rotation that remains undetermined.

For the numerical evolution, we use a pseudo-spectral discretization in space and
a fourth-order Runge-Kutta method in time. The symmetries of the tangent vectors
allow us to reduce the computation cost quite effectively. Numerical simulations show
that apart from the formation of new sides, the helical M-polygon moves in the vertical
direction at a constant speed and a rotation about the z-axis. Furthermore, we have
computed the angle between the new sides and speed numerically and have compared

the values with their algebraic counterparts.

We also study the trajectory of a point which is multifractal, but no more planar
as in the case of a regular planar M-polygon. Then, by taking b, such that 6y = 7c/d,
with ged(c,d) =1, ¢,d € N, the periodicity in space can be recovered for large times
i.e., multiples of 27 /M?. For such time period, after removing the vertical height, the
third component of X(0,t) is periodic, and its structure can be compared with the

imaginary part of

ikt 0,1/2), it c-d odd,
¢c,d(t) = Z I t e

k€A, q [0, 1], if ¢ d even,

where the set A.,4 is defined in (2.47). After applying an appropriate scaling, and

expressing it in terms of its Fourier expansion, we get

1/4, ifne A.qand c-d odd,
A}iinoo nbu | =131/2, ifné€ A.4and c-d even,

0, otherwise,

where b, 5s are the Fourier coefficients. In the case of the straight lines, the trajectory

X(0,t) in the XY-plane tends to a 2m-periodic closed curve, which can be compared to

)
e2mk t

k2 7

ou(t) = Y

k‘EA]y[

t € 0,1],

where the set Ay is defined in (2.50). Thus, after removing the vertical height of
X(0,t) and then performing a stereographic projection of the resulting curve, with a

proper orientation and scaling, we approximate its Fourier coefficients ¢,,, to show that,
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for a given M,
1, ifne Ay,

lim |nc,| =

b1 0, otherwise.

We also examine the behavior of T for rational times t,,, with ¢ > 1, and compare
it with the zero-torsion case. Finally, we briefly describe the numerical relationship
between the helical M-polygon and one-corner problems.

Thus, we see that these new solutions of VFE can be used to illustrate numerically
that smooth solutions such as helices and straight lines share the same instability as
the one already established for circles. This has been accomplished by showing the
existence of variants of the so-called Riemann’s non-differentiable function that are as
close to smooth curves as desired when measured in the right topology. This topology
is motivated by some recent results on the well-posedness of VFE, which proves that

the self-similar solutions of VFE have finite renormalized energy.

Summary of Chapter 3

In this chapter, we concentrate on the regular polygonal curve in the hyperbolic space
where the unit tangent vector T € H? (hyperbolic 2-space!) and the corresponding
curve X € R? (Minkowski 3-space®). The regular polygonal curve with zero torsion is
characterized by a parameter [ > 0 which denotes the hyperbolic angle between any of
its two sides, we will call this curve a planar [-polygon. Let us mention that curves
with one corner and otherwise smooth in the Minkowski 3-space have already been
addressed; however, nothing has been done in the direction of curves with multiple
corners [21, 24]. The main motivation to consider them comes from the Euclidean
case where the evolution of M-polygons reveals many interesting features of VFE as
discussed previously.

One of our primary goals is to compute the evolution of a planar [-polygon both
theoretically and numerically. In this direction, for the algebraic computation, the
relationship of (1)—(2) with the NLS equation of defocussing type turns out to be
very useful where with the help of Galilean invariance, we obtain the evolution at
the rational times. The conservation law mentioned in Chapter 2 holds true in the
hyperbolic case as well, as a result, the mutual angle between any of the two sides of
the new polygon can be determined. With this and the quadratic Gaufl sums, T and X

are recovered up to a rigid movement. On the other hand, for the numerical solution,

1See Appendix A
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we work with the coupled system of (1)—(2). Unlike in the Euclidean case, where a
pseudo-spectral discretization in space appears to be very efficient, in the hyperbolic
case, we solve the system using different numerical schemes. Moreover, since the planar
[-polygon has infinite length, to solve it numerically we truncate it and thus, the choice
of boundary conditions becomes very crucial. We have used the following numerical

methods with different boundary treatment:

1. A fourth-order finite difference discretization in space and a fourth-order Runge—

Kutta method in time with

(a) Dirichlet boundary conditions on T,

(b) Dirichlet boundary conditions on X;

2. Chebyshev spectral discretization in space (Dirichlet boundary condition on T)
with

(a) a fourth-order Runge-Kutta method in time,

(b) a second-order semi-implicit backward differentiation formula (SBDF) in

time as in [24],

(c) a second-order SBDF method for the stereographic projection of (2).

Among these schemes, we found that the finite difference scheme with fixed boundary
conditions on T gives the best results both in terms of accuracy and computational cost.
In this way, we verify the numerical evolution by comparing it with the algebraic one.
Remark that at a numerical level, the case of hyperbolic polygons is very different from
its Euclidean counterpart which makes it challenging in the following aspects. First,
the planar [-polygon is open and closed at infinity, therefore, only a part of the polygon
is considered for the numerical evolution. Moreover, due to the exponential growth of
the tangent vectors, working with a large value of [ is not possible. In the Euclidean
case, due to the symmetries of the tangent vector T, the numerical computation could
be performed using only one side of the M-polygon, however, in the hyperbolic case,
because of the fixed boundary conditions, all sides of the planar [-polygon need to be
considered which in turn makes it more computationally expensive.

Numerical experiments show that during its evolution the center of mass of the
planar [-polygon propagates in the z-axis direction with a constant speed ¢;, and follows
a periodic trajectory along the y-axis whereas, it remains stationary along the z-axis.
We compute ¢; numerically and compare it with an exact expression which is later

obtained in Chapter 4. Moreover, X(0,1), i.e., the time evolution of a single point
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on the planar [-polygon lies in the YZ-plane and has a multifractal structure which
reminds us of the Riemann’s non-differentiable function as observed in the Euclidean
case. As a consequence, we can say that Riemann’s function and its variants appear as
universal objects in the dynamics of singular solutions of (1). Moreover, these universal
objects are, in the right topology, as close as desired to smooth curves as mentioned

previously.

Summary of Chapter 4

In this chapter, we follow the steps of the Euclidean case and try to answer up to
what extent the [-polygon problem in the hyperbolic case is related to the one-corner
problem. In this regard, we give numerical evidence of this relationship between the
two problems and claim that for infinitesimal times the multiple-corner problem can
be seen as a superposition of several one-corner problems. As a consequence, through
the one-corner problem, an exact expression for the speed of the center of mass of
the planar [-polygon is obtained and later, a numerical proof of the same has been
provided. Using the asymptotics of the tangent vector in the one-corner problem, exact
expressions for its second and third components at time zero have been obtained. On
the other hand, with the Laplace transform, using a completely different approach, the
expression for the first component has been recovered as well. Finally, we also compute
the linear momentum for the planar [-polygon numerically and show that its evolution

has an intermittent behavior.



Resumen

Uno de los fenémenos mas interesantes en la literatura sobre fluidos es la aparicién
y evolucion de filamentos de vértice. Algunos de sus ejemplos en el mundo real
son los anillos de humo, los remolinos y los tornados. Para un fluido ideal, existen
varios modelos y ecuaciones que describen su evolucién. Sin embargo, debido a su
simplicidad y propiedades geométricas, la VFE (Vortex Filament Equation) ha llamado
recientemente la atencién. Como una aproximacién de la dinamica de un filamento
de vértice, la ecuacién aparecié por primera vez en el trabajo de Da Rios a principios
del siglo XX [53]. Este modelo generalmente se conoce como LIA (localized induction
approximation).

En este trabajo, examinamos la evoluciéon de VFE para curvas poligonales regulares
tanto desde un punto de vista numérico y tedrico en la geometria euclidiana como
hiperbdlica. Esto lo hemos elaborado a lo largo de cuatro capitulos donde el primer
capitulo describimos brevemente el modelo, el trabajo previo y la motivacion; El
segundo capitulo trata de los poligonos regulares con torsion distinta de cero en la
configuracion euclidiana y en los capitulos tercero y cuarto, consideramos el caso de
los poligonos planos regulares en la configuracion hiperbdlica. En las siguientes lineas,

resumimos brevemente cada uno de estos capitulos.

Resumen del capitulo 1

El capitulo comienza con una breve introduccion a la VFE que fue obtenida por primera
vez por L.S. Da Rios en 1905 [53] como

Xt = Xs Nt Xss; (3)

donde X es una curva parametrizada de longitud de arco que representa el filamento de

vortice, s el pardametro por longitud de arco, t el tiempo y A4 es el producto vectorial
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dado por
a /\:t b = (j:(agbg — agbg), a361 — a1b3, a1b2 — agbl),

donde el signo positivo corresponde al caso euclidiano y el signo negativo al caso
hiperbdlico. El vector tangente T = X, satisface la llamada Schridinger map equation
en la esfera

T, =T Ng Tss, (4)

que tiene una propiedad importante de esta ecuacion es que T conserva su tamano
durante la evolucion. Mediante una transformacion dada por H. Hasimoto en 1970,
(3)-(4) se relacionan con la ecuacién cibica no lineal de Schrodinger [38].

En este trabajo, estamos interesados principalmente en filamentos con esquinas. El
one-corner problem, es decir, la evolucion de curvas suaves excepto en una esquina,
ha sido estudiada a fondo tanto desde un punto de vista teérico como numeérico
[21, 36]. Sin embargo, el caso de las curvas con multiples esquinas no ha sido abordado
hasta hace muy poco. En esta direccion, la evolucién de un poligono plano de M
lados en el caso euclidiano revel6 varias propiedades interesantes de la VFE. En
este trabajo, llamaremos a este problema planar M-polygon problem [22]. En este
capitulo se describen brevemente los dos problemas y se destacan sus puntos clave.
Ademas, estudiamos algunas soluciones exactas de la VFE en el espacio hiperbdlico que
también nos ayuda a comprender la naturaleza de las curvas poligonales en ese entorno.
Finalmente, exponemos algunos resultados tedricos recientes sobre la evolucién del flujo
binormal para lineas poligonales que juegan un papel muy importante en la obtencién

de ciertas cantidades preservadas [8, 9.

Resumen del capitulo 2

Los ingredientes claves de este capitulo son los M-poligonos con torsién no nula (M-
poligonos helicoidales) en el espacio euclidiano R3, y al usarlos mostramos que las hélices
y las lineas rectas también tienen la misma inestabilidad como la que ya se establecio
para los circulos [22, 25]. En esta direccion, consideramos la curva inicial como un
M-poligono helicoidal que se caracteriza por dos parametros M y b. El pardmetro b
corresponde a la tercera componente del vector tangente T, una funcion 27-periddica
que toma M valores en S2. Ademsés, estos pardmetros también determinan el dngulo
de curvatura pg y el angulo de torsion 6. A nivel de la ecuaciéon NLS, el problema
de la torsién no nula puede verse como una transformacion galileana del problema

del M-poligono plano. En consecuencia, utilizando algunos calculos algebraicos, la
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evolucién se puede describir en los tiempos ¢ = t,, = (27/M?*)(p/q), con med(p, ¢) = 1,
p € Z,q € N, es decir, en momentos que son multiplos racionales de 27/M?. En
concreto, la curva helicoidal M-poligono en el tiempo ¢,, es un poligono con Mq lados
(si ¢ es impar) o Mq/2 lados (si g es par). La presencia de torsiéon provoca la falta de
periodicidad en espacio y tiempo, lo que da lugar a lo que llamamos Galilean shift y
phase shift. Entonces, un principio de conservacién de energia demostrado en [8] nos
permite calcular el angulo p, entre dos lados adyacentes del poligono resultante, y por
lo tanto, utilizando las sumas de Gaufl cuadraticas generalizadas, podemos construir
la curva poligonal excepto por un movimiento rigido. Mas adelante, usando técnicas
algebraicas como en [23], se da una expresién para la velocidad del centro de masa cyy.
Con todos estos ingredientes, la solucion algebraica se puede calcular excepto por una

rotacién indeterminada.

Para la evolucién numérica, utilizamos una discretizacién pseudo-espectral en
espacio y un método Runge-Kutta de cuarto orden en tiempo. Las simetrias de los
vectores tangentes nos permiten reducir el costo de calculo de manera bastante efectiva.
Las simulaciones numéricas muestran que, aparte de la formacién de nuevos lados,
el M-poligono helicoidal se mueve en direccion vertical a una velocidad constante
y rotando alrededor del eje z. Hemos calculado el angulo entre los nuevos lados
y la velocidad numéricamente y hemos comparado los valores con sus contrapartes

algebraicas.

También estudiamos la trayectoria de un punto, que es multifractal pero no plana
como en el caso de un M-poligono plano y regular. Ademas, al tomar b, de modo que
0y = mc/d, con ged(e,d) = 1, ¢,d € N, la periodicidad en espacio puede recuperarse
para grandes tiempos, es decir, multiplos de 27 /M?. Ademds, para dicho periodo de
tiempo, después de eliminar la altura vertical, la tercera componente de X(0,t) es

periddica, y su estructura se puede comparar con la parte imaginaria de

2mikt [0,1/2], sic-d impar,

dealt) = ¥ S te

kEA,.q k [0, 1], si ¢ d par,

donde el conjunto A.4 se define en (2.47). Después de aplicar una escala adecuada y

expresarla en términos de su expansién de Fourier, obtenemos

1/4, sin€ A.qy c-dimpar,
lim [nb,p|=141/2, sine€ A.qy c-d par,

M—o0

0, en cualquier otro caso,
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donde b,, ps son los coeficientes de Fourier. En el caso de las lineas rectas, la trayectoria
X(0,t) en el plano XY tiende a una curva cerrada peridédica de 2w, que se puede
comparar con

)
627rzk t

k2 7

ou(t) = Y

keAns

t €[0,1],

donde el conjunto A, se define en (2.50). Por lo tanto, después de eliminar la altura
vertical de X(0,¢) y de realizar una proyeccion estereografica de la curva resultante,
con una orientacion y escala adecuadas, aproximamos sus coeficientes de Fourier ¢,

para mostrar que, para un determinado M,

17 sinEAM,

b=17 0, en cualquier otro caso.

También examinamos el comportamiento de T para tiempos racionales t,, con ¢ > 1
y lo comparamos con el caso de torsiéon nula. Finalmente, describimos brevemente
la relacion numérica entre los problemas de M esquinas con torsién no nula y una
esquina.

Por lo tanto, vemos que estas nuevas soluciones de la VFE se pueden usar para
ilustrar numéricamente que las soluciones suaves como las hélices y las lineas rectas
comparten la misma inestabilidad que la ya establecida para los circulos. Esto se ha
logrado mostrando la existencia de variantes de la funciéon no diferenciable de Riemann
que estan tan cerca de las curvas suaves como se desee cuando se mide en la topologia
correcta. Esta topologia estd motivada por algunos resultados recientes que muestran
que la VFE esta bien definida y que las soluciones autosemejantes de la VFE tienen

energia renormalizada finita.

Resumen del capitulo 3

En este capitulo, nos concentramos en la curva poligonal regular en el espacio hiperbolico
tal que T in H? y X in RY2, donde T es el vector tangente unitario y X la curva. La
curva poligonal regular con torsiéon nula se caracteriza por un parametro [ > 0 que
denota el angulo hiperbdlico entre cualquiera de sus dos lados. Llamaremos a esta
curva un [-poligono planar.

Mencionemos que las curvas suaves excepto en una esquina en el espacio de
Minkowski X € RY2 ya se han abordado; sin embargo, no se ha trabajado en la

direccién de curvas con multiples esquinas [21, 24]. La principal motivacién para
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considerarlas proviene del caso euclidiano donde la evolucion de los M-poligonos revela
muchas caracteristicas interesantes de la VFE como se ha comentado anteriormente.

Uno de nuestros objetivos principales es calcular la evoluciéon de un [-poligono plano
tanto tedrica como numéricamente. En esta direccion, para el calculo algebraico, la
relacion de (3)-(4) con la ecuacion NLS defocussing resulta ser muy ttil cuando con
la ayuda de la invariancia galileana obtenemos la evolucién en los tiempos racionales.
La ley de conservacion mencionada en el Capitulo 2 también es valida en el caso
hiperbdlico, y por lo tanto, se puede determinar el angulo mutuo entre dos lados
cualesquiera. Con esto y las sumas cuadraticas de Gaufl, M y X se recuperan excepto
por un movimiento rigido. Por otro lado, para la soluciéon numérica, trabajamos con el
sistema acoplado de (3)-(4).

A diferencia del caso euclidiano, donde una discretizacion pseudo-espectral en el
espacio parece ser muy eficiente, en el caso hiperbodlico resolvemos el sistema usando
diferentes planteamientos numéricos. Ademas, dado que el [-poligono planar tiene
una longitud infinita, para resolverlo numéricamente lo truncamos y, por lo tanto, la
eleccion de las condiciones de contorno se vuelve crucial. Hemos utilizado los siguientes

métodos numéricos con un tratamiento de contorno diferente:

1. Una discretizacién por diferencias finitas de cuarto orden en espacio y un método

Runge-Kutta de cuarto orden tiempo con:

(a) Condicién de contorno de Dirichlet en X,

(b) Condicién de contorno de Dirichlet en T,

2. Discretizacion espectral de Chebyshev en el espacio (condicién de contorno de
Dirichlet en T) con:

(a) un método de Runge-Kutta de cuarto orden en tiempo,

(b) una férmula de diferenciacion hacia atras (SBDF) semi-implicita de segundo

orden en tiempo como en [24],

(c) un método SBDF de segundo orden para la proyeccion estereografica de (4).

Entre estos planteamientos, vemos que el de diferencias finitas con condiciones de
contorno fijas en T brinda los mejores resultados tanto en términos de precision como
de eficiencia. De esta forma, verificamos la evolucién numérica comparandola con la
algebraica. Observamos que que, a nivel numérico, el caso de los poligonos hiperbdlicos
es muy diferente de su contraparte euclidiana, lo que lo convierte en un desafio en

los siguientes aspectos. Primero, el [-poligono planar es abierto abierto y cerrado en
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el infinito, por lo tanto, solo una parte del poligono se considera para la evolucion
numeérica. Ademas, debido al crecimiento exponencial de los vectores tangentes, no es
posible trabajar con un valor grande de [. En el caso euclidiano, debido a las simetrias
del vector tangente T, el calculo numérico podria realizarse utilizando solo un lado
del M-poligono, pero en el caso hiperbdlico, debido a las condiciones de contorno
predefinidas, es necesario tener en cuenta todos los lados del [-poligono plano, lo que a
su vez lo hace més costoso desde el punto de vista computacional.

Los experimentos numéricos muestran que durante su evolucion el centro de masa
del [-poligono se propaga en la direccion del eje z con una velocidad constante ¢; y que
sigue una trayectoria periddica a lo largo del eje y, mientras que permanece estacionario
a lo largo el eje x. Calculamos ¢; numéricamente y lo comparamos con una expresion
exacta que luego se obtiene en el Capitulo 4. Ademas, al calcular X(0, %), es decir,
la evolucion temporal de un solo punto en el [-poligono, notamos que se encuentra
en el plano YZ y tiene una estructura multifractal que nos recuerda la funciéon no
diferenciable de Riemann como se observa en el caso euclidiano. Como consecuencia,
podemos decir que la funcién de Riemann y sus variantes aparecen como objetos
universales en la dindmica de soluciones singulares de (3). Ademas, estos objetos
universales estan, en la topologia correcta, tan cerca como se desee de curvas suaves

como se menciond anteriormente.

Resumen del Capitulo 4

Siguiendo los pasos del caso euclidiano, en este capitulo tratamos de responder hasta
qué punto el problema del [-poligono en el caso hiperbdlico esta relacionado con el
problema de una esquina. En este sentido, damos evidencia numérica de esta relacion
entre los dos problemas y afirmamos que, en tiempos infinitesimales, el problema de
las esquinas multiples puede verse como una superposicién de varios problemas de una
esquina. Como consecuencia, a través del problema de una esquina se obtiene una
expresion precisa para la velocidad del centro de masa del [-poligono plano y luego se
proporciona una prueba numérica del mismo.

Usando las asintoticas del vector tangente en el problema de una esquina, se
han obtenido expresiones exactas para sus componentes segunda y tercera en tiempo
cero. Por otro lado, con la transformacion de Laplace, la expresion para el primer
componente también se ha recuperado. Finalmente, también calculamos el momento
lineal para el [-poligono planar numéricamente y mostramos que su evolucion tiene un

comportamiento intermitente.



Chapter 1
Introduction

The primary goal of this chapter is to provide the key ingredients which help us in
introducing the main theme of the memoir. This has been achieved by introducing the
vortex filament equation, its properties, self-similar solutions, and recent work on the
corner shaped solutions. Some explicit solutions in the Minkowski space are considered
as well which will be one of the main objects of interest for us. Finally, we state some
recent theoretical results on polygonal lines whose application will play an important

role in this work.

1.1 Vortex filament equation

In this section, we discuss about the physical meaning behind the origin of the vortex

filament equation, its equivalent forms and their properties.

Given a three-dimensional ideal (non-viscous, incompressible) fluid with velocity
u and vorticity w (curl of u), a vortex tube is a tubular region of the fluid where
the vorticity is very high compared to its surroundings, and a vortex filament is a
vortex tube with an infinitesimal cross-section. In other words, a vortex filament is an
imaginary spatial curve that induces a rotary flow in the space through which it passes.
The ability of the filament to induce circulation around it depends on its strength

which we denote as I.

We represent the vortex filament by an arc-length parameterized curve X(s,t) in
R3, where s is the arc-length parameter and ¢ time. Assuming the curvature x to be
nonzero and torsion 7, to every point of the curve, we can associate the tangent T,

normal n and binormal vector b which form an orthonormal basis and satisfy the
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Frenet—Serret system

T 0 K T
n| =|-x 0 7||n (1.1)
b 0O —7 0 b

We consider the geometric flow
X = X Ay Xgg, (1.2)

where A, is the cross product in the Euclidean space. The flow was first obtained by
L.S. Da Rios in 1906 as a model to describe the flow of a vortex filament that evolves
according to Euler equations [53]. This model is known as the vortex filament equation
(VFE). Moreover, by using the definition of tangent vector T = X, and (1.1), we can
express the flow as

X = kb, (1.3)

which implies that the filament curve moves in time in the direction of the binormal
vector with speed . Equation (1.3) is also known as the binormal equation. In order
to describe the model, since a vortex filament can be closed or extend to infinity in
both directions, for simplicity we take s € R. Suppose that the vorticity of the given

fluid is supported along the filament; in other words, w is a singular vectorial measure
w = I'Tds,

where the circulation I' is constant along the filament. Thus, using the Biot—Savart

integral, at any point P located outside of the filament, velocity u can be given by

a(P) = 42 I “;(((;’_'))__5”3 AL T(s,-) ds, (1.4)

where || - || denotes the Euclidean distance.

Observe that the Biot—Savart integral is well-defined as long as the point P is not
on the filament, thus to find a law for the evolution of the filament, one identifies the
velocity of a point Q on the filament with that of the fluid at that point. However,
the main idea is to calculate the velocity of the filament as a limit of u(P) when P
approaches the filament. In this regard, in [53] a truncated Taylor expansion of X(s, -)
at the point Q was considered. Note that since this approximation takes in account
only the parts of filament close to the given point Q, the binormal flow is also known

as the localized induction approximation (LIA) in the context of vortex dynamics.
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The strong assumptions in the derivation of the binormal flow makes this model less
useful from a physical point of view; however, like the Euler equations, the binormal

flow preserves the following quantities [55]:

(i) kinetic energy: [ k2,

(ii) linear momentum or fluid impulse: 1 [ X A4 w,
(ili) angular momentum: 3 [ X A, (X A4 w),

(iv) helicity: [ k27,

(v) total torsion: [ 7.

On the other hand, the binormal flow captures some of the well-known examples
of vortex filaments. For instance, some of its explicit solutions are the circle, helix,
and a straight line. The last case corresponds to the line vortex, which does not
move [11, p. 93], and is related to tornadoes or bathtub vortices. As for the circle, it
moves normal to its plane with a constant velocity given by the inverse of the radius.
The direction of propagation is determined by the orientation given to the circle; this
example represents the smoke rings that are generated in real fluids [11, p. 522]. Finally,
during its evolution, the helix does not change its shape either and depending on the
orientation, its movement involves a translation and a rotation about its axis. Vortices
with a helical shape are easy to generate; for example, they can be seen behind the
tips of the blades of a propeller. In fact, there are explicit solutions of Euler equations
that have a helical shape [37, 52].

Differentiating (1.2) with respect to s, yields the following equation for T:

Tt - T /\+ Tssa (15)

which is known as the Schrédinger map flow onto the sphere. Equation (1.5) is a special
case of the Landau-Lifshitz equation for ferromagnetism and one of its important

properties is that during its evolution the norm of T remains preserved, i.e.,

1d
5%(TO+T) :TO+Tt:TO+ (T/\+T53) :O,

where o, is the FEuclidean inner product, hence, the arc-length parameterization is
preserved. In fact, this is considered as one of the drawbacks as an approximation of

(1.4). However, after a scaling, one can write T as a unit length vector. By writing it
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in a more geometric way, i.e.,

T, = JD,T,, (1.6)

where D is the covariant derivative, J is the complex structure of the sphere, (1.5) can
be generalized to more general domains and images [41]. In the following lines, we will

discuss some of them.

1.1.1 The binormal flow in the Minkowski space

Consider the Minkowski 3-space! R = {(1, 2o, 73) : ds* = —dx? + dx3 + dz3} and
the cross product A_ defined as

aA_b= (—(Gng — agbg), (lgbl — albg, Cble — agbl), a, b € RLZ. (17)

Then, the equation of T is
T, =TA_ T, (1.8)

and, equivalently, X € R'? solves
Xy = X A- X (1.9)
As seen before, during its evolution T preserves its magnitude and we have
|T||g = (To_T)=+1, (1.10)
where the Minkowski pseudo-inner product
ao_b = —ab; + asby + asbs,

defines the Minkowski norm? || - ||o. Thus, in (1.10)

1. the negative sign implies that T belongs to H? = {(xy, x3, x3) : —23 + 23 + 2% =
—1, z1 > 0}, i.e., the hyperbolic unit sphere and the corresponding curve X is
time-like. In this case, the Schrodinger flow of maps (1.8) is called the Minkowski

Heisenberg ferromagnet model,

2. the positive sign implies that T belongs to SV = {(z1, z9, v3) : —2?+22+23 = 1},

also known as the de Sitter 2-space in general relativity. The corresponding curve

ISee Appendix A
2Note that, || - [|o is a pseudo-norm, however, with some abuse of notation, in this work, we call it
Minkowski norm.
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X is space-like and the Schrodinger flow of maps (1.8) is called the heat Heisenberg
model [27-29].

Note that for T € H?, i.e., for an arc-length parameterized time-like curve X with

generalized curvature x and torsion 7, the Frenet—Serret frame is given by

T 0 v O T
n|f=|x 0 7(|n|, (1.11)
b 0O —7 0 b

S

where To_T=—-1,no_n=1,bo_b=1To_n=To_b=no_b=0,TA_n=Db,
nA_b=—-T, TA_b= —n, and the normal n and binormal b vectors are space-like
[45].

In this work, we concentrate only on the cases when T lies in S* and H?. Thus, for

the ease of notation, we combine and write the equation for X as

Xy = X Ax X, (1.12)
and that for T as

T, =T Ay Ty, (1.13)

where the positive sign corresponds to (1.2), (1.5), and the negative sign to (1.8), (1.9).

1.1.2 The Hasimoto transformation

There is a natural connection between (1.12)—(1.13) and the nonlinear Schrodinger
equation (NLS). In [38], Hasimoto established this relationship by defining the filament

function
P(s,t) = K(s, t)eifo 7(s" t)ds" (1.14)

and proving that such a 1 solves the NLS equation:

it + s+ (G0 + A@)) ¥ =, (1.15)

with A(t) a time dependent real valued function which depends on the values of (s, t),
7(s,t) at s = 0. Thus, the Euclidean case (positive sign) corresponds to a focusing
type and the hyperbolic case (negative sign) to the defocussing type NLS equation.
Note that by using 4

U(s,t) = (s, t)e% I Adt’
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one can get rid of A(¢) in (1.15) and obtain
: Lo

a completely integrable system which exhibits a soliton behavior. Later in [44] it was
shown that the Heisenberg ferromagnet model (HF model) is equivalent to the NLS
equation obtained above through the Hasimoto transformation.

Let us mention that in this thesis, we will be mainly working with polygonal
curves, as a result, in order to avoid issues related to vanishing curvature, it’s more
convenient to work with a generalized version of the Frenet-Serret frame?, formed by

the orthonormal vectors T, e; and e,

T 0 a p T
eg| =[Fa 0 0].[er], (1.17)
€/ 8 0 0 €2

WhereT/\ielzeg, el/\iegzj:T andT/\ieQZ—el,ToiT::tl,eloielzlz

€y o4 e5. Moreover, under this setting, the filament function can be expressed as [22]
V= a+iB, (1.18)

where

als, 1) = r(s, 1) cos (/Osr(g,t)dg),
B(s,t) = k(s,t)sin (/OS T(ﬁ,t)d§>.

It’s easy to check that the new definition of ¢ also satisfies (1.15) 3.

Thanks to the relationship between (1.12)—(1.13) and (1.15), for a given time t,
from (s, t), we can obtain T(s,t) and X(s,?) up to a rigid movement, as a result, the
main idea is to work with (1.15). Note that, if we define

(1.19)

Y =eMp=eMa+if), N eR,

and integrate (1.17) for ¢, the corresponding solution is {T, &1, €, }, where T = T, and
€, + i€, = ¢ (e; + iey), thus, T remains the same.
The Schrodinger map equation can also be transformed to a nonlinear Schrodinger

equation by using a stereographic projection of T = (17,75, T3)T* onto the complex

3See Appendix A
4Note that, along this work, we have taken all the vectors in the column form.
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plane C [10]. In this regard, we define

15 I3 ) , (1.20)

z=x+1y = (x,y) = <1+T1’1+T1

where T is projected from (—1,0,0)7 into R?, identifying R? with C. In the Euclidean
case, since T € S?, there is a point on the sphere, (—1,0,0)7, corresponding to which
there is no point in C, as a result, there is a bijection between S? — {(—1,0,0)7} and
R2. On the other hand, in the hyperbolic case, T € H?, there is a bijection between D
and H?, where

D= {(z,y) € R | 2* +y* < 1},

is also known as Poincaré disc. Consequently, the tangent vector can be recovered by

1F 22592 2z 2y 4
1xa2+y?2’ 1222 +y?2" 1222492

T = (Tl,TQ,Tg)T = (

Next, by differentiating (1.20) and using (1.13), one can arrive at the following nonlinear
Schrodinger equation
207222

=0.
14122

2 — 1245

We will see later in Chapter 3 that this form can also be used for the numerical

evolution of (1.8).

1.2 One-corner problem

As mentioned previously, our main object of interests in this work are curves with
multiple corners. In that direction, it becomes natural to address first the case of curves

with one corner, which appear in the evolution of self-similar solutions of (1.12)—(1.13).

Apart from the explicit solutions of (1.12)—(1.13), another important class is the
one of self-similar solutions which are characterized by one parameter and for any time

t >0, seR, are given by

X(s,t) = VIX (\2 1) ,

that corresponds to the one-parameter family curve with curvature and torsion as

(s, t) = co/Vt, T(s,t) = s5/2t, (1.21)
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respectively. One of the interesting properties of these solutions is that they develop a
corner-shaped singularity in finite time [21, 36]. Here, depending on the underlying
framework, X can be a curve in R3 or R'? 5. Note that the parameter ¢ is the
curvature at time ¢ = 1. Thus, for any time ¢ > 0, using Frenet—Serret frame (1.1) or
(1.11) with (1.21) and the following initial conditions

X(0,t) = 2¢0V/1(0,0,1)7,

T(0,¢) = (1,0,0)7, (1.22)
n(0,t) = (0,1,0)7, |
b(0,t) = (0,0,1)7,

the basis vectors T, n, b and hence, the curve X can be obtained up to a rigid
movement. And for ¢y = 0, we define Xq(s,t) = s(1,0,0)7.

As t tends to zero, the formation of singularity happens at s = 0 and the corre-
sponding curve X approaches to two non-parallel straight lines forming an (Euclidean

or time-like) angle py at the corner. Thus, at t = 0,

Als, s <0, Al s <0,
X(s,0) = L T(s,0) = (1.23)
A2%s, s >0 A2 s> 0,

where A7 satisfy A7 o, A7 = £1, j = 1,2 and are given as
Al = (Ai7 _A%> _Aé)Ta A2 = (A%aAgaA@T (1'24)

Let us also recall the very useful relationship between the parameter ¢y and the first
component of A7, i.e.,
Al = A2 = Fim/?, (1.25)

which was obtained in [36] for the Euclidean case and in [21] for the hyperbolic case
and it was also shown that for ¢ > 0, the solution curve X is C*°. Furthermore, (1.25)

also allows us to express the parameter ¢y in terms of the angle py:

[(2/7)In (cosh (po/2))]V/?, if Ado_ Al =—1, j=1,2
co = (1.26)
[—(2/7) In (cos (po/2))]V?, ifAlo, AJ =1, j=1,2.

°In this work, unlike in [21], instead of R?!, we work with R%? and accordingly change the rest of
expressions. See Appendix A for the difference in their definitions.
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One can note that at the level of NLS equation, from (1.14) and (1.21),

(s, t) = \C/“zeisg/‘“, (1.27)
is the solution of (1.15) with A(t) = —c2/t and ¥ (s,0) = V/iced, where ¢ is the Dirac
distribution. Moreover, in this setting, the L? norm can be understood as the kinetic
energy. As [(s,t)|> = 3/t, ¥ is not in L*(R), i.e., have infinite energy. However, by
using a pseudo conformal transformation it was shown that the solutions have finite
energy. This fact allows authors to prove some stability results and find adequate
function spaces so that the corresponding problem is well-posed. This work has been
carried out in a series of papers by Banica and Vega [3-6]. In other words, the existence
and uniqueness of the initial value problem, i.e., (1.2) with X(s,0) as in (1.23) is proved
which also shows that there is a unique way in which the solution can be extended
in a continuous way for ¢ < 0 within the set of self-similar solutions [6, see Theorem
1.2, 1.3]. More concretely, the velocity at the point where the corner is located is
determined by the self-similar solution that at time zero has a corner with the same
angle. In fact, in [8] it was proved that there exists just one self-similar solution with
this property.

On the other hand, the numerical treatment of the problem was first addressed
in [15], and later a careful study for both Euclidean and Hyperbolic cases was done
in [24], where using appropriate boundary conditions, the formation of corner-shaped
singularity was captured numerically. Moreover, for the forward problem, i.e., starting
with a corner-shaped initial datum, the self-similar solutions were also recovered
numerically. It was found that due to the exponential growth of the first component
Ay, the hyperbolic case becomes difficult to deal at the numerical level for all values of
co; however, for smaller values, there was almost no difference between the two. In the

rest of this work, we will refer to this problem as one-corner problem.

1.3 Planar M-polygon problem

Although the one-corner problem has been well-addressed, a multiple-corner curve
as an initial datum has received attention very recently. The numerical evolution of
the (1.2), (1.5) for a polygonal initial curve was first considered in [40] where it was
observed that a unit square propagates in the vertical direction in such a way that
at later times also it is a polygon with different number of sides. In particular, at a

certain time, it reappears but with the axes turned by 7/4-angle with respect to the
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initial configuration. For the numerical simulations, the method proposed in [15] was
used where (1.5) is discretized using Crank—Nicolson type scheme, and the curve is

recovered by integration with respect to the arc-length parameter.

Later, in [22], a planar M-polygon, i.e., a regular planar polygonal curve with M
sides was taken as an initial datum and it was shown that at rational times of the form
tpg = (2m/M?)(p/q), ged(p,q) =1, p € Z, q € N, depending on ¢, a regular polygonal
curve with multiple sides appears again. To be precise, if ¢ is odd, the new polygon
has Mg sides, and for ¢ even, it has Mq/2 sides, and during its evolution, the planar
M-polygon also moves in the vertical direction with a constant speed c,;. For the
numerical simulations, a pseudo-spectral discretization in space with a fourth-order
Runge-Kutta method in time was employed. The results thus obtained not only verify
the observations made in [40], but also reveal several interesting properties of the

binormal flow. Some of these we will discuss in the following lines.

In the absence of torsion, at the level of NLS equation, the initial condition is given
by

P(s,0) = ?\Z _i 4] <s — 2;;) , (1.28)

where the coefficients 27 /M are obtained using the fact that the planar M-polygon is

closed.

Observe that, (1.28) satisfies eM*5y))(s,0) = 9(s,0), for all k € Z, as a result,
using the Galilean symmetry of (1.15) which says that if ¢ is a solution, then so
is i, (s,t) = el (s — 2nt,t), for all n,t € R. If we choose the initial datum
such that ¥,(s,0) = ¥(s,0), i.e., ¥(s,0) = e™)(s,0), for all n € R, and if the
solution is unique, then (s t) = ems*m%@b(s — 2nt,t), for all n,t € R. Hence,
U(s,t) = eMrs=iMR*tyy (g _ 9Nkt t), for all k € Z. One of the important consequences

of this invariance is that

A

Uik, t) = e MEHG0,1), VE € Z,

which implies that

o0

W(s,t) = (0,8) Y e MRHiMEs (1.29)

k=—o00
and
[k, 1)* = [0, ).

Moreover, if ¢)(s, t) € L*([0,27)), then from Parseval’s theorem, 35 |ih(k, t)|2 < oo,
which would imply 1@(0, t) and thus, 1 (s, t) is equal to zero. At this point recall that, in
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the one-corner problem ) was not in L?, but in L2 ; however, in the current scenario,
none of them is the case. However, by assuming uniqueness and considering only the

rational times ¢,,, through some algebraic techniques, one obtains

oo g—1
w(s7tpq) = 27‘;&(0725])(]) Z Z G(_p7m7Q) d (8 - @ - m) ) (130)

where

1=0
is the generalized quadratic Gaul sum, and 7,5(0, tpy) that can be assumed to be real, is
the mean of (s, t,,) over a period

~ M

27 /M
w(oatpq) = %/0 w(S,tpq) ds.

By using the properties of the Gaufl sum (see [22, Appendix]), we can write

Vae, ifqodd,
G(—p,m,q) = { \/2qe?, if g even A q/2 = m mod 2, (1.31)
0, if ¢ even A q/2 % m mod 2,

for a certain angle 6, that depends on m (and also p, ¢). Furthermore, by defining

A~

11700, 1), if g odd,

2L_0)(0, ), if g even A ¢/2 =m mod 2, (1.32)

Pm = M+/q/2

, if ¢ even A q/2 # m mod 2,

@)

(1.30) can be expressed as

i 0, 27k 2mm
w(satpq> = Z Z Pm€" "0 | 8 — SV Fq . (1.33)

k=—00 m=0

The above expression shows that at any rational time ¢,,, there are M¢q new, equally
spaced Dirac deltas, which corresponds to Mg sides of the newly formed regular
polygonal curve. However, except for initial, half and final time period, i.e., at ¢t = 0,

t12, t1,1, the coefficients multiplying Dirac deltas are not real, as a result, ¥ (s, t,,) does
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not correspond to a planar polygonal at those times. Finally, when ¢ is even, half of

the p,, are zero, as a result, there are only Mq/2 sides.

Integrating the Frenet-Serret frame using (s, t,,), yields a rotation with an angle
Pm about an axis determined by #,,, which in turn gives T and hence, the curve X up
to a rigid movement. By using the fact that the corresponding polygon is closed, the

angle p,, = p can be obtained as

2 arccos(cos™(m/M)), if ¢ odd,
| [paceosteosamian), ity s
2 arccos(cos?4(w/M)), if q even.

In the case of a planar M-polygon (from now on, referred to as planar M -polygon

problem), 1(s,t,,) and T are periodic in time with a period 27 /M?.
Note that taking ¢(0,¢) = 1, in (1.29) gives

o~ —(Mk)*t+iMks M M?

Y(s,t) :k:z_jooe (MRS HiMEs — g <2W7T> (1.35)
where 6(s,t) is the Jacobi theta function, and it is precisely the solution of the free
Schrodinger equation, i.e., ¥ = i), for initial data given by (1.28). On the other hand,
(0,1,,) = 1 in (1.30) gives the mathematical expression for the well-known optical
phenomenon called Talbot effect [58]. Furthermore, in [12, 13], the authors used free
Schrodinger equation to model the Talbot effect and showed that at rational times the
solution can be obtained as a finite overlapping of translates of the initial datum, while
at irrational times the images have a fractal profile. The latter was also observed in
the case of planar M-polygon problem where the numerical simulation showed that the
tangent vector T has a fractal-like structure for the irrational times (see [22, Figure
8]). Let us mention that the fractal structures were also observed in [50] where using
(1.2), (1.5), an aortic valve model was proposed that described the apparent fractal
character of the valve’s fiber architecture. The fractal dimension of those curves was
calculated numerically in [57]. Furthermore, the axis-switching phenomenon observed
in the real fluids appears at the level of the curve X in the planar M-polygon case as
well. For instance, in Figure 1.1, we have taken M = 3, and on the right hand side, we
have plotted the curve X(s,t) at ¢t = 0, t1 2, t11. The phenomenon is clearly visible at
t =ty (in red) which has also been well observed in the evolution of a vortex filament

created in a lab experiment Figure 1.1 [42](see also [34, Figure 6], [35, Figure 10]).
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Figure 1.1 Vortex filaments in a lab experiment [42] and an equilateral triangle at time
initial, half and final time. The axis-switching phenomenon is clearly visible in both
the cases.

Hence, we see that the evolution of M-sided polygon reveals many fascinating
properties of VFE. Another such is the trajectory of a single point, i.e, X(0,¢) which

we discuss in the following lines.

Trajectory of X(0,t)

Taking into account the symmetries of the planar M-polygon, it is easy to see that, for
a given M, the trajectory of a single point X(0, ) lies in a plane. Hence, by projecting

it onto C, we define
2(t) = [|(X1(0,1), X5(0,8))|| +iX3(0,t), t€[0,2r/M?],

where || - || is the Euclidean norm. Moreover, if we remove the constant vertical

movement,
2u(t) = 2(t) —icyt, t€[0,21/M?],

then the resulting curve is closed, 27 /M?-periodic and can be seen as a nonlinear
version of
9] ewith
t) = —F, t€]0,2]. 1.36
o) =3 T el (1.36)

Figure 1.2 shows z(t) (left) and Zy/(t) (right) for M = 3, and the latter can be compared
to Figure 3.15 (in red). The function ¢(t) was used in [30] where its real part, i.e.,

fy =3 T e o)
k=1 T

also known as Riemann’s non-differentiable function was studied. This function is

nowhere differentiable except at rational points t = p/q with p, ¢ both odd. The proof
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of the multifractality of Riemann’s function is given in [39], and in [18], some other
relevant trigonometric sums are considered. However, in [22], using an appropriate
scaling that depends on M, a strong numerical evidence is given to show that, as M

tends to infinity, Z); converges to ¢. Furthermore, we redefine

oo 2mik3t

o(t) = Z 2

k=1

, t€10,1], (1.37)

and compute the Fourier coefficients a,, 5y of the scaled version of Z);, where the scaling
is obtained by comparing it with the new definition of ¢. Hence, it can be concluded
that
1, ifn=~kkeN,
im |na,y| =

M—o0 0, otherwise;

where N = {1,2,...}. In this work, we will call the plot of na, s as a function of n as

a fingerprint.

0.3
05F
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Figure 1.2 Left: Z(t) and right: Zy,(t) for ¢t € [0,27/M?|, M = 3.

Having learned about the one-corner and planar M-polygon problems, one natural
question to ask is up to what extent the two are related. This was addressed in [23]
where it was shown that at infinitesimal times, the planar M-polygon problem can be
explained as a superposition of M one-corner problems. Besides that, this relationship
turns out to have deeper implications, for instance, it allows computing the speed of
the center of mass of the planar M-polygon theoretically using the one-corner problem.

Let us conclude this section by commenting on the linear momentum of curve X
which is also called impulse in the fluid literature. As X is a closed curve, during the
evolution its linear momentum is preserved [52]. However, in the case of self-similar

solutions of the one-corner problem, it was found that this quantity is not preserved
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[7]. Later in [23], for the planar M-polygon problem, it was shown numerically that
these observations hold true and the second component of the linear momentum shows

an intermittent behavior whose shape can be compared to the Riemann’s function.

1.4 Some exact solutions in the Minkowski space

This section talks about some of the smooth solutions of (1.8)—(1.9) in the Minkowski
space which help us in understanding the corresponding polygonal curves.

In Section 1.1, we saw that the curve X € R'? can be time-like or space-like;
however, in the following lines, we will consider the binormal motion of only time-like

curves.

Figure 1.3 The hyperbolic 2-space H? and parameters a and b such that a? — b? = 1.
The red (blue) curves are the unit hyperbolas formed by the intersection of plane
z = 4b (z =0) with H.

A helix with a constant curvature and torsion converges to a circle as the torsion tends
to zero and to a straight line when the curvature goes to zero. In the Euclidean case,
the initial curve X can be chosen such that its shape (curvature, torsion) is determined
by the value of T5, i.e., the third component of the tangent vector T € S%. For example,
see Figure 2.1, where T3 denoted as b € [—1,1], corresponds to the torsion of the
smooth curve X such that a? + b? = 1, with a as its curvature. Note that, choosing

the third component is arbitrary and since the cross product A, is invariant under the
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Figure 1.4 The hyperbolic 2-space H? and parameters a and b > 1 such that v> —a? = 1.

Euclidean isometries, the torsion can be associated with the first or second component
as well.

Proceeding with a similar reasoning, when T € H?, we note that due to the
isometries in the Minkowski space, the torsion can be introduced in two different ways.
Thus, characterized by the parameter b which corresponds to the initial value of the
third component of the time-like vector T, we write the most general form of a helix

with a fixed axis as
X(s,t) = asinh(s)x(t) 4+ a cosh(s)y(t) + bszg + B(t)zg, a®> —b* =1, (1.38)

where s is the arc-length parameter and both a and b are positive. Here, x(¢), y(t) are
unit vectors which depend on time and make an orthonormal basis with the constant
unit vector zo being the fixed axis of the helix, and 5(t) is yet to be determined. By
substituting X(s,t) in (1.9), we obtain

dx dy

E:by> E_bxa

B,
at

which after solving gives

»
—~
~+
~—
I

cosh(bt)xg + sinh(bt)yo,
(1.39)

<
=
I
<
=
=
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o
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=
<
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with x(0) = x¢, y(0) = yo. As a result, we get
X(s,t) = asinh(s + bt)xg + a cosh(s + bt)yo + (bs + a*t)z, (1.40)
and the tangent vector
T(s,t) = acosh(s + bt)xo + asinh(s + bt)yo + bzg, a® —b* = 1. (1.41)

Figure 1.3 shows T at t = 0 for b = 0 (blue) and b # 0, a > 0 (red). It is important to
mention that (1.39) and thus, (1.40) imply that the evolution of X is composed of two
different movements: a vertical translation along its axis with a speed 1 + b2, and a
rotation of angle b about its space-like axis. Furthermore, the evolution of T consists
of the same angular movement as in the case of X while its third component remains
fixed. Note that the limiting case b = 0 leads to the planar curve X, a hyperbola,
which moves in a vertical direction along its axis with unit speed. On the other hand,
as b goes to infinity, both angular velocity and vertical speed will tend to infinity as
well. As in [60], we call the curve X in (1.40) at ¢t = 0, a hyperbolic heliz .

On the other hand, when the parameter b corresponds to the initial value of the
first component of the time-like vector T, the most general form of a helix with a fixed

axis can be written as
X(s,t) = bsxg + B(t)xo + asin(s)y(t) — acos(s)z(t), b* —a® =1, (1.42)

where both a and b are positive, y(t), z(t) are time dependent unit vectors that make
an orthonormal basis with a constant unit vector xg, i.e., the fixed axis of helix, and
B(t) is yet to be determined. As before, substitution of X(s,t) in (1.9) yields

dy dz. s 5
E_ bZ, E_bY) -, = —a,

dt
which after solving with y(0) = yo, z(0) = zo, gives
X(s,t) = (bs — a’t)xqg + asin(s — bt)yo — acos(s — bt)zo. (1.43)

The corresponding tangent vector

T(s,t) = bxo + acos(s — bt)yo + asin(s — bt)z, (1.44)
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where v> —a? = 1, b > 1; Figure 1.4 shows T at ¢t = 0. Observe that (1.43) imply
that the evolution of X is composed of two different movements: a translation in the
downward direction along the axis with a speed b? — 1, and a negative rotation of angle
b about its time-like axis. Furthermore, the evolution of T consists of the same angular
movement as in the case of X while its first component remains fixed. Note that the
limiting case b = 1 leads to the stationary solution straight line and the corresponding
tangent vector will lie on the south pole of the hyperpoloid. On the other hand, as b
goes to infinity, both angular velocity and vertical speed will tend to infinity as well.
In this work, we denote the curve X in (1.43) at t = 0, by a circular heliz [60].

1.5 Some existence and uniqueness results

In this section, we discuss some recent results on the well-posedness of VFE for certain
kind of initial data. Let us first mention that the existence results for curves with
curvature and torsion in Sobolev spaces of higher order were given in [38, 43, 47]; later,
in the framework of a weak formulation of the binormal flow, some existence results
for currents were obtained in [40]. Furthermore, the well-posedness of the one-corner
problem, i.e., when the initial data has just one corner and is otherwise smooth, has

already been discussed in Section 1.2.

In this work, we are interested in filament curves with corners which implies delta
functions as the initial data for (1.15) or piecewise continuous functions as the initial
data for (1.5). Therefore, we work with data in critical spaces and the problem turns
out to be much more involved. Recently, it has been proved that, for polygonal lines
that, at any given time, are asymptotically close at infinity to two straight lines, the
initial value problem is well-posed in an appropriate topology [8]. In other words, a
class of smooth solutions of the binormal flow that generates several corners in finite
time has been proposed. In the following lines, we summarize the results obtained
there.

The main idea is to consider a polygonal line with corners located at integers and
curvature angles 6,’s. Then, by choosing the coefficients such that some moments of
the sequence {ay} are squared integrable, a strong smooth solution of VFE for t # 0
which is a weak solution for all ¢, has been constructed. In particular, consider an

initial datum as a sum of Dirac masses

U(O) = Z Oék(;k,

keZ
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with coefficients in weighted summation spaces, i.e., ||ag||p.s < 0o, where

levillims == > (1 + [kl

keZ

and

w(0)(€) = 3 age™ ™,

—

is 2m-periodic. Moreover, {ay} € [>* implies that u(0) € H*(0,2n), and we define

and

lull . = Naill s o.2m)-

Thus, the following results are obtained in [8].

Theorem 1 (Evolution of polygonal lines through the binormal flow). Let X(s,0)
be an arc-length parameterized polygonal line with corners located at s € Z, with the

sequence of angles 6,, € (0,7) such that the sequence defined by

J —i In (sin (Z")) (1.45)

belongs to 1?3, Then there exists X(s,t), smooth solution of the binormal flow (1.3) on
t # 0 and solution of (1.3) in the weak sense on R, with

1X(s,t) — X(s5,0)] < CVt, Vs € R,|t] < 1.

Theorem 2 (Solutions of 1-D cublic NLS with several Dirac masses as initial data).

Consider the following initial value problem for the 1-D cubic NLS equation

iatu + ﬁssu + % (|U’2 — %) u = O,

(1.46)
u(0) = Ykez arlr,
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with Q = Yz |arl?, and let s > 1/2, 0 < v < 1 and {a} € [*. Then, there exists
T > 0 and a unique solution on (0,T) of the form

u(s,t) = Ap(t)e"% 5, (s), (1.47)

ok |2

= IHVE(O% + Ry(t)), such that liH(l) Ap(t) = ag, and
—

where Ag(t) =™
sup t Y|{Re(t)}Hizs + t||{O:Rr(t)}12s < C. (1.48)
0<t<T

Furthermore, if an initial datum as a finite sum of N Dirac masses is considered in
(1.46) such that

|ak| = G,

and the NLS equation is renormalized with Q = (N —1/2)a?, then there exists a unique

u(t) = eita“u(O) + ;eia‘“ (<|u(7')|2 — Q) u(7’)> dr,

27T

solution

such that e=®=u(t) € C'((~T, T), H*(0,27)) with

le™%u(t) — u(0)|

H < Ct, Vt e (—T, T)
Moreover, if s > 1, then the solution is global in time.

Thus, from the unique solution of (1.46), one can construct the curve X through
tangent vector T and the generalized Frenet—Serret frame as explained before. One
of the important properties of the solution obtained above is that it satisfies the

conservation law

Q=>_laxl* =) |A(®)]*. (1.49)

kEZ kEZ

At this point, one natural question to ask is if there are conserved quantities such as
(1.49) associated to (1.2), (1.5). In this direction, the authors consider a new topology
where the Fourier transform of the initial solution is measured in the L* norm. Note

that for the smooth solution of (1.5) the energy density is given by
|T,|? ds = k* ds,

where k is the curvature. Consequently, the solutions of (1.5) that are obtained from

that of NLS equation with finite L? norm, will have energy which is also finite. However,
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it is shown that this is not true for the solutions constructed above, and the result is

as follows [9)].

Theorem 3. Let X be the solution curve with initial data as mentioned above, and T

its tangent vector. Define

k+1

E(T(t)) == lim T, (t, €)|2de. (1.50)

k—o0 Jk

Then, for allt > 0 the following conservation law holds true:

E(T(t) =4m ) awl?, (1.51)

kEZ

and at t = 0, when the singularities are created

k1,
/ T,(0,6)]2d =43 (1 — e™P) vk € Z. (1.52)
k jez
Hence, there is a jump discontinuity of £(T(t)) at time ¢ = 0, showing an instantaneous

growth for positive times at large frequencies
£(T(0)) < E(T(1)).

The knowledge of these results will be extremely useful in this work as it will allow
us to compute some of the preserved quantities of the polygonal curves both in the

Euclidean and hyperbolic geometries.

1.6 Outline of the thesis

The objective of this Ph.D. thesis lies in the direction of describing the evolution of the
binormal flow for polygonal curves. As mentioned in Section 1.1, the equation plays an
important role in both Euclidean and hyperbolic cases, therefore, we consider polygons

in both settings. In the following lines, we state the organization of this thesis.

o In Chapter 1, we have discussed the background, motivation and relevant litera-
ture. In particular, the notion of one-corner and planar M-polygon problems has
been explained which lay an important foundation in following the rest of the

text.
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Introduction

o Chapter 2 concentrates on the evolution of the helical M-polygon in the Euclidean

case. This can be seen as an extension of the planar M-polygon case explained
in Section 1.3. Apart from obtaining the numerical and algebraic solutions up
to a rotation, one of the most interesting outcomes of this work is to find new
variants of Riemann’s non-differentiable function in the trajectory of one point.

The results of this chapter are contained in the research article [25].

From Chapter 3 onwards we delve into the hyperbolic setting and examine the
evolution of (1.8)—(1.9) for a regular planar [-polygon where the parameter [ stands
for the hyperbolic angle between any two sides. Unlike its Euclidean counterpart,
the planar [-polygon is open and both of its endpoints grow exponentially, as a
result, solving the problem numerically becomes quite challenging. However, with
appropriate boundary conditions, we solve the system numerically and compare
it with the algebraic solution. We also draw a comparison between the Euclidean
and hyperbolic versions of the multifractal curve X(0,t). The results of this and

the next chapter are contained in the research article [26]

Chapter 4 describes the relationship between the [-polygon and one-corner
problems in the Minkowski space. We show this relationship numerically and as
its consequence, through analytic techniques, we compute the speed of the center
of mass of the planar [-polygon with which it moves in the vertical direction. We
also give closed-form expressions of the components of the tangent vector T(s, 0)

in the one-corner problem.

In Chapter 5, we summarize the main conclusions of the thesis and present its

possible extensions in a form of the future work.

The thesis contains an appendix as well that covers the main elements of the
Minkowski space we need, such as definitions, notations, and isometries. A
brief introduction to the pseudo-spectral methods and their application to the

numerical method employed in Chapter 2 are also added in this appendix.



Chapter 2

Regular M-polygons with nonzero

torsion in the Euclidean space

The path isn’t a straight line; it’s a
spiral. You continually come back to
things you thought you understood

and see deeper truths.

Barry H. Gillespie



24 Regular M-polygons with nonzero torsion in the Euclidean space

Contents

2.1 Introduction . . . . . . . @ i i i i i i i i e e e e e e e 25

2.2 A solution of VFE for a regular helical M-polygon ... . 26

2.2.1 Problem definition and formulation . . . . . . . ... .. .. 27
2.2.2  The evolution at rational multiples of time ¢ = 27/M? . . . 32
2.2.3 Algebraic solution . . . . . ... ... ... ... 36
2.3 Numerical method and experiments . ... ... ...... 38
2.3.1 Numerical computationof p, . . . . . ... ... ... ... 40
2.3.2 Centerofmass . . .. .. .. .. ... ... 41
2.4 Trajectory of X(0,¢) . . . . . v v v v it i i 47
241 Casewithbe (0,1). ... .. ... 48
242 Casewithb— 17 . .. ... .. ... ... 54

2.5 Behavior of the tangent vector T near irrational times . . 57

2.6 Numerical relationship between helical M-polygon and

one-corner problems . . . . . ... 0000 e e e e e . 58
2.6.1 Approximation of the curvature at the origin . . . . . . .. 61

2.7 Conclusion . . . . . . . i i i i i i e e e e e e e e e e e 63




2.1 Introduction 25

2.1 Introduction
We consider the geometric flow in the Euclidean space and write
Xt - XS /\+ XSS, (21)

where s is the arc-length parameter, ¢ time and A, the usual cross product. The curve

X(s,:) : R — R? is arc-length parameterized and the tangent vector T € S? solves
T, =T A, Ty, (2.2)
With a curvature x and a torsion 7, through the filament function

D(s,t) = wls, )e o "D — G5 1) +iB(s, 1), (2.3)

and the parallel-frame

T 0 a B\ (T
el =1—-a 0 0].|le], (2.4)
e —3 0 0 e

where T, e, e; form a unit orthonormal system, (2.1)—(2.2) are related to the focusing

type nonlinear Schrodinger equation (NLS)

o= ithon + 20 (0 + A) (2.5)

for some A(t), a real function of ¢. Thus, for a given ¢ > 0, from 1, through an
integration operation, T and X can be recovered up to a rigid movement. Let us also

mention that if we define
) =eMp=ePMa+if), NER,

and integrate (2.4) for v, the corresponding solution is {T, é,6,}, where T = T, and
€1 + i€, = e (e; + iey), therefore, T remains the same.

In this chapter, we look at the evolution of (2.1)-(2.2) for an initial datum as an
M-sided polygon with nonzero torsion (helical M-polygons). The torsion in the initial
curve is determined by the parameter b, which without loss of generality can be taken
as the third component of tangent vector T. Hence, in Section 2.2, we formulate the

problem and obtain the evolution for rational times by algebraic means. Having done
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that, in Section 2.3, the problem has been solved numerically and thus, we compare
certain properties of the evolved curve with their algebraic counterparts. We note
that unlike in the zero-torsion case, the evolution is not time periodic; moreover, the
multifractal trajectory of the point X(0,¢) is not planar and appears to be a helix. In
order to understand it further, we perform a Fourier analysis at a numerical level and
show the existence of variants of the so-called Riemann’s non-differentiable function
whose structure depends on the torsion introduced in the initial data [25]. This has
been documented in Section 2.4 which constitutes one of the main differences between
the planar and helical M-polygons. In Section 2.5, we compute the evolution of rational
times with a large denominator and thus, compare it with the zero-torsion case. Finally,
the numerical relationship between the helical M-polygon and one-corner problems

has been described in Section 2.6.

2.2 A solution of VFE for a regular helical M-poly-

gon

Our main goal is to construct the solutions of (2.1) and describe their corresponding
dynamics, for initial data given by regular helical M-polygons. Let us mention that
the initial data is characterized by two parameters, i.e., the number of tangent vectors
M and the torsion b as in Figure 2.1; we will soon see that parameter b determines
the curvature angle py and torsion angle 6y. As it will be explained in this section,
the behavior of regular polygons with nonzero torsion is a consequence of the Galilean
symmetry present in the set of solutions of (2.5). Therefore, this work can be regarded
as an extension of the zero-torsion case considered in [22], and as a result, [22, Theorem
1] holds true here as well. By denoting the filament function (2.3) by vy for 6, # 0,
and the corresponding curve as helical M-polygon, and v, when 6y = 0, and the curve

X as planar M-polygon, we have the following:
Theorem 4. Assume that there exists a unique solution of the initial value problem
Xy = X Ay X, (2.6)

with X(s,0) as a helical M-polygon. Then, at a time t,,, a rational multiple of 27 /M?,
i.e., tyg = (2m/M?)(p/q), p € Z, q € N, ged(p, q) = 1, the solution is a helical polygonal
curve with Mq sides (if q¢ odd) or Mq/2 sides (if q even). All the new sides have the

same length, and the angle p, between two adjacent sides is constant. Moreover, the
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polygon at a time t,, is the solution of the generalized Frenet-Serret system

T(s, 1pq) 0 a(s,tpg) B(s,tp) T
e1(s,tpy) | = | —a(s,ty) 0 0 e ], (2.7)
€x(8, tpq) —B(s,tpq) 0 0 €2

S

where a(s,tpy) +i6(s,tp) = Vo(s,t,,), for s € [0,27), and

o0 q
% k:_Zoo Z—O G(_p7 m, Q)

ci(kbo+mbo/a) § (s _ 29705 _ 2mk QﬂL) ., if q odd,

Wo(s,tpg) = (2.8)

oo q—1
A= > X G(=pmyq)

k=—00 m=0

ei(k00+m00/q)5 (S _ 200p _ 27k __ Qﬂm) : qu even,

with G(a, b, c) being a generalized quadratic Gauf$ sum.

It is important to mention that due to the critical regularity of the initial data,
the uniqueness is a very challenging problem. The well-posedness of the problem with
initial datum as a smooth curve with just one corner has been established in a series of
papers by Banica and Vega [3-6]. Moreover, as mentioned in Chapter 1, the existence
and uniqueness for a polygonal line as an initial datum have been proved in [8]. These
results are also useful in addressing the case of periodic setting and as we will see later,

using the conservation law obtained there, we can compute the angle

2arccos(cos/9(py/2)), if ¢ odd, (2.9)
Py = ~
! 2 arccos(cos¥(py/2)), if q even.

2.2.1 Problem definition and formulation

Let us consider an arc-length parameterized regular M-polygon with a torsion depending
on a parameter b. Due to the fact that (2.1)-(2.2) are rotation invariant, we can assume
that the 2m-periodic tangent vector T(s, 0) lies on a circle of radius a, with a® +0* = 1

(see Figure 2.1):

2rk . [ 27k g ik /M
T(s,0) = | acos v R va o) = (ae®™0D), s € (sk, k1), (2.10)
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T

Figure 2.1 The unit sphere S?, and parameters a and b, where a? + b = 1.

where £k =0,1,..., M — 1. The corresponding curve X(s,0) is a helical polygon with

corners located at

amsin(r(2k —1)/M)  am cos(r(2k — 1)/M) ’ bsk>T, (2.11)

X(sk,0) = ( M sin(m/M) ’ M sin(m/M)

so that for any s € (sg, Sgt1), the corresponding point X(s,0) lies on the line segment
joining X(sy,0) and X(sg41,0). Since T € S?, it follows that b € [—1,1]; in this work,
we deal with b > 0, because the case with b < 0 can be recovered by the symmetries.
Note that b = 0 reduces back to the planar M-polygon case, b = 1 to the straight line,
and, for an intermediate value of b, the corresponding polygonal curve has a helical
shape. Let us denote T, = T(s,0), for s € (sg, sg+1). The curvature angle py between

any two sides of the polygon is constant and is computed as

COS(po) = Tk o4 Tk+1

21k 2n(k — 1) . (2rk\ . [(2n(k—1)
_ 2 ] smiv — 1) 2 amr arin — 1) 2
—acos<M>cos< A >+asm< )sm( A +0b
= a’cos <2M7T> + b =1—a*(1 - cos <27T>)

M
- 12 ()
a”sin )
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simplifies to
po = 2arcsin (a sin <J\7;[>> , (2.12)

which does not depend on k. On the other hand, the torsion angle 6, is defined as the
angle between (Ty_1 Ay Tx) and (T Ay Tgy1), for all k. Thus, denoting the Euclidean

norm by || - ||, we have

(Tr1 Ay Tg) op (Tr Ay Thya)
[Tt A Tyl (I Tw Ag Tpea|

cos(by) = (2.13)

where Ty Ay Triq

= (ab (sm (2]\’}'“) — sin (%)) ,—ab (cos (2”k> — COoS (Mj\jl))) ,a’sin (%))T

= (—2absin () cos ("EFD ) —2absin () sin ("4 ) | a? sin (%))T ,

and

27
1Tk A Tl —asm<M> \/1+62tan (]\Z) (2.14)
Therefore, (Tk—l /\+ Tk> oL (Tk /\+ Tk+1)

= 4a2b? sin® (ﬁ) (cos (7”(2]@_1)) cos (77“2]’\“;1)) + sin (”(2]’\71)) sin (7”(2]’\“;1)))
+ a*sin® (i’;)
= 4a°b? sin® (M) cos ( ) + a®sin? (i}r) )

Substituting above expressions in (2.13) gives

—2sin?(w
40282 sin?(m /M) cos(2 /M) + a¥ sin?(2n /M) @7 + P2 A

9 - =
cos(6p) a? sin?(2r /M) (1 + b2 tan?(z /M) 1+ b2 tan?(w /M)
_cos*(m/M) — b? cos®(m/M) + b* — 2 sin*(w /M) 1 —b*tan*(7/M)
B cos?(m/M)(1 + b? tan?(m /M) 1+ b2 tan®(n/M)’
which simplifies to
By = 2 tan ™! (btan (L)) . (2.15)
Moreover,
| Tere e ),
1Tk Ay T 7
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implies that H (—bcos(@o/Z) cos((2k+1)w/M) —bcos(0y/2)sin((2k+1)7/M) .a COS(Q()/Q)) H

cos(m/M) ’ cos(m/M)
b? + a? cos?(m /M)
_ (¥ 2 2 . 9
- (m?(w/M) +a?) cos®(6/2) = o2 (/M) (60/2)
1 — a*sin®(n /M)

= cos2 (/M) cos”(60p/2) =1,

and thus,

cos(by/2) = \/1 _Czsz(:lfli\/([;/M) <= cos (020> oS ({)20) = cos <]\7Z[> : (2.16)

The above relation gives a relationship between the curvature angle p, and torsion

angle 6, and M. Moreover, the following identities also hold true:

(iv) sin (%0) oS (%0) = bsin (ﬁ)
Spatial symmetries

Note that, (2.1)-(2.2) are rotation invariant, so, for an Euclidean rotation R, if X and
T are the respective solutions then, R - X and R - T also satisfy the equations. The
symmetries of the initial data for the zero-torsion case (see [22, (29)]) are also valid
here, as a result, X(s,t) and T(s,t) are invariant under a rotation of angle 27k/M
around the z-axis, with the only exception that the third component X3 has now a

translation symmetry, i.e.,

o7k ok .
Ti(s+ "0 4) 4 iTo(s + 2 4) = 57 (T (s, 1) + iTh(s, 1)),
M M
ok
Ty(s + %,t) = Ty(s, 1),
2k 2k (2.17)
- 27k
Xi(s+ W’t) +iXo(s+ W’t) =e'M (Xq(s,t) +iXa(s, 1)),
2k 2mkb
Xg(S + W’t) = Xg(S,t) + W

Furthermore, due to the mirror invariance T(s, t) and T(—s, t) are symmetric about the

XZ-plane; consequently, X(s,t) and X(—s,t) are symmetric about the y-axis, for all t.
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Thus, if T(s,0) = T(s,0) is the initial solution then at any time during the evolution
the symmetry remains preserved and T(s,t) = T(s,t) and same holds true for X. An
important corollary of the aforementioned symmetries is that X (s + 27k, t) — X(s,t) =

2mb k(0,0,1)T, for all k € Z which will be useful later.

Galilean invariance of the NLS equation

One of the important properties of the NLS equation is its invariance under the Galilean
transformations, i.e., if ¢ is a solution of (2.5), so0 is (s, t) = ety (s — 2nt, 1),
for all n,t € R. Thus, if we choose the initial datum such that ), (s, 0) = e™9(s,0),
i.e., ¥(s,0) = e™(s,0), for all n € R and if the solution is unique then (s, t) =
eins=in*tyy (s — 9nt. 1), for all n,t € R.

Let us write the initial data of the NLS equation corresponding to the planar

M-polygon problem as

Y(s,0) = co i d(s —2mk/M), s€]0,2mn], (2.18)

k=—oc0

and when 6y # 0, as

Vy(s,0) = coo €7° D d(s—2mwk/M), s€[0,2n],

k=—00

where v = M6, /2 satisfies limp/_,o, 7 = b; and ¢y and ¢y o > 0 are constants depending

on the initial configuration of the respective curve. In particular, with
2 2
Co0 = \/—ﬂ In (cos (?)), co = \/_7? In (cos <J\7;[>>’ (2.19)

Yols,0) = 2 €7 (5,0). (2:20)

we have

Thus, by using the Galilean invariance of (2.5), we obtain

o(s,t) = 20 sty (s — 21, 1), (2.21)
Co

On the other hand, as observed in [22], (2.18) satisfies ¥ (s,0) = e'™*sy)(s,0), so using
Galilean invariance again, 1(s,t) = eiMkS*"(Mk)ztzﬁ(s — 2Mkt,t), for all k € Z, and for
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all t € R. Moreover, the j™ coefficient of (s, t) is given by

1[)(']7 t) _ e—(Mk) t—iM (j—k)(2Mkt) 772( )

for all j, k € Z. In particular, with j = k, (k,t) = e-M®*4)(0,¢), and thus, we can

write

(s, t) =10(0,1) fj o~ (ME)*t+iMks (2.22)

k=—o0

which through (2.18) gives zZ(O, 0) = Mcy/2m. Therefore, combining (2.21) and (2.22),

we get

¢(0 t iys—ivy?t Z V2t+iME(s— 2"/t) (223)

k=—o00

bo(s,t) =

where ﬁ(O,t) is a constant depending on time, which, as mentioned in [22], can be
assumed to be real, for all t. Note that, in (2.21), ¥ is 27 /M-space-periodic and
27 /M?-time periodic; but when v € (0,1), 1y(s,t) is not periodic. However, by taking
7 rational, space periodicity can be recovered; and if v = 1, 1,(s, t) is both space and
time periodic. During the evolution of a helical M-polygon, this will give rise to a

phase shift and a Galilean shift, as explained later.

2.2.2 The evolution at rational multiples of time ¢ = 27 /M?

When ¢ = t,, = (2n/M?)(p/q), with p € Z, ¢ € N, and ged(p, ¢) = 1, by substituting
tpg, 7 in (2.23), we compute

Co.0 4 i(*]geos—sjg) - 2mik?E+i(Mks—2k0o2)
J— ) T ™ — - - o=
Vo(s,tpg) = (0, tpq)e ! Z € ! !
o k=—0oc0
Co,0 » (L‘)Osfﬁﬁ) > = —27i(kq+w)? 2+i(M (kg+w)s—2(kg+w)o 2)
— , (O tpq) argq Z Z e q q q q 0y
o k=—o00 w=0
(Mo 02 q—1 00
Coo ~ z( 037—03) _ _ 26gp . _ 26gp
_ 0,0 (O,tpq)e 27 27 q Z e 2miw? +1Mw(s Mq) Z 6lecq(s 1y )
o w=0 k=—o0
Next, by using
oo oo
iqu(sfifTOp) _ 5 29019 27k
X = Z oy )
k=—o00 k—foo q q

. . . _ 26op 2k
and evaluating the resulting expression at s = e T g
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2w Co,0
@Z)Q(Satpq) = Mq 0 tpq Z Z

k=—o00 w=0

2w Alq—"_]Wq

6—27rzw2p+zMw(2’Tk)+ MGO(QGOP 2”’“)6 < 200]? 271'/{5) 7

Mg Mg
27 cop iﬁg = —2miw?
= ——Y(0,1,,)e 2 q
b e E o § 8

(2milkq+m) ¥ ﬂ(qurm)?oé o 290]9 2k B 2mm
Mgq M Mgq

[e%s) q—
_ 27%09,0 A(O’tm)ei(eg/(%))(p/q) Z Z
0

k=—00 m=0

G(—p’ m, q)ei(keo-‘rmeo/q)(s (S _ 290]) B 21k B 27.[.m>

Mgq M Mq

where G(—p,m,q) = YL e(-2riw’pt2nium)/a jg 5 generalized quadratic GauB sum.

Using the properties of these sums, i.e., (1.31), we get

T N i(02/ (27 &
A;ﬁ%o (0, L) €i(®3/2m) 2/ ) k:z_oo mZ:0
¢i(Em+kbo+mbo/q) 5 (S — op _ 2k _ 2%;) , if ¢ odd,
[e'e) Q/2_1
27T €90 2 )
¢ w(o t, ) 02/(2m))(p/(qa/2) DY
Vo(s,tpg) = a2 koo M0
oi(E2m+kbo+2mbo/q) § (S — 2]\970;’ — 2k %) , if 4 even,
0o q/2-1
or o0 i(02/(2m))(p/ (a/2)) !
M 2 €0 ’QD(O t ) ’ k:X—:oo m=0
oi(€2m1+K00+(2m+1)00/0) 5 (3 _ 2‘1\9705 — 2k _ 2”%“)) . if £ odd,
(2.24)

for a certain angle &, depending on m, p and ¢. Hence, at any rational time t,,,
the initial M Dirac deltas in s € [0,27) turn into Mq Dirac deltas (if ¢ odd), or
Mgq/2 Dirac deltas (if ¢ even). Moreover, at those times, the absolute value of their
coefficients is constant, and since the Dirac deltas are equally spaced, the sides of

the resulting polygon are equally lengthed. On the other hand, as a result of the
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Galilean transformation, a corner initially located at 2nk/M, k € Z, is translated by
Spq = 200p/Mq at time t,,; we call this extra movement the Galilean shift. Although,
strictly speaking, ¥y (and X, T) are not time periodic now, their structure repeats
whenever ¢ is increased by 27 /M?; along this chapter, we denote this important quantity

Ty = 27 /M?, and refer to it, with some abuse of language, as the time period.

Computation of (0, ,,)

In the Euclidean case, for the regular planar M-polygons, 1/3(0, tpg) Was obtained using
the fact that the polygon is closed. This was later confirmed in [23, Section 7] where it
was suggested that (0, tp,) might be obtained from a conservation law. In [9, Section
4], it has been recently observed that this conservation law is a consequence of the
one established from non-closed polygonal lines (see Theorem 2). The argument is as
follows.

Let us consider the following initial value problem for the 1-D NLS equation

0% + 0,5t £ 5([9* — A(t) = 0,
o (2.25)
U(s,0) = > a(0)d(s — k),

k=—o0

where {a(0)} € %%, s > 1/2. Then, there exists a unique solution

o0

Y= S ar(B)e (s — k),
k=—0o0
with A(t) = Q/2nt, and
> P = > (O = Q,
k=—o00 k=—o0
where the coefficients oy (t) satisfy
. 1 _ K oifid i Q
10y, (t) = ¥ k-j1+§2:_j3:06 o ay, (f)ay, (t)ay,(t) £ @ak(t),
o (0) [

—1

and can be obtained by doing a fixed point argument on Gy (t) = e™* ar °® \/Zozk(t)

for the equation

100 (t) = Ffult) £ 817Tt(|<521c(2f)|2 — Jau(0)[*)dn(2),
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with
k224522 l.|ak<0)\2—\a]~1<o>\2—|aj2<o>|2—\a13<o>\21

fe= > et e i e VI, (1)ay, (1)dy, (1),

(j1,42,33)EN Ry,

for NRk - {<j17j27j3) € Z3>k - jl +.72 - j3 = Oa k2 - j% +]22 - ]g 7é 0}7 such that
%5% ai(t) = ax(0).

Observe that for N € N, {B,(t)} for j € N with B;(t) = an+;(t) also solve the
last equation. Hence, if the initial data satisfies a, n(0) = Ny (0) for all k, w € R,

N € N and if the solution is unique, then it can be concluded that agyn(t) = Ny (t)
for all £ and ¢.

In the case of a helical M-polygon, we have chosen ¢y such that
cos(po/2) = e %02, (2.26)

where pg as in (2.12), is the angle between any two tangent vectors at ¢ = 0. Thus, we
have ay(0) = cg e, and ay,a(0) = €M%y (0), so, if the solution is unique, then

g (t) = eMPay(t). Moreover,

> s = 3 loul0)f* = @

Then,

M-1
2M
0 = oo —> @ = 3 fnol? = Medp =~ 2L mcos (£2)).
k=0

Furthermore, at any rational time ¢,, (taking ¢ odd for now), there are from (2.24)

Mg Dirac deltas with coefficients of equal modulus, which we call ¢y ,. Therefore,
Mq—1 2

2mcp0
Mcz,o =Q = kz:% ’CO,q|2 = MQ‘M\/GCOQ/}(OJM)

)

which yields @E(O, tpy) = Mco/2m = @(0, 0) and cg4 = cp,0/4/q- Note that (2.26) holds
true whenever there is a singularity formation; e.g., in our case, at rational times
tpq- The expression for ¢y, shows that the angle p, between any two tangent vectors

remains equal and can be computed by writing

(I () a2 (on () = () <o ().
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After proceeding in the same way for ¢ even, we conclude that

cos!/1 <p0) , if ¢ odd,
Pq\ _ 2
cos (5 ) = (2.27)
cos?/1 (p;) . if ¢ even,

which is the same expression as in [22, (25)], with py = 27 /M.

2.2.3 Algebraic solution

In this section, we compute the tangent vector T and the curve X algebraically, which
we denote by T, and X, respectively. We follow the approach in [22], and construct
the algebraic solution up to a rigid movement. In this regard, let us define, for any

rational time t,, with ¢ odd (the case with ¢ even is similar):

Wo(s,tp) = f;e—i(ea/(zw))(p/q%(& th); (2.28)
7q

and, since lim, pqe—i(eg/(%))(?/@/cm < 00, Uy is well-defined, hence, from (2.24),

by S " il +hbotmbo/a)

k=—o00 m=0

26 27k 27 :
6(S—M705—W—ﬁ), 1fq0dd7
2—-1
pq § q/z 67;(62m+k'90+2m90/(0
Wy(s, tpg) = { ko0 m0 (2.29)
5(5—%—%—%), if Z even,

N § Q/gl oi(E2m+1+k00+(2m+1)80 /q)

k=—00 m=0

2m(2m+1 .
5(3—%—%—%), if 2 odd.

After writing Wy(s,tp,) = (Qem +18km) (S, tpg) = pe€’sm, we integrate (2.7) and obtain

the rotation matrix

C,Uq SquCk,m SPqSCk,m
Rk’m - _Spqcck,’m Cgk’m [Cpll - 1] + 1 CCk,mSCk,m [Cpq - 1] ? (230)

_SPqSCk,m Cck,mSCk,m [Cpq - 1} Sgk,m [Cpq - 1] + 1

which performs a rotation of angle p, about the rotation axis (0, sin(Cxm), — c08(Cem))”

[22]. In other words, it describes the transition across a corner at s = (2n(k +
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1)/Mq+sp)~, k=0,1,...,Mq— 1. Thus, we choose the basis vectors T(s), &(s),

pq’

s=(2m(k+1)/Mq+sy,) ", k=0,1,..., Mg—1, by the action of M¢q rotation matrices.

It is also important to mention that

€,(s), such that they form the identity matrix at s = s, and obtain their values at

1 0 0
RM—I,q—l Ce RM—I,I . RM—LO Ce R07q_1 e R071 . R070 - 0 COS(M@()) — sin(MQo) 5
0 sin(M6y) cos(Mby)

which holds true for any ¢ and M, and implies that the following quantity is preserved:

/27r 7(8' tpy)ds' = /%T(s’ 0)ds' = %0 /27r ds' = M6 (2.31)
0 T 0 ’ 21 ° Jo o '

On the other hand, the vertices of X (i.e., X up to a rigid movement) are now shifted

by the Galilean shift s,,, and can be obtained by

X(%q) = X(0) + 5, T(s

pa)

¥ w(k V T T T w(k —

X2 4 sp0) = X(ZE + 5p0) + TP 4 557), k=0,1,..., Mg —1,
with X(0) = (0,0,0). In this way, we get the positions of the vertices corresponding
to the interval s € [s,, 27 + S,), and by calculating the non-vertex points by linear
interpolation, and using the symmetries mentioned in Section 2.2.1, X(s) can be
obtained for all s € [0, 27].

Note that the computation of X (27 + s,,) serves to define the correct rotation
matrix Ly, which allows the helical M-polygon to be aligned in such a way that its
axis is parallel to the z-axis. More precisely, L; performs a rotation of angle equal to
the one between v = X (27 + s,,) — X(s,,) and (0,0,1)7, about an axis orthogonal
to a plane spanned by these two vectors. As a result, T = L; - T, X = Ly - X; then,
we add a constant to the first and second components of X, in such a way that the
means of these components over a spatial period are zero, and obtain X and T, up to
a vertical movement, which can be computed at any time t,, from the speed of the
center of mass c¢);, and a rotation about the z-axis. In regard to the latter, this is the
main difference with respect to the planar M-polygons, where there was no rotation
about the z-axis. In fact, the rotation of a helical M-polygon about its axis turns out
to be a multifractal and, hence, its determination appears to be very difficult. We will

discuss this further in the next section.
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2.3 Numerical method and experiments

We solve numerically VFE and the Schrodinger map with the same numerical method
as in [22] (see Section 4 and the references therein), to approximate (2.1)-(2.2) for
the initial data X(s,0) and T(s,0), as given in (2.10) and (2.11), respectively. In this
regard, we use a pseudo-spectral discretization in space and a fourth-order Runge-Kutta
method in time. Since the tangent vector T is periodic in space, we can solve the
system in terms of T. Moreover, the space derivatives can be approximated using the
discrete Fourier transform which can be done very efficiently using the fft algorithm
in MATLAB.

More precisely, the space interval [0, 27) is discretized into N equally spaced nodes,
ie., s =27k/N, k=0,1,...,N — 1, and the time period [0, T}], with T} = 27 /M?,
into N; + 1 equally spaced time instants, taking At = Ty/N,. Again, using the
symmetries of T, we can reduce all the discrete Fourier transforms of N elements, to
N/M elements, reducing the computation cost quite effectively’. With respect to the
stability constraints on N and At, they are also the same as in [22]; hence, N/M and
N, once fixed for one value of M, can be used for all M. On the other hand, since
At = O(1/M?), we can expect more accurate results for larger M. In our numerical
simulations, we have taken N/M = 480-2", N, = 136080-4", r = 0,1, ..., and different
values of b (or ).

Recall that the initial curve is characterized by two parameters, M and b. When
b € (0,1), as M is increased, the resulting initial curve tends to a helix. On the
other hand, for a fixed M, as b tends to 1, the curve approaches a straight line. In
our numerical simulations, we have analyzed both limits and computed the relevant
quantities in each case. Apart from the fact that, at any rational time ¢,,, there are
Mq or Mq/2 corners in s € [0, 27) (depending on whether ¢ is odd or even), we observe
that the evolution is not periodic in time. As mentioned above, due to the Galilean
shift, a corner initially located at s = 0 moves to s = 26,/M at the end of one time
period; and the new helical M-polygon is rotated counterclockwise with respect to the
z-axis by a certain amount, which we refer to as the phase shift. Figure 2.2 shows both
shifts, for M =3 and 6 = 7/2.

Accuracy

Denoting the numerical solution as T, (s,t), Xpum(s,t), we have T,.,(s,t) =
T(s,t) + O(At*). Tt is important to note that since the initial data for the tangent

1See Appendix A
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At

IT(-, At) = T(-, At/2)]|

HT(vAt)_T(7At/2)”
log, <IIT(-7At/2)7T(-7At/4)H)

5.916370345743490 -
2.958185172871745 -
1.479092586435873 -
7.395462932179363 -
3.697731466089681 -

1074
1074
1074
107°
107°

1.150990969313999 -
1.361514265145060 -
7.970671544546493 -
5.089972204727020 -
3.261202549999181 -

1071
1073
107°
10-¢
1077

2.241180926447556
4.160339679272480
4.094367008751559
3.968971596014078
3.964181824752017

Table 2.1 The order of accuracy of the Runge-Kutta method in time for M = 3, b = 0.4.

vector T is piecewise constant, the spectral accuracy with respect to the space variable
can not be expected, nevertheless, we check the accuracy with respect to the time
variable. In this direction, we have taken the parameters M = 3,b = 0.4, and different
values of time steps, i.e., At = 1.183274069148698 - 1072 -2 n=1,...,7, N/M = 25,
As = 6.544984694978735 - 1072, Ty = 2w /M?. Table 2.1 shows the corresponding error

values for the tangent vector T, and the norm || - || is given by
1 3 N-1
1Tl = |+ 22 2 T2 (2.32)
i=1 j=0
where T; ; = Ti(s;, -).
_— 1
R
05+
<0 Phase-shift
_
0.5} /|
| V
-1 L
-1 05 0 0.5 1
X

Figure 2.2 X(s,t), for M =3, 6y =7/2, b= 0.5774..., at t = 0 (blue), and ¢t = T}
(red). The left-hand side shows the Galilean shift, and the right-hand side, the phase
shift.
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2.3.1 Numerical computation of p,

It is also important to compare the numerical value of p, with the one given by the

algebraic expression in (2.27), so for a given ¢, we compute the following errors:

Aps = max max ’ — prum.g
Pa.N/nt p€ef{0,1,....q—1} j=0,1,....Mq—1 Pa = Ppq !
ged(p,q)=1
Apret = max max ? pg
Pa,N/MM pe{0,1,....q—1} j=0,1,..., Mq—1 Pq ’
ged(p,g)=1
where
poatd = arccos(T; of Tjyq), (2.34)
Jj=0,1,...,Mq—1. The value of the tangent vectors T;, which are piecewise constant

at every time t,,, has been calculated using the mean of the inner points; for example,
for T(s), with s € [0,27n/Mgq), we take the mean of the values corresponding to
s € [r/2Mq,3m/2Mq), etc. Using (2.33), we compute the absolute and relative errors,
for different values of b, ¢ and M. The results for b =04, g =5, M = 3.4,...,20,
N/M = 480,960, ..., 7680, are plotted in Figure 2.3. Note that each color corresponds
to a different discretization in the numerical scheme, which clearly shows the convergence

of the errors, and hence, the agreement between numerical and algebraic values.

Remark that in the case of closed planar M-polygons in [22], and later, in the case
of closed irregular polygons in [23], it was observed that the product over a period
s € [0,27) of the cosines of the halves of the angles between the adjacent sides is a
conserved quantity. In other words,

m (€
I] cos (P(2m)> = constant, m € {0,...,number_of sides — 1}. (2.35)
In the case of a helical M-polygon, we have used (2.34) to test how well (2.35) holds.

In this regard, we compute
oo [
P(tyy) =[] cos 5] (2.36)
J

where j runs through the sides of the helical M-polygon corresponding to s € [0, 27);
recall again that X is not periodic, but T is. In Table 2.2, we show the discrepancy
between the known exact value P(0) = 0.493039, and P(t,,), for M =6, N/M = 7680,
b = 0.4, taking different values of p and ¢, such that ged(p,¢) = 1. Bearing in mind
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that the values of T; in (2.34) have been obtained from a numerical approximation of
T(s) exhibiting the Gibbs phenomenon, we find the results remarkably accurate, in

particular for small values of q.

p/q | [P(ty) — PO | p/q | [P(tng) — P(0)]
1/12 { 6.9145- 1071 | 7/12 | 6.0515- 107"
1/10 | 1.4740-107° 3/5 | 1.7293-1077
1/6 | 3.3064 - 10712 2/3 | 1.0791-10~1
1/5 | 7.4831-107° 7/10 | 4.6939 - 1078
1/4 | 3.3640- 10714 3/4 | 1.4713-10712
3/10 | 4.0038 - 1078 4/5 | 1.8406- 1077
1/3 | 1.0676 - 10710 5/6 | 1.2848-107°
2/5 | 7.4827-1078 9/10 | 3.0165- 1077
5/12 | 2.1332-1077 | 11/12 | 5.4525 - 1077
1/2 | 1.1335-10713 1 |24403-10713

Table 2.2 Discrepancy between (2.36) and P(0) = 0.493039, for M = 6, N/M = 7680,
b = 0.4, taking different values of p and ¢, such that ged(p,q) = 1.

102 ‘ 102
10735\& 3 10%¢—0—o—0 o o0 o o0 06 o0 0 o0 06 0 0 o0 o0 3%
i o
oo o—o o o —O—6-—o—0o o 6o o0 6 o0 OO o0 o
4 - 9% —o—0-—0o—o -4
10 O —o o ¢ 4 10
o
. 006006 o o o o )
205 2 A5 1
¢ 10 - §107¢—o o —o—0— —6—6——o6—6—o0—o6—0—4
(5] — 5
= O —6 o 54
= o9 o =
% 10° R R 5 ) oo ]
= s B o—o —6—o0 666606 o o6 —6—0o 004
©-
7 ST o | . 7
10 60 —6—o—0o o 10
“o— N/M =480 “o— N/M =480
8 —e— N/M =960 8 —e— N/M =960
10 N/M = 1920 3 10 N/M = 1920
—e— N/M = 3840 —e— N/M = 3840
—o— N/M = 7680 —o— N/M = 7680
10°® S S S SR 10°® S S S SR
3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
M M

Figure 2.3 Absolute error (left) and relative error (right) as in (2.33), in semilogarithmic
scale, for the angle p,, taking b = 0.4, ¢ =5, M = 3,4, ...,20, and different values of
N/M. The error clearly decreases, as N/M increases, showing the convergence between
the numerical and theoretical values.

2.3.2 Center of mass

It is evident from the numerical simulations that apart from the formation of new

corners, the evolution of a helical M-polygon involves a rotation about z-axis and a
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vertical translation along it as well. In this following lines, we compute the speed of

the center of mass of the polygonal curve and try to understand these movements.

Numerical computation of ¢,

As done in the zero-torsion case, for any time ¢t > 0, we compute the height of the

center of mass of the given curve by taking the mean of all the values of each component
Of X(Sj, t)

N—

hy i (t Z k(s 1), k=1,2,3.

The numerical computations show that hy k() is equal to zero for k = 1,2 and hy 3(t)
increases linearly with time ¢t. Thus, denoting hy 3(t) by hy(t), by making use of the

symmetries as mentioned in (2.17), we have

N-1 N/M—1 1

N/M
X3(Sj7t> = Z Xg(Sj, Z <X3 S], 2]\7;;)) + ...
j=0
b3

=0

.

(Kalsp 1) + 2200 — 1)

N/M—1

27b(M — 1)M

:M J;O X3<S],t)+N M2 .

With this,
1N MN/M ! L 2mb(M —1
hn(t) = N > Xs(s),t) Z X3(sj,1) (M)
7=0 (2.37)
b
= hnm(t) + M(M —1).

By removing the subscript and denoting the height as h(t), the mean speed ¢} can

be computed numerically as

wum 127 /M?) — h(0)
Mo 27 /M?

Next, we compare cij™ with the algebraic expression as in (2.45). Table 2.3 shows the
value |cpr — ™|, for M =3,4,...,20,b= 0.4, N/M = 480-2", N, = 136080 - 4", with
r=0,1,2,3,4. We note that, for a given value of M, when N/M is approximately
doubled, the errors are divided by a factor slightly smaller than two, which implies
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that the errors behave as O((N/M)™!), and shows the convergence of c}¥™ to cy;.
Moreover, as M increases, the errors reduce, which can be explained from the fact that
At = O(1/M?). Finally, let us mention that ¢y, converges to 1 —b* = 0.84, as M tends
to infinity.

N/M =480 | N/M =960 | N/M = 1920 | N/M = 3840 | N/M = 7680 | cu
4.6546-10~* | 2.8312-107* | 1.7068 - 10~* | 1.0095-10~* | 5.8967 - 10~° | 0.5482
3.6695-10~* [ 2.1919-10~* | 1.2842-10~* | 7.4464 - 107 | 4.2869-10~° | 0.6936
2.6525-10~* | 1.5594 - 10~* | 9.0443 - 107" | 5.2058 - 10~° | 2.9801 - 10~° | 0.7509
1.9506 - 10~* | 1.1386 - 10~* | 6.5718-107° | 3.7687-107° | 2.1512- 10~ | 0.7798
1.4803 - 10~* | 8.6057 - 107° | 4.9532-107° | 2.8344-107° | 1.6151-10~° | 0.7964
1.1573-107* [ 6.7074 - 107° | 3.8535-107° | 2.2023-107° | 1.2534-10~° | 0.8070
9.2671-107° | 5.3635-107° | 3.0776- 10~ | 1.7576 - 10" | 9.9931 - 1076 | 0.8141
7.5791-107° | 4.3808 - 10~ | 2.5118 - 10~ | 1.4337-107° | 8.1465-107% | 0.8191
6.3086 - 107° | 3.6437-107° | 2.0874- 10" | 1.1903-107° | 6.7637- 1075 | 0.8228
5.3297-107° | 3.0755-107° | 1.7614- 10> | 1.0041-107° | 5.7034 - 1075 | 0.8256
4.5601 - 107" | 2.6300 - 107° | 1.5057 - 10~° | 8.5804 -10=¢ | 4.8729-107° | 0.8278
3.9449 -107° | 2.2742-107° | 1.3017-10=° | 7.4157-107% | 4.2106-107% | 0.8295
3.4456 - 107> | 1.9857-107° | 1.1362-107° | 6.4721-107° | 3.6742-107% | 0.8308
3.0349-107° | 1.7485-107° | 1.0003 - 10~ | 5.6971-107% | 3.2339-1075 | 0.8319
2.6931-107° | 1.5513-107° | 8.8735-107% | 5.053-10% | 2.8680-107% | 0.8329
2.4057-107° | 1.3855-107° | 7.9242-107% | 4.5119-107°% | 2.5607 - 10~% | 0.8336
2.1619-107° | 1.2448 -107° | 7.1191-107% | 4.0531-107°% | 2.3001-10° | 0.8343
1.9532-107° | 1.1245-107° | 6.4304-107% | 3.6607-107° | 2.0773 - 107% | 0.8349

RN UG Y Y [T Y U Sy Uy
Bl S5 SR o e E 5| o]~ o] o w|w 2

[\~
o

Table 2.3 |ear — ™| computed for different M and N/M values and b = 0.4. The
error decreases as N/M and M are increased and the reduction in the error is of the
first order.

Algebraic computation of ¢,

In this section, by using algebraic techniques, we compute the speed of the center of
mass cpr. As observed in the zero-torsion case, we note that h(t) behaves linearly, but

when computed numerically, its derivative

N—
Z 1(85,1)

=0
-1

(Xl 8(5j7 )X2,ss<sj7 t) - Xl,ss<5j> t>X2,S<S]'7 t)) 9

(2.38)

== 2\
Zw

<.
Il
=)



44 Regular M-polygons with nonzero torsion in the Euclidean space

has a very singular shape, as shown in Figure 2.4 for M = 3, b = 0.4. In other words,
[mean(X3)]'(¢) # mean(Xs,)(t),

or,

pond 1 e 1 o
e =H(t) = 5 (27T/0 Xg(s,t)ds) 4 %/O X (s, t)ds. (2.39)

However, upon integrating h'(t) in (2.38), the oscillations disappear completely and

0.7

©
o)}

o
o

mean(Xs,)(t)

©
N

0.3 ‘ ‘ ‘
0 0.2 0.4 0.6
t

Figure 2.4 mean(X3,)(t), t € [0,27/M?], for M =3, b= 0.4, N/M = 2.

resulting A(t) is linear whose slope can be compared with the one obtained by (2.37),
when both computed numerically. With this observation, following the approach as

described in [23], we compute the vertical height h(t) as

1

(t) — h(0) = [ " mean( Xy, )(#)dt — | t B o X, ¢)ds] . (2.40)

Thus, at the rational time t = t,,, for the unit vector k= (0,0, )T, we write

A

oL k. (2.41)

21 2 N 2
| Xt s = [ (Xt<s,t)o+k)ds—[/ T(s, 1) Ay Ti(s, 1)ds
0 0 0

Next, in order to determine the cross product, we consider the fact that at any time
tpy, depending on ¢, there are Mq or Mq/2 tangent vectors which make a constant

angle p, mutually. Thus, without loss of generality, we can assume that at s = 0, the
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tangent vector
T(07) = (1,0,0)T,

T(0%) = (cos(py), sin(py), O>T7

form an angle p, as in (2.27). Then,

(2.42)

0t (O

/ T T(s) Ay To(s)ds = / T(s) Ay T,(s)ds = / T(s) Ay (a(s)er + B(s)es)ds

—00

o+

= a(s)T(s) Ay erds + /0+ B(s)T(s) Ay eaxds
0~ 0~
0t 0t

= pq cos(kby)d(s)eads — pqsin(kby)d(s)erds
0- 0~

= pqe2(07) = pq(ov 07 1)T7

and since,

[T(07) Ay T(0T)] = ksin(p,) = (0,0,1)" sin(p,),

we obtain

> __Pq - +
/_ () A T(s)ds = HESIT(07) Ay T(OV)

Denoting Ty, k=0,1,...,Mg—1,0r, k=0,1,...,Mq/2 — 1 as the tangent vectors

of corresponding helical polygon, at any time ¢,,

27
/ Xs34(s,t)ds = [
0

Z Tk /\+ Tk+1 o4 k' (243)
sm(p

In fact, since fozﬂ Xi(s,tpe)ds points in the k direction, we can write

27
/0 Xt(S, tpq)dS = Z Tk /\+ Tk+1

Sln(p

However, the above equation can be rewritten as

2
/ Xi(s,tpg)ds = L As> Tp Ay
0

thus, formally,

;
i lsm@ )
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Note that in order to understand (2.43), we compute >, T Ay Tii1 = >p Taigr N+
Taig,5+1 using the symbolic computation in MATLAB. After computing this quantity
for small values of ¢, we can conjecture that, for all p such that ged(p, q) = 1,

7(1:;32?;’)/"]\)4)5\/1‘], if ¢ =1 mod 2,

[Z Talg,k N+ Talg,k-l—l o4 ]AC =
' %7 if ¢ = 0 mod 2.

With this, we can write the right hand side of (2.39) as

1 isinﬁzzq) “I;ﬁ?ﬁr%)}yq, if ¢ =1 mod 2,

/ " Xy (s, t)ds — (2.44)

21 Jo 1 (1—cos(pg))Mq/2 ¢ _
Esinﬁ(‘;q) tan(’;rq/M)q , if g =0mod 2.

Moreover, when p = 0 mod ¢, we have

2m —
1/ th(s,t)ds _ i Po (1 COS(IOO))M — C(M, b) — C,

21 Jo 2msin(po)  tan(w/M)

which is a constant depending on the initial structure of polygonal curve X. Thus, with
JZ™ X34(s,t,)ds we can now compute h(t), and hence, c5r. Without loss of generality
we can assume that ¢ is an odd prime and in (2.40), we approximate the integral with

respect to time using trapezoidal rule and compute it for the limit ¢ — oo,

B2 /M?) — h(0) = /0 e [;ﬁ /O 2” X37t(s,t’)ds] dt’

i | 2L (0;5 o <1—cos<pq>>Mq+cﬂ

2
:qll}rgo ]\glgqi (;A thstoq dS—{—Z/ thStpq d$+ / thSth)d)]

q—00 _MQq 2r \ 2 = sin(py)  tan(m/M) 2

— lim  C + pq (1 —cos(pg))(q — 1)1
a—> | M2q  sin(p,) M tan(w/M) ’
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as ¢ — 00, p; — 0, which implies qll)rf,lo pq/ sin(p,) goes to 1, and thus, using (2.27) we

can write

(R /M2) = h0) = Jr— T (1= cos(py)o)]

1 1— (2cos?(pg/2) —1)]  —4Incos(py/2)

- M tan(m/M) th{}o 1/q ~ Mtan(t/M)

Since h(27/M?) — h(0) = cp (27 /M?),

S h(2w/M?) — h(0) _ —21ncos(po/2)
M 27 [ M? (/M) tan(m /M)’

(2.45)

A similar computation for any time t¢,, would also show that h(t,,) — h(0) = cartp,.

Moreover, using expression for py in (2.12) and L’ Hopital’s rule twice, we can

compute
_ —2 . Incos(pe/2) -2 ..  In(l-—a?sin*(x/M)) )
aise M T T M Mtan(n/M) 7 Y tan(m/M)/M ¢ ’

which is in coherence with the fact that a smooth helical curve with torsion b, translates
in a vertical direction with a constant speed 1 — b2, and the case b = 1, i.e., a straight

line is a stationary solution.

2.4 Trajectory of X(0,1)

In this section, we describe the trajectory of a single point s = 0 located on the helical
M-polygon, which constitutes the main difference between the zero-torsion and the
nonzero-torsion cases. Recall that in the zero-torsion case, due to the symmetries of the
closed M-polygons, the trajectory of one point, i.e., X(0, ¢), which at the numerical level
was claimed to be a multifractal, lies in a plane [22]. However, for any 6, > 0, X(0,?)
is no longer planar, and taking ¢ € [0, 7| is not enough to understand its structure, so
we consider larger times multiple of T%. Figure 2.5 corresponds to an M-polygon with
M =6, 60y =m/5,ie,b=0.5628...,t¢€[0,10m/3]. Observe that X(0,¢) has a helical
shape, and exhibits a conspicuous fractal structure that repeats periodically, with some
rotation and a vertical movement. In order to further understand this curve, we analyze
each component of X(0,¢), by using a Fourier series. In what follows, depending on

the choice of the parameter b, we consider two different cases.
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2.4.1 Case with b € (0,1)

—X(s,0)
— X(s,107/3)
—X(0,t)

15

10

0
-0.5
X, 11 X,

Figure 2.5 Initial polygon X(s,0) (blue), for M = 6, 6y = 7/5, i.e., b =0.5628.. ., and
its evolution at time ¢ = 107/3 (red), together with the curve described by X(0,t),
for t € [0,107/3] (black). X(0,t) has a conspicuous fractal structure which repeats
periodically, with some rotation and a vertical movement.

Choice of parameter b

In the case of a planar M-polygon, the curve X(0,¢) has a corner at those values of
t, at which the polygonal curve X(s,¢) has a corner at s = 0, i.e., at t = t,,, with
q #Z 2mod 4. But for any ¢, > 0 (or b), due to the lack of space periodicity, for a
given time, a corner initially located at s = 0, is translated by the Galilean shift.
However, if b is chosen in such a way that, at the end of one time period, i.e., at t = T¥,
the Galilean shift is a rational multiple of the side-length 27 /M of the corresponding
polygonal curve, then in a finite time, X(0,¢) will have a corner. In other words, by
demanding that at t =T, ie., p=1,q =1,
200 2mc e
SM:HZM& = 90237
with ged(e,d) = 1, ¢,d € N, at the end of d (or d/2) time periods, the cumulative
Galilean shift will become equal to the side-length and s = 0 will correspond to a

corner.
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X(0,t) having corners depends mainly on the Galilean shift, or, in other words, in
order for the curve X(0,¢) to have corners in finite time, b should be chosen in such a
way that, at ¢ = T}, the Galilean shift is a rational multiple of the side-length 27 /M
of the corresponding polygonal curve. This can be enforced by taking 6y = wc/d, with
ged(c,d) =1, ¢,d € N. Then, defining the following multiples of T7:

d/2)T; = 7d/M?, if ¢ d odd,
dTy = 2rd/M?, if ¢-d even,

the numerical experiments reveal that, at times that are integer multiples of Tc’d,
X(0,t) has a corner, and the three-dimensional fractal structure of X(0,¢) repeats with
period Tf’d (see Figure 2.5). On the other hand, at rational multiples of T, X(0,1)

has corners of different (smaller) scales.

In order to better understand X(0, ), we define, in t € [0, ij’d]:

212(t) = X1(0,t) +iX5(0,%) = R(t)eiz/(t),
X?)(t) = X3(0,t) — eart,

where

R(t) = \/X%(O,t) + X2(0,1), v(t) = arctan(X5(0,t)/X1(0,1)),

give the polar representation of z; 5(t), and Xs(t) is X3(0,t) without its vertical height.

Since R(t) and Xs(t) are periodic, we can consider their Fourier expansion:

Rit)= Y anue®™ ™77 Xy(t)= Y baae®™ T, t € [0,75].

n=—oo n=—oo

We have approximated the Fourier coefficients a, p; and Bm v using the MATLAB
command fft, for M =6, 0y = /5, t € [0,57/18]. In the left-hand side of Figure 2.6,
we have plotted R(t); and, in the center, the fingerprint plot, i.e., the real part of the
approximations of n a, ys, for n =1,2,...,2000.

On the right-hand side, we have plotted v(t), which describes the angular movement
of X(0,¢) in the XY-plane and can be associated with the phase shift corresponding to
the angular movement of a corner initially located at s = 0. From its definition, one
can suspect that v(t) has a multifractal structure, too; hence, computing the phase
shift at any rational time appears to be involved and deserves further research. We

make some more comments on this in the next section.
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Figure 2.6 Left: R(t), for t € [0,T5, M =6, 0y = /5, c=1,d =5, b= 0.5628....
Center: Approximation of nR(an ), for n =1,2,...,2000, where a,, 5 are the Fourier
coefficients of R(t). The dominating points (red starred) are given by (2.47). Right:
v(t), which seems to have a multifractal structure as well.

We have carried out a careful study of the fingerprints of R(t) and Xs(t), with
t €0, ij’d], for many different values of M, ¢ and d, and have found strong evidence
that, when 6y = ¢ /d, ged(c,d) = 1, the dominating points of the fingerprints belong

to the following set:

A, {n(nd+c)/2|neZ}NN, ifc-dodd, (2.47)
{n(nd+c)|neZ}NN, if ¢ - d even.

-0.04 - . -
0 005 01 015 02 025 03 035 04 200 600 1000 1400 1800 0 0.1 0.2 0.3 0.4 05
t n t

Figure 2.7 Left: X;(t), for t € (0,79, M =6, 0y =7/5, c=1,d=5,b=0.5628....
Center: Approximation of —nS(by, ar), forn =1,2,...,2000, where b,, 5 are the Fourier
coefficients of the scaled X3(t) multiplied by —1. The dominating points (red starred)
are given by (2.47). Right: Imaginary part of ¢.4(f) in (2.48), where the sum is taken
over 2! values.

On the other hand, the relation between X(0,¢) for planar M-polygons and Rie-

mann’s non-differentiable function suggests comparing Xg(t) in the helical M-polygon
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Figure 2.8 For M = 4,6y = 21/5, N/M = 2", left: on the top Xs(t), for t € [O,ij’d],
and bottom is S¢.q(t), t € [0,1]. Right: Approximation of —n<(b, ), for n =
1,2,...,2000, where b, 5; are the Fourier coeflicients of the scaled X;(t) multiplied by
—1. The dominating points (red starred) are given by (2.47)

case and the imaginary part of

2mikt 0,1/2], if ¢-d odd,
t e

beat) = 3 5

, (2.48)
kEA, 4 k [0, 1], if ¢ - d even,

where A. 4 is given by (2.47).

Figure 2.7 is the continuation of Figure 2.6, and hence, all the parameters are identical.
On the left-hand side, we have plotted X 3(t); in the center, minus the imaginary part
of the approximations of n b, »s, for n = 1,2,...,2000, i.e., the fingerprint of the scaled
X5(t); in general, the dominating points appear to be distributed around 1/4 (when
c-dis odd) or 1/2 (when c-d is even). Finally, on the right-hand side, we have plotted
the imaginary part of ¢.4(t) which, except for a scaling, is visually indistinguishable
from the T]f’d—periodic curve X3(t) on the left-hand side. See also Figure 2.8 where
we have considered the parameters M =4, N/M =24 ¢=2 d =5, ie., y = 27/5
or b = 0.7265.... Note that since c - d is even, ¢.4(t) is periodic for ¢ € [0,1] and
the dominating points in fingerprint plot are distributed about 1/2. However, due to
the smaller value of M, the noise (lower frequencies) in the fingerprint plot is more

pronounced.
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Figure 2.9 Initial polygon X(s,0) (blue), for M = 20, 0y = 7/12, i.e., b = 0.8312. .,
and its evolution at time ¢t = 27 (red), together with the curve described by X(0,t),
for t € [0,27] (black). X(0,¢) has a conspicuous fractal helical structure, as shown in
the zoomed part.

Computation of lim,;_,., X(0,1)

As we have seen, when b € (0,1), the curve X(0,t) is not periodic, but studying its
structure componentwise sheds light on its behavior. We have also considered its time
evolution for M > 1 and sufficiently large values of TJf’d. Figure 2.9 shows X(0,1),
for M =20, 6y = w/12, b =0.8312...,t € [0,127/5], along with the initial and final
helical polygonal curve. The fingerprint of the scaled X 3(t) has been plotted on the
left-hand side of Figure 2.10, and it is quite clear that the dominating points converge
to 1/2; indeed, the convergence is stronger than that in the center of Figure 2.7, since
we have taken 10* points on the z-axis. This and other numerical experiments enable

us to conjecture that

1/4, ifne A.qand c-d odd,

A}iinoo nbu | =131/2, ifné€ A.qand c-d even,

0, otherwise.

On the other hand, the curve v(t) shown on the right-hand side of Figure 2.10 appears
to converge to a straight line. In this regard, we have performed a basic linear fitting
v(t) =mt+c (red), with ¢ = 1.4133..., m = —0.8304 . ... Note that the modulus of
m can be compared with the value of b, which can also be regarded as the angular
velocity of the helical curve X, as it evolves in time. Continuing the discussion from
the previous section, we compute the phase shift at time 7%, for a given M and b, by

calculating the angle between the tangent vector T at times ¢ = 0 and ¢t = 7. Note
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Figure 2.10 Left: fingerprint of the scaled Xj(t), taking M = 20, y = 7/12, ¢ = 1,
d=12,b6=0.8312..., t € |0, ij’d]. The convergence of the dominating points to 0.5 is
clearly visible. Right: v(), together with its best fitting line; the slope is —0.8304. . .,
and its modulus is close to the value of b.

that the phase shift decreases as M increases, and as M — oo, it converges to 2wb/M?.
In Figure 2.11, we have compared the corresponding phase shift with the quantity
27b/M?, taking b = 0.4, M = 3,4,...,20, N/M = 7680. The left-hand side shows
the phase shift values for different M values whereas on the right-hand side, we have
computed the relative and absolute errors. The results also suggest that, as M grows
larger, the amount of both the Galilean and the phase shifts decreases at the end of

one time period.

100 T T T T T T T T T T T T T T T T 100
le) *
L o J AL %
10 10
° (o) D *
o o *
© o0 o * o *
o o
£ 102 ¢ ©0 0506 o o 1 102} o,
= O o o * %
s 3 *oxoxo
% 5‘ fe) *
= o
T 1 10°F o
o
o
° o
10 F 104 ¢ ° o
(o) o o
0 ¢
3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 3 45 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
M M

Figure 2.11 Left: Phase shift, for M = 3,4,...,20, b= 0.4, N/M = 7680. Right: abso-
lute errors (circled points) and relative errors (starred points) computed by comparing
the phase shift with 2xb/M?, for each M. For a given value of b > 0, the phase shift
at the end of one time period decreases, as M increases.
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2.4.2 Case with b — 1~

From (2.15), it follows that, as 6y — 27/M, b — 17, but in Section 2.2.1, we mentioned
that we can have both space and time periodicity only when v =1 (or 6y = 27/M).
Since, numerically, 6y cannot be exactly 2w /M (or b= 1), we have taken b = 1 — 107>,
and observed the evolution for M? time periods, i.e., until + = 2. On the other hand,
as b approaches 1, the speed of the center of mass ¢y, tends to 0, and this implies that
the vertical movement (or the third component X3(0,t), which, after removing the
vertical height becomes 27 /M-periodic), is much smaller compared to the other two
components. Hence, in order to understand the behavior of X(0,¢) in the XY-plane,

we consider the following stereographic projection onto C:

o 200 X0
RIS AT I

t € [0,2n], (2.49)

which is almost 27-periodic. As done for b € (0,1), we approximate the Fourier
expansion of z(t), and note that the dominating points in its fingerprint correspond to

the squares of those integers belong to the set
Ay ={1}U{nM +1|n € N}. (2.50)

This motivates us to compare z(t) and

.2
627rzk t

o Lelna] (2.51)

ou(t) = >

keAyn

In order to determine the correct orientation of the almost closed curve z(t), we rotate
it clockwise by an angle of 7/2 — n/M radians, and call the resulting curve z ().
Figure 2.12 shows zp/(t) (blue) and ¢y () (red), for M = 3. Except for a scaling, both

curves are visually the same.

In order to strengthen our claim, we take different values of M, M = 3,4,...,15,
and compare them with the corresponding ¢,,(t). In particular, we compute ¢y (t) —

Az (t) — por, for some Ay € R and pp € C obtained using a least-square fitting:

mean (5,(t) - 6°(¢)
mean (|25 (1))

Ay = ?R( ), par = mean(¢gy) — Ay mean(zp(t)); (2.52)

with

2y (t) = 2 (t) — mean(zp (1)), ¢4 (t) = dar(t) — mean(¢as(t)),
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Figure 2.12 Left: Trajectory of a single point zy/(t), for M = 3, N/M = 2. Right:
du(t) in (2.51), where dim(Ays) = 2'°. Both curves have been computed at N; + 1
points in their respective domain intervals.
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Figure 2.13 Errors maxy |(¢a— A zar— )| (circled) and maxy | (dnr —Anrzar—pinr) /O
(starred), where Ay and pp are computed from (2.52) for M = 3,4,...,15.
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Figure 2.13 shows the absolute error (max;|(¢a — Aarzar — par)|) and relative error
(maxy [(¢ar — Anrzar — par)/dar|) between zp, and ¢ys. Note that, for different values
of M, the time period ¢ € [0, 27| is the same, so the length of the vector z/(t) would
be M2N, + 1, and would vary with M. Therefore, in order to keep a fair comparison
among all the M values, we have kept N/M constant, i.e., N/M = 21°. As M increases,
the length of z)/() increases, so we restrict ourselves to the case with M = 15, where
the length of zy/(¢) is 1.3608 - 10% 4+ 1. Moreover, the plot clearly shows that the
convergence is quite strong in the sense that, as M increases, the discrepancy between
zy and ¢ decreases.

Moreover, the case M =4, b =1 — 107° is worth mentioning as well where the set
Apr in (2.50) involves only half of the integers, see Figure 2.14 where we have plotted
zpr(t) on the left, and ¢p(t) on the right hand side.
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Figure 2.14 Left: Trajectory of a single point zy,(t), for M = 4, N/M = 21°. Right:
éu(t) in (2.51), where dim(A,s) = 2'° Both curves have been computed at N; + 1
points in their respective domain intervals.

Finally, in Figure 2.15, we plot the fingerprint of the scaled zy(t), for b =1 —107°,
t € [0,2n], M = 3 (left) and M = 4 (right). Observe that, as b tends to 1, the

dominating points in the fingerprint approach 1; in other words, we conjecture that

. 1, ifn e AM,
lim |ne,| =
b=17 0, otherwise,

where ¢, are the Fourier coefficients of the scaled zy;(t), which implies that the curve

zZy converges to ¢y, as b — 17,
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Figure 2.15 Left: Plot of n%(c,) against n, for M = 3, N/M = 2 b =1 - 1077,
t € [0,27]. The dominating points (red starred) are of the form k%cy2, where k is
such that mod(k £+ 1, M) = 0; we have taken k € {1,2,4,5,7,...,34}. Right: Plot of
nR(c,) against n, for M = 4, N/M =29 b =1—-107°,t € [0,27]. The dominating
points (red starred) are of the form k?cj2, where k is such that mod(k + 1, M) = 0;
we have taken k € {1,3,5,7,...,99}.

2.5 Behavior of the tangent vector T near irra-

tional times

In the one-corner problem with fixed boundary conditions, and in the planar M-polygon
case with periodic boundary conditions a fractal-like phenomenon was observed in the
tangent vectors too [22, 24]. This suggests expecting a similar behavior in the case of
helical M-polygons. We use the algebraically constructed T4, which is correct except
for a rotation about the z-axis, does not exhibit the Gibbs phenomenon, and can be

obtained without numerical simulations.

As in [22], we take rational times t,,, such that ¢ is very large (i.e., t,, can be regarded
as an approximation of an irrational time), and there is no pair (p, §) where both ¢ and
Ip/q — P/q| are small. In particular, we take M =3, t,, = & (1 + 11 + 77) = 2 * toaay,
and note that, as b moves from 0 to 1, the Mq/2 = 98646 values of T tend to concentrate
on the upper half of the sphere, whereas, when b = 1, they lie very close to its north
pole (see the left-hand side of Figure 2.16). On the other hand, the stereographic
projection seems to be even more interesting: for b = 0, the fractal spiral-like structures
appear to be at three or four different scales (see [22, Fig. 8]), but, as b approaches 1,
the equally complex structures form a shape resembling a triskelion (see the right-hand

side of Figure 2.16).
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Figure 2.16 Left: Ty, for M =3,0=1—-107", at t,s = 5 (; + 57 + 01) = B * 65761

As b tends to 1, the values of the tangent vector concentrate around the north pole of
S2. Right: The corresponding stereographic projection, which converges to a triskelion
with the same scale spirals.

2.6 Numerical relationship between the helical M-

polygon and one-corner problems

In this section, we establish the claim that the helical M-polygon problem can be
explained as a superposition of M one-corner problems for infinitesimal times, as in
[23]. Thus, in order to compare both cases when 6, > 0, we obtain the solution of
one-corner problem, i.e., the orthonormal basis vectors T.,, n.,, b,,, and the curve X, ,
by integrating the Frenet—Serret frame (1.1) with initial conditions (1.21) and (1.22)
at t = t14, ¢ > 1. We take ¢y as defined in (2.19), so the inner angle between the
asymptotes of the tangent vectors, i.e., lim,, o T¢,(s) = A7, limg o Tep(s) = AT,
is equal to the angle between any two adjacent sides of the helical M-polygon with
A" =A' AT =A%and A7, j =1,2 as in (1.24).

Next, we have to rotate X,,, T.,, n,, and b, in such a way that the rotated
vectors X,,; and T,,; match the M-polygon problem, where X,,;, = M - X and
T,,: =M - T, for a certain rotation matrix M, which is determined by imposing that
T,o = limg, o Tyot(s) = (acos(2n /M), —asin(2r /M), b)T, T}, = lim, oo Trot(s) =

(a,0,0)T, with a®+b? = 1. In the following lines, we present two algorithms to compute

the rotation matrix M.



2.6 Numerical relationship between helical M-polygon and one-corner problems 59

Algorithm 1

(i)

(iii)

(iv)

First, project AT and A~ on the plane z = 0, which can be done by performing

a rotation M; about the z-axis(negative) of angle 6,

1 0 0
Ay .
Iy = arccos () , M;y=|0 cosv; sinv |,

0 —sinv; cosuy

so that
Ay

Ml'Ai: :l:\/A%"—A%

0

Project T,.;(s) and T, ,(s) also on the plane z = 0. Consider the plane where
T,., and T, , lie and rotate it in such a way that its normal is parallel to z-axis

and passes through the origin. Compute

C N T,  A+TH
a) normal to the initial plane n = ——ret"* —rot_
(a) P T, A T 1

rot

(b) angle between fi and the z-axis and the rotation axis G

~ ~ o T
vy = arccos(n oy (0,0, 1)), Gy = %.
If 05 is equal to zero, then the rotation matrix Mj is an identity matrix, otherwise,

M, is rotation of angle 6, about an axis @ such that the vectors M, - T, lie on
the XY-plane.

Compute the angle between M; - A and M, - T , and the rotation axis
p g rot

N M;-A%)A, (Mo T
V3 = arccos ((Ml -A%) o, (M, - T;E;t)) , U3 = IIEMi-Ai;/\iEM;T:{SII'

With 63 and 43 we construct the corresponding rotation matrix Ms.

Hence, M = M5! - M - M;.

In our case, these matrices are

1 B B cos(m/M)  sin(w/M) 0
M, = |0 Tt Jaea | Ms= | —sin(x/M) cos(r/M) 0],
0 ——-4s L 0 0 1
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1+ cos®(m/M)(acos(0/2 — 1))  cos(0/2)sin(m/M — py/2) bcos(0/2)
M, = cos(0/2) sin(w/M — po/2) 1+ sin?(7/M)(acos(9/2 — 1)) —Ltan(py/2)
—bcos(0/2) b tan(pg/2) acos(6/2)

Algorithm 2

In this algorithm, we obtain the rotation matrix by using only two intermediate

rotations.

(i) Compute the angle vy between T, and AT i.e., v; = arccos(A™ o, T},,) and
AtALTH _ . . . . .
m. If 1 = 0 then M; is an identity matrix, otherwise M;

performs a rotation of an angle v; about an axis @i. Thus, M; - A* =T} ,.

axis u =

(ii) Denote A~ = M; - A~ and T,,, = M, - T,,, and 1, as the angle they make

in the plane whose normal is T, ,. In other words, v, = arccos (AI oy Tro L),

where AT = —T, Ay (T Ay A7) and Ty, = =T Ay (T Ay Tryy) ave the

orthogonal projection of each vector in the plane orthogonal to T;;,. Thus, M,

+

is a matrix performing a rotation of an angle v, about an axis T,,.

(iii) Hence, the desired matrix is M = M, - M.

Thus, we obtain

Xrot,l —CLTF/M Xco,l Trot,l Tco,l
Xrot,Q - _ta;ll?ﬁ]/\;\[/[) + M- Xco,2 ) Trot,2 =M- Tco,2 ) (253)
Xrot,i’; O Xco,3 Trot,3 TCQ,3

where (—cwr/M, —%,O)T is the location of corner of the helical M-polygon
corresponding to s =0, at t = 0.

In our numerical simulations, we take As = m/M?q, and integrate (1.1) by using a
fourth-order Runge-Kutta method with initial conditions (1.21) and (1.22) at t = t;,.
Then, using the same As, we compute the T(s,t;,) corresponding to the M-polygon
problem, for M = 6, 6y = ©/5, ¢ = 502. We have also compared the evolution of

X,ot(0,t) and X(0,t), where

Xrot,l(oa t) —(I7T/M 0
Xpo12(0,8) | = |~ | +2ViEMego - [0 (2.54)
Xrot,S(Oat) 0 1
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We note that, when projected on the complex plane, X(0,¢) can be very well approxi-
mated by X,,:(0,¢) for small values of ¢ such as ¢ € [0, ¢; 99]. Moreover, there is also a
similarity between the third components of both curves; these observations are shown
in Figure 2.17.
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Figure 2.17 Left: T for the M-polygon problem (blue) and T, (red), for M = 6,
0p = 7/b, at t = t1502. Center: Comparison between X(0,¢) (black) and X, (0,?)
(red). Right: Third component X3(0,¢) (black) and X, 3(0,t) (red), for ¢ € [0, 1 2]

2.6.1 Approximation of the curvature at the origin

The relationship between the one-corner and the M-polygon problems has deep impli-
cations. For instance, in [23], this fact was used to compute the speed of the center
of mass through analytical techniques, or, to recover ¢q in (2.26). In what follows, we

illustrate again the utility of this approach, to recover (2.19).

Observe that, in the one-corner problem (see [36]), the curvature at s = 0 and
t > 0 is given by co(t) = V|| T4(0,t)||; hence, in the case of regular M-polygons, the
corresponding formula is ¢go(tpg) = /TpqllTs(0,%,,)| at infinitesimal rational times
tp,- Following the same steps as in [23], we approximate T using finite differences.
Note that, for any given value of ¢, since 6y < 27 /M, the Galilean shift satisfies
s14 < 2m/Mg, and, as a result, T(s,t;,) is continuous at s =0, s = —As, and s = As,
where As = 27/Mgq, if ¢ is odd, and As = 47 /Mgq if ¢ is even. This fact also implies
that

T((_AS + SLQ)i’ tl,tI) = T(_Asiv tl,Q)v T((AS + 81#1)77 tl,q) = T(A‘Si? tl,tI)?
T(Sl_,q>tl7q) = T(O_’tl,q)a
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Thus, using the algebraic solution T, and bearing in mind the previous considerations,

we take ¢ = 2 mod 4, As = 4w /Mg, so ¢y is approximated as

Tal 417{:1 - Tal _4i7t1,
Co0 R Chg = \/EH ol ’Q)Q i o~ 3ty q>||, qg> 1. (2.55)
" Mq
Recall that
Talg(]%]v th)T Talg(ov th)T
el,alg(%ath)T = Rk,m el,alg(()?th)T > for k = 07m = 17
e2,alg<%; th)T eQ,alg(()? t1q>T
Talg<07 th)T Talg(_%a th)T
el,alg<07 th)T = Rk,m el,alg(_%a th)T y for k = _17 m=q— 17
e2,alg<07 th)T eQ,alg(_%u t1q>T

where Ry, is as in (2.30). Since we need to compute the Euclidean norm of
Tag(4n/Mq,ty,) — Tag(—4m/Mgq,ty,), we can safely ignore the global rotation of
Ty, and assume that Ty (0,%14), €1,a4(0,t14), €2,a4(0,t1,) form the identity matrix.
Thus,

- . . T
Tty (35 2 t1q) = (cos pq sin(py) cos(6y + %), sin(p,) sin(60; + ©))
alg( th) ( O 0
T
Talg( g ot ) ( , — sin(pq) cos(0g—1 + 90) —sin(p,) sin(,-1 + )) ,

‘ = sin(pq)\l 2 ((1 + cos(fy — 0,1 22‘)))

01— 0, 0
= 2sin(p,) cos (12‘11 + O)

which implies

4 ~ 4 ~
HTalg <J\4—q 7t1q> - Talg <_]\4q 7t1q>

q

= 25sin(p,) cos (9;) : (2.56)

where in the last step we have used ¢, = 0,_;, which follows from the properties of the

generalized Gaul sum: G(—p, m,q) = G(—p,—m,q) = G(—p,q — m, q). Substituting
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(2.56) into (2.55) and taking the limit ¢ — oo,

o1 2sin(p,) cos (9—0) q 0o
- 1 q = 1 \/ 1 — 2 _
Co0 = Hm \/M72q 87/Mq Jim 87r[ cos?(pg)] cos .
2 0 2
— lim | L |1— (2 cost/a (po) — 1) cos [2) =/=Z1n (cos (Po))
g—o0 \| 87 2 q s 2
After computing ¢y analytically from (2.55), we have also approximated its value

numerically, taking M = 6, 6, = 7 /5, and ¢ = 1002, 2002, . ..,128002. Table 2.4 shows

the discrepancies between the algebraic and numerical values. The results show clearly

that, when roughly doubling ¢, the errors are approximately halved, suggesting a

convergence order of O(1/q) = O(t;,). We have considered different values of M and

q | lcoo—chyl q [co.0 = ol
1002 | 6.8511-107° || 16002 | 4.2878-107°
2002 | 3.4280 - 1075 || 32002 | 2.1443-1076
4002 | 1.7146 - 107° || 64002 | 1.0720-10°°
8002 | 8.5747-107° || 128002 | 5.3681 - 10~

Table 2.4 |cgo — cjol, for M =6, 0y = /5. The errors decrease as O(1/q) = O(t1,).

0y, and the consistency of numerical results give a strong evidence that at a numerical
level, for small times, the helical M-polygon problem with nonzero torsion, can be seen

as a superposition of M one-corner problems.

2.7 Conclusion

In this chapter, we have investigated the evolution of VFE for an M-sided regular
polygon with nonzero torsion in the Euclidean space. In this regard, the problem
has been solved numerically and the algebraic solution has been constructed up to a
rotation. A precise expression for the speed of the center of mass has been obtained
and for any rational time, the angle between any two sides of the new polygon has
been determined using a conservation law established in [8]. The numerical solution
suggests that due to the presence of nonzero torsion, the time evolution is neither space
nor time periodic and this results in a non-planar structure of X(0,¢). However, with
a certain choice of torsion, through Fourier analysis at a numerical level, we are able

to discover new variants of Riemann’s non-differentiable function in the trajectory of
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X(0,t). Finally, we also comment on the relationship between the helical M-polygon

and one-corner problems.



Chapter 3

A regular planar [-polygon in the

Minkowski space

Time and space are modes by which
we think and not conditions in which

we live.

Albert Einstein
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3.1 Introduction

Let RM = {(x1, 22, x3) : ds* = —dx? + daz] + dzi} be the three-dimensional Minkowski
space, and H? = {(xy, 22, 23) : =23 + 23 + 22 = —1,2; > 0} be the unit sphere in
it. For an arc-length parameterized initial curve Xy : R — RY2, we consider the

geometric flow

X = X A~ Xs, (3.1)
where s is the arc-length parameter, ¢ time and the cross product A_ is as in (1.7):
aA_b = (—(axbs — asby), asb; — abs,arbs — axb;), a,b € R
The time-like tangent vector T = X, solves
T, =TA_Tg. (3.2)
With the generalized curvature x, torsion 7, through the filament function

P(s.t) = w(s t)e Jo TN = G(s 1) (s, 1), (3.3)

and the parallel-frame

T 0 a B\ (T
ee| =|la 0 0 el |, (3.4)
e 50 0 ey

where T, ey, €5 form a unit orthonormal system, (3.1)—(3.2) are related to the following

defocussing type nonlinear Schrodinger equation

o = it = SUIUP + AD), A R (35

Thanks to the relationship between these three equations, for a given time ¢, from (s, t),
we can obtain T(s,t) and X(s,t) up to a rigid movement which can be determined

using the symmetries of the problem, and hence, the main idea is to work with (3.5).

In this chapter, we present the binormal motion of the polygonal curves in the
Minkowski space RY2. For an initial datum X(s,0) as a regular planar [-polygon
(to be explained later) with its tangent vector T in the hyperbolic 2-space H?, in
Section 3.2, we formulate the problem and with appropriate algebraic techniques,
construct the solution for rational times. We present different methods to obtain

the time evolution of X and T numerically. For instance, in Section 3.4, (3.1)—(3.2)
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have been solved with a finite difference discretization in space and a fourth-order
Runge-Kutta method in time with Dirichlet boundary conditions. On the other hand,
in Section 3.5, we employ a Chebyshev discretization in space with implicit methods in
time. Moreover, the trajectory of a single point X(0,¢) which resembles the so-called

Riemann’s non-differentiable function, has also been analyzed numerically.

3.2 A solution of VFE for a regular planar [-polygon

One of the main aims of this chapter is to obtain the solutions of (3.1) and explain
their dynamics when a regular planar [-polygon us considered as an initial datum. In
this direction, as in the Euclidean case, by assuming uniqueness, we prove the following
theorem:

Theorem 5. Assume that there exists a unique solution of the initial value problem
X = X AL X, (3.6)

with X(s,0) as a regular planar l-polygon. Then, at a time t,,, a rational multiple
of 2w /r?, i.e., t,y = (27/r%)(p/q), withr = 2x/l, p € Z, ¢ € N, ged(p,q) = 1, the
solution is a skew l,-polygon with q times more sides (if ¢ odd) or q/2 times more sides
(if g even) than the initial polygon. All the new sides have the same length, and the
time-like angle l; between two adjacent sides is constant. Moreover, the polygon at a

time t,q is the solution of the generalized Frenet-Serret system

T(s, tpq) 0 a(s,tpg) B(s,tpg) T
ei1(s,tpy) | = | als,ty) 0 0 ei], (3.7)
€3(s, tpg) B(s,tpq) 0 0 €2

s

where (s, tp,) +18(S,tpg) = W(s, ), and W(s,t,,) is the l-periodic function defined
over the period s € [0,1) as

1, L .
iq Z G<_pam7Q)5(3 - l7m)7 'qu Odd,
U(s,tpq) = z mq‘fl (3.8)

a G(—p,m,q)6(s — ), if q even,
\/Q_Qn;o( )o(s =), if

with
c—1

G(a,b,c) = ZeQWi(“lz+bl)/C, a,b € Z,c € Z\{0},
1=0
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being a generalized quadratic Gaufl sum.

We will see later that the time-like angle

- 2 arccosh(cosh'/?(1/2)), if q odd, (3.9)
! 2 arccosh(cosh?9(1/2)), if q even, .

can be obtained using the conservation law described for the polygonal lines in [8] and
in Chapter 2.

3.2.1 Problem definition and formulation

We consider a regular planar polygonal curve with the time-like angle [ > 0 between
any two sides, a constant that is arbitrary. Thus, following the idea of the M-polygon

problem in the Euclidean case, we look for a hyperbolic polygon with curvature

k(s) = co i i(s—1lk), s €R, (3.10)

k=—00

where s is the arc-length parameter, the argument of the equally spaced Dirac deltas

30 —21 —1 0 l o8 3

Figure 3.1 A Dirac comb: Dirac deltas equally spaced with an interval [.

corresponds to the location of the corners (Figure 3.1) and the coefficient ¢q > 0 is

related to [ through [21]
2 l
cp = J —In (cosh <>> (3.11)
T 2

The expression for k(s) is known as a Dirac comb which is a periodic tempered

distribution. Note that in the absence of the torsion, from (3.3), ¢(s, 0) is the curvature
of the initial polygonal curve, i.e., ¥(s,0) = k(s).
Since (3.1)-(3.2) are invariant under hyperbolic rotations', without loss of generality,

we can assume that the initial planar polygonal curve X(s,0) and its tangent vector

'We call the rotations in Minkowski 3-space hyperbolic rotations (see Appendix A.) [49]
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o T

Figure 3.2 A planar [-polygon with | = 0.75, with vertices located at s, = nl, n € Z
(marked with black square), and the asymptotes (in dotted red).

T(s,0) lie in the XY-plane. Thus, taking OXY as the hyperbolic plane %, we consider

the arc-length parameterized curve X(s,0) whose vertices are given by

X(sp,0) = ]8551/112();/];; = 81131/(?;2) (sinh (s,) , cosh (s,),0)" ; (3.12)

we have used the notation e/’ = cosh(6)+ j sinh(6), with j being the hyperbolic number
that satisfies j2 = +1 and s, = nl, n € Z [17]. Furthermore, a point X(s,0), for
Sp < 8 < Sp4q lies in the segment that joins X(s,,0) and X(s,+1,0) (see Figure 3.2).

Since X(s,11,0) — X(sp,0) = le?*n*/2) we obtain the tangent vector
T(s,0) = /2 = (cosh (1/2 + s,) ,sinh (1/2 + s,,),0)" (3.13)

for s, < s < s,11, which is piecewise constant on the interval (s,, s,+1). Let us also
mention that both X(s,0) and T(s,0) are invariant under the hyperbolic rotation

_ [cosh(l) sinh(l)
H= (sinh(l) cosh(l)) '

A simple computation shows that

0 — (Cosh(nl) sinh(nl)) ,
sinh(nl) cosh(nl)

2See Appendix A
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which implies that as |n| grows larger, |cosh(nl)| ~ |sinh(nl)| > 1, as a result, the
endpoints of the planar [-polygon will converge to the asymptotes of the hyperbola.
Since the regular polygonal curve is characterized by only one parameter, i.e., [, we call
it as a planar [-polygon. In a recent work, this object has been named as an elementary

t-convez polygon, characterized by a parameter t [31].

Note that in the Euclidean case, the M-sided polygon can be seen as an approxima-
tion of a circle to which it converges as M tends to infinity, whereas in the hyperbolic
case, the planar [-polygon converges to a hyperbola as [ tends to zero, which is open
(see Figure 3.2). Moreover, since one of the main aims of this work is to compute the
numerical evolution of these curves, we will consider a finite polygonal curve, which
would imply a restriction on the number of sides or vertices. Thus, for an M-sided

hyperbolic polygon of length L = [M, the vertices are located at

_J2e o (1/2)

sinh(L/2)
X(sp,0) = sinh(1/2) ~ sinh(l/2)

—Mtanh(l/z),o> . (3.14)

<sinh (50) , cosh (sp)

and the tangent vectors T(s,0) are as in (3.13) with s, = —L/2+nl,n=0,1,2,..., M.
In the above expression we have taken M even, a similar expression can be obtained
for M odd as well. Finally, note that the construction of (3.12) and (3.14) is such that

the vertex corresponding to X(0,0) lies on the y-axis.

Spatial symmetries of X and T

The invariance of (3.1)-(3.2) under the hyperbolic rotations follows from that of
Minkowski cross product under the same. So for a given hyperbolic rotation matrix
R such that R - T(s,0) = T(s,0) and R - X(s,0) = X(s,0), if the solution is unique,
then R - X(s,t) = X{(s,t), R-T(s,t) = T(s,t) for all t. In particular, as already
mentioned in the previous section, X(s,0), T(s,0) given by (3.12), (3.13), respectively,
are invariant under a rotation of a time-like angle nl about a space-like z-axis for
all n € Z, it can be concluded that X(s,t) and T(s,t) are invariant under the same
rotations, for all . In other words, by writing X = (X1, Xy, X3)T, T = (T}, T, T3)7,

and expressing the rotation in the hyperbolic plane using the hyperbolic number j, we
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write for all n € N [17],

Xi(s4+nl,t) + 7 Xo(s +nl,t) = (X (s, 1) + j Xo(s, 1)),
X3(s+nl,t) = X3(s,1), (3.15)
Ti(s +nl,t) + jTa(s + nl, t) = " (Ty(s,t) + jTo(s, 1)),
T5(s + nl,t) = Ts(s, t).

One of the important consequences of these symmetries is that for any time ¢, for all

n, the curve X(s + nl,t) always lie in the same plane orthogonal to the z-axis.

As in the Euclidean case, (3.1)—(3.2) are mirror invariant, i.e., if X(s,t) satisfies
(3.1), so does X(s,t) = (=X1(—s,t), Xo(—s,1), X3(—s,1))" and if X(s,0) = X(s,0),
then X(s,t) = X(s,t), for all ¢ > 0. Similarly, if T(s,t) is a solution of (3.2), so
is T(s,t) = (Ty(—s,t), —Ta(—s,t), =T5(—s,1))T. As a result, X(s,t) — X(—s,t) is a
positive multiple of (1,0,0)T. This property plays an important role in constructing

the algebraic solutions, as we will see later.

Problem formulation

Observe that, by its definition, v (s, 0) is l-periodic and since NLS equation is invariant
with respect to space translations, ¥ (s, t) is also [-periodic for all £ € R. On the other
hand, (s,0) = e (s,0), where r = 27/, | > 0, thus, from Galilean invariance
P(s,t) = e”ks_i(rk)Q%(S — 2rkt,t). Since 1 is periodic, its Fourier coefficients can be

computed as

7 l / 727r7,3]/l S t) l / fzr]s zrk:s i(rk)? tw(s — Okt t)]d
! 1
=3 e | e s = 20kt t)ds = Se 0 [ e rUm ROy gy
0
_ efi(rk)ztfir(jfk)Zrkt,@(j _ k,t),

which holds true for all j, k. By taking j = k, we obtain

D(k,t) = e 0G0, 1),

as a result, ¢ can be expressed as

o0

D(s,t) = (0,8) Y Rl (3.16)

k=—o0
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where 1/3(0, t) is a constant depending on time ¢ and due to the Gauge invariance can be
taken real. In this work, without loss of generality, we take it to be real and its value is

computed explicitly by using a conservation law to be described later. However, t = 0
n (3.16) gives

o0 (e 9]

W(s5,0) = 0(0,0) Y TP =4)(0,0) Y 2 = ¢ i 6(s — k).

k=—00 k=—o00 k=—0c0

Using a well-known identity on Dirac comb

1 [e.o] . oo
=Y B = S (s —nF), (3.17)
k=—o0 n=-—oo

and the last expression for (s, 0), we obtain 1&(0, 0) = ¢o/l. On the other hand, if
ﬁ((),t) =1, we get

(s, t) Z i@k /D2 t4i(2mk/Ds _ g (;" égt) |

k=—o00

where (s, t) is the well-known Jacobi theta function, the solution of the free Schrédinger

equation for the initial condition given by (s, 0) with ¢ = 1. Observe that

W(s,t+ (27_‘_/7,2)) _ @/A)(O,t) Z efi(rk)Q(t+%)+i(rk)s
k=—o00
n . —i(r Tik? eirk)s
=(0,1) > e MR — (s ¢),
k=—0oc0

implies that v (s, t) periodic in time with a period 27 /r? or [?/27 which we denote by
T} in this chapter.

3.2.2 The evolution at rational multiples of time ¢ = T

We evaluate (3.16) at t = t,, = 3’”’ pE€Z,qeN,ged(p,q) =1 as

¢(37 zqu) — 1;(0, tpq) Z 67(27ri(rk)2/T2)(§)+i(rk)s

k=—o00

-1 oo

= (0, 1py) > g~ 2mik* () Hilrk)s D(0, 1) > > g2t irws giarks

k=—o00 w=0 k=—o00
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72m( w2 +irws 2migks/l
(R%) >

k=—00
w(o tpq) —27mi( 2w +irws Z 5( )
=0 k=—00
—1 o'}
,&(0 tpq) Z —27ri(§)w2+irw(kl/q) Z 5 (S i *k)
w=0 k=—00
-1 g—1

0 tpq Z Z —2m( w2+irwl((gk+m)/q) Z 5( Qk’ + m))

w=0 m=0 k=—o00

(0,pq) Z Z ( Z —2 )w2+2ﬂ'iwm/q>5 (8 —lk— %n) )

k=—ocom=0 *w=0

=

Il
Q\NQ\NQ\NQ\N €>
€>

i.e.,

W(s,t ):l P(0,,,) Z ZG —p,m,q) (s—lk—%m), (3.18)

k=—00 m=0

where G(a, b, ¢) = Y-t e2mil@l*+th/e g b € 7, c € 7 \ {0}, is a generalised quadratic
Gaufl sum. Moreover, by using the properties of the Gaufl sum, we can write G(—p, m, q)

as:
\/aewm, if ¢ odd

G(=p,m,q) = { /2qe”", if g even A q¢/2 = m mod 2,
0, if ¢ even A ¢/2 # m mod 2,

for a certain angle 6, that depends on m (and also p, ¢q). With this, if we consider
k=0,ie.,se€l0,l), then,

[ - iy
—q¢(o,tpq) > i (s— ), if ¢ odd,
m=0
I . q/2—1 . '
Vo) = 4 ot Otin) 3 €6 (s = BEE), i g/20dd, (39)

l . Q/2 1 )

——0(0,tp9) > elfem s (s — %) , if ¢/2 even,

Q/2 m=0

which implies that at any rational time t,,, a single side of the planar [-polygon at
t =0, will evolve into ¢ sides if g is odd, and ¢/2 sides if ¢ is even. As it holds true for
any k € Z, the resulting polygon will have ¢ or ¢/2 times more sides than the initial
[-polygon. The new Dirac deltas thus formed, are equally spaced, as a result, all the

sides of the new polygon are of equal length. Furthermore, the coefficients of Dirac
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deltas have equal modulus and are given by

iz@ 0,%,,), if ¢ is odd,
Vi Pq

L77/3(0,%(1), if ¢ is even.

\Va/2

In case of a finite length planar [-polygon initially with M sides, given any rational

(3.20)

time t,,, from (3.19), it will evolve into Mg-sided polygon for ¢ odd, and Mq/2-sided
polygon for ¢ even. The angle between any two of its sides will depend on 1&(0, tpq)

which will be determined in the next section.

It is important to mention that except for t = 0, t15 and ¢, the coefficients
multiplying the Dirac deltas are not real, as a result, the corresponding polygon is
not planar, this fact will later be verified in the numerical results. Remark that, at
rational times ¢,, with ¢ = 2 mod 4, there is no corner at s = 0, for example, when
p =1, ¢ = 2, the polygonal curve is planar and has the same number of sides as the

initial polygon, but rotated by a time-like angle [/2 about the z-axis.

Computation of (0, ,,)

Recall that in Chapter 2, we computed 1&(0, tp,) by using a conservation law established
in [8]. Following the discussion in Section 2.2.2, we note that the conservation law
holds true in both Euclidean (focusing NLS) and hyperbolic (defocusing NLS) cases.
Thus, for N € N if the initial data satisfies a4 n(0) = a(0) for all &k, and the solution

is unique, then, it can be concluded that dx,n(t) = ay(t) for all £ and t.

In the regular planar [-polygon case, ax(0) = ax11(0) = ¢o, and at any rational
time t,, (taking ¢ odd for now), from (3.19), there are ¢ times more Dirac deltas with

coefficients of equal modulus, i.e., ¢,. Then, the conservation law becomes

q—1
co = o (0)* = Z |ak(tpq>|2 = ch7
k=0

as a result, ¢, = ¢p/,/q and

A A

(0, tpg) = co/l =1(0,0). (3.21)

Note that (3.11) holds true whenever there is a singularity formation, for instance,

in our case, at rational times ¢,,. Thus, denoting the time-like angle between any two
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tangent vectors by [,, we have

[ o2 2 [
cosh <2q> = ¢™a/? e— Cq = \lwln <cosh <2q>>7

and since for a given rational time, ¢, is the same for all k, the angle [, is constant for

all sides. Furthermore,

= ) -0
o () o ().

After proceeding in the same way for ¢ even, we conclude that

ie.,

2 arccosh(cosh/9(1/2)), if ¢ odd,
 _ [Rarccoshicone1/2). it 5o
2 arccosh(cosh®9(1/2)), if ¢ even.

3.2.3 Algebraic solution

In this section, we compute the tangent vector T and the curve X algebraically. We
follow an approach similar to the one used in [22], and construct the algebraic solution
up to a rigid movement which is later determined using the symmetries of the regular

planar [-polygon. In principle, we integrate (3.7) with

¥(s. ) = {15 b) = 5 ) + 1505 1), (3.23)
for ¢ odd, and similarly, for ¢ even, where (s, t,,) is as in (3.19). The transformation
allows us to integrate the Frenet frame in a way that the coefficients appearing in
the semi-skew symmetric matrix® are the curvature angle and the torsion angle. In
this way, the integration yields the corresponding rotation matrices which describe the
geometry of the polygonal curve, as we see in the following lines.

We consider a planar [-polygon with M sides, where without loss of generality, we

can take M to be even. The idea is to compute the basis vectors T, e, e; at any time

3See Appendix A for its definition and properties
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t =ty from V(s,t,,) = (a+1i0)(s,ty). Recall that from (3.19) and (3.23), at any
rational time W (s, t,,) is a sum of Mq or Mq/2 equally spaced deltas in s € [-L/2, L/2],
which implies that the new polygonal curve will have Mg or M¢q/2 tangent vectors.
In order to integrate the frame, we try to understand the transition from one side to
the next one, i.e., across one corner, so we consider a Dirac delta located at s = s, i.e.,
U(s)=(c+ Zd)é( ), so we need to integrate

T 0 co(s) di(s) T T
er| =[cd(s) O 0 |-|e|=6d(s)B-|e;], (3.24)
e/ do(s) € e
where
0 ¢ d
B=|c 0 0],
d 0 0

is a semi-skew symmetric matrix. This system corresponds to T(s), e;(s) and ey(s)
constant everywhere, except at s = § where there is a vertex. Let us assume that for
s <5, T(s) =T(57), ei(s) = e1(87), ea(s) = ez(57) are given, then the goal is to
calculate T(5%), e1(87), e2(8T) which correspond to the orthonormal system for s > 3,
T(s) =T(57), e1(s) = e1(87), ex(s) = ex(5"). Then,

T(5)T ()" ()"
e (57T | =exp <B /g_ 5(3’)0[3’) Nei(3)T | =exp(B) - e (57)7
e (51)7 ex(57)" es(37)"

By expressing ¢ + id = le?, we write the matrix exponential?, exp(B)

cosh(l) cos(0) sinh({) sin(#) sinh(7)
= | cos(#) sinh(l) 1+ cos?(f)(cosh(l) —1) sin(f)cos(f)(cosh(l) —1) |, (3.25)
sin(f) sinh(l) sin(#) cos(f)(cosh(l) — 1) 1+ cos?(#)(cosh(l) — 1)

which is a hyperbolic rotation matrix performing a rotation of a time-like angle [ about
a space-like axis (0, —sin(#), cos(9))”.

Consequently, if T(57), e1(57), ex(57) form an orthonormal basis in RY? then so
does T(57), e1(57), e2(57). In order to obtain the skew polygon with Mq or Mq/2
sides, we need to integrate the system (3.24) Mq or Mq/2 times. By taking § = 0 and

4See Appendix A for its definition and properties
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expressing W(s,t,,) = oy, + i from (3.19) for s € [0,1),

q—1
> (i +iBm)d (s - ml) : if ¢ odd,
m=0 q
q/2-1
) 2m + 1)l )

U (s, tpg) = Z (Qomi1 + i f2m11)0 (5 - (q)> , ifg/2 odd, (3.26)
m=0
q/2—-1

2ml
> (aom +if2m)d (S - m) : if q/2 even,
m=0 q
with
l,e, if ¢ odd,
U + 1B = { 1,e, if g even A ¢/2 = m mod 2, (3.27)

0, if ¢ even A ¢/2 % m mod 2,

where [, is as in (3.22), and thus, the structure of the polygon can be determined at any
rational time. As a result, from (3.18), (3.21) and (3.23), we conclude that W(s,,,),
s € [0,1) is given by (3.8) which finishes the proof of Theorem 5.

Furthermore, let us denote (3.25) as H,, corresponding to (a,, + i3,,)d, i.e., Hy,

cosh(l,) cos(0,,) sinh(l,) sin(6,,,) sinh(l,)
= | cos(f,,)sinh(l,) 1+ cos?(6,,)(cosh(ly) — 1)  sin(6,,) cos(f,,)(cosh(l,) — 1) |,
sin(6,,,) sinh(l,) sin(6,,) cos(0,,)(cosh(l,) —1) 1+ sin?(6,,)(cosh(l,) — 1)
(3.28)
and note that, if (a,, +i6,,) = 0, then H,, is an identity matrix.
If q is odd, then T, ey, ey are piecewise constant in the intervals formed by the
discretization s; = —(L/2) 4+ j(L/Mgq), j = 0,1,..., Mg, which in this case, will also

correspond to the location of the vertices, and we write

T(s7)" T(sg)" T(s5)"

ei(s7)" | = |eilso)" | =Ho- |ei(sy)” |

ea(sy )" ex(sy)" ex(sy)”

T(s;)" T(s{)" T(sy)" T(s)"
ei(sy) | = |e(s))" | =Hi|e(s1)" | =HiHo- |ei(sp)" |,
ey(sy)" ex(sy)” ex(sy)” ex(sy)”
T(s5)" T(s3)" T(sy)" T(sy)"
ei(s3)" | = |ew(s3)” | =Ha | ei(sy)” | = HoHiHg - | ei(s)” |
ey(s3)" ex(sy)" ex(sy)" ex(sy)"
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and so on. Hence,

T(s541)" T(sf)" T(s;,)"
e1(sp)” | = [ewlsi)” | = Hi [ex(sy)”
ex(sy1)" ex(sy)” ex(sy )"
T(sy)"
= Hka,1 Ce H1H0 1€ (Sa)T y (329)
ex(sg)”

where k = 0,1,..., Mg — 1. Moreover, Hy, is periodic modulo ¢, i.e., Hy;, = Hy. The
above expression holds true when ¢/2 is even as well, with the only difference that Hy,

with odd indices will be identity matrices. As a result,

T(s3;)" T(s)"
ei(sh)T | = HoyHoyo.. . HoHg - | e(sp)7 |,
es(sa)" ex(sg)”
and
T(s3;)" T(sap11)" T(s11)"
ei(sy)” | = el(s;kH)T = |ei(sy) | (3.30)
ex(s3;,)" 92(3;k+1)T 32(32_k+1)T

for k=0,1,...,Mq/2— 1. Similarly, for ¢/2 odd, Hy with even indices will be identity

matrices, which would imply

T(s341)" T(sy)"
el(S;kH)T =Hop 1 Hopy .. . H3Hy - | eg(s7)T ]
82(5;%1 g ey(sy)”
and
T(s3,1)" T(s3)" T(s3)"
ei(sy_)" [ = |elss)” | = [elsy) | (3.31)
es(s,1)" es(s3;,)" es(s5;,)"

for k=0,1,...,Mq/2 — 1. It is important to mention that when ¢ is even, the mutual
angle [, for half of the Mg sides is equal to zero which results into a polygon with
Mq/2 sides, this is clear from (3.30)—(3.31). Furthermore, at any rational time ¢,,, the
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following holds true

(L) ey
el(éjT = HMq—l : HMq—2 .- Hy - Hp el(_éi)T !
es(5 )" ey )

and since Hy, is periodic modulo ¢, by defining
H == Hq,1 . Hq,Q C et H1 . Ho,

we can write

T(5 )" T(-5 )"
el(é )T :HM el(—é T
32(5_)T €2 —é_ g

In summary, for any values of p, ¢, T, e; and e; can be determined up to a rigid
movement; this holds true for X as well which is obtained by integrating T. Since we
are dealing with a regular polygonal curve, the rigid movement can be computed by
making use of its symmetries. Thus, given any rational time ¢,,, we first compute the
rotation matrix Hy, then denoting the piecewise constant orthonormal basis vectors

up to a rigid movement by T, &;, &, from (3.29) we have

T(si)"\  (T(sDT T(s;,)"
&i(sp )’ | = |@(s)” | =Hi | &i(sy)"
& (spp1)” &(sy)" &a(sx )"

Without loss of generality we can consider the case £ = 0 to be an identity matrix:

and using (3.29), we obtain Mg tangent vectors. Moreover, X, i.e., X up to a rigid

movement, can be computed from T by

X(sp1) = X(s3) + ~T(s7), (3.32)

!
g
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for k=0,1,...,Mq—1, and X(s) can be assigned any value, for example, X(sq) =
(0,0,0)7, and thus, we obtain the M¢q + 1 vertices of the hyperbolic polygon. Next, we
determine the correct rotation by using the symmetries of the curve X as described in
Section 3.2.1. In this regard, first, to align the polygon orthogonal to the z-axis, we
use the fact that for any time ¢, X(—L/2+ k), for k =0,1,..., M lie in the XY-plane.
The aligned curve is rotated about the z-axis in such a way that X(I) — X(—1) is a
positive multiple of (1,0,0)T. One way the aforementioned procedure can be done
efficiently is the following:

- + timeli b XO-XO) - X(D-X()
(i) Compute the unit time-like vectors w wo=xon WV XD X0}
wrA_w™

(ii) Compute the unit space-like vector @t = 5=

(iii) If space-like vectors @t and 2 = (0,0, 1)%,

(a) span a time-like vector subspace, i.e., ho_ 2z > ||1||o||Z]/o, then the time-like
uo_2z

————], and ¥ = 0 A_ z is a space-like vector
llullolizllo /° ’

angle vy = arccosh (

(b) span a space-like vector subspace, i.e., io_2z < ||||o]|Z]|0, then the space-like
to_z

——— ) and v =10 A_ Z is a time-like vector
lullollzllo / ’

angle vy = arccos (

(c) span a light-like vector subspace, i.e., io_ z = ||||o||Z||o, then v; = 0, and

L, is an identity matrix,

then, L; is a matrix performing a rotation of angle v; about the axis v /|||y [51].

w;"—ot_wr_'ot
ijot_w:ot“() ’
Then, v, = arccosh(w o_ (1,0,0)7) is the time-like angle, and Ly is the corre-

sponding rotation about the axis given by %,

(iv) Compute time-like vectors w,, = L; -wt, w,, =L;-w~, and w =

(v) Compute the desired rotation L = Ly - Ly, and T=L-T, X =L - X.

Thus, we obtain X, T in a correct orientation. Although, the computation of T is
done, to determine X completely, we need to specify the movement of its center of

mass which is computed in the next section.

3.3 Numerical solution

As mentioned previously, to compute the numerical evolution, we consider a planar
[-polygon of length L that is now characterized by two parameters, i.e., [ and M such

that L = [ - M. For our purpose, we take M even, so that the initial curve X(s, 0),
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s € [-L/2,L/2], will have a vertex located at s = 0 and the symmetries described in
Section 3.2.1. This also allows us to capture the time evolution of a single point, i.e.,
X(0,t). Note that as we truncate the [-polygon, the role of boundary conditions in
the numerical scheme becomes very important. As with M we are approximating an
infinite long polygon, naturally, more accurate results are obtained for a large value
of L. However, for a fixed M, due to the exponential growth of the Euclidean norm
of tangent vector T, a large value of [ causes the solution to blow up in a short time
making the numerical scheme unstable. This was also observed in the one-corner
problem where a large value of ¢q lead to similar effects [24]. On the other hand, a

large value of M restricts us to consider small values of [.

Having said that, we solve (3.1)—(3.2) numerically for the initial data as in (3.13)—
(3.14) for s € [-L/2, L/2]. There have been several papers dedicated to the numerical
treatment of (3.1)—(3.2) [15, 22, 24]. For instance, in the case of the Euclidean regular
M-polygons, the coupled system is solved with a pseudo-spectral method in space and
a fourth-order Runge—Kutta method in time [22, 25]. In the hyperbolic case, due to
the lack of spatial periodicity in X, T, the same numerical treatment is not possible.
In the following lines, we consider different numerical schemes and discuss the time

evolution of [-polygon problem.

3.4 Finite difference discretization

We divide the interval [—L/2, L/2] into N + 1 equally spaced nodes
s;=—LJ2+jL/N, j=0,1,...,N, (3.33)

with a fixed step size h = L/N. For any well-defined function u(s, -), we let u; = u(s;, -),

and consider the following fourth-order approximation of its first derivative

ug(s;j,-) = D*u; + O(h?),
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where D" u; =

—25u; + 48uj11 — 36ujo + 16uj43 — 3ujpq, 7 =0,
—3u;_1 — 10u; + 18uj 11 — 6ujia + u s, J=1
X Ay — By Suj — e j=2....N-2  (334)
—Uj_g + 6uj_o — 18u;_y + 10u; + 3uj4q, 7=N—1,
3uj_y — 16u;_3 + 36u;_g — 48u;_1 + 25u;,  j= N,
similarly,

Uss(sj,7) = Fu; + O(h%),

is the approximation for the second derivative, where ¥ u; =

45Uj - 154Uj+1 + 214Uj+2 - 156Uj+3 + 61Uj.|.4 - 10Uj+5, j = U,

10’&]',1 — 15'&] — 4Uj+1 + 14U]’+2 — 6Uj+3 + Ujt4, ] = 1,
1
1212 X —Uj—2 + 16Uj_1 - 3OU,J + ]_6Uj+1 — Uj+2, j = 2, ceey N — 2,
Uj—g — 6Uj_3 + 14Uj_2 — 4Uj_1 - 15U] + 10Uj+1, ] =N — 1,

—10u;_5 + 61uj_y — 156u;_3 + 214u,_o — 154u;_; + 45u;, j = N.

(3.35)
Note that in the above approximations, for the inner points we have used a fourth-
order central difference scheme. To maintain the same order of accuracy over all the
discretized domain, for the boundary and its neighboring points, we employ a fourth-
order forward/backward difference scheme. Furthermore, (3.34)—(3.35) correspond to

a system of simultaneous linear equations which can be expressed in a matrix form.

Denoting u = {ug,u1, ..., uy_1,un}’, we write (3.34)—(3.35) as
u, =D - u,
u,, =F- u,

respectively, where D, F are (N 4+ 1) x (N + 1) band matrices. On the other hand,
the time interval [0,7%] has been discretized into NV; + 1 equally spaced time steps
tk == kAt, k= 0, ]., NP ,Nt, with At = Tf/Nt
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3.4.1 Fixed boundary conditions for T

We consider the following initial-boundary value problem,

Xi(s,t) = Xs(s,t) A Xgs(s,t) = T(s,t) A_Ty(s,t),
Ty(s,t) = T(s,t) A Tss(s,t),

T(—L/2,t) =T,

T(+L/2,t) =T+, se[-L/2,L/2], t €[0,Ty],

(3.36)

with initial conditions X(s,0), T(s,0) as given in (3.13), (3.14), respectively, and

T~ = (cosh (1/2 — L/2) ,sinh (1/2 — L/2),0)",
T+ = (cosh (1/2 + L/2) ,sinh (1/2 + L/2),0)".

By using the space discretization mentioned above, we integrate (3.36) numerically by

using the fourth-order Runge-Kutta method in time. We write
Tgm =T"(s;) = T(s;,t"), X§n) = X™(s;) = X(s,t"),

where X§0) can be computed from (3.14) by using a linear interpolation and T(s;,-) =
T(s,-) for s; < s < sj41, if s < 0, and s; < s < sj41, if s > 0. Thus, we obtain
N values of piecewise constant tangent vector, each corresponding to respective N
segments. Moreover, since (3.36) is solved only for T, so to keep the consistency in

dimensions we obtain its N + 1 values in the following way:

~ (0 0 ~ (0 0 0 .
TE)):TE))a T§J21:%(T§)+T§J21>’ ]:0717’N_27

1(0) _ m(0) 0 Ty
TN _TN717 Tj - ||T]JHO

With this, we calculate

XY = X 4 AAX L BX 4 CX 4 DY), j=0,1,2,...,N,
o _m(n) A T T T T
T, =T;" + 3'(A; + B +C; + D;),

(n+1) Ty .
T; _||Tj]||o’]_1’2""’N_1’

where,

AY =T A DT

J

(n) AT — T(n) A F+_T§-n), TE'A) _ T(-n) + %AT

Jj oy J J Jo
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N As At oz

256 3.7500- 1072  7.441010326374327 - 10~*
512 1.8750-107% 1.866312036256753 - 10~*
1024 9.3750- 1073  4.661983686987983 - 10~°
2048 4.6875- 1073 1.165021950245675 - 10~°
4096 2.3437-107% 2.912999110940176 - 10~°

Table 3.1 Aty for L =9.6, Ty = 5.7296 - 1072

X _qp) A pr-pd BT _ @) A o) B _ ) argT
BX =T/ A DTV, BT =T A_ ptoTl, T =Tl | AT

J

cX — 7t

J J

Da-pt-1® et =1 A T T = T 4 ArcT

J J

DY =T A_ DT, DT =T A_ Fr=T{"
- , D! -

J J J J Jj
and for the boundary conditions,
T =17, TW =T* n=01,...,N,.

Remark that in order to avoid the accumulation of rounding errors, we renormalize T
at every (including intermediate) time steps which also guarantees that Tgn) € H2, for

all j and n.

Stability

From the numerical scheme described above, it is clear that At is a function of As. We
have computed numerically the value of At,,4., i.e., the maximum value of At, for which
|'T|| calculated using (3.37) does not blow up, or, in other words, the numerical scheme
is stable. We have taken M = 16,1 = 0.6, L = 9.6, t € [0, T}], where Ty = 5.7296-10~2.
The values of different As, At,,.. have been recorded in Table 3.1, and it is quite clear
that At/As? ~ 0.5302. .., in other words, At = O(As?) .

Accuracy

Denoting the numerical solution as T, (s,t), Xpunm(s,t), we have T, (s,t) =
T(s,t) + O(As?) + O(At*). Tt is important to note that since the initial data for
tangent vector T is piecewise constant, a fourth-order accuracy in space is not achieved;
however, we check the accuracy with respect to the time variable. In this direction,

we have taken the parameters M = 16,1 = 0.6, L = 9.6, and different values of time
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LAY =T(-,A
IT(, At) = T(, At/2)]|  log, (forcaers e

2.026166725776559 - 1072 0.334849613949231
1.606480288566086 - 102 1.501570043593869
5.673587765826951 - 103 3.701771082277862
4.360272628143871 - 10~* 4.002635528750734
2.720196570405965 - 10~° 4.006625209898787
1.692333374158203 - 10° 4.003533506536733

T W~ o 3

Table 3.2 The order of accuracy for the Runge-Kutta method in time with fixed
boundary conditions on tangent vector T for M = 16, [ = 0.6, computed using (3.37),
with At =27"-1.8189-107*.

steps, i.e., At =27 .18189-107% n =10,1,...,7, N = 2°M, As = 1.875- 1072,
Ty = 5.7296 - 1072, Table 3.2 shows the corresponding error values for the tangent

vector T, and || - || is given by

1/2

N
S(-TF+ 13+ 13| (3.37)

J=0

1
I pum _—
1Tl N +1

where T; ; = Ti(sj, -).

Center of mass

The numerical experiments show that apart from the formation of new corners at the
rational times, the planar [-polygon performs a vertical movement too. In order to
measure the latter, we compute the center of mass of the polygonal curve by calculating
the mean of X: L

Xmean(t) = 7 /L/2 X(s,t)ds.
With the discretization (3.33), we approximate the above integral numerically by using

the trapezoidal rule

L/2 As =
/ Xl 2 57 | X0,1) 42 3 X(s5,1) + Ko, 1
~L/2 =

We analyze this quantity componentwise, and by using the spatial symmetries mentioned

in Section 3.2.1, we note that the first component is equal to zero and by denoting the
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second and third component by X57*" and X37*", respectively, we have

mean 1 N mean 1 N
XQ,O = - N Z S]a Xg() = =N Z S], , (3.38)

We can further simplify and write X me‘m( )

1 N-1

= A7 Z X3(S'>t)
N &0
1

= N [Xg(So,t) + ...+ Xg(SN/Mfl,t) 4+ ...+ Xg(SN,N/M+1,t) + ...+ Xg(SN,t)}
MN/Mfl

== Xs(s,t). (3.39)
N = 7

For the numerical simulations, we take M = 96, N/M = 2°/ | = 0.1, t € [0,Ty],
N; = 80640, and note that X7 () is equal to zero; however, X35 (t), X35 (t) are
nonzero and exhibit certain structures in their trajectories. In order to understand
that, first we consider X37*"(¢) which determines the position of the center of mass
along the z-axis, in other words, the vertical height of the polygonal curve X(s, ).
After performing numerical simulations for different values of M and [, we observe that

X35 (t) can be very well approximated by means of a constant multiplied by . To

be precise,
Xmean T
xggen(r) e ST (3.40)
b Tf
where ¢ is the mean speed computed numerically. However, in Chapter 4, we will

obtain an exact expression for the mean speed of [-polygon:

41n cosh(l/2)

ly/1 —sech2(l/2)7

(3.41)

C =

which depends only on /.

At this point, it is important to mention that during the numerical evolution we
notice that the inner points of the T, and thus those of X, are far more accurate than
the ones close to the boundary. For instance, see Figure 3.3 where we have plotted
the absolute difference between the numerical and algebraic solutions of the third
component of T. Clearly, the error is much lesser for the inner points, as a result, it

becomes important to observe the evolution for them as well. With this motivation, in
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S

Figure 3.3 The absolute difference between the numerical and algebraic solution of the
third component of tangent vector at time t = T}, for M = 96,1 = 0.1, N/M = 2% s €
[—L/2, L/2]. The values represented by blue circles, are computed using the mean of
N/M values for each side. The magnified part shows that the error in the inner points,
i.e., when s € [-L/4, L/4], is much lesser than the outer ones.

order to make a reasonable choice of the “inner points”, we define

1 N-2rN/M-1
Xpert)y=— > Xs(sjt), r=0,1,...,M/4—1, (3.42)
’ N, j=2rN/M

for N, = N —(4rN/M), i.e., the mean of X3(s;,t) for s; € [-L/242rl, L/2—2rl]. For
cach r, we compute max, (| X5 (¢") — ¢;t™]), i.c., the maximum difference between
Xgeen(t) and its linear approximation ¢;t. From Figure 3.4 it is quite clear that error
is smaller when the nodes closer to boundary are avoided; the figure is the continuation
of Figure 3.3, hence all parameters are identical. It also shows that after certain values
of r, the error does not vary much, as a result, without loss of generality, we can take
r = M/8 which would imply s; € [-L/4,L/4], i.e., j=N/4+1,N/4+2,...,3N/4.
Note that although Xi%ea"(t(”)) can be computed using only N/M values, but due to

the unevenness of errors discussed above, we will use N/2 elements.

In order to further strengthen the claim of (3.40), we compute max,,(|X. gff“”(t(”)) -
c;t™)]) for different values of I and fixed r. Since a regular planar I-polygon is charac-
terized by the parameter [, the speed of center of mass depends only on it; however,

with parameter M, we are approximating the infinitely long planar [-polygon. In this
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Figure 3.4 max, (| X7 (t™) — ¢t™|) for M = 96,1 = 0.1, N/M = 2°, where the
mean of X3(s;,t™) has been computed using 4rN/M values such that s; € [-L/2 +

2rl, L)2 = 2rl], r=0,1,2,...,M/4 — 1, ¢, = 1.000416458444891. Clearly, the error is
much lesser when inner points are considered.

regard, Table 3.3 shows the discrepancy for a fixed value of I, N/M and different values
of M, where ¢; is computed using (3.41). It is quite clear that the better results are
obtained for larger values of M. Recall that the choice of M also determines the values
of [ for which the numerical method is stable. Therefore, for further simulations, we
have taken a moderately large value, i.e., M = 96 and different values of [ and N/M.
For [ = 0.025,0.050,0.1,0.12,0.15, and N/M = 26,27 28 29 the corresponding errors
have been stored in Table 3.4. Moreover, every time the number of points is doubled,
the errors decrease by a factor little less than two, hence, suggesting that they behave
as O((N/M)~1). The table also shows the value of ¢; for each [ which is very close to
1, as a result, we have shown the difference between the two. Clearly, ¢; decreases with

[ and converges to 1 as [ goes to zero, i.e., X(s,0) tends to a hyperbola.

M N/M=2" M N/M=2

24 1.0476-10% 96 1.2481-107'
48 7.5024-1071° 192 8.8182-107"

Table 3.3 max,, (| X5 (t() — ¢t ™]), | = 0.025, ¢; = 1.000026040853303, and different

L, M values where X7 (t() is computed for r = M/8. It is evident that better
results are obtained for large M values.
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In order to complete the discussion, we compute Xg'ff“"(t) for r =0, i.e., using all
N elements and compute the errors as before. Figure 3.5 shows the corresponding
plot for Xg};“”(t) which is also linear, but due to the presence of larger errors near the
boundary, the slope of the curve ¢*™ differs a lot from the expected value. Moreover,
refining the grid also does not improve the results much, as seen in Table 3.5, thus
showing that the approximation, when all the points are considered, is not as good as

compared to the inner points.

x107
1.5¢
1 .
g
Eé?
0.5
r=M/8
r=0
O Il Il
0 0.5 1 1.5
t %107

Figure 3.5 X3'¢*"(t) as a function of ¢, for M = 96, N/M = 2°,1 = 0.1, ¢ € [0, Ty] for r =
0 (red), c/m = 0.9899904240867042, and r = M/8 (blue), ™ = 1.000412194733485.

| N/M=2 NM=2" NM=2 NM=2  (q-1)

0.15 2.0578-1077 1.1334-1077 6.3398-107% 3.7051-10"% 9.3645-10~*
0.12 8.4311-107% 4.6133-107% 2.6124-10"% 1.5543-10"% 5.9957 - 1074
0.1 4.0669-107% 2.2237-107% 1.2801-10"% 7.7110-107° 4.1646-10*
0.05 2.5460-107° 1.5103-107° 9.2425-1071% 6.1407-1071° 1.0415-1074
0.025 1.6008-1071° 1.2481-1071° 8.8786-10~11 7.1406-10~11 2.6040-107°

Table 3.4 The error max, (| X5 (t™) — ¢t(™]) for M = 96 and different N/M, [ and
corresponding ¢; values, where X7"“*"(t()) is computed using (3.42) for r = M/8.

Next, we compute ngf“”(t), which appears to be nonzero unlike the first component
and its Euclidean counterpart. In this regard, for the same parameters, i.e., M = 96,
1 =0.1, N/M = 2°, we plot X3'<*"(t) for r = 0, M /8, M /4 in Figure 3.6. Observe that



3.4 Finite difference discretization 91

I N/M=2 N/M=2" N/M=2 N/M=2

0.15  3.7545-107° 3.7455-107° 3.7405-107° 3.7377-107°
0.12  2.3973-107° 2.3936-107° 2.3915-107> 2.3904-1075
0.1 1.6626-1075 1.6609-107° 1.6599-107° 1.6593-107°
0.05 4.1476-107% 4.1465-1075 4.1459-107% 4.1456- 1075
0.025 1.0364-107°% 1.0363-10"% 1.0362-10"% 1.0362-107°

Table 3.5 The error max, (| X5%™(t™) — ¢;t™]) for M = 96 and different N/M, [ and
corresponding ¢; values, where X" (¢() is computed using (3.42) for r = 0.

when the inner sides are considered the shape of the curve changes and appears to be
periodic when r = M/4. Let us mention that unlike X3'**" where changing r value
does not change its value up to the numerical errors, the value of X377 does depend
on the r value. However, in this experiment our aim is to observe the qualitative

behavior of its evolution rather than the quantitative one.
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-
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Figure 3.6 X3¢ (t) — X3°"(0) for M = 96, N/M = 2°, 1 = 0.1, t € [0,T], using
r =0 (left), i.e., N points, for r = M /8 (center), i.e., N/2 points and r = M /4 (right),
i.e., 4N/M points.

Furthermore, using the approach in Chapter 2 and [23, Section 4], we can compute
X™ean ysing the algebraic solution and thus, avoid the numerical errors completely. In

that direction, we compute

xmeny) = | " mean(X,)(#))d#’ — | t H / LL/; Xt(s,t’)ds] i (3.43)

and for any rational time ¢,,, the first integral is precisely given by
Mg—1
lq 1

L/2
X t..)ds = T A_T 3.44
/—L/2 £(8:tpg)ds sinh(l,) kz::() k kL ( )
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where Tj, = T(s{,-).
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Figure 3.7 Second and third components of (3.43) and (3.44) computed for M = 8,
[ = 0.6, ¢ = 7560. Clearly, with an integration with respect to time, the oscillations
disappear and we obtain a periodic curve and a straight line respectively.

Hence, by approximating the integral with respect to time in (3.43) by a third-order
method, for a large ¢, we can compute the movement of the center of mass. Unlike
in the Euclidean case, we do not obtain a precise expression for the components of
Xmean however, it certainly allows us to compute them using the algebraic solution
Ty which is free from numerical errors. In this regard, we have taken M =8, [ = 0.6,
q = 7560 and the interval [0, 7] has been divided into ¢ equally spaced segments. We
have plotted the integral (3.44) whose first component is zero and the rest of the two
components seem to be very oscillatory in nature as seen in the Euclidean case (Figure

2.4). However, after integrating in time, the oscillations completely disappear and we
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obtain the second component as a periodic curve and the third component as a straight

line with a slope converging to ¢; with ¢, as observed previously (see Figure 3.7).

l N/M =2  N/M=2"  N/M=2 N/M=2 N/M=2"

0.2 4.0442-1072 3.2678-107% 2.6665-1072 2.2341-107% 1.9248 - 102
0.15 2.2711-1072 1.8066-10"2 1.4479-1072 1.1974-1072 1.0171-1072
0.12  1.5620-1072 1.2359-10"2 9.8698-10~3 8.4188-10~% 7.2017-1073
0.1 1.1894- 1072 9.3896- 1072 7.5154-107% 6.4954-1073 5.5810-1073
0.05 5.0056-107% 3.9380-107% 3.2342-1073 2.8058 1073 2.4328-1073
0.025 2.3853-107% 1.8751-107% 1.5517-1073 1.3476-10"% 1.1716-1073

Table 3.6 The error max;,, || Xpum (s, ™) — (0, X5rean (# ) e t™)) — Xy4(s4,t™)]), for
j=N/4+1,...,3N/4+1,n=0,1,...,1260, M = 48 and different N/M, .

Comparison between the numerical and algebraic solution

Having learnt about the movement of the center of mass of the polygonal curve, we
compare the numerical solution T, X,um, With their algebraic counterparts which
we denote by T4, X4 Since X4 has been constructed up to a rigid movement, to
compare it with X,,,,,, we subtract its movement in the YZ-plane. In other words, we
compute max;, || Xpum(s;, ™) — (0, X5eam (£, ¢ t ) — Xy (s, t™)]|, where || - ||
is the Euclidean distance, t™ = (n/N)Ty, n = 0,1,...,N;, s; = —L/2 + jL/N,
j=0,1,...,N+1, and ¢ is computed using (3.41). For the numerical simulations,
we have taken a fixed value of M = 48, and different values of [ and N/M. Note
that during the algebraic construction of X4, we obtain the vertices of the polygonal
curve for a given time; however, the in-between points, i.e., Xyy4(s;, ) have been
computed by using the linear interpolation. It is important to mention that given the
size of discretization, it can be computationally impossible to compare the solutions
at all N; + 1 time instants, therefore, we have considered 1260 different time instants.
Moreover, as done before, we have computed the errors for r = M /8 or N/2 + 1 points,
and r =0, i.e., all N 4+ 1 points which have been stored in Table 3.6, 3.7, respectively.
As seen in the case of approximation of X3**"(t), we note that the magnitude of errors
is lesser when only inner points are considered, moreover, they decrease by a certain
factor when the discretization is made finer. Although the convergence is slow, keeping
in the mind that max || Xg;,| > 1, the results are satisfactory and show that as N
grows larger, the numerical solution converges to the algebraic one. It also gives strong

evidence the X, is periodic or at least quasi-periodic in time with a period T%.
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The comparison between the two can be further appreciated if we add the movement
in the YZ-plane to X,,(s, -), and plot it along with X, (s, -), for instance, see Figure
3.10. Bearing in mind that we have fixed the boundary conditions for T,,,,,, the error
towards the endpoints of X, is visible when compared with X,;, on the left-hand
side. At the same time, the difference between the figures is almost indistinguishable
as we move away from the boundaries, for instance, see Figure 3.11 where we have

plotted only the inner points.

l N/M=20 N/M=2" N/M=2 N/M=2 N/M=2"

0.2 6.9820- 1071 6.9650 - 107! 6.9647-1071 6.9486-10"! 6.9437 107!
0.15  2.6192-1071 2.6154-107' 2.6165-1071 2.6132-107' 2.6125-107!
0.12  1.4835-107' 1.4826-10"' 1.4828-10"' 1.4818-10"! 1.4818-107!
0.1 1.0043-107% 1.0041-10"' 1.0040-10"' 1.0038-10"' 1.0037-107!
0.05 3.3170-1072 3.3198-10"2 3.3215-1072 3.3218-1072 3.3213-1072
0.025 1.4688-1072 1.4704-10"2 1.4712-1072 1.4715-1072 1.4714-1072

j=1,...,N+1,n=0,1,...,1260, M = 48 and different N/M, .

Regarding the numerical solution of tangent vector T, Figure 3.8 shows its first
component for M =48, [ = 0.2, N/M = 2!1 at different rational times. In the zoomed
part, we see that at half time period, i.e., t = #; 2, the tangent vector is continuous
at s = 0 (red), hence showing that the curve X does not have a vertex at that time.
Besides that, the oscillations arising due to the numerical approximation of a piecewise
constant function are more prominent towards the boundary which also contribute to
a larger error value as commented before. At the end of one time period, we obtain
the tangent vector up to the numerical errors (yellow), which is same as at the initial
time, thus showing the time periodicity of T',u.m,.

Figure 3.9 shows all three components of the tangent vector for both numerical and
algebraic solutions at one-third of the time period, i.e., t = ¢;3. It is quite clear that
there are three times more segments and apart from the numerical oscillations, the two
figures are comparable. Since M = 48, therefore, at ¢t = t; 3, there will be Mq = 144

tangent vectors, and thus we have

6.0854 - 101 5.4978 - 10 4.9836 - 10!
Tag1 = | —6.0846- 10" |, Taygo = | —5.4969 - 10! |, T3 = | —4.9825- 10" |,
—5.7735 - 102 0 5.7735 - 1072
(3.45)

and the rest can be computed by rotating Tyig.1, Tag2, Taig3 by a time-like angle [
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Figure 3.10 Xo4(s,tpq) (left) and Xi,um (s, ty) (vight) for M = 48,1 = 0.2, N/M = 2!
at different rational times ¢,,. The errors towards the boundary points of X,,,,,, is quite
prominent, however, as we move away the difference between the two figures is almost
indistinguishable.

Figure 3.11 X,um (s, tp,) (right) for M = 96,1 = 0.1, N/M = 2! at different rational
times t,, when inner points, i.e., s; for j = N/4+1,...,3N/4 are considered.
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about a space-like z-axis in the counter-clockwise direction consecutively. For instance,
the ones on the left-hand side of s = 0 are obtained by a hyperbolic rotation of an

angle L/2 — [ about the z-axis

1.0217 1.0050 1.0017
Tagro = | —2.0156- 107 | , Tagr1 = | —=1.0017 - 10! | , Togr2 = | —1.1093 - 10~
—5.7735 - 102 0 5.7735 - 1072
(3.46)

In order to compare them with the corresponding numerical solution, we take the
mean of each segment and compute the absolute difference. Thus, with a discretization
N/M = 2" the maximum absolute and relative errors with (3.45) are O(1), O(1071),
and O(107%), O(1072) for (3.46), which, in our opinion, given the nature of the problem,

is reasonably good.

Trajectory of X(0,t)

The choice of initial data (i.e., even number of sides for X) allows us to capture the
time evolution of X(0,¢) numerically. Due to the mirror symmetries of X explained
in the Section 3.2.1, the z-axis and X(—L/2 + kl/2,t) for k= 0,1,...,2M always lie
in the same plane for all ¢ > 0, where an even value of k corresponds to the vertices
and an odd value to the middle point of the sides. In the following lines, we consider
only the evolution of vertices, and with parameters M = 48, N/M = 21 | = 0.2,
numerical simulations show that X(0,¢) lies in the YZ-plane, whereas X(—L/2 + lk,t)
for k=0,1,2,..., M lie in a plane which is the YZ-plane rotated by a hyperbolic angle
L/2 — lk with respect to the z-axis in the counterclockwise direction. We have already
seen that the inner points are the most accurate ones, thus, we consider X(0, ¢), project

it onto the complex plane and define

Z(t) = —XQ(O,t) + ng(O,t), te [O, Tf], (347)
or, in general, for any vertex, i.e., k =0,1,..., M
2(t) = — [eﬂ'@/?—’k) (X1 4+ jXo)(=L/2 + Ik, t)} +iX3(—L/2 + 1k, 1), (3.48)

where we have used notation involving the hyperbolic number j.
Figure 3.12 shows the plot for z(¢) (left) which reminds us of the one observed in
the Euclidean case [22]. Although, we are able to capture the trajectory of X(0,%), but

due to lack of numerical accuracy, the corners of z(t) are not as sharp as observed in the
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Euclidean case (for instance, z(t) towards the end of the time period). In our opinion,
up to some extent, this can be explained with the following reasons. It is quite clear
that the accuracy improves as N/M value increases, and we have also seen that more
accurate results are obtained for larger values of M. Therefore, a large of N yields
better numerical results. In the Euclidean case, due to the symmetries, it was possible
to work with just one side of the polygonal curve, i.e., only N/M points; and the efficient
fft algorithm in MATLAB makes the computation cost to be of O((N/M)log(N/M)).
However, in our case, due to the fixed boundary conditions, we work with all the sides
of the planar I-polygon and thus, the derivatives are computed using (N +1) x (N +1)
dimensional finite difference matrices. Naturally, the computational time is much

longer and from a numerical point of view, the problem is more challenging.

Having said that, in Figure 3.13, we plot the trajectory z(t) for M = 192, [ = 0.025,
N/M = 2! ie., N = 393216, and the corners can be well appreciated there. On

x10° x10°%

11674 11676 11678 5 6 7 8 9 10

x1073
Figure 3.12 z(t) (left) for M =48, 1= 0.2, N/M = 2" and zy,(t) (right) for [ = 0.2
where the interval [0, T}| is divided into 7561 points.

the other hand, by plotting it componentwise we note that the second component of
X(0,t) is periodic in time while the third component becomes periodic after removing
the constant vertical movement, see Figure 3.14. Consequently, for a given value of [,

we define
z(t) = z(t) —ic t, t € [0,Ty], (3.49)



3.4 Finite difference discretization 99

%10
35}
3_
25}
- W
15¢
1_
05F
11.6576  11.6577  11.6578  11.657¢ 11.6576 11.6577 11.6578 11.657¢

Figure 3.13 z(t) (left) and z/(t) (right) for M = 192, [ = 0.05, N/M = 2.
which is T-periodic and is shown in Figure 3.13 for M = 192, [ = 0.05. The multifractal
structure of z;(t) can be compared with the graph of

00 eifrkzt
t)=)>) —, tel0,2]. 3.50
=3 g te? (3.50)

k=1

¢(t) appeared in [30] where its real part

also called Riemann’s non-differentiable function, was considered.

w10 x10*

-11.6576

t)

-11.6577

X,(0
X3(0,8)
X5(0,) —er t

-11.6578

-11.6579
0 0.5 1 15 2 25 3 35

t x10%

Figure 3.14 M = 192, | = 0.05, N/M = 2" X,(0,¢) (left), X3(0,¢) (center) and
X3(0,t) — ¢ t, i.e., third component after removing the vertical height.

Remember that in the numerical simulations, with a large value of M, the value

of [ needs to be chosen small, hence, we obtain the z/(¢) only for certain values of [.
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However, the computation of the algebraic solution X,;, does not depend on M which
is also free from numerical errors. As a result, we can consider any value of [(bearing
in mind that due to the exponential growth of X and T, [ can not be very large),
and compute z(t) algebraically. Since X, is determined up to a movement in the
YZ-plane, after adding the trajectory along the y-axis to the planar curve X;,(0, 1)
can be compared with ¢(t). Furthermore, as we also know the exact value of ¢;, by
adding the vertical height for all the times, we can obtain z(t) algebraically. In other

words, we have

zl,alg(t) = _<X2,alg(07 t) + gnaelcén(t)) + Z‘)(3@19(07 t),

| (3.51)
Zalg(t) = Zl,alg(t) +gt, T € [O, Tf],

with X3'°"(t) being the mean of the second component which can be obtained using

(3.43) as explained before. We also redefine the previous definition of ¢(t) and write

o0 p2mik?t
o(t) = kzl —z - te01]. (3.52)
From now on, our purpose of working with X(0,¢) will be two fold. First, we would
like to see its dependence on the parameter [ and second, compare its structure with
the one in the Euclidean case. We begin by plotting z4, for [ = 0.2 and compare it
with the one computed numerically, see Figure 3.12. One can note that except for a

horizontal translation, both figures are identically the same.

Having done that, to compare z,, with its Euclidean counterpart, we choose the
value of [ such that the corresponding parameter ¢y is kept the same in both cases.

More precisely, from (1.26)

21 (cosh (1))] " = [~21n (cos (5))]"”* 4= 1 = 2arceosh (e (2)),  (35)

where M is the number of sides of the Euclidean planar M-polygon.

Figure 3.15 shows 2 4,(t) (blue) for different values of [ such that M = 3,4,5,6
and 10 and ¢(t) (red) where the respective intervals for ¢ have been divided into 7561
points. It can be noted that except for a scaling, 244 corresponding to the value
M = 10 looks very close to ¢ (red). In order to further compare them, we employ
two different approaches. First, as done in Chapter 2, we consider ¢ — Nz019 — i

where \; € R and p € C have been computed from least squares fitting method. In
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particular,

/\l — R (mean(zlc,alg(t) qbc(t)

mean(| 27 q;,(1)[?)

) . =mean(¢) — N\ mean(2;q,(t)); (3.54)

with

2Tatg(t) = 2atg(t) — mean(ziag(t)),  0°(t) = 4(t) — mean(o(1)),

where the mean has been computed for V; + 1 points. In this regard, we choose the

LM =6 1:M=10
0.025

0.015

0.005

-0.005

-0.015

-0.025

0.05 0.06 0.07 0.08 0.09 0.1

Figure 3.15 z(t) (blue) for different values of | computed using (3.53) for M = 3,4,5,6
and 10, and ¢(t) (red); parameter ¢ takes its value in the respective intervals which are
divided into 7561 points.

value of | from (3.53) for M = 3,4,...,20 and Table 3.8 shows the absolute error
maxy [(¢(t) — Nzrag(t) — )| and relative error max |(4(t) — Nziag(t) — )/ o(t)],
where maximum is taken over 7560 values and sum for ¢(¢) has been computed for
k=1,2,...,2!% It is quite clear that as [ gets smaller, the two errors decrease, thus,

showing that 2., converges to ¢.
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! [o(t) = Mat) — pulle~ (o) = Nzi(t) — )/ o(t)l| L~

2.6639 2.372149809891611 - 10! 2.103146176364024 - 107!
1.7627 1.202137911333187 - 107! 1.069015846447526 - 10!
1.3485 7.395129681674713 - 102 6.553706601060941 - 102
1.0986  5.037950918821697 - 102 4.443542112256472 - 1072
0.9293 3.663493700302557 - 102 3.213089943830340 - 10~
0.8064 2.789087911280586 - 102 2.430407039076064 - 102
0.7127  2.197342077064023 - 1072 1.900794506510361 - 1072
0.6389 1.777857413459586 - 1072 1.525374219018601 - 102
0.5791 1.472276688206210 - 102 1.249405615271557 - 102
0.5297 1.246933387993874 - 102 1.040521660507873 - 102
0.4881 1.072191965674805 - 102 8.785609255857535 - 1073
0.4526  9.339284815580278 - 1073 7.504212131235847 - 1073
0.4220 8.226335556448189 - 1073 6.472826985297105 - 1073
0.3952 7.317114759958195 - 103 5.630289048039735 - 1073
0.3717  6.564693662811320 - 102 4.933085043817143 - 1073
0.3508 5.934935939585980 - 103 4.373662840752222 - 1073
0.3322 5.402525137486635 - 1073 3.944858964309793 - 1073
0.3155 4.948361852601247 - 1073 3.579444073336197 - 1073

.42
eQ'L‘/rk t

Table 3.8 The maximum errors between ¢(t) = 332, 55— and 2zy44(t). ¢(t) has been
computed for £ =1,2,...,2048 and both ¢(t) and 2;,4,(t) have been evaluated at 7561
points.

I:M=3 l:M=4

- * . |
e * * * e L T T T R PR
R A T * x % X

08 1 08l

06 . 061

= =
&
2

0.4r

-0.2

100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000
n n

Figure 3.16 Fingerprint of 2%« (t) for different values of I which are chosen using
(3.53) for M = 3, 4.
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Furthermore, using the fact that z;4,(t) is T-periodic, we express the scaled 244

in terms of its Fourier expansion

[o¢]
zi(cz%ed(t) _ Z dn,l 627rint/Tf7 te [O,Tf],

n=—oo

scaled

where 2701 (t) = Nziaig(t) + pu, and compute its fingerprint plot. This approach
was also employed in Chapter 2 where the Fourier coefficients d,,; are approximated
numerically by using the fft algorithm in MATLAB. Figures 3.16, 3.17 show the
fingerprint for [ in (3.53) such that M = 3,4,5 and 10. We observe that the dominating
points (represented by blue stars) of nd,,; correspond to the squares of n whose value
gets closer to 1 as | becomes smaller. On the other hand, the rest of the points (noise)
approach to zero for smaller value of [; in other words, as [ tends to zero, the dominating

points converge to 1 whereas the rest of them to zero. As a result, we conjecture that

. ]-7 lfn:k27k€Z7
lim nd, ;| =
=0 0, otherwise,

which also shows convergence of 54! to ¢, as [ tends to zero.
l:M=5 l:M=10
* ‘ ‘ ‘ ‘* ‘ ‘ ‘ ‘ ‘ * ‘ ‘ ‘ *
Thatpnxax s x * F x x5 % % * % 4 o . * ox %] Tk k k% ¥ ¥ w % oy K ox X ¥ 4 * *ox %

0.8 - 08+

. 06f {1 —os6f

= =

= =

S04f 1 o4t
02F i 0ob

100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000
n n

scaled

Figure 3.17 Fingerprint of 2z}

(3.53) for M = 5, 10.

(t) for different values of | which are chosen using

Behavior of the tangent vector T near irrational times

Having seen the evolution of the regular M-polygons in the Euclidean case at rational

times t,, with ¢ > 1, we are motivated to do the same for a planar I-polygon [22, 25].



104 A regular planar [-polygon in the Minkowski space

In this direction, we consider the algebraic solution T, that is free from the numerical

errors and has been determined completely in the previous section.

Recall that given any rational time t,,, the polygonal curve X has ¢ or ¢/2 times
more sides and the tangent vector T has ¢ or ¢/2 times more jumps. With this, first we
consider t,, with a small ¢ and examine the evolution at t = t,, + €, |¢| < 1. We take
€= %, ¢ > 1, and with ged(q, ¢') =1, E+ i = p’f;;,rl, therefore, at t,, + €, there will
be ¢q¢' or q¢'/2 times more sides. Figure 3.18 shows the stereographic projection of T,
onto C for M =8,1=0.6,p=1, ¢ =3, ¢ =7999. One can observe the 24 spiral-like

structures whose center correspond to the values of T at ¢ = T§/3. Moreover, it is

important to mention that these are not really spirals, but 8 x 23997 tangent vectors
that closely resemble to a curve with 24 spirals. These spirals can be compared with

the Cornu spiral which also appeared in [21, 22].

As a next step, we consider the rational times ¢,, with a large ¢ such that there is
no pair p, ¢, with both ¢ and \g — §| small. In particular, for the same parameters as
before, we have taken t = (% + 3—11 + 3—(1)1) Ty = %T 'r. The corresponding stereographic
projection of T, is shown in Figure 3.18 where one can observe the spiral structures

at a smaller scale, thus exhibiting a fractal-like phenomenon.

p =8002, ¢ =23997

vy
0.1 S, i
3 H]
i} . i

Figure 3.18 The stereographic projection of Ty, (s, t,,), at two different values of ¢,
for M =8,1=0.6.
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3.4.2 Fixed boundary conditions for X

As a next approach, we fix the boundary condition for X and consider the following
initial-boundary value problem,

Xi(s,t) = Xs(s,t) Ao Xys(s,t), s € [—L/2,L/2],

(3.55)
X(—=L/2,t) =X", X(+L/2,t) =X*, t € [0,TY],

with initial conditions X(s,0) given by (3.12) and

X =2 15111@2) (—sinh (L/2) ,cosh (L/2),0)",
X+ = S (sinh (L/2) , cosh (L/2) ,0)",

and the tangent vector can be computed at any time using T(s,t) = X,(s,1).

Thus, by using the finite difference space discretization mentioned above, we
integrate (3.55) numerically by using a fourth-order Runge—Kutta method in time.
Using the notations the same as before

Tﬁn) =T"(s;) = T(s;, "), X;") = X™(s;) = X(s,1"),
we calculate

n+1 n 1
X§+):X§)+%(AJX+Bf+C]X+Dj(), J=0,1,2,...,N,

where
X _ pt—y®) F+—X(n) X(A) X(n) At A X

BY = DT XW AL prox?) X = x(W 4 argX,

cX =Dt XP A X, X9 =X 1 Ak,

J

DX = p+—X!

C) +—x(©)
j i N FTXG
with the boundary conditions

X5 =X, X{ =X+,
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N As At oz

256 3.7500- 1072  7.441010326374327 - 10~*
512 1.8750-107% 1.860252581593582 - 10~*
1024 9.3750- 1073  4.654409383678499 - 10~°
2048 4.6875-107% 1.164548364087039 - 1075
4096 2.3437-107% 2.912110775760220 - 10~°

Table 3.9 At for L =9.6, Ty = 5.7296 - 1072

no|X(L AL = X(, AL/2)]| log, (FRXERSEEAIL)
1 3.833657201833302 - 10~ 0.6344431315783K82
2 2.469601403923588 - 104 3.515912027538592
3 2.158896791826083 - 10~° 4.035430655460087
4 1.316576831285029 - 1076 4.029028353939669
5  8.064692640601389 - 10~8 4.015343036826833

Table 3.10 The order of accuracy for the Runge-Kutta method in time with fixed
boundary conditions on tangent vector X for M = 16, [ = 0.6, computed using (3.37),
with At = 27" . 1.818913635335947 - 10~4.

and
TV =D X" n=0,1,...,N,.
Note that T thus obtained may not have a unit norm for all n, and normalizing it

at every time instant will not affect the solution X™.

Stability

From the discretization defined before, it is clear that At is a function of As. We
have computed numerically the value of At,,,,, maximum value of At, for which the
numerical scheme is stable. We have taken M =16, 1= 0.6, L = 9.6, t € [0, T|, where
Ty = 5.7296 - 1072, The values of different As, At,,., have been recorded in the table
3.9, and it is quite clear that At/As? ~ 0.5301. .., in other words, At = O(As?).

Accuracy

Denoting the numerical solution as Tpum(s,t), Xnpum(s,t), we have X,um(s,t) =
X(s,t) + O(As*) + O(At*). Tt is important to note that since the initial data for the
curve X is piecewise differentiable, as a result, a fourth-order accuracy in space is not

achieved, nevertheless, we check the accuracy with respect to the time variable. In this
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direction, we have taken the parameters M = 16,1 = 0.6, L = 9.6, and different values
of time steps, i.e., At =27"-1.8189-107* ,n=1,...,7, N=2°M, As = 1.875-1072,
Ty = 5.7296 - 10~*. Table 3.2 shows the corresponding error values for the tangent

vector T where || - || is as in (3.37).
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Figure 3.19 The error max, (| X5 (t™) — ¢t™|) for M = 96,1 = 0.1, N/M = 2°,
where the mean of X3(s;,#™) has been computed using 47N/M values such that
s; € [=L/2+2rl,L/2 —2rl], r = 0,1,2,...,M/4 — 1. Results when boundary
conditions on X are considered.

Numerical results

We have performed the same numerical experiments with the same parameters as done

in the previous section, and the observations are the following

1. The third component of the center of mass, i.e., XJ**"(¢) is linear as noticed
before. Figure 3.19 shows that choosing inner points for X yields more accurate
results where we have taken M = 96, [ = 0.1, N/M = 2°. As a next step,
we compute the error max, (| X5 (t™) — ¢t™]) for all N and N/2 (inner)
points for M = 96, [ = 0.025,0.05,0.1,0.12,0.15, and different discretization, i.e.,
N/M = 2" N; =5040-4""7 n =7,8,9, 10, and present the results in Tables 3.11,
3.12, respectively. The errors clearly show the agreement between the numerical

and algebraic approach.
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I N/M=2" NM=2  N/M=2  N/M=2W

0.15 9.3160-107® 6.1953-107® 4.8137-107® 4.0215-107*
0.12 3.9341-107® 2.8732-107® 2.5508-107% 2.5558-107°
0.1 2.0118-10"® 1.5477-107% 1.4274-107® 1.1907-10°%
0.05 2.0160-107? 2.1002-107? 2.6505-107?  2.6784-107°
0.025 3.1577-107'0 4.1408-107'° 6.0336-107'" 6.4325-1071°

Table 3.11 The error max, (|X5%™(t™) — ¢t™]) for M = 96 and different N/M, I,
where X7'n(¢(") is computed using (3.42) for r = M/8, i.e., N/2 points and fixed
boundary condition on X.

I N/M=2" N/M=2 N/M=2" N/M=2"

0.15 2.4371-107° 2.4396-107° 2.4403-107> 2.4371-107°
0.12  1.5609-107° 1.5617-107° 1.5614-107> 1.5585-107°
0.1 1.0845-107° 1.0848-107° 1.0852-107° 1.0858-107°
0.05 2.7132-107% 2.7126-1075% 2.7125-107% 2.7126-107°
0.025 6.7841-1077 6.7819-10"7 6.7810-10"7 6.7808 - 1077

Table 3.12 The error max, (| X5 (t™) — ¢t™]) for M = 96 and different N/M, I,
where X1 (¢(") is computed using (3.42) for r = 0, i.e., N points and fixed boundary
condition on X.
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2. Xgween(t) for M =96, 1 = 0.1, N/M = 2°, has been plotted in Figure 3.20 which

can be compared with Figure 3.6, especially when the inner points are considered.

)
een(t) — X5 (0)
()~ X5 (0)
o« e We o

X
Xyean

0 05 1 15 0 05 1 15 0 05 1 1.5
t %103 t x10° t %10

Figure 3.20 X352 (t) — X5°*"(0) for M = 96, N/M = 2°,1 = 0.1, t € [0,T}], using
r =0 (left), i.e., N points, for » = M/8 (center), i.e., N/2 points and r = M /4 (right),
i.e., 4N/M points, for fixed boundary conditions of X.
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w‘;ﬁ 105}, | | Hi
20f T & 1 I
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Figure 3.21 The first component of Ty, (s,t) for M = 48, 1 = 0.2, N/M = 2! at
initial, half and final time period for fixed boundary condition of X.

3. We have also plotted the first component of tangent vector T at initial, final and
at half of the time period in Figure 3.21, and in the magnified part it is quite
clear that the information at the boundary is not captured well; moreover, when

compared with Figure 3.8, the oscillations are bigger.
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Figure 3.22 X,,um(8, tpg) for M = 48,1 = 0.2, N/M = 2" at different rational times t,,
for fixed boundary conditions on X. The error towards the boundary points of X,
is quite prominent, however, as we move away the difference between the two figures is
almost indistinguishable.

x10°® , [ ’ , ' x10°°
6 15
5|
4t 1
3
2 05
1l
. . . ‘ . N ol 1 L 1 L
11.674 11.675 11.676 11.677 11.678 11.67¢ 11.661  11.6614  11.6618

Figure 3.23 z(t) for M = 48,1 = 0.2 (left), and M = 96, [ = 0.1 (right), N/M = 21,
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35F

25¢

1.5

0.5F

4. The evolution of X at different rational times is shown in Figure 3.22. We have

plotted all the points (left) and inner points (right) at ¢t = 0,1 3, t12, T which
can be compared with Figures 3.10, 3.11.

. Although we do not see much difference at a visual level in X, T obtained from the

two approaches (i.e., fixed boundary condition for X and T), the trajectory X(0, t)
seems to show the imperfection more than the previous case. For example, when
compared Figure 3.23 with Figure 3.12, both for M = 48,1 = 0.2, N/M = 2!
and one can clearly see that as time progresses, the corners of X(0,¢) gets more
rounded. This can partially be explained by the noting that in the case of fixed
boundary condition for T, it is normalized at every time instant, whereas in
the current scenario, we only work with X, so renormalizing T does not affect
X. Consequently, the error propagation is faster. During our simulations, we
keep track of | T(-,t™)||2 + 1, for instance, for the parameters mentioned above,
max, (|| T(-,t™)[]2 + 1) = 5.875199227447503 - 10~*. Figure 3.24 shows z(t) and
z(t) for M =192, 1 = 0.05, N/M = 2! and it can be seen that the corners are
less rounded, but definitely not better than the previous approach (for example,
see Figure 3.13); moreover, max,,, (| T(-,t™)||2 + 1) = 5.958725168397905 - 10~°.

x10™ %10

11.6576 11.6577 11.6578 11.657¢ 11.6576 11.6577 11.6578 11.657¢

Figure 3.24 z(t) (left) and z/(t) (right) for M = 192,1 = 0.05, N/M = 2!

Thus, having compared the two ways of fixing the boundary condition with finite

difference space discretization, it seems very clear that the better results are obtained

when the end points for T are fixed. Recall that this was also a suitable choice when

the numerical study for the one-corner problem was done in [15, 24].
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3.5 Chebyshev spectral discretization

We noticed that in the Euclidean case, due to the periodicity of tangent vector T, a
pseudo-spectral discretization with trigonometric basis functions is very useful. In the
hyperbolic case, this not being the case, we have tried the finite difference discretization
which combined with fourth-order Runge-Kutta method gave reasonably good results.
However, due to their spectral accuracy, we are tempted to try the Chebyshev spectral
discretization which was remarkably accurate and efficient in the case of one-corner
problem [24].

We have seen in the previous section that working (i.e., fixing boundary conditions)
with the tangent vector T gives relatively better results, as a result, we follow the same
approach in this section as well. We will consider the Chebyshev spectral collocation
method [16, 59] with nodes s;

s; = (L/2)cos(jn/N), j=0,1,...,N, (3.56)

and approximate the tangent vector T by a polynomial of the form

T(s,t) ~ g: ap(t)Ux(s/L), ¥t >0,

k=0

where Uy(s) = cos(karccos(s)) is the Chebyshev polynomial of degree k.

Furthermore, due to the unequal distribution of Chebyshev points, we need to
reparameterize the initial data T(s,0), X(s,0), at the same time bearing in mind
that the sides of the planar [-polygon have equal (hyperbolic) length. We consider M
equally sized intervals [S, Sg11], where §, = —L/2 + kL/M, k=0,1,...,M — 1 and
divide the interval [—L/2, L/2] into N + 1 points given by (3.56). Thus, for given M
piecewise constant tangent vector Ty = T(s,0) for s € [§;, Sx11], one way to obtain
T(s;,0) could be the following:

1. Compute the count/density dj, of Chebyshev nodes s;’s belonging to interval
[3k, Sk41) for £ =0,1,...,M/2 — 1. Due to the symmetry of s;’s, the remaining

dy, values can be computed as dy;__1 = d, such that ZkM:f)l dip = N.

2. Compute T(s3,0) = Ty, for j = j—1+3F dooy, 7 = 1,2,...,dy, k =
0,1,...,M/2 =1, d_y = 0; and T(s;,0) = Ty, for j = j+ Sr dy, j =
1,2, . dy, k=M/2,M/2+1,...,M —1.
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3. Note that T(sy/2,0) is yet to be evaluated, so from N values of T(s;,0), N 41

values can be obtained by

T(s0,0) = T(s0,0),
T(s;41,0) = 3 [T(s7,0) + T(s;11,0)], 5 =0,1,...,N/2 -2,
T(sny2,0) = 3 [T(SN/2 1,0) + T(SN/2+1,O)} ,
T(s;,0) = 1 [T(s;,0) + T(sj41,0)], j=N/2+1,N/2+2,...,N — 1,
T(sn,0) = T(sn,0),
T(s;,0) = .

After having obtained T(s,0), using Chebyshev integration, X(s,0) can be obtained

up to a constant which can be determined from the mean of X(s,0).

3.5.1 Working with the equation for T

With the initial data mentioned above, we first compute the evolution of (3.1)-(3.2)
using the Chebyshev space discretization and a fourth-order Runge-Kutta method in
time. As the latter is an explicit scheme, the stability of the numerical method imposes
a restriction of At = O(As?). On the other hand, due to their unequal distribution
and clustering towards the boundary, for N Chebyshev nodes in the given interval,
the minimum step size As = O(1/N?) implies At = O(1/N*) and hence, makes the
method computationally undesirable. The implementation of this scheme is same
as the one explained in Section 3.4.1 with the only change that the finite difference
matrices® have been replaced by their Chebyshev counterparts.

As a next approach, for the integration in time, we use multi-stage methods. The
main idea is to work with T and develop a numerical scheme where the higher-order
derivative term in (3.2) can be treated implicitly, thereby eliminating severe restrictions
on At. In this regard, by denoting Fy as the Chebyshev second-order differentiation

matrix and writing

T3 (s0)
Ty T3 (s1)
T" = | T3 |, where T} = : k=1,2,3,
T3 TR (sn-1)
T (sn)

5See [59, Theorem 7] for their expression and further details.
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corresponds to a (N +1)-dimensional column vector, we begin with a first-order method

and discretize (3.2) as

ToTtl — Terydl

Tn+1 o 3,ss 2,88
o =TT =T By T = | T T
TPt Ty T -
0  TUFy —TyFy\ (T o
=| 3Fy 0 —T7Fy| |73
~TpFy T'Fy 0 (Ea

To implement the fixed boundary condition on T, i.e., Tj,(so, ) = T} and Ty(sn, ) = Ty
for k =1,2,3, we first decompose Fy = (fi;), 4,7 =0,1,..., N into

f1,0 f1,1 f1,2 cee f1,N—1 f1,N
f2,0 f2,1 f2,2 s fQ,N—l f2,N
ff=1 ¢ | Exn=| : SRS : =1 |, (3.59)
fN—z,o fN—2,1 fN—2,2 cen fN—Q,N—l fN—Q,N
fN—l,O fN—l,l fN—1,2 <. fN—l,N—l fN—l,N

where the first and the final row of Fy have been discarded and Fy is (N —1) x (N —1)

matrix. For the inner grid points, i.e., 1 =1,2,..., N — 1, we can write
n I n+1
134 15,
n n+1
13, 155
n n+1 . n+1 p+ n+1 p— N . _qm Nt n+1
TYFNTY T = 13 + TN f~+Fy : =15 pa + T3 FNTYT,
n n+1
T3 N o Ty N—s
Ty e,
3,N-1) | 2,N-1/ |

where Ty = T3¢ fT + T34 f~ is (N — 1)-dimensional column vector. With this,

(3.57) becomes

ST T3 T pa — To T3 pa 0 TyFy -T9Fy\ (T7
x| BT =TT | + | TFN 0 —TrFy| | T3],
—T3T pa + TP Ty g ~T3Fy TPFy 0 Tyt

F
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or,
Tt T3T5pa — 1575 pa 1y
(Inog — AF) | Tyt | = At | TPTypg — TPTspa |+ | T3, (3.59)
Tt —T3T pa + T o pa Ty

where Typg = Ti¢ ' f+ T4 f~ and F is (3N —3) x (3N —3) dimensional matrix. Thus,
we have system of 3N — 3 equations and 3N — 3 unknowns, i.e., T (s;), k = 1,2, 3,
j=1,2,...,N—1. Moreover, for At sufficiently small, Iy_; — AtF is invertible, hence,

the system has a unique solution. From T, we compute
X:(0,t") = (T A_ T)(0,t"),

from which X(0,t) can be computed by an integration with respect to time where we
can use a fourth-order method. With this, and integrating X, = T, we obtain X(-,t")
form=1,2,..., N,.

As the numerical results show that the first-order method is unconditionally stable,
we move forward to implement a second-order method which is known as second-order
semi-implicit backward differentiation formula (SBDF) [2]. Thus, using the notations

same as above, (3.2) can be discretized as

le (3T — 4T+ T 1) = [2T" - T" ) AL T

which in turn can be expressed as

1
— (3T —4T" + T =
32 | )
CiTypg — CUT3 4 0 CiFy —CyFy\ (TP
= | CyTipa—CiMapq |+ | CoFy 0 —CrFy||To ],
—C8T pa + CP T pa —CFy CPFy 0 Tyt
F
or,
Tanrl CgLTZbd - CQT:&,bd Tln Tlnil
<3IN_1—2AtF) TPt | =20t | C0Tpg— CiTypg | +4 [T | = | T971 |, (3.60)
Tyt —C3Typq + CP Ty 4a T Tyt

where CpF = 217 = T0 Y, Thpa = i [T+ T4 /7, k = 1,2,3 are (N — 1)-dimensional

column vectors. As before, we solve a system of N —1 equations, and since 3Iy_; —2AtF
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is invertible independent of the choice of At, the method is unconditionally stable.
It is important to mention that for the initialization, two initial data are needed, as
T(-,#") is given, we obtain T(-,¢') by using the first-order method combined with a
fourth-order Richardson extrapolation.

Continuing in this direction, we proceed to construct a third-order method and
discretize (3.2) as

1 /11 3 1

T 7T7L+1 . 3Tn *Tn_l - TTL—2> — 3TTL . 3Tn—1 T'rL—2 A Tn+1 )

At ( 6 * 2 3 [( * ) 5 }
After introducing the boundary conditions as done above, we note that the method
is not numerically stable. We have also tried replacing the implicit part with an

extrapolation, i.e.,

1 /11 3 1

= 7Tn+1 o Tn *Tn_l o T'rz—Q) — 4Tn o Tn—l 4Tn—2 _ Tn—3 B TTL+1 )
At ( 6 ST 2 3 R 0 + J AT }
However, this also does not resolve the problem. Thus, we can obtain only a second-

order method in time.

3.5.2 Working with the stereographic projection form

In [24], solving the stereographic projection of (3.2) with a Chebyshev spectral dis-
cretization combined with second-order semi-implicit backward differentiation formula
(SBDF') was found to be very efficient and accurate [2]. Following their approach, we
consider the stereographic projection of T = (Ty,Ts, T3)T onto C,

ik Ty ) , (3.61)

z=x+1y = (x,y) = (1—1—T1’1+T1

where T is projected from (—1,0,0)" into R?, identifying R? with C [10]. In the
Euclidean case, since T € S?, there is a point on the sphere, (—1,0,0)7, corresponding
to which there is no point in C, as a result, there is a bijection between S*—{(—1,0,0)7}

and R?. However, in the hyperbolic case, T € H?, there is a bijection between D and
H?, where

D= {(z,y) €R* | 2* +y* <1},

is also known as Poincaré disc. Consequently, the tangent vector can be recovered by

1+ 22 + 42 2x 2 r
T:(Tl,TQ,Tg)TE< Y J ) .

1—a2— 2 1—a2—y2 1— 22—
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Next, by differentiating (3.61), using (3.2) we obtain that z solves the following
nonlinear Schrodinger equation

1= |22

2 = 125 +

By using Chebyshev spectral discretization, we approximate z by a polynomial of the

form
N

z(s,t) ~ Z ar(t)Uk(s/L),

k=0
where Uy(s) = cos(k arccos(s)) is the Chebyshev polynomial of degree k. For the time
evolution, we have considered a semi-implicit second-order backward differentiation
formula (SBDF)

1

AL {32"Jrl — 42" + z"_l} =iz N (2" ) = N (M, (3.62)

where N (z,-) = 1ET§|2 z2. Thus, we solve
2z
1+[2]2

2(s,0) = ( sinh(1/2+5n) 0)7

1+cosh(l/2+sn)’

— 2
2t = 12g5 — 2

_ (3.63)
Z(—L/2, t) _ ( sinh(l/2—L/2) 0) ’

1+cosh(l/2—L/2)’

o sinh({/24+L/2)
2(+L/2,t) = (13t ey 0) -

One of the main advantages of working with the semi-implicit backward differentiation
formula is that treating the second-order derivative term zg, implicitly helps in reducing
the restrictions on At. Besides that, by working with this form the resulting linear
system from the above formulation is less computationally expensive due to the size of
the underlying matrix which is (N — 1) x (N — 1), as compared with (3.60) where we
need to solve (3N — 3) x (3N — 3) size matrices.

In [24], the main idea to compute the numerical solution for a certain time 0 < t < 1;
however, in the present case, we are interested in X and T at all times, for which
second-order scheme is not desired. Furthermore, using a higher order scheme such as
a third-order and a fourth-order SBDF methods also do not yield satisfactory results.
Hence, it can be concluded that the pseudo-spectral discretization does not help us

in obtaining better results than the finite difference approach, in particular, a higher
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order method in time. The latter is important for our purpose as we are interested in
the behavior of X at all times, for instance, X(0,1).

3.6 Conclusion

In this chapter, we have discussed the evolution of VFE in the Minkowski space for a
regular planar [-polygon characterized by a parameter [ > 0. It has been observed that
the evolution at a theoretical level can be compared with that in the Euclidean case;
however, the numerical treatment is quite different and challenging. In this regard,
we have found that both from the computational cost and the accuracy point of view
a finite difference discretization with fixed boundary conditions for tangent vector T
yields the best results. We have also commented on several other numerical methods
that we have tried. On the other hand, to study the trajectory X(0,t), we have worked
with the algebraic solution and shown that it converges to Riemann’s non-differentiable
function as the parameter [ tends to zero. In the rest of this work, we will refer to this

problem as [-polygon problem.



Chapter 4

Connection between the [-polygon
problem and one-corner problem in

the Minkowski space

We are like islands in the sea,
separate on the surface but

connected in the deep.

William James
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4.1 Introduction

Given the parameter ¢y > 0, let us denote the solutions of the one-corner problem as
Xcoa Tcoa ncm bcm

which are obtained by integrating X; = T, and the Frenet—Serret frame

T 0 c/vVt O T
n| =|c/vVt 0 s/2t||n]|, seR, (4.1)
b/ 0 —s/2t 0 ) \b

with initial conditions

X(0,t) = 2¢ov/1(0,0,1)", T(0,t) = (1,0,0)7,

(4.2)
n(0,t) = (0,1,0)7, b(0,#) = (0,0, 1)".

Recall that the self-similar solutions
X, (s,t) = VX, (s/Vt, 1), t >0,

form a one-parameter family of curves with ¢ as its curvature at t = 1 and converge to

two non-parallel straight lines as ¢ approaches zero. This was proved in [21, Theorem

1], where it was also shown that X, is smooth for all ¢ > 0. Moreover, the following
asymptotics of X, at t = 1 were obtained:

X (s,1) = AF g o’ + 4.3

(s, 1) = s—— | ——n+ ) s Eoo, (4.3)

where A are unit time-like vectors as in (1.24) with A~ = A!, AT = A2 Note that

none of the components of X, (s,1) is Lebesgue integrable on R, but if we define

T
A" N_AT 0 As Ay
€0 = TA-~ arn YT )

1A~ A~ Ao VAR + A3\ A3+ A3

(4.4)

then, eg o A* = 0, as a result, in (4.3), we get rid of the term with A* and eyo_ X,

is finite. Hence, it can be integrated as

o] 2 2
/ eo o Xy (s, 1)ds = 20 (4.5)
o0 1 — e—wcg
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One of the main outcomes of this chapter is the computation of the above integral.
In this regard, first, in Section 4.2, we establish a numerical relationship between
the [-polygon and one-corner problems in the Minkowski space. Later, through its
application, in Section 4.3, we obtain an expression for the mean speed ¢ of the
[-polygon with which it propagates in the vertical direction. This is done analytically
by computing (4.5) in Theorem 6, and later numerically in Section 4.4. Explicit
expressions for the components of A* have been determined in Section 4.5, and in
Section 4.6, we comment on the evolution of the linear momentum of the planar
[-polygon.

Let us also mention that we denote the numerical solutions of the [-polygon problem
by T; and X, and this chapter follows the approach of [23] where the Euclidean case

was considered.

4.2 Numerical connection between the [-polygon

problem and the one-corner problem

In this section, we show numerically that the [-polygon problem in the Minkowski space
can be explained as a superposition of several one-corner problems at infinitesimal
small times. Recall that while solving the [-polygon problem numerically, we consider
a regular planar [-polygon with M sides; thus, bearing in mind that the orientation of
initial data in each case is in agreement with the other, we solve both the problems for
time ¢ = t; 4, ¢ > 1. In other words, we solve the one-corner problem numerically such
that the hyperbolic angle at the corner s = 0 is equal to that of the l-polygon problem

and this can be done by choosing the parameter
2 [
co = J —In <cosh ()) (4.6)
m 2

hm r:[‘CO = A_ = (Al, —AQ, —Ag)T, sllglo Tco = A+ = (Al,AQ,Ag)T,

S—r—00

Also recall that

so the curve X,, and the orthonormal basis vectors T, n., and b, should be rotated

in such a way that for a hyperbolic rotation matrix H, X,,, = H-X,,, T,.n = H - T,,,

CcQ

co

match their counterparts in the [-polygon problem. The matrix H can be computed

by enforcing the condition that limg 4., Ty (s) correspond to the tangent vector of
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the planar l-polygon at s = 0%, t =0, i.e.,

lim T,u(s) = (cosh (1/2), —sinh (1/2),0)"

S5——00

lim Tyy(s) = (cosh (/2),sinh ({/2),0)" .

S—

Thus, we have

1 0 0
A As

H= |7 Ve Vi | (4.7)
—As Ao

VAZ+AZ A3+ A2

which can be explicitly computed by using the expressions® for A;, As, As

2 >
Ay = ——e™ 0/ sinh(nc /2R {T},
s (4.8)
Ay = —e™8/* sinh(nc2/2)S{ T},
TCo

with T = ™/4D0(1 — ic2 /4)[(1/2 + ic2/4), and A2 + A2 = ™% — 1. Furthermore,

Xrot,l Xco,l Z/Q 0
— _ . ___sinh(L/2)
Xrot = Xrot,2 =H XCO,2 + Sth(l/Q) (1 Mtanh(l/Z)) ’
Xret,?) XCO,S O (4 9)
Trot,l TCOJ
T, = Trot,2 =H- Tco,2 )
Trot,3 Tco,3

where (0, Smfﬂ/ﬁ (1 — %) ,0)T corresponds to the location of the corner at ¢ = 0,

s = 0 for the planar [-polygon in (3.14).

4.2.1 Numerical experiments

In the following lines, we describe the numerical method for the comparison between
the two problems. Depending on whether ¢ is even or odd, for the [-polygon problem,
we compute the algebraic solution Tyy(s,t1,) at those s = s, € [—1/2,1/2], | > 0,
which belong to the middle points of the sides of the corresponding skew hyperbolic

polygon. In this direction, depending on ¢, we consider the following discretization:

1See Section 4.5 for their computation
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q Error q Error q Error

501 1.4912 - 102 500  7.0958-107° 502 6.7851-1073
1001 1.1146-10"2 1000  5.0360 - 1073 1002 5.2768-1073
2001 7.8673-107% 2000  3.5493-1073 2002 3.7201-1073
4001 5.5824-1073 4000  2.5417-1073 4002 2.6345-1073
8001 3.9579-107* 8000  1.8155-1073 8002 1.8638-107*
16001  2.8044-107% 16000 1.2935-10"* 16002 1.3181-1073
32001  1.9862-107% 32000 9.1986-10~* 32002 9.3214-10~*
64001  1.4064-1073 64000 6.5340-10~* 64002 6.5944-10~*
128001 9.9583-107* 128000 4.6400-10"* 128002 4.6694-10~*

Table 4.1 The errors maxy(||Tayg(sk,t1,4) — Trot(Sk,t1,4)||) for different values of g,

I = 0.6, decrease as O(1/,/q) = O(\/t14).

(1)

(iif)

when ¢ = 1 mod 2:

we choose s = 1(2k—1)/2q, k= —(q¢—1)/2,...,(¢+1)/2, As = 5311 — s, = 1 /q.
For example, for ¢ = 101, k = —50,...,51 and s_50 = —1/2, ..., so = —1/2q,
s1=1/2q, ..., s51 =1/2;

when ¢ = 0 mod 4:

sp=12k—-1)/q, k =—q/4+1,...,q/4, As = 2]/q. For example, for ¢ = 100,
k= —24,...,25 and s_o4 = —491/100q, ..., so = —l/q, s1 = 1/q, ..., So5 =
491/100g. Note that in this and the above case, s = 0 corresponds to a corner of

the skew [-polygon;

when ¢ = 2 mod 4:
sp = 2lk/q, k= —(qg—2)/4,...,(q¢ — 2)/4, As = 2l/q. For example, ¢ = 102,
k= —25...,25 s 95 = —50[/100, ..., s =0, ..., so5 = 50[/100. In this case,

there is no corner at s = 0.

On the other hand, by discretizing the interval [—1/2,1/2] into 2%q + 1 points with a

step size As = 1/2%q, we solve the one-corner problem numerically, i.e., at time ¢ = t; ,

we integrate (4.1) by using a fourth-order Runge-Kutta method with initial conditions

(4.2). In this way, T, (s,t1,) can be computed for the same s = s; as mentioned above
and then, from (4.7), we obtain T, (s, t1,4).

For our numerical simulations, we have taken M = 8,1 = 0.6 and different values of

q. Figure 4.1 shows the errors log,o(||Taig(Sks t1,q) — Trot(sk, t1,4)||) for different values

of ¢ where || - || is the Euclidean distance and we compute it for each s;. The minimum

errors are shown in red color which are attained at very small values of s. Table 4.1
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T

T

lo@ln(”Tﬂ’a(sl'- llJl) — Tor (51 ll.q)“)

o
N
.
o
-
= S
o
-
o
n

10819 ([ Tatg (s t1.0) = Trot(sx5 t10) )

Figure 4.1 The error log,o(||Tayy(sk,t1,9) — Trot(sk,t1,4)||) for different ¢ val-
ues, for I = 06, ¢ = Omod4 , ¢ = 2mod4, ¢ = 1mod4 and
1og (| || Tatg(skst1,q) — Trot(Sk,t19)lly|) for ¢ = 1 mod 4. The minimum values ob-
tained for the largest ¢ are shown in red color.
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show the errors maxy (|| Tay(Sk, t1.4) — Trot(Sk,t1,4)||) for the same values of ¢. It is
clear from the table that the maximum of error values decreases by a factor of square
root of two, every time when ¢ is (approximately) doubled, in other words, it decreases
as O(1/,/q) = O(t14). Note that the minimum error value is attained at smallest

values of s = |sy].

-0.1 | | | | | | |
-08 -06 0.4 -02 0 02 0.4 0.6 08

Figure 4.2 The stereographic projection of Tyy(s,t,,) for M = 8,1 = 0.6, p = 1,
q = 501,2001, 64002.

Nonetheless, for ¢ odd, the plot of log,o(||Taig(sk,t1,4) — Trot(Sk,t14)|]) seems to
have a different shape when compared with the other two cases. This peculiar phe-
nomenon was also observed in the Euclidean case ([23, Figure 2]) and could be explained
by computing T, (S, t1,4) for ¢ odd. For instance, Figure 4.2 shows T, for ¢ = 501
where Mg = 8 x 501 points (red) appear to form a curve with a sawtooth effect.
However, if we plot only the alternate points (blue), we obtain two smooth curves
with the sawtooth structure in-between; and as ¢ increases, the structure gets smaller
approximately by a factor of one half when ¢ is taken approximately four times bigger
as seen in Figure 4.2 where ¢ = 2001. This can be further appreciated in the fourth
subfigure where we measure the discrepancy between the two curves using || - ||o instead
of || - .

On the other hand, for ¢ even, we obtain a very regular curve as in Figure 4.2
where for ¢ = 64002 we have plotted T, (blue) and T, (red) together; it is quite clear
that the two curves look almost identical. Moreover, for ¢/2 odd, since the tangent
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q Absolute Error Relative Error

502 4.452708337809863 - 107> 2.650223938013458 - 104
1002 2.230639580691474 - 107°  1.327662619091869 - 10~*
2002 1.116394232367202 - 107> 6.644708106650881 - 10>
4002 5.584661008195546 - 1075 3.323955032925001 - 105
8002 2.793003139017758 - 1076  1.662377864527374 - 107°
16002  1.396670628817098 - 1075  8.312895552983875 - 1076
32002  6.983755935496827 - 1077  4.156687515401240 - 10°
64002  3.491995678728266 - 10~7 2.078413818533916 - 107°
128002 1.746068324925965 - 1077 1.039248861829102 - 1076

Table 4.2 The errors for the approximation of ¢y using (4.10) decrease as O(1/q) where
co = 0.1680125318446675, [ = 0.6.

vector is continuous at s = 0, it is also possible to approximate the coefficient ¢y, as we

will see in the following lines.

Approximation of curvature at the origin

Recall that in the one-corner problem, for any time ¢ > 0, co = /|| T5(0,¢)]|,, so
in the case of a planar I-polygon at ¢t = t; 4, this becomes ¢y = /#1 4[| Ts(0,%1,4) |l
where we approximate the derivative terms using a finite difference. Thus, without
loss of generality we can choose ¢ = 2 mod 4, in this way, T is continuous at s = 0 and
s = +£As for As = 2l/q, we can write

T (0 tl q) _ ]_lm Talg(A87t]_,q) - Talg(—AS’ tl,q))

As—0 2As
and 1Tty (21 t10) — Tty (21, 1)
li f alg q,l1,4 alg - q,l14 0. 4.10
R 4l/q 410)

The absolute and relative errors for the above mentioned approximation (4.10) are
given in Table 4.2 and it’s quite clear that as ¢ increases, the error decreases as
O(1/q) = O(t1,). On the other hand, recall that at time ¢, for ¢ even, there are
¢/2 times more sides with mutual time-like angle /,, as a result, from the hyperbolic
rotation matrix (3.28)

cosh(l,) cos(6,,) sinh(l,) sin(,,) sinh(l,)
H,, = | cos(6,,)sinh(l,) 1+ cos?*(0,,)(cosh(l,) —1)  sin(6f,,) cos(6,,)(cosh(l,) — 1) |,
sin(6,,,) sinh(l,) sin(6,,) cos(f,,)(cosh(l,) —1) 14 sin?(6,,)(cosh(l,) — 1)
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we can write

Tay(2/4, tig)" Ty (0, trg)"
e1,a0(20/q,t1,9)" | = Hi | e1,ag(0,t19)" |
€2.a19(20/q, t1,q)" €2,a19(0, t1,4)"
and
Tag(—21/q,t14)" Taig(0,t1,4)"
erag(—2l/q,t1)" | = H;—ll e1aig(0,t14)"
€2,ag(—21/q, t1,4)" €2,a19(0,1,4)"

Since we are interested only in the Minkowski norm of Ty, (21/q, t1,4) — Taig(—20/q,t1,,),

we can discard the global rotation and thus, without loss of generality, by taking

Talg(()? tl,q)T 1
el,alg(oa tl,q)T =10
eQ,alg(Oa tl,q)T 0

S = O
_ o O

we get

Ta,(20/q,t1,4) = (cosh(l,), cos(;) sinh(l,), sin(6; ) sinh(l,))"
Toug(—21/q,t1,4) = (cosh(ly), — cos(8,-1) sinh(l,), — sin(6,_1) sinh(lq))T ,

and |’Talg<21/q> tl,q) - Talg(_zl/q> tl,q)”g

= (0, (cos(6) + cos(6,-1)) sinh(l,), (sin(61) + sin(0,1)) sinh(l,))” |
= sinh(lq)\/Q + 2(cos(#;) cos(8,-1) + sin(6;) sin(,-1))
= sinh(lq)\/2(1 + cos(d — 0,-1)) = 2sinh(l,),

0

where in the last step, we have used the fact that 6, = ,_; which is immediate from the
properties of generalized Gaufl sums: G(—p, m,q) = G(—p,—m,q) = G(—p,q —m,q)
and m = 1, gives the desired result. Thus, substituting the above expression in (4.10),
with Ty = [*/2m gives

T inh
co = lim \/TqQ sinh(l,) = lim g s (y)
gooo \l q 4l a=oo \ o7 9

= lim ! i((:oshz(lq) —1) = lim ;\/; [(2 cosh?(1/2) — 1)2 - 1},

g—o00 2\ 27 g—0o0 T
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using L’Hopital’s rule, we obtain

178 122
cop = lim = [ (2 cosh?/9(1/2) — 1) e meosh(l/2) 1y cosh(l/Q)} =/ —Incosh(l/2).
g0 2 | T

Recall that [ is the angle between time-like vectors A" and A~
cosh(l) = AT o_ A~ = —1+ 2432,

thus, we recover

> 1 h(/
e™0/? = cosh(1/2) = —i—c;s() = A;.

Furthermore, we compare the time evolution of a one point in both the problems and
thus, we compute X;(0,%) and X,(0,%) for t € [0, %1 2]. In this regard, we have

Xrot,l (07 t) XCO,1<07 O) l/2 0
— sinh(L/2
Xrot(07 t) = Xrot,2(07 t) =H- Xco,?(oa O) + Slnh(l/2) (1 B Mtaéh(/l/)Q))
Xrot,3(07 t) X8073(07 0) 0
0 0
As l/2 sinh(L/2)
=200Vt | Vi3 | g (1 - i)

(4.11)
Figure 4.3 shows the trajectories for ¢ € [0,¢; 9], i.e., for small times. Both X;(0,?)
and X,.,;(0,¢) lie in the YZ-plane, and when plotted together it is clear in Figure 4.3
that X;(0,t) (blue) can be approximated by a straight line (red) with a slope As/As.
On the other hand, if we plot the third components X;3(0,t), X, 3(0,%) for small
times, then the former (left) appears to grow along the curve 2cov/tAy/\/ A3 + A2 as
shown in Figure 4.3 (right).

For our numerical simulations, we have taken M = 8, [ = 0.6, but the results hold
true for any M > 2, where the choice of M to be even was made to take advantage of
the symmetries of the planar [-polygon. Thus, there is strong numerical evidence that
for small times the [-polygon problem can be seen a superposition of several one-corner
problems. In the following section, we utilize this fact to compute an exact expression

for the speed of the center of mass ¢; of the planar [-polygon.

Finally, remark that the quantity As/As also determines the angle ¢ which the
curve X, (0,t) makes with the plane containing X, (s,0). Interestingly, ¢ is also the

angle corresponding to the corner of z(t) located at ¢ = 0 which holds true in the
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0.012f 0.012
0.01 | 0.01
0.008 g 0.008
2,
g
0.006 | S 0.006
0.004 - 4 0.004r
0.002 1 0.002f
1324 1322 132  -1.318 -1.316 -1.314 0 0.5 1 1.5 2 2.5

t %1073

Figure 4.3 Left side X(0,¢), ¢t € [0, 0] for M = 8, [ = 0.6 and on the right side the
third component versus time ¢ for the I-polygon (blue) and one-corner (red) problems.

Euclidean case as well. To compare both cases simultaneously, from (3.53) we obtain
co for M = 3,4,...,20 and compute As/A3 using (4.8) in the hyperbolic case and
using [36, (57)] for the Euclidean case. The values thus obtained have been plotted
in Figure 4.4 where it can be seen that A;/As is greater (smaller) than the one in
hyperbolic (Euclidean) case and tends to one as ¢y becomes smaller. In fact, from
(4.8), A2(0)/A3(0) = 1. Thus, for a given co, ¢ is more (less) than 7/2 and converges
to m/2 in the limit, as in the case of Riemann’s non-differentiable function. Moreover,

for any ¢y > 0 in the hyperbolic case, its value can be precisely given as

= arctan <iz> = arctan <§}H) = arg(iY), (4.12)

with T = e™/4T'(1 — ic2/4)T'(1/2 + ic2/4). By using the following

['(21)1(22)

V% - B
F(Zl + 22) (Zl’ 22)’

where B(-,-) is the beta function, we can write

T = B /4, 1/2 4 i AT3/2) = YT B~ ich /4,12 + i}/ 1),
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15 T T T T T T L L L

—o6— Euclidean
—o6— Hyperbolic | |

0.1 0.2 0.3 0.4 0.5 0.6
Co

Figure 4.4 Semilogarithmic plot of As/Ajz as function of ¢y in both Euclidean and
Hyperbolic cases. Clearly, as ¢q tends to zero, As/As approaches to one marked with
dashed dotted line.

4.3 Analytical computation of ¢; using one-corner

problem

In Chapter 3, during the numerical evolution of the planar [-polygon, we observed
that the trajectory of its center of mass lies in the YZ-plane. More precisely, for the
arc-length parameterized curve X; with length L,
L/2
Xrean(t Xi(s,t)ds = (0 at),
—1 /%l 0,u(0), )
where the second component y(t) was found to be T's-periodic and a linear behavior was

noted in the third component. In this section, we consider only the third component:
1 N N N

at = X57°( — (s;,t) = — X;5(s;,t

l N ; ]7 N ]go 173( J )

where the equality on the right-hand side follows from (3.39) and implies that computing
the mean over the interval [—L/2, L/2] is equivalent to that over [—1/2,1/2]. In other
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words,
1 /2
ot = — Xi3(s,t) ds, ¥Vt >0,
Il J-12 7
which we can be rewritten as
L X ds, V
= - s,t) ds, ¥Vt > 0,
T —1/2 (s, t)

and it holds true especially when ¢t — 0. At this point, it is important to recall from the
previous section that, at infinitesimal times, the [-polygon problem can be described

as a superposition of several one-corner problems, as a result, we claim that

/2
C, = lim — It / Xrotg(S t) ds.

t—0

Moreover, by using the self-similarity of X,.,;:
Xrot(syt) - ﬁXrot(‘S/\/Ev ]-)> t >0,

we caln express

12
¢ = lim \/_/ Xrot3(s,1) ds.

t—0 [
A simple change of variable s/v/t — s gives
1/2v/t
t—>0 1 /1/2\/ roa(s; 1) ds,

and passing the limit allows us to conjuncture that

1 [e’s)
c = 7 /_ Xyot3(s) ds

where we have used X, t(s) = X, 3(s,1). As a result, we have the following result

Theorem 6.
2mcd

/_ T Xyorls) ds = ——"0 (4.13)

2
1 — 6—71'()0

With this, we obtain ¢; in terms of ¢y and also [, i.e.,

2mc? _ 4dlncosh(l/2)  In(1 —tanh*(1/2))

Wi—ems  If1—sech®(1/2)  (/2)tanh(l/2)

(4.14)

C =
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Observe that because of the definition of X,ot in (4.9), and its initial value in (4.2), we
have

/fO Xyor(s)ds > 0. (4.15)

4.3.1 Proof of Theorem 6

Since the proof is mainly based on the one-corner problem, we take ¢ = 1 and use
the following notation for the variables. We write X(s) = X, (s, 1), T(s) = T, (s, 1),
n(s) = n.(s,1), b(s) = b, (s, 1), which implies X,,(s,t) = VtX(s/Vt), T¢,(s,t) =
T(s/Vt), ng(s,t) = n(s/v1), by, (s,t) = b(s/v/t). The non-bold letters X (s), T(s),
n(s), b(s) will be used to refer any component of their bold counterparts.

Differentiating X (s) three times and using the Frenet—Serret formulas, we obtain
the ODE [21]

X"(s) = T"(s) = con/(s) = T(s) + gcob(s). (4.16)

Moreover, differentiating X, (s, ) = vtX(s/v/t) both sides with respect to ¢ gives

JiPe(s,t) = %b@/m,

\C/O_TcO A_1ng = Dp
(VIX(s/v1)), = 7X(s/f) X, (s/v1).

Combining the above two equations

Xco,t<87 t) = Xco,s AN Xco,ss -

b(s/Vt) = o= X(s/Vt) = . X(s/ V),

v i

which at t =1 is

cob(s) = ;X(s) - gxf(s). (4.17)
Hence, from (4.16)-(4.17),
X" (s) + <—cg + 1) X'(s) — ZX@) =0, (4.18)

which has three linearly independent solutions and from [21, Theorem 1], we note that

the solution grows linearly as s — oo. Next, by denoting the Fourier transform of X (s)

as X (€):

X = o | X(s)e ks, X(s) = T [ X@ea,  (@19)
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and from the properties of Fourier transform such as

no dn A N
X = e K6, X)) - i),
we learn that X (€) is a solution of
EXT(€) +3X'(6) + 468X (&) + 43¢ X (€) = 0. (4.20)

Note that (4.20) holds true for any component of X, especially for X,,; which from
(4.9), is a linear combination of components of X. On the other hand, ¢ = 0 is a

regular singular point of (4.20) whose indicial equation
r(r—1)+3r =0, (4.21)

has r, = 0, ry = —2 as its two roots that differ by an integer. As a result, by using the

Frobenius-Fuch theorem, we obtain

e}

Xm (&) = Z a, &, for r =1y,
" 00 (4.22)
sz(ﬁ) = cf(rl (6) In €] + €72 Z boe2 for r = 1y,

n=0

for some constant ¢ and the coefficients a,, b, which can be determined through

recursive relations. Note that X, (€) is even and analytic, whereas X,,(€) is even and
d2
¢z
the origin the odd solution has to be like ¢’. For the proof of Theorem 6, we will be

behaves close to the origin as <5 In |€|. Therefore, following the discussion in [36], at

considering only the analytic solution, i.e., )A(,nl (€).

Thus, by transforming the problem into the Fourier space, proving Theorem 6 is

equivalent to arriving at an expression for Xrot(O) since
V271 X, (0) = / Xyon(s) ds. (4.23)

In this regard, we introduce W (£%) = €2X(€), and with 1 = €2 > 0, W (n) = nX (/7).
Also note that, £2§'(€) = 0 and 525%22 In|¢| = —1, as a result, W (€) exists at £ = 0 and
is bounded around it. As a next step, we look for the equation that W(f ) satisfies, and
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in this regard, we differentiate T (n) and write

W) = LRV + W (),

Ui
7o) = 1R + 5 (W) = LW ) + 270~ 27
4 21 U 1 Uk ’
substituting X', X” from above in (4.20), gives
—~ 62 —
W' (n) + (1 - ;) W(n) = 0. (4.24)

Observe that n = 0 is a regular singular point for the above equation and the corre-
sponding indicial equation r(r — 1) = 0 has r; = 1 and 7 = 0 as its roots. Thus, by

using Frobenious-Fuch theorem as before, we write

W,.(n) = > duy™t, for r =1y,
=0 (4.25)

—

Woy(n) = W, (n) Infn| + > e, for r =y,

n=0
where the coefficients d,, and e,, can be determined through recursive relations. It is
important to mention that (4.24) is a special case of a well-known equation called
Coulomb wave equation (see [48, Section 33.2(i)]) and its solution W (n) is known as

Coulomb wave function.

Furthermore, when r = 0 in (4.21), the corresponding solution (omitting the
subscript) X (€) is analytic and X (0) is finite. Consequently, W (n) = nX (/1) is
analytic for > 0 and W (0) = 0. Also,

o W) _ . 260(E) _

X(0) = lim X(¢) = lim o = lim % = w'(0). (4.26)

With this, we state our first result

Lemma 1. (a) Given W(O) =0, if W(n) is a solution of (4.24), then it is analytic
forn > 0. Moreover, |W(n)| and |W'(n)| are bounded for n € [0, 00).

(b) Given W(0) # 0, if W(n) is a solution of (4.24), then |W(n)| is bounded for
n € [0, 00], whereas |W'(n)| is bounded for n € [e,00) for all € > 0. Furthermore,
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for m small and positive,

W'(n) = =AW (0) In(n) + O(1).

Proof. Following the above discussion, when W(O) =0, W(n) is analytic, and the

remaining claim can be proved by defining the energy

2

E(n) = (W) (n) + (1 i n) 2. 0.

Its derivative

Bl =270 (77 + (149 ) W) - B

which implies that E(n) is a decreasing function for all n > 0, and
0< E(n) < E(no), ¥n=no >0,
where

—~ — 2/\
lim E(ny) = (W)2(0) + W2(0) + lim LiW2(x)
n0~)0+ 7704)0"' T]

~ o~

= (W)*(0) + Jim, 2¢5W (110) W' (110) = (W")*(0).
Thus, |E(n)] < (W")2(0) for all n > 0, as a result, |IW(5)| and |IW'(n)| are bounded in
[0, 00).

On the other hand, when W (0) # 0, the analytic solution W (1) remains bounded
for the interval [0, 00), but as n — 0, E(n) — 0o, so, W’(n) is not bounded at 1 = 0.

However, its behavior near the origin can be deduced by looking at the case r = —2 in
(4.25). Also, by writing

1__

W(i7)dr

—_
(=) V]

W) = W'(1) -
= (1)

/
+/nl(+c

dz‘

) W (i7)dij
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and using the fact that W (n) is bounded around zero, i.c., W (n) = W(0)+O(1), n — 0,
the result follows. O

Let us mention that from now on we will be dealing with the case when W is
analytic, i.e., when W(O) = 0. In the following lines, we present few more results which

compose the proof of Theorem 6. In short, they are the following:
(i) equation for W when W (0) = 0,
(i) expression for W’(0) in terms of W(0),

(iii) asymptotics for W (), n > 1,

(iv) asymptotics of W (n) in terms of W (0),

(v) equation for (—n + ib)" and the conclusion.

Equation for W when W(0) =0

Given that

—

W (n) = jZ_W [ wwen, y=o, (4.27)

solves (4.24), we want to look for the equation which W (t), a tempered distribution,

satisfies. In this regard, we consider (4.24) and compute
! 774
W+ (n+ W] = 0.

Next, by using the following properties of inverse Fourier transform:

vodaw)  [Ld W)
= lz den ] =t"W(t),

(i) W ()]
and substituting in the above equation, we obtain
(1 —tHW'(t) — (2t — i)W (t) = 0. (4.28)

Another simple computation gives

—ic2/2

W) | (4.29)

1—t2

t+1
t—1

W(t) =
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which solves (4.28) and is regular for all ¢ # +1. Furthermore, we express W (t) =
W(0) £, (t)f(t) where

’1 . t’ZCg/Q

Lt
B 1—t

Filt) = =

, f-(t) =

satisfy
(L+)fi(t) = —fr () (icg/2 + 1),
(1 =) f2(t) = —f-()(icg/2 — 1),

respectively. Note that f,(t) is regular for all t > 0 and f_(t) is regular for all ¢t < 0,
and fi(0) = 1.

Lemma 2. Assume that W (t) is given as in (4.29), then,
oo 0
| wwar=o, [ wdt=o,
0 —o0

and, hence, W(0) = 0.

Proof. Let us define
0, t <0,

W, (t) = { (4.30)
W(t), t>0,

and W_(t) = W (t) — W(t), thus, W(n) = W, (t) + W_(t). So, at n = 0, we have

_ 1 [0 Y(0) |1—t[ic/? w(0) o Y
_(0) = dt = / 14 )70/ (t)dt
W-(0) \/27?/_001—t2 1+1¢ Vol R A SO

and integration by parts yields

17 _ QW(O) 0 / —ic2/2 .

W0)= 55 U_OO P+t ar 1}, (4.31)
similarly,

~ 2W (0 o0 2

W+(0)—icg\/(% [/0 fjr(t)|1—t|wo/2dt+1}, (4.32)
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where the last two integrals are absolutely convergent. Hence, rewriting W_(O) as

— 2W (0 —1-2¢/(1—¢) 0 .
W_(0) = (©) lim [(/ —|—/ )f'_|1+t|_wf2)/2dt—1]
ic3\/2m €0 00 —142¢/(1+¢€)

Qw(o) icg —1—2¢/(1—¢) 0
= A+ — / / t)f_(t)dt|,
i3\ 2w 6—>0 [ + 2 —o0 + —142¢/(14¢) Fe(O) 1)

. .9
_20(2)/2 ‘2+2€/(17€)|160/2 _ i
2+42¢/(1—¢)

—~

;2 -2
_ZCO/Q ‘2726/(1“”6)'260/2

2—2¢/(1+¢) tends to zero as € — 0,

_ | 2
where A, = ‘—1_6 e

and thus, we obtain

W(0) = —1i /_1_26/(1_6)+ /0 W (t)dt
- N 2T El—r}é —o0 —1+42¢/(1+¢€) .

Next, we perform change of variables

1—¢ 1—u 2du
= 7t: 7d T N9
1+t 1+u (1+ u)?

so that
1 2|, |ic2/2
W(t(u)) = uW(O)(l—I—u) |07,

Consequently,

v (1) ] o

By following the same steps, one can show that VAV+ = 0, and we conclude that
W (0) = 0. O

Expression for W/(0) in terms of W (0)

From (4.26), we can write

W (0) = lim W'(n) = lim ——

mIVt‘Mﬁ
n—0 n—0 /27 ( )6

W (0) roo ([t 172 w0
— lim ° ( )/ ‘ * U emitngy = ( )hm J(n),
=0 21 Josot2—1t—1 V271 10
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—ick/2 .
with J(n) =1 [%, = ‘f_% o e~ "dt, n > 0. By rewriting
Qe oo 1yt T2 je™™ oo 1 [t 42792
J(n) = —|— Mt —|— Ut
=73 _oot‘t—z I N ‘
| t|—icg/2 ) —ic2 /2
= ZZ . [(cos(tn) — isin(tn)) < ) ’ —it_ ’ )] dt
et i
B (Ji(n) —ida(n)), (4.33)
where 272 272
o0 1 t _lCO t _|_ 2 _’LCO
J :/ - t — ‘ dt,
)= [ eoston) (|5 =
oo 1 t —ic2 /2 t+2 —ic2/2
J. z/ —sin(t — ‘ dt.
) = [ gsnten) (|- t

Moreover, by following the same steps of Lemma 3.6 and 3.7 in [23], we get
lim J;(n) = —i27 tan(c3n /4),
n—0
}IILI(]) Jo(n) = 2m.

Consequently, from (4.33)

- 2 2
. I TG\ - e
7171_r>r(1) J(n) = 5 [ i2m tanh (4 ) z27r] =7 (1 + tanh (4 )) :

W'(0) = W(O)\/Z <1 + tanh (”f))) = W(O)ﬂ (4.34)

1 + 6771’0(2)/2 '

and thus,

Asymptotics for W (1), n>> 1

Since the coefficients appearing in (4.24) are scalars, we can write W (1) using its real

and imaginary part as

—

Naturally, both R(1)(n) and (W (5)) solve (4.24). Next, we define

F(n) = R(W (n)) + iR(W' (1)),
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so that

F/() = ROT(n)) + iRV () = ROV () + i [— (1 " CO) %(Wm))]
)

ie.,

F'(n) + iF () (1 + cg> = —iC—%F(n). (4.35)

With the integration factor e with (n) =n — éln In|, we can write

. / ic3 - , WG i ~
(F(n)eww)> — —Q—F(n)ew(") — G'(y) = — e WG (),
n n

for G(n) = ™ F(n). And by writing G(n) = F> + g(n), we obtain the equation for
g(n):

/ ZC% 2i(n) ( 00 —
g'(n) = —5 e (F>* +g(n))

2n

G aiga) oo 18 it (n)
= — 6 .

o o g(n

Next, by integrating the last equation from [, 7] and following the same steps as in
[23, Section 3.2.1] and passing the limit in 7, we obtain

1
F oo i) OFoo ip(n) OFOO —ie(n) L o | = . 4.36
(n) = ~ I % )+ = (4.36)

Differentiating the last expression and using (4.35) yields

(F(n) — F> —w(n))/ icgﬁoo ip(n) 4 cé F>e~ie) L O 1 (4.37)
— F™e =——F% — F>®e — . :
! 41 81 Uk

From (4.36), we also obtain F'> = lim, ., F(1)e** where F(n) consists of the real
parts of W and W’. Furthermore, the aforementioned procedure also holds true for F (n)
defined using the corresponding imaginary parts, i.c., F(n) = S(W(n)) +iS(W'(n)).
Thus, combining both parts, the result is valid for F(n) = W(n) + iW’(n) with
F2 = limy oo [0 (W () + iV (1))].
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Lemma 3. Let F(n) = W(n) +iW'(n) be even, with W(0) = 0. Then, for |s| > 1,

1 00 ) 1 oo . 2 2 1
F(E2) i ge — / Fooeiltsé—le-)ge L o [ )
vV 2 ~/—oo (f )6 £ vV 21 J—c0 c 5 |S|

The proof follows using the same steps as in [23, Lemma 3.4].

Asymptotics of W (n) in terms of W(0)

In order to compute the asymptotics of W (n), we consider (4.27) and divide the integral
over different intervals while bearing in mind that W (t) is regular for t2 # 1. In this
regard, let us define the test function ¢ such that supp(¢) = {t: [t* — 1| < 1/2} and
é(t) =1 when [t? — 1| < 1/4. Thus, we express

o~

Wir) = 5= | oW 0+ o [ (1= g0 ey
= Wll(n) + Wm(n),

where Wi5(n) corresponds to the integral over the region [t2 — 1| > 1/4. Next, by
defining the differential operator D as D f(t) = (in)~'(df /dt) with D! as its transpose
Dif(t) = —(d/dt)(f/in), then DV (") = " VN, we write

—~

TV w0 o 1 45(% t+1 .
W12(77) - \/;_71') /_00(1 — gzﬁ(t))ﬂe*l?ln|m|D(e—ztn)dt

W(O>1 oo 1 _iﬁni lii
:_\/%i?]/—oo<(1_¢(t))1_t26 21|t1> et gt

Expanding the integrand and using [t* — 1| > 1/4, yields

|W12(77)| <

Y

|0

for some constant ¢, and with this we have Wis(n) = O(1/n), when 7 > 1. On the
other hand, Wll(n) can be further simplified by dividing the integral as

i) = = ([t o ) OO0
= S1(n) + Sa(n) + 0.
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Using W(t) from (4.29), followed by a change of variable, for n > 1, we write the
asymptotics of S1(n) as

W0 o0 two/Q
51(77) _ _2 (272-6—17] i(c2/2) ln\277|/ ‘ ’ _tht—f- O <n>

and similarly,

W(o) \tl_“o/2 -
S _ zn+z(co/2 ln|277|/ ltdt + 0
2(77) 2\/% 77

Moreover, by using the fact that 1/(0) is real, we have Sy(n) = —S;(n). As a result,

Wii(n) = Si(n) — Sa(n) = 23(S1)(n)
_ W(O) o [ ,—in—i(c2/2) In|2n| o |t|icg/2 —it l
= o & (e 0 /_OO e e dt] + 0O o)

Next, consider the integral in the above expression

o Jtfico/2 oo [t 2 - 2
¢ = / Te_’tdt = —21/ ; sin tdt = 2 sinh(wc;/4)T (icg/2),
—00 0

where the last equality can be obtained by solving the integral using Mathematica®.

We write ¢ = [¢|e?®8() where |¢| = (2/cy)y/7 tanh(7c3/4) can be computed using
IT(iy)|* = 7/(ysinh(7y)),y € R. With this,

- 2 2 1
W(n) = —T/V(O)i’canhl/2 <7T460> R (e_m ileg/2) In 2nl+iarg(s ) +0 ( )

Co n

and

- T2 _ emd/2)\ 2
lim sup W (n) = \W(O)\\/ﬁta h1/2< 40> = W)l ( C >> . (4.38)

1n—00 Co Co 1+ 677”30/2

Equation for (—n + ¢b)"(£) and the conclusion

We compute the expression for n(§) and b(§) by using the Frenet—Serret formulas:
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similarly,

Thus, we have
co(—n +ib)"(§) = W(n) +iW'(n).

Using e in (4.4), and X,,; = ey - X, we have
Wrat(n) = Wrot(€2) = €2Xrot(£2) = fz(eo : X) = —€p- Cﬂﬁ<£)7

and since e is a constant vector, W,q (1) satisfies (4.24) and

W,0t(0) = —eg - cont(0) = (w%i/ con(s )
— e (\/12_#@(00) - T(—oo))) — \/12_7Te0 (0,245, 245) = 0,

as a result, from the part (i) of Lemma 1, W/

W’ (0) exists and is finite. Next, we write

Frot(n) = Wrot(ﬁ) + inot(ﬁ) = coep - (—h + ZIA))(ﬁ),

and note that ey - T is odd, whereas ey - n and e; - b are even, so, by using Lemma 3
for Fr.oi(n), we get

Co€p - ( H+Zb) rot 62 ZS{df

-l

1 SR 2)
\/2_Ff;; eilsE—egnlel=¢ d§+(’)<| |>’ |s| > 1.

Consider the integral on the right hand side of the above equality as

> gilse-gmigl-e) ge _ L is2a / % ile—s/2) —icd el g
e e
/ &= V2m - 3

1 2 2 1
_ zs /4 —icg ln|s/2|/ i€ d + o=
N ORI

1 2
is /4 —ic2In|s/2|
= ——e¢ Vir 4+ O

V2 <|s]>
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where the second equality follows from [7, Lemma 2.1]. With this, we obtain

A : , oo 1
Co€p - (_n + Zb) (S) — /Z'/2|F7?;|ezs2/4_zcg In|s/2|4+iarg(FCS,) + 0O <|S|
and
lim coep - (—n +ib)(s) = cpep - (—m + ib)(00).
Next,

|coeg - (—1 4 ib)(c0)|* = ¢f(eo - n(00))? + (eg - b(0))?,
and note that

As Ao
07 - )
AR+ A3 A3+ A3

ey T(o0) = ( ) - (A1, Az, A3) = 0,

which implies that the unit space-like vectors ey, n, b satisfy
eg-n=1, e -b=0;

consequently,

lcoeo - (—n + ib)(c0)|* = .

Thus, from the above expression and (4.39), we have

’F:.oif = \/5007

and since F25, = lim ei“’(")(Wm + iW#m&)(”)?

r 7N—00

lim sup Wrot(”) = \/5007

nN—00

which by using (4.38) gives

> . |s|>1, (4.39)
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Recall that our main objective is to compute W/ ,(0) which from (4.34) and above

rot

expression is given by

2’]T 27T 1/2
/ o ver o2 2
W’rot(o) WTOt(O) 1 + €77rc(2)/2 “ <1 — e”cg> ‘

Thus, from (4.23) and (4.26), we conclude

oo “ . 2 2
|7 Xeals) ds = VIR 0) = VI, (0) = 2D
- 1—eT%

4.4 Numerical computation of /% X, (s)ds

In this section, we compute the integral [0 X,,(s)ds numerically and verify the
expression given in (4.13). The main idea is to solve the following initial value problem

at t = 1 using the approach in [23]:

X" (s) + (% _ C%) X'(s) — iX(s) =0
X(O) = 200(07 0, 1)T7
X'(0) = (0,0, 1),

X"(0) = ¢0(0,1,0)7.

Then, from (4.11), X,ot = X3, satisfies

X01(s) + (5 = &) X1o(s) = § Xpo(s) = 0
tzgi = CoAg/\/AQ + A?)’, (440)
X7 (0) = —COA3/\/ A3 + A3.

Moreover, by taking X,.(s) = X,.:(—s), we note that
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i.e., X,or(s) is also a solution of (4.40). Since X, (0) = X, (0), X7,,(0) = X' ,(0),
X7t (0) = X7,

":(0), hence, X,(s) is an even function. As a result,

/ " Xyu(s)ds = 2 / " X, ou(s)ds = 2 lim / " Xor(8)d5 = 2 lim Lu(s),
—o0 0 0 $§—=0

S— 00
which solves
I5N(s) + (82/4 — GB) I, (5) — (3/4) Iy (5) = 0
]rmt(O) = 0, Ivl"ot(o) = QCQAQ/\/ A% + A%, (441)
[r,‘/()t([)) 0, [%t(o) = _COA3/\/ A% + A%-

Thus, the problem reduces to computing I,,(s) and in order to do it numerically, we

introduce

() = Lrot(s), Ia(s) = L, (s) = Ii(s),
I3(s) = Lioi(s) = I(s), 1u(s) = I75,(s) = I3(s),

and rewrite (4.41) as

L(s)\ (0 1 0 0\ (I,(s) In(s)
]2(8) _ 0 0 1 0 IQ(S) _ [3(8) (4 42)
I3(s) 00 0 L[| Iz(s) I4(s) B
I(s) 0 5 —(&+%) 0 \Ls) $h(s) = (& + %) Is(s)
with initial conditions
L(0) =0, I(0) = 2c0Az/\/ A} + A3, (4.43)
Ig(()) :O, ]4(0) = —CoAg/\/A%—FA%. '

We solve (4.42)-(4.43) numerically by using a fourth-order Runge-Kutta method by
taking s € [0, L/2], where the interval has been discretized into N + 1 equally spaced
nodes s, = nAs, As = (L/2)/N, n=0,1,2,...,N. For our numerical simulations, we
have taken L = 2000, N = 10° and ¢y = 0.1680125318446675 corresponding to I = 0.6.
The left side of Figure (4.5) shows the semilogarithmic plot of the approximation of

I0:(s) which as s gets larger converges to a value that can be given in a closed form
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by the expression in Theorem 6:

7TC
ILm Irot 2 / Xrot — 5

1 _ e—ﬂ'CO
The algebraic value of the integral for given c¢q is 0.3044205299096596, and using that
we compute the error for the numerical solution. On the right-hand side of Figure 4.5,
we have plotted it on a logarithmic scale which clearly decreases as s grows. Moreover,

the above mentioned behavior remains consistent for different values of ¢y, i.e., [ as

well, which gives a numerical proof of the Theorem 6.

10'5,
02
S g
~ 0.5 =
10»10,
0.1
0.05|
10'15,
0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
1078 1072 107! 10° 10° 102 108 10 102 107! 100 10 102 108
S S
Figure 4.5 Left: Semilogarithmic plot for IL.,(s) for s,.. = 1000, co

0.1680125318446675. Right: Logarithmic plot of error |1, (s) — mc2/y/1 — e ™|

4.5 Expression for A* = (A, +A,, £A43)

For the one-corner problem in the Euclidean case, a precise expression for each of the
components of tangent vector A+ = (A}, Ay, A3)T was given in [36], and later using a
similar approach, an expression for A; was obtained in the hyperbolic case [21]. In the
following lines, we re-derive A; by means of the Laplace transform using a completely
different approach, and continuing the computations in [21], we calculate Ay and A

whose knowledge was found to be extremely useful in Section 4.2.
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4.5.1 Computation of A; using the Laplace transform

Unlike the last section, where we used the analytic (even) solution of (4.20) to compute
the speed of center for mass, we consider the odd solution which behaves like 0" near

the origin and can be expressed as
(&) = bgd" + bysgn(§) + basgn(E)E+ .. ..
Differentiating it gives

R (€) = bod” + (2by + 209€)6 + basgn(&) + ... .,
R7(€) = bod” + (2b1 + 2b26)0 + 4bad + . . .,

and substituting above terms in (4.20) yields the first few coefficients such as
bo=1, by = —c5, by = —cy/(1 —4c3).
If we write the first component of X(€) as X;(€) = —iA;x(€), and define
W) = Wi(€) = €%,(9), 1> 0,

which solves
—~ —~ 02 o~ o~ —~
W”+W<1+O> =0 W +9W +EW =0,
Ui
then, -
— — W
W1(0) =0, W{(0) = lim 1(n) =iAcl. (4.44)

n—0 U

Next, let’s define the Laplace transform of Wy(n) as

L) = L{Wi(m)} = [~ Wil ", ¢ >0, (4.45)
and consider
L {77171\/" + W + c%W} = 0. (4.46)

By using the following properties of the Laplace transform:

L™ ()} = tmL{W ()} — 71T (0) — #7~207(0) — -
— tW™2(0) — W™ 1(0),
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LT )} = ()" LT ), m=1.2,.

(4.46) becomes

—[2L(t) —tL(0) — L'(0)] — L'(t) + 2L(t) = 0
= *L/(t) +2tL(t) + L' (t) — G L(t) = 0. (4.47)

Moreover,
L) = [ Wy =2 ["eMi(as =2 [~ ¢ xi©ds = [T R,

where in the last equality we have used the fact that X; is odd. Using the differentiation

property of the Fourier transform, we obtain
L£(0) = iX7]"(5)]s=0 = icoT}(0) = icj. (4.48)

Consider again (4.45) and write

i 1o — WI0) 1 o
L(t) = / Wi(n)e™"dn = / Wi(n)e "dn = 12< )4 — / W (n)e~dn,
0 t Jo t t2 Jo

ie.,

£2L(t) = W!(0) + /OOO W!e~tdn,

which as t — oo becomes

lim #£(t) = W(0). (4.49)

Hence, from (4.47)-(4.48), we have the following initial value problem:

{w) + L) — 7 L) =0, (4.50)

L£(0) = ic2,
and after solving it, we get

— ﬁ(O) ecg arctan(t)
1+ ¢2 ’

L(t)
which in turn gives

2
lim tzﬁ(t) = lim ‘C(O)t cZ arctan(t) ﬂcg/Q.

. 2
= 1Cy€t
t—o00 t—oo 1 + ¢2 0
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Thus, from (4.44), (4.49) and the last equation, we conclude
A = W'(0) = ic2e™? — Ay = ™02,

The above approach works for the Euclidean case as well, hence, following the same

steps, one can arrive at the corresponding expression for Aj.

4.5.2 Computation of A, and Aj

Writing the time-like tangent vector T, space-like normal and binormal vector n, b

componentwise, T = (T}), n = (n;), b = (b;), we have

1 ifj=1,

i ” + |b;|* = | T3 = T
1, ifj=2,3,

with initial conditions
T(0) = (1,0,0)", n(0) = (0,1,0)", b(0) = (0,0,1)".
On the other hand, from [21, Theorem 1]
A= SIL@OY}(S), j=1,2,3

and from [21, (51)]
Ti(s) = i(1 +0;9;)(s), j = 2,3, (4.51)

where 60; and v, satisfy
0 +i(s/2)0; — (c5/4)0; =0

9 +i(s /209 — (c3/4)9; = 0 (4.52)
030 — (c3/4)0;9; = Ej,

and can be represented as

{Hj(s) = (a1,;B1(8) + az,;P2(s)), (4.53)

Uj(s) = (b1,;B1(8) + b2,;82(s)).
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Moreover, E; can be chosen as ¢3/2 and (1(s), 2(s) are as in [21, (55)]. With this,

our first goal is to compute a4 j, az ;, b1 ;, ba ;.

In this regard, differentiating (4.53) gives

05(s) = (a1,;81(s) + as; B5(s)), (4.54)
Vi (s) = (b1,;81(s) + b2,;85(s)),
and for j = 2,3, the asymptotics of 0;(s) and 9,(s) are given by
0(s) = (a1 ;m + a2,ﬂ2)6_f:;1°g8 +0(1/s), s = oo, (4.55)
19]‘(8) = (bl,j’Yl + bg,j’72)6_1710g8 + 0(1/8), S — OQ.
So, for j = 2, we write
EQ = 91215/2 — (03/4)92152 = 08/2,
and
T5(0) = i(1 + 65(0)05(0)) = 0, = 6(0)92(0) = —1,
as a result,
05,(0)95(0) = c2 /4. (4.56)
Also, recall that from [21, (52)-(53)]
ny = (i/co)(0;05 + 050;), by = (1/co)(0;0; — 050;),
and

so for 7 = 2, 1 = (2i/cy)02(0)¢(0). If we choose 05(0) = 1, then by using (4.51),
(4.56),(4.57), we obtain

(4.58)

05(0) = icy/2,
95(0) = —1,95(0) = —icy/2.

Thus, by evaluating (4.53), (4.54) at s = 0, and using the fact that £,(0) = —52(0),
B1(0) = B5(0), and (4.58), we get

{(m ~ 0250 =1, (w2 + a)H0) =i/ (4.50)
1

(b2 — b22)B1(0) = —1, (b12 + b22)B1(0) = icoy/2,
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which in turn gives
ico1+28] icoB1—20
o = I 4y, = L
(4.60)
icoB1—25 icoB1+25
bra = UL b, = DAL

where 3; = 31(0), 81 = 51(0). Similarly, for j = 3, by taking E3 = ¢2/2, 03(0) = and

after performing same steps as before

. —cof1+231 . coB1+201
13 = 24004/31,61 b 23 = Zco4lﬁﬁi R
(4.61)
coB1+28, - —coB1+28
bz = 26041551 L bog =1 0045155 t

Remember that our aim is to compute A;, which from (4.51) and (4.55) implies

computing

lim 0;(s)0;(s) = (a1,4(s)71 + az;(s)92) (br; ()71 + bai(s)2) , 5 =2,3.

S§—00

So, for j = 2, using (4.60), lim 02(s5)05(s)

= (a12m1 + a2.272) (51,2’71 + bz,2’72>
e . o . (4.62)
= (45{ (71 +72) + 25, (m 72)) (451 (71 +72) 25, (m 72)>,
where
Y1 =21 402 [2), o = =27V D(1 4+ ik /2),
B = 2T BT(L i), B = —(c3/2)e ™ e BT (1/2 + ick )
Next, by taking
O+ 72)s 0= (= 72)
U= v=— (v —
43 Y1 T 72), 25, 1= 72),
(4.62) becomes
) (4.63)

lim 6y(s)0a(s) = (u+v)(u — v) = |u* — |v|* + vii — u.

S§—00
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By using the following identities for y € R:

T+ =" )P, D) = ———,
2 Y y (4.64)
I'(1/2+ iy)|* = I(1+iy) =T —i
D2+ i) = . T i) =1~ i),
we can compute
- 2 . 9 2 7rc2/4+e_7rc(2)/4 2
71— el” = 4T(1 +icy/2)[* (™ )
w2 e*W02/4 —7c
= 2mc? (eraire ) = d7cl (Lt eTror)”
O sinh(mc3/2) O l—em
and similarly,
_ ,—mc3/2)2 2 —mct /4 —meg/4
2 2 (1 —e7m) 2 _ T € 2 2 ¢ °
—4 = o = YOG (e /4)
|'71 —+ 72| T, — 6*7”3(2) ) ’61’ 4 COSh(T('C(%/Zl)’ ’61’ ¢ Sinh(ﬂ'cg/ﬁl)’

which gives

(1 — e ™%/2)2 cosh(mc2 /4) of? = (14 e~™8/2)2 sinh(mc2/4)

efrrcg/4(1 _ e*ﬂ'Cg) ’ 2

2 _
|U’ - efwcg/4(1 _ efwc(])

On the other hand,
(71— 72) ico
261 48

vu = (’}/1 + ’72)7

where
(1 —72) (7 + 72) = —4Acfm,

can be easily computed by using the properties of Gamma function stated above, and
BB = —cde ™0 e (1 + i JAD(1/2 — ick/4).

Thus, we have
inco e/ 4eimd

2 T(L+ic2/AT(1/2 — i2/4)’

U = —

and

raa RAGTAT(L — ich/A)T(1/2 + ic/4)}
T(1— i /8)PIT(L/2 — ich/4)
21

— — =™ sinh(rc /2)R{e™ D (1 — ic2 /A)T(1/2 + i /4)}.

TCy

VU — UV = —ITCe
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Combining this and the expression for |u|? and |v|?, from (4.63) we write

A2 = sllglo TQ(S) = sllglo T2(8)(]- + 92(8)1§2(8>>
=1+ a*— [b]* + ba — ab

2 .
= =™/ sinh(nc2 /2)R{ T (1 — ic2 /AT (1)2 + ic2/4)},
T Co

and after performing similar steps for j = 3 and using (4.61), one can arrive at

2 5 .
As = —e™ 0/t sinh(mc2/2)S{e™ T (1 — ic2/4)T(1/2 + ick/4)}.
TCo

4.6 Transfer of linear momentum

In case of a 3D fluid modeled by Euler equations and having a regular vorticity w that

vanishes at infinity with an appropriate rate, the fluid impulse

/3 r Ay w(x,t) dr,
R

remains conversed in time (see [46, p. 24]). For the motion of vortex filaments
under LIA, since the vorticity is assumed to be concentrated along the curve X, the

corresponding quantity is

M(t) = / X(s,) Ay T(s,t) ds,
which is called the linear momentum. The connection of this quantity with the fluid
impulse was shown in [52], and that it remains conserved for the closed regular curves,
was proved in [1].

Recently in [7, Appendix], for the self-similar solutions of VFE, the linear momentum

was obtained as

M(t) = |t|C()(A+ — A_) = 2CO|t|(O,A2,A3),

which decays as t decreases until it vanishes at the singularity formation time and
grows again after crossing ¢ = 0; hence, it is not preserved. The reason for this can be
associated with the behavior of the filament at infinity. Later in [23], for the regular
planar M-sided closed polygons, it was found that M(t) remains conserved; however,
when it is computed only for one side of the M-polygon, a characteristic intermittent

behavior was observed.
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This motivates us to investigate the case of planar [-polygon in the Minkowski
space which are open. In this regard, we write the linear momentum for regular planar
[-polygon as

o0}

M, (t) = /Oopl(s,t) ds, (4.65)

where pi(s,t) = Xy(s,t) A_ Ty(s,t). We compute this quantity numerically, and
for this, we consider an l-polygon X; with M sides. Using Lemma 6.1 in [23] for
X, at any rational time t,,, X;(s,ty,) A= Ti(s,t,,) is constant for s € (s;,5;4+1),
s;j=—L/24jL/(Mq),j=0,1,...,Mq—1, L = MI. Thus, (4.65) can be computed

exactly as
l Mqg—1

Mi(tpy) = 5 Z Xi(85,tpg) N Tl(s;r7tpq)7 (4.66)

j=0
which is valid for both ¢ even and odd.

For our numerical simulations, we have taken M = 96, [ = 0.1, N/M = 2!, which
show that the first component of M,(t) is identically equal to zero, whereas the shape
of second component reminds us of Figure 9 in [23] and third component resembles to

the real part of the Riemann’s function, i.e., ¢(t) (see Figure 4.6).

0.015

0.01
0.1+

" component

d
o
o
©

3" component

2

0.005 -

1.‘5 0 015 1‘ 115

t x10® t x10°
Figure 4.6 Left: Second component of M (™), and right: Third component of M (+(™)-
M) for M = 96, I = 0.1, N/M = 2" computed by considering only the inner
points as done in Chapter 3

As a next step, we observe the dependence of M;(t) on the parameter [. Recall the
discussion on X(0,¢) in Section 3.4.1, where for the same purpose, we worked with the

algebraic solution that was obtained up to a movement in the YZ-plane. In that case,
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we compute

L2 ] Ma-1

L2 Xatg($;tpg) N— Targ(s,tpq) ds = q Z Xaig(85: tpg) N- Talg(sjvtpq)-
_ =

In this regard, we have plotted the second and third components of M (t™) for
n=20,1,...,9242, for M = 48, [ = 0.1, which are both periodic in time. Furthermore,

<104 x107

2" component
37 component

0 015 1‘ 1.‘5 00 015 1‘ 1.‘5
t x107 t x107
Figure 4.7 Left: Second component of M(t™), and right: third component of
ME@)- M) for n = 0,1,...,2 4621, for M = 48, | = 0.1 and M3(t?) =
5.008337500992375 - 10~*.

note that in the previous sections we claimed that the [-polygon problem in the
Minkowski space can be seen as a superposition of several one-corner problems. Bearing

this in mind, we compute M, (t) only for one side and observe the behavior of quantity

l
[ ;i) ds,
0

which we compute by using the algebraic solution as

]9t

Z Xatg (855 tpg) N- Talg<5;ra tpq)- (4.67)

l
/ Xalg(svtpq) N Talg(‘s?tpq) ds = -
0 435>0

For the same choice of parameters mentioned above, we find that first component
of (4.67) is no more equal to zero, on the other hand, except for a scaling, the sec-
ond and third components do not change their shape when compared with their
counterparts in (4.66). Thus, an intermittent behavior is observed in all three com-

ponents. Observe that the first and second components are identically same up to
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a sign and scaling. To be precise, the scaling factor in the above-mentioned case is
20.016663875654110. As a next step, we have considered the [-polygon of fixed length

x10® ‘ ‘ ‘ x10° ‘ ‘ ‘ 104

Figure 4.8 First, second and third component of M (t™) computing using one side,
n=0,1,...,2-4621, M = 48,1 = 0.1. Observe that the first and second components
are identically same up to a sign and scaling. To be precise, the scaling factor in the
above mentioned case is —20.016663875654110.

%1073
5 —1=06
— =048
4 1=04
—1=0.3428
3- —1=03
1 =0.2667
ol — =024
—1=0.2182
—1=0.1714
1 — =01
0 \a "
_1 -
_2 - -
_3 - -
4t ]
_5 1 1 1 1
0 0.2 0.4 0.6 0.8 1

p/q

Figure 4.9 The first component of M (t™) computing using one side, n =0,1,...,2-
4621, for different M and [ values such that L = 4.8.

L, and different number of sides and angles between them. In particular, we have taken
L =48 and M = 8,10,12, 14, 16,18, 20,22, 28,48, i.e., | = 0.6,0.48,0.4,0.3428 . . .,
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0.3,0.2667...,0.24,0.2182...,0.1714 ...,0.1, respectively, so that L. = [M; Figure 4.9
shows the first component of (4.67) for each of them. Note that except for a scaling,

the curves in Figure 4.9 can compared with the imaginary part of ¢ in (3.50).

4.7 Conclusion

In Chapter 3, it was observed that the planar [-polygon propagates in the vertical
direction with a constant speed ¢;. In this chapter, by establishing a relationship
between the [-polygon and one-corner problems, we have given an exact expression for
¢;. The components of the tangent vector at time zero for the one-corner problem have
been determined, as a result, a precise mathematical expression is provided for each of
them. Moreover, we have also examined the behavior of the linear momentum for the

planar [-polygon which displays an intermittent behavior.






Chapter 5

Conclusions and Future work

5.1 Conclusions

The main protagonist of this memoir has been the vortex filament equation (VFE), a
subject in fluid literature that has gained a substantial attention recently. The equation
is also known as the binormal flow or localized induction approximation (LIA) and it
describes the time evolution of a vortex filament curve. In this thesis, we have studied
the evolution of regular polygonal curves according to VFE. Recent work on regular
planar M-sided polygons as an initial data shows that the numerical evolution captures
certain properties of the real fluid, for instance, the axis-switching phenomenon. On the
other hand, due to its relationship with the so-called Schrédinger map and nonlinear
Schrodinger (NLS) equation, we have a piecewise continuous initial data for the tangent
vectors and an infinite sum of Dirac deltas at the level of the NLS equation. As a
result, studying the problem from an analytical point of view also becomes important.

With this motivation, we have extended the previous case of regular planar M-
polygons in two different ways. First, by considering helical M-polygons, i.e., intro-
ducing a nonzero torsion in the Euclidean planar polygons and secondly, with planar
[-polygons in the hyperbolic space, called the Minkowski 3-space. Assuming uniqueness,
we have successfully investigated both the cases by observing that the dynamics at
later times exhibits a Talbot effect. That is to say, at rational multiples of the period
new polygons appears whose number of sides depends on the parity of the denominator
and this has been confirmed with both algebraic and numerical techniques. We have
also found that the time evolution preserves several quantities of the binormal flow and
the symmetries of the regular polygons help us in obtaining some of these. The speed
of the center of mass with which the polygonal curve moves in the vertical direction,

is one such example. In fact, the symmetries also come to our aid in reducing the
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computation cost of the numerical method in the Euclidean case, however, this has
not been the case in the hyperbolic setting. Furthermore, in the trajectory of a single
point, i.e., X(0,t), we have discovered new variants of the Riemann’s non-differentiable
function which is multifractal and of great interest from a mathematical point of view.
Let us not forget that the motivation to work with the polygonal curves also comes
from the one-corner problem. In this work, through numerical experiments, we have
observed that for infinitesimal times, the multiple-corner problem can be seen as a

superposition of several one-corner problems.

As a conclusion, we see that these new solutions (i.e., polygonal curves) of VFE
can be used to illustrate numerically that the smooth solutions given by helices and
straight lines in the Euclidean space and hyperbolas in the Minkowski space, share
the same instability as the one already established for circles. This is accomplished by
showing the existence of variants of the Riemann’s function that are as close to smooth
curves as desired when measured in the right topology. This topology is motivated by
some recent results on the well-posedness of VFE, which proves that the self-similar

solutions of VFE have finite renormalized energy [8, 9].

5.2 Future work

In this section, we present some ideas on the work done in this thesis that could be of

interest in the future.

In Chapter 2, for a given value of sides M and torsion b, along with the trajectory
of a single point X(0, t), we analyzed the evolution of a regular helical M-polygon both
algebraically and numerically. Moreover, given any rational time ¢,,, the aperiodic
evolution gives rise to two terms, i.e., Galilean shift s,, and phase shift, which capture
the movement of a corner along the polygonal curve and the XY-plane, respectively.
Bearing this in mind, it might be interesting to look at the time evolution of a corner
for a given time period. In this direction, we have computed the trajectory of X(s,q, tpq)
forp=0,1,...,q, M =6, b= 0.4, N/M = 2q, where ¢ = 2099 has been taken as a
prime number. Figure 5.1 shows the first, second and third components of X(s,q,t,,),
which in turn has been shown on the left hand side of Figure 5.2. These plots remind
us of the trajectory X(0,¢) in the zero-torsion case, whose presence can further be
seen after a certain rotation performed manually on X(s,,,%,,); one can also compare
the case M = 3, b = 0.4, plotted on the right hand side of the Figure 5.2 with [22,

Figure 2|. Giving a precise expression or an algorithm to compute this rotation seems
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to be challenging and could be of immense help in determining the algebraic solution
completely.

In [39], it was shown that the Riemann’s function ¢ as in (3.50) satisfies
P(t) = ¢(tpg) + 6iwm/4q_1/2(t — tpq)1/2 + lower-order terms,

with p,q € Z, ¢ > 0, ged(p, q¢) = 1, m = m(t,,) € Z/8Z. This identity was proved in
[30, Theorem 4.2] which also implies that the Hélder exponent of ¢ is 1/2; i.e.,

(1) — Dtyg)| = ¢ V2|t — t,|"? + lower-order terms.

In our opinion, it could be interesting to compute the Holder exponent and relevant

properties for the ¢); and ¢.4 which were discovered in the evolution of helical M-

polygons.
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Figure 5.1 The first (left), second (center) and third (right) component of X(s,q, t5,)
for M =6,b=0.4, N/M = 2q, ¢ = 2099 for one time period.

In Chapter 3, during the numerical evolution of hyperbolic [-polygon, we found
that a fourth-order finite difference space discretization with the same order explicit
Runge-Kutta method in time gave the best results. We also tried a pseudo-spectral
discretization with Chebyshev polynomials as basis functions, but due to their unequal
distribution near the boundary, an explicit method in time was undesirable. As a
result, we went on to work with the implicit methods and were successful in obtaining
a second-order semi-implicit backward differentiation formula for both Schrodinger
map equation and its stereographic projection. However, not only these methods are
of lower-order for our purpose, due to the denseness of the Chebyshev differentiation
matrices, the resulting system is also computationally expensive to solve. Thus, finding
an efficient higher-order method in time could be advantageous. On the other hand,
the second component of the trajectory of the center of mass of the [-polygon was

found to have a periodic structure. We think that it might be interesting to learn more
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about it as a function and its properties. Finally, we would also like to address the

case of an arbitrary polygon in the Minkowski space.

Figure 5.2 Left: X(spq,tp,) for M =6, b = 0.4, N/M = 2q, ¢ = 2099 for one time
period; center: X(s,,,t,,) after a certain rotation, right: After a rotation X(s,q, tpq)
for M =3, b=04.

In Chapter 4, we gave an expression for the angle ¢ which the curve X, ,(0,t)
makes with the plane containing X, (s,0). Thus, for a given ¢y > 0, from (4.8) we

have

© = arctan (ji) = arctan (%) = arg(z”f), (5.1)

with
i /4 9 9 VT ina -9 - 2
T =e™"B(1 —icy/4, 1/2+zco/4)l“(3/2):7 e B(1 —icy/4,1/2 4+ icy/4),

where B(-,-) is the beta function.
We are curious to know if the above expression can be reduced to a more simplified

form.

Helical polygons in the Minkowski space

Having addressed the helical polygons in the Euclidean case, it becomes natural to
consider its counterpart in the hyperbolic space. As mentioned in Section 1.4, in the
Minkowski space, the torsion can be introduced in two different ways, hence, following
that discussion, we expect hyperbolic and circular helical polygons. In the following

lines, we state some essential points to investigate each of the two cases.

Circular helical polygon

The arc-length parameterized regular circular helical polygon is characterized by

parameters M and b which correspond to the number of its sides and torsion, respectively.
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In this case, the parameter b is also the first component of the 27-periodic tangent

vector T(s,0) as shown in Figure 1.4. So, we write

2k ’ .
T(s,0) = (b,acos (;4) ,asin (M)) = (b, ae*™ /M), Sk < § < Sky1, (5.2)

where s, = 2rk/M for k = 0,1,....,M —1, b > 1,a*> — 1> = —1. The corresponding

curve X(s,0) is a circular helical polygon whose vertices at s; are given by

amsin(r(2k —1)/M)  am cos(m(2k — 1)/M)> 7 (5.3)

X(s1,0) = <bSk7 M sin(mw /M) ’ M sin(m/M)

so that for any s € (s, Sgy1), the corresponding point X(s,0) lies on the line segment
joining X(sg,0) and X(sg11,0). Moreover, the time-like curvature angle py and space-

like torsion angle 6y are given by

po = 2arcsinh <a sin (L)) , 0y = 2arctan (b tan (L)) ,
which do not depend on k values and satisfy
0
coS (;) cosh (p20> = cos <J\7T4) .
On the other hand, at the level of NLS equation, the initial datum is the following:

Pp(s,0) = cope’™® i d(s — 2wk /M),

k=—o00

where v = M6y/2m and cpp = \/i In (cosh (%0))

Hyperbolic helical polygon

When the parameter b corresponds to the third component of the tangent vector T(s, 0)
as in Figure 1.3, the regular hyperbolic helical polygon is characterized by parameter [

and b, where [ is its side-length. Thus, we have

l ! r .
T(s,0) = (acosh <2 + 5k> , asinh <2 + sk> ,b) = (aej(l/2+8k))’ Sk < 8 < Ski1s
(5.4)
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where s, = kl for k € Z, b > 1,a> — 1> = —1. The corresponding curve X(s,0) is a

hyperbolic helical polygon whose vertices at s, are given by

1/2

X(Sk, 0) == m

(asinh(sy), a cosh(sy),b)" (5.5)
so that for any s € (sg, Sgt1), the corresponding point X(s,0) lies on the line segment
joining X(sg, 0) and X(sg41,0). The time-like curvature angle and space-like torsion

angle are given by

[ [
po = 2arcsinh (a sinh <2>> , Bo = 2arctan (b tanh <2>> ,

which satisfy
COS (920> cosh <p20) = cosh <J\Z) .

Moreover, the initial datum for the NLS equation is

e(s,0) = c(;ﬁoe”s Z d(s — lk),

k=—00

where v = 6y/l, and ¢y is as given above.

With this knowledge by following the steps as in Chapter 2, for a given rational
time ¢,q, ¥(s, tpy) can be obtained which also gives an expression for the Galilean shift
for both types of helical polygons. Later, by integrating generalized Frenet—Serret
formula (3.7), we can construct X and T up to a rigid movement. Furthermore, for
a given rational time t,,, the mutual angle between any two sides of the new helical

polygon is constant and given by

2 arccosh (coshl/q (p0/2)> , if ¢ odd,

(5.6)
2 arccosh (cosh2/q (,00/2)) , if ¢ even.

Pq =

On the other hand, for the numerical evolution, we can employ the same methods as
discussed in Chapter 2 and 3. Hence, similar conclusions as in Chapter 2, are expected
to be drawn about the trajectory of X(0,¢). Since we can construct the algebraic
solution up to a rotation, the evolution near the irrational times can also be investigated
for both kinds of helical polygons. We also plan to address their relationship with the

one-corner problem.
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Finally, giving a theoretical proof to (2.27), (3.22), (5.6) would also be interesting.
In this direction, we have started with an approach involving quaternions both in the

Euclidean and hyperbolic cases.






Appendix A

Basic concepts and supporting

computations

A.1 Basics of the hyperbolic geometry

In this section, we state some basic definitions and concepts in the hyperbolic geometry,
that have been essential in this Ph.D. thesis [45, 51].

A.1.1 The Minkowski space

The Minkowski space denoted by R!? is a three-dimensional Euclidean space defined

with the inner product:
UWO_ V= —UU| + UgUy + U3V3, (A.1)

where u = (uy, ug, ug), v = (v1,ve,v3) and (-, -)o is called the Lorentzian or Minkowski

inner product. Sometimes it is also expressed as
UO_ V= UV, + Ugly — U3V3, (A.2)

in that case, the Minkowski space is denoted by R?!. The structure of o_ allows it to
take both negative and non-positive values which implies that it is not positive-definite.

The inner product gives rise to the Minkowski norm:

|lullo = yuo_u= \/—u%—ku%—ku%. (A.3)
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By defining a vector @ = (up,u3) € R, we have u = (uy,u) and then, we can also
write
lullg = —ui + [, (A.4)

The set of u € RY? such that [Jul|o = 0 is the hypercone C* defined by |u;| = |u|. The
hypercone C? is called light cone of R2. Thus, depending on the value of || - ||y a

vector u € RY? can be characterized in three ways:
o Light-like when |lul|o = 0 (light cone),
 Space-like when ||u|lo > 0 (exterior of the light cone),

o Time-like when ||u|| is imaginary (interior of the light cone). A time-like vector
u is called positive/future (resp. negative/past) iff u; > 0 (resp. u; < 0). Both

interior and exterior of C? in R'? are the open subsets of R2.

The first property also implies that the Minkowski norm || - ||o is a pseudo-norm as a

light-like vector need not necessarily be a zero vector.

Hyperbolic plane

Given a and b real numbers,

z=a-+ b,

is a hyperbolic number where j satisfies j2 = +1 and is not a real number [17]. A
collection of all such z is identified as hyperbolic plane. Just like in the case of complex

plane, the addition and multiplication operations are defined as

(a+jb)+ (c+jd)=a+c+j(b+d),
(a+ jb)(c+ jd) = (ac+ bd) + j(ad + be).

Every hyperbolic number has a conjugate hyperbolic number
zZ=a— jb.
Consequently, the modulus can be defined as
2] = V2z = Va? — 12,

which can be real, purely imaginary or equal to zero for z # 0. [54, Chapter 1, p.30]
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A.1.2 The hyperbolic 2-space

The curvature of a sphere of radius r in R? is 1/r%, a positive constant and for a
hyperbolic 2-space, it is negative. The duality between spherical and hyperbolic
geometry tells that hyperbolic 2-space should be a sphere of imaginary radius. As we
have seen that under the notion of (A.3) imaginary lengths are possible, a hyperbolic

2-space can be defined as a collection of time-like vectors with unit magnitude:
F? ={uecRY: ||jul|? = —1}. (A.5)

Since a time-like vector has two components, F'? is disconnected and is characterized
as a union of two (positive and negative) sheets. The subset of all u in F? such that
u; > 0 (resp. uy; < 0) is called the positive/future (resp. negative/past) sheet of F?.
The hyperboloid model H? of hyperbolic 2-space is defined as the positive sheet of F?:

H? = {u € R™ : ||ul|3 = —1,u; > 0}, (A.6)
which is the analogue of a unit sphere in the Euclidean case.

Definition 1. Two vectors u and v in RY? are Lorentz orthonormal if and only if

uo_v=0.

Theorem 7. Given two nonzero Lorentz orthogonal vectors u and v in RY2, if u is

time-like then v is space-like.

Definition 2. A vector subspace V of RY? is said to be
1. time-like if and only if V has a time-like vector,
2. space-like if and only if every nonzero vector in V is space-like, or
3. light-like otherwise.

Definition 3 (Time-like angle between time-like vectors). Let u and v be pos-
itive(negative) time-like vectors in RY2. Then, the Lorentzian time-like angle

between u and v is defined as a unique nonnegative real number n(u,v) such that
wo_y = ||ullo]|v|lo coshn(u, v) (A.7)

Note that n(u,v) = 0 iff u and v are positive scalar multiple of each other.
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Definition 4. For u and v in RY?, the Lorentzian cross product of v and v is
defined as

uA_v=1I(unv), (A.8)
where
-1 0 0
I=|l0 10]. (A.9)
0 01

Note that u A_ v is Lorentz orthogonal to both u and v:

wo_ (uN_v)=uo_I(uAry)=uoy (uAyv)=0,
vo_ (uA_v)=vo_T(uALy)=vo, (uAyv)=0.

Theorem 8. Given u and v linearly independent space-like vectors in RY2, the following
are equivalent:

1. The vectors uw and v satisfy the inequality |u o_ v| < ||ullo||v]]o-

2. The vector subspace V spanned by u and v is space-like.

Definition 5 (The space-like angle between space-like vectors). Let u and v be space-
like vectors in RY2 that span a space-like vector space. Then, the Lorentzian space-
like angle between u and v is defined as a unique real number n(u,v) between 0 and
m such that

wo_ v = |ulpl|v|ocosn(u,v). (A.10)

Observe that n(u,v) = 0 if and only if u and v are positive scalar multiples of each
other, n(u,v) = 7/2 if and only if u and v are Lorentz orthogonal and n(u,v) = 7 if

and only if u and v are negative scalar multiples of each other.

Theorem 9. Given u and v linearly independent space-like vectors in RY2, the following

are equivalent:
1. The vectors uw and v satisfy the inequality |u o_ v| > ||ullo||v]]o-
2. The vector subspace V spanned by u and v is time-like.

Definition 6 (The time-like angle between space-like vectors). Let u and v be space-like
vectors in RY2 that span a time-like vector space. Then, the Lorentzian time-like

angle between u and v is defined as a unique positive real number n(u,v) such that

o o] = [[ullollvllo coshn(u, v). (A.11)
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Theorem 10. Given u and v linearly independent space-like vectors in RY2, the

following are equivalent:
1. The vectors u and v satisfy the inequality |u o_ v| = ||ulo]|v||o-
2. The vector subspace V spanned by u and v is light-like.

Definition 7 (The angle between space-like and time-like vectors). Let u be space-like
and v be time-like vectors in RY2. Then, the Lorentzian time-like angle between u

and v is defined as a unique nonnegative real number n(u,v) such that

o v] = [[ullgllollo sinh n(u, v). (A.12)

A.2 Rotation matrices in the Minkowski space

In this section, based on the work in [49], we describe the rotations in the Minkowski
space R12.

Recall that in the Euclidean case, given a rotation axis u = (a, b, ¢) and rotation
angle 0, using the Rodrigues’ formula, the corresponding rotation matrix can be

obtained as
e =T +sin(f) A+ (1 — cos(f))A?,

where
0 —c b
A=1lc¢ 0 —al,
-b a 0

is the skew-symmetric matrix and I is the identity matrix in R3.
In the Minkowski space depending on the rotation axis whether it is space-like or
time-like, this formula takes different forms. Thus, for a rotation axis u = (a, b, ¢) and

a rotation angle 6,

o if rotation axis is time-like:

e’ =1 +sin(f)B + (1 — cos(h)) B2, (A.13)

o if rotation axis is space-like:

¢’ = I +sinh(A)B + (1 — cosh()) B, (A.14)



174 Basic concepts and supporting computations

where
0 ¢ —b
B=]l¢ 0 —al,
—b a 0
is the semi-skew symmetric matrix that satisfies IBI = —B” and I is as in (A.9).

Properties of a hyperbolic rotation matrix

Let’s denote the hyperbolic rotation matrix by H, then

e H is called semi-orthogonal matrix if Hu o_ Hu = u o_ u for u € RY2. This
property also implies that semi-orthogonal matrices preserve the length of the
vectors in the Minkowski space-time. Moreover, column (rows) of the semi-

orthogonal matrix form an orthonormal basis of R!2.
 H is a semi-orthogonal matrix if and only if H' TH = 1.

o Invariance of the Minkowski cross product:

H(Ul N_ Ug) = Huv; A_ Huso, Vvl, Vo € RY2,

« Given rotation H, through (A.13)—(A.14), the corresponding semi-skew symmetric

matrix can be retrieved as

H- [HT] H- [HT]
= or =

~ 2sinh(f) ’ 2 sin(6)

A.3 A brief introduction to the pseudo-spectral meth-

ods

Let us consider the following initial value problem,

ur = N (u, us, uss, t), s € [—L/2,L/2], t >0,

A.15)
u(s,0) = ugp(s), (

where the solution u(s, t) satisfies certain boundary conditions and on the right hand
side, NV is function of u, its derivatives with respect to s which in turn takes its values in

a compact interval of length L. By defining the operator D = 9, — N, (A.15) becomes



A.3 A brief introduction to the pseudo-spectral methods 175

Du = 0. The main idea behind spectral methods is to approximate the solution u(s,t)

by a finite sum
N
un(s,t) = Y ar(t)on(s),
k=0

where ag(t) are the expansion coefficients which need to be determined once the choice
of basis functions ¢ (s), k= 0,1,... have been made. In case of an ODE, ax(t) = ay.

The basis functions are chosen such that the following requirements are satisfied:
(i) the approximate solution uy(s,t) must converge to u(s,t) rapidly,

(ii) given coefficients ay, calculating another set of coefficients by such that

i (Z ) = S now),

should be easy,

(iii) the conversion between coefficients ay, k = 0,1,..., N and the function values
u(s;,t) at grid points s; = —L/2+ jL/N, j =0,1,..., N, should be fast [32].

In the case of periodic problems, the trigonometric polynomials satisfy all three
requirements, while the first two are straightforward, the third was verified with the
invention of Fast Fourier Transform (FFT) algorithm in 1965 [20]. On the other hand,
for the nonperiodic problems, the trigonometric polynomials do not satisfy the first
requirement and imposing the periodicity artificially give rise to irregularity which make
the Fourier coefficients a;, decrease as O(1/N) as N — oo. Truncated Taylor expansion
uy(s,t) = SN, ax(t)s® also do not help for requirement (i) since the convergence
over [—1, 1] requires u(s,t) to be very smooth. The most successful function class is
orthogonal polynomials of Jacobi type, with Chebyshev and Legendre polynomials as
the most important cases.

As a next step, in order to determine the expansion coefficients, consider the residual
Rn(s,t) = D(un — u)(s,t).

The basic idea is to keep Ry (s,t) as small as possible across the domain while satisfying

the boundary conditions. Following are the three ways to achieve this:

1. Tau: The spectral coefficients ay are chosen so that the boundary conditions are

satisfied and Ry(s,t) is orthogonal to as many basis functions ¢ (s) as possible.
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2. Galerkin: The original basis functions are first recombined into new basis functions
so that the boundary conditions are satisfied. Then, the coefficients a; are chosen

so that Ry(s,t) is orthogonal to as many new basis functions as possible.

3. Collocation or pseudo-spectral (PS): Similar to tau method, the coefficients ay,
are selected so that the boundary conditions satisfied, and it is desired that

Ry (s,t) is zero at as many (suitably chosen) spatial gridpoints as possible.

Let us also comment that all these methods work equally well for linear problems.
However, in the case of nonlinear problems, the pseudo-spectral (collocation) approach is
particularly easy to apply as it involves the product of numbers rather than determining
the expansion coefficients for products of expansions. Moreover, the convergence of
pseudo-spectral approximations for smooth functions is O(N~™) for every m with N
is the number of nodes, and O(c") (0 < ¢ < 1) for functions that are analytic. Such

behavior is known as spectral accuracy.

A.3.1 Application to the helical M-polygon problem

In Chapter 2, to solve the coupled system of VFE and Schrodinger map equation
numerically, we employed the pseudo-spectral discretization in space and due to the
periodicity of the tangent vector, the trigonometric polynomials were used. In the
following lines, we describe how the periodicity plays an important role in reducing

the computation cost [22].

Reduction of computation cost using symmetries

As the tangent vector T is 2m-periodic in space, we discretise the interval [0, 27) into
N nodes, i.e., s; = 2mj/N for j =0,1,...,N — 1. In order to compute T and T,
we note that for a periodic function Z(s) evaluated at s;, its derivatives at s; can be

spectrally approximated as

N/2—1 . - N/2—1 . -
Zo(sj) = Y ikZ(R)ETMN Z(s) == Y0 KZ(k)eTIRN, (A.16)
k=—N/2 k=—N/2
where
Z(k) =" Z(s;)e N | =0,1,...,N — 1. (A.17)
7=0

Note that both (A.16)—(A.17) are inverse and direct discrete Fourier transforms (DFT)
of N elements, can be computed efficiently using the Fast Fourier algorithm (FF'T)
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[33]. Next, from (2.17) we have that the T is invariant under the rotation of 2w /M
about z-axis and this fact helps us in reducing the computation cost of (A.16)-(A.17)
to N/M elements. In this regard, let us consider the first two component of T and
denote U(s;) = Ti(sj,t) + iTa(s;, ) so that U(s;in/m) = U(s;)e>™ /M,

N-1
U(k) _ Z U(Sj)e—Qm'jk/N
=0
M—1N/M-1 M—1N/M-1
Z U lN —27‘(‘Z(j+l Ye/N _ Z Z U S_] 27rzl/M —27rz]k/N 2milk /M
=0 j=0 55+ M =0 j=0
M—-1 ,N/M-1
< U —27r2jk:/N) —2mi(k—1)l/M
=0 7=0
N/M-1 M-1
U —27rz]k/N Z e—27ri(k—1)l/M‘
Using
Mledmkll/M M, ifk—1=0mod M,
1=0 0, if k—1% 0 mod M.
we obtain

N/M "U(s;)e ™ R/N if k=1 mod M,

if £ # 1 mod M.

Thus, the non-zero U(k) are computed using the DFT of N/M elements:

N/M—1 N/M-1
[j(]\/[k+1 =M Z Usj e 2mij(ME+1)/N _ pr Z [ 2mg/N] —2mijk/(N/M)

7=0

for k = 0,1,--- ,N/M — 1. Following the same steps as above for T3, the third
component of T and using
Ts(sjnym) = Ts(s;),

we get

N-—1
T3(l€) — Z T3<Sj)672m]k/N

J=0
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i

—1 N/M-1

—27mi(jHVk/N
Z Uls J+lﬁ G+ 3p)k/
=0 j=0
M—1N/M-1
— Z U —27rzgk:/N 2milk /M
=0 j=0
N/M-1 M-1
— U(Sj)efQWijk/N . Z 672Trikl/M
Jj=0 =0
MZ;-V:/éV[_l U(s;)e 2™k/N i fk = 0 mod M,
0, ifk 2 0mod M.

and the non-zero elements of T5(k) are obtained with a FFT of N/M elements

. N/M—1 N/M—1 B
UME)=M Y U(sy)e ™1 MR/N = pf Z U(s;)e2miak/(N/M) (A.18)
7=0

for k=0,1,--,N/M — 1.

Moreover, the computation of the derivatives using N/M elements is done using
the inverse FFT. In this direction, using k = Mk +1 for k=0,1,... S N/M —1

N/2—1
U(sj) = > ikU(k)e™ kN
k=—N/2
N/(@2M)-1 )
= Y i(MEk+1D)U(MFE + 1) iMD/N
kiI=—N/(2M)
N/(2M)-1
_ [ Z Z'(M];?+1) 2mijk/(N/M) U(M%*Fl) 627Tij/N,
k=—N/(2M)
and
N/(2M)-1 . ~ N
Uss(sj) = [— S (M + 1) R WD (M + 1) | 2N
E=—N/(2M)
and
N/(2M)-1 ]
Ty (s;) = > iMke*™ MWD T (AE)
k=—N/(2M)
N/(2M)-1 )
Ty (sj)=— > (Mk)?m MO G (ME),

k=—N/(2M)
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for j=0,1,...,N/M — 1.

A.4 Generalized Frenet—Serret frame

In the classical theory of continuous curves in R?, to describe a moving coordinate
frame along a sufficiently differentiable space, the Frenet—Serret formulas are employed
[56]. However, the main drawback of the Frenet—Serret frame is that it requires the
curvature to be nonzero everywhere. Thus, for many curves such as straight lines, it
is not possible to work with this frame, as a result, we look for a new generalization.
In the following lines, we derive it for both the Euclidean and hyperbolic cases. In
this regard, when we use +, the positive sign corresponds to the Euclidean and the
negative one to the hyperbolic case. Similarly, by using F, we refer to the Euclidean
case with negative sign and to the hyperbolic case with positive sign.

Let us consider an arbitrary orthonormal basis {T,e;,es} where the tangent
vector T, normal e; and binormal e, satisfy T AL e; = ey, e; AL eo = +£T and
TArey=—e, Tor T==xl,e;0e;=1=e504 €.

Since Toy T, =0, T L T,, hence, we can express

T, =K1 €1 + Ko €9, (A.19)
and similarly, we have

e s =ry T + K3 e, (A.20)

€5 = ks T + K¢ €, (A.21)
where k;, 7 =1,2,...,6 are real constants to be determined later.

Furthermore, differentiating e; o T = 0 gives
€1,5 O+ T = —e; oy Ty,

and computing it using (A.19)—(A.20) yields k; = Fk4. Similarly, using the orthogo-
nality of T, e; and ey, ey, we get k5 = Fky and kg = —k3, respectively. Consequently,
by replacing k1 = a, Ky = [, kK3 = 7, we obtain the new generalized Frenet—Serret

frame as

T 0 a B\ (T
el =|Fa 0 ~|.|e]- (A.22)
€/ F8 —v O €2
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Remark that when o = k, the curvature of the curve and v = 7, the torsion of the
curve, and = 0, we recover the original Frenet—Serret frame (1.1), (1.11). On the
other hand, v = 0 yields the so-called Bishop frame [14]. Next, in order to determine
how «, [, v are related to x and 7, we look at the relationship between the two

orthonormal frames which is given by

T 1 0 0 T
e; | =0 cos(0(s)) —sin(@(s))|.|n|, (A.23)
e 0 sin(f(s)) cos(6(s)) b

for some angle € that is a function of s [19]. Thus, by differentiating the expression for

e; and ey, with respect to s, we get

e1s = ngcos(d) — nsin(6)0’ — by sin(f) — b cos(6)8’,

= (—=&kT + 7b) cos(§) — nsin(h)d’ — (—rn) sin(f) — b cos(9)¢’,
€25 = ngsin(f) + ncos(0)0 + by cos(d) — bsin(0)6’

= (=kT 4 7b) sin(#) + ncos(0)f' + (—n) cos(f) — bsin(6)4'.

(A.24)

On the other hand, from (A.22)—(A.23)

e s = FaT + vey = FaT + y(nsin(f) + b cos(d)),

(A.25)
e = FOT —ve; = FOT — y(ncos(f) — bsin(6)).

Finally, by comparing (A.24)—(A.25), we obtain

{a — kcos(f), B = ksin(0), (A.26)

vy=T1-0".

Recall that in the Bishop frame, i.e., the one we use while dealing with polygonal

curves, v = 0, as a result,

A.4.1 1 = a+if satisfies the NLS equation

In the framework of the generalized Frenet—Serret frame, the filament function as in
(1.14) takes the following form

) = reldo T = a+if.
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We show that both in the Euclidean and hyperbolic setting, 1 satisfies the NLS

equation. To begin with, let us define
N = e + ieg, (A27)

then from (1.17), we write

1 _ —
T, = ce; + fBe; = 5 (wN + wN) ' (A.28)

N, = €+ ieQ,s = :F(Oé + ZB)T = :F@Z)T
By noting that T AL N = —iIN, we can express
T = T A Tyy = T As |[3(ON +9N)|
= 3T A [N, + N + N + ¢N|
i _
=5 (LN -4.N).
As a next step, we write
Nt = 6L1T + (IQN + agN,
where the constants a;, as and a3 are calculated using
NO:ETZO - NtOiT:—NOiTt:—iws,
NOiN:O:>NtOiN:O, (A29)
NoyN=2 = N;o.N+No, N, =0.

Note that the last equation implies that the real part of N, oy N is equal to zero, i.e.,
N, 0. N =iR, R € R. As a result, we obtain a; = Fiths, as = %R, az = 0, and

N, = Fith, T + %RN.
By differentiating it with respect to s yields

Ny = :FW»DSST + i¢sTs + %RSN + %RNS

| s o (A.30)
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On the other hand,

No = (F¢T), = T F 3¢ (N - .N)

, - (A.31)
= FUT F 399N £ 59N,
Equating the coefficients of T and N in (A.30)—(A.31) gives
=1 ss 1 ER )
Y= W 4 510 (A.32)

IR, = £l + Iy, = R==£|Y]* + At), A(t) €R,

and

b = iss £ 50 (|90 + A(1)).
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