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approximation for this type of fractional equation.
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1. Introduction

Fractional calculus is considered as a branch of mathematical analysis that deals with
the investigation and applications of integrals and derivatives of arbitrary order. Therefore,
fractional calculus is an extension of the integer-order calculus that considers integrals and
derivatives of any real or complex order [1], i.e., unifying and generalizing the notions of
integer-order differentiation and n-fold integration. Various forms of fractional operators
have been introduced over time, such as the Riemann-Liouville, Griinwald-Letnikov,
Weyl, Caputo, Marchaud, or Hadamard fractional derivatives. The first approach is the
Riemann-Liouville one, which is based on the iteration of the classical integral operator
for n times and then considering Cauchy’s formula where n! is replaced by the Gamma
function; hence, the fractional integral of non-integer order is defined. Results on the
existence and stability of solutions of implicit fractional differential equations can be found
in [2—4]. In this article, we study the fuzzy sets’ matrix valued with the generalized t-norms,
to define a matrix-valued fuzzy k-Banach space (in short MV-k-FB-space) and introduce a
new class of matrix-valued fuzzy controllers. We apply the Radu-Mihet method to get an
approximation for a class of y-Hilfer fractional Volterra integro-differential equations [5] in
the matrix-valued fuzzy k-normed spaces (MVF-k-N-spaces).

The paper is organized as follows. In the next section, we present the definition of
the generalized t-norm and define the matrix-valued fuzzy k-normed space. Next, we
introduce the matrix-valued fuzzy controllers and the concept of Hyers—-Ulam—-Rassias
stability. In Section 3, we apply the Radu-Mihet method derived from the alternative fixed
point theorem to study the Hyers—Ulam-Rassias stability of fractional Volterra integro-
differential equations in MVF-k-B-spaces. In Section 4, we investigate the Hyers—Ulam-—
Rassias stability of fractional Volterra integral equations in MVF-k-B-spaces. In Section 5,
we present some examples to illustrate our main results.
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q®p b = diaglgq, - - -

2. Preliminaries

Here, we let E; = [0,p], E; = (0,00), E3 = (0,1], E4 = [0,0], Es = [0,1] (note that
Eg = (0,1) denotes the interior of Es), and E¢ = [0, c0).

Let:

n
dlagM}’l(E5) = = dlag[ql/ e /Qn]/ ql/ .. /QnEES 7
In

where diagM,, (Es) is equipped with the partial order relation:

q = diag[q1,- -+ ,qn], b = diag[by, - - -, by] € diagM,,(Es),
q2b<+<=gq;<biforeveryi=1,...,n.

Furthermore, g < b denotes that ¢ < band g # b; ¢ < b and a; < b; for every
i =1,...,n. We define e = diag]e, ..., e] in diagM, (Es) where ecE5. For instance, 1 =
diag[1,...,1] and 0 = diag][o, ..., 0].

Now, we define a class of t-norms [6,7] on diagM,, (Es).

Definition 1. ([6-8]) Consider the generalized t-norm (GTN) & : diagM,, (Es) x diagM, (Es) —
diagM,, (Es), which satisfies the following conditions:
(a) (VgediagM,(Es))(q®1) = q) (boundary condition);
(b) (V(q,b) € (diagM,(E5))?)(q ® b = b ® q) (commutativity);
(c) (Y(q,b,c) € (diagM,(E5))®)(g® (b®c) = (g ® b) & c) (associativity);
(d)  (Y(q1, 45, b1,b2) € (diagMa(Es))*)(g; = g and by X by => q; ® b1 = g, ® by)
(monotonicity).
For every q,b € diagM,,(Es) and every sequences {q, } and {by} converging to q and b,
suppose we have:
lil?l(qk ®br) =q®D,

then ® on diagM,, (Es) is the continuous GTN (CGTN). Now, we present some examples of the
CGTN.
(1) Define ®) : diagM,,(Es) x diagM,,(Es) — diagM,,(Es), such that,

q®pm b = diag(qy, - -, qu] ®p diagby, - - -, by] = diag[min{qy, b1}, - -, min{q,, b, }],

then ®) is the CGTN (minimum CGTN);
(2) Define ®p : diagM,,(Es) x diagM,,(Es) — diagMy,(Es), such that,

q®pb = diaglqy, - - - ,q.] ®p diag[by, - - -, b,] = diag[q1.b1,- -, gn.bu),

then ®p is the CGTN (product CGTN);
(3) Define ®y : diagM,,(Es) x diagMy,(Es) — diagM,,(Es), such that,

,qn] ® diag[by, - - - , b, = diag[max{q; + b — 1,0}, -, max{q, + b, — 1,0}],
then ®p is the CGTN (Lukasiewicz CGTN).
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Now, we present some numerical examples:

1 3 1 126
dlag{ ,1, Y 4] @Mdlag{ 3,5,7,1] =

! L 0
i 3 € 1221
2 _ 2
3 7 3
e 1 4
13_ 21 126
dlag E Z ,5,1_ @Pdlag[0/3/5/7/1:| -
1
1 0 0
1241
2 _ 2
O e IV B B R R (R
3 7 7
1 1 4
13, 21] 126
ding| 31,3 3] Lang 03,551 -
; Ik :
% % % 1 2111
2 _ 2
1| L 5 —dlag['u'5'zl'4}
3 7 a
1 1 4
We get:
13,2 1] 126
d. 71711/717 d 1 NS = =
9812y l3rg | M lag{ 3'5'7 ]
(13 2 1] 126
e gL 3,21 . 126
= d1ag_2,4,1,3,4_ @pdlag[ ,3,5,7,1}
(13 2 1] 126
> diag|=,>,1,5,~ di ~rErer 1
—_ lag _2/ 4/ 7 3/ 4_ ®L lag{ 7 3/ 5/ 7/ ]

We consider the set of matrix-valued fuzzy functions (MVFFs) ®, which are left contin-
uous and increasing functions ¢ : (E1)fx (Ey)" — diagM,,(E3), where f = (t1,--- ,t,) €
(Ez)™. Furthermore, lim;—s 1o ¢(p1,- - -, pk,?) = 1forany py,-- -, px in E;.

As an example, the matrix-valued fuzzy function ¢ : (E1)¥ x (E»)® — diagM,(E3):

. —||P1"',Pk!|) ty <_|P1/"'/Pk”>}
, 0, P, t) = diag |ex , ,ex ’
q’(pl Pk H) g[ p( t ty + ”Plf' . /pk” p ts

for f € (Ep)3.
In ®, we define “ <" as follows:

(Pf,ﬁb — 4’(?71/' t /Pk/?) j 47(?1/" . /pk/?)r V?E (EZ)n and Pl;' t /pkEEl'

Definition 2. Consider the CGTN ®, a vector space V, and the matrix-valued fuzzy set (MVFS)
@ : VEx(Ey)" — diagM, (E3). In this case, we define a matrix-valued fuzzy k-normed space
(MVF-K-N-space) (V,©, ®) as:
(MVF-K-N1) ©(vy,--- , v, t) = 1if and only if vy, - - , vy are linearly dependent and
€ (E)"
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(MVF-K-N2) @(avy,--- ,v,f) = O(vy,- -, 0, M)for all vy, ,vp € Vanda € C
with « # 0;

(MVF-K-N3) @(00 —+ 01,0, ,Uk,?—F §) >~ @(00,02, s ,Uk,?) ® @(01, U, , U, §)
forallvy, - ,vp € Vandany t € (Ex)" and 5 € (E2)";

(MVF-K-N4) lim¢ 00 @(p1,- -+, pr, f) = 1forany t € (Ex)™.

A complete MVF-k-N-space is called a matrix-valued fuzzy Banach space (MVF-k-B-
space).
As an example, the matrix-valued fuzzy k-norm (MVF-k-N) ©,

6(01/’02/ T /Uk/?)
HvlrUZr"'rvk”) tZ

||01102/ e ,Uk”)
tl ,t2+||vllv2/"' /vk”

= diag| exp(—
t3

,exp(— ,
forf € (E5)3.

Define a matrix-valued fuzzy k-norm, and (V,©, ®)) is an MVF-k-N-space; here,
(V, | - ]l) is a k-normed vector space. In this paper, we assume that ® = ®y.

Theorem 1 ([9,10]). Let (W, d) be a complete Eq-valued metric space, and let A : W — W be
a strictly contractive function with Lipschitz constant £. < 1. Thus, for a given element p € W,
either:

d(Anp,AnJrlp) = o0,

for each n € N or there is ny € N such that:

(i) d(A"p, A" 1p) < oo for every n > ng;

(ii)  the fixed point o* of A is the convergent point of sequence {A"p};

(iii) intheset U = {0 € W | d(A™p,0) < oo}, 0* is the unique fixed point of A;
(iv) (1—1L)d(o,0*) < d(o,Ao) for every o € U.

Definition 3 ([5]). Let Q : (a,b) — R (0 < a < b < o0) be a finite interval and x >
0. Furthermore, let (p) be an increasing and positive monotone function on (a, b, having a
continuous derivative ' (p) (we denote the first derivative as %(p) = ¢/ (p) on (a,b)). The left-
sided fractional integral of a function f with respect to a function Y (p) on (a,b) is defined by:

7 0(p) / AL (p,5)Q(s)ds, a < p, (1)

where A3 (p,s) :== ¢'(p) (¢ (p) — 1/](5))"’1. The right-sided fractional integral is defined in an
analogous form.

As the aim of this paper is to present some types of stabilities involving a class of
fractional integro-differential equations by means of a ¢-Hilfer fractional operator, we
introduce such a fractional operator.

Definition 4. [5] Let x € E5, Q) be an integrable function on Ey and ¢ € C'(Ey) be an increasing
function with ' (p) # 0, for each p € Ey. Define the p-Hilfer fractional derivative as:

K,T, K), 1 d T K
HDEH () = 770 W(wm )Iéi 1199 (). @

Consider the ip-Hilfer fractional Volterra integro-differential equation, defined by:

HDYO(p) = S(pw(p)) + [ Mp,0,0e))de, @)
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where S(p, w(p)) is a continuous function (CF) with respect to the variables p, w, and also,
M(p,0,Q(0)) is a CF with respect to p,cand Qon Ey, k € E5, T € E5,S: E; xV =V,
and M :E; xE; xV — V.

Let function ¢ : (E1 ) x (E2)"—diagM,, (E3) be a matrix-valued fuzzy function. Equation (3)
is said to be Hyers-Ulam-Rassias stable if Q(py), - - - , Q(py) is a given differentiable func-
tion, satisfying:

T P1
o (oD ) - s(pr, 21 — [ Mipyon, Qo) -,

Pk o o
oDy Qpr) — S(pr, Qpr)) —/0 M(pr, ‘Tk/Q(‘Tk))d‘Tk/V) =¢(p1, - pr ),

for py,- -+, px € E1, and we can find a solution Y(p1) - - -, Y(px) of Equation (3) such that
for somer > 0,

—

O(Op1) = Y(p1)-++ ) ~ Yo =g (1 e ).

Using the Radu-Mihet method, we study the Hyers-Ulam-Rassias stability of the
y-Hilfer fractional Volterra integro-differential equation (3) in MVF-k-B-space (V,0, ®).
Our results can be applied to improve recent results [5], and by the methods used in this
paper, we can extend some fractional Volterra integro-differential equations in MVF-k-B-
spaces [11-14].

3. Best Approximation y-Hilfer Fractional Volterra Integro-Differential Equation

In this section, we apply the Radu—Mihet method derived from Theorem 1 to study
the Hyers—-Ulam—Rassias stability of functional Equation (3); for more details, we refer
to [15,16]. Consider the MVF-k-B-space (V, ®, ® ) and matrix-valued fuzzy function (MVFF)
¢ : (E1)*x (Ex)" — diagM,,(E3). We set:

B:={Q: E; — V,Qis differentiable }

and define a mapping d from B x B to E4 by:

d(Q,Y) = inf {c € E, :0 (OD;;T"PQ(pl) - OD;;T"”Y(pl),. 0 D;;f'”’n(pk) - ODZ;(T’lPY(pk),ﬁ)@

—

o (tp) = Y(pr) -+ 0) Y7} = (pr- - pe ),

Y O,YeB, p1,---,px € Eq, ﬁE(Ez)n}'

Theorem 2. (B,d) is a complete E4-valued metric fuzzy space.

Proof. First, we show that (B, d) is an E4-valued metric fuzzy space.
We show that d(Q),Y) = 0if and only if O = Y. Let d(Q),Y) = 0; we have:

inf {c € E :0 (02);;“”0(;71) — oDy (p1), - 0 DY) — oDy Y (1), ﬁ) ®

O p1) = Y1)+ Ope) = Y(p, =0 (pr-+ 1 ),

VQO,Y € B, p1,~~,pk€E1,ﬁ€(Ez)n}:0
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and so:

@(oDZf"”mm) — oDy (p1), - 0 DY QU pr) — ODZ':'W(pk),ﬁ)@

O(O(pn) ~ Y(p1), -+ ) ~ Yo, =0 (- o ),

for all C € Eq. C tends to zero in the above inequality, and we get:

© (oD} ¥0p0) = oDE X (1), - DY) — oDV (pu) ) =1

and so:
O(Q(p1) —Y(p1), - Qlpe) = Y(pr) 1) =1

Thus, Q(p1, -, pr) = Y(p1,- -, px) for every py,-- -, px € E1, and vice versa. It is
straight forward to show d(Q,Y) = d(Q,Y) forevery ), Y € B. Now, letd(Q,Y) =e; € E»
and d(Q),Y) = e; € E. Then, we have:

@(obzf"’”mm) — DY (p1), -+ 0 DY O(pr) — OD;;T'¢Y<pk>,ﬁ)®

O(Q(p1) = Y(p1), - Qpi) = Y(pr) ) = <p(p1,- P z)

and:

@(ODZ;“Mm) — oDy w(pr), - 0 DY (p) — oDZ;f'“”wm),ﬁ)@

®(Y(p1) - w(pl)’ e ’Y(pk) - W(Pk)r ﬁ) = 9”(?71/ s Pre :;)/

for every ji € (E)". Then, we have:

@(Opgf'm(pl) — oDy w(pr), - 0 Dy Qpr) — oDy ew(pr), (o1 + ez)ﬁ)®

@

@
AN /i

®

=

(Qp1) —w(p1), -+, Qpx) — w(pk), (e1 + e2) )
= ®(OD§}T'wQ(P1) - ODQQT'IPY(Pl)w 0 D;;T'¢Q(Pk) - OD;;T’¢Y(Pk),€1ﬁ>®
oDy Y (p1) — oDy w(pr), 0 Dy Y (pr) — ODZ;T'ww(Pk)/ezﬁ)]

O(Q(p1) = Y(p1), -, Qp) = Y(p),erfi) ® O(Y(p1) —w(p1), -~ Y(pr) — w(pr), e2)

(P, P i) ®@P(p1, -, Pro )
(p1, - Pro )

and so, d(Q), w) < e1 + €. Thus, d(Q, w)<d(Q,Y) + d(Y,w). Now, we are ready to prove
(B, d) is complete. Suppose that { Q) }¢ is a Cauchy sequence in (B, d). Let py,- - - , px € Ej.
Assume that 7 € (E;)" and A € Es° are arbitrary, and consider ji € (E;)" such that
¢(p1,--- , Pk i) =1 — Aforeach Ain (0,1). For eji < ¥, choose kg € N such that:

d(Qk,Qg) <e Vk >k



Axioms 2021, 10, 63

7 of 20

Then:

© (oD Uulpr) = oDy u(pr), -+ 0 D ulpr) — oDy u(pi), 5) @
O((p1) — Yu(p1), -+ Xu(pr) — Qu(px), 7) =

Q(ODziT'pok(Pl) - ODZQWQI(PO,' 0 D;;T'wﬂk(i?k) - opg'kr'lpﬂz(Pk),Eﬁ)@

O(X%(p1) —u(p1), -+ (pr) — Qi (pr), ef)

t 4)(p1/ ka/ﬁ)
~1—A.

Then:
O (oD ulp1) = oD 1), 0 Dy lpi) — oD Qu(pi), B) - 1-2

and ©(Q(p1) — N(p1), -, Q(px) — Yu(px), 7) = 1 — A, ie., the sequences

(% (p1), Up2), -+ lpi) }x and {oD Y Qe (p1).0 Dy Y (p2), -+ 0 Dy Y (o) 1
are Cauchy in complete space (V,®,®) on compact set Ej, so they are uniformly con-

vergent to the mapping () : E; — V and ODZ;T’LPQ,O DZ’;’IPQ, 0 DZ;{T’IPQ, respectively.
The uniform convergence leads us to the fact that () is differentiable, i.e., an element of B;
then, (B, d) is complete. [J

Now, we are ready to study the Hyers—Ulam-Rassias stability of the ip-Hilfer fractional
Volterra integro-differential Equation (3) and get the best approximation with a better
estimate for the ¢-Hilfer fractional Volterra integro-differential equation.

Theorem 3. Let (V,0,®) be an MVFB-space and Ly,Ly, L3, Ly and P be positive constant
such that Ny > 2 where N = min[Lq1, LyL3, L1Ly, LyL3Ly]. Assume that the continuous
mappings S : By xV — V, M : E; x Ey x V — V with matrix-valued fuzzy function
¢ : (E1)*x (Ex)" — diagM,, (E3) satisfying:

O(S(p1,Qxp1)) — S(p1, Y(p1), -+, S(pr, Qpk)) — S(px, Y(pr)), 1) = 4)

O(Q(p1) = Y(p1),- -+, Qpx) — Y(pr), L1),

O(M(p1,01,Q(01)) — M(p1,01,Y(01)), -, M(pr, 0, Q0k)) — M(pr, 0, Y(0x), i) = (5)
O(Q(e1) = Y(01), -+, Q(0x) — Y(oy), Lafh),

o =p (i=12,---,k).

inf Lo G Bl -, vy, L3Pil), 6
o 0f 9 B = 91 P LaPi) ©)

and:
O(Q(p1), Ap2), -+, QUpk), ) = ¢(p1,- -, pr, ), implies that @)

®(OI;{¢Q(U1)L1<71, 0 I;:IJQ(Uk)dUK, ﬁ) = ¢(p1,- - P Lafl),

forevery p1,--- ,px € E1, QY 1 Ey — V,and ji € (E)".
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Let w : E; — V be a differentiable function satisfying:
K, T, "P1
0 (Pfw(p) = S(prw(pi) — [ Miprovw(@)der, -, @

K,T, Pk o
WD) = Spwlpr)) = [ Mpe o o) )
= ¢(p1 - pe i),

for every p1,--+ ,px € Eyand ji € (E)". Therefore, we are able find a unique differentiable
function wq : E; — V such that:

oD Vas(p) = Stpn(p)) + [ M(pe, o)) ©
and:

®(0D§’1T’¢W(P1) — oDy wo(pr), - 0 Dy w(pr) — ODQ’:’wwo(Pk)fﬁ)@E (10)
O(w(p1) —wo(p1), - w(px) — wolpk), )=

o Nag
4) Pl; /Pk;N?),u ’

for every p1,- -+, px € Eyand ji € (Ep)", and No = min[1, Ly] and N3 = minfl LoLaLaLaLolsLa]

min(Ly,LpL3,L1 Ly, Lo L3L4] 2"

Proof. We set:
B:={Q: E; — V,Q is differentiable }

and introduce the E4-valued metric on B as,

d(Q,Y) = inf{C € Es: 0 (oD O(p1) — oDy Y (p1), - 0 Dy Qpi) — oD Y (o), )

® O(Q(p1) = Y(p1), -+, Qpe) — Y(px), ) =¢ (le = rPk,Z>,
vV O,Y €B, P10 Pk € Eq, ﬁG(Ez)n}.

By Theorem 2, we have that (B, d) is a complete E4-valued metric space.
Now, we define the mapping A from B to B by:

AQp)) = oZ5 (5(0, Q) + o ( [ me s,0<e>>de), 1)

where x € Es°, S: Ey XV -V, M:E{ XxE; xV — V,and p; € E1(i =1,2,--- k). We
prove A is a strictly contractive mapping. Let Q0,Y € B, C € E, and d(€),Y) < 8, then we
have:

0 (oD Op1) = oD Y (p1), - 0 Dy Opi) = DY (), 97) @

O(Q(p1) — Y(p1), 0i) =¢p(pr, - - -, P ),
VQ,Y € B, P1, Pk € El, ﬁ S (Ez)n.

Using the properties (MVF-K-N2) and (MVF-K-N3) of Definition 2 and (11), we have:
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Y

O (oD AQUp1) = oD ‘PA< Y(p1), -+ 0 D AQ(p)) = oDy A(Y (), 2670 (12)
O(AQ(p1)) - A( (p1)), -+ AQ(p)) = A (pi)), 207)

®< (p1,Q S(p1, Y(p1)) +/ (p1,01,Q(01)) — M(p1,01,Y(01))]don,

(00, Q2(p0)) = S(p V(9] + [ M (i3, (1)) — Mpe Y(er) e, 207 )

0 (o2 (5, 0p0) = 51, Y0 )+ oZ5? [ M (p1,02,0(01)) = Mpr, 1, Yol ),
o5 (S0 p) = S, ¥ () ) +

o ([ M, 000 — Mpea Yoo ), 267
O(S(p1, Qp1)) = S(p1, Y(p1)), -+, S(pi, Qpk)) — S(pr, Y(pk)), OH)
@( [ M (101, 0000) = Mpr, e, Vo),

[ Moo Q) = Mpi o Y(er e, 07

0 (oZ5;" 1S(p1, Q(p1)) = S(p1, X (p))L, - 0 T 1S (pr Ape) = S(pi, X (pi))], )

14
ooz [ Mpro1,0000) - M(pr, o1, Y(or)den,

X, Pk .
o5 [ 1M1, 000) ~ M(pe 0, Y1)l dor, 97 )

In the last part of (12), there are four formulas, in the next steps, we work on them to
get new formulas derived from the control function ¢. Let 0 = ;1 < jjo < -+ < Jx = pi,
Aji=§i—Fiia=§,i=1,2,--- k and || Ag]| = max;<i<x(A7)).

Step 1. From (4), we have:

O(S(p1,Q2p1)) — S(p1, Y(p1)), - -+, S(pr, Qpx)) — S(pr, Y(pr)), 04) = (13)
O(Qp1) = Y(p1), -+, Qpk) — Y(px), L1Of) = ¢(p1, -+, pr Lafi).

Step 2. Using (MVF-K-N2) and (MVE-K-N3) of Definition 2, the continuity property
of MVFF O, (5), and (6), we get:

G)(/Opl (M(p1,01,Q(01)) = M(p1,01,Y(01))]dory, (14)
.. ,/Opk (M (pg, or, Q(0y)) — M(pk, 0%, Y(0y))]|doy, ﬂﬁ)

k
B ®< uAl;ﬁILo];[M(pl'yf'Q(%)) = M(p1, 5, Y (¥;))1A7;,

k

' \|A1;\|—>0 Y [(M(pr, 77, F;)) — M(pr. 53, Y (77)) AT, l9ﬁ)
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k

- lim 0@(];[M<m,y,-,w<yj>> ~ M(p1, 5, Y3)1AT:
k

Y M (5) — M5 V(5107 07

j=1

= i 7., Q7)) — 7., Y(7:))]A7;
Jim o @([M(m,y,, (7)) — M(p1,7;, Y(7))] A7,

- [Mpe, 75, Q) — M(pr, 7, Y (7)) A7, 0}?)

= inf @(M(pl,@l,n@l))—M(pl,a,wal)),

G1, Cr€EL

M(pir 8k A(Gk)) — M (P S Y (Ek)), kW)

k
- gl/“‘i%feEl ®<Q(§1) —Y(&), Q&) — Y(&), Lzﬁy)

Pﬁ)

— s

T <§k Ey CP(él (Bl Ly
= ¢(p1,- P, LaLaji).

Step 3. Using (7) and (13), we get:

o 23 (ster,e0) = s(e1, Yo, (15)
0Ly (S(ow, Qo)) — S(Uk/Y(ffk))),ﬁﬁ> = ¢(p1, -+, pr L1Lafl).
Step 4. Using (7) and (14), we get:
o 252 (5" Mlo1,21,0(e0) ~ Moy o1, Y(er) e ). 1)

oLy ( JoF M (o, ex, Q(er)) — M0y, €k/Y(€k))]d€k>rl9ﬁ> = ¢(p, LaLsLaji).

From (12)—(16), we have:

O (oD A1) = DAY (p1), -+ 0 DT AQ(pe) — oDy AY (), 2671 ) & (17)
O(A(Q(p1)) — A(Y(p1)), -+, AQ(px)) — A(Y(pr)), 201)

= ¢(p1, - P L) ®9(p1, - -+, pro LaLsil) ® ¢(p1, -+, pr, L1Lajl) ® p(p1, -, pr, L2LaLafi)

= 4’(}71/ e /Pk/Nlﬁ)

where in Ny = min[L, LyL3, L1Ly, LyL3Ly].
Therefore,
D)+ 0DPETPAQpE)) — oDy A (i), 291

(p1 )) A(Q(px)) — A(Y(pk)), 20)
¢(p1, -+, Pr, Najl), (18)

O (oD AQ(p1)) — oDF P AY(p
® O(A(Q(p1)) — A(Y
=
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where Ny = % min[Ly, LyL3, L1Lg, Ly L3L4] and implying that:

A(A(Q),A(Y)) < 2

SN (19)

Therefore,

A(AQ), A(Y)) < —d(Q,Y). (20)
Ny

Thus, A with Lipschitz constant N% is a strictly contractive mapping.
Let w € B. We show that d(A(w), w) < 0. Using (7) and (8), we get:

O(oD5 " (A (p1)) — w(pr)l - 0 DY A (p1) — w(pi)) ) @
@ O(AW@(p1) —@(p1), + , Alw(pe) — @(pe) i)

P1
—o(strwp) + [ Ml wle)ien —oDfFelp),
Pk KT, .
o, S(prw(px) +/0 M(pr, ox, w(0y) )doy —Oppkww(pk)fﬂ)
P1
®@( I;{lp(s(m/w(ﬁl))) + OIZIP(/O M(p1, 01, w(0o1))dor) — OIZ{IP OD;QT'IPW(PO/
0
Pk X, T, .
0Ly (S(prw(pr))) + OI;,LLP(/O M(pr o, w(0y))doy) — oLy OD;kT"’w(pk),y>
P1 x
= ®(S(P1/W(P1)) +/0 M(p1, 01, w(01))doy —ODp;T'lpw(Pl)r
Pk KT o
S (po) + [ M(pi ot w(@)do = D Vo),
20( 2 st + ( [
0

o T [stpowtno)+ ([ Mipawieia) - D5 o) i)

=¢(pr P ) ® (P, Pro Laji)
i (P(pli e /pk/ NZﬁ)/

P1

M(pl,al,wwl))dm) - ODQ;”"ww]

for every ji € (E;)" and N, = min[1, Ly]. Then, we have d(A(w), w) < N% < o0.

Now, Theorem 1 enables us to find an element wy in B satisfying the following:
(1) wy is a fixed point of A, i.e.,

wo(p) = Alwo(p)) (22)
— oI (s wlo) o7y [ M e anfe)e),

which is unique in the set:
B*={Q e B:d(A(w),Q) < oo}.
Take OD;’UP from (22). We get:
p
oDy en(p) = S(pwn(p)) + [ M(p,o,wo(0))do, @)

wherex € Es°, S: E1 XV >V, M :E{XE; xV = V.
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2) d(AF(w),wy) — 0asn — oo;
(3) d(w,wo) < Ngd(A(w),w) < %,

min[Ly,LyL3,L1Ly,LyL3Ly]

where N = min([1, Ly] and N3 = T RN Y EY Y PR Ry R

> and implying that:

@)(ODZQT’U/(U(PO — oDy wo(pr), - 0 Dy Vew(py) — OD;LT'leO(Pk)/ﬁ) ® (24
O(w(p1) —wo(p1), -+ w(pk) — wo(pk), #)
i ‘P(Pl/ e /Pk/ %ﬁ)/

for every p1,- -+, px € Eyand ji € (Ep)".

Now, we prove that the fixed point in B* is unique. Suppose that ¢ is an element of B
satisfying (9) and (10). We prove that ¢y = wp and ¢p € B*. From (9), we get:

D a(p) = S(p.co(p)) + [ M(p,0(0))ie 25)
and so:
co(p) =o I;’IPS(U, co(0)) +o I;’lp /(;UM(U, €,6o(€))de (26)
= A(go(p)),

wherex € E5°,S:E1 XV -V, M:Ei;xEixV = V.
Now, we show that:

o €{Q e B :d(A(w), Q) < oo},

min[l,L4] (min[Ll,Lz L3,L1 L4,L2 L3 L4]
min[Ly,LyL3,L1 Ly, LoL3Ly]

ie., d(A(w),co) < 00. Weset ] = =2 From (10), we get:

@<0D;'1T'¢W(P1) — 0Dy eo(p1), - 0 Dy P ewlpr) — oD;'kT'wgo(Pk),ﬁ) ® (27)
O(w(p1) —colp1),- -+ w(px) — colpk), #) = ¢(p1, -, Prs JH),

for every p1,- -+, pr € Eyand ji € (Ep)".
From (4) and (27), we get:

O(S(p1,w(p1)) — S(p1,6o(p1)), -+, S(pr,w(pk)) — S(Pr co(pk)), i) (28)
= O(w(p1) —colp1), -, w(pk) — colpk), L1#)
= ¢(p1, - P Ld)-

Furthermore, from (5) and (27), we get:
O(M(py, 01, w(01)) = M(p1,01,60(01)), -+, M(pr, 0%, w(0%)) = M(pr, 0%, o (0%)), ) (29)

= O(w(o1) —6olo1), - -+, w(0ox) — Golok), Laji)
= ¢(p1,- -, i Lojil),

forevery p1,- -+ ,pr € E1,0; < p; (i=1,2,---,k),and ji € (Ep)".



Axioms 2021, 10, 63 13 of 20

Now, using Step 2 and (29), we get:
G)( Opl [M(pllallw(al)) - M(Plz 01, gO(U]))]dal, Tty (30)

M (e, 0 @ (05)) — M (i 01 0(01))dor, ﬁ)

= ¢(p1,- -+, pr, LaLsji)
= 4’(!’1/ o Pho L2L3]ﬁ)'

Using the triangular inequality (MVF-K-N3), (28), and (30), we get:
9(5(271,60(?1)) = S(p1,60(p1) + Jg M (pr, 01, w(01)) = M(p1, 01, 60(0n)Jdoy, - -, (31)

S(prw(pr)) — S(prsco(pi)) + ST M (prs o w (0k) ) _M(PkrUkrGO(Uk)”dUkrzﬁ)
O(S(p1,w(p1)) — S(p1,60(p1)), - -+, S(pr,w(pk)) — S(pr,Go(pk)), )
®®( op1 (M(p1,01,w(01)) — M(p1,01,60(01))|do, - - -,

DM (e 0 (01)) — M(Pio 01 G0(0)) 0, ﬁ)

= ¢(p1, - pe L) ® ¢(p1, - -+, P L2Lajil)
t 4)(}71/ e /Pk/ N5]ﬁ)/

where in N5 = min[L;, L,L3], and so:

®(5(P1IW(P1)) S(p1,60(p1)) + J§ IM(p1, 01, w(01)) — M(p1,01,60(01))]dor, - -+, (32)

S(prw(pr)) = S(prsco(pr)) + J§* M (pr, 0%, w (%)) —M(Pk,%go(‘fk))}dffk/ﬁ>
E 4)(171/ e /pk/ N6]ﬁ)/

where Ng = § min[Ly, L L3].

We apply (7) and get:
@( L [S(o1,w(@1)) = S(o1, 6o(01))] + 0Ty 5 M (1,1, w(er)) — M0, 81, Gole))Jden,
0
W THIS(0,0(0) = S 6o(0N] + 0T I 1Ml 0(e)) ~ Ml cale)) e )
= ¢(p1,- -+, Pr, LaNejii), (33)

forevery py,--- ,px € Eyand ji € (E)", and Ny = %min[Ll,Lng,].

Using (32) and (33), we get:
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O (oD} A (p) = colpr)], - 0 D A () = co(pi)] 1) (34)
®O(A(w(p1)) = colp1), -+ Alw(px)) — colpx), i)

= ®(S(P1,w(P1)) S(p1.co(pr)) + J3 IM(p1, 01, w(01)) — M(p1,01,60(01))]don, - -+,
S(pw(p)) — S(Prrco(p)) + [ IM (P 01 (05)) — M(pro 0k G0(01)) o ﬁ)
®0 (0 Y1S(01, w(01)) — (o1, co(e))] + 0T [T [M(on, 1, w(er)) — Mo e1, coler))den, - -,

oLy 1S(0r, w(07)) — S(a1, co(@))] + oZp? [ [M(0r, ek, w(ex)) — M0k, ek, Go(ex))dex, ﬁ)

= ¢(p1, -+, P Nejil) ® ¢(p1,- - -, pr, LaNejii)
- (P<P1/ P (L4+1)N6]V)/

which Ng = § min[Ly, LyL3], which implies that:

Ly
d(A(w),co) < —2

thengg € B*. O

4. Best Approximation of ip-Hilfer Fractional Volterra Integral Equation

Now, we are ready to study the Hyers—Ulam-Rassias stability of the y-Hilfer fractional
Volterra integral equation:

Q(p) = S(p, QAp)) + oL, M(p,0,0(0)), (35)

where x € Es®,S: E; xV = V, M : E; x E; x V — V and get the best approximation
with a better estimate for the pseudo yp-Hilfer fractional Volterra integral equation. Our
method can be used for new problems; for more problems and details, we refer to [17-34].

Theorem 4. Let (V,0,®) be an MVFB-space and L1, Ly, L3, Ly and T be positive constant such
that Ny > 2 where Ny = min|[Ly, LyLs, L1Ly, LyL3Ly|. Assume that the continuous mappings
S:E;xV =V, M:E xE xV — Vwith MVFF ¢ : (E1)*x(Ey)" — diag(M,(E3))
satisfying (4)—(7).

Let w : Ey — V be a differentiable function satisfying:

®(w(m) —S(p1,w(p1)) — oLy M(p1,01,0(01)), -+, (36)

w(p) — S(p w(pe)) — oz;,;wm,ak,w(ak»,ﬁ)
=¢(p1, - P i),

for every p1,- -+ ,px € Eyand ji € (Ep)". Then, we are to be able find a unique differentiable
function wq : E; — V such that:

wol(p) = S(p,wol(p)) + oLy M(p, o, wo(0)), (37)
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and:

O(w(p1) —wo(p1), -, w(pk) — wolpk), (38)

), H) =
o, N
(P pll /pk/N?)]’l 7

forevery p1,-++ ,px € Eyand ji € (E)", and N» = min[1, Ly] and N3 = min|Ly, Lol Ly Ly LoLaly]

min[Ly,LoL3,L1 Ly, LoLaLly]—2"

Proof. We set
B:={Q: E; — V,Q is differentiable }

and introduce the E4-valued metric on B as,

—

#0,Y) =int {€ € E6: 0(0(p0) ~Y(p1), -+ 0p) = V(o) = 9+ 11 ),
VQ,Y € B, P, Pk € El, ﬁ S (Ez)n}.

By Theorem 2, we have that (B, d) is a complete E4-valued metric space.
Now, we define the mapping A from B to B by:

AQ(p) = 5(0,00) + oz ( [ Mie e 0)), )

wherex € (E5)°,S:E; xV -V, M:Ey xEyxV = V,and p; € E1(i=1,2,--- k). We
prove that A is a strictly contractive mapping. Let 0, Y € B, C € Egand d(Q),Y) < 9, then
we have:

O(Q(p1) = Y(p1),- -+, Qp) — Y(pi), 01) = ¢(p1, -, i ),
VQ,Y € B, P10 Pk € El, ]_j S (Ez)n.

Using the properties (MVF-K-N2) and (MVF-K-N3) of Definition 2, (4)—(7), and (39),
we have:

O(A(Q(p1)) =AY (p1)), -+, A(Qpr)) — A(Y(pk)), 204) (40)
= 9([5(P1,Q(P1)) —S(p1, Y(p))] + oLy [M(p1,01,Q(01)) — M(p1, 01, Y(1))]dor, - -,

[S(pr, Qpe) — S(pe, Y(pi))] + oZp! M (pr, o1, Q(0k)) — M, Uk,Y(Uk))}dUk,zz?ﬁ>
= O(S(p1,Qp1)) — S(p1,Y(p1), -+, S(pr, Qpx)) — S(pr Y(pr)), O3)
20 ([ [M(p1,e1,0(e1)) = M(pr, o1, Y(er) ey -, m

PM (pr, 01 Q) — My 01, Y (03))]dor, W)

= ¢(p1 - P Lif) ® p(p1, -+, pr LaLaji)
t (P(pl/ tt /pk/ N7ﬁ)/

where in N; = min[Lq, LyLy4], and so:

O(A(Q(p1)) = AY(p1)), -+, A i) — A(Y(pk)), ) (42)
= ‘P(Pl/ P NSﬁ)/

for every p1,- -+, pr € Eyand ji € (E3)", and Ng = %min[Ll,L2L4].
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Then:
9
d(A(Q), A(Y)) < < (43)
Ng
and so:
A(A(Q), A(Y)) < (0, Y). (a4)
8
Then, A is a strictly contractive mapping with Lipschitz constant N%;
Let w € B. We show that d(A(w), w) < 0. Using (36), we get:
O(A(w(p1)) —w(p1), -+, AMw(pk)) — w(pi), ) (45)
= 0(S(pr,wlpr) + 0T Mipror,w(o1) s = (),
S0 @)+ 0T M(pr i, 0(00) et~ o (pi) )
i 4)(791/ t /pk/ﬁ)
for every ji € (E2)". Then, we have d(A(w),w) < 1.
Now, Theorem 1 enables us to find an element wy in B satisfying the following:
(1) wy is a fixed point of A, i.e.,
wo(p) = Alwo(p)) (46)
= S(0,wo(0)) + oIy (M(0, e, wp(e))de),
which is unique in the set:
B*={Q e B:d(A(w),Q) < oo}.
2) d(A¥(w),wy) — 0asn — oo;
(3) d(a},a}o) < Ngd(A(w),w) < N9,
_ min[Ly,LyLy) . . ]
where Ny = m and implying that:
O(w(p1) —wolpr), - w(pr) — wolp), i) = ¢(p1, -+ Prs Nﬁg)/ (47)

for every p1,- -+, px € E1 and ji € (E;)". We use the same method of proving Theorem 3
and show that the fixed point in B* is unique. [

5. Examples

In this section, we apply the main results to solve some examples.

Example 1. Let (R,©, ®) be an MVF-k-B-space. Let Q,Y : E; — R such that Q(p;) = p;*

and Y(p;) = p;?, and define S(p;, Q(p;)) = L%Q(pl-). Define M : E; x Ey xR — Roas

M(pi, 0:,Q(07)) = exp(pi? — 0;2)Q(0;) for every p; € Eyand o; < p; (i =1,2,--- k).
Then, we have:
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o(S (Plz (1)) = S(p1, Y(p1)), -, S(pr,w(pr)) — S(px, Y(px)), 1) (48)

=02 O(p) = - Y(p1)e 1 Op) = 1Y (p), )

_ 1 4 1 2 1 4 1 2 =
7®(Llpl L]pl’ ’Llpk Llpk"u)

. PP 0 —ry Ipi—ple i pdl
= diag|exp 2 1_ o XP M3
M1 #2+L]\P1 pLc o Pg — PRl

L ek A b Lijiz exp[ ZPL PR P Pl
Lip "Lipo+|pi =t ope il Lips

=o(pt—pl- k- b i)

=0(Q(p1) =Y(p1), -+, Qlpi) = Y(px), Lafh),

>~ diag [exp

O(M(p1,01,Q(01)) — M(p1,01,Y(01)), -+, M(pr, 0%, Q0k)) — M(pr, 0%, Y (0%)), i) (49)
= O(exp(pf — 1)1 —exp(pf — 1?)on?, -+ exp (?7% — 0?0 — exp(pt — 0i?) i, ﬁ)

= diag {exp ( —|exp(p? — 1*)on* — exp(p] — (712)012,}; - exp(pg — 0x?)or* — exp(pg — 0x?)oi’| ) )
1

Ha
M2 + |eXP(P% —012)ot — eXP(P% —02)o?, - - /eXP(P;% — 0p2) oyt — eXP(Pf — o ?)o?|’

exp < —|exp(p] — 1?)r* —exp(p? — n?)oi?, - -+ exp(pt — o) ort — exp(p? — 0k?)oi| )}

U3

4 2 4 2 k2

o diae| ex —|n* =%, ot — o exp(pi—012), - exp(pi—0i?)

Z diag| exp ] ’ 2 +lot =20t — 0|
exp(pl—12),+ exp(pl—0i2) exp(pl—a12) R B Tk

_|Ul4 - 012/ e /O-k4 - O-k2|
exp 5
exp(pi—012), exp(pg—0i?)

_ @(Q(Ul) “X(@)-- -, Q) — Y00,

o exp(pE—oi?)

[exp(p2 —12), -, exp(p? — ok2>|>

= () = Y(e1), -+ ) = Vi, &),
for some K € Eg.

Let MVFF ¢ : (E1)* x (E2)® — diagM,,(E3), satisfying (6) and (7).
Let w : E; — R be a differentiable function satisfying:

) *loDZ’lT'(pw(Pl)* )= [T exp(pi—12)w(o1)dor, - 0Dy Y (i) — f-w(pr) — Jo ¥ exp(p?—0i2)ew(or ) doy |
diag | exp , (50)
M1
M2
o+l Dy w(pr) = frw(pr)— J§ exp(pR—c12)w(e1)dor, - 0Dy P eo(pi) = - w(pi) = Jo * exp(pR—0i) (o) doy

exp(—mv w(pr)— - w(pr)— 7" exp pl—012>w<al>dal,~--,OD;;%(pk)—31w(pk)—f(fkexp(pi—oﬁ)wm)dak)}

M3

. —|P1,"',Pk) 2 <—P1,'~,pk|>}
= diag| ex , ,exp| ————— | |.
- g{ p( 2 w2t lpu -l 13

for every p1,--- ,px € Eyand ji € (E)°. Now, Theorem 3 implies that, if H| > 2, Hy =
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min[L, %, LiLy, %] We are to be able find a unique differentiable function wq : E1 — R such
that:

KTy 1 P 2_ 2
iy an(p) = p-wolp) + [ exp(p? —o?)w(o)do, 61
and:
— oD — oDy o DY — oDy
diag[exp( 0D Y w(pr) = oDy Ywo(pr), - . 0 Dy " w(pr) — oDy, wo(Pk))/ (52)
1

H2
12+ oDy Y w(p1) — oDy P wo(pr), -+ 0 Dyt P ewlpy) — oDy ewo(pi)|

exP<|ODZ'1T'lPW(P1) oDy wo(pr), - 0 Dy P w(pr) — ODZLT'IPWO(PM)}

2%}
. —|w(p1) —wo(p1), -+, w(px) —wo(Pk)) 12
®dia [ex ( , ’
i ) 12+ Jw(p1) — wo(pr), - w(pr) — wolpr)]
eXP(—Iw(m) —wo(p), -, w(pr) — WO(Pk))]
U3
Ny
Ediag[exp<(_|p1&“'/ka),N H, 12 ,
mi mh2 1P P

eXp<<—|mz,V; . ,m)],
M3

oLy Ialy
forevery py,- -+ ,pr € Eyand ji € (E»)?, and Ny = min[1, Ly and H, = mm[LlL' K ’L1L4L r ]
min[Ly,2,L1 Ly, 4] -2

Example 2. Let (R, ©, ®) be an MVF-k-B-space. Consider Q,Y : E; — R such that Q(p;) =
pit and Y(p;) = p;i?, and define S(p;, Q(p;)) = L%Q(pi). Define M : Ey x E; xR — R
as M(pi, 03, Q(07)) = exp(pi* — 07°)Q(0y) for every p1,-- ,px € Eyand o; X p; (i
1,2,--- k) satisfying (49).

Let MVFFE ¢ : (E1)* x (Ep)3 — diagM,, (E3), satisfying (6) and (7).

Let w : E; — R be a differentiable function satisfying:

. [ < |w(p1) = grw(p1)— eXP(P%—Ulz)w(Ul)dfflw-,W(Pk)—ﬁw(lﬂk)— OIZ,:I]eXP(Pi_Ukz)w(Uk)d‘TH>
diag | exp m
Ha
" patlw(p) - L w(p)— oIy weXP(P%*tle)w(tﬁ)dﬂl/“'rw(Pk)*Llflw(Pk)* OIW exp(p2—0i?)w(og o |
—lw(p1)—-w(p1)— OIpl exp(p2—nH)w (Fl)dﬂlf"/w(l’k)*ﬁ w(pr)— OIp exp(p2—0i?)w ok )do |
,exp m

> diag|e , ,e 53
- 1g{xp< ) Mo+ p1, prl P 13 53)

for every py, - -+, px € Eyand ji € (Ep)°.

Now, Theorem 4 implies that, if H3 > 2, H3 =

min[Ly, & %] We are to be able find a unique
differentiable function wq : E; — R such that:

1
wo(p) = -wolp) + oLy’ exp(p? — 0?)w(0)do, (54)
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and:
: —lw(p1)—wo(p1), - w(pr) —wo(pi)l 2
dlag[eXp( i e e e ey D
exp(—|w<m>—wo<p1)ﬁs~,w<pk>—wo<pk>|)]
ﬁﬂz
>~ diag | exp *\Pl\lli“'rpkl = Hy ,exp *\Pl\lli"'rpkl
Hy M 74}42+|P1r"'/lﬂk‘ HyH3
min[Ll,L%]

forevery p1,--- ,px € Eyand ji € (E2)3, and Ny = min[1, Ly] and Hy =

min[Ly, 4] -2

6. Conclusions

In this paper, we studied the concept of matrix-valued fuzzy k-normed spaces (MVEF-
k-N-spaces), and we applied the alternative fixed-point theorem to investigate the Hyers—
Ulam-Rassias stability of some fractional equations in these spaces. We defined a class of
matrix-valued fuzzy control functions for stabilizing fractional Volterra integro-differential
equations with -Hilfer fractional derivative in the complete MVF-k-N-spaces, and we
obtained the best approximation for this kind of fractional equations.
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