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1. Introduction

The contraction mapping principle is one of the pioneering ideas of mathematics
associated with physical as well as mathematical endeavors. It was first investigated by
S. Banach [1] and shows us the root of the fixed point discussions in much of the existing
literature, such as [2,3].

We have used weak contraction to prove our results. The idea of weak contraction in
Hilbert spaces given by Alber et al. [4] and extended by Rhoades [3]. In this connection one
can see the work mentioned in [5]. Later on, Berinde [6] introduced weak contraction in
metric spaces also known by ‘almost contraction’. Weak contractions were investigated and
generalized in metric spaces and in ordered metric spaces by various researchers (see [7-16]
and references cited therein).

It is possible to find a point where we can find an approximation of the fixed point
equation d(@, Tw) = 0 and how? The answer to this question is affirmative and the
research can be observed in Eldred et al. [17] and Kirk et al. [18]. In short, the methodology
to obtain such result adopts non-self mapping in between two non intersecting sets, which
has a distance mentioned as d(.«/, #) where <7, # are two sets such that &/ N % = @.

Our point of discussion deals with a problem of optimization which is at par to
the approximate solution of a fixed point equation d(@, Tw@) = 0. The problem is of
global minima which has nothing to do with the establishment of such theory of best
approximation theorem while we are inclined to investigate best proximity theorems.
Some of the works deal with best approximation issues can be mentioned through [19-21].
The result is as follows:

Theorem 1 ([19]). Let <7 be a non-empty compact convex subset of a normed linear space %" and
T — Z bea continuous function. Then there exists @ € < such that

|@o—%0 ||=d(%w, &) =inf{|| To — s ||: x € &}
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The point @ does not ensure the extremum of || @ — T ||.
The results discussed in the paper are associated with the equation

d(@, Tw) =d(o, B),

where the required identification of .«7, &, d(</, %) has been done already. The minima
are realized through a mapping ¥ : &/ — . It is better to mention that a fixed point of the
mapping ¥ can be there with the condition &/ N # # @.

The idea of contraction using coupling of mappings first seen in Bhaskar et al. [22]
though first realized in Guo et al. [23]. Couple best proximity results are also discussed in
some of the work of [24-26]. V. Sankar Raj [27] obtained an interesting result on best proxim-
ity for weakly contractive non-self mappings. Many discussions related with the existence
of fixed point through the consideration of order relation with the underneath metric and
of best approximation are investigated in [2,20,27-38]. Contraction mapping procedures
have been also continuously employing in differential equations and integral equations as
cornerstone instruments to prove the existence of related solutions (see [39-41]). A large
number of initial and boundary value problems can be converted to nonlinear integral equa-
tions (both Fredholm and its special case-Volterra nonlinear equations). Sidorov et al. [42]
constructed the solution of nonlinear Volterra operator-integral equations in the sense
of Kantorovich.

In this paper, we investigate the coupled proximity point in ordered metric spaces asso-
ciated with a weak inequality. Inspired by the work of Luong and Thuan [43], in Section 2,
we discuss some of the prerequisites for the mathematical approach towards our results.
In Section 3, two propositions and two theorems are the points of discussion in which
the blending of partial order and weak inequalities can be found. As a consequence of
Section 3, we obtain some coupled fixed point results in Section 4. As an application of the
results obtained, we investigate the existence of solution to Fredholm nonlinear integral
equation in Section 5. In the last section, we provide a suitable illustration which satisfies
the coupled best proximity point result.

2. Preliminaries

Some fundamental discussions to reach our main results are as follows:

Let (), ¢) be a partially ordered metric space (POMS), where Q) = (27, <), 2 isa
non-empty set endowed with a partial order < and ¢ is a metric induced on 2.

Unless otherwise specified, it is assumed throughout this article that </ and % are
two non-empty subsets of the metric space.

o(o, B) =inf{o(w, V) : @ € & and ¢ € A},
oy ={w € o :0(w, ¥) = o(, #) for some ¥ € £},
By ={0e B:0(w, ¥) =o0(, B) forsome w € <}

It is to be noted that, for every @ € 7, there exists ¢ € %, such that ¢o(w, 9) =
o(«/, %) and conversely, for every & € By there exists @ € Aj such that o(@, 9) =
o(d, B).

In the following we give some notation and notions:
¢  Best Proximity Point: BPP
¢ Coupled Best Proximity Point: CBPP
*  Coupled fixed Point: CFP
¢  Proximally generalized coupled weal contraction: PGCWC
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Definition 1 ([27]). Let </ and % be two non-empty subsets of a metric space (Z°,0) with
oy # D. Then the pair (</, PB) is said to have the P-property if, for any @1, @y € < and
B, 02 € Zo,

or o) = 6t D ot @) = o0y 8

In [28], Abkar and Gabeleh show that every non-empty, bounded, closed and convex
pair of subsets of a uniformly convex Banach space has the P-property. Some non-trivial
examples of a non-empty pair of subsets that satisfies the P-property are given in [28].

Definition 2. A mapping ¥ : o/ — o/ is said to be increasing if for all @0,y € A,
01 2@y = T = Ty,

Definition 3 ([31]). A mapping T: o/ — 9B is said to be proximally increasing if for all
Uy, Up, 01, @ € A,

01 =@
o(uy, Twr) = o(, A), = 1y =< Up.
0(u2, Tz) = o(, #)

One can see that, for a self-mapping, the notion of proximally increasing reduces to
that of increasing mapping.

Definition 4. A mapping T: o/ — 9B is said to be proximally increasing on <y if for all
uy, up, ('Dl/ (DZ € ’%/

@1 = @
o(uy, Tw1) = o(, B), p = u1 < up.
o(u, Ty) = o(, &)

Definition 5. Anelement @* € <7 is said to be BPP of the mapping T: o7 — Aif o(@0*, To*) =
o(/, B).

Definition 6 ([22]). A mapping X: o/ X o/ — o/ is said to have the mixed monotone property
if T is monotone non-decreasing in its first arqument and is monotone non-increasing in its second
arqument; that is, if

@1, @2 € A, @1 X0y = T(@1, ) X F(,, ¥), foralld e «;

and
9, HheA HH3h=%F(w %) =%w@, &), foralwe 7.

Definition 7 ([25]). A mapping T: o/ x o/ — P is said to have proximal mixed monotone
property if T(@, O) is proximally non-decreasing in @ and is proximally non-increasing in 0; that
is, forall @, 9 € o

@01 2 @2
Q(M1, ‘3:(091, 19)) = Q(%, @), } = U1 =< 175
0(uz, Tz, 9)) = o(, #)

and
=t

0(v1, T(w, 81)) =0
0(v2, T(@, B2)) = o
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where @1, @y, B, Oy, U1, Uy, V1, Uy € .

One can see that, if &/ = & in the above definition, the notion of the proximal mixed
monotone property reduces to that of the mixed monotone property.

Definition 8. A mapping : of x o/ — 98 is said to have proximal mixed monotone property
on ol x A if forall @, § € oA

01 =X @
Q(ulr ‘I((‘Dll 19)) = Q( s t%)r = U j 25
o(uz, T2, 8)) = o(o, #

and

% =2
0(v1, T(@, %)) =0, B), } = v2 21y,
0(v2, T(@, 82)) = o(, &)

where @1, @, ¢, B, uy, Uz, V1, V3 € .

Definition 9 ([26]). An element (@*, 0*) € o/ x <, is called a CBPP of the mapping T: </ x
o — Bifo(@0*, T(0*, %)) = o(, B)and o(0*, T(¥*, @*) = o(, B).

The following results of [25] are required in the sequel.

Lemma 1 ([25]). Let (Q, 0) be a POMS and <7 , 2 be non-empty subsets of 2 . Assume <y # ¢.
A mapping X : of x of — 9B has the proximal mixed monotone property with T (o X ) C Py
such that

Q(wll f((@o, 19())) = Q(%l )/
o(@2, T(@1, %)) = o(, B)

where @, @1, @y, ¥y, 1 € .

@y X @0 and G =% }

Lemma 2 ([25]). Let (Q), 0) be a POMS and <7, 8 be non-empty subsets of 2. Assume <y # ¢.
A mapping T : o/ X o — P has the proximal mixed monotone property with T (<t X <) C Ay
such that

@o X @1 and 9y =

Q(l91, T(ﬁo, (Do)) = (DQ{, 93), } =10 = &,

(B2, T(t, @1)) = o(, &)

where @y, @1, By, U1, % € Ap.

3. Main Results

In our results, we use the following class of functions.
Our assumption is that the set of all functions ¢ : [0,00) — [0,00) denoted by Y,
which satisfy

(ip) ¢ is assumed to be continuous and ¢(t) = 0iff t =0
(iip) ¢ satisfied subadditivity property for all t,s € [0, ).

The set of all functions i : [0, c0) — [0, c0) denoted by E satisfies the following property
(iy) ¢ holds continuity and ¢(t) = 0iff t = 0.

I'  denotes the set of all functions B: [0, c0) — [0, o0) such that

(iig) B is bounded on any bounded interval in [0, oo),

(iiig)B is continuous at 0 and B(0) = 0.

To prove our main result, we introduce the proximally generalized coupled weak
contraction mapping as follows:
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Definition 10. Let (), 0) be a POMS and </, 2 be non-empty subsets of 2. A mapping ¥ :
o x of — R is said to be proximally generalized coupled weak contraction on <f, satisfying
@ =X@and 9 =1

d(wlr (DZ) + Q(ﬂlrﬁZ)

C(0(Z(@1, 81), T(@2, B2)) < 5

), )

Sx(e(@1,@2) + (81, 82)) — &

where @1,@, %, h,u,ve dandl €Y, x e Eand € T.

Example 1. Suppose that 2 = {(0,1),(0,—1),(1,0),(-1,0)} and
0 = /(@ — @1)2 + (0, — 01)? with usual order.
Take o7 = {(0,1),(1,0)} and # = {(0,—1),(—1,0)}. Define T : o x o/ — B as
(@1, @;) = (0, —1) and T(@,, @;) = (-1, 0) fori =1,2and @1 = (0, 1), = (1,0).
Take {(t) = t, x(t) = t?> and &(t) = t. Here it is not difficult to see that T is PGCWC on <,
satisfying 1 = @, and U1 > Y.

Example 2. Suppose that 2" = R and ¢ = |@ — 0| with usual order.

Take o = {—1,1} and = {—2,2}. Define ¥ : o/ x o/ — P as T(01, @;) = 2 and
‘3(602, C’Oi) = *ZfOT’Z' =1,2and @0 =—1,0p =1.

Take {(t) = t, x(t) = t* and &(t) = t. Here it is not difficult to see that T is PGCWC on <7,
satisfying @1 = @, and U1 = Us.

Firstly, we are presenting two propositions which will help us to prove our theorems.

Proposition 1. Let (), 0) be a POMS and <7, 9 be non-empty closed subsets of 2" induced by
metric o such that <y # O closed and (o7, ) satisfies P-property. Suppose that T : o/ X of — B
such that S (ofy x o) C By and T is satisfying proximally mixed monotone property and X is
PGCWC on o/ Suppose that

f(@) <x(9) = @ <9, )
for any sequence {@, } in [0, oo) with @, — t >0,
g(t) —lim x(@,) + 2 lim &(@x) > 0, ®)

where € Y,x € Eand { € T.
Further, suppose that there exist sequences {@,} and {0,} in < defined as @,.1 =
g((on, 1.9;1), l97’l+1 - T(ﬁn, CDn) SMCh thdt

0(@pa1, % (@n, 0y)) = o(, B) with @, = @11

and

foralln > 0. Then
Ly =106y = Q(@n/ wn+1) + Q(ﬁn/ 19n+1) — 0, asn— oo 4)

Proof. By our assumption in the proposition, there exist sequences {@,} and {9, } in <
such that
0(@py1,%(@n, On)) = o(, B) with @, = @41

and
0(8,11, (8, @,)) = o(, B) with 8, = 8,11

foralln > 0.
As, (@7, A) satisfies P-property, we have

Q(@nt1, @n) = 0(T(@p—1,0n-1), T(@n, Bn)).
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Now, T is PGCWC on &7, we have

x(o((@n, @n—1) + (On,%u-1)))

N~

g(@(@n-&-l/wn)) = g(@(‘z(wn/ 1971)/ T(Co‘rz—ll 1971—1))) <

— & Q(@n, @ 1) ;_ 0(9n, Bu-1) ), forall n e N

and

¢(e(But1,0n)) = C((T(On, @n), T(Bn-1, @n-1)))

< Q(ﬂnfl/ﬂn) + Q((anl,ci)n)

N =

Adding (5) and (6), we have

¢(e(@nt1, @n)) +4(0(Bni1, On)) < x(0(@n, @p—1) + €(Fn, Bn-1))

_ 26( Q((On/ con—l) 2+ Q(ﬁi’lr l9n_1)

), forall neN.
By the 2nd property of the set of functions denoted by Y, we have

g(Q((Dn/ wn+l) + Q(ﬂﬂr 1971+1)) < g(Q((D”/ (Dn+1)) + g(@(ﬁﬂ/ 19”+1)).

From (7) and (8), we have

Wy, ‘Dn—l) + Q(ﬁn/ 1911—1) )
2 7

forall n € N.

C(o(@n, @ui1) +0(On, ¥ny1)) < x(0(@n, @n—1) + (O, 0y-1)) — 2§(Q(

Take L, = 0(@n, @y41) + 0(8n, 0,41) forall n > 0. Using (9), we have

Ln—l

(L) < x(La1) ~28(750).

x(0(0u-1,9) + o(@y—1,@n))) — &( 5 ), forall neN.

©)

(6)

@)

®)

©)

(10)

Since ¢(t) > 0, we have {(L,) < x(L,—1). By (2), we get L, < L, 1, thatis, {L,} is
a monotone decreasing sequence for all positive integer n. Hence there exists an r > 0

such that

Ly = 0(@n, @y41) +0(0y, Oyp1) —> rasn — oo.

(11)

Taking limit supremum in both sides of (10), using (11), the properties of x and ¢, and

the continuity of , we obtain

£(r) < T x(Lyo) + 2T (— §(750)).
Since
2im (~ &(Ly 1)) = -2 lim g5,
it follows that
() < T x(Ly 1)~ 21im 5720,
that is,
£(r) — T (Lo 1) + 2 limg (21 <,

2
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which by (3), is a contradiction unless = 0. Therefore,
Ly, =6y = 0(@pn, @pt1) +0(8n, 0y41) — 0, asn — oo.
Hence the result. O

Proposition 2. In addition to the hypotheses of Proposition 1 assume that 2 is complete. Then
the sequences {@, } and {0, } defined in Proposition 1 are Cauchy sequences in <.

Proof. Using Proposition 1, we have that {J,} is a monotone decreasing sequence and
oy — 0.

Now, to prove {@,} and {8, } are Cauchy sequences in <.

Suppose that one of the sequences {@, } or {9, } is not a Cauchy sequence. So that
there exists € > 0 for which we can find subsequences {@; ()}, {@y )} of {@} and
{8nx)} {0k} of {¥n} respectively can be found considering n(k) the smallest integer for
which n(k) > m(k) > k, such that

0(@n(k) Pm(r)) +0(Bn(iyr Fmi)) = €

which means that,

0(@y(k)—1, Ppu(k)) +0(Epy—1, Fm()) <€

€ <1 = 0(@nky, @()) + 0(Epr), l9m(k))
<0(@p(x), @n)—1) + € @n)=1, Ppu(r)) + €(Onk)r Fn(iy—1) + ¢(Gnky—1, Fmr))
<0(@p k), @nry—1) + (Onk)r Bn(iy—1) + €

Putting k — oo in the above inequality and applying (4), we have

lim rp = im [0(@y k), @mky) + 0(Gnk), Fmiry))] = € (12)

k—o0 k—o0
Now,
€ <rr = % £k (k)7 Em(k ) (#n #m(k))
<0(@y(k), @y ( )41 )+Q(¢0n(k)+1/ @k +1) T (@) 41, ()
+ 0@y Oniy+1) +2(Gny+1, Ompy+1) T ¢(Ommp 11, Omi)
<0(@n(t) 41 Pm(k)+1) T (Onk)+1, Bm(k)+1) + On(k) + Om(k)-

where 6,y = 0(@nt), @npy+1) T €(Guiky Fugy+1) and Sy = (@)1, D)) +
0(B(k)+1, Ym(r))- Using 2nd property of the set of functions denoted by Y, we get,

C(re) =C(e( @11, Puky+1) T 0(On(t)+1, Fm(i)+1) + On(k) + Omek))
<C(0(@p()+1, @m(k)+1)) +E@(Bnii)+1, Ompy+1)) T 8(0nw)) +C(Gmy)-  (13)
AS @1y = @y and By = By and Tis PGCWC on o7, we get

1 (@), @r)) + 0By F(r))
C(e(@n(r) 11, @mr)41)) =5X(Q(@niryr @mr)) +€(Oniryr Bmiry)) — &( (07 e 7 07 B0y (14)

and

0((yr Omr)) + 0( @iy @m(k)))

1
0wy +1r Omr) 1)) <5X(Q(Bu(r), Fmr) + €(@n(ry, Pmiry)) = &( 5 (15)
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Using the 2nd property of the set of all functions denoted by Y, (13), (14) and (15),
we have

C(0(@p(kyr @m(k)) + 0(Ouiry, Fmir))) < X(Onk) + Omr)) + X(€( @ty @puiy) +0(Eniiyr Emir)))

0@ty @ity) + 0Bty B
—2 (=R O ) 4 2 (Buty) + S (Bnir)

< X(‘Sn(k)) +X(5m(k)) +X(Q((Dn(k)/ ‘Dm(k)) + Q(ﬂn(k)/ ﬁm(k)))

@y(k)r @ +0(3,5), O
—ZC(Q( *) (k))z 0( k) (k)))_g( ©) _g(2nit),

Taking limit supremum in both sides of the above inequality, using (12) and (13),
the properties of x and ¢, contiunuity of ¢, we have

¢(e) <lim x(0) + lim x(0(@y(x), @m(x))

o Q(wnk/wmk)+g(l9nkrl9mk)
+ 0(Buge), Omepy)) + 2 Tim (— (0 @ a () Zmlk)/
- - Q(wnkrwmk)'l'g(ﬁnklﬁmk)

+1im (= £(0)) +lim (- £(0)).

Since
oy . Q(wnk/@mk)+g(l9nk/l9mk)
2Tim (= £(0(@u(t), Dm(t)) + 0Bty Om(r)))) = —2 lim g (== O —nl0r 2y,
it follows that,
o . Q(wnk/wmk)+g(l9nk/l9mk)
£(e) < Tim x(e(@nty, @nity) + 0(Fn(ry, Buy)) — 2 lim g0 Sl 2y,
that is,
o . Q(wnk/wmk)+g(l9nk/l9mk)
£(€) = Tim x(0(@u(tg, @ity + 0Bty Onuqry)) + 2 lim g0 Ll 2y <,

which is a contradiction due to (3). Therefore, {®@,} and {8,} are Cauchy sequences
in o). O

Theorem 2. Let (Q), 0) be a POMS and </, 9 be non-empty closed subsets of complete set 2
induced with metric ¢ such that <y # @ closed and (</, AB) satisfies P-property. Suppose that
T X o — B such that Ty X o) C By and T satisfies the proximal mixed monotone
property and T is PGCWC on /. Suppose that

(@) <y(¥) = @ <9, (16)
for any sequence {@,} in [0, oo) with @, — t > 0,
¢(t) = lim x(@y) +2 lim &(@x) > 0, (17)

where € Y,x € Eand { € T

Assume that there exist (g, §y) and (@1, )in & x o such that @1 = T(wg, Y) with
@y X @1 and ¥ = T(ﬁo, @q) with g > Y.

Further, suppose that either

(a) % is continuous or
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(b) if{@n}, {On} are non-decreasing sequences in 2" such that @, — @ and 0, — O then
@p 20,920, foralln > 0.

Then, T has a CBPP, that is, there exists (@, 0) € o X oA such that
o(w, T(w, 9)) = o(, B) and 0(9, T(¥, @)) = (, B).

Proof. By the conditions of the Theorem 2, there exist elements (@, ), (@1, 1) €
@y x 9 such that

o(@1, T(@y, &) = 0(, #) with @y = @, and

Q(l91, T(ﬂo, CD())) = Q(JZ{, @) with & < 9.
As (o x o) C Ay, there exists an element (@, &) € o x o such that

o(@, T(@1,81)) = o(«/, B), and
0(02, Ty, @1)) = o(, B).

By the use of Lemmas 1 and 2, we obtain @ < @; and @ = ¢;. Iterating in the same
way, we can construct the sequences {®@, } and {9, } in % such that

0(@,41, T(@n, On)) = 0(, PB) forall n >0 with @) 2@ 2@ X @3 <X ... = @y. (18)

0011, T(On, @y)) = 0(, B) forall n >0 with 9 = 0 =G =03 = ... = . (19)

Then
Q(wnr‘z(wn—l/ﬁn—l)) = Q(JZ{/ t%)/ Wlth ‘Dn—l j (D'rl

and
Q((Dl’l+ll ‘I(wi’l/ l9n)) = Q(JZ{, <@) Wlth 197171 i 19}’[/

foralln € N.

Using Propositions 1 and 2, we have that {L, } is a monotone decreasing sequence,
L, — 0and {®@,} and {8, } are Cauchy sequences in 7.

As 2 is complete, o C 2 and o is closed, hence .4 is also complete. So, by the
completeness of <7, there are elements @*, ¢* such that @, — @* and 9, — ¢* asn — oo.

Therefore,
,}E’{}OQ((‘Dm O), (@, %)) =0, (20)
and
Tim o((8, @), (8, @")) =0, e

Let the condition (a) hold.
So, by the continuity of T,

(@, O,) — T(@*, 97), T(0y, @n) — T(O, @F).
Now, from (3), (18) and the continuity of the metric g, we get
o(@*, T(w, 9)) = o(, B) and o(¥", T(¥, @)) = o(, B).

Let the condition (b) hold.
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Now,
0(@y 41, T(@n, 0y)) = o(, B) with @, < @41 (22)
and
0(8u11, T(On, @n)) = o(, B) with O, = 9,11. (23)
Also, @, — @ and ¢, — ¢ with @, < @ and 9, > ¢ and ) is closed. Therefore,

(@, ¥) € o x . Since T(H x ) C B, there exist elements T(w, 9), T(9, ©) € S.
So, there is (@*, 9*) € & x &, such that

o(@*, Tw, 9)) = o(, %) (24)
and
(9", T8, @)) = o(</, #). (25)
By P-property of (&7, %), (22), (23), (24) and (25) respectively, we have
0(@y+1, @) = 0(T(@n, Bn), T, V)) (26)
and
0(¢", ¥nt1) = 0(T(8, @), T(n, @n)). (27)

Since @, — @ and ¢, — ¢, using PGCWC property of ¥, we have

< %x(e(wn, @) + o(8y, 9)) — (2@ ‘D);L‘Qw”’ ) forall n, (28)
and
C(o(0*, Buy1)) = 1(‘5(19, @), 0(Z(On, @n)) oo 29
< 5x(e(®, 8) +o(@, wn)) - (2 ”)zg(w’ 1)) forall 1.

Again, using the 2nd property of the set of all functions denoted by Y, we get

¢(e(@ny1, @) +0(87, Ony1)) <G(e(@ny1, @) +(e(8", But1))

<x(o(®@n, @)+ 0(8, 0)) —zg(Q(‘D”' ‘D);Q(ﬂ, 19n))_

Taking n — co in the above inequality, we have

lim £(0(@n41, @) + (8", B,1)) < lim Z(@(@y1, @) + HmZ(o(8", B,51))

n—o0

0(@n, @) + (9, ‘911))
> ,

< lim x(e(@n, @) + (8, 8)) — 2 lim &(

n—r00

that is,

¢(e(@ny1, @) +Z(0(8, Bny1)) <0.

It implies (0(@y+1, @)) < 0and {(0(8, 8,41)) < 0. Therefore, ® = @* and ¢ = ¢*
Now, using (24) and (25), we have

0(0", T(w, 9)) = o(o, B) and 0(9", (Y, @)) = o(, AB).
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Hence the result. O

Theorem 3. In addition to the hypotheses of Theorem 2, assume that for any two elements (@, )
and (@*, 0%) in oy X o, there exists (u1, v1) € o X < such that (uy, v1) is comparable to
(@, 9) and (@*, 9*), then T has a unique CBPP.

Proof. From Theorem 2, the set of coupled best proximity points of T # @. Assume that
there exist (@, ¢) and (@*, 9*) in &/ x o/ which are coupled best proximity points.
So,

o(@, T(@, ¥)) = o(, #), 0(¥, T(Y, ®)) = o(«/, #) and

o(@",T(@%, 87)) = o/, #), (8", T(8", @)) = o(, B).

The following two cases arise:

Case I:

With the assumption of comparability of (@, #), say (@, @) is comparable to (@*, 9*)
where the ordering prevails in &7 x o7. As T is PGCWC on </ to o(@, T (@, 9)) = o(/, AB)
and o(@*, T(@*, 9*)) = o(«/, #), we have

o@, @) < x(ol@, @)+ o8, 8) — (AL CLLLE D) gy

Similarly, it can be proved that

(9, 8) + o(@, @)

C(o(8, 8%) < 5x(o(8, 8°) +o(e, @) —&(° . NG

Adding (30) and (31), we get

N —

ol @) +2(e(e, 9°) < x(o(@, @) + (o, 0)) —25( A2 )BT, 2
Applying the 2nd property of the set of all functions denoted by Y, we have
Gle(@, @) +a(9, 0%)) < Ele(@, @) +E(e(d, 87)). (33)
Using (32) and (33), we have
ol@, @)+ a8, 0)) < xlol@, @) + (o, 8)) — 25X CLLAL ), - gay

Imposing limit supremum in both sides of the above inequality, the properties of x
and ¢, contiunuity of ¢, we have

o(@, @) + o(d9, 87)

Z(e(@, @)+ o(9, ¥%)) <lim x(o(@, @) + o(¥, ¥*)) +lim 2(—( 5

))- (35)

Since,

Tim 2¢(— (22 ‘D*);Qw’ 7)) = —tim 2

From (35), we have

ol@, @) + (0, 8%)) ~Fm xle(@, @) + (8, 0°)) +lim 25(— (42 LV EE D)
which lead us to a contradiction and consequently, o(®@, @*) + o(d, 9*) = 0, that is,
o(w, @) =0and o(9, 9*) = 0. Hence @ = @* and ¢ = &*.
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Case II:
This case arises when (@, @) is not comparable to (@*, 9*). So, on the assump-
tion of existence of an element (u1, v1) € <% X <% which is comparable to (@, ¢) and

T( e x ) C By, there is (uy, v2) € A x o such that
0(uz, T(u1, v1)) = o(#/, #) and ¢(v2, T(v1, u1)) = 0(F, B).

From Lemmas 1 and 2, we have

U 2@ and v, = ¢
o(up, T(uy, v1) =0(, B), p = Uy 2@
o(@, T(@, 9)) = o(, B)

and

U 2@ and 01
Q(UZ/ S(U], M])
o9, T(8, @)) = o(, B).

o(<, #B),
From the above inequalities, we have 1, < @ and v, = ¢. Iterating in the same way,

=0
= :>Z)2tl9.

we get sequences {un}, {vn} such that
0(tns1, T(un, va)) = 0(, B)

and
0(vny1, T(vn, un)) = o(, B),

with u, < @, v, > ¢ forall n € N. Now,
0(uns1, T, va)) = 0(, B)

and
(@, Y@, 8)) = o(, B).

So, applying P-property, we have
C(o(uny1, @) = {(Z(un, vn), T(w@, 9)).

Now, using the fact that T is PGCWC on <7, we have
@) + ¢
o(un, @)+ 0(vy, 9) ). (36)

2

x(e(un, @)+ 0(vn, 8)) — &(

N =

(o(ups1, @) <

Q(ﬂ/ Un) + Q((DI ”n))' (37)

2

Similarly, we have
20008, 0411)) < 2x(@(8, o) + (@, 1)) — &

Q(ﬁ/ U”)_;Q((D/ u”))' (38)

Adding (36) and (37), we have
C(o(uns1, @) +0(8, vui1)) < x(e(@, un) +0(8, vn)) —28(

It implies
¢(e(unt1, @) + (9, vas1)) < x(e(@, un) + (9, vn)).
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Using (2) in the above inequality, we have

Q(unt1, @) +0(8, vni1) < (@, un) + (9, vn).

This shows that the sequence {o(®@, 1) + 0(9, v,)} is a decreasing sequence. There-
fore, there exists [ > 0 such that

7}5{}0(’(‘@’ un) + (8, vp) = 1I.

Now, to prove [ = 0. On the contrary, assume that [ > 0. Imposing limit supremum in
both sides of (38), the properties of x and ¢, contiunuity of {, we have

£0) < Tom x(e(8, o) + (@, ) +Tim 25(— (2O Mn) L O D)y,

Q(CD/ un) ;’ Q(ﬂ/ Z)n) )) — —lim ZC(Q((D’ Lln) ;_ Q(ﬂf v”)) and as a con-

But lim 2¢(—(
sequence,

(@, un) +0(9, vn)

§(1) —Tim x(e(8, o) + 0(c, 1)) + lim 2g(HH007

) <0,
which is a contradiction. Therefore, I = 0, that is,

lim o(@, uy) + o(8, v,) = 0.

n—oo

It implies u, — @ and v, — 9. In a similar way, we can prove that u, — @* and
vy, — 0" . Consequently, @ = @* and ¢ = ¢*. Hence the theorem. [

4. Consequences Related to Fixed Point Results

The results discussed in the previous section have the following consequences in the
fixed point category.
If we assume o(«/, #) =0, thatis, & = % = 2, we have the following theorem.

Theorem 4. Let (Q),0) be a POMS and T : 2" x 2 — 2 be a mapping having the mixed
monotone property on 2 such that there exist two elements @g, 9y € 2" with

@y = T(wy, By), Yo = T(dy, @p).

Suppose that
{(@0) <x(¥) = @ <9, (39)

for any sequence {@, } in [0, oo) with @, — t >0,
¢(t) = lim x(@n) + 2 lim (@n) > 0, (40)
and

£(o((@, ), ¥(1,0)) < 3x(o(@,u) + o(8,0)) (AL LED,y gy

wherel € Y,x € Eand ¢ € T,w,%,u,v € Z.
Further suppose that 2 is complete and any of the following conditions holds:
(a) % is continuous or

(b) If{@n}, {0} are non-decreasing sequences in X such that @, — @ and 0, — O then
@p 20,9 =Y, foralln > 0.

Then T has a CFP in X, if there exist @, 0 € 2, thatis, ® = (@, ) and & = (9, @).
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Proof. By the statement of the theorem, @y, ¥y € £ such that
@y = T(@o, Bo), Bo = T(Bo, @)
Construct two sequences, {®@, }, {¢,} in 2" defined as follows
@pi1 = T(@y, By) and 8,11 = T(Oy, @y) foralln > 0. (42)
We have to show that
@y = @yt (43)
and
On = Opy1- (44)

To prove this, we use mathematical induction. Let n = 0. As @y = ¥(wo, ),
8o = (0o, @o) and @1 = T(w@g, V), %1 = T(do, @), we have

@y = @7 and 9y = V.

So from (43) and (44), we can say that mathematical induction holds for n = 0.
Now, assume that (43) and (44) hold for for some fixed n > 0.
By mixed monotone property of ¥ and @, < @,,1 and ¢, = &,1, we get

@py2 = T(@n11, Ong1) = T(@n, Opy1) = T@n, On) = @py1 (45)
and
B2 = T(On1, @np1) 2 F(On, @ny1) 2 T(On, @n) = Guy1. (46)
So, by (45) and (46), we get
@pi1 = @pypand O,41 = o

So, by mathematical induction we can conclude that (43) and (44) hold for all n > 0.
Therefore,

@) 2@ 2 @y... 0y X Dyt
and
Grrhr=th... =0, =041....
Since @, 11 X @, and @, 11 = @y, from (39), we get

G(e(@ny1,@n)) = (e(T(@n, ), T(@n-1,0n-1))) < %X(Q((@mwm) + (0, 0n1)))

(47)
76(()(6@”,(0”,1);—9(1971, 197171) ), for all ne N
and
C(0(On41,00)) = C(e(T(On, @n), T(0n—1, @n-1))) 48
< %X(Q(ﬂnflzﬁn) + 0(@y—1,@n))) — C(an*l,ﬂn) —;Q(wnfl'w” ), forall n € N. (48)

Adding (47) and (48), we have
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¢(e(@ny1, @n)) +{(0(Bns1, On)) < x(0(@n, @n—1) + €(Fn, Bn1))

2@ @) ;L 0(B1, 8_1)

), forall n e N. (49)

By the 2nd property of the set of functions denoted by Y, we have

C(o(@n, @ui1) +0(On, Bny1)) < {(e(@n, @py1)) +L(0(On, Gnt1))- (50)

From (49) and (50), we have
(Q(wﬂ’ ‘Dn—l) + Q(ﬂn/ ﬁn—l) )

C(o(@n, @ui1) +0(On, ¥ny1)) < x(0(@n, @p—1) + (O, 0u-1)) — 2 , (51)

forall n € N.
Take L, = 0(@n, @y+1) + 0(0n, 0,41) forall n > 0. Using (51), we have

(L) < x(Loo) 28750, 62)

Since ¢(t) > 0, we have {(L,) < x(L,-1). By (2), we get L, < L, 1, thatis, {L,} is

a monotone decreasing sequence for all positive integer n. Hence there exists an r > 0
such that

Ly, = 0(®@n, @pi1) +0(On, 0y41) —> rasn — oo. (53)

Taking limit supremum in both sides of (52), using (53), the properties of x and ¢, and
the continuity of , we obtain

() < Tim x(Ly1) +2Tm (- E(750))
Since
20m (— &(Ly_q1)) = —2 liimﬁ(L”;)r
it follows that
() < Tim x(Ly 1) — 21im £(752),
that is,
() T x(Ly-) +21im g(75) <,

2

which by (3), is a contradiction unless r = 0. Therefore,
Ly, =6y = 0(@pn, @pt1) +0(%n, 0y41) — 0, asn — oo.

Now, we have to prove that the sequences {®@, } and {8, } are Cauchy which is directly
following from the proof of the Proposition 2 of the Section 3. Next we prove the existence
of the couple fixed point.

Since 2" is complete, there exist @, & € 2" such that

lim @, = @ and lim ¢,, = 9. (54)
n—oo n—o0

Now, assuming condition (a) and taking # — co in (42) and by (54), we have

@ = limw, = T(C’anl, 19,1,1) = Q( lim @,,_71, lim 1.9,1,1) = E((Z), 1.9),
n—oo n—co n—00
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¢(o(@, T(@, 8)))

9= 1lm?9, = ‘I(l?n_l, COn_l) = ‘I( lim %,-1, 71151;1060”_1) = ‘2(19, CO)

n—oo n—oo

Therefore, ® = ¥(w, ¢) and ¥ = (9, @).

Finally, suppose that condition (b) holds.

As {@,} is non-decreasing, @, — @ and as {9, } is non-increasing, ¢, — ¢, by our
assumption, we have

@, R @and ¥, >~ 0.
Since

(@, T(@, 8)) < 0(@, @y11) + 0(@nt1, T@, B)) = 0(@, @ni1) +0(T(@n, 8n), T(@, 9)).

So

< ¢(e(®@, @pi1) + 0(F(@n, Bn), T(@, 8)))

< f(o(@, @p11)) + C(0(T(@n, On), T(@, 9)) (55)
< el@, @ui1)) + xlel@n, @)+ olty, 8)) — (A2 DT )

Taking n — oo in (55) and using (54) and the properties of x, , we have

{(o(@, T(a, 8))) = 0.

So, o(@, T(w, ¥)) =0.
Consequently,

@ =%(w, 9)).
Similarly, we can establish that
¥ =%(0, w).
O

If we assume ¢ = x in Theorem 4, we have the following result of Luong et al. [43].

Corollary 1. Let ((),0) bea POMS and X : 2" x 2" — 2 be a mapping having the mixed
monotone property on & such that there exist two elements @y, % € X" with

@y =X T(@o, B9), o = (B, o).
Suppose that

C(0(%(@,0),%(u,v)) < %g(g(w,u) +0(8,0)) — g(Q((D, u) ;' 0(8,v) ),

wherel € Yand ¢ €T, 0,0, u,v e 2.
Further suppose that 2 is complete and any of the following conditions holds:

(a) < is continuous or
(b) If{®@n}, {04} are non-decreasing sequences in X" such that @, — @ and 0, — O then
@n 20,020, foralln > 0.

Then T has a coupled fixed point in 2, if there exist @,® € 2, that is, @ = (@, 9) and
¥ =%(Y,w).

If we consider { € Y as an identity mapping, the following corollary occurs.
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Corollary 2. Let (O, 0) bea POMS and T : 2 x X — %2 be a mapping having the mixed
monotone property on & such that there exist two elements @y, 9y € X with

@y 2 T(@o, Bo), Bo = T(do, @o).
Suppose there exists ¢ € I such that

(@,u) + 0(8,v)
2 )'

(0@, u) + o(8,0)) — (%

N —

0(%(@, 9),%(u, v) <

where @,9%,u,v € Z . Further suppose that X is complete, and that any of the following
conditions holds:

(a) ¥ is continuous or
(b) If{w@n}, {0} are non-decreasing sequences in X such that @, — @ and 0, — O then
@p 20,0 =Y, foralln > 0.
Then X has a coupled fixed point in 2, if there exist @,0 € 2, that is, ® = T(w, ) and
¥ =%(9,w).

If we take {(t) = (1 ; k) )t in the Corollary 1, we have the following result.

Corollary 3. Let (Q,0) bea POMS and ¥ : 2" x 2" — 2 be a mapping having the mixed
monotone property on 2 such that there exist two elements @q, 9y € X with

@y = Z(@o, Bp), %o = T(Yy, @),

such that

N =

o(%(@,8), T(u,v) < 5(o(@,u) +0(9,0)),

where w,%,u,v € Z . Further suppose that % is complete and any of the following condi-
tions holds:

(a) % is continuous or
(b) If{®@.}, {0} are non-decreasing sequences in 2" such that @, — @ and 0, — 0 then
@p 20,920, foralln > 0.

Then ¥ has a CFP in %, if there exist @, 0 € 2, thatis, ® = T(@, ¥) and ¥ = T(9, @).

Corollary 4. In addition to hypotheses of Corollary 1, assume that for every (@, 9),(m, n) €
X x X, there exists a (u, v) in X x X that is, comparable to (@, ©) and (m, n), then < has a
unique CFP.

Corollary 5. In addition to hypotheses of Theorem 4, if @y, are comparable then ¥ has a
unique CFP.

Corollary 6. In addition to hypotheses of Corollary 2, if @q, 0 are comparable then T has a
unique CFP.

5. Application

The contextual discussion on the results lead us to following integral application.
Now, we study the solution of following Fredholm nonlinear integral equation:

@(p) = [, #i(p, 9)[f(q,@(9) +8(a, 9(9)]dq + [, #2(p, 9)[f(a,8(a)) + 8(q, @(q))]dq + h(p) (56)
3(p) = Jy #(p, 9)[f(9,8(9)) +8(q, @(@)]dq + [, Ha(p, 9)[f (9. @(9)) +&(q, 8(q))]dq + h(p)

forall p,q € [a, b].
We assume that 7], %5, f, g satisfy the following conditions
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¢(p) <

T(p) >

b

b

a

a

Assumption1. ©  #(p, q) > 0and 24 (p, q) < O0forall p,q € [a,b].
e Thereexist A,y > 0 such that forall ©,9 € R,0 < ¢

0<f(p, @) = f(p, 9) <A@ =9),

and

—u(@—10) <g(p, ®) —g(q, 8) <0.

o max{A, u} s?pb]{fh“lﬁ(n Q) — [, Aalp, )} <
pEla,

N =

Definition 11. An element (g, T) € C(I, R) x C(I, R) is called a coupled lower and upper
solution of the integral equation (56) if g(q) = T(q) and

(p, DIf(q, ¢(q) +8(q, ©(q))]dg + /bu Ha(p, D)If (g, ©(q)) +g(q, ¢(q))]dq + h(p)

1 (p,

and

7)[f(q, T(q)) +g(q, ¢(9))]dq + /ba Ha(p, D)If(q, ¢(q)) +8(q, ©(q))]dq + h(p)
forall p € [a,b].

Theorem 5. Consider the integral Equation (56) where %1, #; € C(I x I, R),f,g € C(I x I, R)
and h € C(I, R). Suppose that Assumption 1 is satisfied. Then the existence of a coupled lower
and upper solution for (56) provides the unique solution of (56) in C(I, R).

Proof. Let 2" = C(I, R). 2 is a partially ordered set if we define the following order
relationin 2: @,9 € C(I, R), @ = ¢ & @(p) < O¢(p), forall p € [a, b]. Assume that
(Z, o) is a complete metric space with metric

o(w, ¥) = S?pb]lw(P) —9(p)|, @, 8 € C(I, R).
pe|a,

Suppose {u, } is a monotone non-decreasing in 2" that converges to u € 2". Then,
for every p € [a, b], the sequence of real numbers

ur(p) 2ua(p) 2. SJun(p) ...

converges to u(p). Therefore, forall p € [a, b],n € N, u,(p) < u(p). Hence u, < u for all n.
Similarly, we can verify that limit v(p) of a monotone non-increasing sequence v, (p) € X
is a lower bound for all the elements in the sequence. That is, v < v, for all n. Therefore,
condition (b) of Theorem 4 holds.

Now, 2" x 2 = C(I, R) x C(I, R) is a partially ordered set if we define the following
order relationin 2" x 2 by (@, 9), (u, v) € Z x 2, (@, 9) < (u, v) © @(p) < u(p) and
d(p) > v(p), forall p € [a, b]. Forany @, 9 € 2, max{@(p), ¥(p)} and min{@(p), 3(p)},
for each p € [a, b], are in X and are the upper and lower bounds of @, 9, respectively.
Therefore, for every (@, 9), (1, v) € 2 x 2, there exists a (max{®@, u}, min{d9, v}) €
2 x Z thatis, comparable to (@, ) and (u, v).

Define®: 2" x 2" — Z by

(@, 8)(p) = /ba 4 (p, Qlf(q,@(q)) +g(q, 8(q))]dq + /ba Jo(p, )f(9,9(9)) + g(q, @(g))ldq + h(p)
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for all p € [a, b]. Now we shall show that T has the mixed monotone property. Now,
for @1 < @, thatis, @1(p) < @y(p), for all p € [a,b], we have

T((Dl, 19) (p) _(I((DL 19) (p)
= /b A1 (p, )1 (q, @1(9)) +8(4, ﬁ(q))]dﬁ/b 2 (p, )If(, 9(q)) +8(q, @1(q))ldg +h(p)
= [ A @) + g @)~ [ A F @, 80)) + 8(a, @2(0))dg ~ h(p)

= A”%/l(p, DIf (g, @1(q)) — f(q, @2(9))]ldq + /ba%z(n 7)[g(q, @1(q)) — g(q, @2(q)))dq
< 0, by Assumption 1.

Therefore, T(1, ¢) < T(w,, ), forall p € [a,b], thatis, T(@1, ¥) < T(@y, 9).
Similar cases can be proved when ¢; > ,, thatis, ¢ > ¢, for all p € [a, b], we have

(@, 81)(p) — (@, %2)(p)
= /b%ﬁ(n DIf(q, @(q)) +g(q, 191(q))]dq+/h Ha(p, 9)If (g, 91(q)) +8(q, @(q))]dq + h(p)

= [ 0lF@e@) + 8 6aa)lda— [ A, D1FG, 02() + gla, @(a)Idg ~ h(p)

= /ba (p, 9)g(q,91(q)) —8(q, %2(q))]dq + /bu Ho(p, 9)f(q, 81(q)) — f(q, 92(q))]dq

< 0, by Assumption 1.
Therefore, T(w, ¢;) < (@, &), for all p € [a,b], that is, T(@, 1) = T(w, &).
Thus, (@, ¢) is monotone non-decreasing in @ and monotone non-increasing in ¢. Now,
for @ = uand ¢ < v, thatis, @(p) > u(p), 9(p) < v(p) forall p € [a, b], we have
(%@, 9), T(u, v)) = sup |T(@,8)(p) — T(u,0)(p)|

peEla, b]

= s | [V 0l o) +s(o 00y
pela,

+ [l 0lF(a, ) + 8, @(g)))da +(p)
- ([ A Dl u@) + 8, o(0)ldg
+ [ Aalp, )1, o)) + (g, u()dg + h(p)

= s?ph]l /buc%/l(;?, DIf(q, @(q) — f(q, u(q)) +&(q, 9(q)) —g(q, v(q))]dq
p€Ela, b]

+ /: Jo(p, D(f(q, 9(q)) — f(q, v(q))) + (g(q, @(q)) — g(q, u(q)))]dq|

= sup | [ A )1 @) — Flg u@) — (80, 0(0)) — (0, 6(q)))dg
pela,b] 7P

- /bﬂ Ha(p, DI(f(q, v(q) — f(g, 8(q)) — (g(q, @(q)) — g(q, u(q)))]dq|

s?ph]l /ba 1 (p, 9)[M@(q) —ulq)) + u(o(g) —0(q))]dq
p€Ela,

= [, () ~ @) + r@(q) ~ ulg))da)

max{A, u} sup /ba(%ﬁ(n q) — 2 (p, 9))[(@(q) —u(q)) + (v(q) — 8(q))]dq.
pEla, b]

IN

IN
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Therefore, @(q) —u(q) < o(®, u),v(q) —(q) < o(v, ¥), for all g € [a, b], we obtain,

a

o(¥(w, 9), (u, v)) = max{A, u} sup \ (“A(p, q) — #(p, 9))[@(q) —u(q) +v(q) — (q)]dq

pEla, b]
a
< max{A, u}lo(®@, u)+ (9, v)] m{lpb] \ (4 (p, q9) — #2(p, q))dq
p€Ela, b] -
< 0@ u)+o(8 v)

2
Let{, x,¢: [0, o0) — [0, o) be defined by

S(p) = £ forall p €0, ),
x(p) = op forall p € [0, o),
Z(p) = gp forall p € [0, o).
Therefore, for all @ > u, 8 < v, we have

(@, 8), T(u, v)) = L@ D) +5(W )

1
< ol@, u)+ (8, v)
= 8
3 5
= ;0@ u) + (8, v) - (e(@, u) + (8, v))

= 2x(o(@, u) + (8, 0)) 2 x 2(0(@, w) + (8, )

— 1x(e@, w)+ (8, v)) (AL )y
So,
@(p) = (@, 9)(p) = '/ba«%ﬁ(p, DIf(q,@(q)) +8(q, 8(q))ldq+
/ba«%/z(p, DLf(q,8(9)) +8(q, @(q))ldq + h(p)
and
op)=  TO.@)(p) = [ Alp 9)lF(0,00) +0, @(0)ldg+

[} H5(p, )10, 0(0) + (3, 6(@)dg + ().

Hence, the system of coupled integral equation (56) possesses a unique solution. [

6. Illustration

Example 3. Assume that (X = R?, ) is a complete metric space, where the metric  is defined

as Q((D, 19) :‘ 01 — @7 | + | Hh—% |,f07‘(D = ((1)1, 191), 9 = ((Dz, 192) e . We

define a partial order < on 2" such that (@1, %) = (u1, v1) and (D2, Br) = (uz, v2) if

and only if @1 < uy and @y < uy, for all (@1, @2), (11, v1), (%1, 02), (uz, v2) € 2. Let

g ={(0,1):0<0<1}U{0, @):1<w0<2}, Z={(w, -1):0<@ <1} U{0, @) :

2<o<-1}, H={(w0,1):0<@<1}and By=% ={(w0, —1):0< @ < 1}.
Let ¥ : o/ x of — 9B be defined as

@1 + @7

T((@1, 1), (@2, 1)) = ( , 1) i t= (@1, 1), (@2, 1)) € S X .



Axioms 2021, 10, 73 21 of 23

Therefore, it is clear that o(</, B) =2, o C < and T (< x Ay) C Bp.
Now, we show that ¥ is satisfying the proximal mixed monotone property:
Take (g, 1) < (w1, 1) and (g, 1) = (1, 1) in oA X oA with

o((@1, 1), T((@o, 1), (%0, 1))) = o(«/, &)

and
0((@2, 1), T((@1, 1), (8, 1))) = o(, &),

which implies,

@y + B o+ ¢
w1 = O;Oﬂnd(ﬂzz 12+1

Now, we get from the order relation,

@+ % < co1+191.
2 - 2
Therefore,
@ < @y, thatis, (@1, 1) = (@, 1).
Again, take (8, 1) = (81, 1) and (0o, 1) = (@1, 1) in o X o with
o((91, 1), T((8o, 1), (@0, 1))) = e(, #)

and
o((92, 1), T((%h, 1), (@1, 1))) = o(, B),

which also implies,

% 2 2

Aguain, we get from the order relation,

Yo + @o < U1 + @1
2 - 2
Therefore,
% < O, thatis, (01, 1) = (&, 1).

So, T satisfies the proximal mixed monotone property.
Definel € Y, x € £, € T'as

=02 x :{ gtelo1] and &(1) :{ 0,t€0,1]

3 . 3 .
L, otherwise L, otherwise.

Here, it is not difficult to see that {(t) — lim x (@, ) + 2 lim &(@,) > 0.
So, all the postulates of Theorems 2 and 3 are satisfied and we can draw a conclusion that
((0, 1),(0, 1)) € o x o is the unique coupled best proximity point of .

Note 1. As the sets o and 98 are not closed in the illustration, we may relax the closure property
of the sets o and 98 in our theorems.

Remark 1. The control functions, we have used in our results show the more general form of the
theorems mentioned in Luong and Thuan [43].
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Only the fixed point results are extracted here to represent the application for the existence of
solution of an integral equation. Some best proximity point results related to earlier publications in
the literature may also be obtained through our results.

Remark 2. The results related to fixed point proved here, are not using P-property as the property
is not needed to proved fixed point results. The space considered in our example in Section 5, is also
not satisfying P-property.
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