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Abstract: This article, investigates the behaviour of an ionized nanoliquid motion regarding heat
transmission between two parallel discs. In the proposed model, the squeezing flow of Cu-water
nanofluid with electrical potential force is analysed for studying the flow properties and an uniform
magnetic field is applied to that fluid, by taking the surface of the bottom disc porous. We have
also studied the effects of different nanomaterials on the transmission of heat through nanofluids.
Furthermore, the influence of various physical parameters in the proposed model of nanofluids flow
like volume fraction of nanomaterials, squeezing number, Hartmann number, Eckert number, and
Prandtl number are analysed and discussed quantitatively through various tables and graphs. The
system of nonlinear partial differential equations (PDE’s) has been used to formulate the proposed
flow model and later converted to a set of nonlinear ODE’s by mean similarity transformation.
Further, the reduced form of ODEs has been solved by Parametric Continuation Method (PCM),
which is a stable numerical scheme. The outcomes obtained from the proposed model could also
be used to analyse nanofluid flow in several fields, such as polymer processing, power transfer and
hydraulic lifts.

Keywords: nanofluid; electro-viscous fluid; Lorentz force; parametric continuation method and BVP4C

MSC: 76N17; 76N25

1. Introduction

The squeezing flow of nanoliquid in the gap of two parallel disks is used in several
industrial processes such as drilling tools, solar devices, updating punching equipment
and cooling devices. Nanoliquids differ from ordinary liquids, especially in their ther-
mophysical properties like thermal diffusivity, viscosity, and thermal conductivity. It is
currently being used in many industrial processes such as transportation, pharmaceuticals,
nuclear reactors and process involving heat and mass transfer. Many researchers have
begun to explore the barriers to using simple fluids. It came to the discussion after the
introduction of nanoliquids. That is why many research is being done on nanofluids in
terms of heat transfer.

Analysis of nanoliquid flow between two parallel squeezing discs with the same
geometry can be found in the following research articles. In the literature, the idea of
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squeezing flow has been introduced for the first time by Stefan [1] . He did his research
using a moderate lubrication method and analyzed Newtonian fluid using an Adhoc
asymptotic approach. Von Karman [2] introduced the well-known similarity transformation
technique that reduces the system of PDEs to a system of ODEs. Such systems of ODEs
can be solved through various analytical and numerical methods. Engmann et al. [3]
has provided the fundamental theory of squeezing flow along with its developments. It
was reviewed that the squeezing flow is temporary in nature. Empirical studies have
failed to provide a general correlation between the basic rheological quantities of fluid
flow phenomena. Burbidge et al. [4] described the fluid flow of thin lubricating films.
The fluid flow is categorised into three main types, poorly lubricated regime, slip regime
and super lubricated regime. There is a strong consideration between theoretical and
experimental analysis.

Ali and Butt [5]studied the influence of entropy generation in the rotating disk and
concluded that the rate of squeezing fluid motion is inversely proportional to the effects of
local entropy generation rate. Buongiorno [6]investigated that the flow of nanofluid via
slippery effects between nanomaterials and base fluid molecules. The analysis concludes
that significant slippery effects are due to thermophoresis and Brownian motion. For the
critical study of nanofluid flow, the slippery and homogenous models were used simulta-
neously. Later on, Hayat et al. [7] studied the axisymmetric flow effects on MHD under
the effect of convective boundary conditions for third-grade fluid flow. In their proposed
model, they have analysed the fluid flow between two parallel discs, one fixed and the
other squeezing. Nanomaterials, whether non-metallic or metallic with a diameter of less
than 100 nm, are important elements of nanofluids. Experimental studies have shown
that nano-fluids have maximum thermal conductivity but low emissions, thus showing
significant stability when mixed with other particles. Because of these features, nano-fluids
are very useful in radiators, heat exchangers and cooling electronic systems. Choi [8]
concluded that blending metallic nanomaterials into base fluids increments the thermal
conductivity of nanofluids. After this, many scientists have turned to nano-fluids. Rashdi
et al. [9] studied MHD effects on the flow via blending alumina and copper oxide into a
base fluid with a uniform magnetic field between two permeable channels.

In addition, Mustafa et al. [10] investigated the squeezing flow of viscous liquid
between two parallel plates regarding mass and heat transfer, and the flow model was
solved in MATHEMATICA by HAM. They noticed that the Nusselt number increments
due to the increment in the values of Pr and Ec as the Nusselt number involved both Ec
and Pr. Pourmehran et al. [11] numerically solved the squeezing flow model of incompress-
ible nanoliquids by collocation and least square method to study heat and mass transfer
phenomena. In their analysis, they used two parallel plates horizontally and studied the
effects of various parameters such as skin friction and Nusselt number. Khilap et al. [12]
investigated the motion of an incompressible liquid between two parallel plates to see the
velocity, temperature and magnetic field profile. The proposed model of fluid flow has
been solved using (RK-4, RK-5) numerical scheme in the shooting method. The numerical
outcomes of the model solution were used to describe various flow properties and param-
eters such as velocity and temperature profile, nanomaterials volume fraction, Hartman
number and Schmidt number. Siddiqui et al. [13] examined the hydro-magnetic effect of
viscous fluid flow in the gap of two horizontal plates. The heat transfer phenomenon of
nano-liquid along with magnetic field was analysed by Hatami et al. [14].

Acharya et al. [15] investigated the behaviour of squeezing nano-fluid flow of (Cu-
water, Cu-kerosene) under the influence of a variable magnetic field. The proposed flow
model has been solved numerically by RK-4 numerical scheme. Hussain et al. [16] analysed
the flow of nano-fluid for the effect of microcirculation and concluded that microcirculation
has an increasing effect on skin friction as well as heat transfer. It has been observed
that Ag-water nanoliquid has a lower heat transfer rate than Ag-kerosene oil nanoliq-
uid. Nanomaterials exist in many shapes and sizes. Ag and Cu are spherical-shaped
metal nanoparticles, while single and multi-walled carbon nanotubes are tube-shaped.
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A comparative study of nanoparticles in different shapes and sizes has been done by Timo-
feeva et al. [17] to analyse their influence on the thermal conductivity in a viscous nanofluid.
They have concluded that the blade-shaped nano-particles have more thermal conductivity.
Vajravelu et al. [18] analysed the flow behaviour of Ag-water and Cu-water nanofluid with
respect to heat transfer and concluded that the thickness of the thermal boundary layer
for Ag-water nanofluid increases more as compared to Cu-water nanofluid. In the last
century, numerous studies [19] have been conducted on nanofluids in different geometries
and discussed its uses in several fields such as extrusion, coolants, packaging processes
and heat exchangers. Sheikholeslami et al. [20] explained asymmetrical nano-fluid flow
between squeezing boundaries. It has been observed that the values of skin friction and
Nusselt number for silver are higher than other nanomaterials. In addition, the Nusselt
number relies heavily on nanomaterials volumetric concentration.

Electroosmotic fluid flow and electrical potential energy are usually modelled by the
Poisson equation. The Poisson–Boltzmann equation has been validated by thermodynamic
equilibrium, where the distribution of ions does not apply to fluid flow. Furthermore, it
is considered to be a steady electroosmotic fluid through the micro-channel and is one of
the most important points having an unusual effect on the convective transport of ions.
This formulates the physical process with an internal electric field, so the Nernst–Planck
equation can be used as a substitute for the Poisson–Boltzmann equation. Hu et al. [21]
examined the electro-kinetic fluid flow in T-shaped squeezing plates. The nonlinear Poisson–
Boltzmann equation for the electrokinetic surface is numerically solved to obtain the electric
potential. It is used in the fluid flow where the potential force is applied at the end of
the channel. The impacts of electrokinetics on the movement of fluids in a micro-channel
between two parallel plates have been investigated by Mala et al. [22]. Yang et al. [23]
found that the initial flow effect is due to the use of electric potential through microchannels.
The flow model has been solved numerically to look at the behaviour of ion distribution
and Nernst–Planck equations.

Davidson et al. [24] reviewed the error estimates in high-frequency RDF schemes
with respect to interface effects and introduced a method for analysing scale interface and
wave break multimedia scenes. Park et al. [25] analysed the phenomena of electrically
conductive fluids and the power of electroosmotic via Poisson–Boltzmann equations where
the distribution of ions is not affected by the flow of fluids. Although this is not acceptable
to electroosmotic fluids flowing between two plates, there are several issues, which critically
affect the temperature of concrete ions. The two equations, Nernst–Planck and Poisson–
Boltzmann, have been compared for the electro-osmotic fluid flow between channels, where
the ideal ionization of ions has not been specified. Rojas et al. [26] analysed the behaviour
of low aggregate zeta potential and solved the flow model analytically, while a numerical
solution was available. The outcomes of the model disclose that the slope of the wall
surface and volumetric flow rate in the microchannel are increasing. Thiyagarajan et al. [27]
scrutinized the pleural effusion process in the lung wall as obstruction of the pleural cavity.
The reversal process of the lung and chest wall causes the accumulation of pleural fluid
in the pleural space. Parietal lymphatic dilation is caused by an increase in pleural liquid.
This approach has been introduced to acquire new outcomes of respiratory tract infections,
and has been injected into an unstable natural and forced convection transport flow of
neural pleural fluid in two types of vertical porous spaces, which was later researched.
M. K. Alam et al. [28] examined the impacts of mass and heat transfer at the transient
squeezing flow of viscid liquid in the presence of a variable magnetic field. Bilal et al. [29]
and Khoshroi [30] researched advances in various technologies like power engineering
and microelectronics based on the development of efficient cooling systems. This process
involves the use of fins of considerably variable geometry within cavities to increment
the heat dissipation from the heat generation process. Since fins are thought to play an
effective role in enhancing heat transfer, the aim of the ongoing research is to examine the
effects of different parameters on energy transfer as well as the energy transmission in fins
embedded in the cavities.
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Rizwan et al. [31] investigated the behaviour of heat transfer in the squeezing flow of
nanofluid using water-based copper nanomaterials in the gap of two parallel discs with
injection/suction effects. As metallic components are greatly influenced by the magnetic
field due to the involvement of MHD effects, it is applied orthogonally to the surface,
and the bottom disc usually taken is porous. Khan et al. [32,33] examined the Poisson-
Boltzmann model, which derives from the hypothesis of thermodynamic equilibrium on the
condition that the distribution of ions will not be affected by the flow of liquid. Nevertheless,
it is considered a reasonable hypothesis for the stable flow of electroosmotic fluid through
straight micro-channels, there are some key situations where the convective transport of
ions has extraordinary effects. In all these situations, the Nernst-Planck equation must
be used in spite of the Poisson-Boltzmann equation to formulate the electric field in the
domain. Khan et al. [34–37] analysed the influence of variable magnetic fields in the flow
of hybrid nanoliquids to see the improvement in the heat transfer rate. The purpose of their
study was to see the influence of nanofluid (Cu-H2O) between two parallel discs under the
influence of a variable magnetic field.

From the above literature review, It is noticed that the investigation of nanofluids by
dissolving copper nanomaterial with a changeable magnetic field in the gap of two parallel
porous discs so far has not been considered. In addition, the impact of variable magnetic
fields on the mass and heat transfer in such flow of nanofluid is a novelty in current research.
This type of nano-fluid flow is very important in many industrial and engineering processes.
In this article, we are going to analyse the fluid flow in the presence of ions. Velocity profile,
temperature profile, Nusselt number and skin frictions are calculated, which explain the
flow properties of the proposed flow model. In addition, the impacts of variable magnetic
fields in the nanofluid flow of copper nanomaterials are analysed to see the enhancement in
heat transfer rate. The governing equations of the proposed hybrid nanofluid are modelled
under certain assumptions and solved numerically by (parametric continuation method)
in MATLAB. The numerical outcomes of several emerging parameters like skin frictions,
Nusselt number, etc., are discussed using various tables and graphs Figure 1.

Figure 1. Geometry of the problem.

2. Formulation

An unsteady, incompressible, electro-viscous nanofluid is considered between the
circular space of two squeezing disks. The two discs apart from one another by h(t) =
l
√

1− βt, where, l denotes the length, the two discs will be parallel if t = 0. Subsequently,
we suppose that the fluid has symmetric positive (+) and negative (−) ions along with
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valencies of z+ = −z− = z = 1 and no in the bulk ions concentration of ionic species.
Electrokinetic fluid flows having ionic species are explained by the Navier–Stokes equations
through the inclusion of uniform magnetic field and electrical body force terms. The model
involving these equations is further updated through the inclusion of Poisson equation,
Nernst–Planck equation and charge distribution for the conversion of every ion species.

The mathematical modelling of the proposed nanofluid flow as follow [27–29]:
Continuity equation:

∇.~U = 0, (1)

The updated momentum equation through electroviscous and magnetic effect [25,31]:

∂~U
∂t

+(~U.∇)~U = − 1
ρn f
∇P+

µn f

ρn f
∇2~U−

µ2
n f

ρ2
n f

BK2(n+− n−)∇V− σ

ρn f µe
(~H× ~U)× ~H (2)

The Poisson equation [25]:

∇2V =
−1
2

K2(n+ − n−) (3)

The Nernst–Planck equations [25]:

∂n+

∂t
+∇.(~Un+) =

µn f

ρn f Sc
(∇2n+ +∇.(n+∇V)) (4)

∂n−
∂t

+∇.(~Un−) =
µn f

ρn f Sc
(∇2n− +∇.(n−∇V)) (5)

and the Equations of energy [31]:

∂T
∂t

+ ~U.∇T =
kn f

(ρCp)n f
∇2T +

1
(ρCp)n f

tra(τ.L) (6)

where H the magnetic field, U velocity of the fluid, P fluid pressure, ρn f nano-liquid
density, σ fluid electrical conductivity, Sc Schmidt number, T fluid temperature profile, κn f

nanoliqui thermal conductivity, V total local electrical potential induced, K2 is the inverse
Debye constant, (ρCp)n f specific heat of the nanofluid, (ρCp) f specific heat of the base
fluid, µn f nanoliquid kinematic viscosity, n+ , n− are the anions and cations, τ = µ f A1

Shear stress, µ f the dynamic viscosity of the flow, A1 = L + LT and L = ∆U, respectively.
Nanofluids are defined as [31]:

ρn f = ρ f (1− φ + φ
ρs

ρ f
), µn f = (1− φ)−2.5µ f ,

κn f

κ f
=

κs + 2k f − 2φ(κ f − κs)

κs + 2k f + φ(κ f − κs)
and

(ρCp)n f

(ρCp) f
= 1− φ + φ

(ρCp)s

(ρCp) f
,

(7)

where κn f and κs are the base fluid and solid fraction thermal conductivities, respectively,
and φ is the volume fraction of the solid nanomaterials.

Boundary Conditions

The boundary conditions of the proposed model are taken as follow:

u = 0, w = −dh
dt

, V =
r2

2l(1− βt)
, n− = 0, n+ = 0, T = Tu at z = h(t)

u = 0, w =
−wo√
1− βt

, V = 0, T = Tl , n+ =
β

1− βt
, n− =

β

1− βt
, at z = 0

(8)
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For converting PDEs into ODEs, the following similarity variables [31] have been
used,

u =
βr

2(1− βt)
f ′(η), w = − βl√

1− βt
f (η), n+ =

βµ f m(η)

ρ f (1− βt)
, n− =

βµ f n(η)
ρ f (1− βt)

,

θ(η) =
T − Tu

Tl − Tu
, V =

r2P(η)
l2(1− βt)

, where η =
z

l
√

1− βt

(9)

So, Equation (1) is satisfying automatically and the remaining Equations (2)–(6) takes
the following form.

f iv −
ρn f

µn f
S(η f ′′′ + 3 f ′′ − f f ′′′)− 1

µn f
M f ′′

+
µn f

ρn f
2BK2(P′m + Pm′ − Pn′ − P′n) = 0,

(10)

P′′ + 4P− SK1K2(n−m) = 0, (11)

m′′ −
ρn f

µn f
SSc(ηm′ + 2m− 2m′ f ) + 2mP + δP′m′ − (4Pm− SK2K1(m2 −mn)) = 0, (12)

n′′ −
ρn f

µn f
SSc(2n + ηn′ − 2n′ f )− 2nP− δP′n′ + (4Pn + SK2K1(mn− n2)) = 0, (13)

θ′′ −
κn f

κ f
Pr(

(ρCp)n f

(ρCp) f
S(ηθ′ − θ′ f )− µn f Ec(6 f ′2 + f ′′2)) = 0. (14)

The boundary conditions in transform form as follow:

f ′(0) = 0, f (0) = A, P(0) = 0, m(0) = 1, n(0) = 1, θ(0) = 1,

f (1) = 0.5, f ′(1) = 0, P(1) = 1, m(1) = 0, n(1) = 0, θ(1) = 0,
(15)

where Sc = ν
D Schmidt number, S = βl2

2ν squeeze number, Pr =
ν f (ρCp) f

κ f
Prandtl number,

Ec = 1
(Cp) f (T0−Th)

( βr
2(1−βt) )

2 Eckert number, B = ρk2T2ε0ε

2z2e2µ2 is fixed at a specified temperature,

K2
1 = 2z2e2l2n0

ε0εkbT the dimensionless inverse of Debye length and M =

√
l2σB2

0
ρ f µe

Magnetic

Parameter. The parameter A = wo
βl > 0 corresponds to suction and A = wo

βl < 0 corresponds
to injuction of fluid from the lower disk.

Nusselt number and skin friction are the desired physical quantities, which can be
written as follow:

C f =
µn f

ρn f (
βr

2(1−βt) )
2
(

∂ur

∂z
)z=h(t), Nu = −

κn f (
∂T
∂z )z=h(t)

k f (T0 − Th)
, (16)

In case of Equation (16), we get

r√
1− βt

SC f =
µn f

ρn f
f ′′(1), −

κn f

κ f
θ′(0) = Nul

√
1− βt. (17)
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3. Numerical Solution by PCM

This section explains the procedure for the selection of an optimal value of the continu-
ation parameters along with the practical implementation of PCM [32,33], which is used for
the solution of non-linear ODEs in (10)–(14) with predetermined boundary conditions (15).

• First order of ODE
We consider the following for reducing Equations (10)–(14) into first-order ODEs:

f = Y1, f ′ = Y2, f ′′ = Y3, f ′′′ = Y4

P = Y5, P′ = Y6, m = Y7, m′ = Y8

n = Y9, n′ = Y10, θ = Y11, θ′ = Y12

(18)

By using these transformations in Equations (10)–(14), we get,

Y′4 =
ρn f

µn f
S(3Y3 + ηY4 −Y1Y4) +

1
µn f

MY3

−
µn f

ρn f
2BK2(Y5Y8 + Y6Y7 −Y6Y9 −Y5Y10),

(19)

Y′6 = −4Y5 − SK2K1(Y7 −Y9), (20)

Y
′
8 =

ρn f

µn f
ScS(ηY8 + 2Y7 − 2Y1Y8)− 2Y5Y7 − δY8Y8

+ δ(4Y5Y7 − SK2K1(Y2
7 −Y7Y9)),

(21)

Y
′
10 =

ρn f

µn f
ScS(ηY10 + 2Y9 − 2Y1Y10) + 2Y5Y9 + δY6Y10

− δ(4Y5Y9 + SK2K1(Y7Y9 −Y2
9 )),

(22)

Y
′
12 =

(ρCp)n f

(ρCp) f

κ f

κn f
SPr(ηY12 −Y1Y12)−

κ f

κn f
µn f PrEc(6Y2

2 + δY2
3 ), (23)

and the boundary conditions becomes

Y2(0) = 0, Y1(0) = A, Y2(1) = 0, Y1(1) =
1
2

, Y5(0) = 0, Y5(1) = 1,

Y7(0) = 1, Y7(1) = 0, Y9(0) = 1, Y9(1) = 0, Y11(0) = 1, Y11(1) = 0,
(24)

• Introduction of the q-Parameter
The ODEs in the q-parameter group is explained through the introduction q-parameter
in Equations (19)–(23) and we have,

Y′4 =
ρn f

µn f
S(3Y3 + ηY4 −Y1(Y4 − 1)q) +

1
µn f

MY3

−
µn f

ρn f
2BK2(Y5Y8 + Y6Y7 −Y6Y9 −Y5Y10),

(25)

Y′6 = −4Y5 − SK2K1(Y7 −Y9 + Y6 − (Y6 − 1)q), (26)

Y
′
8 =

ρn f

µn f
ScS(ηY8 + 2Y7 − 2Y1(Y8 − 1)q)− 2Y5Y7 − δY8Y8

+ δ(4Y5Y7 − SK2K1(Y2
7 −Y7Y9)),

(27)

Y
′
10 =

ρn f

µn f
ScS(ηY10 + 2Y9 − 2Y1(Y10 − 1)q) + 2Y5Y9 + δY6Y10

− δ(4Y5Y9 + SK2K1(Y7Y9 −Y2
9 )),

(28)
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Y
′
12 =

(ρCp)n f

ρCp) f

(κ f

κn f
SPr(ηY12 −Y1(Y12 − 1)q)−

κ f

κn f
µn f PrEc(6Y2

2 + δY2
3 ). (29)

• Differentiation by q, reaches at the following system w.r.t the sensitivities to the
parameter-q
Differentiating the Equations (25)–(29) w.r.t by q

D′1 = H1D1 + E1 (30)

where H1 is the coefficient matrix, E1 is the remainder and D1 = dYi
dτ , 1 ≤ i ≤ 12.

• Cauchy Problem
D1 = P1 + A1V1, (31)

where P1 and V1 are vector value functions.

E1 + H1(A1V1 + P1) = (A1V1 + P1)
′

(32)

and left the boundary conditions.
• Using by Numerical Solution

An absolute scheme is used to solve the problem,

V1i+1 −V1i

4η
= H1V1i+1 (33)

Pi+1 − Pi

4η
= H1Pi+1 + E1 (34)

• Taking of the corresponding coefficients
For the solution of the ODEs, given boundaries are commonly used for qi, where
1 ≤ i ≤ 12, but it is needed to apply D2 = 0, which looks in matrix form as given,

L1.D1 = 0 or L1.(A1V1 + P1) = 0 (35)

where A1 = −L1.P1
L1.V1 .

4. Results and Discussions

To investigate the flow of nanofluid regarding heat and mass transfer under the
effects of ions distribution, we have displayed the numerical outcomes of different flow
properties graphically like radial velocity f ′(η), axial velocity f (η), positive ions m(η),
negative ions n(η), Poisson variable P(η), and heat transfer θ(η) for the different values
of flow parameters such as squeezing number, Hartman number, the volume fraction
of nanomaterials and suction/injection parameter A. Most of the flow properties of the
proposed model are described through the various graphs in the prescribed domain 0 ≤
η ≤ 1. Figures 2–10 are plotted to analyse the impact of squeezing nanofluids flow with
variable magnetic field in the presence of ions distribution.
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(a) (b)

Figure 2. Impact of (a) f (η) and (b) f ′(η) for squeeze parameter and fixed values of
M = 0.41, K = 0.20, B = 1.41, K1 = 0.50, δ = 1, Sc = 1.50, Pr = 1.50, Ec = 0.50.

(a) (b)

(c)

Figure 3. Impact of (a) m(η), (b) n(η) and (c) P(η) for squeeze parameter and fixed values of
B = 1.41, M = 0.41, K = 2.20, Sc = 1.5, K1 = 0.50, δ = 1.0, Pr = 1.50, Ec = 0.50.
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Figure 4. Impact of f (η) for nanoparticle Φ and fixed values of M = 0.41, S = −8.20,
B = 1.40, K = 0.20, Sc = 1.50, K1 = 0.50, δ = 1.0, Pr = 1.50, Ec = 0.50.

(a) (b)

Figure 5. Impact of (a) f (η) and (b) f ′(η) for magnetic parameter and fixed values of
B = 1.41, S = −1.21, K = 0.20, Ec = 0.50, Sc = 1.50, K1 = 0.50, δ = 1.0, Pr = 1.50.

(a) (b)

Figure 6. Impact of (a) m(η) and (b) n(η) for Schmidt number, Debye length parameter and fixed
values of K = 1.20, S = −2.20, B = 1.40, M = 0.41, K1 = 0.50, δ = 1.0, Pr = 1.50, Ec = 0.50.
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(a) (b)

Figure 7. Impact of (a) P(η) and (b) m(η) for Debye length parameter and fixed values of
S = −3.21, Sc = 2.50, B = 1.40, M = 0.40, K1 = 0.50, δ = 1.0, Pr = 1.50, Ec = 0.50.

(a) (b)

Figure 8. Impact of θ(η) for (a) Prandtl number, (b) Eckert number and fixed values of
K = 0.20, B = 1.41, M = 0.40, K1 = 0.50, δ = 1.0.

Figure 9. Impact of θ(η) for squeeze parameter and fixed values of K = 0.20, B = 1.40, M = 0.40,
K1 = 0.50, δ = 1.0, Pr = 1.50, Ec = 0.50.
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(a) (b)

Figure 10. Impact of (a) Skin friction and (b) Nusselt number for squeeze parameter and Eckert
number and fixed values of B = 1.41, K1 = 0.50, K = 0.20, δ = 1.0, Pr = 1.50.

Tables 1–3 illustrate the convergence of a numerical scheme (BVP4C) with respect to
Nusselt number and skin friction for different values of the physical parameters φ, S and
M. It has been noticed that a rise in the volume fraction of the nanoparticles φ raises the
convergence of the scheme for the skin friction and Nusselt number under the influence of
suction/injection.

Table 1. The thermophysical properties of water and nanoparticles.

ρ Cp κ Pr

Water 997.1 4179 0.613 6.2
Ethylene glycol 1115 2430 0.253 203.63

Copper 8933 385 401

Table 2. Comparison of the numerical outcomes of skin friction for water-base Cu-nanomaterials for
different values of physical parameters φ, S and M with suction parameter A = 1.

S = 0.50 M = 2.0

Present [31] Present [31]

φ M = 0 M = 1.0 M = 0 M = 1.0 S = 0 S = 0.50 S = 0 S = 0.50

0 3.05495 3.10534 3.05499 3.10533 3.09866 3.15497 3.09860 3.15494
0.1 4.24586 4.29956 4.24585 4.29957 4.24490 4.35265 4.24498 4.35268
0.2 4.57348 4.61663 4.57345 4.61660 4.53510 4.65933 4.53513 4.65937

Table 3. Comparison of the numerical results of Nusselt number for water-base and Cu nanoparticle
for different values of physical parameters φ, S and M with suction parameter A = 1.0.

S = 0.50 M = 2.0

Present [31] Present [31]

φ M = 0 M = 1.0 M = 0 M = 1.0 S = 0 S = 0.50 S = 0 S = 0.50

0 1.40578 1.40640 1.40576 1.40647 1 1.40718 1 1.40710
0.1 1.73460 1.73524 1.73466 1.73521 1.33168 1.73579 1.33164 1.73574
0.2 2.14381 2.14425 2.14388 2.14428 1.74575 2.14460 1.74572 2.14467

Figures 2a,b and 3a–c illustrates the impacts of various emerging parameters of the
squeezing nanoliquid motion on the velocity profile, Poisson distribution and ions distribu-
tion. It has been noticed from Figure 2a,b that the axial velocity f (η) is always rising due to
a rise in the volume fraction of nanomaterials. In addition, the axial velocity in the vicinity
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of the disc is also uniform due to the volume fraction of nanomaterials. It has also been
observed that the incrementing value of the squeezing parameter causes increments axial
velocity. Similarly, an increment in magnetic and suction parameters increases the radial
velocity profile f ′(η) when it passes through the central area (η > 0.5), then it begins to
decrease as the injection effect dominates the squeezing parameter and becomes parabolic.
Figure 3a–c is plotted to explain the influence of the squeezing parameter on the ions
and Poisson distributions. It has been noticed that the rise in the squeezing parameter S,
increments the m(η) profile, and decrements both n(η) and P(η) profiles. The maximum
fluctuations in these profiles are observed in the vicinity of the bottom disc as shown in
Figure 3a, and decline has been noticed in the centre of the fluid domain as displayed in
Figure 3b,c.

Figure 4 is plotted to see the effect of axial velocity for η using different values of
nanomaterials volume faction in the domain S < 0. It has been noticed that the fluid velocity
approaching maximum level due to a rise in φ in the domain S < 0. The reason behind
this phenomenon is that when two discs move towards each other under the influence of
increasing volume fraction of nanomaterials, resulting in more collision between molecules
and with the boundary surface of the disc, which Increments the friction force in the
fluid, as a result of which the velocity of fluid movement declines throughout the domain.
In addition, an increment in the concentration of nanoparticles leads to reduce the velocity
profile parabolically. Figure 5a,b illustrates the impact of Hartmann number on f (η) and
f ′(η) profiles, showing that the axial velocity begins to increase due to a rise in the value
of the squeezing parameter M. Furthermore, it has been observed that the axial velocity
gradually augments as the value of the squeezing parameter M rises. Figure 5b illustrates
that an increment in M increments the radial velocity then declines when it passes through
the central area.

Figure 6a is plotted to see the impact of squeezing parameter S on the ions distributions
m(η) and n(η) in the domain S < 0. It signifies that an increment in the squeezing
parameter decrements the cation distribution due to a decline in the radius of the ions
that lose electrons in the domain 0 ≤ η ≤ 0.55. This is true for electrically conducting
liquids that move under the influence of a uniform magnetic field, which slows down the
movement of liquids within the boundary layer area. In the case of η > 0.56, the opposite
effect has been observed. In addition, it has been noticed that the ionization profile declines
with an increment in Sc due to an increase in the size of the ionic radius that receives
electrons, as shown in Figure 6b. Figure 7a is plotted to illustrate the effect of K at Poisson
distribution, which shows that Poisson distribution is reducing in the middle of the fluid
domain due to a rise in K, as the electrons are moving opposite to the direction of the
electric field. Figure 7b is plotted to study the influence of K at cation distribution. It
reveals that cation distribution is getting stronger for the fluid flow from the lower disc to
the upper disc due to a rise in K, in this way, the cations profile increases as K increases.
Figure 8a,b reveal the impacts of Ec and Pr on the heat transfer, and it has been observed
that an increment in Pr and Ec causes a constant increase in the temperature of the fluid.
As a resistance force, it slows down the movement of particles, in this way, temperature
rises, which increases the heat transmission. The temperature profile is an augmenting
function of Pr due to diffusivity and kinematic viscosity, which rises due to a rise in the
value of Pr and Ec. Figure 9 is sketched to study the impact of squeezing parameter S
on the heat transfer, it signifies that the increase in the squeezing parameter S declines
heat diffusion, and hence the temperature profile reduces. The numerical outcomes of the
Nusselt number and skin friction coefficient acquired from the solution of the proposed
flow model are plotted in Figure 10, it reveals a rise in the squeezing number and Eckert
number augments skin friction and Nusselt number.
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5. Concluding Remarks

In this article, the electroviscous phenomena of water-based nanoliquid motion under
the influence of suction/injection has been formulated through Navier–Stokes equation,
energy equation, Nernst–Planck and Poisson equations, and subsequently reduced into a
highly nonlinear system of ODE’s using similarity transformation. The system of nonlinear
ODE’s have been solved through a robust numerical scheme is known as the Parametric
Continuation Method (PCM). From the numerical outcomes of the proposed flow model,
the following conclusions are drawn:

• Radial velocity f ′(η) is rising due to a rise in the volume fraction of the nanomaterials.
• It has been noticed that the radial velocity increment is due to increase in S and vice-

versa, the axial velocity profile decrements due to the increase in magnetic and suction
parameters.

• It has been concluded that a rise in S leads to an increase in m(η) and a decrease in
n(η) and P(η), and these profiles show maximum fluctuation close to the bottom disc.

• The rationale behind this phenomenon is that when two discs move towards each
other or the volume fraction of nanomaterials rise, resulting in more collision between
the volume fraction of nanomaterials and with the surface boundary of the disc.

• It has been observed that the positive ions reduce as the squeezing number rises
because the size of the ionic radii decrements and the electron losses in the region
0 ≤ η ≤ 0.55.
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