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Abstract

We propose a superconducting circuit architecture suitable for digital-analog
quantum computing (DAQC) based on an enhanced NISQ family of nearest-neighbor
interactions. DAQC makes a smart use of digital steps (single qubit rotations) and
analog blocks (parametrized multiqubit operations) to outperform digital quantum
computing algorithms. Our design comprises a chain of superconducting charge
qubits coupled by superconducting quantum interference devices (SQUIDs). Using
magnetic flux control, we can activate/deactivate exchange interactions, double
excitation/de-excitations, and others. As a paradigmatic example, we present an
efficient simulation of an £ x h fermion lattice (with 2 < £ < h), using only

2(2€ +1)? + 24 analog blocks. The proposed architecture design is feasible in current
experimental setups for quantum computing with superconducting circuits, opening
the door to useful quantum advantage with fewer resources.

1 Introduction

It is known that the calculation of the exact dynamics of a quantum many-body system
is in general a challenging task. When the system is complex enough, analytical and nu-
merical solutions are not possible. However, quantum simulation (QS) allows us to over-
come this difficulty by using controllable and manipulable quantum systems, known as
quantum simulators, to study another non-controllable one [1, 2]. QS can be classified
into three different groups: analog quantum simulations (AQS), digital quantum simula-
tions (DQS), and digital-analog quantum simulations (DAQS). Formally, DQS and Digital-
Quantum Computing (DQC) are equivalent, and we will claim the same for DAQS and
Digital-Analog Quantum Computing (DAQC).

In AQS, we may reproduce a given target Hamiltonian for some parameter regimes of
the simulated model and of the quantum simulator, which is not universal [3, 4]. In DQS,
we can perform a sequence of quantum gates in the quantum simulator, which is sim-
ilar to what happens in DQC. In this case, we can approximate any unitary evolution,
specifically, the unitary evolution of the target Hamiltonian model or the given quantum
algorithm [5]. Even if DQC is universal, it is less accurate than AQS and Analog Quantum
Computing, requiring quantum error correction to scale up and being impractical for cur-
rent platforms. On the other hand, the recently proposed DAQS aims at getting the best
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of analog and digital paradigms, with more versatility in the target models or algorithms,
higher accuracy, efficient administration of coherence time, and more suitable for current
noise intermediate scale quantum (NISQ) architectures [6]. In DAQS, we use a continu-
ous set of complex many-body interactions as a resource (analog blocks), offered naturally
by the architecture possibilities of the quantum platform used as quantum computer. We
complement it with accessible continuous sets of single-qubit operations (digital steps),
providing versatility of target Hamiltonian models or algorithms [7-10].

Several physical platforms have been used as quantum simulators, such as optical lat-
tices [11], trapped ions [12] and superconducting circuits [13—15]. The latter has particu-
lar features allowing for current scalability and design flexibility, and produced the recent
claim of quantum supremacy in quantum computing [16, 17]. At the same time, diverse
target models have been proposed and implemented, principally for DQS and AQS, such
as quantum chemistry systems [18—21], high-energy physics [22—-25], and condensed mat-
ter physics [26—-28]. In the long run to reach fault-tolerant quantum computers in the
future, proposals for DAQS appear promising for this and next generation of co-design
quantum computers [29-32]. To achieve that, it would be desirable to widely enhance
the DAQC algorithmic mappings as well as the variety of accessible quantum computer
geometries and topologies.

In this work, we propose a superconducting circuit design for DAQC. It is composed
of a chain of charge qubits coupled through grounded superconducting quantum inter-
ference devices (SQUIDs), where the nearest-neighbor qubits are off resonance (different
energy gap), similar ideas have been proposed using variable electrostatic fields [33, 34]. In
this proposal, the SQUIDs modify the resonant condition among nearest-neighbor qubits,
which allows us to produce different and independent interactions like an exchange or
double excitation/de-excitation term. Also, as the SQUIDs are physically distant, we could
manipulate them individually, activating/deactivating several interactions for obtaining
parametrized multiqubit gates, also proving a large family of analog multibody Hamilto-
nians, being suitable for efficient implementations of DAQC protocols. Finally, we test our
architecture performing the simulation of the Fermi-Hubbard model, where we need only
2(2¢€ + 1) + 24 analog blocks for the simulation of a £ x % (£ < /) Fermi-Hubbard lattice.

2 The model

2.1 Two-qubit model

First, let us consider the two-qubit system showed in Fig. 1. It consists of two charge qubits
coupled through a grounded symmetric SQUID. The Lagrangian of the circuit is given by

2
Cg‘ 2 C] 2
L= 2[7’(431’ - Vg) + 7’@; + Ej; cos (goj)]
j=1
C. C C,

+ ESQDS/Z + Ez_ﬂcos (¢5) + 76(43’1 - d>;)2 + 76 (@, - d>'2)2, (1)
where f’ = (d/dt)f (t), represent the time derivate of a function f, Ezﬁ = 2E;, coS (@ext) is
the effective Josephson energy of the SQUID, and ¢; = 2w ®;/®, is the superconducting
phase, with the superconducting flux quantum ®¢ = //2e, and 2e is the electrical charge
of a Cooper pair. Moreover ®;, ®,, and ®; are node fluxes defined in Fig. 1. The effective
inductance of the SQUID Lj (¢ext) = (Po/ ZJT)Z/EZff can be tuned by the external magnetic
flux @ext(t), providing a tunable boundary condition [35, 36].



Yu et al. EPJ Quantum Technology (2022) 9:9

Figure 1 Circuit diagram of two charged qubits SQUID

(green) coupled through a grounded SQUID (blue). —_

Eny Chigr Coyp)-and Vg, ) are the Josephson Var Ej, E; Ve
energy, Josephson capacitance, gate capacitance, i .2 C

and gate voltage of the qubit 1(2) respectively. £, c

and C; are the Josephson energy and effective 2T
capacitance of the SQUID. Moreover, C. is the &, : l_q:_| [02% .
coupling capacitance, and ®1, ®,,and ®; are node  Qubit 1 C. s C, Qubit 2

fluxes that define the degrees of freedom of the J_
Cy -l: )

circuit
By applying the Legendre transformation, we obtain the Hamiltonian (see Appendix A)

2
H= Z ,H]qubit + HSQUID + HCOupling, )

j=1
with

j PRV
H qubic = f(Qj —2eig)” — Ej cos gj,

y
1 ~ \2 eff
HSQUID == (Qs - 2e”lgs) _E]S cos (QDS);
2G;,
Hcoupling =g12Q1Q2 + £15Q1 Qs + £2:Q2Qs, (3)

where Q; = 9L/} is the charge (conjugate momenta) of the jth node given by
Qi) = (Cie) + CP 9y = Cgy) Vs — Ce®ly Qs = (Cs +2C) P, — Co (P + D)), (4)
and the effective Josephson capacitances are defined as

c? ~ c.c?

*

C = ] C = ]
10 ™ Cy0)(2C, + Cy) + Co(C. + Cy) BT (Co+ C)(C+ Cy)

(5)

with C2 = C.(C1 + C)(Cs + C,) + C2Cs + C1CL(2C, + C), and Gi=Cy+C (G =1{1,2}).
Moreover, the gate-charge numbers read

~ _ Cgl(z) C11(2) Cc2cg2(1)

ng](z) - %% 12 26C§ £2(1)?

. G,C,

g, = — 2eC3C (Cr(Ca+ Co) Vg + Cop (Cr + Co) V), (6)

and couplings strengths are given by

c? Ce(Coy + Co)
g12 = 5, G1s(2s) = Z(C%)g (7)

*

C, V, C,,V,
Qs:_cc<Q1+ 81781 +Q2+ 82 gZ)' (8)

Ci+C, Cy+C,
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Figure 2 Transitions £, — £ (n =1, 2, 3) of the qubits and SQUID Hamiltonians given in Eq. (3). (@) Qubit 1:
Eyj, /Ec, = 0.303. (b) Qubit 2: £}, /Ec, = 0.058. (c) SQUID: £, = 50 (GHz) and C; =12 [fF]

Figure 3 Ratio between the SQUID impedance Z;
and the qubit 1(2) impedance Z;(y as a function of Zs|Z
the external magnetic flux @ext 0.25 Zs/Zs
0.20
Zs
— 0.15
Z;
0.10
0.05
0.2 0.3 0.4

. Pext[T]

Here, we consider the regime of high plasma frequency for the SQUID, where the charge
energy is small compared to the Josephson energy, and the plasma frequency of the SQUID
is far exceeding the frequency of the qubits (see Fig. 2), then we can consider @, < ®;(P5)
and @) <« ®(P7) [35]. In addition, we also consider the low impedance for the SQUID
(see Fig. 3), which allow us consider ®; <« ®;(®P,). Based on the above conditions, we
obtain the next relation for Q, (see Appendix A)

Now, using the Euler-Lagrange equations we obtain (see Appendix A)

, 27 .
(Ci) + C) Py — Cc P + 3. Ene sin(e1) =0,
0
i
C o C(D”+2C<I>”+ﬂsin( )=0 9)
— P -CDy sPg o @s) =L,

0

using the same above conditions we get the relation for ¢; as

Ps

_ =G (Eh sin (¢1) s Ej, sin (§02)>, (10)
Esz C1 + CC C2 + CC

where we approximate sin (¢;) ~ @s.

We note that, we can write the charge in the node j as Q; = 2en;. Promoting the classical
variables {n, ¢;} to quantum operators {7, ¢;} with the commutation relation [ei‘ﬁi,ﬁj] =
¢% [37], and applying Egs. (8) and (10) to Eq. (2), we obtain the quantum mechanical

Hamiltonian describing our circuit as

2
7:[ = Z ﬁjsub + ylz(goext) Sil’l (@1) SiIl ((2)2)r (11)
j=1
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where the effective coupling strength

C’ELE,
Vi2(@ext) = hh (12)
(Cl + Cc)(CZ + CC)E]S
and ﬁiub is the Hamiltonian of the jth subsystem, given by
oy, = 4Ec, (it — ig)* — Ej; cos (¢)) + ¥ (@ext) sin @), (13)
with Eg = ez/Z(Cj + C,), g = —Cq Vg /2e, and
CE
Vi(@ext) = ——eg =7 (14)
’ 2E5%(C; + C.)?

In the following discussion, we consider 7, = 7, = 0.5, and / = 1. It is convenient
to write the circuit Hamiltonian in the charge basis, it means #; = Zn/ nj|n;)(n;] and
cos (@) = I/Z(an_ ) {mj + 1| + Zn]_ |n; + 1) (n;]) [37]. Due to the anharmonicity of 7:[’sub (see
Appendix A), we can perform the two-level approximation in order to obtain the effective

Hamiltonian

%O’Z + ylZ((pext) y

AW
H = _101z + loxt Gg, (15)

2 22
where w; = Ej,, w = Ej, and 6" is Pauli matrix element of the jth charge qubit and I is the
identity operator.

Now, we will consider the external flux ¢ey to be composed by a DC signal and a small
AC signal as @ext = Yext(t) = ¢pc + @ac(t), where

@ac(t) = Aycos(vit + @) + Ay cos (Vat + @a), (16)

with |A;], |43 < |¢pc|, with which we can approximate

1 1 |: sin (QODC)
- 14—

EF B, L " cos(enc)

(PAC(t)]» (17)

where Ej, = 2E}, cos (¢pc). Then, we can rewrite the Hamiltonian in Eq. (15) as

A w (40
H= 71011 + 72022 + (g0 + @1pac(®)]o} 03, (18)
where
CcthEfz Cc2E11E12 sin (@DC)
gO = = gl = = . (19)
4(Cy + C)(Cy + CE, 4(Cy + C)(Cy + C)Ej, cos (¢pc)

Now, we write the Hamiltonian of Eq. (18) in the interaction picture with respect to
Ho = Z?: ;wjo /2 and perform the rotating wave approximation (RWA), obtaining
7.21 ~ _%0-1—0-2— (Alei‘ﬁl 1Rty A, i ei(vz—mz)t)

a1 i i(vy— iG> i(vy—
+>0; 02+ (Alettmel(vl A1)t +Azet<pzet(vz A12)t)
2
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Table 1 Interactions produced by different choosing of the phases @1 and ¢ in Eq. (21)

Operator @ 1)
0)0; 27 27
-0)0} T i
0,0} 27 7
-0)o}? T 2
0,0} 12w 32w
-0)0} 32 121w
o)0; 32w 32w
N 12 127
Qubit 1 SQUID Qubit 2 SQU[D Qubit 1
E‘Jq 92 E‘Jq E‘Jq
i c /2 C,/2 i C,/2 c, /2 i
Cgl - - 92 91 -
At
! C. P C. 2 C. %mcC 2

(EJ2 )( EJI

Jll XEy, CJQJ‘ 2 J‘

Figure 4 Effective circuit diagram of three charge qubits (green) couple through grounded SQUIDs (blue)
with Josephson energy £, and effective capacitor Cs/2. Moreover Cc is the coupling capacitance, and ®1, ®»,
@3, @5, and D, are node fluxes that define the degrees of freedom of the qubits and SQUIDs

1 B o L
+ %Ufaz (Ale if1 p=iv1=A12)t + Are P2 i(va Alz)t)

_ %01 oy (A e e ivimmt | p, o2 omi(v2- MZ)) (20)

Here, we make use of A1y = w1 — @y, p1z = w1 + w; and we neglect the fast oscillat-
ing terms proportional to exp(£i(Aiz + vi))t), exp(Ei(piz + vi2))t), exp(£iAist), and
exp(Fiuizt). As the qubits are far from resonance and considering {go, A1£1/2,A2¢1/2} <
{A12, 12,1, v2}, the RWA is justified (for more details see Appendix A). Considering

V1 = A1 and vy = p1o, the Hamiltonian in Eq. (20) turns

7:11 = ‘%((Al cos @ — Ay cos @)ooy — (A1 sin@; + Ay sin (ﬁg)af‘azy

+ (A1 sing — Ay sin gbz)alyo; + (A1 cos @y + Ay cos gbz)alyozy), (21)

where we neglect the fast oscillating terms proportional to exp(£i(Aj —vo)t) and
exp(Li(u1z — v1)t). We recall that, for a proper choice of the phases ¢; and ¢, in Eq. (21),
we can engineer different interactions as those in Table 1.

2.2 Three-qubit model
In the three-qubit model, we consider the circuit given by Fig. 4. It is composed of a chain
of three charge qubits coupled through grounded SQUIDs. As in the previous case, we
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consider far off-resonance nearest-neighbor qubits. Following the same procedure of the

two-qubits model, we get the next effective Hamiltonian (see Appendix B)

3 2
~ wy
H= Z? Zgo +gY)¢ZC(t)] 1+1’ (22)
j=1

=1

where w3 = w; = Ej;, wy = Ej,, and the time-dependent signal reads
<pg)c(t) = AY) cos (VY)L‘ + gZJY)) + Ag) cos (vg)t + ¢§")). (23)

Moreover the coupling strength gg ) and gY) (j = {1,2}) are given by

0 _ C2ELE),
4(Cy + C)(Cy +2C)E)
() (24)
g(i) _ Cc2E11E12 s ((ppc)
0 _

4(Cy + C)(Cy + 2CC)]_52) cos (p2)

with EX) = 2Ej, cos ((pg)c). To visualize the dynamics of the system, we write the Hamilto-

nian in the interaction picture. After we consider the resonant conditions vil) = viz) =Ap

and vél) = véz) = u12 and neglect the fast oscillating terms, the Hamiltonian in the interac-

tion picture reads
Hi=H> + 1P, (25)

where

HIT = [(A(’ cos@/ — AV cosgog) o

+((= l)JA1 sin ¢/ —Azsm(p(’)) “1

+ ((—l)j”A(ll) sin@i’ A(’ s1ng0g) ) i

+ (A(lj) cos (ZJY A(j) cosgog) ) 1{1] (26)
is the interaction Hamiltonian between jth and (j + 1)th qubit. By choosing proper phase
parameters, we can engineer different interaction operators between adjacent qubits, like
in the previous case.

It is possible to generalize this expression for a chain of £ qubits coupled through
grounded SQUIDs (see Fig. 5), where we define the qubits in odd positions as qubit 1
with frequency w; and the qubits in even positions as qubit 2 with frequency w,. In the
following discussion, we consider the amplitude of the two harmonic signals to be the
same, that is A = Ag) = A and the coupling strength gg) = go and gY ) = a.

By considering the resonant conditions VY) = Aqy, vg - i12 and choosing proper phase
parameters ng ) and @5’ ) we can engineer again a family of interactions between nearest—
neighbor qubits as is shown in Table 2. Note that the phase <p/1 required to achieve +o/"c 1+1
and :I:o o7,, are different for odd and even ;.
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X EnCr,
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Figure 5 General circuit design of a chain of charge qubits (green part) coupling through grounded SQUIDs
(blue part) with Josephson energy £, and effective capacitor Cs. {®1, s, ,. ..,<I>5N71 , @y} are node fluxes
that define the degrees of freedom of the circuit

Ej, XE;,

i
L

Table 2 Interactions between jth qubitand (j + 1)th qubit produced by different choice of the
phases gbﬁ/) and QZJ?, where we take odd j and even j both into account

0 =)

Operator ¢, @)
oo/, on 2
oo, "
o/'o}, 4 21 b4
c}r/x o b4 _ 2
o; O‘/H O+ Y2 3/2m
—aj % U+ CV2m 1/2m
ooy, O+ 2 32r
—oo),  (+EW2m 2w

J jH

The controllability and flexibility of the interactions that our proposal offers, give us the
possibility to the implement of a large variety of Hamiltonians in an analog way, such as
Dzyaloshinskii-Moriya, XY, homogeneous and inhomogeneous spin chains. Such ana-
log Hamiltonians could be very useful for DAQS and DAQC, where we can use such
analog Hamiltonians like a resource (complex multibody gate) for simulating more com-
plex systems, like quantum chemistry physics, condensed matter phenomena in spin lat-
tices [38, 39], and shortcuts to adiabaticity in digitezed adiabatic quantum computing [40].

The approach we presented in this work is intimately linked to the nature of the Jordan-
Wigner mapping that requires the quantum simulation algorithm follows a linear sorting
of the lattice sites to reproduce the fermionic anti-commutation relation, being a qubit-
chain a natural simulator of the fermion models. Naturally, the search for an experimen-
tally feasible fermion to qubit mapping approaching a two-dimensional lattice beyond the
Jordan-Wigner transformation is an open question that deserves further investigation.
There is a recent work that proposed a novel mapping in this direction, but the exper-
imental realization is still an open question [41]. Also, the use of qubit lattices for the
Jordan-Wigner transformation has been proposed; nevertheless, the gates number scal-
ing is the same as that in the qubit-chain case [8].

The current proposal could be extended to a two-dimensional (2D) array of charged
qubits coupled through grounded SQUIDs generating a more complex family of Hamil-
tonians, opening the door to more efficient simulations. Nevertheless, for 2D structures,
we can have the non-trivial problem of cross-talk between the different SQUID and loops
in the circuit, requiring a deep feasibility study which is not the scope of this article. In
the next section, we show a particular example about the efficient DAQC of a complex

Page 8 of 35
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system, the Fermi-Hubbard model. This example will illustrate the versatility of our de-
sign.

3 Digital-analog quantum computation

Hubbard model represents the interaction between the neighboring sites, which is defined
by hopping element and Coulombic interaction on the same site, called on-site interac-
tion [42]. In this section, we are interested in the simulation of the hopping terms ofa £ x &

fermion-lattice (with £ < /). The Hamiltonian of a £ x & fermion-lattice (see Fig. 6(a)) reads

Huubb = A Z Z c Cka+CkaC]a +BZV1,,TVIN, 27)
=14} (k) j

where c « (¢j) are the creation (annihilation) operators of the jth site, with the number
operator i) = i,T(l)leT( , and spin-a, with & = {1, | }. To suppress the index o, we map
the £ x h lattice to a equivalent 2¢ x & spin-less lattice by

.
cy—>bl ., b, (28)

where bl are the creation operation over the site k for the lattice given by Fig. 6(b). Using
these operators the Hamiltonian Eq. (27) can be rewrite as

h-1T ¢-1
. .
Huway = Al Y| D (bierajrbakesnion + Dy i bakenja)

k=0

-1

T i
+ Z(bZkZ+2/b2ki+20’+l> + b2k6+20+1)b2kf+2f)]
j=1

h-2 2¢
t t
+ )Y (B howenes + bz(k+1)[+jb2k‘3+j]>

k=0 j=1
ht

+-E;<:§:: b;j1lkﬁ—lb;jb2j>' ng)
j=1

Finally, we map the 2¢ x / fermion lattice to a spin — 1/2 chain using the Wigner-Jordan
transformation (see Fig. 6(c)), where we represent b; and b} as a combination of Pauli
matrices

(30)

Before to write the equivalent spin chain Hamiltonian, we define the operator

T B
L[(‘;‘I‘f) —e ig (o 0 +op "k+1 ua uk, (31)
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Figure 6 Mapping of the fermionic lattice into a spin chain. (a) h x £ lattice where we have and spin-up or
spin-down fermion in each site. (b) h x 2¢ lattice where we in each odd site we have and spin-up fermion and
in each even site we have a spin-down fermion, it represents the first mapping. (c) Spin chain with 2£h sites
resulting after the Wigner-Jordan Mapping

wherej # k, and U" = e™'5% %4 After some algebraic manipulation, we obtain (for details

see Appendix C)
Hruwb = Hhori + Hverti + Heouls (32)

where Hhoriy Hyerti and Heoul are given by

A t
Hhori = ([U(l 2 Hgy)ufl,z)] + [Uﬁ 2 H(y'x)uyl 2) ] [u(l 3 Hféy)ufl,s)]

# (U U ) + (U HE U]+ (LS U )
1
[ux; S)HZ éy (2 5 ] + [U(JIZ,5)H20./§C) U{z,s)])’

A o) - o) o) oat
Huers =5 DLV L0 )
= (33)

o7 7 )t 0" 7 )T
'®xy(uxu]zy1 u;;;xz '“U‘,zy U;iyx )

+ (U](yly) L[]’;x) U(yy) u/,é luy)
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Figure 7 Diagram for the different horizontal hopping interactions. Different colors show the set of
interactions that can be performed at the same time in an analog way. Solid arrows are for forward hopping
and dashed arrows for backward hopping

which correspond to the Hamiltonian of the horizontal hopping, vertical hopping and

coulomb interaction respectively, with

h-1 my h-1 my
U(ﬂn,i) = 1_[ H ug/<l+4(j—1)+i’ Hg,l{b) = Z Z G;kl+4j—5+i0217k£+4(j—1)+i’
k=0 j=1 k=0 j=1
h-2 h-2
(“)7'h = Z G;kl+j+é—1021)kl+j+é’ I:[;(iM) = H Ué?(ﬁjﬂ,zkhj&lf—i’ (34)
k=0 k=0

h-2

rra _ a

L[j - l_[ 2kl+j+e*
k=0

and
20-1- (-1 20 -3+ (=1)*!
m=——-, my= —.

4 4 (35)

We notice that each term of Hyeyi in Eq. (33) correspond to the set of horizontal hopping
interactions which do not share sites in the lattice, these eight interactions are represented
by arrows with different colors in Fig. 7 (blue, red, green and brown), and different tex-
tures (solid and dashed). Also, we highlight that each interactions given by Eq. (34) can
be performed in an analog way since the sub-gates involved are applied in different qubits
and can be done together without interfering with each other (see Appendix C), giving us
the analog resource for the digital-analog simulation. The number #1; is the number of the
hopping terms corresponding to the blue(red) solid/dash arrows, and m1, is the number
of the hopping terms corresponding to the green(brown) solid/dash arrows (see Fig. 7),
where m; + my =€ - 1.

Now, we approximate the time evolution of our system using the Trotter expansion [43]

as follows

e*iHHubbt ~ [e’ﬁ'[horit/”e’i’Hvertiﬂ”e’i’HcoulN”] "

= [uhori(t/n)uverti(t/n)Ucoul(t/n)]nr (36)

Page 11 of 35
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o)
o
®

Figure 8 Diagram for the different vertical hopping interactions. Different colors show the set of interactions
that can be performed at the same time in an analog way. Solid arrows are for forward hopping and dashed
arrows for backward hopping

where Uy orq(£) = e7tword?, Using Eq. (33) we have

N P AL ) y _».At HO) y
Unori(t/m) ~ U, e 2112 Llf‘u) Uy e 2 UL

i Aty AzH(y: ¥t
.L[("LS)@ 2n 13 L[ls) L[ls)e 1,3 U(1,3)

A . At 7, 0%) T
. ufc2t4)e_l 2tH24 L[24) u(yz4)e"T;sz,4 u(y2,4)
U m3 1 U S 1)
: (2,5)e 25 Upse (2,5)’
2 .
~ rrex) 7 (009) (».9)
Uyeri(t/n) ~ H[(Uﬁx us. u;e 2U;z 1Ux )
j=1
_iAt g i 37
e ’ZnO/ (UxU u]a;x; ) u](yzy U, ) ( )
) ) )1y
(LI U U 2U,§x1u)
T o) @' o)
e (O U/ixl U2y - us” Uy ),

ht
Btz z
—i 2L (o2 +I)(0Z+]
UCoul(t/l’l) ~ 1_[ e (02/_1+ )(021+ )
j=1

‘Bt z z ‘Bt z z
— | | e”m("zj-l"z/ e”m("zj-l*(’zj)'

First, for Unori we simulate eight types of interactions (see Fig. 7 and Eq. (33)), each of
these interactions need three gates, as we mention above each of this gate can be simulated
in an analog way. Therefore, to simulate Ui (the horizontal hopping) we need 24 gates,
as we can see in Eq. (34).

Second, for Uy, i.e. all the vertical hopping terms, we need 2(2¢ + 1) types of interac-
tions, they are shown in Fig. 8 with different colors and different textures. We note that
all the interactions of the same type can be performed at the same time, due to they do
not share sites during its implementation, i.e. all the interactions with the same color and
same texture can be simulated in parallel. Now, to simulate each type of interaction we
need 2¢ + 1 analog gates (see Egs. (33) and (34)). Then, to simulate all the vertical hopping
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terms, we need 2(2¢ + 1) analog gates. Therefore to simulate all the hopping terms in a
€ x h fermion lattice with £ < & we need only 2(2¢ + 1) + 24 = 8¢% + 8¢ + 26 gates.

It is necessary to highlight that to our knowledge, the more efficient proposal for the
quantum simulation of the Hubbard model is a trapped ion one [44], which uses a multi-
body entangling gate, needing 8(2/4¢ — £ — h) + 20 gates for a £ x & fermion lattice. It means
that for a square lattice (¢ = /), the trapped ion proposal needs 2(8¢2 — 8¢ + 10) gates,
which for large ¢ need almost two times more gates than our proposal. It means that even
if superconducting circuits cannot use multi-body entangling gates like trapped ions, it
still is useful by a suitable design as in this work.

On the other hand, Uy (¢/n), correspond to the free energy of the original Hubbard
model (Eq. (27)) and we will not consider for the Hopping dynamics simulation. Never-
theless, it can be simulated using three gates, i.e. the analog interaction Z/ 05,105 plus
two rotations in the y-axis (the local terms ol canbe mapped correspond to the free energy
of our simulator).

The simulation time can be easily derivate as follow. Each type of interaction involve
unitary gate of the form U, = exp(—% ﬁ(A)) and of the form U}, = exp(—i7 0). From Eq. (37)
we obtain that the time for each kind of gates (a and b) is

At T
Ty = ) Tp = )
Agin 2Ag;

(38)

respectively. From the simulation of Uy, we have 8 gates of the class a, and from Ul
we have 2(2¢ + 1) gates of the class a. Then the time necessary to perform all these gates
is (4¢ + 10)7,. As we have a total of 2(2¢ + 1)? + 24 gates, the number of type b gates is
802 + 44 + 16. Therefore, the total time for the simulation is

AL ae2een) . (39)

Teim = (40 + 10)7, + (8¢% + 4€ + 16) 1), = (4€ + 10)
( ) Agll’l Agl

We note that for the case ¢ = 2, we need fewer gates, in particular, to simulate Uper we
need half of the gates, it means 12, for this case, the simulation time also decreases and is

given by
At T
= (40 +6 80% + 4L +8)1, = 14 24—, 40
Thn =40+ 6)7, + (8% +4L + 8)T, Ag1n+ 10 (40)

Finally, the character digital-analog of our simulation is given by the use of analog gates in
each digital step, it means gates that act over several qubits simultaneously. In the next sec-
tion, we present the numerical results of a quantum simulation of the hopping interaction
of a 2 x 3 fermion-lattice.

4 Numerical results: 2 x 3 fermion lattice
As we mention above, for the case of £ = 2 we only need 12 gates to simulate Upoyi, then
for 2 x h lattice, we need 62 gates per Trotter step

Figure 9 shows the types of hopping interactions to simulate for a 2 x 3 fermion-lattice.
In Fig. 9 (a), we can see the four interactions to describe the horizontal hopping, where
the solid arrows correspond to the forward hopping, and the dashed arrows correspond
to the backward hopping. For vertical hopping, it requires ten types of interactions, as is
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Figure 9 Diagram for the different hopping interactions in a 2 x 3 fermion lattice, with the solid arrows to be
forward hopping and dashed arrows to be backward hopping (a) Horizontal hopping. (b) Vertical hopping
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Figure 10 (3, b, ) Fidelity between the perfect evolution and DAQC for different numbers of Trotter steps
and different initial states|y) (shown in each subfigure). (d) Mean fidelity for 1000 random initial states for
different Trotter steps. The physical parameters of the fermion model are shown Table 3

shown in Fig. 9 (b). The sequence of the gates for different hopping interactions is shown
in Appendix D and Appendix E.

For the simulation, we map the 2 x 3 fermion lattice into a 12 qubit chain described by
the Hamiltonian Eq. (26). The parameters that we consider for the simulation are summa-
rized in the Table 3, where ¢ represent the simulated time (evolution time of the system to
be simulated). Figure 10 show the fidelity |(¥sim (£)|¥(£))|* of our simulation for different
initial states and 10, 20 and 30 Trotter steps, where |1/)(£) is the state at time ¢ of the real
model, and |sm(£)) is the state given by the simulation, which simulate the evolution at
a time ¢. If we think the fermion lattice as a 3 x 2 matrix, where each element can be 1, |
or vacuum, the initials states are: Fig. 10(a), 1 for the sites (1,1), (2,2) and (3,1), and the
rest in vacuum; Fig. 10(b), 1 for the sites (1, 1) and the rest in vacuum; Fig. 10(c), quantum
superposition between the state 1, for all sites and vacuum for all sites. Finally Fig. 10(d),

shows the mean fidelity over 1000 random states.
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Table 3 Parameters for Fermion model of Eq. (15)

Fermion model

At 4

cQED model

/21 9 (GH2)
wy/2m 1 (GHz)
go/21 0.05 (GH2)
Agi/2m 0.08 (GH2)

Table 4 Times involved in the fermion lattice simulations for different number of Trotter steps. The
corresponding parameters of the fermion model are shown in Table 3

n o wlnsl  wlnsl Tk s
10 0796 3.125 0.161
20 0.398 3.125 0.156
30 0.265 3.125 0.153

Table 4 summarize the time 7,, 7, and %

m defining in Eqgs. (34) and (36), for the different
number of Trotter steps. We can note that all the simulation times are below the 0.2 [us],
which means that the simulation can be implemented with the current technology, where

the coherent times for superconducting qubits are in the order of 100 [us] [45].

5 Conclusion

We have designed a superconducting circuit architecture suitable for DAQC, in the sense
of providing a wide family of analog Hamiltonians as source of analog blocks and more
flexibility for this pragmatic quantum computing paradigm. We test our design by the nu-
merical calculation of the quantum simulation of a 3 x 2 fermion lattice described by the
Hubbard model. We find that for a £ x & lattice (¢ < /), we need 2(2£ + 1)? + 24 analog
blocks, which depend only on one of the dimensions of the lattice and improves. To our
knowledge, this result would improve previous achievements for simulating the Hubbard
model by a factor 2 for large square lattice (¢ = /) [44]. Moreover, the total simulation time
for 30 Trotter steps is less than 0.2 us with an ideal fidelity around 0.97 (only digital error),
which makes our proposal experimentally feasible. Finally, we consider this work provides
an important boost to the DAQC paradigm, paving the way for computing and simulating
complex systems in quantum platforms, while approaching us to useful quantum advan-

tage with fewer algorithmic and hardware resources.

Appendix A: Simplified two-qubit Hamiltonian

For completeness, we describe the derivation of the simplified Hamiltonian of the two-
qubit system, which consists of two charge qubits coupled through a grounded SQUID as
shown in Fig. 1 of the main text. The Lagrangian of the circuit reads

j 2 1 2

N

s Cgi / 2 C// 2 eff G 72
L= Z —(CD.—ng) + =@ +E1].cos((pj) +Ej7 cos (¢5) + — P}

P SE (@) @) s (0 - 0))’ )
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where ¢; = 2 ®;/ ¢, with ®¢ = /1/2e is the superconducting flux quantum and 2e is the
electrical charge of a Cooper pair. Moreover E]e:f = 2E;, cos (@ext) is the effective Joseph-
son energy of the SQUID. Now, we calculate the conjugate momenta (node charge) Q; =
IL/dP;

Q@) = Gy (q)/l(z) - ng)) + G ‘b/l(z) + Cc(dD/m) - q;;),

Q. = C®, - C.(@) - @) - C(®) - D).

(42)

By applying the Legendre transformation H(®x, Qi) = >, Qc P} — L, we obtain the Hamil-

tonian

2
1 . 1 -

H= [ —(Qj - 2eng/,)2 —Ej; cos (q)j):| + —(Qs — 2eng2)2 - EZff cos (¢2)
1 L2C 2G;,

+812Q1Q2 + g15Q1 Qs + £2:Q2Qs, (43)

where the effective Josephson capacitances, the gate-charge numbers and the coupling
strength are defined as follows

c3 - c?

*

6 = ] C = ’
o = Cy0)(2C, + C;) + C(C, + C) 5T (Co+ C)(C+ Cy)

~ _ Cgl(z) Ch(z) CZ ng(l)
Agy ) = TToe 8 T 2C3 £()?
) : (44)
~ C]S Cc
iy = 5 (Cqr(Ca + C) Vg, + Cop (C1 + Co) V),
CC2 Cc(CZ(l) + Cc)
g2 = 5, Lis(2s) = —C3 ’

with C; = Cg]. + C]]. (/=1{1,2}), and Cf = C(C1 + C)(Cs + C,) + CCZCS + C1C(2C, + C). In
the following discussion, we calculate the simplified Hamiltonian between the two CPBs
by applying the two approximations ®{ < @/, (®{ K @/ ,)), and &5 K Py(y) i.e. we con-
sider the SQUID in phase regime with high plasma frequency, and meanwhile the low
impedance. With the first approximation &} <« <I>/1(2), we can neglect the terms propor-

tional to @, in Eq. (42) obtaining the relation between nodes charge as follows

Q :—C Q1+Cg1‘/:g1 + Q2+Cg2‘/:g2 (45)
s ‘A G +C CG+C. )

Next, we derive the relation between the nodes flux, by calculating the Euler-Lagrange
(E-L) equations 9L/d®; — d(dL/d CD]/.)/ dt = 0, which govern the dynamics of our system

, 2w .
(CI(Z) + Cc)qjl/(z) - CC(D;/ + ;()E/Hz) sm ((pl(Z)) = O’
(46)
" " Vi 2nE]esff :
-C Py -C Py + 2C3(bs + T sin(g;) = 0,
0
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and by applying the two approximations, we can neglect the terms proportional to ®! in

Eq. (46), and meanwhile approximate sin ¢; = ¢; obtaining

_ Cth sin (901) _ CcEfz sin (902)
EfC +C) EMNC+C)

Ps = (47)

Moreover, with the approximation ®; < ®1(2), we approximate cos ¢; ~ (1 — ¢2/2), with
which we can keep the potential energy of the SQUID up to the second-order, and by
replacing Eq. (45), and Eq. (47) in the Hamiltonian in Eq. (43), we obtain

H =

2
1
—(Q; - 2e;71g,)2 — Ej; cos (¢))
— (2c , i i

j Jj

+ ¥j(@ext) sin (w;)2> + ¥12(@ext) sin (1) sin (@2), (48)

where the effective Josephson capacitance and gate-charge number

_ . Ccc?
Ch(z) = Ch(z) + CCoy Cip) + Co

Ci+C. +

CC+C2(1)
(49)

7 -7 N ng(l) ngu) _ Cgl(z) Vgl(z)
Q) ~ "ae) 260 Ga)l | G T 2

26(T + C—CZ + a + 1)

which shows that the replacement of the Q; in terms of Q;(s) in the Hamiltonian in Eq. (43)
corrects the effective Josephson capacitances and gate-charge numbers of the simplified

model. Moreover, we define

CIE) CELEp

— ) = , 50
2E7(C; + C.)? Viz{gex) ET(Cy+C)(C+ C) 58

Vj(wext) =

which depend on the external flux @ex. Now by promoting the classical variables to quan-
tum operators i.e. Q; — Qj = 2en; and ¢; — ¢; with the commutation relation [, ) =

¢i, we obtain the following quantum Hamiltonian

2
H=> Hyp + v12(@e) sin (@) sin (@), (51)
j=1
where
H, = 4Ec, (i — 1g))* — Ej; 05 (@) + ¥)(@ext) sin (@), (52)

is the Hamiltonian of the jth subsystem with the charge energy Ec; = €?/2Cy,. In the fol-
lowing discussion, we consider 7, =71, = 0.5 and & = 1. Note that the free Hamilto-
nian of the subsystem ’H’;ub in Eq. (52) includes both the bare CPB Hamiltonian and the
nonlinear term proportional to sin ((5]-)2. To study how this extra term affects the anhar-
monicity of the subsystem, we plot the energy spectrum of the free Hamiltonian ﬂiub
as a function of offset charge ;71g]. in Fig. 11 for different E//./EC]. and y,»(gz)ext)/ECj. It shows
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Figure 11 Eigenvalue £,,(m =0, 1,2, 3) of 7:[’sub in Eq. (52) as a function of offset charge ng, for different ratio
EJ)/EQ. (a) Ej/-/EC/- =1,and %(wext)/Egj =1.(b) EJJ/ECJ =1,and y/(gaext)/Ecj =4.(0) EJJ/EC/- =4, and )g((pext)/ECj =1

that as long as we keep Ej/Ec; in charge regime, the increase of yj(¢ext) Will not de-
stroy the anharmonicity of the subsystem, and level of anharmonicity still depends on
ratio E,/Ec;. Thus, in the following discussion, we assume both CPBs working in charge
regime, and write the Hamiltonian in Eq. (48) in the number basis with 72; = Y m|m;) (m;],
cos (@) = 3(3_,,, Im;) (m; + 1] + H.C) and sin (¢) = —£(3_,,, |m;) (m; + 1| - H.C), where |m;) is
the mth exited state of the jth subsystem. After we perform the two-level approximation,

the operator sin (¢;) and the nonlinear term y;(¢@ey) sin (@,)2 in the subsystem basis read

J/j((pext) I,

2 (53)

ooy 1 A
sin (@) = iof v Y(@en) sin (@)’ =
where 0" is the Pauli matrix, [ is the identity operator. Thus, we can neglect the term
proportional to sin ((ﬁj)z, as it only provides a shift to the qubit frequency. Finally, we obtain

the simplified Hamiltonian as follows

N 01 %)) Y12(@ext)
H=—of+ 05+ T“afo{, (54)
Next, we consider the external flux @ey to be composed of a DC signal and a small AC

signal as @ext = Pext(t) = Ppc + Pac(t), where pac(t) = Ay cos (it + @1) + Ay cos (vat + @)
and |A;], 42| < |¢pcl, with which we can approximate

1 1 [1 sin (¢pc)

A — i) |. 55
EF B | cos (‘/’DC)(/)AC( )] (55)

Here, Ej, = 2E}, cos ppc. By replacing Eq. (55) in the Hamiltonian Eq. (54), we obtain

w w
710 + 72022 + (g0 + @1pac(®)]o} 03, (56)

Y z
H=—-o;

where the coupling strength

Cc2E11E/2 g = Cc2E11E]2 sin ((PDC)
C1+C)(C+CIE, °' 4(Cy +C)(Cy+ CEy, cos(¢pc)

& = A (57)

To visualize the dynamics of our system, we go to the interaction picture characterized

by the free Hamiltonian Ho = “Lof + Z oy and perform the rotating wave approximation
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Figure 12 Population inversions of the states |01) (red line) and |10) (orange line), numerically calculated
from Eq. (59), and the states |01) (green line) and |10) (blue line), numerically calculated from Eq. (56). These
calculations have been performed with parameters, w1/2m =9 (GHz), w,/2m =1 (GHz), go/2m = 0.2 (GH2),
A1291/2m =0.08 (GHz), v1/2 =8 (GHZ), v»/2r =10 (GHz),and @1 =27, and @y =7

(RWA) obtaining

? & _ 31 i(v1— iy i(vy—
H~ _Egl o, (Alekﬂl eiv1i-r)t +Azel¢’zel(vz Mlz)t)
& _ 51 i(vy— i i(vy—
+ EGI g2+ (Ale"plel(”l Ag)t +Azewze‘(”2 Alz)t)
&1 - iy i(vy— iy —i(vy—
+ Eafaz (Ale 917 i1-A1)t | A omi82 g=ilv2 A12)t)

_ %0;0; (Ale—i(ﬁle—i(vl—mz)t +Aze—i<ﬁze—i(v2—lt12)t), (58)
where A1y = w1 — wy, 112 = W1 + Wy, and we neglected the fast oscillating terms propor-
tional to exp(i(Aig + vi(2))t), exp(Ei(paz + v12)t), exp(£iAit), and exp(tipiat), since
we consider the qubits are far from resonance and the coupling strength {gy,2141/2,
§142/2} K {A12, 112, 1, 2}, Next, we assume that v; = Aj; and vy = gy, with which
we can perform the second RWA neglecting the fast oscillating terms proportional to
exp(£i(A1z — vo)t) and exp(Fi(ie12 — v1)£) in Eq. (58) obtaining

. AR @
Hy~ ‘%Al(e”pl ooy +e o]0y - %Az (e”070;5 + e 0] 07). (59)

To prove the justification of the RWA we applied, we plot the population inversion be-
tween the states |01) and |10) in Fig. 12. It shows that the numerical results calculated
from the Hamiltonian in Eq. (59) (red line and orange line) coincide well with the results
calculated Eq. (56) (green line and blue line), which proves the validity of the approxima-
tion we applied. Finally, by replacing o;" = (0" + iojy )12 and o) = (0" - iojy )/2 in Eq. (59),

we obtain the interaction Hamiltonian in terms of Pauli matrices as follows

H ~ %1 ((A1 cos @ — Ay cos §)a7 05 — (A1 sin @y + Ay sin@y)oy oy

+ (Aysin@; — Ay sin @p)07 05 + (A1 cos @y + Ay cos (Z)z)of'ay), (60)

and the interactions we can engineer with different phase ¢; and ¢, are shown in the
Table 1 of the main text.
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Appendix B: Simplified three-qubit Hamiltonian

In this section, we derive the simplified Hamiltonian of the three-qubit system, where the
three charge qubits coupled with each other through the grounded SQUIDs as shown in
Fig. 4 of the main text. The Lagrangian of the circuit reads

3 2
C,, G,
L= ;[%(‘@2 - ng)z + — D) CI)/2 +EJZ CcOoS (/7[ :| + Zl|: EZI;COS (¢s/):|
8 T O T C A SR A 3 U 2}

where E]e;,f = 2Ej, cos (gogzt) is the effective Josephson energy of the jth SQUID and we as-
sume that the third CPB to be the same as the first one ie. Cp; = C,, Cj; = Cj, and
Vg3 = Vg, - Now we calculate the conjugate momenta (node charge) Q; = IL/9®;

Qi =Cq (CD/I( V) +Cr @ 13+ Ce ( q>;1(2)),

Q2 = ng (q)/z - ng) + C]Z q),2 - Cc(q>;1 - (D/z) + Cc(q)/Z - q).;z)’ (62)

Qsl( C CD/ Cc(qD/l(Z) - q>;1(2)) + C (CD/ - q>,2(3))'

51(2) 51(2)

By applying the Legendre transformation H(®x, Qi) = >, Qc P} — L, we obtain the Hamil-
tonian

3 2 -\
—2en (Qs, —2emy, )
H = E o)’ —E;, cos( )}+ E [%”—Eegcos( ,)]
1[ 2C, e ORI = 20, Ty S

+812Q1Q2 + g13Q1 Q3 + g15; Q1 Qs + €15, Q1 Qs + g23Q2Q3
+ g251 QZ Qs1 + g252 Q2 Qsz + g351 QS Q51 + g3s2 QB Q52 + gslsz Q51 Qsp (63)

where the effective Josephson capacitances

Cr = C(CAC, +2Cy +4C, + Co) +4C,C1 Co(C; + Co)
+ C,Ce(Cy +2C1)(Cy +3C,) + C2(2C2 + C1Cy)),

C; (64)
[C?+ CCs+ C(2C + C)1?’
~ CS
&= . ,
Js162) (Ce + CDI(C1 + C)CyCs + C2(3C1 + Ca + 2Cs + Ce) + 2C.C1(Cy + C)]

C/z =

the coupling strength

C.[C1Cy(2C,. + Cy) + CZ(3C1 +Cy+ C. +2C) + C.Cy(2C1 + )]
&1s51(3s2) = s ’

C3(Cr+C) (o5

L1sy(3s1) = s , g13 = C_Cs’

*

Co(Ce + C[C? + C1Cs + C(2Cy + Cy)]
8251(257) = 5 , (65)

*
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C2[C? + C1Cs + C.(2C + Cy)]
c;

£12(23) =

’

CXHC. + Cy)?
Zs1s9 = C—f’
and the gate-charge numbers

. Cp,[C? + C1Cs + Co(2Cy + C)I[2C2 + CoC + 2C.(Ca + Cy)]
Rgy3) = — 2¢C5

Cgl Vgl

Cj, C2[C? + C,C, + C.(2Cy + Cy)]

2€C5 CgZ ‘/gZ ’

2C;, C2[C2 + C,C, + C.(2Cy + C))]
o =7 2eC>

Cgl Vgl

Cp,[C? + C1C, + C.(2Cy + Cy)]?
2eC?

Co:Verr

C1,C.2C, + C)[C1(Cs +2C,) + Co(Cs + C,)]
Mg T 7 2eC>

Cgl Vgl

C1,C(Ce + C)[C.Cy + (Cr + CH(C, + C)]
2eC?

ng ng’

(66a)

(66b)

(66¢)

with Cf = [CC2 + CICS + Cc(2C1 + Cs)][C1C2Cs + C3(2C1 + C2 + ZCS) + CC(2C2C1 + CzCs +
2C,Cy)],and C; = G, +Cy (7 = {1,2}). Next, we calculate the effective Hamiltonian of this
three-qubit model, by applying the approximations &, =« @;(2,3) (@;/1 0 < @3’(2,3)), and

51(2)

Ny

5102

, K @123, where we assume the both SQUIDs in phase regime with high plasma

frequency and low impedance. With the first approximation, we can neglect the terms

proportional to CD;l (2) in Eq. (62) obtaining the relation between nodes charge as follows

Qi) + Cgl Vgl Q + ng Ve
s = _Cc .
Qi ( C+C. | G+2C

(67)

Moreover, to obtain the relation between nodes flux, we calculate the E-L equations, and

by applying the two approximations, we can neglect the terms proportional to <I>;’1 (2) and

approximate sin (¢51(2)) = @5, Obtaining

_ CCEh sin ((ﬂl(S)) _ CcElz sin (§02)
E;—jlfm) (C1+C) Eiff(sz) (Cy +2C,)

(psl(2) =

Meanwhile, with the condition dDSm) <& ®y(23), we can approximate cos Ps10)

(68)

~(1-

<,0521 @ /2), where we can keep the potential energy of the SQUID up to the second-order

and by replacing Eq. (67) and Eq. (68) in the Hamiltonian in Eq. (63), we obtain

1 _ . 1 _
H = —=—(Qu1 — 1) — Ej, cos (1) + y1 (94r) sin (@1)* + —=—(Q — 71g,)?
2C]1 2C]2

. 1 _
—Ej, cos(2) + 12 (wéi)t, wéﬂ) sin (¢2)* + f(Qv, — fig;)* — Ej, cos (¢3)
J3

+ 13(02) sin (93)% + y12(0) sin (1) sin (93) + y23(922) sin () sin (g3),

(69)
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where
C C 7 Ca Ve - CoVer
Crg =Ci+Co Cp =G +2C, gy = =5 gy = =2,
C2E2 C2E2
1 7 o 7
Y1 (‘pgxi) i Y3 (g)éxi) = A

2(Cy + C2EST 2(Cy + CPEST

(70)
C2E} (cos (p) + cos (p)

4(Cy +2C,)%E), cos (goé,l()t) cos (gog({),
C2E; Ej,
(C1+ C)(Cy +2C)EST

2 (05 o) =

C2E11E12
(C1 + C)(Cy + 2C)EST

Y12 (‘Pg(i) = V23 (<Pext)

By promoting the classical variables to quantum operators, i.e. Q; — Qj = 2er; and ; — @;
with the commutation relation [¢%, n) = ¢ in Eq. (69), we obtain the quantum Hamilto-

nian

3

=3 L+ via(0h) sin (§1) sin (82) + yas (052) sin (@) sin (3), (71)
j=1

where the Hamiltonian of the subsystem reads

7 1(3 A - A 1)((2 . A
Hsib) = 4Ec, (i) — g, )* — Ej, cos (P13) + 11(3) (f/)éx)t(( ))) sin (¢1(3)°, )

A N - . D @\ a
H2 ) = 4Ec, (fty — f1g,)* — Ej, cos () + 12 (‘Péxi: (pix)t) sin (¢2),

and the charge energy E, = €*/ (2(_,}/). In the following discussion, we consider 7, = 71,4, =
0.5 and /i = 1. As mentioned in Appendix A, the term proportional to (sin¢;)* in the sub-
system Hamiltonian in Eq. (72) does not destroy the anharmonicity of the system. Thus,
in charge regime, we can safely perform the two-level approximation and write the Hamil-
tonian in Eq. (71) in the subsystem basis, where the operator sin (¢;) = ij /2, and the non-
linear term proportional to sin (g?),-)2 can be regarded as a shift to the qubit frequency ob-

taining
1) @)
- w) w1 V12(Pext) y 5 V23(Pet) y o
H= 701 + 702 + 705 + Tealaz + Teazog, (73)

where w; = Ej, wy = Ej,, and the coupling strength ylz(goé,lc)t)/lL, yzg(wé,z()t)/ll depend on
the external flux through the first, and the second SQUID, respectively. Here we con-
sider the external flux (pg(t (=11, 2}) to be composed of a DC signal and a small AC
signal as ‘ngt gogc + goAC(t) where <pAC(t) A(’ cos (vi’ t+ (pl)) + A(’ cos (v2 t+ (pz ) and

|A1], |A2] K |<pgc| Thus, we can approximate

: 0
1 1 sin(@he)
= e |: + 7’(3; gaz)c(t) , (74)
E]S/ E] cos (¢pc)

where Eg) =2Ej, cos ((pg)c). By replacing Eq. (74) in the Hamiltonian in Eq. (73), we obtain

~ w1 wy w
H=—0f+—05+—03
2 2

71 +[gé +g1 ‘PAc(t)]Ule [go +g1 ‘PAc(t)]UzUsy’ (75)
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Figure 13 Population of the states [000) (blue line), |011) (orange line), and |101) (purple line), numerically
calculated from Eg. (73), and the population of the states |000) (green line), |011) (red line), and |101) (pink
line), numerically calculated from Eq. (77), with physical parameters @,/2m =9 (GHz), w,/2m =1 (GH2),
902721 =02 (GH2), Ay g\ /2 = AT, g7/27r = 0.1 (GH2), vi/27 =8 (GH2), vo/27 = 10 (GH2), and the phase

~(1) _ ~(2 ~(1) _ ~(2
@ =¢? =27, g0 =g =z

where the coupling strength

0 _ C2EL By,
gO - =() )
4:(C1 + CC)(CZ + 2CC)E]S
() (76)
g(i) Cc2E11 Ej, S ((pDC)
1

" 4(Cy + C(Cy +2C)EY cos (9l

To visualize the dynamics of the system, we go to the interaction picture characterized by

the free Hamiltonian Hy = w107/2 + w203 /2 + w103 /2. Moreover, we consider the resonant

conditions vY) = A1y = w; —wy and vé’) = [12 = w1 + w3 and perform the RWA obtaining

@

M 4@
(1) Gt
_& (0705€%2 +07 0, Are™™

)

o8 AT e gD
H; ~ 5 (o705€% +o]05e1)

Ly gag
3

) (@)
(050592 +o505e™), (77)

where we neglected the fast oscillating terms proportional to exp(£i(Aqs + vﬂ)z))t),
exp(Li(u + VY()Z))t), exp(EiAiat), exp(Liniat), exp(Li(A — vg))t), and exp(£i(u1y —
v¥ ))t), as we consider the qubits are far from resonance, and the coupling strength
{gg),gY)AYZZ)/Z} < {A12,M12,VY()2)} (7 = {1,2}). To prove the justification of the RWA we
applied, in Fig. 13 we plot the population of the states |000) (blue line), |011) (orange line),
and |101) (purple line), numerically calculated from Eq. (73), and the population of the
states |000) (green line), |011) (red line), and |101) (pink line), numerically calculated from
Eq. (77). Despite the slight fluctuations, the results calculated from Eq. (73) still coincide
with the ones calculated from the Hamiltonian in Eq. (77), which proves the validity of the
RWA we applied. Finally, to visualize the types of interaction we can engineer, we write

the Hamiltonian in Eq. (77) in terms of Pauli matrices as follows

Hi~HP + HP, (78)
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where

0]
~iirl g . (i ; (i
H)T = L[(A(f) cos<p¥)—A(2’) cosgog)) +1+(( 1)’A1 smgaf —Ay sm<pg) * ]yH

+((= l)f*lA1 sin ¢/ —Ag smgog) J oit

+ (A(f cos @ + AV cos ¥ )oi o] (79)
Notice that the phase ¢ <p1 requlred to achieve +o/'c ” and +o0; 0}, is different for odd and
even j, and the interactions we can engineer are shown in Table 2.

Appendix C: Mapping fermion Hubbard model to spin model

For completeness, we derive the Hamiltonian of an /2 x £ fermion-lattice (see Fig. 6(a)) in
terms of spin operators by applying the Wigner-Jordan transformation. The Hamiltonian
can be expressed as

Huubb = A Z Z c cka+ckac]a +BZV1,,T71,,¢, (80)
={1.4} Gik) j

where A is the kinetic energy, B is the on-site repulsion, c}tu (¢j«) are the creation (annihi-
lation) operators that act over the jith site, 1)) = C;, 1(1)Git(1) is the number operator, and
a =1, | is the spin component. To suppress the index a, we map this lattice to an equivalent
2¢ x h lattice as shown in Fig. 6(b), with ¢/ it = sz 1 €, i = b;, where b,t(bk) are the creation
(annihilation) operation over the site k for the lattice. Now the Hubbard Hamiltonian can
be written in terms of

h-1 £-1

HHubb =A E E 2k£+2} b2k£+21+1 + b2k5+2]+1b2kl+2/ )
k=0 j=1

+ (bﬁke+2jb2k@+2(i+l) + bﬁke+2(/+1)b2k‘f+21')]

h-2 20 ke
2 :} : i T § : i i

+A [bﬁkz+/b2(k+1)l+/+b2(k+1)£+jb2k€+f] +B (b2j—1b2j—1b2jb2/)’ (81)
k=0 j=1 j=1

where the three terms correspond to the horizontal hopping Hamiltonian, the vertical
hopping Hamiltonian, and the Coulomb interaction, respectively. By applying the Wigner-
Jordan transformation, we map the operator b;(bj) to the combination of Pauli matrices

as follows
j-1 . ~1 _1 /1
b} = |:H(—alz):|oj' _ 2)1 |: of:| (o +i07),
41=1 ’1=1 (82)
7 ,
b= |[1(-07) |oy=——| [ o7 | (o] - ic}),
=1 =1

where ojk is the k-Pauli-matrix associated with the spin — 1/2 of the jth position of the
chain as shown in Fig. 6(c). Using the Eq. (82) and with k > j, we obtain

T o (D Y zk-1_y
b/bk‘*bkb/':T( Z+1 of +0; 2. ak) (83)
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Figure 14 Interactions of the site k. Blue and red dashed arrows refer to the interactions in the rows for up
and down spin respectively. Yellow solid arrows refer to the interactions in the columns

where ij = ®2‘:1.GZ. And we can see from Fig. 14 that k — j is an even number for all j and
k involved in the interaction, therefore

bjbi + bjb; = —( FZiol + ol 2. (84)

Now, we simulate this multi-body interaction using only two-body gates. Before every-
thing, we note that

Ulo xLIy =—0f0},,, Uo yL[" =0/0},1 (85a)
7y yyt _ Y y x oYY
Ulhoi oty =0 0foion,,  UiololUls =of j0foiof,, (85b)

with U = exp(-i%o0/'0};) and U“ﬂ LI;’ilLIf (j # k), which allow us construct all multi-
body operators of the form given by Eq. (84). In the following discussion, we derive the
Hamiltonian corresponding to the horizontal hopping Hheri, vertical hopping Hyerti, and
Coulomb interaction Hoy in terms of Pauli matrices, respectively.

C.1 Horizontal hopping

We first calculate the horizontal hopping Hamiltonian, which involves eight types of in-
teractions. And all these interactions can be divided into two directions (see Fig. 7), i.e. the
forward hopping (solid arrows) bl b,+2 and the backward hopping (dashed arrows) b 2 b;,
where we can write both of them in terms of Pauli matrices with Eq. (84) and Eq. (85a),

1
"
b/b/*zz_z 7 0710742 = ux x"/yﬂuﬁl’
(86)
1 1
i) y y Y
b}+2b 50} Ojilo'j+2 2L[]+16 1+1L[1+1

Now we calculate the Hamiltonian corresponding to the blue solid arrows (see Fig. 7),

which contains the hopping terms

Hie = bibs + by + bib1y + bisbis ...+ blbyes, (87)
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where p = 2¢ — 4 — (-1)**1, By replacing Eq. (86) in Eq. (87), we obtain

T T i 1 ¥
Hiye = blbs + biby + bibr1 + bisbis... + blbyis = Sl HHE U ), (88)
where
h-1 my h=1 my
( b
u2akﬁ+4(j—1)+i’ ” ZZ 2k£+41 5+L02k£+40 1)+i? (89)
k=0 j=1 k=0 j=1

with m; = [20 — 1 — (=1)**1]/4, and my = [2€ — 3 + (=1)**1]/4, which corresponds to the
number of the hopping terms of the blue(red) solid/dashed arrows, and green(brown)
solid/dashed arrows respectively (see Fig. 7), where m; + my = £ — 1. As for the blue dashed
arrows, we have

Hie = biby + bibs + b 1bo + bishis... +b)

+
p+2b 2 [uy H(y ) uyl 2)] (90)

Thus for the horizontal hopping corresponding to the blue arrows, we have
Mt = Hinge + Hoe = = [ Ul W, HO L, (91)
Blue = 71plye T "LBlye = [ a2)1,2 (1 2) T U112 (1,2)]'

Following the previous procedure, we obtain the Hamiltonian corresponding to the red
arrows, green arrows, and brown arrows (see Fig. 7) as follows

1 ; ’ i
Hred = 5[L1g‘1,3)17{}’f3”u(l3 U HYPW, )

1
H Green = 5 [uxz4 2x4}’)u n uyz 4)]—[g";‘ U{ZAL] (92)

Lot ) T T
HBrown = 2 [Ufczs U<xz,5> + Uy 5H; g U(z,s)]'

where the first term and the second term correspond to the forward hopping and the back-
ward hopping, respectively. Finally, the Hamiltonian of the horizontal hopping in terms of
Pauli matrices read

Hhori = HBlue + HRed + HGreen + HBrown

A ey y o y ")
= E[UECI,Z)HLZ (12 + U H LI les 13 (x1,3)
v U HYY w4 Uy HA U 4y + Uy HYY u

(1,3)" 71,3 (1,3) (2,4)" “2,4 (2,4) (2,4)" "2,4 (2,4)

¥ , g
U DU o + U0, HOP U, . (93)
C.2 Vertical hopping

In this subsection, we calculate the vertical Hamiltonian in terms of Pauli matrices. For
the vertical hopping, each term in the Hamiltonian in Eq. (81) reads

T x 2[+}1 x y 20+j-1 _y
b/b25+1+b2u;b1— _( Z]+1 Og04j Z]+1 22+/) (94)
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where the first term corresponding to downward hopping (dashed arrows), and the second
term corresponding to upward hopping (solid arrows) as shown in Fig. 8. To construct the

term a"lefl+ - 105‘“1 in Eq. (94), we insert Eq. (85b) on both sides of o 0iie1 1+l as follows

204j-1 _x (%,%) (%) Oy x x y
+ + +1,j4+20— + + ++1 j+0) " Pjre-1%)4
Z;l zz/—(ujl;‘zzlul;zzz U;zuxmjl)“;u”;e

o)’ T U
( ]+ZL[/+Z 1j+€+1° I'[j,j+28—21'[j+1,j+2[—1)' (95)

20+j-1 . .
And for cryZ1+1’ ag[ﬂ, it can be written in terms of

A A 0y) (o (%) y
Z]+1 20+ T (l’[]+11+2£ lL[j,j+2Z—2 te LIj+Z—1,j+(3+l l’[j+£)
i i ¥ i
- y (%) 0.9)
]+Z 19 ] (L[]+(Z LI/+E Lj+6+1" L[j,j+2(3—2L[j+1,j+22—1)' (96)

By replacing Eq. (95) and Eq. (96) in Eq. (94), we obtain the vertical hopping Hamiltonian
between jth and (j + 2¢)th fermion as follows
¥ i (%) (0:9) y
bj b%ﬂ + b2e+/b 2 (L[jfffj+2l—1 jj+20-2 " U;+e 1,;+e+1ul+e) /ﬁe—lajw
2 0. (
( j+e l’[]+£y 1j+€+1° l’[/ﬁyZZ 2L[/flxl+2£ 1)
0.9) () (%) y y
2 (U]+1;+2z 1U;,7+xze_2-~lflj+zx_1,j+e+1 Um) '“j+£-1°fie

( o)
(L[]):-ZL[]M 1j+€+1° I'[];c:;l 2L11+1y/+21€ l) (97)

with which we can write the hopping terms in each column together, obtaining the vertical

hopping hamiltonian as follows

20 h-2
Vertl = Z Z 2k5+/b25+2k2+/ + bég+2k5+lb2kl+/
j=1 k=0
Av (62 7y 09 7t @y (g o)’ o' 7 )t
EZ U;1 ‘, U;,z 14 )'®/ (U/U/l—lul2 u;,l )
j=1
N
U Uy e (@ T L us Uy, (98)

where we define

h-2
ab _ a b
;" = Zazkl+j+i—102kl+j+i’
k=0
a ,a)
/, 1_[ U2kﬁ+]+z2kl+1+2l i’ (99)

h-2
a _ a
L[] _l_[ 2ke+j+e*
k=0
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C.3 Coulomb interaction
For the Coulomb interaction, each term in the last sum in the Hamiltonian in Eq. (81)
reads

. 1
i T z
bjb}-:ajaj: E(G’ +]I), (100)

where I is the identity operator and the Hamiltonian of the coulomb interaction reads

ke ke
' B
Hcoul = B E b;jflej—lbizjb% = Z E (0221'_1 + H) (O’ZZI + ]I) (101)
j=1 j=1

Finally, we write the Hamiltonian of the Hubbard model in terms of spin-1/2 operators

HHubb = Hhori + Hverti + Hcoul

A ) v 0wt t ) v 0wt
= E[U(xl,2)Hl,2 UECI,Z) + Uy o Hyy Uy o) + U(xl,?))Hlﬁ Ufl,s) + UG5 Hyg U 5

¥

fo ) y o)t fop ) y o)
+ UECZA)HZ,IL Ufcz,zL) + U g Hyy Uy 4y + Ufcz,s)Hz,s U(x2,5) + Uy 5)Hy 5 u(z,s)]
A ¥
Frx) 7r(0y) Frxx) 7)) 7
+ ) Z[(U;l Uy Uy S5 Uy u;y )
j=1

oy (g o’ e BTl
'Oj '(L[;CL[/,Z—I LI]’,Z—Z"'L[/‘,Z U;,1 )

09) 7 ) 09) 7 %) 7y yx (7t )t 7o) @0 7 0
+(Uj,1 Uy, “‘L[j,l—Zuj,K—lLlj)'@j (U; Uy U™y o Uy Uy )]

ht

B
t Z(UZZ;'—I +1) (oz,zj +1). (102)

Jj=1

Appendix D: Digital decomposition of the hopping Hamiltonian fora 2 x 3
fermion Hubbard model

In this section, we decompose the exact evolution of the horizontal hopping and vertical

hopping of a 2 x 3 Fermion Hubbard model respectively into a sequence of discrete gates

by applying Trotter expansion.

D.4 Horizontal hopping
For a 2 x 3 fermion lattice, we first consider the horizontal hopping Hamiltonian H}_; as
shown in Fig. 9(a)

Hltori = ij + Hflown’ (103)

where 75, = A(b}bs+biby +biby + bibs + bibyy +b] bo) and . = A(bSbs+blby+bibs+
bgbﬁ + b;obu + bizbm), corresponding to the horizontal hopping for the spin-up fermion
(blue solid/dashed arrows) and spin-down fermion (red solid/dashed arrows), respectively
(see Fig. 9(a)). By applying the JW transformation, we map the fermonic creation and an-
nihilation operators onto spin operators, and finally obtain the horizontal Hamiltonian as
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follows

A

.
o _ Yy y T T
,Hhori_EUZU U10(0102+05‘76+09010)U Us Uy,

A y

SI—
X X y
—Ll U 10 (01 oy + 05 Oy + 04 010)U2 L[6

A Pt
Y Y _x AT AT
+ —2 U3U U11(0203 + 6607 + 010011)1,1 U ull

A

S S
X X X x Y x Y x Y XTTXT TX
+ EUS U; Uy (0503 + ofo) +ofyoiy ) UsUS U, (104)

where the four terms correspond to the blue solid arrows, blue dashed arrows, red solid
arrows, and red dashed arrows, respectively in Fig. 9(a). Now we approximate the time
evolution of horizontal hopping Hamiltonian by applying the first-order Trotter expansion
e it ~ (T, ety obtaining

—i At T
U i(¢/n) ~ [ugugufo exp(—2 (0705 +0l0g +03 010)>L[y u; u,
n
oot —i At
SUS U L[fg exp( 5 (0703 + 020y + 04 010)> uyuzus,
n

—iAt
-U%'Ugu%lexp( o (0203 +cr6a7 +010011)>L1y L[y Ufl

Foot At "
Uy Uy Uﬂ exp( ; (0203 +olod +010011))L[xl,[xl,[f1j| , (105)
n

—iHE ot
where U (£) = e word”,

D.5 Vertical hopping
The Hamiloinian of the vertical hopping can be written in terms of

vertl Z he, (106)

where

he =bibea+b),,be
_A

.
XX y y X Y xx
(LI 0+1,0+3) ue+2ae+105+2ue+2u 0+1,0+3)

+ u£+1 043) UZ+2OZ+1(7€+2 /3+2Uz+1 0+3) ) (107)

represents the hopping between the £th qubit and (¢ + 4)th qubit.

To avoid the sub-gates required in the same interaction sharing the qubits, we define
the eight terms in Eq. (106) into five groups {/1, s}, {h2, 17}, {h3, hs}, {ha}, and {hs}, where
each group includes both upward (solid arrows) and downward (dashed arrows) hopping
as shown in Fig. 15. Furthermore, all the interactions with the same color and same texture
(solid/dashed) can be simulated at the same time i.e. to simulate the vertical hopping of
a 2 x 3 fermion lattice, it requires ten types of interactions, and each interaction needs
ten gates (see Eq. (107)). Finally, the corresponding Trotter expansion for each group are
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Figure 15 Diagram for the different vertical hopping
interactions in a 2 x 3 fermion lattice. Solid/dashed arrows
with the same color correspond to the interactions can be
implemented at the same time in an analog way

shown as follows
exp(—i(h + he)t)
~ s s i exp (<2 0205 + odog) )1 1
24479 p oy \0203 T 0708 79424
y ’ R iAt T
.u{zﬁ) L[(y7?'9) u; Ui exp (—E(oz o3 + 03 Us)) L[xuxuy7y9)uy2y4)] ’
exp(—i(hz + h7)t)
~ | U U0y Un U ex —iﬁ(ayo +o0308) U w2 u”
3,5 48,10 Hatio €XP o \93%4 8§09 4 Y510
2w L[” ux*ux —Mi(a"oy+a ) uxuxuyy L[”T "
35 Y810 oy \0394 0509 ©1)H@Es) |
exp(—i(hg + hg)t)
iAt Pt et
[U’Z’E ugxu)uyumeXP( wm (‘7405 "'09010))”{0”33, U(xéﬁl)
. L[xxT u};}’6 uyg,yll)ux
iAt "
x exp( o — (050l + 03 010)>L[f0L[ny9yH L[Jiiy6:| ,

A i
exp(—ihyt) ~ [Ugf;)l,[g exp( ! 2206 )Lly U"s’;)

n
9y gt ‘A‘fs ogt 5.y"
. L[(5’7)ng exp( " ugu(w) ,

) x iAo] o5t Pt
exp(—ihst) ~ |:L[(6”8)L[%' exp( > u )LI; U

t iAckolt
i ()

& n
Uy U@s)} ’
with which we obtain the Trotter expansion for the whole vertical hopping

U (tl) ~ [exp(—i(m + he,)é) : exp<—i(h2 + h7)£) : exp(—i(hg + h@%)

¢ £\1"
- exp <—ih4—> -exp(—ihs—)] .
n n

(108a)

(108b)

(108c)

(108d)

(108e)

(109)
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Now, we approximate the time evolution of the hopping Hamiltonian H} = Hy ; + Hi
for a 2 x 3 Fermion lattice as follows

Uﬁop(t/n) ~ [ Lthorl leertlt/n] [Uhorl(t/n) vertl(t/n)]n' (110)
where U} . (t/n), and U, ;(¢/n) is defined in Eq. (105), and Eq. (109) respectively.

Appendix E: Circuit QED implementation
In this section, we present a cQED encoding of a 2 x 3 Fermi-Hubbard model with a 12-
qubit system

12
Z +[g) + &Vl )0l (111)

where w; = w; for odd j, w; = @, for even jand %({)C = A(lj) cos (vy)t + (ZJY)) +A(2j) cos (vg)t + (ZJg))
is the time-dependent AC signal through the jth SQUID. Moreover, the effectivce coupling
strength gg ), and gi’ ) are defined in Eq. (76). Now we write the Hamiltonian in Eq. (111) in

interaction picture concerning Ho = 211:21 a)jojz/ 2 and perform the RWA obtaining

11
Hi=Y H, (112)
j=1

with the interaction Hamiltonian between the jth and (j + 1)th qubit

M _G)
Tt A1 gl (1) (A1g— u§” £ il 1)1+1(p1 (~1Y* 1 (A1g- vl )z i( 1)’(p1
IO ( 01011+e GJGIH)

A(Z] 151

~() . () ~()
—i(p12— v )t up i(12—vy )t i,
5 ( 2 2070, +e€ 2 Te"2 o; 0“1) (113)

Here, we neglected the fast oscillating terms proportional to exp(£i(Ajs + v%))t),
exp(Fi(ui + le()z))t), exp(iAiat), exp(Lipiat), as we assume that the adjacent qubits
are far from resonance and the coupling strength {gg), g )A({(Z)/Z} < {A12, 12, v%)}. In

: : : + - + + -+ - =
Fig. 16, we show that we can activate coupling terms {0,'0;,;,0;0/};} and {0;'0};,0,7 0/, }

(a) 1.0 (b)1.0]
= 05 0.51
o
0.0 ‘ ‘ 0.01: ‘ ‘
0 5 10 0 5 10
t[ns] t[ns]

Figure 16 Population evolution of the jth and (j + 1)th qubit calculated from Eg. (113). The physical
parameters of the circuit we consider are shown in Table 3 of the main text. (a) Population inversion of the
states |0);]1)+1 (blue line) and |1);]0);41 (orange line), where vg) =, and vg) = 0. (b) Population inversion of
the states |1);|1);41 (orange line) and [0);]0);11 (blue line), where vg) =1 and v?) =0

Page 31 of 35



Yu et al. EPJ Quantum Technology

(2022) 9:9

Page 32 of 35

Table 5 Phase parameters required to simulate the time evolution of horizontal hopping

Hamiltonian, see Eq. (105)

Horizontal Hopping

Operator (775) ¢g)
—@M01 — 3.0

UUiU;, oo g =
exg(—f(gzxag +olo) +ofol) L) @O0 ng GO =300
U% vl Uﬁ G _ GOD _ o

y' =(3),7),11 =(3)(7)11)
Uy Uy Uy %(()ﬂ ¢ =
exp(FA Yol +olos +alyoi)t) @R =307 GPON0 Z 350
Uéu);u){w @%3)( )(11) - ¢§3),(7),(1 n_ 2
UL U U§0 GO0 _or GRG0 _
exp(——(or] 03 +0fo) +ofoi)t) OO =30 GO =357
UXT Ux Ux @O0 - RO _ o

ot ~ ~(2(6),10) _
UyU U{O g05)((),7[ (pg) )(10) _ o
expl-2(ofo) +olof +ojoi) ) @O0 =10m @O0 =300
U}gU}éU{o @5 )(6)(10) —or (Z)g?),(é),(m) —o

Table 6 Phase parameters required to simulate the time evolution of the vertical hopping hs, see

Eq. (108e)
Vertical Hopping
Operator [ %)

v ~58 _ 58

U{g& ‘/’w = ¥ =
v ¢ = ¢y =7
exp(-Logor ) ¢ = vzn @ = 3/2m
y/ Hom  Hrm
U{éy/%) gt=2mr  @Ff=2m
U<Xé:,8) gif=m  §f=2m
Y, Py =7 ¢y=m
epl-tojols)  @r=32m  gi=3/m
V4 %g: 2 (ﬁ%S— jis
Ugs) ¢ =2r @ =T

Table 7 Phase parameters to simulate the time evolution of the vertical hopping h4, see Eq. (108d)

Vertical Hopping

Operator ¢$) ¢§>
+
Yy > @)(7) A7) _
Uiy ¢y g, =T
Us <ZJ§6) =21 @56) =7
exg(——os olty @Y =301 @Y =30m
Us ¢§6) =7 (/356) =21
U{5y7 GO = GO0 Z o
¥ ~ -
Uy g =n g =2om
i ~(6 ~(6
Uy gl=n  @Y=m
exp(—ﬂa5 i @ﬁs) =1/2r (2)55) =3/2nw
Y Pan e s
Uy o= @3 =1

in Eq. (113), respectively, and the physical parameters we consider are shown in Table 3

of the main text.

Moreover, by considering the resonant conditions v;

4

) _ = A1, and vg) = 12, and we can

neglect the fast oscillating terms proportional to exp(£i(Az — vg))t) and exp(Fi(uir —
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Table 8 Phase parameters required to simulate the time evolution of the vertical hopping hs and hg,

see Eq. (108¢)

Vertical Hopping

50

Operator [ox @)
U{ﬂ )U{,ﬂ) FHOOND _ 7 FOO6.0D _ o

9,11 4,6
ViU @O0 = oy GO0 _ 7
exp(-2(0)ol +oial)Y) ¢ =12m¢7 =302 ¢ =3/2w¢Y) =3/2m
UET U% (ﬁgs),mo) - @5),(10) g
%6 v OO o OB _ oy
U Uxxi FROBOMD _ 7 GROBIN - o

9 11)7(4,6)
U{o Uﬂ ¢§5),mo> - @5),(10) -7
exp(—T(U;‘v ol+oloi)l) ¢V =30ngP =121 @ =3/2m¢ =3/2m
UL, @O0 = o GO0 = o
Ui U FHOOND _ o PHOOND _ 7

Table 9 Phase parameters required to simulate the time evolution of the vertical hopping h; and h7,
see Eq. (108b)

Vertical Hopping

Operator @%/) gﬁg)
T i - -

U{syw 0 U{BI),/S) (ﬂ% ).5).(7),10) _ T ¢§2),(5),(7),UO) =7
UXUX (Z’g ).(9) —o7 ¢§4),(9) -
exp(——(a3 04 +0g agy) ) gZ)g 3/27T§0 =127 gaz 3/27T§0 =327
vsug' @O = 5" = o
U{},}’/g) U(y&m) FROMN0 _ o GROMN0 _ o7
U)(<8;<1 0 %/E(BXS) ¢% ).(5)(7),(10) _ T ¢(2),(5),(7),UO) o7
Ug U{t QZ’S )9) _ =7 ¢§4),(9) =7
exp-"Aodof +ojo)l) P =121¢P =300m @Y =3/2m¢F =3/2m
s #09 ~om 09 o
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U?3X,5)U(sz,wo) <05)()()( ):271 ()()()( )

Table 10 Phase parameters required to simulate the time evolution of the vertical hopping h; and
he, see Eq. (108a)

Vertical Hopping

Operator (Z)%ﬂ (Z)g)
ot GO0 _ 1 GO _ 1
UX UX @53),(8) = @? -7
ex?(—%(azxag +roso)l)  ¢P=121¢) =32 ¢ =3/21¢)) =3/2m
UX‘ UXT ¢%3),(8) =7 ¢§3) =7
uy %9 GO0 GO0 _ o
UXXT Uy FIDOO) _ 5 GO o

24

i - -
Wy ¢ — 7 GO0 — 7
exp(- 2 (@)oo} +olo)b)  ¢P=32m@) =12 ¢ =3/21¢\) =3/2m
14 it el
YsaYis = 2! il

\)Y ))t) inEq.(113) obtaining the interaction Hamiltonian given by Eq. (77). And for a proper

choice of the phase <p1

, the operators we can engineer are summarized in Table 2, with

which we can simulate the time evolution of the hopping Hamiltonian (see Eq. (110)) in an
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analog way. The sequence of the gates and the corresponding signal parameters as shown
in Tables 5-10.
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