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Title: Spectral analysis of Dirac operators on bounded domains

Abstract This thesis is devoted to the spectral study of two types of perturbation of the
Dirac operator, which are singular from the point of view of scaling.

In the first part of this thesis, we consider the coupling of the Dirac operator with a combi-
nation of delta-shell interactions of electrostatic, Lorentz scalar, and magnetic type supported
either on regular compact surfaces or locally deformed hyperplanes. We develop an approach
based on regularization techniques that will allow us to describe the self-adjoint realization
of the perturbed Dirac operator for any combination of the coupling constants. We then in-
vestigate the qualitative spectral properties of the various models using a Birman-Schwinger
principle and a Krein-type formula relating the resolvent of the perturbed operator to that
of the free Dirac operator, and we pay special attention to the case of critical combinations
of coupling constants and those that give rise to the phenomenon of confinement.

In the second part, we study the coupling of the Dirac operator with non-critical combi-
nations of delta interactions supported on non-regular compact surfaces. We first generalize
the results obtained in the context of regular surfaces to the case of surfaces locally coincident
with the graph of a Lipschitz function whose gradient is bounded and has vanishing mean
oscillations. For this we use some techniques from harmonic analysis, potential theory and
Fredholm’s theory. Moreover, in the case of Holder surfaces, we show how the smoothness
of the surface supporting the delta interactions affects the Sobolev regularity of the domain
of the operator under consideration. In a second step, we investigate delta-interactions sup-
ported on surfaces satisfying certain weak topological conditions. We first study the Dirac
operator coupled with the electrostatic and Lorentz scalar delta-shell interactions supported
on uniformly rectifiable surfaces. Under certain conditions on the coupling constants, we
prove the self-adjointness fo the perturbed operator and we establish several spectral proper-
ties in the Lipschitz case. In particular, we determine the essential spectrum of the perturbed
operator and we show that at most a finite number of eigenvalues can appear in the gap.
Moreover, we fit these results to other delta-shell interactions and derive several models of
Dirac operators that give rise to the confinement phenomenon.

In the third part of this thesis, we are concerned the study of the pseudodifferential
properties of Poincaré-Steklov (PS) operators associated with the Dirac operator with the
MIT bag boundary condition. First, we show that the PS operators fit well into the framework
of classical pseudodifferential operators. Then, we study the PS operators from the point
of view of semiclassical pseudodifferential operators, where the semiclassical parameter is
given by the inverse of the mass. In particular, using some regularity properties of the MIT
bag operator, we show that the PS operators are zero-order semiclassical pseudodifferential
operators, and we determine their semiclassical principal symbols. In a second step, we study
the Dirac operator coupled with a potential depending on an additional mass and supported
outside a regular domain. When the additional mass is large enough, using the symbolic
calculus and the properties of the PS operators, we establish a Krein-type formula relating
the resolvent of the perturbed operator to that of the MIT bag operator. With its help, we
show that the perturbed operator converges in the norm resolvent sense towards the MIT
bag operator and give a sharp estimate of the convergence rate.

Keywords: Spectral analysis, Dirac operators, self-adjoint extensions, shell interactions,
quantum confinement, Poincaré-Steklov operators, the MIT bag model, h-Pseudodifferential
operators, large coupling limits.

Titre: Analyse spectrale d’opérateurs de Dirac sur des domaines bornés




Résumé Cette these est consacrée a 1’étude spectrale de deux types de perturbations de
I'opérateur libre de Dirac en dimension 3, qui sont singulieres d’un point de vue de changement
d’échelle.

Dans la premiére partie, nous nous intéressons au couplage de 'opérateur de Dirac avec
une combinaison de delta interactions du type électrostatique, scalaire de Lorentz et mag-
nétique, qui sont supportés soit sur des surfaces régulieres et compactes ou sur des per-
turbations locales et régulieres de ’hyperplan. Nous développons une approche basée sur
des techniques de régularisations qui nous permettra de décrire pour toute combinaison des
constantes d’interactions la réalisation auto-adjoint de 'opérateur considéré. Ensuite, nous
étudions les propriétés spectrales qualitatives des différents modeles a ’aide d’un principe
de Birman-Schwinger et une formule de Krein qui relie la résolvante de 'opérateur perturbé
avec celle de 'opérateur libre de Dirac, et nous portons une attention particuliere au cas des
combinaisons critiques de constantes de couplage et a celles qui donnent lieu au phénomene
de confinement.

Dans la deuxiéme partie, nous étudions le couplage de 'opérateur de Dirac avec une
combinaison de delta interactions non critiques supportées sur des surfaces compactes non
régulieres. Dans un premier temps, nous généralisons les résultats obtenus dans le cadre des
surfaces réguliéres au cas des surfaces qui coincident localement avec le graphe d’une fonction
dont le gradient est borné et a des oscillations moyennes nulles. Pour cela, nous utilisons
des techniques d’analyse harmonique et la théorie du potentiel. De plus, nous mettons en lu-
miere 'influence de la régularité de la surface supportant les delta interactions sur la régularité
Sobolev du domaine de l'opérateur sous considération dans le cas des surfaces Holderienne.
Dans un second temps, nous considérons le cas de delta interactions supportées sur des sur-
faces satisfaisant certaines conditions topologiques faibles. Nous étudions d’abord I'opérateur
de Dirac couplé avec les delta interactions électrostatique et scalaire de Lorentz supportées
sur des surfaces uniformément rectifiables. Sous certains conditions sur les constantes de cou-
plages, nous prouvons que l'opérateur perturbé est auto-adjoint et nous établissons plusieurs
propriétés spectrales dans le cas Lipschitzienne. En particulier, on détermine le spectre es-
sentiel de 'opérateur perturbé et on démontre qu’au plus un nombre fini de valeurs propres
peut apparaitre. Puis, nous adaptons ces résultats a d’autres interactions et nous dérivons
plusieurs model d’opérateur de Dirac qui donnent lieu au phénomeéne de confinement.

Dans la troisieme partie de cette thése, nous nous intéressons a 1’étude des propriétés
pseudodifférentiel d’opérateurs de Poincaré-Steklov (PS) associés a 'opérateur de Dirac avec
la condition au bord dite MIT bag. Dans un premier temps, nous montrons que ces derniers
s’inscrivent bien dans le cadre des opérateurs pseudodifférentiel classiques. Ensuite, nous
étudions les opérateurs PS d’un point de vue d’opérateurs pseudodifférentiel semiclassique,
ol le parametre semi-classique est donné par I'inverse de la masse. En particulier, a ’aide de
certaines propriétés de régularités de 'opérateur MIT bag, nous montrons que les opérateurs
PS sont des pseudo semi-classique d’ordre zéro et nous déterminons également leurs symboles
principaux semi-classique. Dans un second temps, nous étudions le couplage de ’opérateur
de Dirac avec un potentiel supporté a ’extérieur d’'un domaine régulier et qui dépend d’une
masse supplémentaire. Quand cette derniere est suffisamment grande, en utilisant le calcul
symbolique et les propriétés des opérateurs PS, nous établissons une formule de Krein reliant
la résolvante de 'opérateur perturbé avec celle de 'opérateur MIT bag. De plus, nous mon-
trons que 'opérateur perturbé converge au sens de la norme de la résolvante vers ’opérateur
MIT bag et nous donnons une estimation précise du taux de convergence.

Mots-clés: Analyse spectrale, opérateurs de Dirac, extensions auto-adjointes, d-interactions,
opérateurs de Poincaré-Steklov, le model MIT bag, opérateurs h-Pseudodifferentiel, couplage
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fort.
Titulo: AnAlisis espectral de operadores de Dirac en dominios acotados

Resumen Esta tesis estd dedicada al estudio espectral de dos tipos de perturbaciones del
operador libre de Dirac en dimensién 3, que son singulares desde el punto de vista de la
escala.

En la primera parte, nos interesa el acoplamiento del operador de Dirac con una combi-
nacién de interacciones delta del tipo electrostatico, escalar de Lorentz y magnético, que se
apoyan bien en superficies regulares y compactas o en perturbaciones locales y regulares del
hiperplano. Desarrollamos una aproximacion basada en técnicas de regularizacién que nos
permitira describir para cualquier combinacién de constantes de interaccién la realizacién au-
toadjunta del operador considerado. A continuacion, estudiamos las propiedades espectrales
cualitativas de los diferentes modelos con la ayuda de un principio de Birmann-Schwinger y
una férmula de Krein que relaciona el resolvente del operador perturbado con el del oper-
ador libre de Dirac, y prestamos especial atencién al caso de las combinaciones criticas de
constantes de acoplamiento y a las que dan lugar al fenémeno de confinamiento.

En la segunda parte, estudiamos el acoplamiento del operador de Dirac con una combi-
nacién de interacciones no criticas delta soportadas en superficies compactas no regulares. En
primer lugar, generalizamos los resultados obtenidos en el marco de las superficies regulares
al caso de las superficies que coinciden localmente con la grafica de una funcién cuyo gradi-
ente estd acotado y tiene oscilaciones medias nulas. Para ello, utilizamos técnicas de analisis
armoénico y la teoria del potencial. Ademads, destacamos la influencia de la regularidad de la
superficie que soporta las interacciones delta en la regularidad de Sobolev del dominio del
operador considerado en el caso de las superficies holderianas. En un segundo paso, con-
sideramos el caso de las interacciones delta soportadas en superficies que satisfacen ciertas
condiciones topoldgicas débiles. En primer lugar, estudiamos el operador de Dirac acoplado
con las interacciones electrostaticas delta y escalares de Lorentz soportadas en superficies
uniformemente rectificables. Bajo ciertas condiciones sobre las constantes de acoplamiento,
demostramos que el operador perturbado es autoadjunto y establecemos varias propiedades
espectrales en el caso Lipschitziano. En particular, determinamos el espectro esencial del
operador perturbado y mostramos que a lo sumo puede aparecer un niimero finito de valores
propios. A continuacion, adaptamos estos resultados a otras interacciones y derivamos varios
modelos de operadores de Dirac que dan lugar al fenémeno de confinamiento.

En la tercera parte de esta tesis, estudiamos las propiedades pseudodiferenciales de los
operadores de Poincaré-Steklov (PS) asociados al operador de Dirac con la condicién de bolsa
MIT. En primer lugar, mostramos que estos operadores encajan bien en el marco de los op-
eradores pseudodiferenciales clasicos. A continuacion, estudiamos los operadores PS desde el
punto de vista de los operadores pseudodiferenciales semiclasicos, donde el parametro semi-
clasico viene dado por la inversa de la masa. En particular, utilizando algunas propiedades
de regularidad del MIT operador , mostramos que los operadores PS son pseudo-semiclésicos
de orden cero y también determinamos sus simbolos principales semiclasicos. En un segundo
paso, estudiamos el acoplamiento del operador de Dirac con un potencial soportado fuera de
un dominio regular y que depende de una masa adicional. Cuando este iltimo es lo sufi-
cientemente grande, utilizando el célculo simbdlico y las propiedades de los operadores PS,
establecemos una férmula de Krein que relaciona el resolvente del operador perturbado con
el del MIT operador . Ademads, mostramos que el operador perturbado converge en el sentido
de la norma del resolvente al del MIT operador y damos una estimacién precisa de la tasa
de convergencia.




Palabras clave: Anélisis espectral, operadores de Dirac, extensiones autoadjuntas, o-
interacciones, operadores de Poincar’e-Steklov, el modelo del MIT bag, acoplamiento fuerte,
operadores h-Pseudodiferenciales.
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Introduction

This introduction presents the context of d-interactions for Dirac operators and Dirac
operators on domains treated in this thesis. We first review the existing literature on the
subject, then we briefly present our contributions.

The intertwining of mathematics with physics has led to their evolution over the centuries,
and has resulted in a vast development of mathematics as well as many fields in physics. The
development of the theory of (special and general) relativity and the theory of quantum
mechanics made the beginning of the 20th century a turning point in the history of physics.
Indeed, on the one hand, the relativistic Pythagorean energy relation £ = +/c2p? + m2ct
(here E, p, m > 0 and ¢ denote the energy, the momentum, the mass and the speed of light,
respectively) of the special theory of relativity coherently describes the physical phenomena
involving speeds close to that of light. On the other hand, with its fundamental Schrédinger
equation, the theory of quantum mechanics describes the structure and the evolution in
time and space of physical phenomena at the scale of the atom and below. Very quickly,
physicists noticed that Schrodinger’s equation does not respect covariance, a principle arising
from special relativity, which leads them to the following question: can we unify quantum
mechanics and special relativity in order to describe the evolution of particles moving at great
speeds (i.e., close to that of light)?. Relativistic quantum mechanics thus began with the
arrival of the Klein-Gordon equation. Indeed, starting from the classical relativistic energy-
momentum relation E? = ¢?p? + m?c*, and using the operators associated with the energy
and the momentum, i.e.,

E — ih0;, p— —ihV,

where £ is the Planck’s constant and V is the gradient in R?, we end up with the Klein-Gordon
equation

ihoP(t, ©) = (—R2A + m?cYp(t,z), tER, z € R3,

where, 1 denotes the wave function and A is the Laplace operator. However, the Klein-
Gordon equation is not consistent with a quantum mechanical interpretation since it has
a second time derivative and does not have an L?-conservation law. Indeed, to formulate
an equation consistent with a quantum mechanical interpretation, one needs an equation
that conserve the L?-norm of the solution and such that the wave function at time ¢ = 0
determines the wave function at all times. Paul Dirac then looked for a way to modify the
Klein-Gordon equation to obtain an equation containing a first order derivative in time, like
the Schrodinger equation, while respecting the covariance from the point of view of special
relativity. The first step in his approach consists in setting a linear Hamiltonian in the time
derivatives. It is normal to believe that the dependence of the Hamiltonian on the spatial
derivatives will also be linear. With these considerations, we get the following equation

ihopb(t, x) = —ich(1 0y, + 20py + 305, )(t, ) + BmcY(t,z), tER, € R3,



where a = (a1, a9, a3) and  have to be determined from the energy-momentum relation.
We then see that it is impossible for the coefficients «; and 3 to be scalars, but it is possible
if a;j and B are 4 x 4 matrices satisfying oz? = (2 = I, and the anticommutation relationship

ajop = —agey for j #k,  and o = —Ba;.

Using the Pauli matrices o = (01, 02, 03) defined by

0 1 0 —z 1 0
01:(1 0), U2:<i O)’ 03:<0 _1>, (0.0.1)

Dirac introduced the standard representation

(0 o _ (L 0
ak_(ak 0) for k=1,2,3, ﬁ-(o _I2>, (0.0.2)

which satisfies the above relations. Thus, he introduced the equation which bears his name
"the Dirac equation":

iat(P(t, I’) = H(,O(t,.il?), (P(,l') : Rg — C4,

which describes the motion of a free massive particle of spin-1/2 in R? (typically relativistic
electron or positron). Since then the Dirac equation has played an important role in several
areas of physics and mathematics and has plenty of applications in quantum mechanics.

It is well-know that the study of spectral properties of an operators gives fundamental
informations from point of view of quantum mechanics, since when the particle is subjected to
the action of an external potential V', the linear Dirac equation (H + V) = A\p appears when
looking for bound states of the particle; cf. [103] for example. The dynamical properties of the
considered quantum system can be derived from the understanding of the spectral features
of the resulting Hamiltonian.

In contrast to the Schrodinger operator, in which the free operator —A is nonnega-
tive, the free Dirac operator H is unbounded both above and below, and its spectrum is
Sp(H) = (—o0,—m] U [m, 00). Hence, one cannot define the Friedrich’s extension for sym-
metric perturbations of H since they are not bounded below, and this creates challenges in
the analysis of perturbations for the Dirac operator.

The aim of this doctoral thesis is to investigate the spectral properties of some particular
perturbation of the Dirac operator H = —iav - V +mf (where from now on, we use the units
¢ = h = 1), which are singular from the point of view of scaling, and Dirac operators on
domains of R? with special boundary conditions.

In the first part of this thesis, we study several Dirac operators with d-interactions sup-
ported on the boundaries of domains. Formally, for Q an open set of R3, these operators act
on L?(R?®)* and are defined by the following common (differential) expression

Hoy = H+Vyr = H+ Aq1850, (0.0.3)

where A, ; is a bounded invertible, self-adjoint operator in L2(02)%, which depends on pa-
rameters (a,7) € R x R", n > 1, and the J-potential is the Dirac distribution supported on
09.

In the second part, we focus on the study of the spectral asymptotic of the coupling of the
Dirac operator with a large mass potential supported on the exterior of a domain Q C R3,
and we study its connection with the Dirac operator on Q with the MIT bag boundary
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Introduction

condition. There, the operator we are interested on acts on L?(R?)?%, and is defined by the
formal expression:

Hyy = H+ MBlg,g. (0.0.4)

Shell interactions for Dirac operators. The study of Dirac operators coupled with
interactions supported on sets of zero Lebesgue measure has a long story. As far as we know,
in three dimension, [48] is first paper providing a rigorous mathematical analysis of relativistic
shell interactions of the form (0.0.3), where J. Dittrich, P. Exner and P. Seba studied in the
case of the sphere (i.e., 9Q = S2) the Dirac operator with electrostatic and Lorentz scalar
d-sphere interactions, defined by the expression:

Hep = H + (ely + uB)dp0, (e, ) € R

Here, €l is the electrostatic potential and ug is the Lorentz scalar potential. In [48], the
operators H , was defined as follows

H.,¢=Hg¢ for ¢ € C°(R?\S2,C?) =: C5°(R3\ SH*.

After reducing the problem to the one-dimensional case by using the spherical symmetry and
the decomposition into spherical harmonics, the authors proved the essential self-adjointness
of H., and constructed its self-adjoint extension for any €, € R such that e — u? # 4.
Moreover, they pointed out that under the assumption €2 — 2 = —4, the spherical shell (i.e.,
the boundary of Q) becomes impenetrable barrier between the two regions Q and R? \ Q.
Physically, this means that at the time ¢ = 0, if the particle in consideration (an electron
for example) is in the region Q (respectively in R?\ Q), then during the evolution in time,
it cannot cross the surface 99 to join the region R3 \ Q (respectively © ) for all ¢ > 0.
Mathematically, this means that the Dirac operator in consideration decouples into a direct
sum of two Dirac operators acting respectively on © and R? \ ©, with appropriate boundary
conditions. In particular, when € = 0 and pu = 2, this phenomenon has been known to physi-
cists since the 1970’s (cf.[44] and [70] for example); and its mathematical model described by
the so-called Dirac operator with the MIT boundary conditions (see below for its rigorous
definition). Shortly afterwards and independently, in his paper [49], F. Dominguez-Adame
also considered the operator H., in the spherical case with a special attention to the study
of bound and scattering states. A decade later, J. Shabani and A. Vyabandi [98] took over
the spectral analysis of the Dirac operator H . In particular, they proved a resolvent for-
mula for H., and studied the scattering theory of this model. Moreover, they investigated
the non-relativistic limit, proving that the non-relativistic limit of Hco and Ho, (i.e., when
=0 and € = 0, respectively) yield the Schrédinger operator with d-interactions.

Since the arguments used in the papers cited above are specific to §-sphere interactions,
it is not possible to extend them to more general domains. Because of that (but not only),
the study of relativistic d-interactions supported on general surfaces has known a long period
of silence (24 years !), unlike its non-relativistic counterpart (i.e., Schrodinger operators with
0-shell interactions) where the approach involving a quadratic form is available to tackle such
a problem. Indeed, to the best of our knowledge, since the publication of [48, 49], and apart
from J. Shabani and A. Vyabandi paper [98], and the paper [5] where N. Arrizabalaga studied
the self-adjointness of the Dirac operator with purely electrostatic d-sphere interactions (i.e.,
H. ) via Hardy-Dirac inequalities, no progress has been made in the study of the spectral
properties of Dirac operators with d-interactions supported on general surfaces. This obstacle
was finally broken by the arrival of the paper [10], where N. Arrizabalaga, A. Mas and L.

11



Vega developed a new strategy based on Fredholm theory and integral operators to prove
the self-adjointness and to study the spectral properties of the Dirac operator coupled with
a singular measure valued potential with respect to the Lebesgue measure. Indeed, instead
of using Von Neuman’s classical approach, in [10] the authors argued as follows. For 3 a
closed surface in R? (satisfying some assumption, e.g., ¥ preserves Markov’s inequality, ¥
is locally the graph of a Lipschitz function from R? to R3), ¢ is 2-dimensional Hausdorff
measure restricted to ¥, and for V a generic L?(X, 0)*-valued potential, they considered the
operator T = H + V and looked for a domain 2 C L?(R?)?* such that (T, 2) is self-adjoint.
By assumption, for any ¢ € &, one has

Vo = —g for some g € L*(%,0)! and Ty =G € L*(R3)%, (0.0.5)

in the sense of distributions. From this, one see that Hy = G 4 go must be satisfied in the
sense of distributions, and thus ¢ must be expressed by taking the convolution of G + go
with the fondamental solution of H. This means that Z is a subdomain of

X={¢x(G+g):Ge’R)»*and g € L*(%,0)},

where ¢ is given by

—m|z|

(mﬁ + (1 + mla])ia - ’;'2>  forallz €R3\ {0},  (0.0.6)

Since the mapping L?(R®)* > G+ ¢ * G defines the resolvent of H, and H defined in the
first order Sobolev space H'(R?)?* is a self-adjoint operator, we see that

X={u+odxg:uc H(R*" and g € L*(2,0)'}, (0.0.7)

and under the above assumption on ¥, the trace of u, u|s, belongs to L%(%,0)*, and it was
shown in [10] that the mapping defined for g € L?(X)* by ®[g] = ¢ * g, is indeed bounded
from L?(X)* to L?(R3)*. In order to ensure the self-adjointness of 7', one needs to imposing
some linear relations between u5; and g. One of these possibilities which was obtained in [10]
reads as follows

Theorem 0.0.1. [10, Theorem 2.1.] Given an operator A : L*(%,0)* — L*(3, 0)* bounded,
self-adjoint and with closed range. Define the domain

dom(T) = {u+¢xg:uec H' (R ge L)', ug = —A[g]} C LX(R?)".

IfViu+ ¢ xg) = —go for (u+ ¢ *g) € dom(T), then T = H + Vo defined on dom(T) is
essentially self-adjoint. Moreover, if A is Fredholm, then (T,dom(T)) is self-adjoint.

The above theorem means in particular that, given V such that V(u+ ¢ % g) = —go, if
we can find a suitable Fredholm and self-adjoint operator A : L*(%,0)* — L?(%,0)* such
that ujy, = —A[g], then (T, dom(7T’)) is self-adjoint.

It is worth mentioning that, since the fundamental solution ¢ behaves like |z|~? when ||
goes to 0, the mapping ® has a jump at . Indeed, it was shown in [10] that for £ a smooth
bounded domain with

Q=0 Q. =R3\Q, and ¥X:=09Q,

and assuming that the d-interactions are supported on X, then the nontangential limit @}gti

exists and is bounded in L?(X)* and satisfies the following Plemelj-Sokhotski jump formula

(a-N)+% ((a N)%)? = —314, (0.0.8)

nt 1
(I)Qi::F

2
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Introduction

where N is the unit normal vector field at ¥ which points outwards of 2, and % is the Cauchy
operator associated with H, defined for g € L?(X)* as the principal value $s[g] = pv(¢ * g).
With the above properties in hand, for ¢ = u + ®[g] € X, the authors defined the expression
©dy) as the distribution

1 t t
oy = 5(@& +olg ) =us + Galg).

Then, as an application of Theorem 0.0.1, the authors dealt in [10, 11] with the Dirac operator
H. , when the /-interactions are supported on the boundary of a bounded C?%-smooth domain,
and they proved that H,, is self-adjoint when €2 — u? # 4. Moreover, they have showed
that the confinement stills occur when € — u? = —4, generalizing the result of [48] for
sufficiently regular surfaces. The same authors continued the spectral study of H ,, proving
several symmetry relations on the point spectrum (where the algebraic identity (0.0.8) for the
Cauchy-type operators play an important role), and showing an adapted Birman-Schwinger
principle which gives a criterion for the existence of point spectrum in the gap (—m,m).
Moreover, in the case of the sphere, a deeper study of the point spectrum of H, , had been
carried out by the same authors in [11]. The study was then continued in [12] where an
isoperimetric-type inequality for the admissible range of €’s for which H, o (i.e., in the purely
electrostatic case) generates pure point spectrum in (—m, m) was obtained.

Since then, the mathematical study of Dirac operators gained a lot of attention and dif-
ferent approaches based on self-adjoint extensions of symmetric operators have been adapted
and developed. Namely, the abstract theory of quasi boundary triples and their Weyl func-
tions proposed by J. Behrndt, P. Exner, M. Holzmann and V. Lotoreichik in [16], where
they studied the Dirac operators with electrostatic -shell interactions. The theory of quasi
boundary triples is a systematic approach that gives suitable framework to describe self-
adjoint extensions of a symmetric operator, study its self-adjointness and spectral properties.
Using this approach, the authors of [16] were able to recover the result of [10] concerning the
spectral properties of the operator H o, proving the self-adjointness for all € # 2. Moreover,
they noticed that functions in dom(H, ) have the H'-Sobolev regularity, and they obtained
a Krein-type resolvent formula, allowing them to study the scattering theory and asymptotic
properties of the model.

We mention that the case e = +2 (known as the critical interaction strengths) has been
only considered in [10] when the J-interactions are supported in an hyperplan (i.e., ¥ =
R? x {0} for example), and it turned out that Hs g is essentially self-adjoint and the domain
of Hyg is completely different from the case € # +2, moreover, the authors showed that
0 is an eigenvalue of Hio( with infinite multiplicity. This gap has been covered for general
bounded C?-smooth domains by T. Ourmiéres-Bonafos and L. Vega in [90] and by J. Behrndt
and M. Holzmann in [19] with different approaches. Indeed, in this particular case, it turns
out that the restriction of Hiap on H(R3\ ¥)?* is essentially self-adjoint, and functions in
the domain of the closure do not have the H'-Sobolev regularity, and therefore, less regular
comparing to the non critical case. Moreover, in [19] it is shown that if ¥ = 94 contains
a flat part, then the point 0 belongs to the essential spectrum of H4,, generalizing in this
sense the result obtained in [10] in the case of hyperplans. A similar phenomenon appears
when studying the operator H, ,. In fact, in this case, the critical combinations of coupling
constants are €2 — u? = 4. The self-adjointness in this critical case was proved for the
two dimensional analogue of H, in [22], where J. Behrndt, M. Holzmann, T. Ourmieéres-
Bonafos and K. Pankrashkin considered d-interactions supported on a smooth closed curve.
Furthermore, by making use of complex analysis and periodic pseudodifferential operators
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techniques, they showed that

SPess(He ) = (— 00, —m] U {_me,u} U [m, +00). (0.0.9)

Since 2014 (date of publication [10]), the literature around Dirac operators with o-
interactions supported on smooth compact surfaces has been enriched with the contribution
of several authors, and several progresses have been made on this subject. The coupling
H + (ely + n(a - N))dx in the non critical case (i.e., €2 — n? # 4) had been explored in
[78], where the author used an appropriate change of gauge (given by a discontinuous gauge
function across ) to prove that the latter operator is unitarily equivalent to the coupling
(H + €' I1ox) for some ¢ # +2; moreover, he also performed a spectral study of coupling
H + Mo - N)ds, when X is a C'-smooth function along the boundary Y. In [66] the eigen-
value asymptotics of Dirac operators with Lorentz scalar d-interactions (when p # +2) as
the mass becomes large have been investigated, showing that the behaviour of the individ-
ual eigenvalues and their total number are governed by an effective Schrodinger operator on
the boundary with an external Yang-Mills potential and a curvature-induced potential. In
[20] a limiting absorption principle for the Dirac operator H, is obtained, and the com-
pleteness for the scattering couple (H,,, H) (€2 — pu? # 4) and a representation formula for
the corresponding scattering matrix is shown. We also mention the survey [91] where the
state of the art on the subject and the results obtained before 2020 are gathered and discussed.

We emphasize that the intentions related to the intensive study of relativistic é-interactions
are due not only to the mathematical challenges just mentioned above, but also for their
applications in various areas of physics. On one hand, similarly to its non-relativistic coun-
terpart, from the mathematical physics point of view, §-shell potential are often used as
idealized models for strongly localized electric or magnetic potentials. This fact has been
proved mathematically in [79, 80], where A. Mas and F. Pizzichillo used the approach of
[10, 11] and proved that Hco and Hy, can be approximated in the strong resolvent sense
by Dirac operators coupled with squeezed electrostatic and scalar potentials, respectively.
However, the recovered coupling constant in the limit does depend nonlinearly on the po-
tential, a phenomenon that was observed in [97], where P. Seba studied the one dimensional
version of this problem. We also mention that the exact solvability of relativistic quantum
Hamiltonians describing such models has been (see, e.g., [48, 98, 49]) and still remains an
interesting and open theoretical question for general surfaces. On the other hand, it is known
that strong scalar coupling confine relativistic particles at high energies inside a bag (i.e.,
a bounded region of R?), and they are described by Dirac operators acting on domains; cf.
(39, 44, 70]. In particular, when 1 = 2 the Dirac operator Hp, gives rise to the MIT bag
operator mentioned above, and describes the confinement of quarks in 3D (dimension three).
More recently, 2-dimensional massless Dirac operators on domains with boundary conditions
have been used to describe the evolution of quasi-particles in Dirac materials, cf. [39]. All
these physical motivations made the mathematical study of Dirac operators with d-shell inter-
actions a very important subject. Moreover, as already mentioned above, for some particular
values of the parameters the phenomenon of confinement arises. Thereby, the Dirac operator
under consideration decouples into the orthogonal sum of two Dirac operators acting respec-
tively on L?(Q4)* and L?(Q_)*, with appropriate boundary conditions, and this crucially
gives the link between Dirac operators with boundary conditions and the Dirac operators
with d-interactions.

In the following two parts of this introduction, we will describe our main results from
Chapters 2 and 3 on the study of Dirac operators with d-shell interactions, which correspond

14



Introduction

to the results obtained in [29] and [30], respectively.

The case of smooth non-compact interaction supports (Chapter 2). For me, as a
first step to get into this business, I considered in [29] J-interactions supported on C2-smooth
(non) compact surfaces and I have taken up the strategy of [10] with the initial motivation
of, on the one hand, closing the gap concerning self-adjointness in the critical case and, on
the other hand, understanding the role played by the operator A (from Theorem 0.0.1) in
both the critical and non-critical cases. My second motivation was to tackle the problem
of characterizing the essential spectrum of the Dirac operator H,, in the critical case in
the three-dimensional case. Indeed, as I mentioned above the techniques used in [22] to
prove (0.0.9) are specific to the bidimensional case and are no longer available in the three
dimensional case. So I asked my self the following question:

(Q1) Given a smooth domain Q C R? (bounded or not), and assuming that H, is self-adjoint
when €2 — y? = 4, does (0.0.9) holds true?

Notice that when e and p run through the whole branch of the hyperbola € — > = 4 the
point —myu /e can take any value in the gap (—m,m).

Let us now present the context we consider in Chapter 2 and summarize the main results
obtained there. We assume that the open set ) satisfies one of the following hypotheses:

(1) Q is a C?-bounded domain.

(2) Q:=Q, = {(z,t) ERZxR:t > v¢(x)}, where v € R and ¢ : R? — R is a C%-smooth,
compactly supported function.

We mention that the consideration of the assumption (2) was inspired by [51], where in the
same setting the Schrodinger operator with §-shell interactions was considered.
As before, we use the notations

Q=0 Q_=R*\Q, and X:=09,

and we let N donotes the unit normal vector field at > which points outwards of Q2 , and dy
denotes the Dirac distribution supported on 3.

We investigate in Chapter 2 the self-adjointness character and the spectral properties
of the free Dirac operator H (in R®) coupled with combinations of the following singular
potentials:

Ve = elyoy, VM::uﬁ(SEa %:n(a'N)(SEv € 1,1 € R,
Ve = (r50s i= —ioagasdy, Vy =ivf(a-N)ds, (uveR.

To be precise, our main objective in Chapter 2 is to study the spectral properties and the
phenomenon of the confinement of the following couplings:

Hyi=H+ (ely+ pB +nla- N)doo, K= (e, un) € RY,

. _ 9 (0.0.10)

Hep = H+ (—iCoazaz +ivf (a- N))doa, ((,v) € R
We recall that the coupling constants €, u, 7 and v represent the constants strength of the
electrostatic, Lorentz scalar, magnetic and anomalous magnetic potentials, respectively. We
will see later that the singular interaction given by the coupling constant ¢ can be considered
as an interactions of electrostatic type.
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Now, we define on L?(X)* the bounded linear operators

1
Mt = g gl F (b +nla-N)) £ s,

2 —p

! (0.0.11)
Acwytr = W(C% +ivB(a- N)) £ 6%,

for all (e, 1, 1) € R? such that €2 — p? —n? # 0, and for all (¢,v) € R?\ {(0,0)}, respectively.
Then, following the strategy of [10], we define the Dirac operators H,, ® = k or ((,v), on the
domain

dom(H,) = {u +®[g]:ue H(R?), g€ L2(2)4,U|2 = —A.,+[g]},

where for g € L2(X)*, ®[g] = (¢ * g) with ¢ as in (0.0.6).

In a first step of Chapter 2, we study the self-adjointness character of H,; when € satisfies
the assumption (1) or (2). We begin by proving that H, is self-adjoint when €2 — pu? —n? # 4
(i.e., in the non-critical case), and we show that dom(H,) C H'(R?*\ 992)*, which means that
functions in dom(H,) have a Sobolev regularity. When €2 — u? — n? = 4, which is actually
the critical case, we show that H, defined on dom(Hy) is essentially self-adjoint (i.e., Hj is
self-adjoint). More precisely, in Section 2.2 we prove that

Theorem 0.0.2. The following statements hold true:
(i) If € — u® —n? # 4, then H, is self-adjoint and we have

dom(Hy) = {u +®[g]:uec HY(R?) g € H1/2(E)4,u|2 = —A,.i7+[g]}.

(ii) If €2 — u® — n? = 4, then H, is essentially self-adjoint and we have
dom(Hy) = {u+®lg] :ue H' (R, g € HTV(2),uz = —A 1 [g]} -

where Ani is the continuous extension of A, + defined from H_l/Z(E)4 into itself.

To prove this result we develop in Section 2.2 a strategy close to the one of [90], it is
based essentially on the fact that the anticommutators of the Cauchy operator % with 3 or
with (a - N) have a regularizing effect. Indeed, as we will see in Section 2.2, the operator
A+ A, + involves the above anticommutators and it turns out that in the non-critical case,
the regularization effect of these anticommutator pushes A, 1 to regularize the functions in
dom(H}) to have the H!-Sobolev regularity. In the critical case, the regularization property
of the anticommutators play a crucial role in proof of the inclusion dom(H}) C dom(H,),
but in contrast to non-critical case, it doesn’t push A 1 to regularizes functions in dom(H}).

As a second step, we turn in Section 2.3 to the spectral study of H,, and we pay a special
attention to the case where () satisfies the second assumption, and we show several spectral
properties of H,. Namely, using Fourier analysis, compactness and suitable localization
arguments, we compute precisely the essential spectrum of H, in the non-critical case, cf.
Theorem 2.3.3 (for the sake of readability, we don’t want to write it here). More precisely,
under certain conditions on the sign of the parameters €, pu,n and € — > — 9> # 4, it
turns out in Theorem 2.3.3 that the continuous spectrum emerge in the gap (—m,m) (e.g.,
SPess(Hx) = R, when = —2 and € = n = 0), in contrast to the case when € satisfies the
first assumption where we prove in Theorem 2.3.2 that Sp.(H:) = (—o0, —m] U [m, +00)
and that Spgie.(Hyk) N (—m,m) is finite.

In the critical case, we give a complete characterization of the essential spectrum of H,
when . satisfies the second assumption. More precisely, we prove that
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Theorem 0.0.3. Let k = (e, u,n) € R? be such that €2 — u?> — n? = 4, and assume that
satisfies the second assumption, then it holds that
mp

SPess(Hy) = (— 00, —m] U {_e} U [m, +o0),

and the equality Sp(Hy) = Spess(Hy) holds true for ¥ = R? x {0}

This theorem answers positively to the question (Q1) and generalizes the result of [22] to
this kind of surfaces. We remark that even after adding the perturbation by the potential
V), the point which appears in the gap remains the same (see the discussion after Theorem
2.3.4 for more details).

The proofs of the above results are based on a Krein-type resolvent formula and an adapted
Birman-Schwinger principle that we prove in Proposition 2.3.1 and Theorem 2.3.1, combined
with sophisticated compactness and localization arguments of some nonlocal operators on
the boundary when 2 satisfies the second assumption.

The last part of Chapter 2 is devoted to the spectral study of the Dirac operator H .
There, we adapte the strategy developed in Section 2.2 for the operator H,, and we show in
Theorems 2.4.1 and 2.4.2 that H¢,, is self-adjoint for all possible combinations of interaction
strengths, and we prove in the critical case (i.e., (2 +v? = 4) that dom(H,,) ¢ H*(R3\ £)*
for any s > 0.

The spectral properties of H., obviously depend on the interaction strengths and are
significantly different whether Q. satisfies the assumption (1) or (2). Thereby, we choose to
discuss the most important ones here.

Theorem 0.0.4. If (2 +v? =4, then H¢ ,, induce confinement, and the following hold:

(1) If ( =0, then Spe(He,w) = (—00, —m] U [m, +00). Moreover, —m and m are eigenval-
ues of Ho,, with infinite multiplicities.

(it) If ¢ =0, Q4 satisfies the assumption (1), and {\;}jen+ is the sequence of eigenvalues
of the Dirichlet Laplacian (—A) in Q4 , counted with their multiplicities. Then, for all

j e N*, )\j[(m) = +/m? + \; is an embedded eigenvalue of H¢ ., with finite multiplicity.

(711) If v = 0 and Q1 satisfies the assumption (2), then Spe(H¢) = (=00, —m] U {0} U
[m, +00).

Theorem 0.0.4 reveals an interesting phenomenon concerning the confinement in contrast
to what we have seen before, and actually this is one of the main motivations for considering
the coupling H¢,. Indeed, the operator H¢, induces in the critical case the confinement
with a loss of regularity in the operator domain, and such effects have not been known
before. Moreover, in one hand H.;o coincides with the Dirac operator coupled with the
electrostatic d-interactions of strengths F¢. On the other hand, the inner part of Hg +,
acting on €2} coincides with the so-called Dirac operator with zig-zag boundary condition,
one of the quantum dot boundary conditions describing the graphene. We note that the
presence of embedded eigenvalues expressed in terms of the Dirichlet eigenvalues is due the
boundary condition. The proof of assertions (i) and (ii) in Theorem 0.0.4 is based on some
symmetry relations of the spectrum and quadratic forms techniques.

Finally, we mention that the two-dimensional analogue of the anomalous magnetic po-
tential was introduced and studied at the same time in [41], and similar results have been
obtained.
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The case of rough interaction supports (Chapter 3). A very important issue that
arises when we study d-shell interactions of the form (0.0.3) is the regularity of the surface
0. As far as we know, apart from the paper [10], all the works dealing with the study
of three-dimensional Dirac operators with d-shell interactions have been carried out for C?-
smooth domains. Nevertheless, thanks to the properties of ® and {«a - N, %sq}, these results
can be generalized (in the non-critical case) without difficulty to C'*“-smooth domains for
w € (1/2,1) as we will see below.

In 2D, the self-adjointness of the coupling H + V,, (in the massless case) was proved in
[92], when |u| < 2, and 0 is a closed curve with finitely many corners and piecewise smooth.
We also mention the works [42, 76], where the self-adjointness of the Dirac operator with
infinite mass boundary conditions on sectors and wedges have been studied. It is worth
mentioning that the techniques used in the papers previously cited depend significantly on
the canonical identification R? ~ C, and the nature of the problem. Consequently, if  is
a general Lipschitz domain, then the strategies of [42, 76, 92] cannot be used to prove the
self-adjointness of Dirac operator coupled with the usual §-interactions, especially in 3D and
this problem remains open.

As already mentioned, far less attention has been paid to the spectral study of Dirac
operators with J-interactions supported on rough surfaces (and Dirac operators acting in
rough domains with boundary conditions), yet this context is the most relevant from the
point of view of physics (especially when the domain involves corners), for two principal
reasons. Firstly, although in the study of quarks physicists often use simplified geometries
in their experiments (such as spherical bags for optimization reasons), quarks appear to be
confined in nature independently of the geometry of the bag. The 2D situation is more
illustrative and the most famous example is the graphene. In fact, the graphene consists of a
layer of carbon atoms arranged in a honeycomb lattice, and recently experiments have shown
that Dirac materials share this structure (see e.g. [105]), which justify the consideration
of corner domains. The second reason which justify the consideration of much more rough
domains is due to the deformation of Dirac materials. A concrete example that illustrates
this is the deformation of monolayer graphene, we refer to [77] where it was shown that a very
rough geometry appears under chemical vapor deposition (see panels (a) and (b) in Figure
1. of [77]).

Recall the Dirac operator H, » = H 4+ A, 7090 defined in (0.0.3). In view of the discussion
above, one can ask naturally the following questions:

(Q1) Until what extent the results on self-adjointness of H, . (at least when A, ; is one of
the usual J-interactions) also hold for non smooth domains (Lipschitz for example)?

(Q2) If H, , is self-adjoint, can we characterize its (essential/discrete) spectrum?

(Q3) In the non-critical case, is it possible to characterize the dependence of the Sobolev
regularity of the domain of H, ; through the regularity of 27

Clearly, the above questions are interconnected and depend on the regularity of 2 and on the
operator A, ;.

The main goal of Chapter 3 is to generalize the result of Chapter 2 and to study questions
(Q1),(Q2) and (Q3) under the weakest geometric assumptions on € (i.e., possibly for non-
Lipschitz domains). Also, being motivated by the confinement phenomenon, the second
goal of Chapter 3 is to derive some important models of Dirac operators that generate this
phenomenon. However, in the study of the spectral properties we are not going to do a whole
catalog, but we will take as a reference the operator H,, defined previously in (0.0.10), whose
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spectral properties have been discussed above for a critical and non-critical parameter when
Q is a C?-smooth domain. Once we understand how to answer the questions (Q1),(Q2) and
(Q3) for the operator Hy, we will look at

Hi=H+V; = H +iuvysB0s, [€R,

.~ . (0.0.12)
Hy; =H+Vy=H+ivy;6(a- N)dy, 0€R,
and also to the families of Dirac operators given by:
—m,m)da+— Hyy = H+ AC%s,, e R\ {0},
(~m,m) s s \{0) 009

(=m,m)>a+— Hyy =H+N(a-N)Cs(a-N)dy, N eR\{0},

where €% is the Cauchy operator associated with (H — a). We will see that Hj, Hy, H, x
and H, ), induce confinement, with some new boundaries conditions.

Let us now describe the main results of Chapter 3 and explain the strategy used there.
First of all, we shall always distinguish between the critical and non-critical parameters. In
the critical case, the self-adjointness of H,, requires in general the C?-smoothness, we are
therefore particularly interested in what happens in the non critical case for non-smooth
domains. Nevertheless, we provide in Theorem 3.1.2 a systematic approach that generalize
the strategy developed in Section 2.2 in order to prove the self-adjointness of H, in the
critical case. Moreover, in order to take into account the confinement phenomenon in the
later situation, we give in Propositions 3.1.3 and 3.1.4 a sufficient condition on the operator
A, 7 so that H, r generates confinement in the critical and non-critical case, respectively.

In order to tackle the questions (Q1),(Q2) and (Q3) under the weakest geometric assump-
tions on ), we will follow the strategy of [10]. Before going into more details, let us first
explain why we have chosen to use the strategy developed in [10]. Indeed, there are several
reasons prompt us to choose to work with the strategy of [10], we cite here:

e For functions in H'(R3), one can give meaning to the trace on 952 for a very large class
of surfaces (Ahlfors-David regular surfaces). If Q is a non Lipschitz domain, then this
becomes a real obstacle if we work with transmission conditions, see the discussion in
the beginning of Subsection 3.1.3.

e For non-critical combinations of coupling constants, the main result of [10] (i.e., Theo-
rem 0.0.1) gives us a powerful tool to prove the self-adjointness of H, . (recall that it
suffices to show that A, ; is Fredholm to prove the self-adjointness of H, ), in addition,
we can easily extend it to more rough surfaces (see Theorem 3.1.1 for its generalization).

e In order to study the Sobolev regularity of dom(H, ), it is sufficient to study the
regularity properties of the mapping ® and the Sobolev regularity of the singular part
of ¢ € dom(H, ;) (i.e., the function g with ¢ = u + ®[g]).

Since our strategy is based on the same set of techniques and in order to simplify our
exposition, we are going to summarize our main results concerning the Dirac operator H,.
As before, with A, 4 as in (0.0.11), we define the operator H, on the domain

dom(H,) = {u+®lg) :u e H(®), g € L2(09)*, ujp = —Anlo]}

In Section 3.2, our main purpose is to identify some situations where A, 1 gives rise to
a Fredholm operator. As we will see throughout Chapters 2 and 3, the anticommutators
{a+ N,%9q} play a central role in our study. Indeed, as already mentioned, the operator
Ay + A, + involves the anticommutators {a - N, €pq}, and we will see that the compactness
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on L2(9Q)* of {a- N, €pq} implies that A, . is a Fredholm operator. It is worth pointing out
that for bounded C'-smooth domains, the compactness of {a- N, €5q} have been established
in [10, Lemma 3.5 and Remark 3.6], so one may ask whether this property is still true for
less regular domains. Actually, this question was formulated in the survey [91] as follows:

(Q4) Given a bounded Lipschitz domain €2, what is the necessary regularity on 92 so that
the anticommutator {a - N, %n} gives rise to a compact operator on L?(9)*?

In this direction, we investigate the regularity and the geometric properties of the domain 2
which ensures this compactness property. Looking closely at the anticommutator {a- N, €yq},
we observe that it involves a matrix version of the principal value of the harmonic double-
layer K, its adjoint K* and the commutators [Ny, R;|, where R; are the Riesz transforms
(see (3.2.4) for the precise definitions). Hence the situation is more clear. In fact, from
the harmonic analysis and geometric measure theory point of view, it is shown that the
boundedness of Riesz transforms characterizes the uniform rectifiability of 0€2; cf. [88], for
example. In addition, functional analytic properties of the Riesz transforms (such as the
identity 2?21 ]2 = —1I) and the analogue version of the strongly singular part of (a- N)Caq
in the Clifford algebra Cls, i.e., the Cauchy-Clifford operator (especially its self-adjointness
and compactness character) are strongly related to the regularity and geometric properties
of the domain 2. For more details we refer to [61] and [63].

Using the materials provided in [63], it turns out in Theorem 3.2.2 that the answer to the
question (Q4) is:

Theorem 0.0.5. Let Q2 be a bounded Lipschitz domain, and let z € p(H). Then, {a-N, €%}
is compact in L2(X)* if and only if N € VMO(9,dS)3. Here VMO(952,dS)? is space of
functions with vanishing mean oscillation on 0.

Once we have established that, we use a characterization of Fredholm operators to prove
that A, 4 is Fredholm, and we show in Subsection 3.2.1 the following result:

Theorem 0.0.6. Assume that Q is a bounded Lipschitz domain with N € VMO(99,dS)?,
and let k = (e, p1,m) € R3 be such that € — u® —n? # 0,4. Then, H, defined on dom(H,) is
self-adjoint, and we have

(1) SPess(Hr) = (=00, =m] U [m, 00).
(%) Spgisc(Hx) N (—m,m) is finite.

In addition to this result, we prove several qualitative spectral properties as in the C?-
smooth case. The proof of the assertions (i) and (ii) in Theorem 0.0.6 are based on a Krein-
type resolvent formula (that we prove in Proposition 3.1.1, which is valid in the Lipschitz
case), the fact that dom(H,) ¢ HY?(R?\ dQ)* and quadratic forms techniques.

At this stage, it is clear that if we restrict ourselves to the Lipschitz setting, then beyond
the class of Lipschitz domains with VMO normals (which contains C'-smooth domains), the
compactness arguments mentioned previously are no longer valid. So, in order to go further in
our study and to be able to consider situations that are close to the physical reality, we change
the strategy and we turn to the invertibility arguments which are rather valid for a large
class of domains. Indeed, we investigate the case of bounded uniformly rectifiable domains
(aka UR domains). Uniform rectifiability is a natural quantitative analogue of rectifiability,
which is intimately connected with the boundedness properties of singular integral operators.
As already mentioned, the L?-boundedness of Riesz transforms characterizes the uniform
rectifiability of 0€), and more precisely, uniformly rectifiable surfaces is the most general
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setting on which all Calderén-Zygmund operators with odd and smooth kernels are bounded
in L2(09).

In Subsection 3.2.3, we study the spectral properties of H, in the setting of bounded
uniformly rectifiable domains, and we focus on the case k = (€, i1, 0), i.e., the Dirac operator
with electrostatic and Lorentz scalar d-interactions H ,. There, as a first step, we prove the
following:

Theorem 0.0.7. Assume that Q) is a bounded uniformly rectifiable domain and let €, € R
be such that 0 < |62 — p?| < 1/‘|%3QH2L2(8Q)4—>L2(8Q)47 then Hc , is self-adjoint. In particular,
if Q is Lipschitz and there is zgp € C \ R such that |€? — p?| < 1/"%582H2L2(8Q)4—>L2(8Q)4’ then
it holds that

Spess(Hﬁ,ﬂ) = (—OO, _m] U [m> +OO)'

Although the quantitative assumption on the parameters assumed in Theorem 0.0.7 gives
us a sufficient condition to guarantee the self-adjointness of H, ,, but unfortunately it is very
restricted and it does not allow to make a more advanced spectral study. To get around
this problem, we impose a better quantitative assumption than the previous one involving
the strongly singular par of the Cauchy operator. Indeed, let W be the Cauchy operator
associated with the massless Dirac operator —i(o-V), defined for h € L?(9€)? as the principal
value Wg] = pv(¢ * g), where for z € R3\ {0}, ¢(x) = —i(o - x)/|z| is the fundamental
solution of —i(o - V). Then, the main result of Subsection 3.2.3 reads as follows:

Theorem 0.0.8. Let Q be a uniformly rectifiable domain. Assume that € and p satisfy one
of the following assumptions:

(a) 16HWH2L2(Z)2~>L2(E)2 <e— MQ, (b> e — :uz < 1/”W”2L2(Z)2~>L2(E)2'

Then H, is self-adjoint. In particular, Hc, generates confinement when e — p? = —4.
Moreover, if Q) is Lipschitz, then

(Z) Spess(He,u) = (—OO, —m] U [m, OO)
(1t) Spgisc(He,) N (—m, m) is finite.

(i1i) Co := SUDge[—pm,m] |G| < 00. Moreover, Spgie(He ) N (—=m,m) = 0 either if |e — pu| <
1/Co and e+ pu| < 1/Co, or if |e — p| > 4Cy and |e + p| > 4Cp.

(iv) If e =0 and p > 0, then Spgisc(He,u) N (—m, m) = 0.

This result clearly generalizes the known results on the spectral properties of the Dirac
operator H,,. Moreover, it shows that the phenomenon is still occur under the condition
€2 — 2 = —4 even in this very general framework.

Having established the above results and in order to give an answer to question (Q3), we
consider the class of Holder’s domains C'*, with w € (0,1). In Subsection 3.2.2 we show the

following result.
Theorem 0.0.9. Let k= (€, 11,n) € R3 be such that € — u? —n? #0,4. Then we have:

(i) If Q is C1¥-smooth and w < 1/2, then for all s < w, we have

dom(H,) C {u +®[g]:uec HY(R?), g € Hs(89)4,u|89 = —A,€7+[g]} c HY?H3(R3\ Q)%
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(ii) If Q is C*“-smooth and w > 1/2, then

dom(H,) = {u +®[g] :u € H'(R®)*, g € H/*(09Q)*,up0 = —AH,+[g]} c HY(R3\ 00)*.

From this result, we clearly see how the Sobolev regularity of dom(Hy) depends on the
smoothness of 2. The proof of Theorem 0.0.9 is based on the regularization property of the
anticommutator {« - N, %pq} (see Lemma 3.2.3) and the mapping ® as well as the regular-
ization effect of the operators Ay ;.

Finally, the above compactness and invertibility arguments are then applied to the spectral
study of the Dirac operators given by (0.0.12) and (0.0.13), and the their spectral study is
performed in Subsection 3.2.4 and Section 3.3, respectively.

We end this part of the introduction by noting that we recently learned (more precisely,
when the paper [40] appeared on arXiv) that the Dirac operator with Lorentz scalar o-
interactions supported on compact Lipschitz surfaces was being considered in the paper [24],
and that similar results have been obtained there.

In the following, we address the second topic of this thesis, which we discuss in Chapter

Poincaré-Steklov operators and large mass Dirac operators (Chapter 4). The
study of boundary integral operators has been the motivation behind the development of sev-
eral tools and branches in mathematics, e.g., Fredholm theory, Singular integral and Pseudod-
ifferential operators. Moreover, it turned out that functional analytic and spectral properties
of some of these operators are strongly related to the regularity and geometric properties
of surfaces. Two typical examples are the Neumann-Poincaré (NP) operator (also known as
the harmonic double layer) and the Dirichlet-to-Neumann (DtN) operator. Indeed, in the
classical setting of a bounded domain Q C R? with smooth boundary (C'-smooth for exam-
ple), it is well-known that the NP operator is compact operator in L?(99) (1 < p < 00), cf.
[52]. Generally, this compactness property fails when (2 is less regular, however, as we have
seen before, it has been shown that the compactness criterion in L?(92) of the NP operator
(and the commutators of the Riesz transforms with the outward normal) characterizes the
class of regular Semmes-Kening-Toro domains, see [63] for details. We also mention that,
from the viewpoint of the spectral theory, it was shown that the asymptotic behaviour of
the eigenvalues of the NP operator involve some topological properties of surface 02 (in the
case of smooth domains), such as the Willmore energy and the Euler characteristic, see, e.g.,
?7?7. In the same vein, the eigenvalue problem for the DtN operator, called the Steklov prob-
lem, occurs in many applications which makes the subject especially appealing. We mention
that several geometric properties of the DtN eigenvalue (such as isoperimetric inequalities,
spectral asymptotics and geometric invariants) are closely related to the theory of minimal
surfaces [54], as well as the problem of determining a complete Riemannian manifold with
boundary from the Cauchy data of harmonic functions, see [75] (see also the survey [57] for
further details).

The main goal of Chapter 4 is to introduce a Poincaré-Steklov map for the Dirac operator
(i.e., an analogue of the Dirichlet-to-Neumann map for the Laplace operator) and to study
its (semiclassical) pseudodifferential properties. Our main motivation for considering this
operator arises from the fact that it is naturally related to the Dirac operator with the MIT
bag boundary condition, Hygr(m), which will be rigorously defined below, and in particu-
lar, from the key role it plays in the study of the large mass problem that we are going to
formulate in question (Q5) below.
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Let Q C R3 be a domain with a compact smooth boundary 92, set Q; = Q and ., = R3\Q,
let n be the outward unit normal to €2, and define the projections Py := (Iy Fif(a-n)) /2
along the boundary 0f). Similarly to the Dirichlet and Neumann traces I'p and I'y, we
introduce the following trace mappings

Iy =Pilp: HY(Q)' — PLHY?(0Q)* (0.0.14)

We investigate in Chapter 4 the specific case of the Poincaré-Steklov (PS for short) operator,
Loy, defined by

Ay 2 PLHY2(0Q) — PLHY2(0Q)Y, g — dn(g) = T4 U.(9), (0.0.15)

where for z € p(Hyyr(m)), U.(g) € HY(Q)?* is the unique solution of the following elliptic
boundary problem:

{(H —2)U,(g9) =0, inQ, (0.0.16)

I U,(g) =g, on oS

Let us now briefly describe our main results concerning the properties of the operators
2p,. The pseudodifferential character of 27, is the central element of discussion in Sections
4.3 and 4.4. To begin with, we show in Section 4.3 that <, fits into the framework of
pseudodifferential operators and we focus in particular on the case where the mass m is fixed.
Working on local coordinates and denoting by Vgq and Agq the surface gradient and the
Laplace-Beltrami operator on 052, respectively, we prove in Sections 4.3 the following result:

Theorem 0.0.10. For any fized m > 0 and z € p(D,,), the Poincaré-Steklov operator <y,
s a classical homogeneous pseudodifferential operators of order 0, and it holds that

VaoaAn
vV—Asn

where S = i(a A a)/2 denotes the spin angular momentum.

Ay = S - < ) P_ mod OpS~1(09Q),

From this result, one may ask if there is a link between 7, and the Cauchy opera-
tor associated with (H — z) (which we denote here by €. ,,). In fact, the familiar reader
with the Cauchy operator € ,, may recognize that the Riesz operator on 02 coincides with
Vag(—Aag)*l/ 2 and comes essentially from the singular part of the Cauchy operator €, ,
(i.e., the operator W from Theorem 0.0.8). Indeed, as we will see in Section 4.3, for z € p(Dy,)
we have an explicit solution of the system (0.0.16), and in this case, the PS operator takes
the layer potential form:

Ay = =P, B(B)24 Con) ' P_, (0.0.17)

So the starting point of the proof of Theorem 0.0.10 is to analyze the pseudodifferential
properties of the Cauchy operator. In this sense, we show that 2% ,, is equal, modulo
OpS—1(99Q), to a - (Vaa(—Asa)~'/?). Then, the explicit layer potential description of .7,
and the symbol calculus allow us to prove the pseudodifferential character of .27, and to trap
its principal symbol.

While the above strategy allows us to capture the pseudodifferential character of o7,
unfortunately, it does not allow us to trace the dependence on the parameter m, and it imposes
also a restriction on z (i.e., z € p(Dy,)), whereas 7, is well defined for any z € p(Hyrr(m)).
In Section 4.4, we address the m-dependence of the pseudodifferential properties of .7, for
any z € p(Hyrr(m)). Since in our application we mainly deal with large masses m, we treat
this problem from the semiclassical point of view by using h = 1/m € (0, 1] as a semiclassical
parameter, and we show the following result:
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Theorem 0.0.11. Let h € (0,1] and let &/ := ay,. Then, for hg > 0 sufficiently small and
for any h < hg, &" is a h-pseudodifferential operator of order 0, and it holds that

g =3, ( Woa An ) P mod hOp"S~1(9).

V=h2Aso+1+1

The main idea to prove Theorem 0.0.11 is to use the system (0.0.16) instead of the explicit
formula (0.0.17), and it is based on the following two steps. The first step is to construct a
local approximate solution for (the pushforward of) the system (0.0.16) of the form

Ut(@.s) = [ A3 ma)eSGEE  (300) € B x [0,00),

where A" belongs to a specific (tangential) symbol class and admits an asymptotic expansion
of the form
Ah(jv 57 563) ~ Z h’JA] (j7 57 333),

J=0

so that, for each x3 > 0, U"(-,x3) is a h-pseudodifferential operator of order 0. The second
step is to show that when applying the trace mapping I'; to the pull-back of Uh(~,0), it
coincides locally with <" modulo a regularizing and negligible operator. It is at this precise
point that the properties of the MIT bag operator become crucial, in particular, the regu-
larization property of its resolvent (see Theorem 0.0.12 below) that allows us to achieve this
second step, as it will be seen in Section 4.4.

We recall that the Dirac operator with the MIT bag boundary condition on €2;, or simply
the MIT bag operator, is the operator (Hyyr(m), dom(Hygr(m))) defined by

Hyir(m)y = Hv, for all ¢ € dom(Hyr(m)) = {1/) € HY(): P_tsah = 0 on OQ} .
(0.0.18)

This operator corresponds to the inner part of the Dirac operator H, , acting on (2 in the
confining case 4 = 2 and ¢ = 0. We mention that direct proofs of the self-adjointness of
Hypr(m) have been established in [7, 8, 90, 94|, we refer also to [21] where special boundary
conditions similar to the ones in the MIT bag model were investigated. In the same vein, the
bidimensional analogue of Hyir(m) (in the massless case, i.e., m = 0), known as the Dirac
operator with the infinite mass boundary condition, was treated in [26, 27].

In Section 4.2, we briefly discuss the basic spectral properties of Hyyp(m) when €; is a
domain with compact Lipschitz boundary (see Theorem 4.2.1) and we establish some regular-
ity results concerning the regularization property of the resolvent and the Sobolev regularity
of the eigenfunctions of Hyir(m). In particular, we prove the following result:

Theorem 0.0.12. Let k > 1 be an integer and assume that Q; is C**-smooth. Given 0 #
¢ € dom(H 7). If ¢ satisfies (H — 2)¢ = f in Q;, with f € H*(Q:)* and z € p(Hyrr(m)),
then ¢ € HTF(Q)4.

Let M be a nonnegative real, and consider in R? the Dirac operator Hy = H + Mf1q,,
where 1q, is the characteristic function of {2.. By Kato-Rellich theorem and Weyl’s theorem,
we easily see that Hy; defined on dom(Hyy) := H'(R3)? is self-adjoint, and that

Spess(HM) = (_OO’ _(m + M)] U [m + M, +OO))
Sp(Hpr) N (—(m + M), m + M) is purely discrete.
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Recently it turned out that there is a close relation between the MIT bag operator and the
Dirac operator Hps. In [6, 87] it was shown that, in the limite M — oo, any eigenvalue
of Hyrp(m) is a limit of eigenvalues of Hjpy, similar result in higher dimension have been
obtained [87] (see also [98] for the two-dimensional setting). Moreover, for m = 0, it is shown
in [14] that the bidimensional analogue of Hj; convergences to the bidimensional analogue of
Hyir(0) (i-e., m = 0) in the norm resolvent sense with a convergence rate of O(M~1/?). We
point out that these results fits with similar well-known results for the stationary Schrodinger
operator, for more details we refer to [34] and the references therein.

After reviewing briefly the connection between the Dirac operators Hys and Hyygrp(m),
namely the fact that (at least on a purely formal level) Hy, = Hypr(m) when M = oo, it
seems reasonable to ask the following questions about the intermediate values of M:

(Q6) Let My > 0 be large enough, fix M > My and z € p(Hyar(m)) N p(Hyr). Given
f € L*(R*)* and U € HY(R3)*, what is the boundary value problem on €2; whose
solutions closely approximate those of (H + Mf1lq, — 2)U = f?

Notice that the answer to this question becomes trivial if one establishes an explicit formula
for the resolvent of the operator Hjys. In fact, having in mind the connection between Hj; and
Hyir(m), in [31] V. Bruneau, M. Zreik and myself addressed the following problem: for M
sufficiently large, is it possible to relate the resolvents of Hyy and Hppr(m) via a Krein-type
resolvent formula? When trying to solve this question, it turned out that it was necessary
to invert in H'/2 (0Q)* operators of the form (Iy + K)s), where Ky is uniformly bounded in
L(HY?(9Q)*) with respect to M, and involves the Poincaré-Steklov operators. We mention
that the standard arguments do not allow us to ensure the invertibility of (134 Kjs), which led
us to consider the h-pseudodifferential properties of the PS operators (with h = 1/M being
the semiclassical parameter) in order to overcome this obstacle. In the end of the day, we
establish in Theorem 4.5.1 a Krein-type resolvent formula for Hj; in terms of the resolvent of
Hypr(m) and prove a Birman-Schwinger principle relating the eigenvalues of Hyy in the gap
(—(m+ M), m+ M) with a spectral property of certain bounded operators in H'/2(9Q)*, see
Theorem 4.5.1 for the precise statement. With the help of these tools, we show in Corollary
4.5.1 that there is a 1/M-pseudodifferential operators of order 0, =,(z), such that for U as
in question (Q5), U, satisfies the following elliptic problem

(H — Z)U'Qi =f in £,
I U, = Ey(2)T+ (Hvrr(m) — 2) "' (fio,) on 01,
F+U|Qi = F+(HM1T(m) — Z)fl(fmi) + o, I U on 0f2.

Moreover, using the Krein-type resolvent formula from Theorem 4.5.1, the boundedness prop-
erties of PS operators between Sobolev spaces and the regularity estimates of some layer po-
tential carried out in Proposition 4.5.1, we establish in Section 4.5 an asymptotic expansion
in L (L?(R?)*) for the resolvent of Hj; in terms of the resolvent of Hyyr(m), and we give a
sharp estimate for the convergence rate, which reads as follows:

Theorem 0.0.13. Let ro, be the restriction operator on ;, and let eq, be the extension
operator by 0 on Q.. Then, the resolvent Hyy admits an asymptotic expansion in L(L*(R3)%)
of the form:
_ _ 1 1
(Hy — 2)7' = eq,(Hygr(m) — 2) " tra, + MKM(Z) + MLM(Z) (0.0.19)
where K1(2) and Lys(2) are bounded from L*(R3)* into itself uniformly with respect to M,
and we have

ro,Knm(2)eq, =0 =rq . Kn(z)eq,.
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In particular, it holds that

H(HM — )Y — eq,(Hyr(m) — 2)r,
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Introduction (french)

L’équation de Dirac
ipp(t,x) = Ho(t,x), (-, z):R>— C4

ot H = —ia-V+mf est Uopérateur libre de Dirac dans R3, est utilisé en mécanique quantique
relativiste pour décrire la dynamique de particules élémentaires de spins demi-entiers.

Ces dernieres années, I’étude mathématique des perturbations singuliéres de 'opérateur de
Dirac a connu un rebond considérable et a attiré beaucoup d’attention. D’une part, cet intérét
vient du fait que certains de ces opérateurs de Dirac ont été récemment associés a 1’évolution
des quasi-particules dans les nouveaux matériaux dites de Dirac tel que le graphene. D’autre
part, cela est dii aux défis mathématiques que représente 1’étude des opérateurs de Dirac,
que se soit d’un point d’EDP ou d’analyse.

Dans cette these, nous nous intéressons a 1’étude spectrale de deux types de perturbation
de 'opérateur libre de Dirac en dimension 3, qui sont singulieres du point de vue de change-
ment d’échelle, ainsi qu’a 1’étude des opérateurs de Dirac agissant sur des domaines avec des
conditions aux bords issues du phénomene de confinement. Plus précisément, nous consid-
érons dans la premiere partie de cette theése des opérateurs de Dirac formellement définis par
I’expression différentielle

H,:=H+V,=H+ A6y,

oil ¥ est une surface (compacte ou non-compacte) de I’espace euclidienne R? qui le divise en
deux ouverts Q4, A, est un opérateur borné, inversible et auto-adjoint dans L?(X)* et qui
dépend d’un parametre 7 € R™ avec n > 1. Ici § est la distribution de Dirac supporté sur 3.
Ce type de perturbation est souvent appelée opérateurs de Dirac avec d-interactions.

Afin de simplifier I'illustration de nos résultat concernant ’étude spectrale de 'opérateur
H, nous nous restreignons dans la suite au cas ou H, est donné par le couplage de 'opérateur
de Dirac avec une combinaison de delta interactions électrostatique et scalaire de Lorentz,
qui est définit par

He, :=H+ (ely + uB)ds, (eu) € R2.

Ici € et p désignes respectivement les amplitudes des potentiels électrostatique et scalaire de
Lorentz.

La littérature concernant 1'étude spectrale de 'opérateur de Dirac H, , est tres riche. En
particulier, plusieurs progres ont été réalisés dans le cas ou X est une surface compacte de
régularité C2, on cite par exemple [48, 10, 11, 16, 17] ou l'auto-adjonction a été prouvé et
différents aspects de l'opérateur ont été analysés quand les parametres € et u satisfont la
condition €2 — p? # 4. 1l s’avére que le cas €2 — u? = 4 (que nous appelons cas critique)
est plus délicat a analyser et les propriétés de I'opérateur H, , sont totalement différentes en
comparaison avec le cas non-critique €2 — ,u2 # 4. En effet, contrairement au cas non-critique,
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la restriction de l'opérateur He , sur I'espace de Sobolev H!(R '\ ¥)* n’est pas auto-adjointe
mais plutdt essentiellement auto-adjointe, voir [90, 19, 22]. De plus, il a été remarqué dans
[10] et [19] que si ¥ est un hyperplan ou une surface compacte de régularité C? et qui
contient une partie plate alors le point 0 appartient au spectre essentiel de f,o (c’est-a-
dire quand p = 0). Dans [22] a l'aide des techniques d’analyse complexe et d’opérateurs
pseudodifférentiels périodiques ont été utilisés pour donner une caractérisation compléete du
spectre essentiel de m dans le cas 2-dimensionnel quand ¥ une courbe C'°*°-compacte, et il
s’est avéré que
Spess(f,/i) = ( — 00, _m} U {_771///} U [m, —|—OO)

Cependant, la caractérisation complete du spectre essentiel de He ,, dans le cas de la dimension
trois reste encore une question ouverte et a été 'une des motivations du chapitre 2.

Toute au long de cette theése, nous suivons la terminologie développée dans [10] pour
définir rigoureusement 'opérateur H ,. Ainsi, nous définissons H, , sur le domaine

dom(H,,,) = {u+®[g] : uw € H'(®*)", g € LA(2)", g = —Ay[g]},
ou il agit au sens des distributions de la maniere suivante :
Hu(u+ ®lg]) = Hu, Yu+ ®[g] € dom(H,,).

Ici @ est une solution fondamental de 'opérateur libre de Dirac, et AL un opérateur borné
de L?(X)* dans lui méme et qui est défini par la formule

1
AL = Tyg(ﬁh F (uf) £ 6%, & #4,
ol a € (—m,m) et €& est I'opérateur de Cauchy associé a I'opérateur de Dirac (H — a).

L’objectif du chapitre 2 est d’étudier les propriétés spectrales de 'opérateur de Dirac H,
quand la surface ¥ satisfait 'une des hypothéses suivantes :

(1) ¥ est le bord d’un ouvert borné de classe C?.

2) =%, :={(z,t) eRZxR:t>v¢p(z)},on v € Ret ¢ : R? = R est une fonction a
support compact et de régularité C?.

Nos contributions principales portent essentiellement sur ’étude du cas des surfaces qui sat-
isfont I’hypothése (2). Néanmoins, nous développerons une approche uniforme basée sur
des techniques de régularisations qui nous permettra de décrire pour toute combinaison des
constantes d’interactions la réalisation auto-adjoint de 'opérateur de Dirac H., quand X
satisfait ’hypothese (1) ou (2). Plus précisément, la stratégie que nous développerons repose
essentiellement sur le fait que les anti-commutateurs {3, %6%} et {(a- N), 65} (ou N est le
vecteur normal sur ¥) ont un effet régularisant. Comme on le verra au long de cette these, les
opérateurs AOJFAE)_L font intervenir ces anti-commutateurs ce qui fait que 'opérateur Ag force
les fonctions dans dom(H;,,) pour avoir la régularité H L_Sobolev, et ainsi nous permettra de
montrer que H , est auto-adjoint dans le cas non-critique. Dans le cas critique, la propriété
de régularisation des anti-commutateurs joue un roéle crucial dans la preuve de l'inclusion
dom(H;,) C dom(H, ), mais contrairement au cas non critique, cette propriété ne permet
pas a 'opérateur A9r de régulariser les fonctions dans dom(H, c u)7 et induit ainsi une perte de
régularité de Sobolev des fonctions dans dom(H, ). Plus précisément nous montrons que
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Theorem 0.0.14. Soit H., comme ci-dessus, alors les assertions suivantes sont vraies :

(i) Si€* — p? +# 4, alors He, est auto-adjoint et on a

dom(H. ) = {u+®[g] :u € H' (R, g ¢ HY/(2)",us = —AY[g]} .

(i) Si € — p* =4, alors He,, est essentiellement auto-adjoint et on a
dom(Hey) = {u+ @lg) - u € H' (R, g € HTV2(D)" un = —A[g]}.

ot AY. est Uextension continues de A définie de H=/2(2)* dans H—/2(%)%.

Nous complémentons notre étude en mettant en évidence dans section 2.2.2 la relation
entre 'auto-adjonction de H, , et I'opérateur A(jr, qui est I’idée principale derriere le concept
des quasi boundary triples utilisé dans [16, 19, 17, 22].

Ensuite, nous étudions les propriétés spectrales qualitatives de 'opérateur H, ,. En parti-
culier, nous effectuerons une étude détaillée du spectre de H, ,, quand ¥ satisfait I’hypothese
(2) dans le cas critique ou non-critique. Dans un premier temps, nous montrons un principe
de Birman-Schwinger adapté a notre contexte qui relie le spectre de I'opérateur de Dirac H ,
dans la gap (—m,m) avec les propriétés spectrales des opérateurs A . Ce principe nous per-
mettra de déduire en particulier I'existence des valeurs propres pour I'opérateur H, , dans la
gap (—m,m). Nous montrons aussi une formule de Krein reliant la résolvante de l'opérateur
H,, avec celle de I'opérateur libre de Dirac, voir Proposition 2.3.1 et Théoreme 2.3.1 pour
plus de détails. Avec ces deux outils en main, et & 'aide des arguments de compacité et de
localisation de certains opérateurs non locaux que nous développons dans les lemmes 2.3.2 et
2.3.3 , nous donnons dans les théoremes 2.3.3 et 2.3.4 une caractérisation complete du spectre
essentiel de H, , pour toute combinaison des constantes d’interactions lorsque ¥ satisfait la
seconde hypothése. En particulier, nous remarquons que dans le cas non-critique, et con-
trairement au cas des surfaces compactes, le spectre essentiel émerge dans la gap (—m,m),
voir le théoreme 2.3.3. Dans le cas critique, nous montrons que le spectre essentiel H , est
donné par

P () = (=0, =] U {2} U . o),

ce qui rejoint le résultat obtenu dans [22].

La difficulté la plus importante qui se pose lorsque nous étudions le couplage de 'opérateur
de Dirac avec des d-interactions est la régularité de la surface ¥ qui supporte ces dernieres.
Comme on le notera dans le chapitre 2, la régularité C? de la surface ¥ s’avere essentiel pour
montrer 'auto-adjonction de I'opérateur H, ,. Ainsi, 'objectif principal du chapitre 3 est de
généraliser les résultats obtenus dans le chapitre 2 au cas des surfaces compactes non régulieres
pour des combinaisons de constantes d’interactions non-critiques, c’est-a-dire €2 — u? # 4.
Pour cela, nous utilisons des techniques d’analyse harmonique et la théorie du potentiel. Dans
un premier temps, nous généralisons les résultats obtenus dans le cadre des surfaces régulieres
au cadre des surfaces qui coincident localement avec le graphe d’une fonction Lipschitzienne
dont les oscillations sont nulles en moyenne, c’est-a-dire N € L>°(X)N VMO(X). Dans ce cas,
nos principaux résultats peuvent étre grossierement résumés comme suit :

e L'opérateur H,, est auto-adjoint et dom(H. ,) C H/?(R3\ X)4.

hd SpeSS(HG,M) = (_007 _m] U [m7 OO)
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b Spdisc(He,,u) N (—m, m) is finite.

De plus, nous mettons en lumiére I'influence de la régularité de la surface supportant les
delta interactions sur la régularité Sobolev du domaine de 'opérateur sous considération dans
le cas des surfaces Holderienne. En effet, dans la section 3.2.2, aprés avoir étudié les propriétés
de régularisations de l'anti-commutateur {a - N, %%} (voir le lemme 3.2.3) et opérateur ®
ainsi que l'effet de régularisation de l'opérateur A, nous montrons que

e Si X est de classe C™ avec w < 1/2, alors pour tout s < w on a

dom(Hy) C {u+ g :u € H'(R®) g € H'(2)" us = ~Ay[g]} € H/2 (R \ D)

e Si X est de classe CM avec w > 1/2, alors

dom(Hy) = {u+ g : u € H'(R)", g € HVX(2)",us = ~Ay[g]} € H'(R*\ %)

Ce résultat montre clairement comment la régularité de la surface X affecte la régularité
Sobolev de dom(H. ).

Dans un second temps, nous considérons le cas de delta interactions supportées sur des
surfaces satisfaisant certaines conditions topologiques faibles. Plus précisément, nous étudions
dans la section 3.2.3 les propriétés spectrales de 'opérateur de Dirac H,, dans le cadre de
surfaces uniformément rectifiables. Sous certains conditions sur les constantes de couplages,
nous montrons que 'opérateur H, , est auto-adjoint et nous établissons plusieurs propriétés
spectrales qualitatives dans le cas lipschitzienne. Plus précisément, on supposons que € et
satisfont I'une des hypothéses suivantes :

() 161 2y gy < € — 12 (D) & = 12 < L/ By gy

ou W est la partie singuliere de I'opérateur de Cauchy 4%, nous montrons que H , est auto-
adjoint. Si on suppose de plus que ¥ est lipschitzienne, nous montrons alors que les assertions
suivantes sont vraies :

* SpeSS(HE:H) = (_007 _m] U [mv OO)
® Spgisc(He,u) N (—m,m) is finite.

o Co := SUDue[_ym,m] G2 < 00. De plus, Spgige(He,u) N (—m,m) = 0 soit si [e—p| < 1/Cy
et |e + u| < 1/Cy, ou bien si |e — p| > 4Cy et |e + u| > 4Cy.

e Sie=0et pu>0,alors He, n’a pas de spectre discret dans la gap (—m,m).

Nous mentionnons que le chapitre 3 ne porte pas seulement sur ’étude de 'opérateur de
Dirac H,,, mais plutot plusieurs couplages de 'opérateur de Dirac avec des combinaisons
de potentiels singuliers de types électrostatique et magnétiques ainsi que le couplage de
I'opérateur de Dirac avec des potentiels singuliers qui font intervenir 'opérateur de Cauchy
¢ pour a € (—m,m). De plus, nous dérivons plusieurs model d’opérateur de Dirac qui
donnent lieu au phénomene de confinement.

Dans le chapitre 4 qui est la deuxieme partie de cette these, nous nous intéressons a
I’étude des propriétés pseudodifférentiel de I'analogue de 'opérateur de Dirichlet-Neumann
pour l'opérateur de Dirac. Nous étudions en particulier les opérateurs de Poincaré-Steklov
(PS) associés a 'opérateur de Dirac avec la condition au bord dite MIT bag défini par

Hyir(m)y = Hv, pour toutyy € dom(Hyr(m)) = {d} € HY(Q)*: P_tyyp = 0 sur Z} .
(0.0.20)
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Ici ) est un ouvert borné de R? dont la frontiere ¥ est réguliere, et Py := (I4 FiB(a - n)) /2

sont des projections toutes au long de la frontiere . Nous mentionnons que l'opérateur

Hypr(m) est auto-adjoint avec un spectre discret, et correspond a la partie intérieure de

I'opérateur de Dirac H, , agissant sur {) dans le cas du confinement avec parametres p = 2

et € = 0 (voir aussi [7, 8, 90, 94] pour une preuve directe de l'auto-adjonction de Hyirr(m)).
Plus concretement, nous considérons 'opérateur Poincaré-Steklov o7, défini par

Ay PLHY2(D) — PLHY2(R)Y, g — i (g) = PrtsUs(g), (0.0.21)
ot pour z € p(Hyrr(m)), Uz(g) € HY(Q)?* est I'unique solution du probléme elliptic suivant :

(H—-2)U;(g) =0, dans (Q,
P_tsU,(g9) =g, surX.

Dans un premier temps, nous montrons que pour tout z € p(H) et tout m > 0 fixes,
I'opérateur Poincaré-Steklov 47, s’inscrivit bien dans le cadre des opérateurs pseudodifféren-
tiel classiques, et que

Vs An

V=hs

ou S = i(a A «)/2 désigne le moment angulaire de spin. La preuve de ce résultat repose
essentiellement sur le calcul symbolique et le fait que pour z € p(H ), nous obtenons facilement
une formule explicite de I'opérateur .27, faisant intervenir l'opérateur de Cauchy 43, voir
théoreme 4.3.1.

Dans un second temps, nous considérons le cas de grandes masses m > 0, et nous
nous intéressons a l’étude des propriétés des opérateurs Poincaré-Steklov d’un point de
vue d’opérateurs pseudodifférentiel semiclassique avec 1/m comme parameétre semiclassique.
Nous mentionnons que ’étude semiclassique des opérateurs PS est motivé par la question
suivante:

Ay = S - ( ) P_ mod OpS~ (%),

e Soit My > 0 suffisamment grand, et fixons M > My et z € p(Hypr(m)) N p(H). Etant
donné f € L2(R3)* et U € HY(R?)4, quel est le probléme aux limites sur  dont les
solutions se rapprochent étroitement de celles de (H + M3 1R3\§ —2)U=f7?

Cette question nous ameéne a 1’étude spectrale de 'opérateur de Dirac Hy; = H + MpJ 1R3\5,

ou 1R3\§ est la fonction caractéristique de R® \ Q. En effet, la question ci-dessus qui peut
étre vue comme un probleme d’EDP, se raméne simplement a un probléme spectral pour
I'opérateur H)s, a savoir obtenir une formule explicite de sa résolvante, et plus précisément
une formule de type Krein reliant la résolvante de Hjs avec la résolvante d’un opérateur de
référence. Puisque il a été prouvé dans [14] que I'opérateur H); converge au sens de la norme
de la résolavante vers 'opérateur Hypr(m) quand M — oo, cela fait du ce dernier le candidat
idéal pour étre l'opérateur de référence. Ainsi, pour d’obtenir cette formule de résolvante, il
s’avere que la considération des opérateurs Poincaré-Steklov d’un point de vue d’opérateurs
pseudodifférentiel semiclassique est essentiel. Dans cette direction, nous montrons dans le
théoreme 4.4.1 que pour tout z € p(Hyr(m)) et m > 0 suffisamment grand, <7, est un
opérateur 1/m-pseudodifférentiel d’ordre 0, et on a :

Vs An

V=Ayx +m2+m

Pour prouver ce résultat, nous utilisons les propriétés spectrales de I'opérateur de Dirac
Hypr(m) que nous montrons dans la section 4.2, et qui jouent un réle crucial pour prouver le

Ay = S - ( ) P_ mod lOpl/ms—l(Z).
m
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résultat ci-dessus, notamment les propriétés de régularisation de la résolvante de Hyyp(m),
voir le théoréme 4.2.2.

En utilisant les propriétés pseudodifférentiel semiclassique des opérateurs de Poincaré-
Steklov, on arrive finalement a relie les résolvantes des opérateurs de Dirac Hys et Hyir(m),
voir le théoréme 4.5.1 pour la formule explicite. Ainsi, nous obtenons la réponse a la question
que nous avons posé ci-dessus. En effet, comme corollaire de la formule de résolvante nous
dans le corollaire 4.5.1 qu'il existe un opérateur 1/M-pseudodifferential d’ordre 0, Z;,(%2), tel
que la restriction de U, noté par U, satisfait le probleme elliptique suivant :

(H - Z)U\Qi =f dans €,
P_tsUjq = Ey;(2) Pyts(Hurr(m) — 2) 7' (fio) sur X,
P+tz;U‘Q = P+tE(HMIT(m) — Z)fl(fm) + A P_tsU sur X,
De plus, nous montrons que 'opérateur perturbé converge au sens de la norme de la résolvante

vers 'opérateur MIT bag et nous donnons une estimation précise du taux de convergence,
voir la proposition 4.5.1.

32



Introduccién (spanish)

La ecuacion de Dirac
iaﬂp(t’ :E) = H@(tax)v QD(,I’) : Rg — (C4,

donde H = —ia-V+m}p es el operador libre de Dirac en R?, se utiliza en la mecanica cuantica
relativista para describir la dindmica de las particulas elementales de espines semienteros.

En esta tesis estamos interesados en el estudio espectral de dos tipos de perturbaciones del
operador libre de Dirac en dimensién 3, que son singulares desde el punto de vista del cambio
de escala, asi como en el estudio de los operadores de Dirac que actiian sobre dominios
con condiciones de borde derivadas del fenémeno de confinamiento. Mas concretamente,
consideramos en la primera parte de esta tesis los operadores de Dirac definidos formalmente
por la expresion diferencial

Hy:=H+V,=H+ A,

donde ¥ es una superficie (compacta o no compacta) del espacio euclidiano R? que lo divide
en dos espacios abiertos 4, A, es un operador acotado, invertible y autoadjunto en L?(X)* y
que depende de un pardmetro 7 € R™ con n > 1. Aqui ¢ es la distribucién de Dirac soportada
en Y. Este tipo de perturbacién se suele denominar operadores de Dirac con J-interacciones.

Para simplificar la ilustracion de nuestros resultados relativos al estudio espectral del
operador H,, nos limitamos en lo que sigue al caso en que H, estd dado por el acoplamiento
del operador de Dirac con una combinaciéon de interacciones delta electrostaticas y escalares
de Lorentz, que se define por

H., :=H+ (ely+ ppB)os, (e, u) € R

Aqui € y i denotan las magnitudes de los potenciales electrostaticos y escalares de Lorentz
respectivamente.

La literatura relativa al estudio espectral del operador de Dirac H¢, es muy rica. En
particular, se han hecho varios avances en el caso en que X es una superficie compacta de
regularidad C2, se cita por ejemplo [48, 10, 11, 16, 17] donde se ha demostrado la autoadjunto
y se han analizado diferentes aspectos del operador cuando los parametros € y u satisfacen
la condicién €2 — p? # 4. Resulta que el caso €2 — u? = 4 (que llamamos el caso critico) es
més delicado de analizar y las propiedades del operador Hj,, son totalmente diferentes en
comparacién con el caso no critico €2 — u? # 4. En efecto, a diferencia del caso no critico,
la restriccién del operador H. , sobre el espacio de Sobolev H'(R3\ £)* no es autoadjunto
sino esencialmente autoadjunto, véase [90, 19, 22]. Ademds, se observé en [10] y [19] que si
¥ es un hiperplano o superficie compacta de regularidad C? y que contiene una parte plana
entonces el punto 0 pertenece al espectro esencial de H (es decir, cuando u = 0). En [22]
se utilizaron técnicas de andlisis complejo y operadores pseudodiferenciales peridédicos para
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dar una caracterizacién completa del espectro esencial de H,), , en el caso de 2-dimensiones
cuando ¥ una curva C'°°-compacta, y resulté que

e (T = ( =00, =m] U { ="} U [, +00).
Sin embargo, la caracterizacién completa del espectro esencial de fp# en el caso de la
dimension tres sigue siendo una cuestién abierta y fue una de las motivaciones del capitulo
2.
A lo largo de esta tesis, seguimos la terminologia desarrollada en [10] para definir rig-
urosamente el operador H, ,. Por lo tanto, definimos H, , en el dominio

dom(Hey) = {u=+ algl s e M) g € X(S) us = —A o)}

El objetivo del capitulo 2 es estudiar las propiedades espectrales del operador de Dirac H
cuando la superficie 3 satisface una de las siguientes hipoétesis:

(1) 3 es el borde de un abierto acotado de clase C2.

2) =%, :={(z,t) ERZxR:t>v¢p(z)},onde v € Ry ¢ : R? — R es una funcién con
soporte compacto y regularidad C2. .

Nuestras principales aportaciones se refieren al estudio del caso de las superficies que satis-
facen la hipdtesis (2). No obstante, desarrollaremos una aproximacién uniforme basada en
técnicas de regularizacion que nos permitird describir para cualquier combinacién de con-
stantes de interaccion la realizacién autoadjunta del operador de Dirac H,, cuando X sat-
isface la hipétesis (1) o (2). Més concretamente, la estrategia que desarrollaremos se basa
esencialmente en el hecho de que los anticomutadores {8, %5} y {(a- N),%s} (donde N es el
vector normal en ¥) tienen un efecto regularizador. Como veremos a lo largo de esta tesis,
los operadores A%AgE implican estos anticomutadores lo que hace que el operador 1\9r fuerce
funciones en dom(H; #) para tener H'-regularidad de Sobolev, y asi nos permitird demostrar
que H, , es autoadjunto en el caso no critico. En el caso critico, la propiedad de regularizacién
anticomutador juega un papel crucial en la prueba de inclusién dom(H;,,) C dom(H,,), pero
a diferencia del caso no critico, esta propiedad no permite que el operador Ag_ regularice las
funciones en dom(Hz u)’ y por tanto induce una pérdida de regularidad de Sobolev de las

funciones en dom(H, ;). Méas concretamente, demostramos que
Theorem 0.0.15. Sea H.,, como arriba, entonces las siguientes afirmaciones son verdaderas:

(i) Si €* — p? # 4, entonces H.,, es autoadjunto y tenemos

dom(H ) = {u+®@lg s u € H'(R*)", g € HVA(2)" g = —A%[g]}.

(i) Si € — p* =4, entonces H., es esencialmente autoadjunto y tenemos

dom(Hey) = {u+ @lg - u € H'(R?)!,g € HV2(D) un = —A%[g]}.

donde Ai es la extension continua de A definida desde H='/2(X)* en H—1/2(%)*.

Completamos nuestro estudio destacando en la seccidén 2.2.2 la relacién entre la auto-
adjuncién de H., y el operador A9r, que es la idea principal detrds del concepto de quasi
boundary triples utilizado en [16, 19, 17, 22].
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A continuacién, estudiamos las propiedades espectrales cualitativas del operador H ,. En
particular, haremos un estudio detallado del espectro de H, ,, cuando ¥ satisface la hipdtesis
(2) en el caso critico o no critico. En primer lugar, mostramos un principio de Birman-
Schwinger adaptado a nuestro contexto que vincula el espectro del operador de Dirac m
en el hueco (—m,m) con las propiedades espectrales de los operadores A%. Este principio
nos permitird deducir, en particular, la existencia de valores propios para el operador H, ,
en el hueco (—m,m). También mostramos una férmula de Krein que vincula el resolvente
del operador m con el del operador libre de Dirac, véase la Proposicién 2.3.1 y el teorema
2.3.1 para mas detalles. Con estas dos herramientas en la mano, y con la ayuda de los
argumentos de compacidad y localizacién de algunos operadores no locales que desarrollamos
en los lemas 2.3.2 y 2.3.3 damos en los teoremas 2.3.3 y 2.3.4 una caracterizacién completa del
espectro esencial de H, ,, para cualquier combinacién de las constantes de interaccién cuando
Y satisface la segunda hipotesis. En particular, observamos que en el caso no critico, y al
contrario que en el caso de las superficies compactas, el espectro esencial emerge en el hueco
(—m,m), véase el teorema 2.3.3. En el caso critico, mostramos que el espectro esencial H
estd dado por

P () = (=00, =] U {2 } U . o),

lo que coincide con el resultado obtenido en [22].

La dificultad mas importante que surge cuando se estudia el acoplamiento del operador de
Dirac con las d-interacciones es la regularidad de la superficie > que soporta este ltimo. Como
se observaré en el capitulo 2, la regularidad C? de la superficie ¥ es esencial para mostrar
la autoadjunte del operador H,,. Asi, el objetivo principal del capitulo 3 es generalizar
los resultados obtenidos en el capitulo 2 al caso de superficies compactas no regulares para
combinaciones de constantes de interaccién no criticas, es decir, €2 — u? # 4. Para ello,
utilizamos técnicas de andlisis arménico y teoria del potencial. En primer lugar, generalizamos
los resultados obtenidos en el marco de las superficies regulares al marco de las superficies que
coinciden localmente con la gréafica de una funcién Lipschitziana cuyas oscilaciones son nulas
en promedio, es decir, N € L>*(X) N VMO(Y). En este caso, nuestros principales resultados
pueden resumirse a grandes rasgos como sigue:

e El operador H , es autoadjunto y dom(H,,) C H'/?(R3\ £).
i Spess(He,u) = (_007 _m] U [m, OO)
b Spdisc(HE,,u) N (—m, m) es finito.

Ademas, destacamos la influencia de la regularidad de la superficie que soporta las interac-
ciones delta en la regularidad de Sobolev del dominio del operador considerado en el caso
de las superficies holderianas. De hecho, en la seccion 77, después de haber estudiado las
propiedades de regularizacion del operador {a.- N, €5} (ver lema 3.2.3) y del operador ® asi
como el efecto de regularizacién del operador A, mostramos que

e Si ¥ es de la clase C1* con w < 1/2, entonces para todo s < w tenemos

dom(He,) C {u+@lg] - u e H'(RY) g€ HY(D)' us = —Ay[g]} € HY/2(RP\ 0)"

e Si ¥ es de la clase C% con w > 1/2, entonces
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dom(H.y) = {u+ g s u € H'(R)', g € HVA(D)" us = —Ay[g]} € H'(R®\ %)

Este resultado muestra claramente cémo la regularidad de la superficie ¥ afecta a la regular-
idad de Sobolev de dom(H, ).

En un segundo paso, consideramos el caso de las interacciones delta soportadas en super-
ficies que satisfacen ciertas condiciones topolégicas débiles. Més concretamente, estudiamos
en la seccion 3.2.3 las propiedades espectrales del operador de Dirac H, en el marco de
las superficies uniformemente rectificables. Bajo ciertas condiciones sobre las constantes
de acoplamiento, mostramos que el operador H., es autoadjunto y establecemos varias
propiedades espectrales cualitativas en el caso lipschitziano. Mas precisamente, suponemos
que € y u satisfacen uno de los siguientes supuestos:

(2) 16]W ([ Z2(mpep2myz < € — 1, (b) € = i <1/ |W 7252 12(s)es

donde W es la parte singular del operador de Cauchy s, demostramos que Hep ,, es autoad-
junto. Si ademds suponemos que 3 es lipschitziano, entonces demostramos que las siguientes
afirmaciones son ciertas:

i Spess(HE,u) - (_OO; _m] U [m, OO)
® Spgisc(He,u) N (—m,m) es finito.

o Cp = SUDPge[_pmm) |65 < 00. Ademas, Spyige(He )N (—m,m) = @ bien si |e—pu[ < 1/Co
y le+ pu] < 1/Cp, bien si e — u| > 4Cy y |e + u| > 4C.

e Sie=0y pu>0, entonces He, no tiene espectro discreto en el hueco (—m,m).

Mencionamos que el capitulo 3 no sélo trata del estudio del operador de Dirac H, ,, sino var-
ios acoplamientos del operador de Dirac con combinaciones de potenciales singulares de tipo
electrostatico y magnético, asi como el acoplamiento del operador de Dirac con potenciales
singulares que implican al operador de Cauchy %% para a € (—m,m). Ademads, derivamos
varios modelos de operadores de Dirac que dan lugar al fenémeno de confinamiento.

En el capitulo 4, que es la segunda parte de esta tesis, nos interesa estudiar las propiedades
pseudodiferenciales del andlogo del operador de Dirichlet-Neumann para el operador de Dirac.
En particular, estudiamos los operadores de Poincaré-Steklov (PS) asociados al operador de
Dirac con la llamada condicién de borde de MIT bag definida por

Hyir(m)y = H, pour touty) € dom(Hygr(m)) := {w e HY(Q)*: P_tyyp =0 sur E} .
(0.0.22)

Aqui © es un abierto acotado de R? cuya frontera ¥ es regular, y Py := (I4 FiB(a-n)) /2
son proyecciones a lo largo de la frontera ¥. Mencionamos que el operador Hyr(m) es
autoadjunto con un espectro discreto, y corresponde a la parte interna del operador de Dirac
H., que acttia sobre €2 en el caso de confinamiento con pardmetros p = 2y e = 0 (ver
también [7, 8, 90, 94] para una prueba directa de la auto-adjuncién de Hyr(m)).

Mas concretamente, consideramos el operador de Poincaré-Steklov .7, definido por

Ay PLHY2(D) — PLHY2(S)Y, g — n(g) = PrtsUs(g), (0.0.23)
donde para z € p(Hyr(m)), U.(g) € HY(2)* es la solucién tnica del siguiente problema
eliptico:

(H - Z)Uz(g) =0, en Q7
P_txU,(g) =g, enX.
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En primer lugar, mostramos que para cualquier z € p(H) fijo y m > 0, el operador de
Poincaré-Steklov <, se ajusta bien al marco de los operadores pseudodiferenciales clasicos,

Y que
Vs An

V—Ax

donde S = i(aA«)/2 denota el momento angular de espin. La demostracién de este resultado
se basa esencialmente en el cdlculo simbdlico y en el hecho de que para z € p(H), obtenemos
facilmente una férmula explicita para el operador 47, que implica al operador de Cauchy €7,
véase el teorema 4.3.1.

En un segundo paso, consideramos el caso de masas grandes m > 0, y nos interesa estudiar
las propiedades de los operadores de Poincaré-Steklov desde el punto de vista de los operadores
pseudodiferenciales semiclasicos con 1/m como pardmetro semicldsico. Mencionamos que el
estudio semiclasico de los operadores PS estd motivado por la siguiente cuestiéon:

Ay =S - ( ) P_ mod OpS~ (%),

e Sea My > 0 suficientemente grande, y sean M > My y z € p(Hyrr(m)) N p(H) fijos.
Dados f € L*(R3)* y U € H'(R3)4, ;cudl es el problema de frontera en ) cuyas
soluciones se aproximan mucho a las de (H + M 61R3\5 —2)U = f?

Esta cuestién nos lleva al estudio espectral del operador de Dirac Hy = H + M BIR3\§,

donde 1R3\§ es la funcién caracteristica de R?\ Q. En efecto, la cuestiéon anterior, que puede
verse como un problema de EDP, se reduce simplemente a un problema espectral para el
operador Hps, a saber, obtener una formula explicita de su resolvente, y mas precisamente
una férmula de tipo Krein que relacione el resolvente de Hj;s con el resolvente de un operador
de referencia. Como se ha demostrado en [14] que el operador H); converge en el sentido
de la norma del resolvente al operador Hm cuando M — oo, esto hace que este tltimo
sea el candidato ideal para ser el operador de referencia. Asi, para obtener esta féormula
de resolvente, resulta imprescindible la consideracién de los operadores de Poincaré-Steklov
desde el punto de vista de los operadores pseudodiferenciales semiclasicos. En esta direccion,
mostramos en el teorema 4.4.1 que para cualquier z € p(Hygr(m)) y m > 0 suficientemente
grande, 2, es un operador 1/m-pseudodiferencial de orden 0, y tenemos :

Vs An
V—=As+m2+m

Para demostrar este resultado, utilizamos las propiedades espectrales del operador de Dirac
Hypr(m) que mostramos en la seccion 4.2, y que juegan un papel crucial en la demostracion
del resultado anterior, en particular las propiedades de regularizaciéon del resolvente de
Hyprr(m), véase el teorema 4.2.2.

Utilizando las propiedades semiclasicas pseudodiferenciales de los operadores de Poincaré-
Steklov, llegamos finalmente al resolvente de los operadores de Dirac Hys y Hyirr(m), véase el
teorema 4.5.1 para la férmula explicita. De este modo, obtenemos la respuesta a la pregunta
que formulamos anteriormente. En efecto, como corolario de la férmula del resolvente tenemos
en el corolario 4.5.1 que existe un operador 1/M-pseudodiferencial de orden 0, =;,(2), tal
que la restriccion de U, denotada por Ujq, satisface el siguiente problema eliptico :

(H—=2)Uqg, = f en €,
P_tsUg = Ey(2) Prts(Hyrr(m) — 2) "' (fio) en X,
PitsUjq = Pits(Hyir(m) — 2) " (flo) + FnP-tsU  en %,

Ademés, mostramos que el operador perturbado converge en el sentido de la norma resolvente
al operador MIT bag y damos una estimacién precisa de la tasa de convergencia, véase la
proposicién 4.5.1.

Gy, =S - ( ) P_  mod lOpl/mcS“_l(Z).
m
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Chapter 1

Layer potentials associated with the
Dirac operator

The purpose of this chapter is to fix some terminology that will be used throughout this
thesis, and to present some tools that will be used in the following chapters.

We start first by setting notations, recalling some definitions and results from geometric
measure theory, used in particular in Chapter 3. Subsequently, we recall the definition of some
function spaces that are often used, in particular, we present some important properties of
the Dirac-Sobolev space on Lipschitz domains. Then, we shall introduce and study some
integral operators associated with the fundamental solution of the free Dirac operator, which
will play an important role in the analysis of Dirac operators with d-interactions.

1.1 Notation and Definitions

We use the following notations:

e For a Hilbert space h, we denote by B(h) (respectively K(h)) the space of bounded
(resp. compact), everywhere defined linear operators in h. If T is a closed operator

in h then its spectrum, essential spectrum, point spectrum and discrete spectrum are
denoted by Sp(T'), Spess(T'), Sppp(T') and Spyie. (1), respectively.

e For A, B € B(h), we denote by [A, B] and {A, B} the usual commutator and anticom-
mutator brackets, respectively.

e We use the letter C' (or ¢) to denote harmless positive constant, not necessarily the
same at each occurrence.

e We write A < B if there is C > 0 so that A < CB and A <, B if the constant C
depends on the parameter h.

e We use the notation R = {x € R? : &3 > 0} for the upper/lower half space. Also,
the upper/lower complex half plane is denoted by C...

e The square root /z is fixed by the convention ¥(z) > 0 for z € C\ [0, 00).

e For z = (x1, -+ ,2q) € RY, we let ] := sup;e; ... 4{|z;|} to be the [* norm of z, and
we denote by |z| := |z|s the standard Euclidean 12 distance.
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1. Layer potentials associated with the Dirac operator

e For o = (o, -+ ,aq) € N a vector of nonnegative integers, denote

50 olel b o !
= ———— with |a| = E g,
31?1 ...3de -

and for a sufficiently smooth function u and = € R?, denote

dloly,

890!111 s 81?4

0%u

a0 Qq
and % = 27" - w7

e By #? we denote the 2-dimensional Hausdorff measure, and we let do = d#?| . to be

Ik
the surface measure on a closed set E C R? of dimension 2.

e For p,d € N* and a closed subset F C R, we always denote by LP(RY) and LP(E) the
LP-based Banach space with respect to the Lebesgue measure and the surface measure,
respectively.

e We denote by diam(E) the diameter of £, that is diam(E) := sup, yep [ — yl-
e We denote by B(z,r) the Euclidean ball of radius r centred at z € R3.
e For an Q open (proper) subset of R?, Q¢ denotes the complement of Q.

e For a Borel set B C R3?, we denote by 1p the characteristic function of B, that is
1p(x) =1if x € B and 1g(x) =0if z ¢ B.

e For a Borel set B of R?, the Lebesgue measure of B is denoted by |B].

e For a Borel measure p, and a Borel set B with 0 < u(B) < oo, we set

j{ Udp := u(B)_l/ Udp,
B B
where U is any p-integrable function on B.

Definition 1.1.1 (Ahlfors-David regular). We say that a set E C R3 is 2-dimensional
Ahlfors-David regular, or simply ADR, if it is closed and there is some uniform constant

C such that

1

57'2 < H*(B(x,r)NE) < Cr?, Vax € E,r € (0,diam(E)). (1.1.1)
Definition 1.1.2 (Uniformly rectifiable domains). We say that a compact set E C R? is
uniformly rectifiable provided that it is ADR and the following holds. There exist p, M €
(0,00) (called the UR character of E) such that for each x € E, r € (0, 1], there is a Lipschitz
map ¢ : B, C R? = R3 (where B, is a ball of radius r in R?) with Lipschitz constant Ly < M,
such that

#H*(E N B(x,r)Né(B,)) > pri. (1.1.2)

A nonempty, proper and bounded open subset Q C R3 is called uniformly rectifiable, or simply
UR, provided that 0S) is uniformly rectifiable and also #?(0Q\ 0,Q) = 0, where 0.8 denotes
the measure theoretic boundary of ), defined as

B N B nae
08 := {ZL‘ € 00 : lilrnsupM >0, limsupM > 0}.

r—0 r3 r—0 r3
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1.1. Notation and Definitions

Remark 1.1.1. Notice that there are numerous characterizations of UR sets that are equiv-
alent to the one given above. For our purposes, the most useful equivalent definition that
one should keep in mind is as follows: If E is ADR, then E is UR if and only if the Riesz
transform defined by

. T —
g € L2(E) — Z|g)(z) = lim - jgg(y)do(y), forallz € E, (1.1.3)
z—y|>p

is bounded from L?(E) into itself, cf. [88].

Remark 1.1.2. It is worth pointing out that, in principle, the measure theoretic boundary 042
can be a much smaller than the topological O). In this sense, the condition #2(92\ 0,Q) = 0
in Definition 1.1.2 ensures that near points in boundary 0.8) there is enough mass relative to
the scale, both in Q0 and Q°.

Definition 1.1.3 (Lipschitz domains). We say a domain (connected open set) Q C RY is
~v-Lipschitz domain if for every x € €} there exists r > 0 and an isometric coordinate system
with origin © = xo such that

{yeRY: |z —yloo <r}NQ={y e RY: |z — y|oo < r}N{(§,t) : § € RIL, ¢(7) < t},

for some Lipschitz function ¢ : RI™1 — R with ¢(xq) = zo and ||¢||ec < v. We say a domain
is a Lipschitz domain if it is a y-Lipschitz domain for some v > 0. We call a domain Q C R?
of the form

Q={(5,t): § € R, ¢(7) < t},

for some Lipschitz function ¢ : R¥™1 — R with ||¢||cc < 00 a Lipschitz graph domain.

Remark 1.1.3. It is worth noting that, if ¢ : R — R is a Lipschitz function, then
Rademacher’s therem entails that ¢ is Fréchet-differentiable almost everywhere with

V@l oo ma-1y < Lg,

where Ly is the Lipschitz constant of ¢. In particular, if Q is a Lipschitz graph domain (as
in the definition above), then for x = ¢(&) € O the surface measure and the unit normal
vector field are given by

do(z) = /1 + V(@) P, N(@:m'

Notice that when Q is an ADR domain then the unit normal N is defined almost everywhere
on 0:8), and it is often referred to as the geometric measure theoretic outward unit normal to
Q, cf. [63].

Sometimes, a different smoothness condition will be needed, so we broaden the above
definition as follows:

Definition 1.1.4. For an integer k > 1, we say a domain Q C R% is a C*-smooth domain
if the properties in the previous definition hold but with ¢ of class C* and the L>® norm of
all these ¢ and their first k derivatives are uniformly bounded. Likewise, for w € (0,1], we
define a C**-smooth domain by adding the requirement that the kth order partial derivatives
of ¢ be Hélder-continuous with exponent w, i.e.,

|[0%p(z) — 0%(9)| S |2 —g|“  forallZ,y € R and la] = k.

Finally, we say that Q is a C™-smooth domain if it is C*-smooth for any k € N.
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1. Layer potentials associated with the Dirac operator

Definition 1.1.5 (BMO and VMO). For an ADR set E C R?, BMO(E,do) stands for the
space of functions with bounded mean oscillation, relative to the surface measure do. We
denote by VMO(FE,do) the Sarason space of functions with vanishing mean oscillation on

E, i.e., the closure of the set of bounded uniformly continuous functions defined on E in
BMO(FE,do).

Let us now assume that 2 is a UR domain with 0Q = 9, and set
Q=Qand Q_:=R3\ Q. (1.1.4)

Then, 2_ is also a UR domain with the same ADR boundary as Q. (cf. [63, Proposition
3.10]), which we denote by ¥ := 9Q; = 9Q_.

Definition 1.1.6. Let Q4 be as above. Fiz a > 0 and let x € X, then the nontangential
approach regions of opening a at the point x are defined by

D (2) =T (2) = {y € Qi : |z — y| < (14 a)dist(y, X)}. (1.1.5)
Ifr € ¥ and U : Qx — C*, then

nt .
Us(z) = U|Qi(:c) = o (ligy%z Ul(y), (1.1.6)

is the nontangential limit of U with respect to Qi+ at x. We also define the nontangential
mazximal function of U on ¥ by

N [U)(x) = N U)(@) = sup{|U(y)| - y e T (2)}, €, (1.1.7)
with the convention that N**[U](x) = 0 when T* (x) = (). Given g € L*(X), we define the

Hardy-Littlewood maximal operator by

M*¥g(z) = supj{ lg(y)|do, z€X. (1.1.8)
r>0J B(z,r)N%

Then, by [45, p. 624], there is C > 0 such that

IM>gll 2y < Cllglliasy,  for all g € L*(%). (1.1.9)

1.2 Function spaces

1.2.1 Sobolev and Besov spaces

Sobolev spaces are fundamental in the study of partial differential equations. Since we
are going to deal with partial differential operators, we shall present in this section several
Sobolev and Besov spaces on Lipschitz domains (resp. on the boundary of Lipschitz domains).
We refer to [1, 81] for comprehensive treatment of Sobolev spaces.

Sobolev on domains

Definition 1.2.1. Let Q be a non-empty open subset of f RE. For an integer k > 0 we let
CH(Q) = {u: Q — C: 9% exists and is continuous on Q for |a| < k},
and we let C*°(Q) denotes the usual space of indefinitely differentiable functions, i.e,

Cc>(Q) = () CH(9).

k>0

41



1.2. Function spaces

Similarly, we let
CE(Q) = {u e C*(Q) : supp(u) C K CC Q for some compact set K},
and set
D) = Cg°(Q) ={ue C(N) : supp(u) C K CC Q for some compact set K}.

Finally, we denote by D'(Q) the dual space of D (), i.e., the usual set of all distributions on
Q.

Definition 1.2.2 (Tempered distributions). For an integer d > 1, we let .7 (RY) be the
Schwartz class of functions, i.e.,

S (RY) = {u e C®(RY) : sup |2°0%u(z)| < oo, for all multi-indices o, B € N},
TER?

We denote by 7' (R?) the dual space of /(R?), i.e., the space of tempered distributions.

Definition 1.2.3 (Fourier transform). For a function f € .#(R%), its Fourier transform is
defined by

Flu)(€) = (2;)(1/2 [ e ut)s, v R,

and its inverse Fourier transform is given by

i) = oy [, ST uEdE, Ve R

(2m)%2 Jrd

The Fourier transform defines a continuous linear operator from .7 (R%) into itself. By du-
ality, we can also extend F to the space of tempered distributions . (Rd). In particular, the
Fourier transform can be extended into an isometry in L*(R?).

Remark 1.2.1. For T € R4 we will abbreviate the partial Fourier (resp. inverse Fourier)
transform on the variable T with F¢ (resp. F=').

Definition 1.2.4 (Sobolev space on R?%). For s € R, we define the Sobolev space H*(R?) as
follows:

o Ifs=0, then H*(R?) = L*(RY).

o If s >0, then H*(RY) = {u € L*(RY) : [pa(1 + [£]?)%|F[u](€)]2d¢ < oo}, endowed with
the norm

1By = [ L+ 16Tl de, vf € (R,

o Ifs <0, then H*(R?) is defined as as the completion of L?(R%) with respect to the norm
|+ [ s (). Equivalently, H*(RY) can be viewed as an isometric realization of the dual

space of H~*(R?).

Definition 1.2.5 (Sobolev space on domains). Let Q be a Lipschitz domain of R? and let
k € N. Then the Sobolev space H*(Q) of order k based on L?(Y) is defined by

HA(Q) = {u € L*(Q) : 9%u € L*(Q) for |a| < k},
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1. Layer potentials associated with the Dirac operator

endowed with the norm

ulfy = 3 [ 10°u(@)Pde.

|o|<k
For k=1 we often use that
HY(Q) = {u € L*(Q) : there exists 1 € H'(R?) such that | = ui},
endowed with the norm
[ullfr @) = lull o) + IVullz (),

and we let HE(Q) to be the closure of C§°(SY) with respect to the above norm.
Now, for 0 < r <1 we define the semi-norms

> _ |u(z) — u(y)?
||U||7~Q—/Q deﬂﬁdy-

Then, for s = k + r the Sobolev space of fractional order s is defined by
H*(Q) = {u € HHQ) : |0°u]}.q < oo for [a] =k},

equiped with the norm

oo = Nl + 3 10%ul2g.
|a|=k

We recall that all the Sobolev spaces defined above are Hilbert spaces with respect to
their norms.

Sobolev on the boundary

We next give the definition of Sobolev spaces on the boundary of Lipschitz domain. We
also define the Besov space B% /2 (0Q) when Q is an a ADR domain, which is very important

when dealing with d-interactions supported on ADR surfaces. Recall that L?(92,do) =
L2(09) denotes the usual L?-space over 0f).

Definition 1.2.6. Let Q be a Lipschitz graph domain of R?, i.e.,
Q={(@1t): 7R, ¢(7) <t}.

For g € L?(09Q), we define g,(T) = g(T,vd(x)) for T € R¥1. Then, for s € [0,1], the Sobolev
space H*(0RY) of order s is defined by

HY(09) = {g € L2(00) : g, € H* RV},
equipped with the scalar product
(9, F)us00) = (96> fo) ms (ma-1

and we define H=5(0Q) as the completion of L?(0Q) with the following norm.:

9l -2(a0) = lgs\/ 1 + V[ -5 (wa-1y, for all s € [0,1].

If Q is a Lipschitz domain with a compact boundary 0. Then, for s € [0,1], the Sobolev
space H*(0) of order s is defined using local coordinates representation on the surface OS2,
see [81] for example.
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1.2. Function spaces

Notice that H7*(0Q) is a realization of the dual space of H*(0f2). That is,

||g||H—S(aQ)4 = sup <g’f>H‘S(5Q),HS(8Q)'
0#f€HS(00) ||f||H5(8Q)4

see, e.g. [81].
When ( is in the class C*% with a compact boundary, w € (0,1), one can define equiva-
lently the Sobolev space H*(9Q)* as follows (see [67, Chapter 4] for example):

Definition 1.2.7. Given w € (0,1) and assume that Q is a bounded CY*-smooth domain
with a compact boundary. Then, g € H*(0N2) with s € (0,w), if and only if

2
9l o= [ lo(@)Pdoa +ﬂ;l;,x_m2uid<w¢“@<““

When studying d-interaction supported on surface, we shall need to make sense of the
restriction U |gq as an element of a Sobolev space on 92 when U belongs to a Sobolev space
on © or R?. Let us now recall some trace theorems that will be used in the rest of this thesis.

First, recall that if  is an non-empty open set of R%, then the mappings

toq : @(ﬁ) — @(89)
Ur— toaU = U l|sq,

ton : D(RY) — D(0Q)
Ur— tooU = U laq,
are well-defined and continuous.

Proposition 1.2.1. Assume that Q is a Lipschitz domain of R®. Then, the trace opera-
tor toq + D(Q) — D(0Q) extend to a unique bounded linear operator toq : H*(2) —
H3=Y2(0Q) for all s € (1/2,3/2), i.e

[toQU | grs-1/200) S 1Ullms(0), YU € H*(Q).

Moreover, if s € (1/2,1], then taq has a bounded linear inverse operator &g : H*~1/2(0Q) —
H*(Q), i.e.,

18alglllis0) S N9l ge1r2(00)  and tonéalgl =g Vg € H/2(99).

For a function u € H'(R?), with a slight abuse of terminology we will refer to tgqu as the
restriction of u on 02 when 2 is Lipschitz. We shall also use a trace theorem for functions in
the Sobolev space H!(RY) in the case of ADR surfaces. Assume that €2 is an ADR domains,
then the Besov space B? /2(09) (see [73, Chapter V]| for example), consists of all functions

g € L?(09) for which

) — 2
//Iw—y|<1 Wda(y)da(x) < o0 (1.2.1)

The Besov space is equipped with the norm

) — 2
ol oo 1= [ lo@Partoy+ [ [ DI andote). (122)

1/2( |z _y’?)
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1. Layer potentials associated with the Dirac operator

Given U € H'(R?), set

Toou(z) = lm §  Uly)dy, (12.3)

at every point x € 9f) where the limit exists. Then, we have the following trace theorem, for
the proof we refer to [72, Theorem 1 and Example 1] and [73, Theorem 1, p.182 |.

Proposition 1.2.2. Suppose that Q2 is an ADR domain. Then the trace operator tyqg :
D(RY) — D(00) extend to a bounded linear operator Tyq from H'(R?) to B%/z((?Q) (where

T, is given by (1.2.3)) with a bounded linear inverse operator & from B%/Q((?Q) to H'(RY).
In other words, Bf/z((‘)ﬂ) is the trace to 0 of HY(R?) and Tpaé is the identity operator.

Remark 1.2.2. For notational convenience, we use tgq in the rest of the paper to denote
the trace operator when 0N is ADR, and we often use the fact that the trace operator Tag
coincide with tag when Q is a Lipschitz domain (i.e., HY/2(0Q) is the trace to 9Q of H'(RY) ).
1.2.2 The Dirac-Sobolev space

The aim of this part is to study the first order Sobolev space associated with the Dirac
operator H on a Lipschitz domain © C R3. The study of this space is crucial in the analysis
of Dirac operators on domains with boundary condition, as well as shell interactions for Dirac
operators. The results we are going to present here are well-known when €2 is a C?-smooth
domain with a compact boundary, and can be found in [90].

Throughout this subsection, unless stated otherwise, we assume that ) is a Lipschitz
domain, we let 3 := 002 and we denote by N the outward unit normal to 2.

Definition 1.2.8. Let Q be an open subset of R3. The first order Dirac-Sobolev space H(c, Q)
s defined as follows:

H(a,Q) = {p € L*(Q)*: (a-V)p € L*(Q)1}, (1.2.4)
equipped with the scalar product

(s V) H(a,0) = (s ) 2 + (@ V), (- V)Y) p2qys, 9,90 € H(a, Q).
Here (- V) is taken in the sense of distributions.

Remark 1.2.3. Notice that if Q = R3, then H(a, Q) coincides with H'(R3). We also note
that, since the multiplication by B is bounded in L*(2)*, we have

H(a,Q) = {p € L*(Q)*: Hp € L*(Q)*}.

Let us now give some basic properties of this Dirac-Sobolev space. First, we recall the
following consequence of the Green’s formula.

Proposition 1.2.3. Assume that Q2 is a Lipschitz domain. Then, for all v, € HY(Q)* it
holds that

((=ia- V), ) p2)s — (p, (—ia - V)P poqys = ((—ia- N)tsp, tsth) 2(sys-

Lemma 1.2.1. Let Q2 be a Lipschitz domain, then (H(a,Q),(:,")(a,0)) s a Hilbert space
and the following statement hold:
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1.2. Function spaces

(i) C$°(Q)* is a dense subspace of H(a, Q). In particular, H'(Q)* is dense in H(a, Q) and
it holds that
1V e S 1l for ally € H' ()L

(ii) Let Ho(a, Q) be the completion of C§°(Q)* with respect to the norm || - || (o). Then,
Ho(, Q) coincides with Hy ()%

Proof. Given a Cauchy sequence (¢;)jen C H(c,§2). Then, we have

vy —— € Q) and (o V) —— p e Q)Y
J—00 J—00

Since both (¢;)jen and ((« - V)9j)jen are Cauchy sequence in L*(Q)%, and as (a - V)¢ =
lim (o - V)tb; = ¢ holds in @'(Q2)* and ¢ € L*(Q)%, it follows that ¢ = (o~ V)1 in L*(Q)%

]—)OO

Therefore, (H(c, Q), (") g(a,0)) s a Hilbert space.
Since C5°(Q)* is dense in H'(Q)*, to prove (i) it suffices to show that H'(Q)* is continu-
ously embedded in H(a, ). Let ¢ € H'()*, then Holder’s inequality yields that

2 3 2
< (Zuajaj)wr) =3 (Z\ (00, wP) = 3|VuP,

here we used that |1 = |¢|. Hence we get

(- V)|? =

3o

o 9 lans = ([ 1 0w) <32 ([ 199) " = 8/21901 20

Thus the inclusion H'(Q)* C H(«, Q) is continuous and the inequality [|¢|| z(a,0) S 1] 1
holds for all ¢» € H'(2)*, which proves (i).

Now, let us prove (ii). By definition, it is clear that Hg(Q)* C Hy(e, ). To show the
reverse inclusion, it is straightforward to see that

Hy(o, Q) = {p € L*(Q)*: (a- V)p € L*(Q)* and tgp = 0 on B},

From this and the assertion (i) of this lemma, we easily get the inclusion Hy(c, ) C H} (Q)%,
which completes the proof of (ii). O

Notice that if 11,12 € H*(Q)* are such that ||y — 2|l H(a,0) = 0, then 11 = 19 in L2(Q)*,
and thus v; = 1 holds in H'(Q)*. As consequence of this and lemma 1.2.1 we have:

Corollary 1.2.1. The following statements hold true:
(i) The mapping H'(Q)* > v — F(¢) = € H(a, Q) is one-to-one and continuous.
(ii) The mapping HE (Q)* 3 ¢ — F() =9 € Hy(a, Q) is continuous and bijective.

The next proposition shows that the trace of a function ¢ € H(«, Q) belongs to H*1/2(Z)4,
and in particular, if tx¢ is in H'/2(X)* then ¢ is in H'(Q)*. The proof of this result follows
the same lines as the one of [90, proposition 2.1], where the case of a C?-smooth domain with
a compact boundary is considered.

Proposition 1.2.4. The following statements hold true:
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1. Layer potentials associated with the Dirac operator

(i) If Q2 is a Lipschitz domain, then the operator (a- N)ts; : HY(Q)* — L2(X)* extends into
a continuous map ty, : H(a, Q) — H-Y/2(2)*, and we have

(=i - V), @) p2(ys — (@, (—ic- V)@) 20 = (Enth, ts@) /2 syt gizmyss (1.2.5)
for all ¢ € H(a,Q) and ¢ € H(Q)%.

(ii) if  is CY¥-smooth domain, with w € (1/2,1), then the trace operator ts : H(Q)* —
H'Y2(2)* has a unique extension to a bounded linear operatorty, : H(a, Q) — H~/2(X)4,
and we have

(=i V)Y, 0) 2yt — (¥, (—ia - V)) o) = ((—ia - N)ts, tse) g-1/2(ya g1/2(s)s
(1.2.6)

for all ¥ € H(o, Q) and ¢ € H Q). In particular, for any ¢ € H(a, Q) satisfying
tsp € HY2(X), it holds that ¢ € H'(Q)*.

Proof. Fix ¢ € H(a,Q) and let (¢)jen C H'(2)? be a sequence of functions that
convergences to 1 in H(a, Q). Given an arbitrary function g € H'/2(X)* and let &q(g) €
H'(Q)*, where & is the extension operator from H'/?(2)* to H*(Q)* from Proposition 1.2.1.
It follows from Proposition 1.2.3 that

(=i~ V)5, 8a(9)) r2(0)s — (¥), (—ia - V)Ea(9)) 12 () = ((—ia - N)tsth, ) r2(sya-

Hence, Cauchy-Schwarz inequality yields that

(- Nty 9) 2| < ll(@ - 9)Eal9)l] 2oy 195 z2ys + 160 (9)ll 2@y lI(a - V) (e

<
< €9l @ 195l ma,0)-

Now, applying the trace theorem (see Proposition 1.2.1) to the above inequality yields

(e M)ty ) oyt S Nallinvzqsnys 1465 sy

Notice that for all j € N we have (o - N)tsth; € L*(X)%, and by definition it holds that

‘<(Oé - N)tsipj, 9>H—1/2(2)4,H1/2(2)‘

(- N)tzijH—lm(z)él = sup
0#£geH/2(%) HfHH1/2(2)4
(tsvj, (@~ N)g)r2(x)
= sup ‘ S il (a,0)
0£geH/2(S) [ 2y

because (a - N) € L?($)%. It follows from the above consideration that ((o- N)txt);)jen is a
Cauchy sequence of H~1/2(£)*. Consequently we get

(a N)tshy —— f e HV2(R),
j—o0

HfHH—1/2(2)4 = Jlggo I(a- N)t2¢j||H—1/2(z)4 S 1Yl #(on0)s

Since H'(Q)* is a dense subspace of H(a,), it follows that the mapping ty; : H(a, Q) —
HY2(2)* defined by

(t2, t2) g1/2(mye pr/eceys = (=i V), ) 2y — (, (=ia- V)@) 2o, Ve € H'(Q)Y
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is a continuous extension of the mapping (a - N)ty : H'(Q)* — L?(X)*. From this we have
also the identity (1.2.5) and this proves (i).

Now we turn to the proof of (ii). Let w € (1/2,1) and assume that Q is C*“-smooth
domain. Fix again ¢ € H(a, Q) and let (1;)jen C H'(2)* be a sequence of functions that
convergences to ¢ in H(a, ). Since, N is C%“-smooth and that |(« - N(x))| = I holds for
all z € ¥, it follows that the multiplication operator by (- N) is bounded from H'/?(x)*
into itself. Therefore, following exactly the same arguments as in the proof of the statement
(i) of this proposition, we get that (tx9;);en is a Cauchy sequence of H-Y2(£)4, and that

_ = li A = < )
[t gr-1/72(4 jggoHtE%HH 12y S 1Yl @)

Thus, the trace operator extends into a continuous map ty, : H(a, Q) — H-Y/2()% As
consequence, density arguments yields the Green’s formula (1.2.5).

Finally, let ¢ € H(a, Q) be such that tsp € HY2(2)% Set ) = ¢ — 8q(tstp), then
P € HE(Q)* holds by Corollary 1.2.1. Since, V4, VEq(tsyh) € L*(Q)*, it follows that
Vi € L?(Q)* which yields that ¢ € H'(Q)*. This completes the proof of the proposition. [

We finish this part be recalling the following result concerning the trace of function in the
Dirac-Sobolev space of order 1/2, H'/?(a, )%, it will be very useful when studying the point
spectrum of Dirac operators with d-interactions supported on compact Lipschitz surfaces.
For the proof we refer to [24, Lemma 5.1].

Lemma 1.2.2. Let Q be a Lipschitz domain with a compact boundary X3, and define the the
Dirac-Sobolev space of order 1/2 by

HY?(0,Q) = {o € H/2(Q)*: Hp € L*(Q)*}.

Then, the trace operator ts, : H'(Q)* — HY/2(X)* has a unique extension to a bounded linear
operator ts, : H'/?(a, Q) — L*(X)*

1.3 Integral operators associated with H, Hardy spaces and
Calderéon’s decomposition

Boundary integral operators have played a key role in the study of many boundary value
problems for partial differential equations that arise in various fields of mathematical physics,
such as electromagnetism, elasticity and potential theory. They are namely involved as a
tool for proving the existence of solutions as well as theirs construction via integral equation
methods, cf. [52, 68, 69, 104].

To begin with, we give general results in the case of bounded uniformly rectifiable domains,
which for our applications, is the most general framework that we can consider. Then, we
consider the case of smooth domains, where there, we will be able to show some regularity
results for these integral operators.

We first recall Schur’s lemma for integral operators with a reproducing kernel. The proof
is a standard application of Cauchy-Schwarz’s inequality.

Theorem 1.3.1. (Schur’s test) Let K(z,y) be a measurable function on a product space
(X, %, 1) x (Y, Y,v). Suppose that there are measurable functions Ki(x,y), Kao(xz,y) such
that

‘K(ID, y)‘ < Kl(xa y)KQ(xvy)a
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1. Layer potentials associated with the Dirac operator

and there are constants C1,Co > 0 such that

K1 (2, )2xm < C1 K209 22(vp) < C2s

for p-almost every x, respectively, v-almost every y. Then the operator Ty : L*(X, u) —

L2(Y,v) defined by
:/YK(a:,y)f(y)dV(y),

p-almost every x and f € L*(Y,v), is bounded with | Tk |l 22 (x ) —s 12 (vy) < C1Ca.

Proof. Let f € L?(Y,v), then applying Cauchy-Schwarz’s inequality,

Tlf(@)] = [ K@l @ldvw) = [ KKl f@)ldv)

< ([ e orawm) " ([ mwnswran)

<ct ([ 1ensmtaw)

x almost every. Thus, integrating with respect to x and using Fubini’s yields that

[ i@l < €2 [ ([ a0 Pdviy) ) nte)
—at [ ([ K2<x,y>du<x>) WPy < @67 ([ 11wPww).

finishing the proof of the theorem. O

The following lemma gives the fundamental solution of (H — z2).

Lemma 1.3.1. For z € p(H), the fundamental solution of (H — z) is given by

iVz2—m?2|z|
¢Z($):(W<Z+mﬁ+ (1 —ivz2—m?|z])ia ar ’2) for all x € R\ {0}.

(1.3.1)

Proof. Let z € p(H), and recall the algebraic identity (H + 2)(H + 2) = A 4+ m? — 22,
Since the fundamental solution of (A + m? — 22)Iy is given by
6i\/227m2|:c\

I, f R3. 1.3.2
e or x € ( )

() =

Thus, (H + 2z)¢? is the fundamental solution of (H — z). Now, a simple computation shows
that (H + 2)y*(z) = ¢*(x) for all x € R3\ {0}, completing the proof. O

In the sequel, unless stated otherwise, we always assume that Q C R? is a bounded UR
domain with 92 = 99, or  is a graph Lipschitz domain, and we set

Q,=Q and Q_:=R*\Q, =00 (1.3.3)
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1.3. Integral operators associated with H, Hardy spaces and Calderén’s decomposition

Let us now introduce the families of integral operators we are interested in. For z € p(H)
and g € L*(X)*, we define the following operators

®*[g](z) = /Ecbz(x —y)g(y)do(y), forall z € R?,

€&lg)(z) = lim ¢*(xr —y)g(y)do(y), forallz e, (1.3.4)
PO Jz—y[>p
Cilgl(x) = @*[5 [o)(@) = | lim  @°[g)(y), forallze .
* % (z)3y—a

Denote by ¢ the fundamental solution of the massless Dirac operator —io - V, that is

o(x) =io - %, for all z € R?\ {0}, (1.3.5)
x
and we define the operator ® : L?(%)%2 — L%(R?)? as follows
®[n)(x) = / b(x —y)h(y)do(y), for all z € R? and Vh € L3(X)2.
p)

Also, for x € ¥ and h € L?(X)?, we set

Welhj(@) = Blo, @) =, lim  $[A)(y),
(WPv=re (1.3.6)
Wih](z) = lim ¢z = y)h(y)do(y).

PO Jjz—y|>p

Proposition 1.3.1. For all z € p(H), the operators ®* : [*(X)* — L*(R3®)* and & :
L2(%)? — L?(R3)? are well defined and bounded.

Proof. Fix z € p(H) and recall that Im(v/22 — m?) > 0. By definition of the fundamental
solution ¢?, there is § > 0 such that

0% ()] < eV =mlel - for all || > 1/6, (1.3.7)
1
% (x)] < e for all |z| < 4. (1.3.8)

Thus, [¢*(z — y)| < K1(z,y)Ka(,y), with

—Im(V2z2—m?2)|z—y|
2

Ky (2,y) = Koz, y) = , zEeR} yex.

[z =y

Hence, the estimates (1.3.7) easily yield that
sup Kj(:x,y)Zda? 5/
yex JR3 R3 ‘x|

and that

sup /x—y|<R K;(x,y)*do(y) < oo,
z€R3 yex
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1. Layer potentials associated with the Dirac operator

for all R > 0, as can be easily seen by decomposing the domain of integration in dyadic annuli
and using the fact that o is a 2-dimensional measure in R®. Hence we also have that

sup [ K@, )do(y) < oo,
z€R3 /X
and therefore theorem 1.3.1 yields that ®* is bounded from L?(X)* to L?(R3)*.
The statement about the boundedness of ¢ : L?(X)2 — L%(R?)? is more delicate and
needs sophisticated tools. The proof for the case of bounded UR domains can be found in
[63, Section 3.3] and is based on the boundedness of the gradient of the Single layer. For the

case of Lipschitz domain or the graph of Lipschitz domain, it is contained in [82, Proposition
5.2.8). O

The following lemma gives us the relations between the operators defined above, and
gathers their important properties. We mention that when 2. is a bounded Lipschitz domain
these results are well known, in this case we refer to [10, Lemma 3.3] for example. In the
case of UR domains the lemma is somehow contained in [63], but for the convenience of the
reader we give here the main ideas to establish it.

Lemma 1.3.2. Let z € p(H) and suppose that Q4 is a bounded UR domain or a graph of
Lipschitz domain. Let €&, C%, Wi and W be as above. Then €&[g)(x), Cilg](z), Wx[h](z)
and W h|(x) ezist for o-a.e. x € ¥, €&, C; € B(L*(X)*) and W, Wy € B(L*(X)?). Fur-
thermore, the following hold true:

(i) We =F5(0-N)+W.
(ii) C3 = Fi(a- N)+ &
(iii) ((0- N)W)? = (W (o - N))* =
() (- N)EF)? = (€(a- N))* =
In particular, we have |W|| > 3 and H%H 1

Proof. We first give the proof in the case where 24 is a bounded UR domain. Given
f € L*(X), thanks to [63, Proposition 3.30] we know that for each j € {1,2, 3}, the limit

€4

lim y’3f( y)do(y), (1.3.9)

PNO Jg—y|>p dm|T —
exist at almost every = € ¥. Moreover, it holds that

Zj

i /47T|w Y Wdo(y) = %NJ(w)f( ) + lim y,gf() a(y).

% (2)3w—ra PNO Sz —y|>p 47r\x—
(1.3.10)

Thus, working component by component it follows that W [h](z) and Wh|(x) exist for o-a.e.
r €Y, and W, Wo € B(L?(X)?). Item (i) follows by applying the jump relation (1.3.10) to
the functions ojh, j = 1,2, 3.

Now, we are going to show (ii) and complete the proof of the first statement. For that,
fix z € p(H) and set

k(x) = ¢*(z) —i <a : |;’3) , forall z € R®\ {0}. (1.3.11)
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1.3. Integral operators associated with H, Hardy spaces and Calderén’s decomposition

Then there is a constant C such that |k(w,y)| < C/|lw — y[>/? := k(w,y), for w,y € Q.
Define

2) = [ K p)gw)do(y) (13.12)

Clearly, T is bounded in L?(X)*. Now, recall the definition of T'**(z) from (1.1.5). Let z € X

and w € T+ (), then
1 +a 3/2
< C(25) laldoty). (1313
Bw2lz—w)nE  \|z —w]

Using the ADR property of ¥ (more precisely, use the inequality #2(B(z,r)N¥) < Cr?), it
follows that there is C'y depending only on the ADR constant of ¥ such that

/ k(w,y)g(y)do(y)
B(w,2|z—w|)NX

< Chlz — w|V2MPg(2), (1.3.14)

/ k(. )g(y)do(y)
B(w,2|lz—w|)NX

where M?* is the Hardy-Littlewood maximal operator defined by (1.1.8). Now, let y €
Y\ B(z, 2|z —w|), then |w —y| < 2|z —yl, and thus |k(w,y)| < k(w,y) < 23k(z,y). Therefore,
we get

< 2°T(|g]](a). (1.3.15)

/ K, )9(y)do(y)
S\B(w,2|z—w|)

Thus, (1.3.14), (1.3.15) and the dominate convergence theorem yield that

lim /k w,y)g(y)do(y) = /Ek(:c,y)g(y)da(y), (1.3.16)

I (2)3w—ra

holds for all g € L?(X)* and doo-a.e. x € ¥. Similarly, one can show that

lim /k (w,y)g(y)do(y) :/Zk(a:,y)g(y)da(y), (1.3.17)

- (z)sw—rz
holds for all g € L?(X)* and for o-a.e. x € ¥. Thus, given any g € L?(X)%, it follows from
the above considerations and (1.3.11) that €&[g](x) and Ci[g](x) exist for o-a.e. = € X,
and €&, Ci € B(L*(X)*). Now, using (1.3.16), (1.3.17) and (i) (i.e working component by
component) we easily get (ii).
Finally the proof of (iii) and (iv) is a relatively straightforward modification of the tech-
nique used in the proof of [10, Lemma 3.3|(ii). Indeed, by [63, p. 2659] it follows that

M= (@A) r2(s)2 < Cllhll 2y,
13 [ [9]”|L2(2 1 < Clgll2(x)1

for some C' > 0 depending only on a as well as the ADR and the UR constants of 3. Now,
observe that

(1.3.18)

(—io - V)®[h] = 0 and (H — 2)®*[g] = 0 in Q. (1.3.19)

it holds that

—

Then, by [63, Theorem 4.49

®[h]

*lg] =

<z3( y)(Fio - N(y))h(y)do(y), € Qx,
(1.3.20)
¢

(z —y)(fia- N(y))g(y)do(y), =€ Q.

||
\\
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1. Layer potentials associated with the Dirac operator

Although [63, Theorem 4.49] was stated in the case of tow-sided NTA domains with ADR
boundaries (cf. Definition 1.3.1) it also holds for UR domains by the discussion on [63, p.
2758]. Now, given # € Q,, h € L*(X)? and g € L*(X)*. Then, (i) (respectively (ii)) and
(1.3.20) yield that

b(io - N)h)(x) = B[(io - N)W (icr - N)h] (), g
*[(ia - N)g](x) = ¥*[(ia - N)CZ (io - N)g)(z). >
Thus, taking the nontangential limit and using (i) yields that
1
1
= T Wio - N)+ (W(io- N))2.
Thus, —4(W(io - N))?> = I, and hence —4W (ioc - N)W = —(ioc - N) which yields that

—4((io - N)W)? = I;. This proves the statements (iii). Similarly, (iv) follows by taking the
nontangential limit in (1.3.21) using (ii). This completes the proof of the lemma when € is
a bounded UR domain.

Now assume that €24 is a graph of Lipschitz domain. Then, the formulas (1.3.9) and
(1.3.10) are still hold true by [82, Proposition 5.4.4] and [82, Theorem 5.4.7], respectively.
Thus, one can adapt the above arguments in this case and get the claimed results, we omit
the details. ]

Remark 1.3.1. Note that since ¢*(y — z)* = ¢*(x — y), it follows that (6&)* = €% in
L2(X)*. In particular, €& (W) is self-adjoint operators in L?(X)* (respectively in L*(X)?),
for all z € (—m,m).

In order to understand better Lemma 1.3.2, we need to investigate the following class of
domains.

Definition 1.3.1 (two-sided NTA domains). Following [68], we say that a nonempty, proper
open set  of R3 is an NTA (non-tangentially accessible) domain if Q satisfies both the
two-sided Corkscrew and Harnack Chain conditions* (see [68],[63] or [61, Appendiz] for the
precise definition). Furthermore, we say that Q is a two-sided NTA domain if both Q and
R3\ Q are non-tangentially accessible domains.

Assume that € is a two-sided NTA domain with an ADR boundary’ (which makes it a
UR domain). Following [61], we define the Hardy spaces H2(2+)* by

H2(Q, )% = {u (Qy = CHNu] € LA(X) and (H — 2)u = 0} ,
and

H2(Q ) = {u:Q_ — C*: Nu] eL*(X)*, (H - 2)u=0

and u(z) = O(|z|7?) as |z| — oo}.

*Generally speaking, the Corkscrew condition is a quantitative, scale invariant version of openness, and
the Harnack Chain condition is a scale invariant version of path connectedness.

In the literature, a two-sided NTA domain whose boundary is ADR is often referred to as a 2-sided Chord
arc domain.
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1.3. Integral operators associated with H, Hardy spaces and Calderén’s decomposition

Then, from (1.3.18) it follow that
% |, € H2(Q4)h
Now, the boundary Hardy spaces are defined as follows
HZ (%) = {u Isiu€ HQ(Qi)“},

where the boundary trace is taken in a nontangential pointwise sense. Then, we have the
following proposition is contained in [61, Subsection 2.3], but we give the proof for the sake
of completeness.

Proposition 1.3.2. Let z € C\ ((—oo, —m| U [m,0)), then the following decomposition
holds

PE =1, (D)'eH_(2)
Moreover, it holds that
1 ‘o2 2 4 1 ‘o2
Rn B +i%s(a- N) | =H;  (3)" =Kr D) +i%6s(a- N) |,
1 1
Rn (—2 + %o N)) —E (5 =K (2 + %o N)) .
In other words, (% +i6E (o N)) is the Calderdn’s projector associated to H2  (X)*.

Proof. Since € is bounded invertible by Lemma 1.3.2, it follows that
(i; + i (a N)>2 _ i +i%E (- N) — (G(a- N))?
_ (i; +itE(a- N)> ,
proving that (% +i68(a- N )) are projectors, and hence
L*(%)* = Rn (i; + i (- N)) @® Kr (i; + i (- N)) .
Thus, to complete the proof of the proposition it suffices to show that
H2,(S)' = Ro @ + %o N)) .

For this, note that by definition of the Hardy spaces H2(2+)%, we know that for any u €
H2(Q4)* there is g € L?(X)* such that ug = ®*[i(a- N)g| |q, . Thus, Lemma 1.3.2 (ii) yields
that

iy = (-5 +%) e M) = (5 + i M) 0

This gives the inclusion HZ | (X)* € Rn (1/2 +i6&(a- N)). Conversely, let f € L*(X)* and
set g = (1/2 +i6&(a- N)) f. Then u = ®*[i(a - N)g] € H2(Q4)* and same the computation
as above yields that g = u|$+ € H§7+(E)4, since (1/2 +i¢&(a - N)) is a projector. Therefore,
Rn (1/2 4 i%&(o- N)) C HZ  (E)*, completing the proof of the proposition. O
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1. Layer potentials associated with the Dirac operator

Remark 1.3.2. From the above proposition, we conclude that €f[i(a- N)g| € Hzi(E)‘l, for
all g € L*(X)*. Note that (1/2+i(a- N)EE) are also projectors. This observation, is the
main idea behind the Dirac operators considered in Section 3.3.

In the sequel, we shall write ®, %% and C, instead of ®°, Cfg and C9, respectively.
We next give some properties of the mapping ®~.

Lemma 1.3.3. Let ®* be as in (1.3.4) with z € p(H), then

(i) (H—2)®*[g] = 0 holds in R*\X. for all g € L*>(X)*, and (®*)* = tx(H—%)"'. Moreover,
(®%)* is bounded surjective from L?(R3)* to B%/Z(E)‘l if Q4 is a bounded UR domain,
and to HI/Q(E)4 if Q4 is a bounded Lipschitz domain or a graph of Lipschitz domain.
In particular, it holds that

Kr((®*)*) = {u € L*(R**: (H —2)"'u € Hi (R®\ ©)*}. (1.3.22)
(ii) For u € L*(R®)* and g € L*(X)? it holds that
(®lg), u) r2ays = (¥, ts(H ")) pasy
Proof. (i) Since ¢* is the fundamental solution of (H — z) we immediately get that

(H — 2)®*[g] = 0 in Q4 for any g € L?(X)%. Now, using that ¢*(x —y)* = ¢*(y — x), a direct
computation using Fubini’s theorem yields that

(.87 (gl) 2o = [ (ul@), [ 6°(z - p)gu)doty))  do

(C4
(u(z), ¢*(x —y)g(y))ca do(y)da

(¢"(x = y)ul@).9(v)) ., do(y)de

I
M\%\%\

O (@ = yu(z)d, g(y)> do(y)
R Cc4

—~

ts ([, 670 - Dula)ds ) g) sy

Since for all u € L?(R?)* and all x € R? we have

(1 =2 () i= [ 6@~ puta)dy,
R3
it follows that

(u, *[g]) r2meys = (t=(H — 2)"'u, g)r2(ne

which means that that (®*)* = tx(H —%)~!. Notice that (H —%)~! is bounded from L?(R?)*
to H'(R3)* and ty is surjective, thus the boundedness and the surjectivety of (®%)* from
L2(R*)* to Bf/Q(Z])4 (resp. H'Y/2(X)*) in the case of UR domains (resp. Lipschitz domains)
follows by Proposition 1.2.2 (resp. Proposition 1.2.1). Now, the formula (1.3.22) follows
immediately from the formula (®?)* = tx(H — z)~!, the fact that tx is surjective and that
Kr(ts) = H} (R?\ £)%, which completes the proof of (i). The assertion (ii) is a consequence
of (i) and can also be proved exactly as in [10, Lemma 2.10.]. O

We finish this part be recalling the following result from [24, Lemma 5.2]. Recall the
definition of the Dirac-Sobolev space H'?(a, Q4)* from Lemma 1.2.2.
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1.3. Integral operators associated with H, Hardy spaces and Calderén’s decomposition

Lemma 1.3.4. Let ®* be as in (1.3.4) and assume that Q4 is a bounded Lipschitz do-
main. Then ®% is bounded from L*(X)* to HY?(a,Q4)* @ HY?(a,Q_)*. Moreover, the
non-tangential limit in Lemma 1.5.2-(ii) coincides with the trace operator, that is

{5 @7

z Z z
o, = Cf :¢§(04'N)+(52-

1.3.1 The case of C?-smooth domains

The main goal of this part is to establish some regularity results concerning the operators
defined by (1.3.4) in the case of C%2-smooth domains, which will be crucial in the following
chapters. We will use them to describe the domain of the adjoint of the Dirac operator with
delta interactions supported on smooth surfaces. We mention that this results are well known
in the case of bounded C%-smooth domains, see, e.g., [16, 90, 19, 22].

Recall the definition of the Dirac-Sobolev space H(ca,+) from Subsection 1.2.2. Then,
the following proposition gathers some properties of the Sobolev space H(«, {21 ) and of the
integral operators ®* and %3.

Proposition 1.3.3. Let w € (1/2,1) and assume that 4 is a bounded C'*-smooth domains
or the the graph of CY*-smooth function , i.e.,

Qp ={(@,t) : ge R, ¢(y) < t},

with ¢ : R2 — R a CY*-smooth function. Let ®* and €7 be as in Lemma 1.3.2. Then, for
all z € p(H) the following hold:

(i) The operator ®* is bounded from HY?(X)* to HY(R3\ £)*, and admits a continuous
extension from H1/2(X)* to H(o, QL) ® H(a, Q_), which we still denote by ®=.

11 e operator 18 bounded from into itself, and admits a continuous exten-
ii) The o 6% is bounded HY2(5) into itself, and admi '
sion €& : H-YV/2(D)t — H-V2()4.

(iii) For any g € HY?(2)* and h € H=Y/2(2)* it holds that

ts(®° 1] lo.) = (50 M)+ 5 ) (1]

<CgEZ[h]79>H—1/2,H1/2 = <h7%§[g]>H—1/2,H1/2-

(1.3.23)

(iv) For all o+ € H(a, 1) one has (1/2 FitE(a- N)) typr € HY/2(2)4,

Proof. Fix w € (1/2,1) and z € p(H). As a preliminary step, we establish the following
result of general nature. Suppose that 2 is a Lipschitz domain and consider the operator
Dy defined by

Dop = Hyp, Yo € Hy(R3\ X)* =: dom(Dy).

Then, using the properties of Sobolev spaces and the Green formulas from Proposition 1.2.3
and Proposition 1.2.4, it is easy to show that (Dy,dom(Dy)) is densely defined, closed and
symmetric, and that

Dio=Hp, Yy edom(Dj)=H(a,Qy)D H(a,Q-)

Moreover, since H'(€2+)* is a dense subspace of H(a, Q) by Lemma 1.2.1, it easy follows
that the operator T'= D§ | H'(Q4)* & H*(Q_)* is closable and that T = Dj.
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1. Layer potentials associated with the Dirac operator

After this preamble, assume that Q, is a bounded C'*-smooth domains or the the
graph of C1*-smooth function. We are going to prove that ® is bounded from H'/ ()4
to HY(R3\ ¥)* Notice first that Rn(®*) = Kr(T — z) holds for all z € p(H). Since
Kr(T —z) ¢ HY(R3\ ) it follows that ®* : H'/2(X£)* — H'(R3\ X)* is everywhere defined.
Now, given any subsequence (g;);jen such that

g; — gin HYA(D),  @%[g;] —— h, in H'(R?\ £)%.
J—00 J—00
Then, the continuity of ®* from L?(X)* to L?(R3)* provided in Proposition 1.3.1 yields that
D%[g;] J—>—OO> ®%[g] in L?(X)*, and hence ®*[g] = h holds in L?(R?)* and then in H(R3\ X)*.
As g € HY/?(2)* we deduce that ®* : HY/2(X)* — H'(R®\ £)* is closed, and therefore
bounded which prove the first statement of (i). To prove the second statement, recall the
adjoint operator (®%)* : L2(R3)* — HY/2()* from Proposition 1.3.3 and denote by ®* it
anti-dual, that is
oz : HV2(2)t — L2(R%).

Given g € L?(X)* and u € L?(R3)*, then Proposition 1.3.3 yields that

(@%[g], w) r2(rays = (9, (%) W) 2y = (9, (%) w) 1725y pr1/2 ()
(D=[g], u) £2(r3)s-

We deduce from this that ®7 is an extension of ®2. Hence, to complete the proof of (i) it
suffices to prove that ®* is bounded from H~/2(2)* to H(a, Q) @® H(o, Q_). For this, note
that

Rn(Dy —z) = {u € L*(R®)*: (H —z)"'u € H}(R3\ £)%},

and hence Rn(Dg — z) = Kr((®%)*) holds by (1.3.22). Since (®*)* : L*(R3)* — HY2(X)* is
closed, it follows from the closed range theorem that

Ra(&%) = (K((8%)))* = (Ru(Do — 2))* = Ke(Df — 2),
is closed in L?(R3)* which means that
&2 : HY?2(2)' — Kr(Dj — 2) € H(o, Q) & H(a,Q_),

is bounded and bijective, which completes the proof of (i).

Let us move to the proof of (ii). Let g € HY?(X)*, then (i) yields ®[g] € H'(R? \ ©)*.
Since tg(sz‘gi)[g] coincides with the nontangential limit (®#[g]) gti, by Lemma 1.3.2 we get
that

ol = 5 (15(®7],) + 1027, ) o] € ()"
Hence, %% is bounded from H 1/2(¥)* into itself. Consequently, using that (€)= 6L, by
duality we get the second statement statement of (ii). Finally, using (i) together with (ii),
duality and density arguments we immediately get the assertions (iii).
The proof of (iv) follows exactly the same lines as the one [90, Proposition 2.7]. Indeed,
fix o € H(a, Q) and let (¢;)jen € HY(24)* be a sequence of functions that convergences
to ¢ in H(a,Q4). Given g € HY?(X)* and fix z € p(H). Thanks to (i) we know that
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®%[g] € HY(Q)* @ HY(Q_)*, thus the Greean’s formula together with Lemma 1.3.2-(ii) yield
that

(H = 2)pj, gl 2yt ={0: (H = 2)[g]) 2y + (Filer- Ntwgj, te) s2mys
= <¢z‘(a - N)tspj, <¢;(a - N) +‘5§> [g]>
=((1/2F i€5(- N)) t205,9) r2(5)a -

Thus (i) of this proposition yields that

L2(E)4

‘<g, (1/2 T i (o N)) t2¢j>

- ’((H — 2)0, ®*[g]) 12(2.4)1

S HQHH—1/2(2)4H‘PJHH(oc,Qi)'

LQ(E)AL

Since H'/2(£)* is dense in H-V/2(S)4, (1/2 Fi%&(c- N))tsp; € HY*(E)! for all j € N, it
follows that (1/2 F i%6&(a - N))tsep; defines a bounded linear form on H~1/2(£)*, and thus
taking the limit 7 — oo yields that

(12 Fi%5 (- N))tspll gz S Iella@os),
which means that (1/2Fi%3(a-N))tse € HY/?(X)*, finishing the proof of the proposition. [

Remark 1.3.3. The proof above gives more, namely ®* is a bounded bijective operator from

H-Y2($)* to H(a,Qy) @ H(a, Q).

For z € p(H), recall that the trace of the single-layer operator associated with (A +
m? — 22)I, denoted by S% (and we simply write S := S% when z = 0), has the integral
representation

S?g](x) = / V¥ (x —y)g(y)do(y), forallz e ¥ and g€ L*(X)% (1.3.24)
b
where 9*(z) is the fundamental solution of (A +m? — 22)1, defined by (1.3.2).

In the rest of this section, we restrict ourselves to the following setting that we will
consider in Chapter 2. We consider a surface ¥ C R? dividing the space into two regions Q,
and we assume that it satisfies one of the hypotheses:

(H1) ¥ = 094 with Q; a C?-smooth bounded domain.

(H2) ¥ =Y, = {(z1,79,23) € R? : 23 = vo(x1,72)}, where v € Ry and ¢ : R?> = R is a
C?%-smooth, compactly supported function. We denote by L the Lipschitz constant of
¢ and by F we denote the flat part of ¥, i.e.

F={x = (x1,22,v9(x1,22)) € X, : (x1,22) ¢ supp(¢)}. (1.3.25)
We parameterize ¥, by the mapping
7 R2— RS
_ _ B (1.3.26)
T — (T,v9())

For x = (Z,v¢(T)) € ¥, we express the surface measure on ¥, via the formula do(x) =
J,()dz, where J, is the Jacobian given by

T, (@) = /1 + 12| Vé(T)2. (1.3.27)
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1. Layer potentials associated with the Dirac operator

The next result contains the main tools to prove the self-adjointness of Dirac operators
with d-interactions supported on surfaces satisfying (H1) or (H2). Recall that {A, B} =
AB + BA is the usual anticommutator bracket.

Lemma 1.3.5. Let z € p(H), then the following hold:

(i) The anticommutator {3, €&} extends to a bounded operator from H~Y/2()* onto H'/?(X)%.
In particular, if ¥ satisfies (H1), then {8, 6&} is a compact operator in L?(X)%.

(i) The anticommutator {o - N, €&} extends to a bounded operator from H~Y2(X)* to
H'Y2(S)A. In particular, if ¥ satisfies (H1), then {a - N,%€%&} is a compact operator in
L2(%)%

i) If ¥ satisfies (H2), then {o- N, Cs} is a compact operator in L*(X)%.
p)

Before going through the proof of Lemma 1.3.5, we introduce some suitable truncation
functions that we often use in localization arguments when the surface Y satisfies the as-
sumption (H2).

Notation 1.3.1. Fiz v > 0 and suppose that ¥ satisfies the assumption (H2). We fix
Ry > Ry > 0 such that ¥, \ F C B(0,R1/2), where F is the flat part of ¥, given by
(1.3.25). We consider the C°°-smooth and compactly supported functions x, : ¥, — R and
X0 : Yo — R, which satisfy

supp(x») C B(0,R2)NY, and x,(z) =1 for x € B(0,R1) N3,
supp(xo) C B(0,R2) NXo  and xo(z) =1 for z € B(0, R1) N Xy,
Xv(z) = xo(z) forx € C(0,R1,R2) NE, = C(0, Ry, R2) N X,

where C(0, Ry, Ry) denotes the annulus B(0, R2) \ B(0, R1). We also denote by Z : R3 — R
a C*®-smooth and compactly supported function, such that Z(z) = 1 for x € B(0,Ry) and

E(z) =0 for z € R3\ B(0, Ry).

Remark 1.3.4. Note that by definition, if g € H'/?(X,)* and f € H'?(30)* are such that
g = f on F, then it holds that

(1=xv)g=(1-x0)f

Proof of Lemma 1.3.5. Fix z € p(H), we are going to prove item (i). For this, observe
that by the anticommuation relations of the Dirac matrices we have

ei\/z2—m2\m—y|

B (x —y)+¢*(z —y)B = 2W

(28 +mly),

and thus

{8, 65} gl(z) = 2(2B +mly)S*[g](z), Vge L*(D)%

Hence, by [81, Theorem 6.11] (see also [82] for example) we know that S* is bounded
from L2(X)* to H'(X)*. Thus, {3, %&} is bounded from L?(X)* to H'(X)*, and hence the
first statement of (i) follows by duality and interpolation arguments. Since the embedding
H'Y2(2)* < [2(X)* is compact when ¥ satisfies (H1), we then get that {8, 4&} is a compact
operator in L?(X)4, finishing the proof of (i).

Proof of (ii): the case of (H1). The proof of this statement is similar to that of [90,
Proposition 2.8] where the case z = 0 was proved, and follows essentially from the fact the
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1.3. Integral operators associated with H, Hardy spaces and Calderén’s decomposition

kernel of {a - N, 6%} is not singular. Indeed, let 2 € ¥ and y € R3, then a straightforward
computation using the anticommutation relations of the Dirac matrices yields that

(a- N(x))(e-y) = =(a-y)(a- N(z)) +2(N(z) - y) La- (1.3.28)

Recall the definition of 1* from (1.3.2), then it follows from (1.3.28) that

iV —m2y|
(- N(2))9*(y) = — ¢*(y)(a - N(z)) — WJ ivz22 —m2|y|) (N y)ly (1.3.29)
+2z(a - N(z))v*(y). (1.3.30)

Note that there are constants C'y and Cs such that, for all x,y € X, it holds that
IN(z) = N(y)| < Cife —y| and  [N(z)- (z —y)| < Calz —y/?,

this can be proved in the same way as in Proposition 4.4.5 below, see also [53, Lemma 3.15].
Using this, for g € L?(X)*, we get that

- NG ol(@) = [ Ke(@.)g(u)do(y) +25(a - N(2)$[g)(x) o
= Toal9l(z) + Tz 2[9](),
where the kernel K, is given by
K.(z,y) =¢*(z —y)(a- (N(y) — N(z)) (1.3.32)
eim\x—y\
T i 1—ivz2—=m?lxz —y|)(N(x) - (z —y))I4. (1.3.33)

Since ¥ is C2-smooth, it follows immediately from (i) that 7% 2 is bounded from H~/2(2)* to
H'/2($)*. Hence, it remains to prove that T} ; is bounded from H~1/2(X)* to HY/?(X)*. For
this, recall that |¢*(z—y)| = O(|z—y|)~2) when |z—y| — 0, thus (1.3.29) and (1.3.32) implies
that |K.(z,y)] < O(]z — y|~') when |z — y| — 0. Therefore, K, is a pseudo-homogeneous
kernel of class —1 in the sense of [89, §4.3.3] , and thus [89, Theorem 4.4.2] yields T} is
bounded from L?(X)* to H'(X)*. Hence, by duality and interpolation arguments it follows
that T, 1 extends continuously to a bounded from H~'/2(£)* to HY/2(X)%. Thus, {8, €&} is
bounded from H~Y/2(X)* to H'/2(X)*, and hence compact in L?(X)*.

Proof of (ii): the case of (H2). Now, assume that ¥ satisfies (H2) and recall that F’
denotes the flat part of ¥ = X,. Notice that

N(y)— N(z)=0=N(x) - (x —y) ifx,yeF.

Therefore the kernel K,(x,y) vanishes for all z,y € F, and from the above considerations
it holds that |K,(z,y)| < C|z —y|~! when |z — y| — 0. Let Ry > Ry > 0 and Yy, be as in
Notation 1.3.1. Since K. (z,y) vanishes for all z,y € F, it follows that (1—x,)7% 1(1—x,) = 0.
Thereby, T, 1 can be written as follows

Tz,l = XVTz,IXV + XVTz,l(l — XV) + (1 — XV)TZ,IXV =T+ 15 + T3. (1334)

Again, T} can be extended to a bounded operators from H~'/2(%)* to H'/2(X)* in the same
way as in the case of the assumption (H1). Now we are going to show that 7% is bounded
from H—1/2(X)* into H'/?(X)*, the proof for T3 is similar. For this, we first observe that 75
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1. Layer potentials associated with the Dirac operator

vanishes identically for z ¢ ¥ N B(0, R1/2), and it can be written for z € ¥ N B(0, R1/2) as
follows:

Talgl(z) = | Ke(o,)(1 = %) )g(0)do ().
yES\B(0,R1)NT

which means that 75 is not singular. Indeed, this follows from the definition of the cut-
off function x, and the fact that the kernel K,(z,y) vanishes for x,y € (B(0,R;) N X) \
(B(0,R1/2)N%) C F.

Next, recall the definitions of 7 and J, from (3.1.6) and (1.3.27). Since the mapping
(Av9)(Z) = Jg/z(:ﬁ)g(r(iz)) is an isometric isomorphism from L?(X)* into L?(R?). If we let
V ={z € R?: 7(%) € ©N B(0, R1/2)}, then it is not difficult to check that #,T» 7, ! = Ty,
where Ty : L?(R?)* — L2(R?)* is defined, for # € V, by

T[f)(%) = JeR? TP @) K. (7(2), 7)) (1 = xo (r(@) Ty (§) £ (5) 3,
7(H)ES\B(0,R1)NS

and Th[f](Z) = 0 for £ € R?\ V. Since N is C'-smooth, it is clear that the mapping
V 3 & — K, (7(%),7(§)) is Cl-smooth for all § € R? and the mapping RZ\V > § —
K.(1(2),7(9))(1 — x,(7(y))) is C*-smooth for all z € V, since N(7(y)) is constant in this

case. From this, it follows that T5[f] is differentiable on V and it holds that

O (T [f)(Z) = JeR? (O 2) (@) K (7(2), 7(5)) (1= X (T(0))) T3/ (§)  (§)d
7(H)ES\B(0,R2)NS

sere @) OsK(7(2), 7(8) (1= xu (@)1 (3)F (9)d7
7(g)€X\B(0,R2)NE

=(Toq[f])(@) + (To2[f])(T).

+

Since ((%Jl}ﬂ) is bounded, it is easy to see that T is bounded from L?(R?)? into itself.
Now, observe that |Z — 7|2 < |7(&) — 7(§)|? holds for &, € R?, using this we see that

T2 (%) (0K (1(2), (1)) (1 — xo (7)) T2/ 2(9)| < K1(2, ) Ka(Z, §),

where K1(%,§) = |# — §| 72 and Ky(&,§) = e ™V="=m%7=3l /|7 — 7| Note that

sup

JeR? K1 (2, §)Pdg < oo, sup / Ko (%, §)2dT < oo.
zeV €V

. jER?
T(§)EX\B(0,R1)N% T(g)ez%B(o,Rl)mE

Hence, the Schur test from Theorem 1.3.1 yields that 7% 5 is bounded from L?(R?)* into itself.
Thus T3 is bounded from L?(X)* to H' ()%, and by duality and interpolation arguments it can
be continuously extended to a bounded operator from H~/2(£)* to HY/?(X)*. Therefore {o-
N, %%} extends to a bounded operator from H~'/2(X)* to H'/2(X)*. The second statement
is a direct consequence of the Sobolev injection, and this completes the proof of (ii).

Now we turn to the proof of (iii). Assume that ¥ satisfies (H2), then from (ii) we know
that the operator {a- N, Cs} coincides with T} ; for z = 0, and it is bounded from H~/2(%)*
to H'/2(2)*. Hence, {a - N, Cs} is compact on L*(X)* by the decomposition (1.3.34) and
the compactness of the Sobolev embedding x, H/?(£)* < L*(X)*. This finishes the proof of
the lemma. O
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1.3. Integral operators associated with H, Hardy spaces and Calderén’s decomposition

Remark 1.3.5. Actually the above result is not surprising since the integral kernels associated
to the anticommutators {o - N, €&} and {B8,6&} behave locally like |x — y|~t, when |z — y|
tends to zero. Moreover, the anticommutators are actually bounded from L?(X)* to H'(X)4,
and since ¥ is C?-smooth, by interpolation arguments we get that {a - N, €&}, {8, 6&} :
H1(X)* — H*(X)* are bounded operators for any s € [0, 1].
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Chapter 2

On the Dirac operator with
0-interactions supported on smooth
surfaces

[ The results presented in this chapter have been the subject of the paper [29].

2.1 Introduction

The purpose of this chapter is to study spectral properties of the families of Dirac operators
defined formally by

H,:=H+ (ely + pB +n(a- N))oaq, & := (e, u,n) € R3, (2.11)
Hep = H + (—iCys +ivB (a- N))daq, (¢ v) € R?,

in the Hilbert space L?(R3)* when ¥ C R? is a smooth surface. Here 5 := ajasas denotes
the so-called chirality matrix, and satisfies the algebraic properties

0 L
75 = <Iz 5) , 50 = —Pys and ys(a-x) = (- 2)7s, Yo € R, (2.1.2)

We shall consider throughout this chapter surfaces ¥ C R? satisfying either the assumption
(H1) or the assumption (H2).

Let us now describe the structure of this chapter. We first focus on the study of the
Dirac operator Hi. In the next section, we give the rigorous definition of the Hamiltonian
H, and we developed a strategy to prove its self-adjointness when Y satisfies the first and
second assumptions, the main result being Theorem 2.2.1. Section 2.3 is devoted to the
spectral study of H,. There, we focus on the case where € is a locally deformed half-space
and we give a complete description of the essential spectrum of Hj, for the non-critical and
critical combinations of coupling constants in Theorem 2.3.3 and Theorem 2.3.4, respectively.
Finally, in Section 2.4, we adapt the arguments developed in Sections 2.2 and 2.3 to study
the spectral properties of the Dirac operator H ,,, for all possible combinations of interaction
strengths. The main results in this section are Theorem 2.4.1 and Theorem 2.4.2.
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2.2. Self-adjointness of Hy,

2.2 Self-adjointness of H,

In this section, we study the self-adjointness of the Dirac operator H,. In our setting,
it will be seen that the special value €2 — > — n? = 4 plays a critical role in the analysis of
the spectral properties of H,,. Before stating the main result of this part, some notations are
needed. Recall the definition of the operators ®*, €% and C% from (1.3.4).

Notation 2.2.1. For k = (e, 1,n) € R3, we set
sgn(k) == € — p? — n2 (2.2.1)

If sgn(k) # 0, then for z € p(H) we define the operators A% as follows:

My = s (e (B (- N)) 65, V2 € C\ (=50, —m] Ulm. o).

Since (a - N) is C'-smooth and symmetric, thanks to the properties of Cauchy operator Cs
from Lemma 1.3.2 and Proposition 1.5.3, it easily follows that A% are bounded (and self-
adjoint for z € (—m,m)) from L*(£)* onto itself, and bounded from HY?(£)* onto itself.

In the sequel, we shall write ®, 6%, Cy and A instead of ®°, Cfg, C9 and AY, respectively.
Now we are in position to give the first definition of the Dirac Hamiltonian with d-interactions
supported on ¥, the main object of the present paper.

Definition 2.2.1. Let k = (e, u,n) € R? be such that sgn(x) # 0. The Dirac operator coupled
with a combination of electrostatic, Lorentz scalar and normal vector field d-shell interactions
of strength €, ju and 1 respectively, is the operator H, = H+V,, acting in L*(R®)* and defined
on the domain

dom(Hy) = {u+ ®[g] : u € H' (R}, g € LX), t5u = A4 [g]},
where
Vi) = 5 (ela+ 1B+ n(o- N)ps + ),

with o+ = tyu+ Cy[g]. Hence, Hy acts in the sense of distributions as H(p) = Hu, for all
o =u+ ®[g] € dom(H,).

In what follows we denote by A% the continuous extension of A% defined from H—1/2(¥)4
into itself. Now we can state the first main theorem of this chapter. The rest of this part will
be devoted to the proof of this result.

Theorem 2.2.1. Let H, be as in Definition 2.2.1. Then, the following statements hold true:

(i) If sgn(k) # 4, then Hy is self-adjoint and we have

dom(Hy) = {u+ ®[g] : u € H' (R, g € HY2(2) t5u = —A4[g]} .

(ii) If sgn(k) = 4, then Hy is essentially self-adjoint and we have

dom(Hy) = {u+ ®[g) : u € H' (R, g € H™2()% tsu = —A4[g]} .

Proposition 2.2.1. Let H, be as in Definition 2.2.1, then Hy is closable.

64



2. On the Dirac operator with §-interactions supported on smooth surfaces

Proof. Since any symmetric operator on a Hilbert space with dense domain of definition
always admits a closure, to prove the proposition it suffices to show the following;:

(i) dom(H,) is dense in L%(R3)*.
(ii) Hy is symmetric on dom(H).

First, observe that C§°(R3\X)* C dom(H,) C L*(R3)*. since C§°(R3\X)* is a dense subspace
of L?(R3)* we then get (i). Now we are going to prove (ii). For this, let ¢, € dom(H,) with
¢ =u+ ®[g] and Y = v + ®[h], then we have

<H,.€g0, w>L2(]R3)4 - <(p, HH¢>L2(R3)4 = <Hu, U+ @[hDLz(Rs)AL — <u + <I>[g], HU>L2(R3)4
= <HU7 (b[h]>L2 (R3)4 - <¢[g], HU>L2(R3)4
= (tsu, h) 2y — (9, tsv) 2(m)s,

where in the last equality Lemma 1.3.3 was used. Now, the self-adjointness of Ay together
with the conditions tyu = —A[g] and tyv = —A[h] yield that

(Hip, ¥) p2mays — (@5 Hoth) p2mays = (A4 [g], R p2(sys — (9, —A4[h])p2zys = 0, (2.2.2)

which means that H, is symmetric on dom(H,), and this concludes the proof. ]

The following proposition gives a description of the domain of the adjoint operator H.

Proposition 2.2.2. Let H,; be as in Definition 2.2.1. Then we have
dom(H}) = {u+ ®[g) : u € H' (R, g € HV2() tsu = —A,[g]} . (2.2.3)

Proof. Let D be the set on the right-hand side of (2.2.3). First we prove the inclusion
D C dom(H}). Given ¢ :=v+ ®[h] € D and ¢ = v+ ®[g] € dom(H,), then
<(p, HH¢>L2(R3)4 = <HU, u>L2(R3)4 + <q)[h], HU>L2(R3)4 = <HU, U>L2(R3)4 + <h, t2u>H_1/2’H1/2

= (Hv,u)p2wsyr + (b, A4 [9]) 172 /e = (Hv,u) p2rsys + (E20,9) 172 g1/
= <H'U, w>L2(R3)4'
Which yields ¢ C dom(H}) and thus D C dom(H}).

Now we prove the inclusion dom(H}) C D. Fix ¢ € dom(H}), we first show that
there exist functions v € H'(R?)* and h € H~Y/2(%)* uniquely determined by ¢ such that
¢ = v+ ®[h]. For that, let ¢ = (Yy,v_) € D(Q)* @ D(Q_)*, then by definition there is
U= (Us,U_) € L*(R3)? such that

(Ho, V) w3ys,m®s)r = (@ H) g r3ys m@syr = {0+, HY4) 120, )1 + (o— HY-) 20y

= (U, 1) p2(pys + (U=, ¥-) 202 = (U, ¥) 2 (m3ys
Thus we obtain Hp+ = Us in @'(Q4)* and then in L?(Q+)*. From this we conclude that
e H(a,Qy)® H(o, Q). Set
h=i(la-N)(tsp+r —tup_) and v = p — ®[h]. (2.2.4)

As typy € H-Y2(%)* holds by Proposition 1.3.3, it follows that h € H-Y/2(X)* and v €
H(a, Q) ® H(a,Q_). Moreover, a simple computation yields that

(v ln.) = (5 — 1%sta- W) tspr + (5 +%sla- W)t
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Thanks to Proposition 1.3.3-(iv) we know that tsv € H'/2(X)*, which yields that v € H'(R3)*
and justifies the decomposition ¢ = v + ®[h]. Since ¢ € dom(H;) N H(a, Q1) & H(a, ) it
follows that

0= <(—i04 . N)tz(p+,t2¢+>H_1/2’H1/2 - ((—ia . N)tz@_,t2¢_>H_1/27H1/2

(2.2.5)
= <752U,9>L2(2)4 — (h, t2u>H71/27H1/2,

for all ¢ = u + ®[g] € dom(H,) N HY(Q)* @ HY(Q_)%. Indeed, using the Green’s formula
(1.2.6) we easily get

(o, Het)) p2msys =(p+, Hy ) 20,4 + (o, H—) 1204
=(Hep4, 1) 200 + (Ho—,-) p2(q_)
—((—ia- N)tsoi, tstoy) g1z iz + ((—ia - N)tso_ tsp-) g2 gije.

Therefore, (2.2.5) follows from the above computations, the definition of the adjoint operator
and (1.3.23).

Let g € HY/2(X)* and set u = E(—A_[g]) € H'(R?)*, where E is the extension operator.
Since u + ®[g] € dom(H,), by (2.2.5) we obtain

<t2U, g>L2(E)4 — <h, t2u>H—1/2,H1/2 = <t§]’l) + /’i_i'_ [h], g>H_1/2,H1/2 = 0, (226)

where the condition txu = —Ay[g] was used in the last step. Since (2.2.6) holds for all
g € H'/2(%)*, we conclude that tsv = —A[h] holds in H~/2(X)* and then in H'/?(X)%.
Consequently, we get the inclusion dom(H}) C D, which completes the proof of the proposi-
tion. 0

We are now in position to prove Theorem 2.2.1.

Proof of Theorem 2.2.1 (i) Let z € p(H) and let £ € R? be such that sgn(x) ¢ {0,4}
(where sgn(k) is given by (2.2.1)). Using the definition of A7 and Lemma 1.3.2-(iv), a simple
computation gives

Rdeo L @ 56— (o NG
245 = sgn (k) (@2 + sgn(k) {5,451 + sgn(k) {o- N, %3}
= ! 1 — 6% Q- [ Z H Z U - oz
() 1 Cs(a- N){a- N, 65} + an () (8,63} + Sgn(ﬁ){ N, CE).

(2.2.7)

Thus, if g € H~Y/2(X)* is such that Ki[g] € H'/2(x)*, then from (2.2.7) we see that

_ A (0 Re e M NG P (8.5 - (o NG
9= T san(n) <A_A++(€z( N){a- N, %5} Sgn(,{){ﬁ,%z} Sgn(ﬁ){ N,%E}>[g].

Therefore, Lemma 1.3.5 yields that g € H'/?(X)*. Consequently, given any ¢ = u + ®[g] €

dom(H?), since g € HV/2(£)* and tgu = Ay [g] € HY2(2)*, we deduce that g € HY2(%)*.
Thus, dom(H};) = dom(H,;) and it holds that

dom(Hy) = {u +®lg]:ue H(R*) g e H/2(D) txu = —A+[g]} .

This finishes the proof of (i).
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2. On the Dirac operator with §-interactions supported on smooth surfaces

(ii) Fix & € R? such that sgn(k) = 4. Since H,, is closable by Proposition 2.2.1, it follows
that H, C H. Let us prove the other inclusion, for this given ¢ = u + ®[g] € dom(H}) and
let (hj)jen C HY/2(2)* be a sequence of functions that converges to g in H~Y/2(X)4. Set

g;j =g+ EA_ [hj —g], VjieN (2.2.8)
Then (g;)jen, (At[g;])jen € HY?(£)4, and it holds that

g5 —— g i H2E)Y Ayl —— Aslgl, in HVA(D) (22.9)
J—00

j—00
Indeed, note that /~\+ +A_= €/2, thus one can write g; as follows

05 = 2(Ralg) + B[

Using this, (2.2.9) easily follows since INXi]XqE are bounded from H~'/2(£)* to H/2(2)* by
Lemma 1.3.5 and (2.2.7). Now for j € N, we define ¢; := u; + ®[g;], where

2~ ~
uj=u—wv; and v; =8 <€A+A— [hj - g]) )

where & is the extension operator from HY2(X)* to H'(R*)*. Clearly, u; € H*(R3)* and
tyu; = —Ay[g;] € HY?(2)*, which means that (p;)jen C dom(H,). Moreover, since (h;)jen
(resp. (g;)jen) converges to g in H-Y2(£)* as j — oo, using the continuity of /Ki]&; from
H-Y2(2)* to HY2(X)*, it follows that

(¢j, Hopj) —— (p, Hip)  in L*(R)%

Jj—o0

Therefore H C H, and the Theorem is proved. O

Remark 2.2.1. It is worthwhile to mention that, in view of (2.2.4), the functions u and g
in o = u+ ®[g] € dom(Hy) are uniquely determined by . Moreover, by Proposition 1.3.5-
(iv) we have that (®* — ®)[g] € HY(R3)*. Consequently, for any z € p(H,) N p(H) and ¢ =
u+®[g] € dom(H,), there exist uniquely determined functionsv € H'(R*)* and g € HY/?(%)*
(resp. g € H-1/2(2)* when sgn(k) = 4) such that ¢ = v + ®*[g] and (Hx — 2)p = (H — 2)v
(just write o = u — (®* — ®)[g] + ®*[g]).

In the following, we explain how to define the Dirac operator H, via a transmission

condition. Let ¢ = u+ ®[g] € dom(H,;) and set ¢4 := ¢ |qo, . It is clear that v+, (a-V)py €
L?(Q+)%. Now, we define dx,¢ as the distribution

1
(s, V) oyt mmeys = = | (tsos +tsp—, Y)eado(z),  for all ¢ € D(R?)™.
(R3)4,D(R3) 2 Js

Therefore, a computation in the sense of distributions yields

1
Hyp =(—ia -V +mB)p + 5(614 +uB+nla-N))(tspy +tsp_)os,
=(—ia- V+mpB)py @ (—ic- V+mpB)o- +ia- Ntz — tup-)0x

1
+ 5(61'4 +uB +nla-N))(tsps+ + tsp-)ds.
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2.2. Self-adjointness of Hy,

Using the Plemelj-Sokhotski jump formula (see Lemma 1.3.2), a computation shows that

1 .

5(6[4 +pB+n(a-N))(tsps +tup— )y +ia - N(tsp4+ — tsp—)ds =0, (2.2.10)
holds in H~1/2(£)%. Since (—ia -V + mB)ps @ (—ia -V +mB)p_ € L*(R3)*, given ¢ =
(p4,0-) € LA(R3)* such that (- V)py € L?(Q4)* and satisfying (2.2.10), it holds that

H,_p € L*(R*)*. In particular, this leads to the following definition:

K

Definition 2.2.2. Let k = (¢, u, 1) € R? be such that sgn(k) # 0 and m > 0. The self-adjoint
Dirac operator coupled with a combination of electrostatic, Lorentz scalar and normal vector
field §-shell interactions of strength €, u and 1 respectively, is the operator H, defined on the
domain

dom(Hy) = {p = (p+,-) € () ® L2(Q-)" : (a- V)pu € L2 (Q4)?
and (2.2.10) holds in H~Y/?(2)*},

and acts in the sense of distributions as Hy() = (Hpy) ® (Hp_), for all ¢ € dom(H,).

Remark 2.2.2. Assume that sgn(x) # 0,4. Since the operator ® is bounded from H'Y?*(%)*
to HY(R3\X)4, it holds that o+ := ¢|a, € H'(Qx)*. Moreover, following the same arguments
as above, we conclude that the transmission condition (2.2.10) holds actually in H'/?(X)*.
Therefore, it follows that

dom(Hy) = {p = (4, ¢-) € H'(Q) @ H'(Q)" : (22.10) holds in H'/2(2)"}.

Let us make some comments on the technique developed here. Note that the condition
on ¥ of being C%-smooth is minimal to prove the self-adjointness of H, when sgn(x) = 4.
Indeed, the main ingredient that we have used is the continuity of A4+ A+ from H “1/2(2)* to
H'Y2(2)*, or equivalently, the continuity of the anticommutators {3, %%} and {a - N,%x}.
Since {8, 6x} involves the trace of the single-layer potential, we can always extend it to a
bounded operator from H~Y/2(X) to H'/?(X), even if ¥ is Lipschitz. However, {a - N, %5}
involves the principal value of the double-layer potential, its adjoint and the commutascrtors
[Nk, R;], where R; are the Riesz transforms (see Lemma 3.2.1), and it is well known that the
C? regularity is minimal to extend continuously these operators from H~1/ (%) to H 1 2(x).
However, if sgn(k) # 0,4 and € is a bounded C'7-smooth domain, for some v € (1/2,1),
then one can manage to prove the self-adjointness of H, using the technique developed in
this part, see Chapter 3 for more details.

2.2.1 On the Dirac Operator with Electrostatic and Lorentz scalar )-Shell
interactions

We discuss in this part the self-adjointness of the Dirac operator Hy in the case n = 0,
and we denote it by H, ,. This operator is known as the Dirac operator with electrostatic
and Lorentz scalar d-shell interactions, cf. [11],[17],[22]. If |¢| # |u|, from Theorem 2.2.1 we
get immediately the following result.

Proposition 2.2.3. Given e, € R\ {0} such that |e| # ||, and define the operators Ay as
follows

1
Ay = s (L FuB) + G

Then, the following hold:
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2. On the Dirac operator with §-interactions supported on smooth surfaces

(i) If €2 — u?® # 4, then H. , is self-adjoint and we have

dom(H.) = {u+ g - u € H'(R?), g € HVA(D)" tnu = —A[g]}.

(ii) If €2 — p? = 4, then H,, is essentially self-adjoint and we have

dom(He,) = {u+®[g] 1w e H' (R, g ¢ H V()" tnu = —Ay[g]} .

Next we turn to the special case = +e. Set Py = (144 3)/2, then H , is formally given
by

Hoie=H+ PiVepe = —ia-V+mp + 2¢ Py ..

Define

A+:P+(1/2€+CZ)P+aHd A_:P+(1/2€—CE)P+, if,u:e, (2211)
AL =P (1/2¢+ Cg)P_and A_=P_(1/2¢— Cs)P_, if p=—e, o
Clearly, Ay are bounded and self-adjoint from PyL?(X)?* onto itself (resp. from Py HY/?(%)*
into itself). To define H, 1. as in Definition 2.2.1 (i.e., Hc+cp = Hu holds in the sense
of distributions for ¢ = u + ®[g], with « € H' (R*)* and g € HY?(%)*), we shall take
g € PLH'Y2(2)* and assume the condition Pitsu = —PiAy[g]. Indeed, if we take

dom(H 1) = {u +®[g] :u € HY(R?)*, g € PLL*(X)* and Pytsu = —PiAJr[g]} , (2.2.12)

Then, in a similar way as in Proposition 2.2.1 and Proposition 2.2.2, one can check that
(He +e,dom(H, +c)) is closable and its adjoint is defined on the domain

dom(H;.,) = {u +®[g]:ue H' (R, g e PLH V(D) Patsu = —PL A, [g]} . (2.2.13)

where 7\1 denotes the bounded extension of Ay from Py H 1/ 2(¥)4 into itself, and we obtain
in this case the analogue of Theorem 2.2.1, which is as follows:

Proposition 2.2.4. Assume that € # 0, then (Hc +.,dom(H 1)) is self-adjoint and we have
dom(He +c) = {u+ ®[g] : u € H' (R}, g € PLH2(), Pityu = —Pihy[g]}.

Proof. We show the result only for the case u = ¢, since the case = —e can be treated
analogously. Fix € # 0 and let A4 be as in (2.2.11). Using the relations Pya; = Pra; and
P.S = Py, a simple computation yields

. 1

1
A_A+ — @ Y

P+—P+6£P+65P+:462

P, —m?*(S)*Py, (2.2.14)
where § is given by (1.3.24). Recall that S P, is bounded from Py H~1/2(X)* into P, H'/?(X)*.
Since A_ is bounded from Py HY2(2)* onto itself, it follows from (2.2.14) that if g €
P, H'2(Z)*and A, [g] € Py HY/?(X)*, then g € P, HY/?(¥)*. Which yields that dom(H, ) =
dom(H; ) and the proposition is proved. O
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2.2. Self-adjointness of Hy,

2.2.2 The operators A%

Let a € (—m,m) and let A% be as in the Notation 2.2.1. From the proof of Theorem
2.2.1, it is evident that the study of the self-adjointness character of H, is related to the
spectral properties of A;. The goal of this part is to establish the connection between Hy
and A;. For this, we introduce the Laplace-Beltrami operators Ay on > and we define the
operator L := (¢ — Ayx)ly with ¢ > 1 (we assume here that c¢ is big enough if ¥ satisfies (H2),
so that ¢ is not in the spectrum of Ay, and there is v > 0 such that (—Ax + ¢ —7) is strictly
positive). It is well known that L='/* is a bijective operator from H*'/2(X)* onto L?(X)*.
Hence, one can write the domain of H, as follows:

dom(H,) = {u+ L [g] :u € H'(R®)! g ¢ HY2(2)" and LY *tsu = ~LY4A, LY]g]}
which leads us to define the following unbounded operators

L5 = LALLYY with  dom(L2) = {g € HYA(R)*: ALLY4[g) € HY()'.
(2.2.15)

In the following lemma, we study the self-adjointness character of L, which will clarify the
relation between H,, and A%.

Lemma 2.2.1. Let k € R3 be such that sgn(x) # 0, and let L be as in (2.2.15). The
following hold:

(i) If sgn(k) # 4, then L is self-adjoint with dom(L$) = H' ()4,
(ii) If sgn(k) =4, then L is essentially self-adjoint and we have
dom(L9) = {g € L*(0)*: AL LY [g) € H'/2 (%)}
Proof. Since L'/* and C& are self-adjoint operators on L?(X)%, it follows that L§ is
symmetric. Moreover, we have C°(X)* C dom(L¢) C L?*(X)4, which yields that dom(L{) is

a dense subspace of L?(X)*, therefore L is closable. Let h € dom(L¢*) and let g € C>®(X)%.
By Proposition 1.3.3 we have

<h7°5i[9]>L2(2)4 = <L1/4h, A(:ltLl/4[g]>H*1/2,H1/2 = <1~\aiL1/4ha L1/4[g]>H*1/2,H1/2‘
As h € dom(L), there is f € L?(X)* such that
(f9) r2gmys = (B, LGN 12(sys = (ALLY B, LY g]) 1o ypro
Hence, for all g € C*®°(X)*, we get
(L7YAFL LA g) 1o e = (ALY *h, LY [g)) v e,

which implies that A% LY/4[h] = L~Y4[f] holds in H~'/2(£)* and then in H'/2(2)*. Therefore
ALLY4[h] € HY2(%)*, and we have the inclusion

dom(£2%) € {g € LX(®)*: ALLY4[g) € HY2(D)*}.

Now, one can easily check the other inclusion and we thus get the equality. Hence, item (i)
is an immediate consequence of Lemma 1.3.5 and (2.2.7). To prove the second item, it is
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2. On the Dirac operator with §-interactions supported on smooth surfaces

sufficient to show that L¢* C L. For this, one can take the sequence of functions defined

by (3.3.24) (just switch the roles of A% and JK‘}F) and use the fact that Ki]\i are continuous
from H~Y2(2)* to H'/2(L)*, we omit the details. This finishes the proof of the lemma. [

Note that, for any ¢ = u + ®[g] € dom(H) and ¢ = v + ®[h] € dom(H}}), it holds that

<H:Q071/}>L2(R3)4 - <907Hfiw>L2(R3)4 = <_K+[h]7g>H*1/2,H1/2 - <h7 _A+[g]>H*1/2,H1/2'
(2.2.16)

Taking into account the above lemma, from (2.2.2) and (2.2.16) it easily follows that:
H, is (essentially) self-adjoint <= L is (essentially) self-adjoint. (2.2.17)

As mentioned in the introduction, the operator .y appears in this form when we study
the self-adjoint extension of H, from the point of view of the boundary triples theory (see
[19] and [22]; for a more general view of the theory we refer to [18] and [35] for example).
Indeed, denote by S := H | H} (R?\ X)*, and define the operator

Ty = Hu, for ¢ =u+ ®[g] € dom(T) = {u + ®[g] : u € H' (R, g € L*(X)*},
Next, we define the linear mappings I'1, 'y : dom(7T) — L?(X)* by
I'i(e) =g and Ta(p)=tsu+ Cxlgl.

Then, {L?(2)4,T1,T2} is a quasi-boundary triples for T = S* (see e.g., [19, Theorem 4.1]),
where

dom(T) = {u + ®[g] : u € H'(R®)*, g € HV2()*} = H(a, Qy) @ H(a,Q_),

and T = Hu (in the sense of distributions) and the space H(a,Q+) has been defined
in (1.2.4). Moreover, if we define the mappings I'y : dom(T) — H~Y/2(2)* and Ty :
dom(T) — HY2(S) by N

Ii(p) =g and Tap) =tsu,
then L=Y4Ty, LY4Ty : dom(T) — L2(X)* are well-defined and bounded, and that

{L?(2)*, L7V, LVTo}
is an ordinary boundary triple for T = S*. Now it is easy to check that
H, =T | Kr((ely + pf +n(e- N))Ty +Ty) and H =T | Kr(LY4Ty + L2 L7V4T).

Thus, after transforming the quasi-boundary triples to an ordinary boundary triples (see e.g.,
[19, Theorem 4.5]), we get the equivalence (2.2.17), see, e.g., [19, Corollary 2.8].

2.3 Spectral properties

In this section, we examine the spectral properties of the operator H,. First, we give a
necessary condition for the existence of the point spectrum in the gap (—m, m) and a Krein-
type resolvent formula. More precisely, recall that sgn(x) is defined in (2.2.1), then we have
the following.

Proposition 2.3.1. Let Hy be as in Definition 2.2.1 and let (9*)* be the adjoint of ®* from
Lemma 1.5.53. If sgn(k) =4 , then the following hold:
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(i) Given a € (—m,m), then one has Kr(H, — a) # {0} < Kr(]\‘i) # {0} (Birman-
Schwinger principle) and Kr(H,, — a) = {®%[g] : g € Kr(A%)}.

(ii) For all z € C\R, the operator ./N\i takes the space {g € H12(x)% Ki[g} e H'/2(2)4}
bijectively to HY/?(X)*. In particular, A% admits a bounded inverse from HY2(2)4 to
H=Y2(2)*, and we have

(H, —2)7' = (H — 2)7! — ®*(A%)71(97)*. (2.3.1)

Ifsgn(k) # 0,4 and z € C\R, then A% is bounded invertible from HY/?(S)* to HY2(2)* and
the above statements hold true with A% instead of A%. In particular ,

(Ho—2)"" = (H - 27 = 9*(A7) "1 (@7)"

Proof. We prove the statements for sgn(x) = 4, the case sgn(x) # 0,4 follows the same
lines. N

(i) Let us prove the implication (=) and the inclusion Kr(H, —a) C {®*[g] : g € Kr(A%)}.
Let a € (—m,m) and assume that there is a nonzero ¢ = u + ®[g] € dom(H,) such that
H,p = ap. First observe that A% — Ay = C&— Cs. Now, using the definition of H,, we then
get

Hu = ap = a(u+ ®[g]). (2.3.2)
From this we deduce that (H — a)Hu = agdy. holds in @’(R?)*, and therefore
Hu = a®*[g]. (2.3.3)

From this, it is clear that if @ = 0 then u = 0. Therefore, ¢ = ®[g] # 0 (with g # 0, as
otherwise ¢ would be zero) and g € Kr(A, ), which yields that Kr(H,) C {®[g] : g € Kr(A,)}.
Now assume that a # 0, then from (2.3.2) and (2.3.3) it follows that u = (®* — ®)[g]. Since
¢ = u+®[g] € dom(Hy), it holds that txu = —A4[g], and by Proposition 1.3.3(iii) we also get
that txu = (C¢ — Cx)[g] = —A4[g]. Hence, we obtain that 0 # g € Kr(A%) and ¢ = ®%[g],
therefore Kr(H,, — a) C {®%[g] : g € Kr(]&i)}

Conversely, let a € (—m,m) be such that JNX‘}F [g] = 0, for a nonzero g € H~'/2(X)*. Then,
it is clear that ¢ = ®[g] € dom(H,) and we have 0 # ¢ € Kr(H,;) when a = 0, which gives
the result in this case. Now suppose that a # 0, let u = aH '®%[g] € H'(R?)* and set
¢ = u+ ®[g]. Then Hu = a®%[g] and (H — a)u = a®[g] in D'(R>)%, this amounts to saying
that Hep = Hu = a(u + ®[g]) = ap and u = ®*[g] — ®[g]. Furthermore, we can easily see
that tyu = (C¢ — Cx)[g] = —A4[g]. Summing up, we have proved that ¢ = ®%[g] € dom(Hy)
and H,¢ = ap, which yields that ¢ € Kr(H, — a). This ends the proof of (i).

(i) Fix z € C\R and set ¢ = {g € H Y2(X)* : AZ[g] € H/?(2)*}. Since H, is self-
adjoint it follows that (H, — z)~! is well-defined and bounded. Moreover, using the same
arguments as in the proof of (i), one can see that Kr(A3) = {0}, as otherwise z would be
a non-real eigenvalue of H,. Now we are going to prove that Ki admits a bounded inverse
from HY?(X)* to H-Y/?(X)* and to show the identity (2.3.1). For this, let u € L*(R3)*
and set ¢ := (H, — 2z)"'u € dom(H,). Thanks to Remark 2.2.1, we know that there are
unique functions v € H'(R®)* and ¢ € H~'/?(X)* such that ¢ = v + ®*[g]. Moreover
one has (H, — z)¢ = (H — 2z)v, and thus v = (H — z)"!u, which means actually that
¢ = (H — 2)"'u + ®*[g]. Next, observe that

. 1 _ >
ia- N(tspy —tsp_) =g and §<t290+ +typ ) = (H —2) " u |g +63[9).
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2. On the Dirac operator with §-interactions supported on smooth surfaces

Using that (H — z)"'u |x= (®7)*u and the transmission condition (2.2.10), we obtain that
Az g) = —(9%)*u € HY2(Z)*. Since this is true for all u € L?(R3)*, Run((®?)*) = H/2(D)*
and Kr(A%) = {0}, it follows that the mapping

A2 {g e HV2(S)* . u+ ®*[g] € dom(H,) for some u € H(R3)*} — HY/?(%)!
is well-defined and bijective, and that
{g e HV2(2)* : u+ ®*[g] € dom(H,,) for some u € H'(R*)*} C G.

Now, given g € ¢, then as simple computation shows that the function p = E (1~\jr lg]) + ©*[g]
fulfils the transmission condition (2.2.10), and that

H(p lo,) = HEq, (AL[g]) +2(®%[g] la.) + (H — 2)(®%[g] o)
= HEq, (Ai[g]) + 2(®%[g] la.) € L*(Qx)",

which implies that ¢ € dom(H,) and proves the inclusion
G c{ge H 2 : u+ &*[g] € dom(H,) for some u € H'(R?)*}.

From the above considerations we deduce that the mapping Ki : G — HY2(D)* is well-
defined and bijective, which proves the first statement of (ii). Since the inverse (A%)~! :
H2()* = @ is everywhere defined and A3 is injective, to complete the proof of (ii) it
suffices to show that A2 : ¢ — H'Y/2(2)* it is closed. So, suppose that (g;)jen C G is a
sequence of function such that

g ——ge H 2D and A%[g] — he HY2(D)%
J—00 J—00

Since, /NXi is bounded from H~2(X)* into itself, it follows that Ki [g;] — Ki [g] = h in
j—o0

H='2(2)*%. Thus, A2 [g] = h in H'/2(2)* which implies that A2 : ¢ — HY2(%) is closed.

Therefore, (Ki)_l . H'/2(2)* = @ is everywhere defined and closed, and hence bounded.

Consequently, we get that the operator A7 admits a bounded inverse (Ki)*l from H'/2(x)*

to H_1/2(Z)4. Summing up, we have proved that
(He— 2)'u=(H — 2)"'u — @7[(A) (%) "u],

holds for all u € L?(R?®)*, which proves the identity (2.3.1) and completes the proof of the
proposition. ]

Remark 2.3.1. A careful inspection of the argument used above reveals that dimKr(H, — a)
is equal to dimKr(A%), since ®* is injective. Moreover, item (ii) holds true for all z €

p(Hy) N p(H).
The following lemma refines and reformulates Proposition 2.3.1 in terms of the operator

fi introduced in Subsection 2.2.2, and will be a key tool in the analysis of the spectrum of
H,, when sgn(k) = 4.

Theorem 2.3.1. Let fﬁ be the self-adjoint operator in Lemma 2.2.1, and let Hy be as in
Definition 2.2.1. For z € C\ R we define the operator fj_ = Ll/‘LAiLl/4 with LY* as in
Subsection 2.2.2. Then the following hold true:
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(i) For all a € (—m,m), one has

a € Sp,(Hy) <=0 € Sp, (L), (2.3.4)
ac SpdiSC(E) —0¢ Spdisc(f—(&l-)a (2.3.5)
@ € SPess(Hy) <= 0 € Spegy(LL). (2.3.6)

(i) Let z € p(H,) N p(H) and assume that sgn(k) = 4. Then, the operator L% is bounded
from L*(X)* to H-Y(X)* and admits a bounded inverse from L?(X)* to L*(X)* for
z € C\R, and admits a bounded inverse from L?(X)* to dom(LZ%) for z € (—m,m).
Moreover, it holds that

(H.—2)'=(H-2)"' - d°L1 (Tj)_l L1(7)*.

Before going through the proof of Theorem 2.3.1 we establish the following lemma.

Lemma 2.3.1. Let 21,22 € p(H) and let Tf be as in Theorem 2.5.1, then

L7 = L7 = (21— 2) LA (07) 07 L, (2:3.7)

In particular, for a € (—m,m) and ro < dist(a, Sp(H)USp(H,) \ {a}), one has an expansion
of the form

L7 = L7 + (2 — @)L (V)DL + (2 — a)’R(2), (2.3.8)
for any z such that 0 < |z — a| < 1o, where R is holomorphic in a neighbourhood of a.

Proof. Fix z1, 22 € p(H), recall the first resolvent identity

(H-z)"'=~(H-m)"" + (71— 2)(@7)"(H - =),
By definition of the mapping (®%)*, we have that
(@) — (@) =ts[(H —z1)" = (H = %) '] = (1 —2)ts[(H —z1) "' (H —2) ']

= (71 —2)(P*)"(H —=z) ',
(2.3.9)

where the first resolvent identity was used in the second equality. Since ®* is the adjoint of
(®*)*, taking the adjoint in (2.3.9) yields that

P — D2 = (21 — 29)(H — 29) 1 d* (2.3.10)
Since Kil - Kff = ts(P* — ®*2) holds by Proposition 1.3.3, taking the trace in (2.3.10) and
multiplying by L4 yields the formula (2.3.7). Notice that (2.3.7) implies that

d__ _
L7 = L1(®7)*®°L1, Yz € p(H).
z
Using this and the fact that €& is holomorphic for all z € p(H), we get the last statement of
the lemma. O
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In particular, for a € (—m,m) and 9 < dist(a,Sp(H) U Sp(Hy) \ {a}), one has an
expansion of the form

L7 = L7 + (2 — a) L3 (D7) LT + (2 — a)’R(2), (2.3.11)

for any z such that 0 < |z — a| < rg, where R is holomorphic in a neighbourhood of a. As
Li(qﬁ)*qﬂLi is a bounded, positive definite and self-adjoint operator in L?(X)*

Proof of Theorem 2.3.1. We will prove the statements for sgn(k) = 4, the case
sgn(k) ¢ {0,4} follows in the same way.

Proof of (ii). We note first that, for z € C\ R, the statement follows from the def-
inition of L7, the fact that Li: H3(%)* — H*1/2(X)* is bijective and continuous for any
s € [—1/2,1], Proposition 2.3.1-(ii) and Remark 2.3.1. Note that the case z € (—m,m)
follows in the same way, since L7 is self-adjoint and dom(L7) = Lig, where the set G is
defined as in the proof of Proposition 2.3.1-(ii).

Proof of (ii). Fix a € (—m,m), then by definition it holds that : 0 is an eigenvalue
of L% if and only if Kr(A%) # {0}, and that dimKr(L$) = dimKr(A%). Thus, Proposition
2.3.1-(i) together with Remark 2.3.1 yield that 0 is an eigenvalue of L¢ if and only if @ is an
eigenvalue of H,, and that

Kr(Hy, — a) = {®°Lig) : g € Kr(L%)}, dimKr(H, — a)) = dimKr(L7). (2.3.12)
This gives in particular the equivalence (2.3.4).

Thanks to (2.3.4) and (2.3.12), to show the equivalence (2.3.5) it is sufficient to prove
that

a € (—m,m) is an isolated point of Sp(H,) <= 0 is an isolated point of Sp(L{). (2.3.13)

Let us prove the implication (<=). Assume that a € (—m,m) and 0 € Spy;s.(L$). Define
the operators

B, = Z7 | (Kr(Z9)* ndom(L%)), A, = (Hy —a) | (Kr(H, — a)* N dom(Hy)). (2.3.14)

Thanks [60, Theorem 6.7.], we know that B, has a bounded inverse (B;)~!. Thus, the
operator

(Aa)™' = (H —a)™' = @“L(B,) ' LT(07)",

is everywhere defined and bounded from L?(R3)* to dom(H,). Moreover, from (2.3.12) and
the definition of A, and B, it follows that (4,)~" : L?(R3)* — (Kr(H, —a)* Ndom(H,)) is
bounded and that A,(A,)"1f = f for all f € L?(R3)*. Therefore, A, has a bounded inverse,
which means that using (2.3.11) and following exactly the same arguments as in the proof
of [35, Theorem 3.2.] we obtain that (H, —a) | (Kr(H, — a)* N dom(H,)) has a bounded
inverse. Thus, [60, Theorem 6.7.] yields that a is an isolated point of Sp(Hy), and thus
a < Spdisc(HH)'

The proof of the implication (=) follows exactly the same lines as in [35, Theorem
3.2.]. Suppose that a € (—m,m) N Spys.(Hx), then there is ry > 0 such that for all 2z €
B(a,r0)\{a} C p(H,), the resolvent (H,—z) ! is holomorphic and (H,—a)~! is meromorphic.
Thanks to the resolvent formula from (ii) and the holomorphic properties of ®* and (®%)*,
it follows that (L¢)~! is meromorphic and the mapping B(a,ro) \ {a} > z — (L7)7 ! is
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2.3. Spectral properties

holomorphic, and thus the inverse (L7)™! exist and is bounded for all z € B(a,r¢) \ {a}.
Using this and the formula (2.3.11) from Lemma 2.3.1, we can choose 0 < 71 < ry small
enough such that for 0 < |z — a| < r1, the operator

L7 + (2 — a) L3 (99" P°L1,

has a bounded inverse. As #(a) = Li(qﬁ)*q)a[j is a bounded, positive definite and self-
adjoint operator in L?(X)*, we have

L7 + (2 — a)L3 (DY) Li = P(a)/2(P(a) V2LIP(a) V + (2 — a) 1) P (a) /2.

Since this true for all z such that 0 < |z — a| < 71, using the properties of & (a) we deduce
that
P(a) V2LEP(a) V2 + (2 — a) L,

has a bounded inverse, and thus 0 is an isolated point of Sp(2(a)~/2.LF P (a)~1/?). There-
fore, [35, Lemma 3.1] yields that 0 is an isolated point of Sp(L{), finishing the proof of
(2.3.13) and the equivalence (2.3.5).

Finally, thanks to (2.3.5) and the self-adjointness of L¢ for a € (—m,m), to show the
equivalence (2.3.6) is suffices to prove that

a € p(He) N (—m,m) <0 € p(LY). (2.3.15)

Let a € p(Hy) N (—m,m), then (2.3.12) implies that Kr(L{) = {0}. On the other hand,
from (ii) and the proof of Proposition 2.3.1-(ii) we know that Rn(L{) = L*(£)* and that
L¢ admits a bounded inverse from L*(X)* to dom(«L?). Since L is self-adjoint in L?(X)?
by Lemma 2.2.1, it follows that L¢ is invertible from L?(X)? to dom(L{), and hence 0 €
p(L4). Conversely, if a € (—m,m) and 0 € p(LY), then (L2)~! is bounded from L*(X)* to
dom(L%) C L*(X)*. Using the properties of ®* and Lemma 1.3.2, it is straightforward to
check that

g:=(H—a)"'f —0"L3 (f@_lﬁ(@a)*f e dom(H,),
(Hi—a)g = f,

hold for any f € L?(R%)%. From this it follows that (H, — a) admits a bounded inverse
from L?(R3)* to dom(H,) and that Rn(H, — a) = L?>(R3)*. Since Kr(H, — a) = {0} holds
by (2.3.12), we get that (H. — a) is boundedly invertible from L?(R3)* to dom(H,), which

implies that a € p(Hy). This proves the equivalence (2.3.15) and completes the proof of the
lemma. O

2.3.1 Non-critical case

This part deals with the basic spectral properties of H, when k = (e, u,0) (i.e., n = 0)
and sgn(k) # 0,4. We first discus the basic spectral properties for surfaces satisfying the
assumption (H1), which are mainly known for the Dirac operator coupled with a combination
of electrostatic and Lorentz scalar d-interactions (i.e n = 0), see e.g., [17]. Then, we address
the case of surfaces satisfying the hypothesis (H2).

Theorem 2.3.2. Let k € R3 be such that sgn(k) # 0,4, and suppose that ¥ satisfies (H1).
The following statements hold true:
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2. On the Dirac operator with §-interactions supported on smooth surfaces

(1) SPess(Hx) = (=00, —=m] U [m, +00).

(77) SPgisc(Hy) N (—m,m) is finite.

proof. (i) Since ¥ is compact and (®?)* is bounded from L(R*)* to H'/?(X)*, and
HY 2(¥)* is compactly embedded in L?(X)?%, thanks to the boundedness properties of the
operators ®* and (AZ)~! we get that ®(A%)~!(®%)* is a compact operator in L(R?)%. As
SPess(H) = (—00, —m] U [m, +00), and

(He—2)7" = (H = 2)7" = —@*(A7) 71 (&),

holds by Proposition 2.3.1. By Weyl’s theorem we deduce that Spye(Hx) = SpPess(H ), and
this proves the assertion (i).

(ii) As H, is self-adjoint, in order to prove the statement it is sufficient to show that the
square operator (H,)? has at most finitely many eigenvalues in (—oo,m?). To this end, let
Q be the quadratic form associated to (H,)? with domain dom(Hy), then following the idea
of [22, Proposition 3.9] (see also [66, 17]) we will construct a closed quadratic form Q such
that its associated self-adjoint operator has at most finitely many eigenvalues in (—oc,m?),
dom(2Q) C dom(Q) and Q[¢] < Q[¢] holds for all ¢ € dom(Q) (i.e., Q is minorated by Q in
the sense of closed quadratic forms).

We first note that Q is closed because H, is self-adjoint, and thanks to Proposition 1.2.3,
for all ¢ € dom(H,) we have

[ Hupll72gsy =l(—ic -V +mB)pil7z0, e + (- V+mB)o-|72q s
=(a- V)i lZaiq,y + @ Ve lI72q y + m* @l 72ms )y
+ ((—ia - N)tspy, mBtspy)ramys — <(—W - N)tsp—,mBtsp_)2(s)s
= Q]

Now we are going to construct the closed form Q. Let r; > r9 > 0 be such that ¥ is
strictly contained in the ball B(0,7¢), and let fo, fi € C*°(R3;[0,1]) such that

fE+f2=1, fo=1inB(0,r9), fi=1inR*\B(0,r1). (2.3.16)

Clearly, we have
fo=01in R3*\ B(0,71) and f; =0 in B(0,ro),
supp(V(f;)?) € C(0,79,71) and V(fo)* = —V(f1)* in C(0,70,71),

where C(0,79,7r1) is the annulus B(0,71) \ B(0,7¢). Now, it is straightforward to check that

fip € dom(Hy), Hu(fjp) = fiHep —ic- (Vfj)e, (2.3.18)

for all ¢ € dom(Hy). Notice also that, since f; = 0in B(0,79), and ¥ C B(0,70) it holds
that

(2.3.17)

fip € H () for all ¢ € dom(H,). (2.3.19)
Fix ¢ € dom(Hy) and j € {0,1}, then
Qlfiel =IH (£ 72,0 + 1 H (Fio) T2y
=(fjH, —ia- (Vf)e, fiHe —ia- (Vfi)e) 2,
+ (fiHy —ia - (V). fiHe —ia - (VE)@) 2@, = I+ 1)
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Using that |o - (Vf;)el?> = [V fi[p|* , we get that

(ffHo, Ho) 20,y + |V file, @) 2 + 2Re(fjHp, —ia - (V f;)@) 12(, )1
(fiHp, Hp) 1200,y + (IV file, ) 12000y + Re(Hop, —ia- (Vf7)) p2(0, )4

Using that V(f5)? = —V(f1)? (see (2.3.17)), we deduce that

Q[fow] + 2l fre] =((f§ + f1)He, Ho) 20, )0 + ((f§ + L) He, Hp) 121 ya
+ <(’vf0‘ + ‘VfIDSO, 90>L2(IR{3)4-

As f3 + fE =1, it follows that
Qfog) + il =I1He 720,y + 1HOl 20 ya + ((IV fol + [V fi)e, 0) r2(ms)s

= Hepll 72y + ((IVfol + V1))@, ) 12(m3)s
=9Q[p] + ((IVfol + IV f1])¢; ¢) 12(r3)2-

Therefore

Q] = Llfog] + Qfree] = ((IV fol + [V 1))@, ) 12w,

using 2 + f? = 1, the above equality becomes

Qlp] = (Q[fov] — (V(fow), (fo<P)>L2(R3)4) + (Q[fup] — (V(fip), (f1<P)>L2(R3)4)

where V := (|V fo| + |V f1])-
Next, notice that for all 1 € dom(H,) N Hi (R?\ B(0,70))*, we have that

_ 2 2
QW] —H(Oé ’ v)quLQ(Q \B(0,r0))* +m HwH[p Q_\B(0,r0))*
2
—HV¢HL2 O_ \B 07, )))4 +m ”¢”L2(Q \B(O To))
Now, thanks to (2.3.19), the above considerations lead us to define the sesquilinear forms

{dom(Ql) Hl(Rg\B(O 7"1))

[ ] ||vw||L2 RS\B 07"1))4 + m2H1,Z)HL2 RS\B(O "'1))
{dom(Qg) = {¢ € H(C(0,79,71))* : ¥ = 0 on 8B(0,79)},
D[] = IV 72 0rormt + 10172 0r0 )t — (VD) 12(C00.m))

{dom(Qg) := {¢ € dom(H,) : supp(v) C B(0,71)},
Qs[y] = QY] — (VU,¥) 12(C(0,r0,m1))%

It is clear that Q;[¢)] = C|[v|? for j € {1,2,3}, thus Q; is semibounded from below, which
actually means that Q; is a closed quadratic form. Therefore, the quadratic form

§291@92@93

is a closed. Now, it is straightforward to check that dom(Q) C dom(Q) and 9le] < Q¢
holds for all ¢ € dom(Q), which actually means that Q is minorated by Q in the sense of
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2. On the Dirac operator with §-interactions supported on smooth surfaces

closed quadratic forms. Therefore, if we denote by H; and H; the operators associated with
Q; and Qexy, respectively, then the min-max principle yields that

SPaisc(H1 © Ho ® H3) N (—00,m?) is finite = Spyiec (Hx)?) N (=00, m?) is finite
(=

<= Spyisc(Hx) N (—m,m) is finite

Since the injections dom(Qsz) < L?(C(0,79,71))* dom(Q3) — L?(B(0,7r1))* are compact,
we conclude that the operator (Hg,dom(Q2)) and (Hs,dom(Q3)) have compact resolvent.
Therefore, Hy and H3 have a finite purely discrete spectrum in (—oo,m?). Now, note that

for all ) € dom(Q;) we have
”H1¢||L2 (R3\B(0,r1) = va”LQ (R3\B(0,r1))4 + m2||¢||L2(]R3\B(O P L mQHwH[g (R3\B(0,r1))4

Thus Spyis.(H1) N (=00, m?) = . Therefore, Spy.(H1 © Ha) @ H3) N (—oo,m?) is finite,
which implies that Spg;e.(Hy) N (—m, m) is finite. This finishes the proof of the theorem. [

Remark 2.3.2. It is worth noting that the crucial ingredient in the proof of Theorem (2.3.2)(ii)
is the Sobolev regularity of dom(H,). In particular, if ¥ is less reqular (say Lipschitz) and as
far as Hy is self-adjoint, dom(H,) C H*(R3\ £)* for some s > 0, and tspo+ € L?(X)* holds
for all ¢ = (p4,p—) € dom(H,), then Theorem (2.3.2)(ii) remains valid.

In the rest of this section, we focus on the spectral properties of H,, when X satisfies the
assumption (H2). In order to avoid ambiguities we use the following notations:

Notation 2.3.1. For all v > 0, we denote by HY (respectively ®Z, /NXil, and (®2)*) the
operator H,, (respectively ®, Ki and (®*)*) whenever ¥ = X, i.e X satisfies (H2), and we
write Hy, (respectively ®*, A% and (®7)*) instead of HQ (respectively ®F, A% o and (®F)*),
i.e., when v = 0.

The following theorem gives us a complete description of the essential spectrum of Hy
when ¥ satisfies (H2) and n = 0.

Theorem 2.3.3. Let k € R? x {0} be such that sgn(k) = €2 — p? # 0,4, and suppose that ¥
satisfies (H2) with v > 0. Set

n(k)+4)2
—16ep £ (sgn(k) — 4) % . —16€ep (2.3.20)

e =m (sgn(k) — 4)% 4 16€2 4 _m(sgn(m) —4)2 4+ 16€2

The following hold:
(i) If € — p? > 4, then
(—o00,—m] U [a4,+00), fore>0 and pu € R,
SPess(Hy) =
(—o0,a_]U[m,+00), fore<0 and p € R.
(i) If 0 < €2 — p? < 4, then

(—00,a_] U [m,+00), fore>0 and p € R,
(=00, —m] U [ay,+00), fore<0 and p € R.

SPess(Hy) = {

79



2.3. Spectral properties

(iii) If —4 < €2 — p? < 0, then

(=00, —m| U [m, +00), for p >0 ande € R,
(—o0,a—|Ulat,+00), for u <0 ande € R.

SPess(H)) = {

(iv) If € — p? = —4, then

(=00, —m] U [m, +00), for p>0 and € € R,
(—o0,a*] U [m,+0), for p <0 ande >0,
(—o0, —m| U [a*,4+00), for u <0 ande <0,
R, foru= -2 ande=0.

SPess(H)) =

(v) If € — u? < —4, then

(—o0, —m] U [m,+00), for u>0 ande R,
(—o00,a_]Ulay,+o0), for p <0 ande € R.

SPess(Hy) = {

Furthermore, we have Sp(Hy) = Spess(Hy)-

Remark 2.3.3. Note that a similar statement can be formulated when 1 # 0, in that case
we have

—16ep + (sgn(k) — 4)? %

(sgn(k) — 4)2 + 16¢€2

a+ =m

The statements (i) and (ii) still hold true, and for sgn(x) < 0 several cases should be taken
into account, so for the sake of readability we chose not to write it here.

Tp prove Theorem 2.3.3 for v > 0 we will use the following compactness result, which will
be used in the localization arguments.

Lemma 2.3.2. Fizv > 0 and z € C\ R, and let 7 : L*(R3)* — L*(R3)* be the operator
defined, for every f € L?(R®)*, by

FUw) =((1 - 2250 - 1)) - (@)
(2.3.21)

L (1-E)@(1— xo)(A2) (1 - xO><<I>Z>*)[f]<x>.

with Xo, X» and Z as in Notation 1.3.1. Then 7 is compact in L*(R3)*.

Proof. Let v > 0 and z € C\ R be fixed, and note that from definition of the mapping
(®2)* and Remark 1.3.4 it follows that

(1 =) (@) [f] = (1 = x0)(@7)*[f], Vfe L*R%),

holds in HY2(%, Nsupp(1 — x,,))* = HY/2(3g Nsupp(1 — x0))*, and can be regarded as an
equality in the sense of functions in H/2(%,)* and in HY/?(Xg)*. Similarly, if g is such that
supp(g) C supp(1 — xo), we can consider g as a function in H'/2(X,)* and also as a function
in H'/2(%y)%, and we have the equalities
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2. On the Dirac operator with §-interactions supported on smooth surfaces

(1-E)®rg =(1 - )%,
(1= x)AL (1 = x0)g =(1 = x0)AZ o(1 = X0)g-

With this interpretation in mind, we can then write 7 as follows

1) =1 - D (1= x)(A,) (1= x0) = (1= x0)(43) (1= x0) ) (#7)°f1(2)
=(1 - E)@°T,(2°)"[f)(=)

T, is considered as an operator from L?(3g)* into itself. Now, we are going to show that
T, (®%)* is compact from L?(R3)* into L?(Zg)*. Set F' = (1 — x,)(®2)*[f] = (1 — x0)(®?)*[f]
for f € L*(R3)*, then
AZ (= x) (A )7 F = xoAT (1= ) (AT ) T F + (1= x0) AL (1= xw)(A ) F

= x0AT(1 = xo) (AT )T F + (1= xw)A (1= xo) (AT ) F

= x0AT (1= x) (A )T F + (1= x0)F — (1= xu)AT ,xu (A7) F.
Thus we get

(1= 20)(A3,) 7' F =(1 = x0)(AL) T F + [xo, (A3)'JF + (A3) " 'xoAL (1 - x0)(AL,) 7' F
— (AT (=AML, TR

Using the compactness of the embedding xe H/2(24)* < L2(3,)* for = 0, v, it follows that
T, (®*)* is compact from L?(R3)* into L?(3g)*. Since (1 — Z)®* is bounded from L?(¥()*
into L?(R3)?4, we then get that .7 is compact in L?(R3)*. O

We can now establish Theorem 2.3.3.

Proof of Theorem 2.3.3. We first prove assertions (i) — (v) when v = 0, we then use
compactness arguments and Proposition 2.3.1(ii) to get the result when v > 0. To this end
and for the convenience of the reader we divide the proof in three steps.

Step 1. We analyze the spectrum of Hy in the gap (—m,m). For this, let a € (—m,m)
and set

Limta(§) = [a- (&1,€2,0) =mpB +al.

Since the «;’s anticommute with 3, a simple computation shows that

(Cm.a(€)* = €1 +m? — a® + 20T o (€),
Lo a(©Tma(€) = [€2 +m? — @ — 2mBTya(E), (2.3.22)
L, —a(§)Tm.a(€) = [§* +m? — a”.
Using the Fourier-Plancherel operator it is not hard to prove that A% is unitarily equivalent
to the following multiplication operator:
1

P+ —a?

Moreover, taking into account the properties (2.3.22), a simple computation shows that I1%
is invertible and its inverse is given explicitly by

M = (el =~ (e N)) +

- sgn(k) Lim.a(8).

ea + pm (e +uB+n(a-N))

— I
€12 + m? — a? 2P +m2—az ™

)t =c! <1+ (5)) (e+pB+n(a-N)),

(2.3.23)
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if and only if C' # 0 for all ¢ € R?, where C is given by

4 — sgn(k) n ea + pm
4 VIER +m? —a?

Since sgn(k) # 4, it follows that —mu/e ¢ Sp(Hy), for all € # 0. In the following, we always
assume that a # —myu/e when e # 0, and we look for the values of a for which we have C' = 0.
Note that

C:

4
C=0<=/I§P+m?—a?= 7(ea+,um).
sgn(k) —4
Thus, C = 0 for some |£| € Ry, only if
4
(eatpm) _ (2.3.24)
sgn(k) — 4

Assume that (2.3.24) holds true, then C' = 0 if and only if |¢|? = P(a), where the polynomial
P(a) is given by

_ (sgn(k) —4)% + 16€2 .2 32eum oy (sgn(k) — 4)® — 16> 2
A T e N 1o e

Recall ay,a_ and a* from (2.3.20), then a, and a_ are the zeros of P(a) when € — p? # —4,
and a* is a double root of P(a) when ¢ — y? = —4. Thus P(a) > 0 if and only if a > a or

a < a—. In the remainder of the proof we deal with assertion (i), the other assertions follow
in the same way. Assume that € — 2 > 4, then

—16ep £ (sgn(k) — 4)(sgn(k) + 4)
(sgn(k) — 4)2 + 16€2

at =m and —m <a_ <ay <m.

As sgn(k) > 4, it follows that the condition (2.3.24) is equivalent to

m m
a>—'u—ife>0 or a<—'u—ife<0.
€ €

Now using the fact that €2 > p2, a simple computation yields

at > A and a < A
€ €
Hence, if € > 0 (resp. € < 0) then for all @ > a4 (resp. a < a_) we have P(a) > 0 and
the condition (2.3.24) holds true. Consequently, the set of £ for which C' = 0 is given by the
circle {¢ : |{] = v/P(a)}, and in that case 0 is in the essential spectrum of A% . Therefore we
conclude by Proposition 2.3.1 that

(a4, m) C Spess(Hy) and (—m,ay) C p(Hy), for e >0
(—m,a_) C Spess(Hy) and (a—,m) C p(H,), for e < 0.

Step 2. Now we prove the inclusion (—oo, —m) U (m, +00) C Spe(Hy), for this we con-
struct a singular sequence for H, and a. Fix a € (—oo, —m) U (m, c0) and define

R — C?

—_ ) t —
(j7 1,3) N (§ 7/‘52 7 07 0’ 1) 6227'5’

- 1
a—m
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2. On the Dirac operator with §-interactions supported on smooth surfaces

here ¢ = (£1,&2) and [£]? = a® — m2. Observe that we have (—ia -V +mfB —a)p = 0. Let
R >0, x € C5°(R%,R) and 6 € C5°(]0, oo, R) such that

1 for r € 2R, 3R],
0(r) =
0 forrel0,R].

For n € N*, we define the sequences of functions

10 (T, 13) = "2 p(T, 23)x(T/n)0(wa/n) for 25 >0, (2.3.25)

(T, x3) = 0”2 (T, 23)X(T/n)0(~x3/n) for x5 < 0.

It is clear that pi, € HY(Q4) and tnpr, = 0, thus ¢, = (prn,p—n) € dom(H,).
Moreover, (¢ )nen+ converges weakly to zero and we have

2a
7mHXH2L2(R2)H0H2L2(R+) >0,

lenllZamays = l@+nllFe@,ys + lo-nlliz@ )y =

and
| (—icc- V +mpB — a) gonII%z(Rg)4 = (i V+mp —a) 90+,n”%,2(ﬂ+)4

+ H (—iOé -V + mﬁ - CL) 90_’71“%2(9_)4

4a

2 2 2 2
< e (I 0132a, ) + Il 19 e )

Thus, we get
| (—ia- V +mp — a) n|| r2(r3)1

||80n||L2(R3)4 n—roo

From this and Step 1, we deduce that

(—o0, —m) U (a4, m) U (m,00) C Spess(Hk) C Sp(Hy) C (—00, —m] U [a, 00), for € > 0,
(—o0,—m) U (—=m,a_) U (m,00) C Spess(Hx) C Sp(H,) C (—00,a—_] U [m,o0), for e < 0.

Since the spectrum of a self-adjoint operator is closed, the end-points also belong to the
spectrum, and hence for €2 — p? > 4, we get

Sp(H,) = Spo..(H,) = {( 00, —m] U [a4,+00), for e >0 and p € R,
(—o0,a_]U[m,+00), for e <0 and p € R,
which proves the result when v = 0.
Step 8. Assume that v > 0, and recall the definitions of xg, ¥, and = from Notation 1.3.1.
We are going to show the equality Spee(HY) = Spess(Hy). For this, fix z € C\ R and let
T : L2(R*)* — L2(R?)* be the bounded operator defined by

T = 3(0%,) (@) — 2(A5) (@),

Then 7 is a compact operator in L?(R?)*. Indeed, note that  can be written as follows:
T =05 (A%,) " X (D))" — 7(AZ) ™ xo(P7)*
+ [ @ (A%,) 7M1 = ) () = D7 x0(AT) (1 = x0)(@7)']

+ @51 = x)(AF,) 7M1 = ) (@F)7 = &F(1 = x0) (A3) (1 — x0) (®7)*]
=N"+T+I3+ Iy
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2.3. Spectral properties

Since x, and xo are smooth and compactly supported, it follows that the Sobolev injection
XeHY2(24)* < L?(X,)* is compact, where = 0, v. As (®2)* = (H — 2)~! |y, is bounded
from L?(R%)* to H'/2(,)* and (A% )" is bounded from H'2(%,)* into itself, for all v > 0,
we get that 77, J5 and T3 are compact operators on L*(R3)%. As before, localizing with
respect to the function = and using the compactness of the Sobolev embedding, we see that
9y = J5 + 7, where T; is a compact operator in L?(R?)*, and 7 is as in (2.3.21). From this
and Lemma 2.3.2 we deduce that 7 is a compact operator in L?(R3)*. Hence by Proposition
2.3.1 it follows that 7 = (HY —z) "' —(H, —z)~! is a compact operator in L?(R3)*. Therefore,
by Weyl’s theorem we conclude that H} has the same essential spectrum as H,. This finishes
the proof of the theorem. O

As mentioned in the introduction, in [51] the Schrodinger operator with J-interactions
(i.e. the coupling A + edy in R?) was considered for a surface ¥ satisfying the assumption
(H2). There the authors showed that for a fixed € (such that Spy;.(A+€dy) # 0) the discrete
spectrum of A 4+ edy, consists of exactly one simple eigenvalue for all sufficiently small v > 0.
Moreover, an asymptotic of this eigenvalue has been proved in terms of ¢, v and ¢. Thus, it
would be interesting to investigate such a problem for the couplings H + edy, and H + 56y,
and see if results of this type are valid.

2.3.2 Critical case

From now, we assume that sgn(x) = 4. The goal of this subsection is to prove the following
result.

Theorem 2.3.4. Let k = (e, 1,1) € R3 be such that sgn(k) = 4 and let H, be as in Theorem
2.2.1. If ¥ satisfies (H2), then for all v > 0 it holds that

SPess(HY) = (— 00, —m] U {_nz,u} U [m, +00), (2.3.26)

and the equality Sp(HO) = Sp(HO) holds true (i.e. when v =0).

A few comments are in order. Note that €2 > 2, thus the point —myu/e belongs to the
gap (—m,m). Moreover, one can imagine that the operator H, is unitarily equivalent to
H., ., for some e, 1 € R, such that € — uf = 4 and €1/e = 1 /p. Indeed, in [78] and
[41] it has been shown that the potential n(« - N)dx, can always be absorbed as a change of
gauge. So the existence of such a unitary transformation is not excluded. Another way to
understand Theorem 2.3.4 comes from the way in which we have presented the operator H,.
In fact, in this chapter we introduced the operator H, as the perturbation of the coupling
H + (ely + pfB)dy, with the singular potential n(a - N)dy. However, the right way is to say
that H, is the perturbation of H +n(«a-N))dy, with the singular potential (el4 + p3)ds, since
as we will see in Chapter 3, for all n € R, the operator H 4+ n(« - N)dy, is self-adjoint (even if
¥ is Lipschitz) and Sp(H + n(a - N)ds) = ( — 0o, —m] U [m, +0).

From Theorem 2.3.4 we get a simple way to describe functions belonging to the domain
of H, when ¥ = Y, i.e. v =0. Indeed, we have the following result.

Corollary 2.3.1. Assume that ¥ := X and let H,, be as above. The following hold:

(i) If p # 0, then

dom(Hy) = {u+ ®[-A [tsu]] : w € H'(R)'}.
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2. On the Dirac operator with §-interactions supported on smooth surfaces

(ii) If p = 0, then dom(H,) = dom(H,) + ®[Kr(AL)).
Proof. The assertion (i) is a direct consequence of Theorem 2.3.4 and Proposition 2.3.1.
The assertion (ii) follows exactly as in [10, Proposition 3.10]. O
The main properties of the operators L¢ which are relevant for us to prove Theorem 2.3.4

are collected in the following proposition.

Proposition 2.3.2. Let k = (e, 1,1) € R® be such that sgn(k) # 0 and let L . := L be as
in Lemma 2.2.1. Then, for all a € (—m,m), it holds that

0 € Spy (L] ) <= 0 € Sp (L %) <= 0 € Spy (L),
where K = (—e, i, —n) and o € {ess,disc}. In particular, a € Sp(Hy) if and only if —a €
Sp(Hg)
Proof. Fix k = (e,1,m) € R3 such that sgn(x) # 0. Following [17, Proposition 4.2], for
f € L*(2)* we define

5 is the chirality matrix defined by (2.1.2), and 7 is the complex conjugate of f. Remark
that @3® = —ag, using this and the properties of 5 given by (2.1.2), it easily follows that
C%(f) = f and T?(f) = —f. Moreover, a simple computation using the anticommutation
relations of Dirac matrices yields that

AT =TT, AfLle()) = —CATED,  ALZICN] = —CAL L)
(2.3.28)

Fix a € (—m,m) and assume that 0 € Sp (L%). Then, there exists a sequence of functions
(9j)jen C dom(L]) C L*(X)%, such that ng”L2(2)4 =1, (95)jen converges weakly to 0 and
HIJrﬁgJ‘ L2(mys ]—>—oo> 0. Hence, if we set f; = C(g;) and h; = T(g;), then it is clear that
(fj)jen and (h;)jen converge weakly to zero and we have

URjllzemye = fillieeye =1 fi € dom(ol’;%) and h; € dom(LZ%), VjeN.
Now using (2.3.28) it follows that

LR o = [[£2500)

L2(x)4 - Hm[gj]‘ L2(D)4

Therefore 0 € Sp(l’;%) and 0 € Sp(LZ%). The reverse implications follow in the same way.

Now that 0 € Spyie. (L) <= 0 € SPaisc (L %) <= 0 € Spyisc(L_%) is a direct consequence

of (2.3.28), and this finishes the proof of the first statement. The last statement is a direct
consequence of the first one and Theorem 2.3.1. This completes the proof. O

Proposition 2.3.3. Let a € (—m,m) and let L be as in Lemma 2.2.1. Assume that v = 0,
then it holds that

0€Sp(LT) <= a=—"2 and 0eSp(L7) < a="E.
€ €

ST and LT

Moreover, 0 is an isolated eigenvalue of L, with infinite multiplicity.
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2.3. Spectral properties

Proof. Given a € (—m,m), once the claimed statement is shown for fﬁi, by Proposition
2.3.2 we get the result for L2. As in (the proof of) Theorem 2.3.3, on the Fourier side, if
we let (€) := (1+ |¢[%)Y/2 then one can check that L is unitary equivalent to the following
multiplication operator:

— 1 1
H(—li- = <£> (W(€I4 - (N/B + 77(04 : N))) + 2\/mrmva(£)> :

Since sgn(x) = 4, from (2.3.23) it follows that ﬁ?: is invertible for all a # —mu/e, and we
have

dﬁyqzlQ+VQP+m”ﬂﬂ_&+OW+HWJWD

(€) ea + pm 2(ea + pm)
Furthermore it holds that

1= (. (e+pB+n(a-N))
<5>H+ (1 I€]2 +m?2 — a?

Fm,a(€)> (e + (B +n(a - N))).

,W@>:amm=—m“

€

/

From this, it follows that 0 is an eigenvalue of the operators l’;m“ © with infinite multiplicity,
and thereby 0 € Spess(e[’;m“k). Thus, we conclude that 0 € Sp(L9) if and only if ae = —mp.
/€

Now we turn to prove the last statement for the operator I;m“ , similar arguments give

the result for L™ /< A simple computation yields

det(IT — 0) = {9(9— <§>(\/\§|2+GW+ D)f

01(1¢])

where det(ﬁi—&) is the determinant of (ﬁi—ﬁ). By studying the variations of the non-trivial
root 01 for a = —mpy/e, we obtain that

Sp(LL ™) = {0} U ([0, 00)) = {0} U l; - ’“‘_u co| ife>0,

Sp(LT™¢) = 8(]0, 00)) U {0} = [—oo, g + J—A {0} ife<o0.

Since sgn(k) = €2 — p? — % = 4, it follows that

1 Vi +n*+4 f

€
- — = — >0, fore>0,
2 /2 — 112 2 /% + 4

/12 214
€ a 0 i e + a <0, fore<O.

2 /62—/~L2 B 9 /772+4

From this we get that 0 is an isolated eigenvalue of I;m“ /¢ with infinite multiplicity, and
this completes the proof of the proposition. ]

Remark 2.3.4. The reader should not confuse the unbounded operator I_;m“/e with the

mpy/e

original operator A , which is indeed a bounded operator on L*(X)* with closed range.

86



2. On the Dirac operator with §-interactions supported on smooth surfaces

In the followmg lemma, we establish compactness results concerning the nonlocal opera-

tors Lﬁ = L4 v > 0, defined in Subsection 2.2.2, they will be crucial in the proof of Theorem
2.3.4. In the proof we use the same interpretation as in Lemma 2.3.2 with yg and x, as in No-
tation 1.3.1. We also recall the unitary transformation _#, : L2(X,)* — L?(30)* ~ L?(R?)%,

defined for g € L*(%,)%, by ( Z,9)() = ,}/2(35)51(7(5:)) (with 7 and J, as in (3.1.6) and
(1.3.27), respectlvely)

Lemma 2.3.3. Let v > 0, then
1 1
My = (L= L7 = (=o)L ) (1= x0) s PR R,
1 1
My = (1— xo) </ng (1= )= Li(1— XD)) L HY(R2)! = [(R2),

are compact operators.

proof. We give the proof for the operator 11y, the statement for the operator 171y can
be verified in the same way. For this, we first establish a similar property for the resolvents
and their negative powers. Let g € L?(R?)* and set G = (1 — x0)g. We note that from the
definition of the cutoff functions it holds that

(1= X)Ly 2,1 G — (1= x0) LyG = 0. (2.3.29)

Then, as in the proof of Lemma 2.3.2, we can transmit the above equality, modulo compact
operator, to the resolvents as well. Indeed, given z € p(LL) N p(L}), then using (2.3.29) we
get that

(L — 2)(1 = x)(Ly — 2) 7' 7,1G =(1 — x0)G + L1G, (2.3.30)

where L7 is given by
L1G = (XD(L(l) - Z)(l - XI/) - (1 - XV)(Lzlz - Z)XV> (Lzlz - Z)ilflle'

It is clear that £ is bounded from L?(R?)* into itself, and as it contains the cutoff functions
x0 and x,, the compactness of the embedding x, H*(,)* < H*~1/2(%,)* implies that L} is
compact from L?(R?)* to H~1/2(R?)*. Note that from (2.3.30) we have

(1= )Ly = 2) 7 271G = (1= x0)(Lg — 2)7'G = [x0, (L — 2)1)G + (Lg — 2) 101G,
(2.3.31)

and since (L. — z)~! is bounded from L?(X,)* to H?(X,)*, using the compactness property
of JL1 and the compactness of the Sobolev embedding we get that

(C=x)(@h =27 2 = (L= x0) (L = 2)7") (L= xo) : PP(R?)! — HYP(R?),

is a compact operator Next, Jwe use the functional calculus to transmit the above property

for the operators L, * and L, 1 . Recall that we have chosen ¢ so that (Ll —v) = (~Ag+c—7)
is a positive operator for some v > 0 (see the beginning of Subsection 2.2.2). Thus, (L} —z)~!
is well-defined for any z € C \ [y,00). Moreover, for 0 < § < 7/2 and v > +' > 0, we can

_3
define L, * by the Cauchy formula (see, e.g., [96, Chap III, §3])

3 i
L,*= / z~
o %y

e

(L — 2)71dz,

v
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2.3. Spectral properties

where for w € C such that Re(w) < 0, 2% is the determination of the power function defined
on C\ (—00,0], and the integration is along the contour 2 ./ defined by

%y ={2€C:|z| 2+ and |Arg(z)| =0} U{z € C: |z| =+ and |Arg(z)| < 0}.

From the Cauchy formula and the identity 2.3.31 we obtain that

w0

(1—w)Io® 2751~ xo) :% /ff A Xv)(Ly —2)7 771 = xo)dz

] _
=— z
2T Ly

3
=(1—x0)Ly *(1 — x0) + Lo,

|

(1= x0)(Lo = 2) 7 (1 = xo)dz + L

with

W

1
= — - Ll _ -1 Ll . _1 ‘
Lo o /%ﬁ/z ([Xoj( 0—2) |+ (Ly—=2) I1) dz

_3

Since L, * is bounded from L?(X,)* to H*?(%,)?*, thanks to the cutoff functions and the
properties of L1, we have that 5 is compact from L?(R?)* to H'(R?)*. Therefore, the
operator

<(1 - xy)LZ%/;l —(1- XO)Lg?*) (1—x0) = L2 (2.3.32)

is a compact from L?(R?)* to H'(R?)*. Now we are able to prove the statement for 771;.
Indeed, localizing with respect to yo and x,, and using the property of the power of the
resolvents (i.e., (2.3.31) and (2.3.32)), we get that

1 1 1
(1—=xu)Lé 7, 'G =LiLy' (1 = xu)Lé 7,7 G = Li(1 — x) L, (1 = xu)Lié_#,'G+ G

_3 2 3 3
=Lj(1 = xv)Lv* F71G + 30 G = Li(1 = xo) Lo *G + 3 76
k=1 k=1

4
1
=(1-x0)L{G+ > JiG,
k=1

where for 1 < k < 4, J, is bounded from L?(R?)* to H~/2(R?)* and involves the cutoff func-
tions xo and Xy, and hence .J; is compact from L?(R?)* to H~!(R?)* by the compactness of
the injection x, H~'/2(%,)* — H~1(X,)*. Therefore, M, : L*(R?)* — H~'(R?)* is compact,
and this completes the proof. O

We are now in a position to give the proof of our main result in this subsection. To avoid
ambiguity, in the proof we use the labels S7 and A% , to denote the trace of the single layer

given by (1.3.24) and the operator /N\i, respectively.
Proof of Theorem 2.3.4. Assume that ¥ satisfies (H2) and fix v > 0. The result will
follow from the following statements:

(a) ( — 00, _m) U (’I’)’L, +OO) - Spess(HifZ)'
(b) {_m:u/e} € Spess(?z) and {mlu’/e} ¢ Spess(ﬁg)'
(€) SPess(HE) N [(=m,m) \ {—mp/e,mp/e}] = 0.
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2. On the Dirac operator with §-interactions supported on smooth surfaces

Proof of (a). Given a € (—oo, —m)U(m, o0) and let (¢p,)nen be the sequence of functions
defined by (2.3.25) with R = 2sup{|x| : x € 3, \ F'}. By construction, it is clear that (,,)nen
is a singular sequence for H” and a. Thus, we get the inclusion (—oo, —m) U (m,+o00) C
SPess(HY), which yields (a).

Proof of (b). From Proposition 2.3.3 and Theorem 2.3.1, we know that item (b) holds
true for v = 0. Next, assume that v > 0, we are going to prove that {—my/e} € Sp.(HY) and
the same arguments yield that {mpu/e} & Spess(HY). To this end, we argue by contradiction

and we split the proof into two steps. Set A = —myu/e and suppose that A\ ¢ Sp.(HY), then
by Theorem 2.3.1 and Proposition 2.3.2 it follows that 0 ¢ Spess(cfﬁﬂ,) and 0 ¢ Spess(o{’__f‘y).
In the next two steps we will introduce an auxiliary operator which will allow us to obtain a
contradiction to fact that 0 ¢ Sp.. (L ﬁy)

Step 1. We set B, := 1~\ﬁ‘r A=Y, D, = A:,);,Aﬁﬁy, and we consider the operator T3 :

wir—w

L2(2,)* — L%(%,)* defined by:

1 1 1 _ o~ 1
Y, = LiD,B,L} = L (AZ),A) ) (A} ,AZ)) L.

-V

From the definitions of ¢* and ¥* (see (1.3.1) and (1.3.2)), it is clear that 1y~ = ¢* and
that

o Mz) = M) — 22, for all z € R?\ {0}.
Using this, we get that

B, = A} AN, +2)\AY,S), D, =AY AL, +2AS)AY . (2.3.33)

1
Since L : H*(X)* — H*'/2(X)* is bijective and continuous for any s € [—1/2,1], using
(2.3.33), (2.2.7) and Lemma 1.3.5 it easily follows that Y} is a bounded, self-adjoint oper-
ator on L?(¥,)*. Note that by hypothesis and the definition of Y7 it holds that 0 ¢ Sp.(T7).

Step 2. We now show that 0 € Spess(ol’io) implies that 0 € Sp.(Y}), which is a

contradiction to the fact that 0 ¢ Sp(Y7), and hence A ¢ Sp..(HY) can not be true. For
this, we are going to prove that

SIS PR AR

is a compact operator. Indeed, since /Kf‘r A = 1~\iy/~\j\w and S : HS~1(2,)* — H3(%,)*

VT

is bounded for any s € [0,1], it follows from (2.3.33) that

S T = gL (A2, A2,) (A2, A2)) L3 g7+ @02 £,LES) (Kiyy)QsﬁLé I

1 ~ ~ 1
2N Z,LE{AY AN A S VLS 2 = T+ T+ T
(2.3.34)

Now, we set 7, = J;, — T for j € {1,2,3}. To avoid repetitions, in what follows we only
show that fl’y is a compact operator, since the same arguments yield that Eff‘g,y and 5371, are
compact operators. For this, we are going to use localization arguments as in the second
step. Note first that since sgn(k) = 4, from (2.2.7) and the proof of Lemma 1.3.5 it follows
that

Ry A, == (o N){a- NG} + 28,8} + Ha - NG}

A
- (—Cﬁu(a N)+ Z) Ty, + (—2)\C§V + %(w AR ?n(oz - N)) S,
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2.3. Spectral properties

where T}, correspond to the integral operator T, ; given by (1.3.31). Using this it follows
that 71, = K1, + Ko, + K3, where Kj, are given by

1 2 1
Kiy= f,L ((— QR (a-N)+ Z) TM) Li g,
Koy = 7,05 8(—02 (a- M)+ M\ (—oned + WM. )i g
Q,V—/y v Ey(a' )+4 AU Ey+4( 6+m4)+ 2 (a‘ ) v V/I/ ’

i A K An A 2 R
Kg’,, = /,,Ly —2)\0211 + Z()\ﬁ + mI4) + 7(0& . N) SV L} /V .

By definition we know that (1 — x,)Tx (1 — x») = 0 and Th o = 0 (i.e. when X = R? x {0}).
From this we get that K1, =I'1,I'2,, with

1
L= Al (-G M)+ 1) T (-G (- W)+ 1),

1
I‘2,1/ = (XVT/\,VXV + XVT)\,V(l - Xl/) + (1 - XV)T)\,VXV) L} fy_la

and that
i Ao M A1) N
%70 = Lé —QACEO + Z()\ﬁ + ml4) + ?(Oé . N) SO LS

By Remark 1.3.5 we know that Ty, : H5~1(%,)* — H*(X,)* is bounded for any s € [0, 1], thus
Iy, : 2(R*)* — HY/2(2,)* and Ty, : H'/?(2,)* — H'(R?)* are well-defined and bounded.
Consequently, using the compactness of the Sobolev embedding x, H*(%,)* < HS*1/2(EZ,)4
we get that Ky, : L*(R?)* — L*(R?)? is a compact operator. Similarly, one can check that
K, is a compact operator on L?(R?)%.

At this stage, we have shown that 57—1,1, =Ty — T =Kz, —T1p0+ K,,, where K,j is
compact in L?(R?)%. Hence, to show the claim of the current step it remains to prove that
K3, — 31 is compact on L2(R?)*. For this, observe that

(1 =) 68, (1= xw) = (1 = x0) C8, (1 — x0),
(1= x93 (1 = x») = (1 = x0)S5 (1 = x0);
hold by Remark 1.3.4. Thus, localizing with respect to xo and x, and combining the above

observation with the compactness of Sobolev injections and the properties of the opera-
tors M, from Lemma 2.3.3, it follows that K3, — 710 is compact in L%(R?)%.  There-

fO]:'e7 jy’r;mﬂ/éjy—l o Tamﬂ/é is CompaCt in L2(R2)4. Since O c Spess (Tamﬂ/6> be—

cause 0 € Spgg <OL’;TOW/E> and 0 € Speg (e[’irtg/e) by Proposition 2.3.3, it follows from

Weyl’s theorem that 0 € Speg (T; s/ 6). Therefore, 0 € Speg, (L )" / ‘) which implies that
—myu/€ € Spes(HY), and this proves (b).

We now show (c), so assume that a € (—m,m) \ {—mp/e,mu/e}. We introduce the
operator G2 : I2(S,)* —s [2(S,) defined by G := L3 (A JAL (A 7,,1~Xi’y)L§ . Using that
1~\‘17V1~\‘17V = A% A%, it follows that G% is bounded and self-adjoint in L2(3,)%. Moreover,

+, vt =

by definition it holds that

0 € Spess (L4 ) = 0 € Spess(Gy))- (2.3.35)
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2. On the Dirac operator with §-interactions supported on smooth surfaces

1 ~ ~

Since L} is an isomorphism, it follows from Proposition 2.3.3 that A% g and A? ; are bounded,
invertible operators for all a € (—m,m)\ {—mu/e,mu/e}, and that 0 € Sp(G§) if and only
if a = Fmp/e. Next, we claim that, if a # Fmp/e then 0 ¢ Sp(G%). To see this, note
that #,G2 7,71 coincides with the operator 77, defined by (2.3.34), for A = a. Thus, the
same arguments as those used in the proof of (b) show that #,G% #, 1 — G is a compact
operator in L?(R?)*. Consequently, Weyl’s theorem yields that Spue(G2) = Spes(G3), and
this proves the result asserted. Using this, it follows from (2.3.35) that, if @ # Fmu/e then 0 ¢
SPess (L% ). Therefore, Theorem 2.3.1 yields that Spe(HY) N[(—=m, m) \ {—mpu/e,mpu/e}] =
(), which proves (c).

Summing up, from (a) and (b) we obtain that ( — co,—m) U {—mpu/e} U (m,+o00) C
SPess(HY). From (b) and (c) we get the inclusion Sp.(HY) C ( — co,—m] U {—mpu/e} U
[m, 4+00). Since the essential spectrum of a self-adjoint operator is closed, we get then the

equality (2.3.26). This completes the proof of the theorem. O
Actually in the case ¥ = R% x {0}, one can check directly using the separation of variables
that a = —my /e is an eigenvalue of H,, with infinite multiplicity. Indeed, let a = —mu/e and

¢ € dom(H,,) such that:
(H. —a)p =0, in L*(R*™ (2.3.36)

A simple computation yields the following relations

el = +n0g) + | [ (el + 6 — ) — | = 2~ i)
(2.3.37)

B(GLL — B+ naz) + ias] B(ELL + uB —naz) + ia3] = iag(e + pB).

Hence, using the relation (2.3.37) and the Definition 2.2.2, another way of stating (2.3.36) is
to say:

H-a)p=0 forallzs#0,
{ (H —a)e or all 23 # (2.3.38)

(2 —in)tsps = —taz(e+ pB)tnp—  for x3 = 0.
Since (H + a)(H — a) = (—A + m? — a?)14, one gets that ¢ is also solution to the following

equation
(—A+m? —a®)Iyp =0, forall x3#0

Thus, applying Fourier-Plancherel operator on T = (1, x2), we get that

€ +m2—a 1, 1(€)  for a3 >0,

(&
S { ers VIR 1y ] (€) for a3 <0,

for some Y1 € H %(]R2). Since (H + a)p = 2ayp, by applying the inverse Fourier-Plancherel
operator, we obtain that

1 —
27 em-ﬁe—xg\/mri (5)9% [¢+] (f)df for g3 > 0,
_ T JR2
QO([E, .’Eg) = 1

o /]R? PERPKE |§‘2+m27a21—‘_2~,f75 [_](§)d¢ for x5 <0,

where T'y;(€) = [oz- (&1,&2, 21/ [€]?2 + m? — a?) + mfB + a] From this, it is clear that

O+, (Oz . V)gpi (S L2(Q:|:).
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2.4. Quantum confinement induced by Dirac operators with anomalous magnetic §-shell
interactions

Now, if we set

— 2
Vo= =g et ufasty,

then we get
(2 —iT4i(§) Tz (V4] (§) = —iaz(ely — uB)L—(§) Fz [Y-] (§)-

which means that (¢4,¢_) satisfies the transmission condition from (2.3.38) . From this
considerations it follows that for all ¢ € H %(RQ) the function

1 _
o7 fo, VIR O [0, (€) for w0,
SO(T’ .Tg) - —1 — 2 2_,2
4—/ e®EemVIEPrm=a®p (X — B) s T [04] (€)  for 3 < 0,
7 JR2
is an eigenvector associated to the eigenvalue a = —mypu/e.

2.4 Quantum confinement induced by Dirac operators with
anomalous magnetic /-shell interactions

The main goal of this section is to derive a new model of Dirac operators with J-shell

interactions which generate confinement. Let us explain how to derive this model. Using

the unit ¢ = A = 1, where c is the speed of light and A is the Planck’s constant, the Dirac
operator for a charge e in an external electromagnetic field (¢, A) is given by:

H(e) =a- (—iV —eA(t,z)) + mB + epe(t, x) 14,
see [103] for example. Recall that the electric and magnetic field strengths are

0A(t, x)

E(t,l‘) = _vqbel(t?x) - ot s

B(t,x) =V x A(t, z),

where 0/0t denotes the partial derivative with respect to time ¢ € R. In this case, the
anomalous magnetic potential is given by:

Vit a) = v (zﬂ(a Bt 2)) — %5((04 X a)- B(t,:z:))) ,

here (o A o) /4 = —iysr/2 is the spin angular momentum, 75 is the chirality matrix defined
by (2.1.2), and the coupling constant v is the magnitude of the anomalous potential. Now,
if we put ¢¢(t,x) = |z| and A(t,z) = 0, we then obtain

V(z) =ivp (a . é|> .

Next, given R > 0, if z € S% = {z € R3 : |2| = R}, then z/|z| coincide with the normal
vector field N(z). Thus we get

Vo(z) :=ivB(a- N(z)), V€ S%.

Given a surface ¥ C R3 satisfying the assumption (H1) or (H2), we can now consider the
following Dirac operator

H+V,=H+ivp(a-N)iy, veR
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2. On the Dirac operator with §-interactions supported on smooth surfaces

and called it Dirac operator with anomalous magnetic d-shell interactions of strength v. We
mention that the bidimensional analogue of H + V,, was also introduced and studied in [41].
However, instead of deriving the potential V,, as we have done here, they rigorously proved
that the two-dimensional analog of V,, can be approximated by regular shrinking potentials
of magnetic type, and thus they justified the fact that V,, is a "magnetic" §-shell interactions.
In this direction we mention that similar results on the approximation of electrostatic and
Lorentz scalar d-interactions have been proved in [79, 80].

Remark 2.4.1. If one choose a time independent magnetic field A(x) so that B(x) = z/|z|
and put ¢e(t,x) = 0 for allt € R, we then get the d-potential V> = iv3v5(a- N)dx;. Note that
in dimension 2, the potential V coincides with the electrostatic d-potential, and in dimension
3 it gives rise to a different 6-potential. The spectral properties of (H + V) will be discussed
in details in Chapter 3.

Now, for ¢ € R, we define the potential Vi = (y50x. To our knowledge, the potential V;
seems to have no physical interpretation, but mathematically it has the same properties as
the electrostatic potential if ( = 4+2; cf. Remark 2.4.2.

Unless otherwise stated, in this section we assume that ¥ satisfies the assumption (H1),
and we consider the Dirac operator H ,,, which is formally given by

Heow=H+ Voo =H+ (s +ivf(a-N))ds, (uveR.

Compared to the operators studied before, the operator H¢ , is very different. Due to the
presence of an anomalous magnetic potential, several properties of commutativity are no
longer true in this case. Moreover, Hy, (i.e. ¢ = 0) has the particularity of combining
two important phenomena that we have already seen. As indicated in the introduction, the
Dirac operator (Ho +2,dom(Hp +2)) is essentially self-adjoint and ¥ becomes impenetrable;
see Theorem 2.4.2 below.

Given z € C\ ((—o0, —m] U [m, 00)), we define the operators A% as follows:

1
AL = W(C% +ivB(a- N)) £ 65

Since iB(a - N) is Cl-smooth and symmetric, it follows that A% are bounded from L?*(%)*
onto itself (resp. from H'Y2(X)* onto itself). Moreover, A% are self-adjoint on L?(X)*, for all
z € (—m,m).

Now, using the same notations as in Section 2.1, the Dirac operator H., (acting in
L%(R3)%) is defined on the domain

dom(He) = {u+®[g] - u € H' (R, g € (D) tyu = —A¢ 9]},

and the potential V; ,, acts as follows

Veul) =S¢+ ivB(a - N)(ps + o )os.

with ¢4 = tyu + C.[g]. Thus, H¢,, acts in the sense of distributions as H¢ () = Hu, for
all p =u+ ®[g] € dom(H¢ ).

We remind the reader that /~\§E denotes the continuous extension of Aj defined from
H~'/2(%)* onto itself. Using the same method as in Section 2.2, one can show that H¢, is
closable and the domain of the adjoint is given by

dom(H{,,) = {u+®g) : u € H' (R, g € HV2() tsu = —A4[g]} .

In the following, we briefly discuss the basic spectral properties of H, in the non-critical
case, i.e. (2 +v? # 4. The following theorem gathers the most important properties of He,.
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2.4. Quantum confinement induced by Dirac operators with anomalous magnetic §-shell
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Theorem 2.4.1. Let (¢,v) € R? be such that (* + v? # 0,4. Then H¢,, is self adjoint and
we have

dom(He,) = {u+®(g) 1 u € H'(R)', g € HVA(D)" tnu = ~Ay[g]} € H'(RP\ %)
Moreover, the following statements hold true:
(i) Given a € (—m,m), then Kr(H¢,, —a) # {0} < Kr(A%) # {0}.
(it) For all z € p(H¢ ) N p(H), it holds that

(Hew —2)7" = (H —2)7 = @ (A]) 71 (@7)".

Furthermore, if ¥ satisfies (H1), then
(111) SPess(H¢ 1) = (—00, —m| U [m, +00).
(tv) Spgise(H¢ ) N (—m,m) is finite.

Proof. Recall that [A, B] = AB — BA denotes the usual commutator bracket. Suppose
that (2 +v? # 0,4 and fix z € C \ ((—o00, —m] U [m, c0)), then a simple computation yields
1 1 ¢ v

¢5(a- N){a- N, 65} + 5—— (5, 65] + 5B N), &

AFAL = (21 o2 (2 4 12

Tt 4
Using the anticommuations relations of the Dirac matrices and the properties of 5 given by
(2.1.2), we easily get that

[vs, €3] = 2mn5 557, [B(a- N), 5] = Bl N, G5} — {8, 65 Ha - N).

Thus, Lemma 1.3.5 implies that AZA% extends to a bounded operator from H-12(%)* to

H'/2(%)*. Therefore, the same method as in the proof of Theorem 2.2.1 yields that
dom(H¢ ) = dom(H ) = {u +®[g):ue H (R, g e HY2(D) tgu=—Ay [g]} .

Therefore, He,, is self-adjoint and dom(H¢,) C H'(R3\ ¥)%. Assertions (i) and (ii) can be
proved as in Proposition 2.3.1.

Now assume that ¥ satisfies (H1). Then, ®*(A2)~!(®7)* is a compact operator in L(R3)?
and Spey(H) = (—00, —m] U [m, +00), and thus the assertion (iii) follows immediately from
(ii) and Weyl’s theorem. Finally, assertion (iv) is a consequence of the Sobolev injection. In-
deed, one can easily adapt the proof of Theorem 2.3.2 and show that Spgie.(H¢ ) N (—m, m)
is finite. We omit the details. O

In the following theorem, we discuss the self-adjointness of H¢, in the critical case, i.e.
(%2 +v? = 4. We mention that the assertions (a) and (c) have already been proved in [65],
where the author studied the inner part of Hy 12 acting on €2, known as the Dirac operator
with zig-zag boundary conditions, we refer to [41] for the two-dimensional case.

Theorem 2.4.2. Let (¢,v) € R? be such that (? + v? = 4 , then H¢, is essentially self
-adjoint and we have

dom(H¢,,) = {u +®Blg]:ue H (R g e HV2(D) txu = —1~\+[g}} . (2.4.1)

Moreover, the following assertions hold true:
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2. On the Dirac operator with §-interactions supported on smooth surfaces

(1) a € Sp(H¢ ) <= —a € Sp(H_¢ ).

(1t) For all z € p(H) N p(H¢ )7, the operator /~\ﬁ_ takes the space {g € H-1/2(X)*: /NXj_ lg] €
HY2(2)4Y bijectively to HY?(Z)Y. In particular, A% admits a bounded inverse from
HY2(2)* to H-Y2(%)*, and we have

(Hep —2) 7t = (H —2)7" — &7(A2) 71 (97)".

(iii) If ¢ = 0, then ¥ becomes impenetrable and it holds that
Ho, = H @ HY = (—ia- V +mp) @ (—ia- V +mp), (2.4.2)
where Hf,zi are the self-adjoint Dirac operators defined on
dom(H{*) = {%: € L*(Qs)" : (o V)i € L(Q1)* and Prtsps = 0}7

where the boundary condition has to be understood as an equality in H—/?(2)*, and
Py ., are the projectors defined by

P, = % <I4 + gﬁ> . (2.4.3)
Furthermore, we have
(a) —m and m are eigenvalues of Hy,, with infinite multiplicities.
(b) Sp(Ho,u) = (—00, —m] U [m, +00).

(c) if ¥ satisfies (H1) and {\;}jen+ is the sequence of eigenvalues of the Dirichlet
Laplacian (—A) in Q4, counted with their multiplicities. Then, for all j € N*,

)\]i(m) = +\/m? + \; is an embedded eigenvalue of Hy,, with finite multiplicity.

Proof. Let us show the first statement. The proof is a relatively straightforward modi-
fication of the technique used in the proof of Theorem 2.2.1. Indeed, as H¢ ,, is closable the
only thing left to prove is the inclusion Hf, C He,,. For this, let ¢ = u+ ®lg] € dom(H¢,,)
and let (h;)jen C H'/2(X)* be a sequence of functions that converges to g in H~/2(X)%. Set

9i1= 5 (¢ +iv(a- M) (Relg) + A-ly]), Vi €N,

Clearly, (g)jen € HY2(Z)*. Since Ay is bounded from H'/2(X)* onto itself, we then get
that (A4 [g;])jen € HY2(X)*. Now, remark that

2 (C1s +ivB(a- N)A_[g] = —g + 5 (o5 + ivfla- N) By lo).

Using this, we obtain that
1 ) ~ .
95:= 9= 5 (s +ivfla- N))A-[h; —g], V¥jeEN.

As A_ is bounded from H~Y/2(X)* onto itself, it follows that gj — g in HV/2(D)%
j—o0

Moreover, we have

Rilg; — gl = 5t (s +ivlac M)A lg— i) = (AR A+ AR, ) s - g
(2.4.4)
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From the proof of Theorem 2.4.1 we know that

~ o~ ~ ~ m( v ~ ~

Ashs = ~Gya-N){a- NG} £ -85 + (B{a "N, 65} — {B, 65} - N)) . (2.4.5)
Thus, it follows from Lemma 1.3.5 that /~\i/~\:F are bounded from H-12(X)* to HY/?(X)
Therefore, (2.4.4) yields that

Aslgj] —— Aslg), in H'A(E)
Jj—oo
Let )
vy =& (Ghe 5+ 10Ba- M)Ay~ g]) € B, Vi e,

and define ¢; := u; + ®[g;], where u; = u — v;. It is clear that u; € H*(R®)* and tyu; =
~Aylgj] € HY2(2)4, hence (¢;)jen € dom(H,,). Moreover, since (h;j)jen (resp (g;)jen)
converges to g in H~'/2(X)* as j — oo, using the continuity of A+ A+ it follows that

(5, Hewpg) = (o, HE ) in LP(R%)%

j—

Therefore H? ,, C H¢,, and hence H ,, is self-adjoint and dom(Hc ,,) is given by (2.4.1), and
this finishes the proof of the first statement.

In order to continue the proof of the theorem we use the definition of dom(H¢,) with trans-
mission condition. As in Definition 2.2.2, using the Plemelj-Sokhotski formula, one can show
that H, acts in the sense of distributions as

Hepp = (—iV-a+mp) ot & (—iV-a+mp)p_,

for ¢ = (p4,0-) € L*(R®)* such that (a - V)ps € L?(Q4)? and satisfies the following
transmission condition in H~1/2(x)*:

(3 + iwBta W) +ila- W) ) oy = = (5o + i0Bla W) = ila V) ) tsp-.

Now, let us show item (i), for this recall the operator C defined in (2.3.27). Then, a trivial
computation yields that

¢ € dom(H¢ ) <= Clp] € dom(H_¢ ).
Since for all u € L?(R?)*, we have
Cl(—ia -V +mpPu] = —(—ia -V +mpB)Clu],

it follows that a belongs to Sp(H ,,) if and only if —a belongs to Sp(H_¢ ,,), which yields (i).
Item (ii) follows in the same way as Proposition 2.3.1. To prove item (iii), observe that

dom(Ho) = {w = (p+, ) € L2(Q)'@L*(Q-)" s (o V)ps € LP(Q2)" and
ilo- N)P_ ptsoq =i(a- N)P+7Ut2(p}7

where Py, are the projectors given by (2.4.3). From this we deduce that a function ¢ =
(p4,0-) € L2(Q4)* @ L2(Q-)* with (- V)p+ € L*(Q4)* belongs to dom(Hp,,) if and
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2. On the Dirac operator with §-interactions supported on smooth surfaces

only if Pt ,tsp+ = 0 holds in H -1/ 2(2)4. Therefore, ¥ becomes impenetrable and the
decomposition (2.4.2) holds true.

In the rest of the proof we assume that v = 2, the case v = —2 can be recovered by
the same arguments. Let us show the assertion (a). To do this, we first show that —m
is an eigenvalue of H;z * with infinite multiplicity, and hence of Hpo. Observe that, for
any ¢ = (p1,¢2)" € dom(H?*), we have 1 € Hi(24)? and (0 - V)ps € L2(24)% Let
Y € C%(Q4)? be a harmonic function with respect to o -V (i.e. (o- V) =0 in Q) and set
¢ = (0,7)".Clearly ¢ € dom(HQQJr), and we have that

(H +m)p = <_i(06 VW) +m (g 8) <3> =0.

Since the set of harmonic functions with respect to (o - V) is infinite dimensional, we get
that —m is an eigenvalue of Hpo with infinite multiplicity. By (i) we also get that m is an
eigenvalue of W,g with infinite multiplicity, which proves the assertion (a).

Now we are going to prove (b) and (c), for this purpose, we consider the following Dirac
operators

DYop = (—io- V +mB)1p, 1 € dom(DyF) = {goi € H' Q) : Protyps = o}.

Then, one can easily verify that D;z * are symmetric and closable operators. Moreover, it

holds that D? = HS *. Indeed, denote by ,952 * the quadratic form associated to (D;2 )2,

Given ¢ € dom(D;2 *), using the Green’s formula and the boundary conditions, it easily
follows that:

Q
9, * [¢] =ll(a- V)¢lli2(uys + M@l 72 - (2.4.6)

Hence, we get Q?i (o] = m2||cp||%2(9i)4. Thus (Dgi)2 is lower semi-bounded. Therefore, by

50, Theorem 6.3.2] it follows that (Hy*)? is the Friedrich’s extension of (Dy*)2 and it holds
that

Sp(HS™*) C (—00, —m] U [m, +0).

From this we see that if 3 satisfies (H2), then Sp(Hy ) C (—00, —m]U[m, +00). Since similar
arguments as those of the proof of Theorem 2.3.4 yield the inclusion (—oo, —m)U (m, +00) C
Sp(Hyp), we then the statement (b) in this case.

In the rest of the proof we assume that X satisfies (H1). Let (—A%*) be the Dirichlet
realization of (—A) in Q4, with domain H?(Q4) N HE(Q+). Using Weyl’s theorem and the
fact that Hi(24) is compactly embedded in L?(£2y), it is not hard to show that

Sp(—A"" +m?) = [m?, +00), 247
Sp(_AQ+ + mQ) = Spdisc(_AQ+ + m2) = {m2 + Ajaj € N}, a

with A\; > 0 for all j € N, and \; — 0o as j — 00. Using the boundary condition, we see
that

Y= <£1> € dom(D?*) — oy € Hy ()%, ¢ = <£1> € dom(DgL) — ¢ € Hy ()%
2 2

(2.4.8)
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We denote by Q% the quadratic form associated to (—A%* + m?2) L, that is
Q% [u] = ||VullZaqyye + mPllullfauye:  Vu € Ho ()%
Note that, for every u € H?(Q4)? N Hi (24)?, it holds that
(o - V)ullfz0y )2 = (u, —Au) p2q,y2 £ (0 N)tsu, ts(0 - V)u) gz sy
= IVl 720y e £ ((tsu, (N - V)tzu) gijasmye = | VulZ2 g, 2

By density, it also holds for all u € H}(Q+)?. Using this and (2.4.8), it follows from (2.4.6)
that

Thus, (2.4.7) together with assertion (i) yield that )\jc (m) = £,/m? + )\, is an eigenvalue of
Hy 2 with finite multiplicity, and that

Sp(Ho,2) = (—o0, —m] U [m, +00),
which yields (b) and (c) for ¥ satisfying (H1), and achieves the proof of theorem. O

We finish this Chapter by pointing out the following remark and its consequence.

Remark 2.4.2. Let ¢ = £2 and let H¢p be as in Theorem 2.4.2. Given (py,p_) €
dom(H¢ ), we write pr = (p11,p+2)". Then, one can write the transmission condition as
follows:

i i
tupyn = g(ff “N)tsp—2, tnpiz= 5(0 “N)tsp-1.

Thus, we deduce that H o coincide with the Dirac operator coupled with the electrostatic o-
interactions of strength —(. Hence, in this sense, one can consider the potential Vi as an
electrostatic potential for { = £2.

As a direct consequence of Theorem 2.3.4 and Remark 2.4.2 we have:

Corollary 2.4.1. Let H¢,, be as in Theorem 2.4.2. If ( = £2 and v = 0, then

Spess(m) = ( — 00, _m] U {O} U [m7 +OO)
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Chapter 3

Analysis of Dirac operators with
)-interactions supported on the
boundaries of rough domains

The results presented in this chapter have been the subject of the paper [30].

Throughout this chapter, unless stated otherwise, we always assume that @ C R? is a
bounded UR domain (see Definition 1.1.2) with 9Q = 9Q, and we set

Q. =Q and Q_:=R*\Q, X =0990. (3.0.1)

Our main goal in this chapter is to investigate the spectral properties of Dirac operators of the
form H, , = H 4+ A, 05, where A,  is a bounded invertible, self-adjoint operator in L2(%)*,
depending on parameters (a,7) € R x R", n > 1. We investigate the self-adjointness and the
related spectral properties of H, -, such as the phenomenon of confinement and the Sobolev
regularity of the domain in different situations. More precisely, the structure of the chapter is
as follows. Sections 3.1 and 3.2 are the heart of the chapter and contain our most important
contributions. In Section 3.1, we provide the necessary materials to tackle all the problems
related to the self-adjointness, the confinement phenomenon and the characterization of the
(essential /discrete) spectrum of the operator H.. To be precise, it contains Theorem 3.1.2
about the self-adjointness in the critical case, a general criterion on the perturbed Dirac
operator H; to induce the confinement phenomenon (see Propositions 3.1.3 and 3.1.4) and
the proof of the Birman-Schwinger principle and the Krein-resolvent formula in the Lipschitz
case (see Proposition 3.1.1).

Section 3.2, is divided into four subsections as follows. Subsection 3.2.1, is devoted to the
study of the Dirac operator H, (which has already been studied in Chapter 2)

H.=H+V,=H+ (ely +pB+nla-N))os, &:=(eun) R,

when () is a Lipschitz domain with a normal in VMO. In there, we explore the connection
between the geometric properties of the domain 2 and the compactness of the anticommu-
atator {a - N, %%}, and we give the spectral properties of H, for non-critical parameters,
the main results being Theorem 3.2.1 and Theorem 3.2.2. Subsequently, in subsection 3.2.2,
we prove Theorem 3.2.3 about the Sobolev regularity of dom(H,), in the case of Holder’s
domains C'*. After this, we consider in subsection 3.2.3 the couplings (H + V. + V) and
(H + V), in the case of UR domains. The main results in this subsection are Theorem 3.2.4
and Theorem 3.2.5 and their consequences regarding the confinement phenomenon.
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3.1. Self-adjointness and confinement: critical and non-critical case

Being interested by the question of confinement and self-adjointness of Dirac operators
with boundary conditions, we introduce and study in subsection 3.2.4 the spectral properties
of the new Dirac operators

Hﬂ:H+V”:H+i/~L’Y5,85E, o eR,
Hs = H+ Vs = H + itsB8(c- N)os,, € R.

Namely, we show that H; (Hg) shares almost the same properties as the Dirac operator
coupled with the Lorentz scalar (respectively the anomalous magnetic) é-interactions, and in
particular, it generates the confinement when i = £2 (respectively © = +2), cf. Propositions
3.2.7 and 3.2.9. In the same spirit, being motivated by the natural way that the Calderén’s
projector appears in our analysis (see Proposition 1.3.2), we consider in Section 3.3 the
families of Dirac operators with d-interactions defined by:

(—m,m) 3 ar— Hy\=H+ \¢%y, XeR\{0},
(—m,m)>avr— Hyy = H+ N(a-N)E3(a-N)dy, N €R\{0},

where ¢3¢ is the Cauchy operator associated with (H —a). There, we prove that H,  and H
induce the confinement, and that the boundary conditions of the resulting Dirac operator are
exactly given by the Calderén’s projector or its adjoint.

3.1 Self-adjointness and confinement: critical and non-critical
case

In this section, we gather the main tools to tackle the different problems that we are going
to consider. Before going any further, let us define the general form of the operators we are
interested on and explain the philosophy of our technique.

Let A, : L?(X)* — L%(X)* be a bounded invertible, and self-adjoint operator depending
on a parameter 7 € R™ with n € N*. We assume that the inverse of A, is given explicitly by

1 -~

ATl = — A, 3.1.1
ey (3.1.1)

where sgn(7) is a real number, defined by sgn(7)ly = A A = AA,. Except for some special
situations, we always deal with the case sgn(7) # 0. For the case sgn(r) = 0 we need to
slightly modify our definition to handle such a situation.

Next, we define the operators A7 , as follows:

—— ATV +6E, V2 eC\ ((—oo, —m] U [m,00)). (3.1.2)

Clearly, AZ , are bounded (and self-adjoint for z € (—m,m)) from L*(X)* onto itself. In the
sequel, we shall write ®, €%, C3 and A, | instead of @0, 62, CY and Ag,i.
Now, we define the perturbed Dirac operator H, acting in L?(R?)?*, by

H.=H+V,=H+ A s, (3.1.3)

on the domain

dom(H,) = {p =u+®[g] : ue H' (R g € X(D)* tnu = A, 1 [g]} (3.1.4)
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where
1 n
Vi(p) = §AT(<P+ +¢-)0x and @i =tsu+ <I>|Qti lg]. (3.1.5)

Notice that H; is well defined and acts in the sense of distributions as H-(¢) = H(u), for
all ¢ = u+ ®[g] € dom(H;). Indeed, thanks to Proposition 1.2.2, we know that for any
u € H'(R?)*, txu is well defined and belongs to the Besov space B%/Q(Z)‘l. Next, recall
that the mapping ® : L?(X)* — L?(R3)* is well-defined and bounded by Proposition 1.3.1,
moreover, by Lemma 1.3.2 we also know that <I>|gti exists and is bounded in L?(X)*. Thus,
for all ¢ = u+ ®[g] € dom(H;) we have

1 1 n
Vo(p) =5 Ar(ps + 9-)0n = S Ar(tzu + @[y, g

=Ar(tsu+ Gx[g]) = Ar(~Ary + 65)lg] = —(A-) (A7 )] = —9,

and since H:(¢) = Hu + go + V:(¢) holds in the sense of distributions, from the above
computation we see that H.(p) = Hu € L*(R3)%. Finally, let u,v € H'(R3)* and g,h €
L2(2)*, then

Hu+ go = H(u+ ®[g]) = H(u+ ®[g]) = Hv + ho.

Since ¢ is 2-dimensional, and thus, the Lebesgue measure in R? and o are mutually singular,
it follows that ¢ = h in L*(¥)* and H(u — v) = 0 in L?(R3)%. Since H is self-adjoint in
HY(R3)4, we also get that u = v. Thus, if u,v € H}(R*)* and g,h € L?(X)* are such that
u+ ®[g] = v+ ®[h], then u = v and g = h, and therefore, H; is well defined.

As we have seen in Chapter 2, for some particular values of sgn(7), two interesting phe-
nomena appear in the spectral study of the Dirac operator H,. The first one is the con-
finement phenomenon, assuming that H, is essentially self-adjoint, from the mathematical

point of view this means that for any datum ¢ € dom(H,) with support in 4, the unique
solution ¢ € CH(R, L?(R3)%) of the following Cauchy problem

{i&sw(t x) = Hro(t, ), (3.1.6)
¢(0,2) = po(),
remains for all times supported in €)+. More concretely, if we let
2R3 = L2(Q,) @ L2(Q_)L,
Then H, decouples as follows
H, = H®+ o HY-, (3.1.7)

where Hg * are self-adjoint Dirac operators acting in €4 with some boundary conditions.
Moreover, the propagator satisfies

— Q Q_
o tHr _ e—itHT‘" ® e itH;

In this chapter, we always use the characterization (3.1.7), and we say that H, (or V;)
generates confinement or equivalently ¥ is impenetrable.

The second one is called critical combinations of the coupling constants, it results in the
loss of the Sobolev regularity of functions in the domain of H, for smooth domain €, i.e
dom(H,) ¢ H*(R?\ )4, for all s > 0. To our knowledge, there is no fixed definition for
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such a case, because the spectral study of H, depends significantly on the smoothness of the
domain Q.. As we have pointed out in Chapter 2, it seems that the C2-smoothness condition
on Q is necessary to prove the self-adjointness in L?(R3)* of H, in such a case. Thus, for
our applications we fix the definition of the critical combinations of the coupling constants
as follows:

Definition 3.1.1 (Critical parameters). Let Q. be a bounded C?-smooth domain and let H,
be as in (3.1.4). We say that the parameter T € R", n € N*, is critical if A- € K(L*(2)?)
or Ar A1 € K(L2(D)Y).

In what follows, we shall use the phrase "characteristics of the model”, or simply ’char-
acteristics of the potential”, to refer to the above phenomena.

3.1.1 Non-critical parameters

As already mentioned in the introduction, the self-adjointness (in the non-critical case)
of the Dirac operator H, will be derived using the main result of [10]. Notice that the way
[10, Theorem 2.11(iii)] was stated does not take into account the case of UR domains, but
can extend to this case without any difficulty. However, for the sake of completeness and for
the convenience of the reader, we give here the proof of this result which reads as follows.

Theorem 3.1.1. Suppose that Q4 is a UR domain, and let H; and A, be as above. If A, 4
is a Fredholm operator, then (H.,dom(H;)) is self-adjoint.

Proof. We first prove that (H,,dom(H,)) is closable. For this, note that C$°(R3\ ¥)*
dom(H,) C L*(R3)%, and since C5°(R3 \ X)?* is a dense subspace of L?(R3)? it follows that
dom(H,) is a dense subspace of L?(R?)*. We next show that H, is symmetric on dom(H,).
So, let ¢,v € dom(H;) with ¢ = v+ ®[g] and ¢ = v + ®[h], then we have

(Hro, V) r2wsys— (0, Hr) 2rsys = (Hu, v + @[h]) 2gs)s — (u+ Pg], Hv) r2(gs)s

= (Hu, U>L2(]R3)4 — (u+, HU>L2(R3)4 + (Hu, @[h])LQ(R3)4 — (®[g], HU>L2(R3)4
= (Hu, ®[h]) 2 (r3ys — (@g], Hv) r2(ms3)1.

Thanks to Lemma 1.3.3 we have that
<HU, (b[hDLQ(RB)AL — <(I)[g], HU>L2(R3)4 = <¢*HU, h>L2(Z)4 — <g, Q*HU>L2(E)4
= (ts(H "H)u, h) 2(sys — (g9, ts(H ' H)v) 2(ss
= (tsu, h) 2y — (9, tsv) 12(m)s,

Thus, using the self-adjointness of Ay, the fact that tyu = —A; 1 [g] and txv = —A4 ;[h],
we obtain

(Hrp, ¥0) p2msys — (@, Hep) pomays = (—Ar gl h) p2(sys — (9, —Ar 4 [R]) p2(s)0 = 0,

which actually means that H, is symmetric on dom(H), and hence, (H,,dom(H)) is clos-
able. Thus, to prove the self-adjointness of (H,,dom(H,)) it suffices to show the inclusions
H* C H,. To this end, we claim that for any ¢ € dom(H) there is a sequence of functions
(hj)jen C Kr(Ar4) such that

b = lim (H™Hzo — Ot H™ HEg) + ©[hy)) in 2R

J—00
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Notice that once this claim is shown we then get H* C H,. Indeed, since A, is Fredholm
it follows that {®[g] : ¢ € Kr(A, )} is closed in L*(R3)?%, and hence, there is h € Kr(A. )
such that

®[hj] — ®[h] in L*(R)%

Jj—o0
Since ®[h;], ®[h] € dom(H,), if we set ; = (H 'H}¢p — ®[ts H L H 9] + ®[h;]), then it is
clear that ; € dom(H;) and that H,1y; = H*1 for all j € N. Therefore, we get

(W), Hetpy) —— (¥, Hiy) in L2(R%)Y,

J—
which actually proves the inclusion H* C H.
Let us now show the claim, so let (v, G) € G(H), then we have

(Hro, ) p2mayr = (0, G)p2meyr, Vo =u+ @[g] € dom(H-).

Since H™1G € H'(R3)%, using that A, is Fredholm it follows that ts H'G = h + A, ¢ [f],
with h € Kr(A; ). Clearly, ®[h] € dom(H;) and H,®[h] =0, and thus we get

0 — <H7-(D[h], ¢>L2(R3)4 — <(I)[h], G>L2(R3)4 — <h, tEH_1G>L2(Z)47

where in the last equalities Lemma 1.3.3 was used. As txH 'G = h+A, . [f] and A, 4 [h] = 0,
it follows from the self-adjointness of A, that

0= <h, tEH_1G>L2(Z)4 = <h, h>L2(E)4'

From this, we conclude that PytsH G = A +[f]. Hence, combining Lemma 1.3.3 with the
previous conclusion yield that

(Hu, ¥) 2rsys = (u+ ®g], G) 2msys = (Hu, H'G) r2roys + (9, t2H ' G) 12(sy
= (Hu, H'G) 12geys + (9, Ar 1 [f]) 1205y
= (Hu, H'G) p2gays — (tsu, f) 251,
From this it follows that (Hu,v) r2gsys = (Hu, H 'G — ®[f]) j2(gs)s. Hence, we get
(Hu,v — (H™'G — D[f])) 2msys =0 forall u € H'(R®)* such that txu € Rn(A, ).
As A; | is Fredholm and self-adjoint, using Lemma 1.3.3 we obtain that:
tsu € Rn(Ar 1) <= 0= (tsu, h)s = (Hu, ®[h]) 2gs)s for all h € Kr(A; ),

which entails that
¢ — H'G+®[f] € {®lg] : g € Kr(Ar 1)}

Thus, for all (v, G) € G(H}), there exist (h;)jen C Kr(A; ) and f € Rn(A; ) such that
the following hold:

lim ®[h;] = ®[h] € dom(H,) with h € Kr(A,),

Jj—00
¢ = lim (H'G — ®[f] + ®[h;]) = H'G — ®[f] + ®[h] in L*(R?)™.
j—00
This proves the claim and completes the proof the theorem. ]

To study the spectral properties of H, (for non-critical parameter) we shall restrict our-
selves to the case of Lipschitz domains. The following proposition gives us a criterion for the
existence of eigenvalues in the gap (—m, m), and a Krein-type resolvent formula for H.
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Proposition 3.1.1. Let H; be as in (3.1.4) with a non-critical parameter 7 € R™. The
following hold:

(i) Given z € (—m,m), then Kr(H; — z) # {0} <= Kr(A7 ) # {0}.

(i) Let z € C\R and assume that AZ | is Fredholm. Then A% . is invertible in L2(%)* and
it holds that

(Hr —2)7Y(v) = (H — 2) Y (v) — <I>Z(A§7+)_1tZ(H —2)7tv), VYove LR (3.1.8)
In particular, we have

SPess(Hr) = (—00, —m] U [m, +00). (3.1.9)

(77) SPgisc(Hy) N (—m,m) is finite.

Proof. The proof of item (i) follows exactly in the same way as in Proposition 2.3.1. Let
us show (ii). Fix z € C\ R and suppose that A7 , is Fredholm. Then, from (i) and the fact
that H is self-adjoint it is clear that Kr(AZ,) = 0 and Rn(AZ ;) = L*()*, as otherwise z
will be a non-real eigenvalue of H,. Hence, we conclude that AZ , : L*(£)* — L*(X)* is
bijective and thus (3.1.8) makes sense. Now given v € L?(R?)?%, we set

o= (H—2)"'(v) - (A2 ) Mtn(H — 2)7(v).

To prove item (ii), it remains to show that ¢ € dom(H,). For this, remark that ¢ = u + ®[g]
where

w=(H —2)"'(v) — (&% = ®)(AZ,) "tn(H — 2) ' (v),
g=—(AZ) s (H —2)7}(v).

Notice that (AZ | )"'ts(H — 2)~" is bounded from L2(R3)* to L*(X)* and (H — 2)u = v +
2®[g] € L?(R?)%. Consequently, we get that g € L*(2)* and u € H*(R3)%. Moreover, using
Lemma 1.3.2(ii) we obtain

tou = (tn(H —2) 7" = (65 — €s)(AZ ) tu(H — 2)7") (v)
= (to(H = 2)7" = (A2, = Ar ) (AZL) w(H = 2)71) [o] = —Ar i [g]

Thus ¢ € dom(H,), which yields (ii). Since the Sobolev embedding H'/2(X)* « L?(X)* is
compact, it follows that ®*(AZ )" tx(H — 2)~t € K(L*(R?)*). Therefore, we deduce by
Weyl’s theorem that Sp..(H;) is given by (3.1.9).

Finally, by Lemma 1.3.4 we know dom(H,) C HY?(a, Q) ® H'/?(a,Q_). Hence, thanks
to Remark 2.3.2) the assertion (iii) follows in the same way as in Theorem 2.3.2. This
completes the proof of the proposition. O

3.1.2 Critical parameters

To avoid repetitions, in this part we explain our strategy to prove the self-adjointness of
H, in the critical case, which is a generalization of the technique developed in Chapter 2.
Here we assume that € is a bounded C?-smooth domain. All the problems that we are
going to consider share the following properties when the parameter 7 is critical:

(P1) A;and A, admit continuous extensions from H -1/ 3(2)4 into itself, which we still denote
by A, and A,. Moreover, sgn(7)ly = A;A; = A; A, holds in H_1/2(2)4.
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(P2) The operator Kﬁ}iATKi? is bounded from H~1/2(X)* to H/?(X)*, where Kii is the
continuous extension of A7, defined from H ~1/2(2)* onto itself.

Now, following the same arguments as in Section 2.2, one can easily show that H is closable.
Moreover, the adjoint operator H* acts in the sense of distributions as H(u+ ®[g]) = H (u),
on the domains

dom(H;) = {p =u+®[g] :ue H R, g€ H V() tsu=-A,1[g]}.  (3.1.10)
Then we have the following theorem.

Theorem 3.1.2. Let H: be as in (3.1.4) with a critical parameter T € R™. If (P1) and (P2)
hold, then H. is essentially self-adjoint and we have

dom(Hy) = {p = u+®g) :u€ H' (R} g B2  tsu = —A-y[g]}.  (31.11)

Before going through the proof of Theorem 3.1.2, a few remarks are in order. Note that for

u + ®[g] € dom(H;) the equality txu = —A, 4[g] should be read as a transmission condition
(see Proposition 3.1.2 below), and we stress that this does not necessarily imply that 1~\T,+
regularizes from H~Y/2(X)* to H'/2(X)*, nor that g belongs to H/?(X)%. We mention that
the assumption (P2) allows us to guarantee the inclusion H¥ C H,. As in Chapter 2, once
A, is given one can usually prove that there exist g € H~1/2(X)* and v € H'(R3)*, such that
u+ ®[g] € dom(H,), leading to loss of regularity (i.e., ®[g] ¢ H*(R?\ X)* for all s > 0), and
therefore dom(H,) ¢ dom(H;), see, e.g., [10, 19, 22, 41, 90].

Proof of Theorem 3.1.2 Since H, is closable, it is sufficient to show the inclusion
H C H,. To this end, fix ¢ = u + ®[g] € dom(H}) and let (hj)jeny C HY/?*(Z)* be a
sequence of functions that converges to ¢ in H~/ 2(2)%. Set

gj =9+ AN, _[hj—g], VjeN. (3.1.12)
Then
(9j)jen € HY2(2)* and g; —gin H2(%)4,
(Ar,+lgi])jen © H'2(2)" and Arsg)] —— Ar o], in H'2(3)" 119
Indeed, observe that
ﬁ%&rm——&(%&ﬂif%@mw~w+Amek (3.1.14)

where the property (P1) was used in the last equality. Hence, we obtain that

g; = Ar (Arilg) + As[hy))
A/N\T,—l-[gj —gl= KT,—FATKT,—[hj - gl

Therefore, (3.1.13) follows by (3.1.12), the continuity of A, _ in H'/2(2)*, and the property
(P2). Now, define

vj =8 (/N\T7+A71~\T7,[hj — g]) , for all j € N. (3.1.15)
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3.1. Self-adjointness and confinement: critical and non-critical case

Clearly, v; € HY(R?)* and v; —— 01in HY(R?)%. Now set ¢; := u;+®[g;], where u; = u—vj,
J—oo
for all j € N. Note that
lsuj; =tyu — KT,-FATKT,—[hj - g] = _KT,'f‘[gj] + (tzu + 7\7',-%-[9]) = _A7'7+[gj}'
Thus, tsu; = —A;4[g;] holds in HY/2?(X)*, which means that (p;)jen C dom(H,). Using

that H,(p;) = H(u) — H(v;), and the fact that (g;);jen converges to g in H~'/2(X)* when
j — oo, we obtain that

(05, Hoips) — (o, ) in (RS x PRV (3.1.16)
j—o0
which proves the inclusion H* C H;, and this concludes the proof of the theorem. O

Remark 3.1.1. Notice that if 0 # g € H-V/2(S)4\ LA(2)* is such that AN\, _[g] & L2(2)%,

then dom(H,) ¢ dom(H;). Indeed, if we set
1/~ ~ ~
¢ = 58 (ArsArhr[g]) - ®[A-Ar[g]]. (3.1.17)

Then, it is clear that ¢ ¢ dom(H,) and ¢ € dom(H,).

To make the boundary conditions in (3.1.11) clearer, the next proposition gives us another
way to define the Dirac operator H.

Proposition 3.1.2. Let H, be as in Theorem 3.1.2. Then we have
dom(H) = { (9. p0) € Q)1 © Q) (0 V) € )" and

(; +ids o N)) topr = — (; +id7 o N)) tW}»

where the transmission condition holds in H~/?(X)%.

Proof. Given ¢ = (u+ ®[g]) € dom(H,), set p1 := p|g,. Then, a simple computation
in the sense of distributions shows that

. 1
H: (o) =(—ia- V+mpB)p + §Ar(t290+ + txp-)ds,
=(—ia- V+mpP)py @ (—ia- V +mp)o_ +ic- Nt — tsp—)os

1
+ §A7(t290+ + tz(p_)(sg.

Thus, the proposition follows from this, the definition of /N\T,Jr and Proposition 1.3.3. O

3.1.3 On the confinement

In this part, we briefly discuss the case where the operator H, generates confinement. In
such a case we shall always restrict ourselves to Lipschitz domains. We mention that, for some
Dirac operators (for example the coupling of the free Dirac operator with the Lorentz scalar
0-potential), one can prove that they generate the confinement for UR domains, provided
that Bf/Q(E) is the trace to H'(Q4)%. For instance this is possible if Q, is a two-sided

NTA domain with an ADR boundary by combing Proposition 1.2.2 with Jones’s results [71,
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Theorem 1 and Theorem 2], for more details we refer to [59]. As we have observed in Section
2.4 (see also [41] for the two-dimensional case) the anomalous magnetic J-potential generates
confinement with a critical parameter. So, here we are going to show how to deal with both
situations, i.e., confinement with critical or non-critical parameters.

Recall the definition of dom(H,) from (3.1.4). Let ®q, : L3*(X)* — L*(Q4)* be the
operators defined by ®q. [g](z) = ®[g](z), for g € L*(X)* and z € Qu. Given any ¢ =
(u+ ®[g]) € dom(H;), we set

o+ = ¢la, = ula, + Pa,[g] (3.1.18)

For simplicity, we denote by lilgl p+ the nontangential limit of ¢. By definition it holds that
n

teu = —Ar 1 [g] <= tsu+ Csg] = — A7 [g]

T

1, , A . .

= S(limey +lime_) = —id (o N))(limpy —lime-) (3.1.19)
1 1

= < +iA o N)> limp; = — ( —iA Y a- N)) limp_.
2 nt 2 nt

From this, we get the following properties:
(P3) (1/2 +iA; (a - N)) are projectors in L*(X)%.
(P4) sgn(r) = —4 and A-(o- N) = (a- N)A,.

Then, the following proposition illustrates the phenomenon of confinement for non-critical
parameters.

Proposition 3.1.3. Let H: be as in (3.1.4) with a non-critical parameter T € R". If (P3)
or (P4) holds, then H, generates confinement and we have

Hyp=HP oy @ HY o = (—ia-V+mp) oy & (—ia-V+mp) e,

where Hgi are the self-adjoint Dirac operators defined on
dom(H*) = {UQi + @, [g] s ug, € HY(Q+)*, g € L*(2)* and

(; +id (o N)> (truoy + Celg]) = 0}'

Proof. If (P3) holds true, then the proof follows directly from (3.1.19). Assume that
(P4) holds true, then a simple computation yields that

(i@ M) (2ia7 @ W) = =1 (5 £id7 0 )

(34047 @ M) 4 (577 W) =0

Again, using (3.1.19) we get the desired result. O

Now, in the case of a critical parameter, one need to replace (P3) and (P4) by the following
properties:

(P'3) (1/2+iA7 (o~ N)) are projectors in H~Y/2(X)%.
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(P'4) sgn(t) = —4 and A (a- N) = (- N)A,.

Here A, (respectively A.) is the extension given by the property (P1). Then, using Propo-
sition 3.1.2 and following essentially the same arguments as Proposition 3.1.3, we get the
following result for the confinement in this case.

Proposition 3.1.4. Let H; be as in (3.1.4) with a critical parameter 7 € R™. If (P'3) or
(P'4) holds true, then H, generates confinement and we have

Hrp=HMo, @ H ¢ = (—ia-V+mp) o, & (—ia-V+mp) e,

where H?i are the self-adjoint Dirac operators defined on
Q 2 4 2 4 1.
dom(H*) = {g@i € L*(Q4)" : (a-V)pxr € L*(Q4)" and (2 +iA7 (- N)) typr = O}.
where the boundary conditions holds in H~Y/2(X)%.

3.1.4 The § and the 7 transformations of the electrostatic and the magnetic
)-potentials

In this part, we introduce the § and the « transformations of the electrostatic and the
magnetic d-potentials. We emphasise that we are not formulating a theory here, but rather
describing facts based on our observations.

Let €,7 € R, recall that the electrostatic and the magnetic -shell interactions of strength
e and 7, respectively, supported on ¥ are defined by

Ve := elyox and V;; = n(a- N)dsx. (3.1.20)

Then the § transformation, which we denote by I'g is the multiplication operator by 3 that
preserves the symmetry of the above d-potentials, that is

FB(‘/e) = 6,8(52 and Fg(V,,) = iT],B(Oz . N)(SZ (3.1.21)

Thus, the S transformation of the electrostatic d-potential gives the Lorentz scalar d-potential,
and the 8 transformation of the magnetic d-potential gives what we called in Section 2.4 (and
independently in [41] in the 2D case) the anomalous magnetic d-potential.

Similarly, the « transformation denoted by I',, is the multiplication operator by 75

. 0 I
V5 1= —laioeay = (1_2 02> , (3.1.22)

that preserves the symmetry, thus we get the potentials
I'y(Ve) == eys50s and I'y (V) = nys(a - N)ds. (3.1.23)

Again, the ~ transformation of the electrostatic d-potential was already considered in Chapter
2, and we have seen in Remark 2.4.2 that +2v50y coincided with the electrostatic d-potential
of constant strength F2, so we called it here the modified electrostatic §-potential. Also we
call nys(a - N)dy the modified magentic d-potential.

Finally, we have the composition of the 8 transformation and the ~ transformation which
gives us the following potentials

'l (Ve) := ieys By and T'gl'y(V;) = inys68(a - N)dy, (3.1.24)
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and we call them respectively the modified Lorentz scalar §-potential and the modified anoma-
lous magnetic d-potential.
To put things in order we use the following notations:

Ve = g’Y552, V,u = /‘LB(SZa Vﬂ = Z'I}YS/B(SE? € 1y L € R. (3125)

Vy=isla- N)ds, Vi =ivBla-N)os, Vi=itysBla- Ny, @o,0€R  (3.1.26)

The reader may wonder why we introduced such transformations, and what is the interest
behind that. In fact, the answer is:

e The 7y transformation preserves the characteristics of the potentials given by (3.1.25) and
(3.1.26). That is, the characteristics of the potentials are stable under the v transfor-
mation in the sense that, for any potential Vg from (3.1.25) or (3.1.26), if the parameter
is critical then it remains critical after applying the 7 transformation, and the same
holds true to the case of the confinement.

e The characteristics of the potentials given by (3.1.25) and (3.1.26) are not stable under
the § transformation, in the sense that, if V4 has a critical parameter, then I'g(V4)
does not have a critical parameter and vice versa. Similarly, if V, does not generate
confinement for any values of the parameter, then I'g(V,) can generate confinement for
certain values of the parameter and vice versa.

As a simple example, one can consider the electrostatic -potential. As is well-known [90, 19],
V¢ has a critical parameter which is e = £2, and it does not generate confinement for all € € R.
Also we know that V, generates confinement for p = £2; cf. [11]. Moreover, from Section
2.4 we know that V: has a critical parameter which is € = +2. More generally, one can prove
the above facts using directly Definition 3.1.1, (P3), (P4), (P’3) and (P’4). Thus we conclude
that

e V, and Vj; generate confinement (for y = fi = £2) without critical parameters.

e V, and Vj generate confinement for the critical parameters v = 0 = +2.

We are going to show this in detail in the next section.

3.2 Delta interactions of electrostatic and magnetic type

As the title of this section indicates, here we focus on the spectral study of the Dirac
operator H; when V; is a combination of the J-potentials given by (3.1.25) and (3.1.26). We
first consider the following Dirac operator

H,=H+V,=H+ (ely + pB +n(a-N))ds, &:= (e 1) €R?,

which has already been studied in Chapter 2 for critical and non-critical parameters, when
is a C%-smooth domain. Thus, we only focus on the spectral properties of H, for non-critical
parameter in the case of UR domains.

For the convenience of the reader, we begin our study with the subclass of bounded
Lipschitz domains with VMO normals, where we can discuss the spectral properties of H,
for all sgn(k) # 0,4. Subsequently, we discuss the Sobolev regularity of dom(Hy) in the case
of bounded C"“-smooth domains. Finally, we separately study the couplings (H + V; + Vi)
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and (H + V})) for general UR domains. Then in Subsection 3.2.4, we consider the following
Dirac operators

Hy=H+Vy=H +ifinsBos, fcR,

. ) (3.2.1)
H; =H+V;=H+ivy;8(a- N)dy, 0€R,

which deserve to be analysed in detail. Since V (resp. Vj) can be treated in a similar way
as V¢ (resp. V), and the potential V;, has been studied in Section 2.4, to avoid repetition we
will only make some remarks on the latter potentials.

3.2.1 J-interactions supported on the boundary of a Lipschitz domain with
a normal in VMO

In what follows, unless otherwise specified, we always suppose that X satisfies the following
property:
(H3) ¥ = 0 with Q, a bounded Lipschitz domain with a normal N € VMO(9Q, do)3.

Roughly speaking, the above assumption implies smallness of the Lipschitz constant of €.
Another way to reformulate the assumption (H3) is to say that 24 belongs to the intersection
of the class of bounded Lipschitz domains and the class of regular SK'T domains, see the proof
of Proposition 3.2.1.

Recall that sgn(x) = €2 — u? — n?, and the operators A7 . are given by

Aa = ml(ﬁ)(dz; F (Wb +n(a-N))) £ %5, VzeC\((-o0,—m]Ulm,0)).  (3.2.2)

Now we can state the main result about the spectral properties of the Dirac operator Hy.

Theorem 3.2.1. Let k € R? be such that sgn(k) # 0,4, and assume that ¥ satisfies (H3),
and let Hy be as in (3.1.4). Then Hy is self-adjoint. Moreover, the following hold true:

(i) For all z € C\R, it holds that
(He—2)" ' =(H—2)"' = ®*(A; ) "ts(H — 2)~". (3.2.3)
(ii) SPess(Hy) = (=00, =m] U [m, +00).
(i4i) Spgisc(Hx) N (—m,m) is finite.

(iv) a € Spgisc(Hy) if and only if a € Spyis.(H), where K is given by

= (5w w0

Before proving this result, we first give a characterization of the assumption (H3) via the
compactness of the anticommutator {« - N, €& }.

Let g € L?(X), then the harmonic double layer K and the Riesz transforms (Rj)1<k<3 on
> are defined by

Kll(o) = tim [ EUE D g()a0(y)
ez o (3.2.4)
Rifolw) =l [ 0 ()o(s)

The following proposition is implicitly contained in [63], but we state and prove it here
for the sake of completeness.
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Proposition 3.2.1. Assume that ¥ satisfies (H3). Then, the harmonic double layer K and
the commutators [Ny, R, 1 < j,k < 3, are compact operators on L*(X).

Before giving the proof, we need to introduce the notion of bounded regular Semmes-
Kenig-Toro domains (regular SKT domains for short) developed by S. Hofmann, M. Mitrea
and M. Taylor in [63].

Definition 3.2.1 (regular SKT Domains). We say that a bounded open set Q C R3 is
a regular Semmes-Kenig-Toro domain, or briefly regular SKT domain, provided ) is two-

sided NTA domain, 0S) is ADR and whose geometric measure theoretic outward unit normal
v € VMO(99, do)3.

Remark 3.2.1. We mention that Definition 3.2.1 is a characterization of reqular SKT do-
mains, for the precise definition we refer to [63, Definition 4.8].

Proof of Proposition 3.2.1. The result follows from the fact that Q. is a regular SKT
domain. To see this, note that bi-Lipschitz mappings preserve the class of two-sided NTA
domains with Ahlfors-David regular boundaries, and the class of regular SKT domains is
invariant under continuously differentiable diffeomorphisms, see [62]. Now, by definition
is locally the region above the graph of a Lipschitz function ¢ : R? — R. Therefore, one
may (and do) assume (via a partition of unity and a local flattening of the boundary) that

Qp ={z=(T,23) € R* xR : 23 > ¢(T)}.

Let I/ : R® — R3 be defined for all (Z,73) € R? x R as F(T,23) := (T,73 + ¢(T)).
Then, it easily follows that F' is a bijective function with inverse F~1 : R? — R? given
by F~Y(@,y3) := (7,93 — ¢(7)) for all (7,y3) € R? x R. Moreover, F' and F~! are both
Lipschitz functions with constants Ly, Lp-1 < (1 4 ||V@||; ). It is clear that Q4 (resp.
Q_) is the image of Ri’_ (resp. Ri) under the bi-Lipschitz homeomorphism F', which also
maps R? x {0} onto X. From this, it follows that 2, is a two-sided NTA domain and ¥ is
ADR (because R? is a two sided NTA domain and R? x {0} is ADR). Since N € VMO(X)3
by assumption, thanks to [63, Theorem 4.21], we know that Q. is a regular SKT domain.
Therefore the claimed result follows by [63, Theorem 4.47]. O

Lemma 3.2.1. Assume that ¥ satisfies (H3). Then {a - N,€&} is a compact operator on
L2(2)4, for all z € C\ ((—o0, —m] U [m, 00)).
Proof. Given g € L?(X)4, then a straightforward computation shows that
fa N, 68} ol(@) = T o) ) + Tiea o)), (3.2.5)

where the kernels K, j = 1,2, are given by

eimm—y\ T —
Ki9) = (o N (@) (Hmm m(a. |x§|))
eimmf | Tz
M/ <Z+m5+\/z2—m2 <a- ‘x_ZO) (a- N(y))
eimm-m -1
T e = [(a- N(z))(ia- (x = y)) + (i (z — y)) (a- N(y))].
Kao) = - (V) (= ) + a- (2 = ) (V).
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3.2. Delta interactions of electrostatic and magnetic type

Using the estimate

eVEE el _ 1’ < ‘\/ 22 — mQ’ ||, (3.2.6)
it easily follows that
sup |Ki(z —y)|=0O(z—y|™") when |z —y| — 0. (3.2.7)

1<k, j<d

Once (3.2.7) has been established, working component by component and using [53, Lemma
3.11], one can show that Tk, is a compact operator in L?(X)*. Now it is straightforward to
check that

N - 3 3
Tie,lg)(w) = Klgl(w) + K[g)(w) + 3 > o [Ny, Re] [g)(=). (3.2.8)

where K denotes the matrix valued harmonic double layer, K* is the associated adjoint
operator, and Ry are the matrix versions of the Riesz transforms. That is, for x € ¥ and
g € L*(X)*, we have

= . N(y)-(z —y)

Klg|(z) = })1{(% oyl wa(y)da(y)a
Rl = tim [ LD ng(y)ao(y) (3.2.9)
Ri[g)(x) = lim Ik Lig(y)do(y).

PN Jja—y|>p Al — y|?
Since the adjoint of a compact operator is a compact operator and «j’s are constants ma-
trices, using Proposition 3.2.1 and working component by component, we get that Tk, is a
compact operator in L2(X)%. Therefore {a.- N, 6Z} is a compact operator in L?(X)* and this
finishes the proof of the lemma. O

Note that Lemma 3.2.1 is not valid for general Lipschitz surfaces. In fact, it turns out
that assuming (H3) means that we are excluding the special class of corner domains. Indeed,
from the proof of Proposition 3.2.1 we know that any bounded Lipschitz domain €2 is an
NTA domain and 3 is ADR. However, the presence of any angle 6 # 0, implies that

dist(N, VMO(, do)3) > 0,

where the distance is taken in BMO(X, do )3, cf. [63, Proposition 4.38] and the discussion that
precedes it. Hence, Q4 is not a regular SKT domain and then by [63, Theorem 4.47] , the
principale value of the harmonic double layer K and the commutators [Nj, Ri], 1 < j,k < 3,
are not compact on L*(X). So, {a - N, %%} is not a compact operator on L?(X)%, and thus
the assumption (H3) is sharp. To make this clearer, we have the following result.

Theorem 3.2.2. Given z € C\ ((—oo, —m] U [m,00)) and let Q4 be a bounded Lipschitz
domain, such that the decomposition R3 = Q; UX U Q_ holds, where Q. = X. Then, ¥
satisfies (H3) if and only if {a- N, €&} is compact in L*(X)%.

Proof. The first implication follows from Lemma 3.2.1. Let us prove the reverse implica-
tion, so assume that {a - N, %6&} is compact in L?(X)*. Recall the definition of the operator
W from (1.3.6). Then, from (3.2.5) it holds that

{a- N, 63} =Tk, + ({U : Jg, W} o ]8’ W}) , (3.2.10)
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where Tk, is a compact operator in L?(X)%. Using this, it follows that
{a- N,%x} is compact in L*(X)* <= {6 - N,W} is compact in L*(%)?. (3.2.11)
Hence, it remains to show that
{o- N,W} is compact in L*(X)? = ¥ satisfies (H3). (3.2.12)

For this, note that from the proof of Proposition 3.2.1 we know that 2 is a two-sided NTA
domain and ¥ is ADR. So 4 satisfies the two-sided corkscrew condition with an ADR
boundary. Hence, Q4 is a UR domain by [63, Corollary 3.9] . Next, we claim that there
exists C' > 0 depending only on the uniform rectifiability and the ADR constants of 3, such
that

dist (N, VMO(99,d0)*) < Cdist ({o - N, W}, K(L*(2)?)) , (3.2.13)

where the distance in the right-hand side is measured in B(L?(X)?). Let us now suppose
that (3.2.13) is true. Since {o - N,W} is compact in L?(X)2, by (3.2.13), it holds that
N € VMO(99,do)3. Therefore, ¥ satisfies (H3), which proves the theorem. Let us now
return to the proof of (3.2.13). Given x,y € R? we define the following multiplication
operator

x@y:=(ic-z)(ic-y)=(0-x)(—0-y). (3.2.14)
Using the anticommutation properties of the Pauli matrices, it is easy to check that:
rOr:=—|z]?, z0y+yozr=-2xz-y)bL, Vz,yecR3.

Now, we make the observation that the multiplication operator defined by (3.2.14) has the
same properties as the multiplication operator in the Clifford algebra Cls (see [63, Section
4.6] for the precise definition). Moreover, W (o - N) plays the same role as the Cauchy-Clifford
operator defined on L?(X) ® Cl3 (i.e. it acts on Clz-valued functions), cf. [63, Section 4.6].
Thus, one can adapt the same arguments of [63, Theorem 4.46] and show that the claim
(3.2.13) holds true, we leave the details for the reader. This completes the proof of the theo-
rem. O

As it was done in [63, Theorem 4.47], one can also characterize the class of bounded
regular SKT domains via the compactness of the anticommutators {o - N, W} in L?(%)?, or
equivalently via the compactness of the anticommutator {a - N, %5} in L?(X)*. This is the
purpose of the following proposition.

Proposition 3.2.2. Let Q C R3 be a bounded two-sided NTA domain with a compact, ADR
boundary. Then the following statements are equivalent:

(i) Q is a reqular SKT domain.

(i) The harmonic double layer K and the commutators [Nj, Ry], 1 < j,k < 3, are compact
operators on L?(09).

(iii) {a - N, Ciq} is a compact operator on L2(9Q)*, for all z € C\ ((—o0, —m] U [m, o0)).

(iv) {o- N,W} is a compact operator on L?(0)2.
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3.2. Delta interactions of electrostatic and magnetic type

Proof. (i) = (ii) is a consequence of [63, Theorem 4.21] and [63, Theorem 4.47].
(ii) = (iii) readily follows from (3.2.5) and (3.2.8). (iii) = (iv) is an immediate conse-
quence of (3.2.11). Finally, (iv) = (i) follows from (3.2.13) and [63, Theorem 4.21]. O

Corollary 3.2.1. Let z € C\ ((—o0, —m] U [m,0)), then Aj . is a Fredholm operator on
L2(2)%

Proof. Fix z € C\ ((—oo0, —m]| U [m, c0)). Observe that
(8,68} o) ) = 2(mIs + 28)5%[g)(x). (3.2.15)
Using this, it follows that

1 1
sgn(k) 4

z z
An,iAn,:t -

2
“i(a- N){a- N, €3} + ﬁ(mh +28)5° + Sg:(ﬂ){a N, %8},
(3.2.16)

As 5% is bounded from L?(X)* to H'/?(X)* (see [81, Theorem 6.11] for example), and the
injection H'/2(X)* into L?(X)* is compact, it follows that S is a compact operator in L?(X)%.
Now, using that €&(a - N) is bounded in L?(X)* and that {a - N,%6&} is a compact operator
on L?(¥)* by Lemma 3.2.1, we thus obtain that €&(a - N){a - N,6&} is a compact operator
on L?(¥)*% Hence AZ _A? | is Fredholm operator and therefore A% 4 is Fredholm operator

H7:F "{7

by [2, Theorem 1.46 (iii)]. This finishes the proof of the corollary. O

Now we are in position to give the proof of Theorem 3.2.1.

Proof of Theorem 3.2.1 Since A}, , is Fredholm for all z € C\ ((—oc0, —m] U [m, o0)),
a direct application of Theorem 3.1.1 yields that Hj is self-adjoint which proves the first
statement of the theorem. Assertions (i), (ii) and (iii) are consequences of Proposition 3.1.1.
Finally, it remains to show (iv). For this, if we let

n= (_ sgisz) T sgil(L%) ’ ng(yk)) ’

then we have

1
AL = Z(—eLL +pf —n(a- N)) + Es. (3.2.17)

Using Proposition 3.1.1-(i) and Lemma 1.3.2 it follows that

0 € Spssc(Af ) <= thereis 0 # g € L*(X)*: — (eIs — 8 = nla - N))g = €[g]

1
sgn(k)

— ng(,_g)(dz; — B —=n(a-N))((e- N)GE)?[g] = €819

= Gl N)E)lg) = {(els — pb + nla- Mo N)]
= thereis 0 # f = ((a- N)E)[g] € LA ()" AL [f]=0

—ac Spdisc(HE) N (_mvm)'

Therefore, a € Spyi,.(Hy) if and only if a € Spgis.(Hz), which proves (iv). This completes
the proof of the theorem. O
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The reader interested on the confinement may wonder if the Dirac operator H, generates
this phenomenon under the assumption that sgn(x) = —4. To clarify and provide an answer
to this question, pick ¢ = u + ®[g] € dom(H,;) and recall the decomposition 3.1.18. Then

. . i
limpy =tyu+lm@q, [g] =tsu+ (6 F =(a- N))|g]
nt nt 2
. . (3.2.18)
— (e wp—nla- M) F e M) g
where in the last equality we used that tyu = —A, [g]. Now, multiplying the identity
(3.2.18) by
1
(et n8+nta- M) £ifa- 1)),
we get
1
(2(6 +uB+na- N)) +i(a- N)) lim s = Fing. (3.2.19)
As consequence, if sgn(k) = —4 and n # 0, then H,, cannot generate confinement. Hence ¥

is penetrable. Clearly, if we set 7 = 0 in (3.2.19), then H, generates confinement, but we
postpone this case to subsection 3.2.3, where we establish that for Lipschitz surfaces.

We finish this part by pointing the following result. Thanks to Proposition 3.2.2, if Q4
is bounded SKT domain then the same arguments used in the proof of Theorem 3.2.1 yields
that A7 , is Fredholm for all z € C\ ((—o0, =m] U [m, c0)). In addition, the compactness in
L?(X)* of the anticommutator {a - N,6&} implies that Spyis.(Hy) N (—m,m) is finite when
u=mn=0. Indeed, we have:

Proposition 3.2.3. Suppose that Q4 is a bounded SKT domain and let H,, be as in (3.1.4).
Then for all k € R? such that sgn(k) # 0,4, H, is self-adjoint. If in addition p = n = 0,
then Spgisc(Hx) N (—m, m) is finite.

Proof. The proof of the first statement follows directly by Theorem 3.1.1 and the Freed-
holmness of A7 | all z € C\ ((—o0,—m]U[m,c0)). The second assertion is consequence of
{a-N ‘52} from Lemma 3.2.1. Indeed, assume that g =7 = 0, and hence Af ; = (1/2 + %%
for a € (—m,m). Now, notice that

Co:= sup |E3| < . (3.2.20)
a€[—m,m]
This follows in the same way as in [11, Lemma 3.2]. Next, recall that for all a € (—m, m) we
have
1
el = — (6%)% (3.2.21)

Thus, there exists a finite or countable family of continuous and non-decreasing functions
Aj : [=m,m] = [1/4Cy, Cp] such that

Sp(€2) = {i;} U{N(a):j eN}U {_4)\j1(a) e N} . (3.2.22)

Now, if we assume that Spgi(Hx) N (—m,m) is not finite, then the same arguments as in
the proof of [16, Theorem 4.4 (iii)] yields that € = 2 or ¢ = —2, which contradicts the fact
that € # 4+2. This achieves the proof. O
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3.2. Delta interactions of electrostatic and magnetic type

3.2.2 Sobolev regularity of dom(H,) for J-interactions supported on the
boundary of a C'*“-domain

In this part, we discuss how the smoothness of the surface supporting the singular per-
turbation affects the Sobolev regularity of dom(H,) in the non-critical case. As shown in
Section 2.2 we know that if  is a C2-smooth compact surface, then dom(H,) C H'(R3\ X)%.
However, such a result may fail if ¥ is less regular. In fact, there are two obstacles that
prevent us from obtaining such a result. The first is that (o - N)A +[g] should belong to
HY 2(¥)4, which clearly fails if ¥ is only C'-smooth, for example. The second reason is that
we also need to extend the anticommutator {a - N, %5} to a bounded operator from L?(X)*
to H'/2(X)*. Although again, we know that behind this operator there are components of
the Riesz transforms as well as the principal value of the harmonic double layer operator and
its adjoint, which do not have this property, even if ¥ is C*“-smooth with w < 1/2.

In the following, we assume that €, is a bounded C!'*-smooth domain with v € (0,1).
The main result of this subsection reads as follows:

Theorem 3.2.3. Let k € R3 be such that sgn(k) # 0,4 and let H, be as in Theorem 3.2.1.
Then H, is self adjoint and the following hold:

(i) If w < 1/2, then for all s < w, we have

dom(Hy) C {u+®g] : u € H' (R}, g € H*(D)" tnu = —Ay 1 [g]} C HY/?H (R \ ).

(ii) If w > 1/2, then

dom(Hy) = {u+ ®g] : u € H' (R, g € HYV()! tsu = —Ac 4 [g]} € H'(R*\ D).

Lemma 3.2.2. There is a constant C' > 0 such that for all x,y € 3, it holds that
IN(z) - (z — )| < Clz —y|*. (3.2.23)
Proof. Note first that if [z — y| > 1, then the Cauchy-Schwarz inequality yields that

1

T IN(z) - (z —y)| < 1. (3.2.24)

which gives the result for |x — y| > 1, so it remains to prove the statement for |z — y| < 1.
Without loss of generality (after translation and rotation if necessary), we may assume that
x = 0and N(z) = (0,0,1). There is a C'*-smooth function ¢ : B(0,1) C R? — R such
that ¢(0) =0, |[V¢(0)] =0 and

B(0,1)NY = {z = (21,72,73) : 13 = (z1,22)}.
Then we get
IN() - (x = )| = lys| = [6(y1,y2)| < Cly["T. (3.2.25)

Therefore the statement is proven since X is compact. ]

In the following proposition, we prove that {a- N, %s} is bounded from L?(X)* to H*(X)4,
for all s € (0,w). This result should be compared to [21, Proposition 3.10], where the authors
showed that for ¥ a C%-smooth compact surface, the commutator of the Cauchy operator %
with a Holder continuous function of order a € (0, 1) is bounded from L?*(X)?* to H*(X)?, for
all s € (0,a). In fact, both results are identical modulo a slight change of the assumptions.
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Lemma 3.2.3. Suppose that ¥ is C*“. Then, for all s € (0,w), the anticommutator {c -
N, %5} is a bounded operator from L*(X)* to H5(X)* .

Proof. Let g € L?(X)*, in the same manner as in the proof of Lemma 3.2.1, one can
check that

{a- N, 6s}gl(z) = /yEE K'(2,y)g(y)dS(y) + K*[g)(z) := Txr[g)(x) + K*[g](x), (3.2.26)

where K* is defined by (3.2.9) and the kernel K’ is given by

o—mle—y|

K'(z,y) =¢(z —y)(a- (N(y) — N(z))

e_mlw_y| — ]_

- mm(l\f(x) (r—y))

- W(N(x) (z—y))a

As ¥ is C'-smooth, there is a constant C > 0 such that |N(x) — N(y)| < C|z — y|. Using
this, the estimate (3.2.6) and Lemma 4.4.5, we obtain that |K'(z,y)| < C|z — y|~'. This
implies that the integral operator Tx is not singular. Since N is in the Holder class C%%(X)*,
for x,y, z € ¥ such that |z—y| < |x—z|/4, following the same arguments as in [21, Proposition
3.10] one can show that

' / lz -yl
|K (3372) _K(y’z)’ < C’CL'—Z|2'

Thus, [21, Lemma A.3] yields that Tk is bounded from L*(£)* to H'(X)*, and hence Tk is
bounded from L?(X)* to H*(X)*, for all s € (0,w). Finally, the fact that K* is bounded from
L2(2)* onto H*(X)4, for all s € (0,w), follows by [101, p. 165] . This completes the proof of

the lemma. O

We are now in a position to give the proof of Theorem 3.2.3:

Proof of Theorem 3.2.3. The first statement is a direct consequence of Theorem 3.2.1.
The second statement follows by the same method as in Theorem 2.2.1. Indeed, fix w € (0,1)
and assume that ¥ is 0, and let g € L?(%)? be such that A, 4 [g] € H/2(X)%. Note that the
multiplication by N is bounded in H*(X)? for all s € [0,w) (see, e.g., [21, Lemma A.2] ) and
%5 is bounded from H'/2(¥)?* into itself. Therefore, we obtain that A, A, . [g] € H3(2)?,
for all s € [0,w). Now, observe that

b
sgn (k)

1 2
Ap Ay = — - —{a- NG} a- N)bs + - T g o N, ),

gn(s)  sgn(k)
here we used the fact that

¢s(a-N){a-N,¢s} ={a-N,é¢x}(a- N)&x.

Thus we get
_ dlsmnir)) O TR
9_4_Sgn(ﬁ)<AR’_A“’++{ N, ¢z} (a- N)es sgn(fi){ N e} sgn(/i)s>[g]’
(3.2.27)

As G5 (- N) is bounded from L?(X)* into itself and S is bounded from L?(X)* to H'/2(X)%,
by combining Lemma 3.2.3 and (3.2.27) it follows that g € H*(X)*, for all s € [0,w). Notice
that for all w € [0,1/2] and all s € (0,w), the operator ® gives rise to a bounded operator
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d: H5(D)* — HY/?H5(R3\ £)% Indeed, recall that for any g € H*(X)* we have ®[g] = (-
ia - V +mfB3)S[g], where § is the single layer potential associated to (—A + m?), that is

efm[xfy‘

S[g)(x) = Lig(y)do(y), Ve eR*\%.

s dmlz — y|
By [81, Theorem 6.13] we know that § is bounded from H*(X)* to H3/25(R3\ X)* for any
s € (0,w), which means that ® is bounded from H*(X)* to H'/?*5(R3\ )%, Hence, from
the above considerations we get the inclusions in (i). Finally, if w > 1/2, we then obtain that
g € H'/?2(2)* and therefore ®[g] € H*(R?\ X)* holds by Proposition 1.3.3, which gives the
equality in (ii) and completes the proof of the theorem. ]

Remark 3.2.2. Note that if sgn(x) ¢ {0,4}, and ¥ is C*¥-smooth with v € (1/2,1), then
using the same technique as in Section 2.2 one can show that H, is self-adjoint. In fact,
as {a - N, s} is self-adjoint, and bounded from L*(X)* to HY?(X)%, by duality, we can
extend it to a bounded operator from H~'/2(£)* to L*(X)%. Hence, by iterating twice the
same argument of the proof of Theorem 2.2.1, we then get that

dom(Hy) = {u+®[g] :ue H (R}, g € H(2)! t5u = — Ay 4 [g]},

which proves the self-adjointness of H, in this case.

3.2.3 J-interactions supported on the boundary of a bounded uniformly
rectifiable domain

Here we discuss special cases where we can show the self-adjointness of H, when € is
bounded uniformly rectifiable and 7 = 0. The idea is to identify some situations where the
operator A, 1 gives rise to a Fredholm operator, and thereby use Theorem 3.1.1 to get the
self-adjointness of H,. So in this subsection the domain €2 is UR unless stated otherwise, and
we suppose that n = 0. Thus, H, coincides with H, ,, the Dirac operator with electrostatic
and Lorentz scalar d-shell interactions supported on Y. The first main result on the spectral
properties of the Dirac operator H , reads as follows:

Theorem 3.2.4. Let (e,1) € R? be such that 0 < |2 — p?| < 1/H<€g||%2(2)4_w2(2)4, then
H., is self-adjoint. In particular, if Q4 is Lipschitz and there is zo € C\ R, such that
€2 — p?| < 1/HC§0H%Q(E)4HL2(E)4, then it holds that

Spess(HE,,u) = (—OO, _m] U [m, +OO) (3228)
Proof. Fix ¢, u € R such that
0< e —p? < 1/||%§HQL2(E)4aL2(E)47

holds for some z € C \ ((—oo,—m] U [m,00)). Then, from the proof of Corollary 3.2.1 we
have

z z 1 2\2 2:“’ z
A(e,u),:F (e;,), = — 2 _ MQ - (CKE) + 2 _ N2 (le + ZB)S ) (3229)

Recall that 4§ is bounded in L?(X)*. Using Neumann’s lemma, it follows that

M. = (I = (& = p)(3)?),
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is a bounded invertible operator in L?(¥)*. Now, since (ml; + z3) is bounded and S is
compact on L?(X)*, we therefore get that K, := 62277‘22(771]4 + 2/3)S* is compact on L%(X)*.
Combining this with (3.2.29), we obtain that

Lo (€ MN gy N e = (= WM 32,30
I (e~ “Q)Afe,u)HrA( ), — M= —(& - p*) K. M (32:50)
As M7 1A(6 - and AT M1 are bounded operators on L?(X)*, M 1K, and K, M, ! a

compact on L?(X)*, then [2, Theorem 1.50 and Theorem 1.51] yields that Al 418 Fredholm
Hence, the first statement is a direct consequence of Theorem 3.1.1 and the fact that A ) +

is a self-adjoint, Fredholm operator on L?(X)*. Since Af?,u), 4 is Fredholm by assumption, by
Proposition 3.1.1 we easily get the last statement. O

Remark 3.2.3. From Lemma 1.5.2(iv) we know that ||€&| > 1/2, which implies that |€ —
u?| < 4. Hence, the combination of coupling constants € and u is not critical. Of course, we
already know that the above result is false in the case € — u? = 4. Also, note that Theorem
3.2./ remains valid if one control the norm of the Cauchy operator instead of controlling
€2 — u2|. However, this may affect the geometric characterization of ¥, leading to an increase
in reqularity.

As mentioned in the introduction, the existence of a unique self-adjoint realization of the
two dimensional Dirac operator with pure Lorentz scalar d-interactions was shown in [92] for
m =0 and p € (—2,2), where ¥ is a closed curve with finitely many corners. It seems that
their assumption (i.e., the restriction that p must lie in (—2,2)) is related to the assumption
we made in the Theorem 3.2.4.

Although Theorem 3.2.4 gives an upper bound for |e* — 1?| so that H., is self-adjoint,
this is not satisfactory in the sense that this bound involves ||<€2H2L2(2)4 _y12(x)+» Which is not
easy to quantify. In what follow, we are going to remove this restriction by imposing a better
quantitative assumption than the one of Theorem 3.2.4.

Theorem 3.2.5. Let (e, u) € R? be such that |e| # |u|, and let (He ,,dom(He,)) be as above.
Assume that € and p satisfy one of the the following assumptions:

(a) € —p? < 1/HWHZL2(2)2_>L2(2)2-

(b) € =12 > 16| W22 (52 12(s)2-

Then H, , is self-adjoint. In particular, if Q is Lipschitz, then the following statements hold
true:

(i) Given a € (—m,m), then Kr(H , — a) # {0} <= Kr( ) # {0}.
(i) SPaisc(Heyu) O (—m,m) is finite.
(i5i) For all z € C\R, it holds that
(Hep—2)70 = (H = 2)71 = 95(AF ) )" ts(H —2) 7L

(7:’[)) Spess(Hﬁuu) = (7007 7m] U [m’ JrOO)

(v) a € Sp,(He,) if and only if a € Sp,(H PR ), for all a € (—m,m).
e2—p?’e2—p

(vi) Co := SUP,e|—m,m] €2 < 00. Moreover, Spyise(He ) N (=m,m) = 0 either if e — p| <
1/Co and e + pu| < 1/Co, or if |e — p| > 4Cy and |e + p| > 4Cp.
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3.2. Delta interactions of electrostatic and magnetic type

(vit) If e =0 and p > 0, then Spgise(He,u) N (—m,m) = 0.

Proof. To prove the theorem, in both situations, we show that Afe,;t), + is Fredholm for all
z € C\ ((—o0, —m] U [m,00)). Once this is shown, we use the fact that A ,) 4 is a bounded
self-adjoint operator, and we conclude by using Theorem 3.1.1 to obtain the first statement
of the theorem. So, fix €, u € R such that || # |u|, and let z € C\ ((—o0, —m] U [m, 00)).

Then, from the definition of €& it follows that

Ci =T + <V([)/ ‘g/> =TE + W, (3.2.31)
where the kernel K satisfies
sup |K(z—y)|=0 (|x - y\_l) when |z —y| — 0. (3.2.32)

1<k,j<4

Hence, T% is compact in L?(X)%. Therefore, in the same way as in (3.2.29) we get that

z z 1 W z z 1A/ 21 2
Mew#Mewt = 2= 2 W2+ (T ) +{Tk. W} + m(mﬂx +28)S
1 _
= - W? 4 Ty,

2 — 2

(3.2.33)

where Ty is compact in L?(X)*. Now, observe that

N 2

W2 = (W 1/32) ‘
As W is a bounded self-adjoint operator in L?(X)2, it follows that W2 is a nonnegative,
self-adjoint operator on L?(X)*. Hence, we get

Sp(W2) C (07 ”WH2L2(E)2—>L2(E)2} :

From this, it follows that 1/(e2 — 12) belongs to the resolvent set of W2 when €2 < p2.
Similarly, if 0 < € — i < 1/HWH%%E)?ﬁLQ(E)QjOIdS? then 1/(e* — 1) > W12 (52, r2 (2
and thus 1/(e? — p?) is not in the spectrum of W2. Hence, if assumption (a) holds true, then
I1— (€2 — u?)W? in invertible on L?(X)*. In that case, similar arguments to those of the proof
of Theorem 3.2.4 yield that A'(Z6 )t is Fredholm.

Now assume that assumption (b) holds true. Then, from Lemma 1.3.2 we know that W
is invertible on L?(X)% and W~! = —4(o - N)W (o - N). Thus, from (3.2.33) it follows that

(2 = ) WALy Aoy = WP = (€ = W) a4 (& — @) (W) Tk, (3.2.34)

(€~ BNy Ny (W = ()2 (€ — i) s+ (& — p2)Tic (W)

,—

As HWHLQ(E)4_>L2(Z)4 = [|[Wll12(2)2— 12(n))2, using again Lemma 1.3.2 we get that

HWAHL2(E)4—>L2(Z)4 < 4HWHL2(2)4—>L2(2)4 = 4|W|12(2)25 12(x)2 (3.2.35)

Hence, if €2 — p% > 16HWH2L2(2)2—>L2(2)27 then €2 — p? > HW_1H2L2(2)4_>L2(2)4. Thus € — p?

is not in the spectrum of (W~1)2. Thereby W1 — (¢2 — 1i2)I; is invertible on L2(X)%. Now,
from (3.2.34) it follows that

— -1 —
L= (@ =) (W2 = (@ = p)L) (WAL Al = Tra,
1

2 2\ A2 z -2 ((1r7—1\2 2 2 - (3'2'36)
I = (€ = 1) A7y i Ny -V (W = (@ = i)1) =T,
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where Tk, , Tk, € K(L*(X)*). Thereby, [2, Theorem 1.50 and Theorem 1.51] yields that
Afe#)’ 4 is Fredholm, and this finishes the proof of the first statement.

Item (i) is a consequence of Proposition 3.1.1. The proof of the assertions (ii), (iii), (iv)
and (v) runs as in the proof of Theorem 3.2.1. Now we turn to the proof of item (vi). The
first claim of statement is contained in [11, Lemma 3.2] (see also [16, Proposition 3.5]), for
C?-compact surfaces, and the same arguments apply to the Lipschitz case. To prove the last

claim of (v), note that for all a € (—m,m) we have
0€ SpdiSC(A?Qu),—‘,-) — —-le Spdisc((ELL + Mﬁ)igg) (3237)

Using the first claim of (vi), it follows that if |e — u| < 1/Cp and |e + pu| < 1/Cp, then
I(els + pB) 65N L2(myror2(mys < 1.
Therefore, —1 ¢ Spgis.((€ls + pB)6%). Hence, (3.2.37) together with assertion (i) yield that
SPaise(He,u) N (=m,m) = 0.

Using the equivalence given by (v), and iterating the previous arguments we easily recover
the case |e — u| > 4Cy and |e + p| > 4Cp, which gives (vi).

Finally, the assertion (vii) is a consequence of (i). Indeed, suppose that ¢ = 0 and fix
a € (—m,m). Then we have

1 2
(Ao )" = 2 + (63)? + ;(mL; +af)S°.

As S% is a positive operator in L?(X)* for all @ € (—m,m); cf. [11, Lemma 4.2], it follows
that

2
(62)? + ;(mL; +afB)S,

is also a positive operator for p > 0. Therefore, 0 ¢ Sp(A?O ) ) for all @ € (—m,m), which
proves (vi). This completes the proof of theorem. O

Remark 3.2.4. Assume that Q4 is Lipschitz. Then, using essentially the same arguments as
in the proof of Theorem 3.2.5, one can show that, if for all a € (—m, m) one of the following
assumptions holds

(2) 16[1B2 1 F2yasp2(syn < € =1y (b) € = p® < /G Fepyassro(smyas
then H., is self-adjoint. Moreover, if p =0, then from Theorem 3.2.5-(v) it follows that
Spdisc(HE,O) N (_m7 m) - Q)v
see also [11, Theorem 3.3] and [16, Theorem 4.4] for a similar result.

Remark 3.2.5. Assume that Q4 is UR. Then, using exactly the same technique as in the
proof of Theorem 3.2.5, one can show that the coupling (H + éy50x) is self-adjoint under the
assumption (a) or (b), with u = 0.

Remark 3.2.6. Note that in Theorem 3.2.5, the combination of the coupling constants € and
W is not critical. Moreover, there is an interval J C Ry, such that we have no information
on the self-adjointness character of H ,, if €2 — p? € J. We would also note that if Q. is a
ball, the interval reduces to the point J = {4}, since ||W|| = 1/2; ¢f. [12, Lemma 4.2]
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3.2. Delta interactions of electrostatic and magnetic type

Next, we discuss the particular case €2 — pu? = —4. Assume that Q, is Lipschitz, then it
is clear that (P4) holds true. Thus, if we let

P = (17 5+ na)(a M)

As a consequence of proposition 3.1.3 we have the following result.

Proposition 3.2.4. Assume that Q, is Lipschitz. Let (e, 1) € R? be such that € — p? = —4,
and let He,, be as in Theorem 3.2.5. Then X is impenetrable and it holds that

Heyp = H () @ HE (p2) = (—ia- V + mB) pp @ (—ia- V + mB) (3.2.38)

where H?ff are the self-adjoint Dirac operators defined on
dom(ng) = {gpi =uq, + Po,[g],ua, € HY Q)Y ge LX) : Py linannpi = 0} .

Remark 3.2.7. By Taking e = 0 in Theorem 3.2.5 (a), we conclude that if Q4 is UR, then
Hy ,, is always self-adjoint. Moreover, Hy, generates confinement when p = £2, for any
compact Lipschitz surface 2.

The reason we assumed that nn = 0 is purely technical. The following proposition is about
the self-adjointness of the coupling H + n(« - N)ds.

Proposition 3.2.5. Assume that Q04 is UR. Let n € R\ {0}, set x = (0,0,n) and let H,; be
as above. Then Hy is self-adjoint and we have

dom(Hy) = {u+@[-4i2(* + 4) " (a- N)Ar, (o N)[twu]] - u € H'(R)'}.
Moreover, If Q4 is Lipschitz, then the spectrum of H, is given by
Sp(Hy) = Spess(Hy) = (—00, —m] U [m, +00). (3.2.39)

Remark 3.2.8. [t is worth noting that in 2D the analog of the coupling H + n(a - N)dy, is
unitarily equivalent to the two-dimensional Dirac operator, see [41, Theorem 2.1] for more
details.

Proof. Assume that n € R\ {0} and fix z € C\ ((—00, —=m] U [m, o0)). Recall that A} ,
are given by

1
' n

Now, using Lemma 1.3.2, a simple computation yields

2
(n(c- N)AZ (- N)AZ = A7 (n(a- N)AZ (- N) =1+ L.

Therefore, A7 | is invertible with (A7 ,)™! = 4n*(n* +4) ' (a- N)AZ _(a- N). In particular,
A% is Fredholm for all z € C\ ((—o00, —m] U [m, 0)). As A,  is invertible and self-adjoint in
L%(%)*, using Theorem 3.1.1 we then get the first statement. That Sp(H,) is characterized by
(3.2.39) is a consequence of Proposition 3.1.1. This completes the proof of the proposition. [
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To finish this part, we briefly discuss the particular case p = +e. Assume that Q4 is
Lipschitz and given e € R\ {0}, recall that H , is defined on the domain

dom(He +¢) = {u + ®[g] :u e HY(R?)?*, g € PLL*(X)* and Pyptyu = —AE7+[g]} , (3.2.40)

where A+ are given by

A67+ = _P+ (1/264—(52) P+ and A€7_ = P+ (1/26—%2)P+, lfﬂ = €,
Ay =P (1/2¢+%x) P and A =P_(1/2e —¢5) P-, if p= —¢,

where Py = (Iy + 3)/2, see Proposition 2.2.4.

The following proposition is about the self-adjointness of H 4. Its proof follows exactly
the same lines as the proof of Theorem 3.1.1, so we will only reproduce the main ideas here.
In the proof, we use the notations (, )gs and (, )y for the scalar product in L?(R?)* and
L%(%)*, respectively.

Proposition 3.2.6. Let ¢ € R\ {0} and assume that Q4 is a bounded Lipschitz domain.
Then H. . is self-adjoint and it holds that

dom(Heso) = {u+ g s u e H'(R), g € PLHYA(M)!, Putsu = A1 [g]}.  (3.241)

Proof. The cases ¢ = u and € = p are almost identical, so we only sketch a proof for
€ = p. It is clear that H, . is symmetric and densely defined on dom(H, ). Hence, it remains
to prove the inclusions H;, C H., and that dom(Hc,) is given by (3.2.41). First, observe
that

1 1

A€7,A67+ = A57+A677 = @‘F{F — P+C€EP+(€2P+ = 462 P+ — m2(5)2P+. (3242)

where in the last equality the anticommutation relations of the Dirac matrices were used. As
A+ is bounded and self-adjoint in Py L?(¥)?, and S is bounded from H~1/2(X)* to HY/?(%)*,
we get by [2, Theorem 1.46 (iii)] that A is a Fredholm operator in Py L?(X)*. Therefore
{®[g] : g € Kr(A¢+)} is closed and the following decomposition holds

P, L*(2)* = Kr(A.4) @ Rn(A ). (3.2.43)

Now we are going to show that H C Hc.. To this end, it is sufficient to prove that
G(H?.) C G(Hee), where G(H?,) (resp. G(He.)) denotes the graph of HY  (resp. He).
Once we know this, it follows immediately from the regularization property of S and (3.2.42)
that, if u + ®[g] € dom(H,) then g € P, H'/?(%)*, which implies that dom(H, ) is given by
(3.2.41).

In what follows we will adapt the proof of Theorem 3.1.1 to the current case. Let (¢, G) €

G(H,), then it holds that

<He,6807 w>R3 = <907 G>R3a VQO =u+ (I)[g] € dom(H€7€)'

As H71G € HY(R?)*, from (3.2.43) it follows that PitxH 'G = h + A 4[f], with h €
Kr(A¢ ). Since ®[h] € dom(H, ) and H, P[h] = 0, we thus get

0= (He ®[h],1)ps = (®[h],G)ps = (h,tsH 'G)s = (h, Pyts H'G)y,

where in the last equalities [10, Lemma 2.10] was used. As PytsH G = h + A4 [f] and
Ac 1 [h] = 0, using the self-adjointness of A ; we obtain that 0 = (h, P ts H7'G)s = (h, h)s.
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3.2. Delta interactions of electrostatic and magnetic type

From this, we conclude that P, tsH 'G = Ac+[f]. Hence, the previous conclusion together
with [10, Lemma 2.10] yield that

(Hu,$)ps = (u+ ®[g], G)gs = (Hu, H ' G)gs + (9, tsH ' G) 2y
— (Hu, H™ Ggs + (9, Aecs [f))s = (Hu, B G)as — {tsu, f)s,
for any ¢ = u + ®[g] € dom(H, ). Notice that
Pitsu= PitsHH 'u =ts HH ' P u =ty P, u. (3.2.44)

Using this, from the above computations it follows that (Hu,)gs = (Hu, H 'G — ®[f])ps.
Hence, we get

(Hu,vp — (H'G — ®[f]))gs =0 for all u € H'(R*)* such that Pytsu € Rn(A. ).

As Ac 4 is Fredholm and self-adjoint, we get by [10, Lemma 2.10] and (3.2.44) that: Pitxu €
Rn(Ac4) if and only if 0 = (tsu, h)y, = (Hu, ®[h])gs for all h € Kr(A¢ ). Which implies
that ¢ — H'G + ®[f] € {®[g] : g € Kr(Ac4)}. Thus, for all (¢, G) € G(H;,), there exist
(hj)jen C Kr(Ae+) and f € Rn(Ac +) such that the following hold:

lim ®[h;] = ®[h] € dom(H,) with h € Kr(Ac ),

Jj—00
¢ = lim (H'G — ®[f] + ®[h;]) = H'G — ®[f] + ®[h] in L*(R?)*%.
j—oo
Since He(H'G — ®[f] + ®[h;]) = G for all j € N, we then get G(H?,) C G(He), which
completes the proof. ]
3.2.4 Spectral properties of H; and Hj;

In this part, we briefly discuss the spectral properties of the Dirac operators Hj; and Hj
defined by (3.2.1). Recall that for fi, 0 € R\ {0}, the operators AZ ; and AZ , are given by

7 1
Ax = 5'755 + 65 and AF | = 5755(04 -N) £ %5, (3.2.45)

The following two propositions summarise the main spectral properties of H;. We remark
that Hj has almost the same properties as the coupling (H + pfdy,), and this is the reason
why we called the potential V}; the modified Lorentz scalar d-potential.

Proposition 3.2.7. Let i € R\ {0} and assume that Q. is UR, then (Hp,dom(Hp)) is
self-adjoint. In particular, if Q4 is Lipschitz, then the following hold:

(1) SPess(Hp) = (=00, —m] U [m, +00).
(i) If i? = 4, then Hj generates confinement and we have
Hyp = H§+g0+ ® Hg‘gp_ = (—ia-V+mp) s & (—ia-V+mp)p_,

where ngzi are the self-adjoint Dirac operators defined on
Qi . 1 4 2 (y\4
dom(H,™) = {UQi + @q, (9] uq, € H(21)%, g € L*(X)* and

<; ¥ ;vﬁ(a : N)) (tug, + Cilg]) = 0}‘
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Proof. Fix z € C\ ((—o0, —m] U [m, 0)), and observe that

{8, 65}t = 2275 85" (3.2.46)

Now, using (3.2.31), similar arguments as in the proof of Theorem 3.2.5 yield that
1 = i
(A7) = 2 + W2+ ﬁ{%ﬁ, €&} + T, (3.2.47)

where T, € K(L*(X)*). Thus (A7 ;) is Fredholm, for all z € C\ ((—o0, —m] U [m, c0)).
Therefore, Hj is self-adjoint by Theorem 3.1.1. Assertion (i) follows by Proposition 3.1.1.
Now it is easy to check that (1/2F %75ﬁ(0[ - N)) are projectors, thus the property (P3) holds
true. Therefore, (ii) is a direct consequence of Proposition 3.1.3. This completes the proof of
the proposition. O

The following proposition gives us more information about the spectrum of Hj in the
case of C1* domains. The arguments of the proof are rather standard, so we are not going
to give a complete proof.

Proposition 3.2.8. Assume that Q0 is C'“-smooth with v > 1/2, and let Hpy be as in
Proposition 3.2.7. Then, the following is true:

(i) The spectrum of Hy is symmetric with respect to 0.
(71) Spaisc(Hp) N (—m,m) is finite, and every eigenvalue of Hy has even multiplicity.
(111) Hp is unitarily equivalent to H_j.
(i) a € Sp,(Hpy) if and only if a € Sp,(H_4), for all a € (—m,m).
i

(v) There is Co > 0 such that Spgise(Hp) N (—m, m) = 0 either if || < 1/Cy or if |i] > 4Cp.
Proof. First, observe that for all i € R\ {0}, dom(H;) C H'(R3\ £)* (this follows in
the same way as in Theorem 3.2.3). Moreover, H; acts in the sense of distributions as

Hpp = (=iV-a+mf) oy & (=iV - a+mp) ¢, (3.2.48)

on the domain

dom(Hg) = {o = (o) € HYR) © HYQL)'

(; - ;%B(a : N)> tepy = — (; + ;755(04 ‘ N)) tESO—}-

Now assertions (i) and the fact that every eigenvalue of H; has even multiplicity can be proved
as much as [66, Theorem 2.3]. Also, that Spyi,.(Hp) N (—m,m) is finite can be deduced by
applying the same arguments as Theorem 2.3.2.

In order to prove (iii) we define the operator

T(yp) = s8¢, V¢ € LR (3.2.49)

Then, a simple computation yields that 72(z) = — and T(H (¢))) = —H(T(1))). Moreover,
it is easy to verify that

1

(5% 98- M) (utsgs) =298 (5 F 29800~ N) ) s
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3.2. Delta interactions of electrostatic and magnetic type

Hence, we conclude that ¢ € dom(H}) if and only if T'(¢) € dom(H_;), which proves (iii). Fi-
nally, the assertions (iv) and (v) can be proved in the same way as Theorem 3.2.5(v)-(vi). O

We now move on to the spectral study of the operator H. Again, we note that Hj has
almost the same spectral properties as (H + ivf(a - N)dy). In the following proposition, we
are only interested in the self-adjointness character of Hy, we omit the other specific spectral
properties since they can be derived from Theorem 2.4.1 and Theorem 2.4.2

Proposition 3.2.9. Let 0 € R\ {0} and let (Hy,dom(Hy)) be as in (3.1.4). Then, the
following hold true:

(i) If Q4 is a regular SKT domain and ©* # 4, then (Hz,dom(Hy)) is self-adjoint.

(ii) If Q. is a C?*-smooth domain and ©* = 4, then (Hg,dom(Hp)) is essentially self-adjoint
and generates confinement, and we have

Hsp = ng*cer ® Hg‘cp_ = (—ia-V+mp) oy & (—ia- V+mp) o,
where Hgi are the self-adjoint Dirac operators defined on

1 .
dom(ngi) = {cpi € L2(Qi)4 (o V)py € L2(Qi)4 and <2 + ;755) typy = O}.

Proof. Let z € C\ ((—oo, —m] U [m, c0)), then

z z 1 - 1 .
A5 ehie = = — (68)" = —[5B(a- N), €3], (3.2.50)
Now, observe that
1 —_—
ShisBla- N), €] = mps(a- N), 57 +358(T: + {a - N, W}), (3.2.51)

where W is given by (3.2.31), and T is an integral operator with kernel K, given by:

ei\/mkn— |
K (o.9) =V =P (0 N@)a- (0 =3) + - (2 = 9)(a- V()
eiVzi—m2la—y| _q
e [l N@)lia- (2= 9) + (o (2 =) (0 N

Clearly, T,, [ys(a.- N), S?] € K(L*(£)*). Thus, using Proposition 3.2.2 we get that

2
44@; _T (3.2.52)

A%,ngﬁ =
with T, € K(L2(X)Y). Thus, if Q is a regular SKT domain and ©2 # 4, then similar
arguments to those of the proof of Theorem 3.2.5 yield that A . is Fredholm, for all z €
C\ ((—o0, =m] U [m, 00)). Therefore, (i) follows by Theorem 3.1.1.

Now we are going to prove (ii), we only consider the case © = 2, since the case 0 = —2
can be treated analogously. So assume that € is a C?-smooth, then it is clear that & = 2
is a critical parameter, and (P1) holds true. Thus, Ay + extends to a bounded operator from
H~1/2(%)* onto itself by Proposition 1.3.3.
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Since 1~X2,+ + 1~X27_ = v508(c - N), we then deduce that
K2’+(’y5ﬁ(05 - N))‘KZ— = A27+/~\2’+K2’_ + K2’+/~\27_K2’_, (3253)

Thus, using the same arguments as in the proof of Lemma 1.3.5 one can show that 1~X27+1~X2,_
and /~X2,+1~\27_ are bounded from H~'/2(%)* to H'/?(£)*. Hence, (P2) also holds true and thus
Ho is essentially self-adjoint and generates confinement by Theorem 3.1.2 and Proposition
3.1.4, because (P’3) also holds true. This proves (ii) and complets the proof of the proposition.

O

3.3 On the confinement induced by delta interactions involv-
ing the Cauchy operator

In this section, we are interested in the families of Dirac operators given by

(—m,m) 3 a+—— Hy ) = H+ \650s, XeR\{0},

3.3.1
(=m,m)>a+— Hyy = H+ N(a-N)E:(a-N)dy, N eR\{0}. ( )

As we have already mentioned in the beginning of this chapter, the above families of Dirac
operators involve the Calderon projectors and their adjoint operator:

(37i8 M) and (Fia- M), (332)

for A\, \ € {—4,4}, and hence they induce confinement. So throughout this section we focus
only on those two cases.
First, we study the Dirac operators H, x. As usual we let

‘L= —%(a N)BE (- N) + G (3.3.3)
and
dom(H, ) = {u +®[g] :u € H'(R®)?*, g € L*(2)* and tyu = —A>\,+[g]}. (3.3.4)

The following proposition is about the basic spectral properties of H,, y.
Proposition 3.3.1. Let H, ) be as in (4.5.2). The following hold true:

(1) If Q4 is a UR domain and A\ = 4, then (H, ,dom(H,
(=m,m). Moreover, if Q4 is Lipschitz, then a ¢ Sp(H,
following hold:

)) is self-adjoint for all a €
), X is impenetrable and the

A
A

)

(a) Honp = Hop @ Hyy oo = (—ia-V+mp) gy & (—ia -V +mp)p_, where

Hc?f are the self-adjoint Dirac operators defined on
dom(H(?j) = {UQi + @, [g] ua, € H' (Q+)Y, g € LA(D)* and
1 .
(2 Fi(a- N)(f2> (tyuq, + Cilg]) = 0}.

(b) Spess(Ha)\) = (_007 —’I?’L] U [’I’)’L, +OO)
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3.3. On the confinement induced by delta interactions involving the Cauchy operator

(i) If Q4 is a C%-smooth domain and X = —4, then (H, ,dom(H,)) is essentially self-
adjoint. Moreover, we have

Q Q_ . .
Hopp=H, o+ @ H, o = (i V+mB) oy & (—ia- V+mpB) e,

where Hgf are the self-adjoint Dirac operators defined on
1 .
dom(H4) = {tpi € L2(Q0)* : (0 V)ps € L2(Qu)* and (2 +i(a- N)%g) b — o}.

Proof. First we prove (i), so assume that {24 is a UR domain and A = 4. Fixa € (—m, m),
then using the decomposition (3.2.31) we obtain that

i = (0 N)IW(a N) 4 T 4+ T = ~d(a- M)W (0 N)(G+ %) +T;  (3.35)

where T € K(L?(£)%). Since (a - N)W (a - N) and (1/4 + W?2) are invertible in L2()%, by
[2, Theorem 1.50 and Theorem 1.51] it follows that Ay y is a Fredholm operator. As Ay 4 is
self-adjoint in L*(X)4, by Theorem 3.1.1 we conclude that (H, x,dom(H, ,)) is self-adjoint
for all @ € (—m, m), which proves the first statement of (i). Now assume that . is Lipschitz,
and observe that

S+ = (- N)EG(a- N)+ %65 = —4(a- N)6s(a- N)(% + (69)2). (3.3.6)

Then, the same reasoning as before yields that Af , is invertible for all a € (—m, m). There-
fore, by Proposition 3.1.1-(i) it follows that a ¢ Sp(H, ). Item (a) and (b) are consequences
of Proposition 1.3.2 and Proposition 3.1.3, respectively. This finishes the proof of (i).

Now, we prove (ii), so assume that €, is C?-smooth and A = —4. It is clear that AL €
K(L*(X)*), therefore A = —4 is a critical parameter. Also, observe that the properties (P1)
and (P’3) hold true by Proposition 1.3.3. Thus, the only thing left to check is the property
(P2). To this end, recall again the decomposition (3.2.31), then we make the observation
that in order to prove that {a - N, €&} extends to a bounded operator from H~1/2(X)* to
H'/2(%)* (see the proof of Lemma 1.3.5 and Remark 1.3.5, see also [90, Proposition 2.8]), the
most delicate part is to show that {a- N, W} extends to a bounded operator from H—1/2(x)4
to H'/2(X)*, because the kernel of T behaves locally as |z —y|~ and thus T extends to a
bounded operator from H~1/2(X)* to HY/2(X)4, even if ¥ is Lipschitz. Now, a straightforward
computation shows that

M1 B8R~ = (- N)Tfe(a - N) + T + (- N)W(or- N) + W) G8A, - .
= (- N)Tfe(a - N) + TR + (- N){a- N,W}) 684, . a

Combining this with the above observation, and taking into account the fact that N is C'-

smooth we then get the property (P2). Therefore, item (ii) follows by Theorem 3.1.2 and

Proposition 3.1.4. This achieves the proof of the proposition. O
Now we turn to the analysis of the Dirac operator H, y». We recall that

4
i’,-‘r = _ycgg + (557 for all (CL, )‘/) 7& (074) (338)

The case (a, ') = (0,4) is special, we will discuss it separately in the end of this section. The
main result about the self-adjointness of H, y/ reads as follows.
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3. Analysis of Dirac operators with §-interactions supported on the boundaries of rough
domains

Proposition 3.3.2. Let (H, ,dom(H, x)) be as above. The following hold:

(i) If Qy is a UR domain and N = —4 , then (H, »,dom(H, x)) is self-adjoint. Moreover,
if Q4 is Lipschitz, then a ¢ Sp(Hg ), ¥ is impenetrable and we have
Hon(p) = Hyb (o) & Hyy(9-) = (—ia - V +mpB) g & (—ie- V+mpB) o (3.3.9)

a,

where Hizf/ are the self-adjoint Dirac operators defined on
dom(Hgfl) = {UQi + ®q, [g] o, € H (Q1)Y g € LA(2)* and

(; + 165 (a - N)) (tsua, + Cxg]) = 0}.

(ii) If Q, is a C?-smooth domain, N =4 and a # 0, then (Hq v, dom(H, y)) is essentially
self-adjoint. furthermore we have

Ho () = Hys(04) @ Hoy (9-) = (—ia - V +mpB) oy @ (=i - V +mf) ¢_,

a

where Hgf, are the self-adjoint Dirac operators defined on
1 N
dom(HjZ;) = {tpi € L*(Qu)*: (a- V)px € L*(Q1)* and (2 Fit¢(a- N)) tnpot = o} .

We omit the proof of this proposition, since it is easier than, and can easily be extracted
from the proof of Proposition 3.3.1.

In the following, we describe the property of the confinement induced by H, y when
(a,\') = (0,4). From (3.3.8), we notice that Ay 4 vanishes in this case. Indeed, let ¢ =
u + ®[g] with v € HY(R3)* and g € L*(X)*, then

Hyn(p) =H(u)+ (a- N)€s(a- N)tsu, (3.3.10)

holds in the sense of distributions. Thus, we need to assume that u € Hg (R?\ X)* in order
to ensure that H, (¢) € L*(R3)%. Hence, we cannot define H, ) as we did before. To
work around this problem, note that for ¢ = (pi,p_) € H'(Q4)* @ HY(Q_)*, a simple
computation in the sense of distributions yields

Ho(p) =H(p) +2(a- N)Es(a- N)(tsp+ + tup-)os
=H(p+) ® H(p-) +io- N(tsps — tup-)os + 2(a- N)Ex(a - N)(tnp+ + tup-)os.

Thus, if we let

(; —i%s (- N)) typy = (; +i6x(a- N)) ls, -, (3.3.11)

then Hy () € L?(R3)%. In particular, this leads us to define Hy y as follows:

dom(Hy ) = {go = (o, 0) € HY () @ HY(Q_)*: (3.3.11) holds in H1/2(2)4} .
(3.3.12)
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3.3. On the confinement induced by delta interactions involving the Cauchy operator

Clearly, Hy y is symmetric. Moreover, if we let P = 1/2Fi%x(a - N), then it is straightfor-
ward to check that

Ho () = Ho (p4) ® Ho_(¢-) = (—iae- V+mp) oy & (—ia-V+mpB)p_, (3.3.13)

where Hq, are the symmetric Dirac operators defined on

dom(Hg, ) = {api € Hl(Qi)4 : (; Fity(a- N)) typy = 0} .

Then, we have the following theorem about the self-adjointness of H, » when (a,\') = (0,4).
In the proof, we use the notation (, )H71/27H1/2 for the duality pairing between H-1/2 ¥)4

and H'/2(X)%.

Theorem 3.3.1. Assume that (a,\') = (0,4) and let H, » be as in (3.3.12). Then Hgy y
is self-adjoint, the restriction H, x| HY(R3\ £)* is essentially self-adjoint. Moreover, X is
impenetrable and we have H, x» = Hq, © Hq_, with

dom(Hoy) = {v € Q)" : (- V)v € L2(Q4)* and Petnyp = 0}, (3.3.14)

where the boundary condition has to be understood as an equality in H_1/2(2)4.

Proof. The proof is standard and follows essentially the same idea as [90, Theorem 3.2
and Theorem 4.2]. Indeed, due to the decomposition (3.3.13), it is sufficient to prove that
both Hg, and Hq_ are self-adjoint. In what follows we deal with the self-adjointness of Hq
only, since H_ can be treated analogously. For the convenience of the reader, the proof is
divided into two streps as follows:

(a) The domain of H¢, is given by
dom(Hgy,) = {9 € ()" : (- V)y € I2(Qy)  and Ptsp =0}, (3.3.15)

where the boundary condition has to be understood as an equality in H~/ 2(2)4
(b) The inclusion Hg, C Hg, holds.

Once (a) and (b) are proved, we use the fact that Ho, is symmetric and then we conclude
that o, = Hy. .

Proof of (a). Denote by D be the set on the right-hand of (3.3.15). First, we show the
inclusion D C dom(Hy,, ), for this let ¢ € dom(Hq, ) and ¢ € D. Then, using the Green’s
formula from Ref. 1.2.4 it follows that

(H(), o) 12(00)1 = (¥, H(9)) 12y )1 + (—i(a - N)ts, tsp) g-1/2 gje. (3.3.16)

Now, using (1.3.23) and the fact that —i(a - N)tx) = 2(a- N)Ex(a - N)txt) , it follows that

(—i(a- N)tg¢,t2g0>H71/27H1/2 = 2(a- N)¢x(a- N)tzw,tz(p>H—l/27Hl/2

3.3.17
= <—i(0& . N)tz?,ﬁ, —2@"52(04 . N)tggO>H_1/27H1/2. ( )

Similarly, using that ¢y = 2i%x(a - N)typ , we get that

<—z(a . N)tz;’l!), t2@>H71/2,H1/2 = —<—’L(Oé . N)tz)’gb, —22(52(a . N)t280>H*1/2,H1/2' (3318)
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3. Analysis of Dirac operators with §-interactions supported on the boundaries of rough
domains

From this, we conclude that
(—i(a- N)ts, tgg0>H71/27H1/2 =0. (3.3.19)

Therefore, we obtain

(HW), )20t = (s H(9)) 12041
which yields the inclusion D C dom(H;er). We now prove the converse inclusion. Given
0 € D(Q)* and let ¥ € dom(Hy,, ). Then by definition there exists x € L?(Q,)* such that
(H(¥), ©)orayrm@yr = s H(o))ar oyt m@ar = (O, H(@)) 20 = (U, X)or oy )1m0.)s-

Thus, we get that H (1)) = x in D'(Q4)* and then in L?(Q)*. Hence, ¥, (a- V)¢ € L2(Q4)%,
so it remains to show that P_tst = 0 in H~'/2(X)%. To this end, recall the definition of the
extension operator Eq, from Subsection 1.2.1. Observe that &g, (P}g) € dom(Hg, ), for all
g € HY2(X)*. Hence, from (3.3.16) and (3.3.19) it follows that

(=i(a- N)tst), Prg) y-1/2 g1/2 = 0. (3.3.20)
Thus, we get
(=ila- N)ts,g) g1s2 gis2 = (—i(a - N)ts, P_g) y-1/2 g1/2. (3.3.21)
Now, using (1.3.23) and the identity —4(%%(a - N))? = I, a simple computation yields

(—i(a- N)tsp, g)H71/27H1/2 = (—i(a- N)tsyp, —4P_(Cx(a - N))29>H*1/2,H1/2

3.3.22
= (2i%x(a- N)tu,i(a - N)P79>H*1/2,H1/2' ( )

Therefore, we get

1
<<2 —i%x(a- N)) iy, g>H_1/27H1/2 =0. (3.3.23)

Since this is true for all g € HY/2(X)4, it follows that v € D. Hence dom(H¢,, ) C D, which
proves (a).

Proof of (b). Fix ¢ € dom(Hy,, ) and let (g;)jen = (P1hj)jen C H'/2(%)* be a sequence
of functions that converges to tx in H~1/2(X)%. Set

Y = ¢+<I)Q+[(a N)(gj —tz?/)])+89+ ({a- N, s} o N)(gj —ts¥)) ==+ F1 + Fo.

(3.3.24)
Clearly, 1, (a - V)ib; € L?(Q4)%, for all j € N. Now observe that
tsF1 = Py (g; —tsy) and txFh = {a- N, 6x} (o N)(g; — tsv)). (3.3.25)
Hence we get
tsj = gj +{a- N, 6} a- N)(gj —tsv). (3.3.26)

Since {a- N, %%} is bounded from H~1/2(X)* into H/2(X)4, it follows that tx1h; € HY/2(X)4.
Therefore, 1; € H*(Q)? holds by Proposition 1.2.4-(ii). As P_g; = 0 = P_tx1), we get that

2i%s(a- N){a- N, G5} (a- N)(gj — tsth) = {o- N, €5} - N)(gj — tsb).
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3.3. On the confinement induced by delta interactions involving the Cauchy operator

Using this and the fact that g; = Pygj, from (3.3.26) it follows that P_tx; = 0. Thus,
Y; € dom(Hgq, ), for all j € N. Now, by Proposition 1.3.3 (i)-(ii), we obtain that

Y — 1 in L*(Q4)* (3.3.27)

Jj—o0

Next, by Proposition 1.3.3-(i) and the trace theorem, there is C' > 0 such that

1H (5 — ) T2y < bty — tsdblf1/2 (- (3.3.28)
Thus
H(yj) —— H(y) in L*(Qy)". (3.3.29)
j—o00

Summing up, we have proved that (1;, Ho, (¢;)) convergences to (¢, Hy ()) when j tends
to infinity. Therefore, Ho, C H¢, and this completes the proof of (b).

Finally, it remains to prove that Ho, ¢ Hq,. Pick g € HY3(2)*\ L*(£)* and set
¥ = &g, (P+g). Then ¢ € dom(Hg,) and ¢ ¢ dom(Hg, ), as otherwise g € HY/2(X)* by
Proposition 1.3.3-iv). This achieves the proof of the theorem. O

Remark 3.3.1. It should be noted that the reason H, \ | H'(R3\X)* and H, \ | H'(R3\%)*
are not self-adjoint for critical parameters is that we are projecting in the wrong direction.
In other words, we have forced the terms (more precisely, the projectors associated with each
problem) that allow us to regularize the functions in dom(H, x) (respectively in dom(H, \/))
to be zero; see Proposition 1.5.53-(iv).

O
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Chapter 4

Poincaré-Steklov operators for the
MIT bag Model

In this chapter, we will describe the results obtained in the article [31] in collaboration
with Vincent Bruneau and Mahdi Zreik.

4.1 Introduction

Throughout this chapter, for m > 0 we use the symbol D,,, to denote the Dirac operator
(—iac - V +mp). For a Lipschitz domain Q C R? with a compact boundary ¥, we let
rq : L2(R¥)* — L2(Q2)* be the restriction operator on Q and eq : L2(Q)* — L?(R3)* is the
extension by 0 outside of 2. We set

Q=Qand Q. =R3\Q, X =00,

and we denote by n and ¢ the outward pointing normal to €2; and the surface measure on X,
respectively. We denote by Py the orthogonal projections along the boundary > defined by

Py = % (I 7 iB(a-n(z), z€X. (4.1.1)

In the previous chapter, we have seen that the coupling (D, +u(0s) generates confinement
when 1 = 42 (see Theorem 3.2.4), and gives rise to the so-called Dirac operator with the MIT
bag boundary condition on Q;, (Hyir(m), dom(Hyr(m))), or simply the MIT bag operator,
which is defined on the domain

dom(Hyrr(m)) = {v € HY/2(Q)': (o V)u € L2(Q:)" and Ptsp =0on B}, (41.2)

by Hyirr(m)y = Dy, for all ¢p € dom(Hyr(m)), and where the boundary condition holds
in L2(X)%. We recall that if  is in the class of Hélder’s domains C'*, with w € (1/2,1),
then Theorem 3.2.3 yields that Hyyr(m) is self-adjoint and

dom(Hyrr(m)) == {1 € H'()*: P_tsp =0 on T} .

Among all Dirac operators acting on domains arising in the context of confining J-shell
interactions, the MIT bag operator stands out among the latter by the fact that it can also
be obtained as a limit of Dirac operators

Hyro = (D + MBlg,)e, Ve € dom(Hyy) := HY(R?)?,
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4.1. Introduction

as M — oo, where 1q, is characteristic function of €2.. This idea was originally introduced
by Bogolioubov in the late 60’s [33], and has been revised by the MIT physicists almost 52
years ago. Recently, under the assumption that €); is bounded smooth domain (C3-smooth to
be precise), in [99] it is shown that in the massless case (i.e., m = 0) the spectral projections of
bidimensional analogue of Hj; converge to those of the bidimensional analogue of Hyr(m).
In the same setting, based on a resolvent identity, in [14] it was shown that the convergence
in the norm resolvent sense holds with a convergence rate of Q(M~/2). In three dimensional
case, it was shown that in the limite M — oo, any eigenvalue of Hypr(m) is a limit of
eigenvalues of Hyy, cf. [6, 87].

The main goal of this chapter is to relate the resolvents of Hjps and Hypr(m) via a
Krein-type resolvent formula and answer the following question:

Let My > 0 be large enough and fix M > My. Given f € L?(R3)* and U € H'(R?)?, what is
the boundary value problem on €); whose solutions closely approximate those of
(Dpy + MB — 2)U = f7

Throughout this chapter, for z € p(D,,) we denote by <I>?’m the restriction on € of the
mapping ®* defined by (1.3.4), and by €. ,,, the Cauchy operator associated with (D, — z),
ie.,

€. f](z) = lim 2 (x —y)f(y)do(y), for o-ae. z €09, f e L*(D)?, (4.1.3)
’ PO S |z—y|>p

and we set
1
Az, = iﬁ + €., forall z € p(Dp,), (4.1.4)

The following lemma is a consequence of Theorem 3.2.5 and Proposition 2.3.1.

Lemma 4.1.1. For any z € p(Dy,), the operator A%, is bounded invertible in L?(X)*. If in
addition Q is C%-smooth, then AZ, : HY/?(X)* — HY2(X)* is bounded invertible.

Proof. From assertions (i) and (vi) of Theorem 3.2.5 and its proof, we know that
Kr(A7,) = {0} and that A?, is Fredholm operator with index 0, which implies the first
statement of the lemma. The second statement follows from this and Proposition 2.3.1. [

As we will see in Section 4.5, to obtain an explicit formula for the resolvent of Hys we
will need to treat certain boundary integral operators as pseudodifferential operators and use
symbol calculus in order to ensure their invertibility in H'/2(X)*. In the following part, we
recall the basic facts concerning the classes of pseudodifferential operators that will serve in
the rest of this chapter.

4.1.1 Symbol classes and Pseudodifferential operators

We recall here the basic facts concerning the classes of pseudodifferential operators that
will serve in the rest of the paper.

Let .#4(C) be the set of 4 x 4 matrices over C. For d € N* we let $™(R? x R?) be the
standard symbol class of order m € R whose elements are matrix-valued functions a in the
space C™(R? x R%; .#,(C)) such that

0207 a(,€)| < Cap(1+[€1)™ P V(2,6) e R x RY, Vo e NF, ¥BeNF. (4.1.5)
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4. Poincaré-Steklov operators for the MIT bag Model

Let . (R%) be the Schwartz class of functions. Then, for each a € $™ (R4 x R?), for h € (0, 1]
we associate a semiclassical pseudodifferential operator Op”(a) : ./ (R%)?* — .7 (R%)* via the
standard formula

L et kT (€8, e #(®

Op"(a)u(r) = @m)? Jga

If a € SO(R? x RY), then Calderén-Vaillancourt theorem’s [36] yields that Op™(a) extends to
a bounded operator from L?(R%)? into itself, and there exists C, No > 0 such that

|op(a)]

pﬁw<6ﬂ;ﬁg%Wﬁ%4tm- (4.1.6)

Given a C*®-smooth domain  C R? with a compact boundary ¥ = 09Q. Then ¥ is a
2-dimensional parameterized surface, which in the sense of differential geometry, can also be
viewed as a smooth 2-dimensional manifold immersed into R3. Then, ¥ can be covered by an
atlas A = {(U;,Vj, ;)7 € {1,--- ,N}} (i.e., a collection of smooth charts) where N € N*.
That is

N
> = U,
j=1
and for each j € {1,--- , N}, U; is an open set of X, V; C R? is an open set of the parametric

space R2, and pj : Uj — Vjis a C°°- diffeormorphism. Moreover, by definition of a smooth
manifold, if U; N Uy, # 0 then

pro ()t €C (%‘(Uj N Uk); r(Us N Uk))-
As usual, we define the pull-back (cp;l)* and the pushforward ¢} by

(goj_l)*u:uogogl and  pjv="voypj,

for u and v functions on U; and Vj, respectively. We also recall that a function u on X is said
to be in the class C*(X) if for every chart the pushforward has the property (goj_l)*u e Ck(V}).

Following Zworski [106, Part 4]), we define pseudodifferential operators on the boundary
3. as follows:

Definition 4.1.1. Let o7 : C®(£)* — C®(X)?* be a continuous linear operator. Then < is
said to be a h-pseudodifferential operator of order m € R on X, and we write of € Op"S™(%),

if
(1) for every chart (U;,Vj, ;) there exists a symbol a € ™ such that
Y17 (au) = 105 Op(a) () 1) (Pau),
for any 1,102 € CS°(U;) and u € C°°(X)%.
(2) for all ¥1,1p9 € C*°(X) such that supp(¢n) Nsupp(v2) = 0 and for all N € N we have

||w1dw2||H7N(Z)4_>HN(Z)4 = @(hoo)

For h fized (for example h =1), <7 is called a pseudodifferential operator.
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Since the study of a given pseudodifferential operator on ¥ reduce to the local study on
local charts, in what follows, we shall recall the specific local coordinates and the notations
of surface geometry we will use in the rest of the paper.

We always fix an open set U C X, and we let x : V — R to be a C*°-function (where
V C R? is open) such that its graph coincides with U. Set (%) = (&, x(%)), then for z € U
we write x = ¢(Z) with & € V. Here and also in what follows, 0;x and Od2x stand for the
partial derivatives 0z, x and 0z, X, respectively. Recall that the first fundamental form, I, and
the metric tensor G(Z) = (g;x(Z)), have the form

I = g11d7} + 2g12di1dT2 + goodi3,

N ey (911 G122 oy 1+ 101>  O1xOax .
G($) - (gjk(x)) - <921 922> (LL’) = < 81X62X 1+ |82X|2 (SU)

As G(Z) is symmetric, it follows that it is diagonalizable by an orthogonal matrix. Indeed,

let
|%X\ 881x0%x 1 0
Q(z) = - (|91>z<$2x | |25<2‘>|<\ X| (0 gl/2> (7). (4.1.7)
[D2x[[Vx] Vx|’

where g stands for the determinant of G. Then, it is straightforward to check that

Q'GQ@) = b QQ(#) = G7'(@) = (¢7%(2), det(Q) = det(@) =g V% (4.18)

4.2 Basic properties of the MIT bag operator

In this section, we give a brief review of the basic spectral properties of the Dirac operator
with the MIT bag boundary condition on Lipschitz domains. Then, we establish some results
concerning the regularization properties of the resolvent and the Sobolev regularity of the
eigenfunctions in the case of smooth domains.

In order to stress the notations, we often write 2 instead of €2;. The following theorem
gathers the basic properties of the MIT bag operator. We mention that some of theses
properties are well-known in the case of smooth domains, see, e.g., [6, 7, 9, 21, 90].

Theorem 4.2.1. Let (H pp(m), dom(Hygr(m))) be as in (4.1.2), then

(Hppr(m) — z)_l =rq(Dm — Z)_IGQ — ¢2m(A;)_1tg(Dm - z)_leg, Vz € p(Dy,).
(4.2.1)

Moreover, the following statements hold true:
(i) If Q is bounded, then Sp(H prr(m)) = Spaise(Hymrr(m)) C R\ [—m,m].

(ii) If Q is unbounded, then Sp(Hpyir(m)) = Spess(Hyrr(m)) = (—o0, —m] U [m, +00).
Moreover, if Q is connected then Sp(Hpr(m)) is purely continuous.

(iii) Let z € p(Hpr(m)) be such that 2|z| < m, then for all f € L*(Q)?* it holds that

H(HMIT(m) - Z)flf’

1
2 S M2
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4. Poincaré-Steklov operators for the MIT bag Model

Proof. Recall that for any ¢, 1 € dom(Hygr(m)), density arguments yield the Green’s
formula

(=i - V), ) 2iys — (@, (=i - V)h) 2y = ((—ia - n)tsp, tsh) p2(sya- (4.2.2)

We first check the resolvent formula (4.2.1). So let f € L?*(Q)%, z € p(D,,) and set
= 1q(Dp — 2) teaf — ©2,,(AL) s (D — 2) e f. (4.2.3)

Since (D, — 2)"teq is bounded from L?(2)* into H'(R3)* and (AZ,)~! is well-defined by
Lemma 4.1.1, it follows that

u=rq(Dn—2)"teaf € Hl(Q)4 and g = —(Afn)_ltg(Dm — z)_lle € L2(2)4.

The properties of @Qm from Proposition 1.3.1 imply that ¢ € H1/2(9)4. Next, using Lemmas
4.1.1 (i) and 1.3.2 we easily get

ts) = PLA(AZ) Mts(Dy — 2) teaf,

thus P_ts®) = 0 on X, which means that ¢ € dom(Hyr(m)). Using that (D, — z)@?m[g] =
0, it follows that (Hyir(m) — 2)Y = f and the formula (4.2.1) is proved.

Now, we are going to prove assertions (i) and (ii). First, note that for ¢ € dom(Hyr(m))
a straightforward application of the Green formula (4.2.2) yields that

[ Evir (m) 72 (0)s = [(—iac- V)@ T2(0)s +m? (G172 + m [ Pristlfeme . (4.24)

Thus ||HM1T(m)wH%2(Q)4 > m? \WH?}(QV which entails that Sp(Hygr(m)) C (—oo, —m] U
[m, +00). Note that this fact can be seen immediately from the formula (4.2.1). Next, we
show that {—m,m} ¢ Spgicc(HMmrr(m)). Assume that there is 0 # ¢ € dom(Hyr(m)) such
that (Hyrr(m) —m)y = 0 in Q. Then, from (4.2.4) we have that

I(=ia - V)93 qys + m | Prtstp 7o (sye = 0.

Since m > 0 it follows that Pytsw = 0, and thus t59 = 0. Using this and the above equation,
an integration by parts (using density arguments) gives

[(—ia- v)1/’||L2(Q)4 = ||v¢||L2(2)4 =0.

From this we conclude that 1 vanishes identically, which contradicts the fact that i # 0,
and thus m ¢ Spgyisc(HyrT(m)). Following the same lines as above we also get that —m ¢
SPaisc(HmrT(m)). Thus, if Q is bounded, then the above considerations and the fact that
dom(Hyr(m)) € HY2(Q)* is compactly embedded in L*(Q)* yield that Sp(Hyr(m)) =
SPdisc (Hmvrr(m)) € R\ [—=m,m], which shows the assertion (i).

Lest us now complete the proof of (ii), so suppose that €2 is unbounded. We first show that
(—00, —m] U [m, +00) C Spes(Hmrr(m)) by constructing Weyl sequences as in the case of
half-space, see Theorem 2.3.3. As ) is unbounded it follows that there is Ry > 0 such that the
half-space {z = (1,79, 73) € R3 : 23 > Ry} is strictly contained in Q and R3\ Q C B(0, Ry).
Fix A\ € (—o0,—m) U (m,+0o0) and let & = (£1,&2) be such that [£]? = A2 — m2. We define
the function ¢ : R3 — C* by

§1 —i&o

A—m’

t
o(T,x3) = ( 0,0, 1) e with 7 = (z1,22).
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4.2. Basic properties of the MI'T bag operator

Clearly we have (D, —\)¢ = 0. Now, fix Ry > R; and let n € C§°(R?,R) and x € C§°(R,R)
be such that supp(x) C [R1, Re]. For n € N*, we define the sequences of functions

on(T, 03) = 0~ 2(T, 23)n(T/n)x(x3/n), for (Z,z5) € .

Then, as in the proof of Theorem 2.3.3, it is easy to check that ¢,, € H}(Q) C dom(Hygr(m)),
(¢n)nen+ converges weakly to zero, and that

2\

lonllZ2iq)e = mHXH%Q(R?)HQH%?(R) >0,

| (D — A) ‘PnHL2(Q)4
lenll 204 n—00

Therefore, Weyl’s criterion yields that (—oo, —m) U (m, +00) C Speg(Hnrr(m)). Since the
spectrum of a self-adjoint operator is closed, we then get the first statement of (ii). Now, if
we assume in addition that € is connected, then using the same arguments as in the proof of
[11, Theorem 3.7] (i.e., using Rellich’s lemma and the unique continuation property) one can
verifies that Hyirr(m) has no eigenvalues in R\ [-m, m]. As {—m, m} ¢ Spgisc(Hnvrr(m)) it
follows that Hypr(m) has a purely continuous spectrum.

Now we prove (iii). Let ¢ € dom(Hyr(m)), then (4.2.4) yields that

m? [ Y172y < [Harr(m)y 720y
and thus
m [ 2 < [[Hyvrr(m)$l 2y < [[(Hure(m) — 2)9 2 + 121901 20
Therefore, for 2|z| < m with z € p(Hygr(m)), we get that
91l 2 (s < 2m™" | (Hairr(m) — 2)9l| 2y -
Thus, (iii) follows by taking v = (Hygr(m) — 2)7 1 f. O

Now we establish regularity results which concerns the regularization property of the
resolvent and the Sobolev regularity of the eigenfunctions of Hyyp(m). The first statement
of the theorem will be crucial in Section 4.4 when studying the semiclassical pseudodifferential
properties of the Poincaré-Steklov operator.

Theorem 4.2.2. Let k > 1 be an integer and assume that Q is C?*T*-smooth. Then the
following statements hold true:

(i) The mapping (Hyr(m)—2)"1 : HF(Q)* — H**1(Q)*Ndom(H prp(m)) is well-defined

and bounded for all m > 0 and all z € p(Hpyrr(m)). In particular, for mg > 0 and all
z € p(Hyrr(mo)) N p(H ppr(m)) we have

| (H prr(m) — 7«“)71HHk(Q)‘lHH’C“(Q)‘1 S
uniformly on m = my.

(ii) If ¢ is an eigenfunction associated with an eigenvalue z € Sp(H prp(m)), i.e., (Harr(m)—
2)¢ =0, then ¢ € H'F(Q)*. In particular, if  is C>-smooth, then ¢ € C>=(Q)*.

To prove this theorem we need the following classical regularity result.
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4. Poincaré-Steklov operators for the MIT bag Model

Proposition 4.2.1. Let k be a nonnegative integer. Assume that Q0 is C3T*-smooth and
u € HY(Q). If u solves the Neumann problem

—Au=fe€ Hk(Q) and Ohu=g € H1/2+k(2), (4.2.5)
then u € H*TF(Q).

Proof. First, assume that & = 0. As Q is C3-smooth we know that the Neumann trace
On : H?(Q) — H'Y/2(X) is surjective. Thus, there is G € H?(Q) such that 9,G = ¢ in ¥. Note
that the function u = u — G satisfies the homogeneous Neumann problem

—Au=f4+AG inQ and 0O,u=0 on X.

Therefore, & € H?(2) by [84, Theorem 5, p. 217], which implies that u € H?(f) and this
proves the result for k£ = 0. If £ > 1, then the result follows by [58, Theorem 2.5.1.1]. O

Proof of theorem 4.2.2. The theorem will be proved by induction on k. First, we
show (i), so fix z € p(Hyrr(m)) and assume that k = 1. Let ¢ = (¢1,¢2)" € dom(Hyr(m))
be such that (D,, — 2)¢ = f in Q, with f = (f1, fo)| € HY(Q)*. By assumption we have
(A+m? —22)¢ = (D, — 2)f in D'(Q)%, and then in L?(Q)*. We next prove that d,¢ €
H'/2(¥)*. To this end, consider Q := {2 € R? : dist(x,%) < €} for € > 0. Then, for § > 0
small enough and 0 < € < § the mapping ¥ : ¥ x (—¢,€) — Q, defined by

U(zy,t) =xn +tn(zx), zx € X,t € (—¢,¢) (4.2.6)

is a C?-diffeomorphism and Q. := {z + tn(z) : z € X, t € (—€,€)}.
Let P_: L2(Q. N Q)* — L2(Q. N Q)* be the bounded operator defined by

P_o(WU(z,t)) = %(14 +iB(a-n(x)))e(¥(x,t)), Y(z,t)e QN

Let 2% be an arbitrary point on the boundary %, fix 0 < r < ¢/2, and let ¢ : R® — [0, 1] be
a C°-smooth and compactly supported function such that ¢ = 1 on B(z%,r) and ¢ = 0 on
R3\ B(x%,2r). We claim that P_(¢ satisfies the elliptic problem

{ ~A(P(¢)=g mnQ,

= (4.2.7)
tE(P—C¢) =0 on Za

with g € L2(Q)%. Indeed, set B(z) = iB3(a - n(x)) for z € ¥, and observe that
(Do = )P-0) = (PL¢S + 5D, C16) + 5 (Do 816 = 16, )+ 5[ Doy (Bl

Since n is C?-smooth, ( is infinitely differentiable and 1, f € H'(2)%, it is clear that I(¢, f) €
HY(Q)* and [D,,,(B]¢ € L*(Q)*. Now, applying (D,, + z) to the above equation yields that

“A(P_($) = g with
9= (= )P+ (D + 2)1(, ) + 5 [Don, CB16 + 3 D Do, (Bl

As before, it is clear that the first three terms are square integrable. Next, observe that

Do[Do, (B]¢ = { Dy, [Do, (B]}¢ — [Do, (B](f — (mB — 2)9)
= [~A,(B]¢p — [Do, CB|(f — (mp — 2)9).
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4.3. Principal symbol of the Poincaré-Steklov operator

Using this together with the smoothness assumption on n and the fact (D,, — z)¢ = f €
HY(Q)4, we easily see that Dy[Dy, (B¢ € L*(2)*. Hence, Dy, [Dp, (B]¢ is square integrable,
which means that g € L2(Q)%. As P_ts¢ = 0 and tg(P_(¢) = ts(P_ts¢ = 0 on X, by [56,
Theorem 8.12 | it follows that P (o€ H?(Q. N Q)*, which implies that

C(¢1 +i(o-n)po) € H*(B(2%,2r) N Q)2 and ((—i(o-n)p1 + ¢2) € H*(B(z%,2r) N Q)%
Consequently, we get
d1+i(o-n)po € HX(B(x%,7)NQ)? and —i(o-n)d + ¢ € HA(B(x%,r) N Q)2 (4.2.8)

Since —i(o - V)¢ = (2 — m)¢1 + f1 and —i(o - V)d1 = (2 + m)g2 + f2 hold in HY(Q)?, it
follows from (4.2.8) that

(0-V)6; € H\(B@l,r)? and (0-V)(o-n); € H\(Bd, )2 j=12.  (42.9)
Using this and the fact that n is C?-smooth, we easily get that
(0-n)(0-V); + (0-V)(0-n)¢; = (n, V) 2¢; + Fj € H (B(a%,7))?, (4.2.10)

with F; € HY(B(2%,7)NQ)?%. As a consequence, we get that (n, V) heo; € HY(B(x%,7)NQ)2.
Since this holds true for all 23, € ¥, using the compactness of ¥ it follows that d,¢ € HY/?(%)%.
Therefore, Propositions 4.2.1 yields that ¢ € H?(2)%.

Next, assume k > 2, Q is C*t*-smooth and ¢, f € H*(Q)*. Since n is C'**-smooth and ¥
defined by (4.2.6) is a C'**-diffeomorphism, following the same arguments as above we then
conclude that 9,¢ € H*t1/2(£)%. Note also that —A¢ = (22 —m?)p+ (D, —2) f € HF1(Q)*.
Therefore, thanks to Propositions 4.2.1, we conclude that ¢ € H k+1(Q)4, which proves the
first statement of (i).

Now, the second statement of (i) is a direct consequence of the first one, and this completes
the proof of (i).

Finally, the proof of the first statement of (ii) follows the same lines as the one of (i). In
particular, if Q is C*-smooth, we then get ¢ € H*1(Q)* for any k > 0, which implies that
¢ is infinitely differentiable in €2, and the theorem is proved. O

4.3 Principal symbol of the Poincaré-Steklov operator

The main purpose of this section is to define the Poincaré-Steklov operator <7, associated
with the Dirac operator and to prove that it fits into the framework of pseudodifferential
operators.

Throughout this section, let €2 be a smooth domain with a compact boundary X, let Py
be as in (4.1.1) and set

S X =—-vy(a-X) forall VX € R3, 5 := —iaqanas = (? {)2> ) (4.3.1)
2

Using the anticommutation relations of the Dirac’s matrices we easily get the following iden-
tities
ila- X)(a-Y)=iX - Y+S5 - (XAY),

{8 X,a-Y}=—(X-Y)y, [S-X,6]=0, VX,Y cR> (4.3.2)

We next give the rigorous definition of the Poincaré-Steklov operator <.
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4. Poincaré-Steklov operators for the MIT bag Model

Definition 4.3.1. (PS operator) Let z € p(Hygr(m)) and g € P_HY?(X)*. We denote by
E(2): PLHY2(2)* — HY(Q)* the lifting operator associated with the elliptic problem

(D, —2z)v=0 inQ,
(4.3.3)

P tsv=g onX.
That is, ES}(2)g is the unique function in H'(Q)* satisfying (D, — Z)EQ( )g =0 in Q and
PJEEQ( Vg = g on ¥. Then the Poincaré-Steklov (PS) operator <y, : P_HY?(X)* —

P, HY2(2)* associated with the system (4.3.3) is defined by
g = PitsES(2)g.

Recall the definitions of (I)?,m and A?, from Subsection 4.1. Then, the following proposition
justifies the existence and the unicity of the solution to the elliptic problem (4.3.3), and gives
in particular the explicit formula of the PS operator in terms the operator (AZ)~! when
z € p(Dy,). The second assertion of the proposition will be particularly important in Section
4.4 when studying the PS operator from the semiclassical point of view.

Proposition 4.3.1. For any z € p(Hpgr(m)) and g € P_HY?(X)*, the elliptic problem
(4.3.3) has a unique solution ESL(2)[g] € H (Q)*. Moreover, the following hold true

(i) (ES(2))" = —pPits(Hyr(m) —2) .

(ii) For any compact set K C C, there is mg > 0 such that for all m > mg it holds that
K C p(Hpyrr(m)), and for all z € K we have

Vg e P_HY?(2)4

1
B2 ]| gye S = Nl

(iii) If z € p(Dy,), then ES(2) and <y, are explicitly given by
E(2) = ®X(A2)"Y and o, = —PLB(AZ) 1P (4.3.4)

Proof. We first show that the boundary value problem (4.3.3) has a unique solution.
For this, assume that u; and ug are both solutions of (4.3.3), then (D, — 2)(u; —ug) =0
in Q, and P_ty(u; —ug) = 0 on X. Thus, (u; — uz) € dom(Hyr(m)), and since Hyp(m)
is self-adjoint by Theorem 4.2.1 it follows that w; = wus, which proves the uniqueness. Next,
observe that the function

vy = Ea(Pg) — (Hairr(m) — 2) (D — 2)80(P_g)

is a solution to (4.3.3). Indeed, we have q(P_g) € H*(Q)* and thus v, € H'(Q)*, moreover,
we clearly have that P_tsvy = ¢ and (D, — 2)v, = 0. Since we already know that the
solution to (4.3.3) is unique, it follows that v, is independent of the extension operator &g,
and hence there is a unique solution in H*(Q)* to the elliptic problem (4.3.3).

Let us show the assertion (i). Let ¢ € P_HY?(£)* and f € L?*(Q)*, then using the
Green’s formula and the fact that Py(—ia - n) = (—ia - n)P_ we get that

(Eﬁ(z)%ﬁmmﬂ:@g( )o, (Hyrr(m) — 2) (Hyire(m) — 2) ™ f) 2y
= (Eq(2)¥, (Dm — 2)(Hurr(m) — 2) 7' f) 2 (o)
(D — 2)ESp (20, (Hyrr (m) — 2) 7 f) 120y

+ ((—io - n)ts By (2)¢, te(Haar(m) — 2) 71 f) pasys
(i -
= {

n)P_ tzE (2) 7P+tZ(HMIT(m)_z)_1f>[,2(2)4
W, —BPyts(Hurr(m) —2) " f)r2(s)s
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4.3. Principal symbol of the Poincaré-Steklov operator

which entails that —3P, ts(Hyr(m) — )7t is the adjoint of Ef}(z) and proves (i).

Now we are going to show the assertion (ii). So, let K be a compact set of C, and note
that for all m > sup{|Re(z)| : z € K} it holds that K C p(D,,) C p(Hyar(m)). Hence,
v = E2(z)g is well defined for any z € K and g € P_H'Y/?(X)%. Then a straightforward
application of the Green’s formula yields that

0= [|(Dm = 2)0l| 720y = ll(ia - V = 2)v|[72(q)s + m? [[0][72(q)s (435)
+m (=i n)tsv, Btsv) 2y — 2Re(2) (v, Bo) oy ) -

Observe that
<—i(()é . n)tgv, 5t2U>L2(Z)4 = <(P+ — P,)tg’l), tEU>L2(E)4 = HP+I§2U||%!2(E)4 - prtEUH?{l/Q(E)AL .
Since P_tyv = g and Pytxv = o7,(g) hold by definition, and that

—Re(2)(v, B) 120, = —[Re(2)][19]172(q, 1

holds by Cauchy-Schwarz inequality, it follows from (4.3.5) that

9llZ2gys = mlolZaiy — 2ARe()| 1o][72 (s + 1| Fm (@)l T sy

Thus, if we take mg > 4sup{|Re(2)| : z € K}, then

m
| m (97251 + 5 [[Vl[72 ()t < N19ll72(m)s (4.3.6)

2
holds for any m > mg, which prove the desired estimate for ES}(z).
Let us now show the assertion (iii), so let z € p(Dy,) and recall that ®%, (AZ)
H'2(2)* = H'(Q)* is well defined and bounded by Lemma 4.1.1. Since ¢Z, is a fundamental
solution of (D, — z), it holds that

-1 .

(Din = 2)®E,, (A7) 9] = 0 in LX(Q)*, Vg e H2(E)

Next, observe that if g € P_HY/ 2(¥)4, then a direct application of the jump formula from
Lemma 1.3.2 yields that

158, (1) Mgl = (=50 n) + o) (7)1 lg) = 9 = PoB(AZ) gl

Consequently, we get
Ptn®?,, (A7) 9] = g and Pytsd2, (A7) 9] = —PyB(AL,) ' g),

which means that ES(2)[g] = (IJ?,m(Afn)_l[g] is the unique solution to the boundary value
problem (4.3.3), and proves the identity <7, = —P,3(AZ,)"1P_. This completes the proof
of the proposition. O

Remark 4.3.1. The proof above gives more, namely that for all mo > 0, K C p(Dm,) a
compact set and z € K, there is my > 1 such that

2
Sup |’ﬂmHP,H1/2(z)4—>P+L2(E)4 SL
m>mi
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4. Poincaré-Steklov operators for the MIT bag Model

Remark 4.3.2. It is worthwhile to note that if z € p(D,y,), then the assertion (i) of Proposi-
tion 4.3.1 is a direct consequence of the resolvent formula (4.2.1). Indeed, letv € P_HY?(X)*
and f € L*(Q)*, then thanks to Lemma 1.5.3 and Proposition J.5.1- (iii) we have

(f, B2 (2)¥) p2(yt = (e f, —®om(AZ,) 1) f2(gays

o - (4.3.7)
= (=P_(A%,) " ts(Dm —2)" eaf ) 2y,

where ®, ,,, is the mapping given by (1.3.4), which is defined from HY?($)* to HY(R3\ X)%.

Now, from the explicit formula of (Hpgr(m) —Z)~1 (see (4.2.1)) it is easy to check that

P ts(Hpr(m) — 5)716Qf =—0P_ (Afn)fltg(Dm — ?)716Qf.
From this and (4.3.7) we obtain that —BPyts(Hygr(m) —2)~1 is the adjoint of ES:(2).

Remark 4.3.3. Note that if Q is a Lipschitz domain, then ES}(z) is the unique solution
in H'2(Q)* to the system (4.3.3) for datum in L*(X)*. Moreover, the PS operator o, =
— P, B(A2,)"'P_ is well-defined and bounded as an operator from P_L*(X)* to Py L?(X)%.

In the rest of this section, we will only address the case z € p(D,,) and we show that
the Poincaré-Steklov operator <7, from Definition 4.3.1 is a homogeneous pseudodifferential
operators of order 0 and capture its principal symbol in local coordinates. To this end, we
first study the pseudodifferential properties of the Cauchy operator €. ,,,. Once this is done,
we use the explicit formula of <7, given by (4.3.4) and the symbol calculus to obtain the
principal symbol of «7,.

Recall the definition of ¢Z, from (1.3.1), and observe that

o (r —y) =k (z —y) +w(z —y),

where
ivVz2—m2|z—y| _ ivz2—m2|z—y| _
kz(x—y):e<Z+mﬁ+\/z2—m2a'x y)_’_ie - (z—y),
Am|z — y| |z =yl Am|z — y|
7
w(z —y) (x —y).

" P

Using this, it follows that

. mlf](z) = lim w(e = y)fWdo(y) + [ K@ = 4)f4)do(y)

PNO Jjz—y|>p

=Wlfl(x) + K[f](x).

(4.3.8)

As |k*(z —y)| = O(|Jz —y|™!) when |z —y| — 0, using the standard layer potential techniques
(see, e.g. [101, Chap. 3, Sec. 4] or [100, Chap. 7, Sec. 11]) it is not hard to prove
that the integral operator K gives rise to a pseudodifferential operator of order —1, i.e.
K € OpS~—(X). Thus, we can (formally) write

Con =W  mod OpS~ (%), (4.3.9)

which means that the strongly singular operator W encodes the main contribution in the
pseudodifferential character of €, ,,. So we only need to focus on the study of the pseudod-
ifferential properties of W. The following theorem makes this heuristic more rigorous. Its
proof follows similar arguments as in [4, 85, 86].
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4.3. Principal symbol of the Poincaré-Steklov operator

Theorem 4.3.1. Let €, be as (4.1.3), W as in (4.3.8) and <, as in Definition 4.3.1.
Then €..m, W and <7, are homogeneous pseudodifferential operators of order 0, and we have

1
Com = 50" VZ mod OpS~— (%),
L = (4.3.10)
Ay, = S (Vs An)P_ mod OpS~ (%),
—Ay
where, in local coordinates, the symbol of Vg(—Ag)*l/Q is given by
_ _ G~i¢
Gl )12 TS ‘
\GEOT T (v e
In particular, in local coordinates, <y, has principal symbol
N § An(z)
=5 ——=| P-. 4.3.11
Pt (T, ) ( () ( )

Proof. We first deal with the operator W. So, let ¢ : ¥ —, R, k = 1,2, be a C*°-smooth

function. Clearly, if supp(12) Nsupp(v1) = 0, then ¥, W1hy gives rise to a bounded operator
from H~7(X)* into H7(X)4, for all j > 0.
Now, fix a local chart (U, V, ) as in Subsection 4.1.1 and recall the definition of first funda-
mental form I and the metric tensor G(Z). That is, for all x € U we have z = p(&) = (%, x(Z))
with Z € V, and where the graph of x : V — R coincides with U. Notice that if we assume
that 1y, is compactly supported with supp(¢x) C U, then, in this setting, the operator oW1y
has the form

VWl f)(a) =ta(e)pv [ i D) =W o) o3/ a(@)dd

R R e I V)L R TE AT
(@) = e(9) . . =\ -
+ia(o) [ i 2 1o0) (o) - Va(@) ) i
where g is the determinant of the metric tensor G. Since g(-) is smooth, it follows that

Va@) — /9@ < 1z - gl.

Therefore, the last integral operator on the right-hand side of (4.3.12) has a non singular
kernel and does not require to write it as an integral operator in the principal value sense.
Next, let z,y € U such that z = ¢(Z) and y = ¢(7), with &,§ € V. Then, a simple
computation using Taylor’s formula shows that

o —yI* = (&) — (@) = (z — §.G(@)(Z — §))(1 + Olz — g]),

where the definition of I was used in the last equality. It follows from the above computations
that

o —y|? =
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4. Poincaré-Steklov operators for the MIT bag Model

where the kernel k; satisfies |k1(%,9)| = O(| — §|72), when |Z — j| — 0. Consequently, we
get that

Zj—Yj
T~y _ <fv—y7G( )(@ —§))3/2
lz —y|? (Vx,Z —9)
(T —7,G(Z)(T - 7))%?

with |k2(Z,7)] = O(]% — §|~1), when |# — §| — 0. Note that this implies

T T—9,(Vx, & — o
Oz-(‘w_?;y’g) = - <‘%( G<( )>E );3/24‘@(’%—2;’ 1)14'

,we deduce that

+ (5: )kl(x y) for ] = 172a

+k2<jvg)7 fOI‘j:?),

Y,
Combining the above computations and (4.3

Fle())dg + a(x) Ll f1(2),
(4.3.13)

VoW fl(z) = ¥o(x)4/g(Z)p- v/vz‘a

where L is an integral operator with a kernel I(z,y) satisfying
[(z,9)] = O]z —y|™!) when |z —y[ = 0.

Thus, similar arguments as the ones in [100, Chap. 7, Sec. 11] yield that L is a pseu-
dodifferential operator of order —1. Now, for h € L?(R?) and k = 1,2, observe that if we
set

where

. Tk — Yk L
N P e EIC ) CEAa

Then the standard formula connecting a pseudodifferential operator and its symbol yields

Ry.[R)(%) T8 g (2, ©)h(7)dEdy,

R2 JRR?

where
q(7,8) = Wor) g(j)/ e~ 8y (7, w)de.
2 R2

Recall the definition of @ from (4.1.7) and set w = Q(Z)7. Also recall that

iwi) Wk g, Sk k=1,2 4.3.14
e —1 , 2. 3.
Lo O E (4.3.14)

Thus, the above change of variables together with the properties (4.1.8) and (4.3.14) yield
that

2 Jr> Il 20G71(2)€, 612 2AG1(@)E, 6V

(3.6 = L [ emitn@@e) @@k (GH@)Ok g1+ giale g
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4.3. Principal symbol of the Poincaré-Steklov operator

which means that qi(Z,€) is homogeneous of degree 0 in . Therefore Ry is a homogeneous
pseudodifferential operators of degree 0. It is worth mentioning that (G~ (2)¢, (Vx (&), G~1¢))t
and (G~1(Z)¢, &) are the symbols of the surface gradient Vy, and the Laplace-Beltrami oper-
ator Ay, respectively. From the above observation and (4.3.13) if follows that

VoW1 = hoav - (Ry, Ro, O1x(Z) Ry + O2x () Ra) th1 + Yo Lty (4.3.16)

Since L is a pseudodifferential operator of order -1 we deduce that W is a homogeneous
pseudodifferential operators of order 0, and we obtain that

1 Vs
W=—-a-

2% /Ay
Thanks to (4.3.9) and (4.3.17), we deduce that the Cauchy operator €. ,, has the same
principal symbol as the operator W.

Now we are going to deal with the operator ,. Note that we have

mod OpS~H(Z). (4.3.17)

1 Vs \?
2(5+a. _ZE) . (4.3.18)

and as o7, is given by the formula

1 -1
A= ~PiB (54 %m) P,

using (4.3.18) and the standard mollification arguments, it follows from the product formula
for calculus of pseudodifferential operators that, in local coordinates, the symbol of .,
denoted by q.;, has the form

1k 2k ~ -1 T
1, (8,6) = P15 <ﬂ+a~<@’“g ey ))P+p<az,s>,

where p € $71(X). Therefore, we get

ok 9%k, X8 9%k, (VX(2), G T
(G—1g,6)1/2

Hence, using the fact that P4 are projectors, a computation shows

k%6, 35 9256k, (VX(2), GT1E) T
(G—1g,6)1/2

where [,] is the commutator bracket. Hence, the formula (4.3.2) together with the fact that

qldm(jug) = _P-i—ﬁa' ( )P_—l-p(:i,f).

P+ p(,6), (4.3.19)

(2,6 = — [z'a (o),

G—1¢ A . a1 1/2 _
(Y (7), Ge) n(z) =§An(x), (G &&= [EAn(z),

give that
N & An(x) ~
pﬁfm(x7§)_s ( é./\n(x)>P—+p(x7£)7
Ay = #S -(Vy An(z))P- mod OpS~L(%),
—As,

which proves the formula (4.3.11) and the fact that o7, is a homogeneous pseudodifferential
operators of order 0. This completes the proof of the theorem. O
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4. Poincaré-Steklov operators for the MIT bag Model

Remark 4.3.4. It is worth pointing out that the above result might be generalized for less
regular surface. Indeed, we first notice that the arguments used in the proof remain valid if
one assumes for example that Q is C*t*-smooth, o > 0. In this setting, Theorem 4.3.1 can
be generalized without any difficulties by changing slightly the definition of pseudodifferential
operators, see, e.q., [4, 85, 86]. More generally, if we assume that 2 is a Lipschitz domain
with an outward unit normal having vanishing mean oscillations on 3, then Theorem 4.5.1
can be recovered using the symbol calculus introduced in [64], see also [100].

4.4 Approximation of the Poincaré-Steklov operators for large
mass

Although the technique used in the last section allows us to treat the layer potential
operator 7, as pseudodifferential operator and to derive its principal symbol. However, it
does not allow us to capture the dependence on m. The main goal of this section is to study
the Poincaré-Steklov operator, ,, as a m-dependent pseudodifferential operator when m
is large enough. For this purpose, we consider h = 1/m as a semiclassical parameter (for
m > 1) and use the system (4.3.3) instead of the layer potential formula of <7,,. Roughly
speaking, we will look for a local approximate formula for the solution of (4.3.3). Once this
is done, we use the regularization property of the resolvent of the MIT bag operator to catch
the semiclassical principal symbol of ,.

Throughout this section, we assume that m > 1, z € p(Hyrr(m)) and that € is smooth
with a compact boundary ¥ := 9. We next introduce the semiclassical parameter h =
m~ € (0,1], and we set &/" := o7,. Recall the definition of the spin angular momentum S
from (4.3.1).

The following theorem is the main result of this section, it ensures that <" is a h-
pseudodifferential operator of order 0 and gives its semiclassical principal symbol.

Theorem 4.4.1. Let h € (0,1] and z € p(Hyr(m)), and let &/" be as above. Then for any
N € N, there exists a h-pseudodifferential operator of order 0, JZ/JG € Ophc90(2) such that for
h sufficiently small, and any 0 <[ < N + %

1
" = il 3 — 0Nt E), (4.4.1)

3
—HNT27(y)

and

hVs A n _
=9 P d hop"hs—H(%).
4 (%) tmod hOp"S~1(5)

Let us consider A = {(Uy,,V,,, ;)i € {1,---,N}} an atlas of ¥ and (U, V,,, ) € A.
As in Section 4.3 we consider the case where U, is the graph of a smooth function x, and we
assume that € corresponds locally to the side 3 > x(x1,x2). Then, for

Up ={(21, 22, X(71,72)); (21,22) € Vo }; (21, T2, X(71,72)) = (71, 72) (4.4.2)
Ve = ={(y1,y2,y3 + x(y1,92)); (Y1, 42,u3) € Vy, x (0,€)} C Q, (4.4.3)

with e sufficiently small, we have the following homeomorphism:

¢ Vpe —> Vi X (075)

(w1, 22, 23) = (v1, 72, 23 — X (21, 22)).
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4.4. Approximation of the Poincaré-Steklov operators for large mass

Then the pull-back

" C®(V, x(0,€)) — C®(Vpe)
v @t i=vog

transforms the differential operator D, restricted on V,,. into the following operator on
Vo x (0,¢€):

D, = (¢7")" Din(¢)" = —i (18y, + 020y, — (0100, X + 0202, X — 03)0y;) + M
= —i(a10y, + a2dy,) + /1 +[Vx[? (i - n7)(§)Dys +mp,

where §j = (y1,¥2), and n¥ = (o~ 1)*n is the pull-back of the outward pointing normal to 2
restricted on V:

(4.4.4)

1 Oz, X
)= ——u— |0 L) 445
n (y) W izlx (3/1 Z/Q) ( )

For the projectors P+, we have:

P = (o) Pale) = o (hF B n°()).

Figure 4.1: Flattening the boundary 3

Hence, in the variable y € V,, x (0,¢), the equation (4.3.3) becomes:

{ (D¢ —z)u=0, in Vo x (0,¢), (4.46)

IPu=g?=gop™", onV,x{0},

where T'] = Pty o).
By isolating the derivative with respect to y3, and using that (ia - n¥)~! = —ia - n¥, the
system (4.4.6) becomes:

_ ia-n¥(y)

O = — W)
B VI VX))

( — i Oy, — 100y, +mf3 — z)u, in V, x (0,¢), (4.4.7)

I'u=g% onV,x{0}.
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4. Poincaré-Steklov operators for the MIT bag Model

Let us now introduce the matrices-valued symbols

) io - n#(F) ~ —iza - n¥(7)
Lo@,6) = —= W) _(oeh ), L) = 22 W) (4.48)
E o Jo L= e
with £ = (&1, &) identified with (£1,&2,0). Then (4.4.7) is equivalent to
hOy,u = Lo(y, hDg)u + hLi(§)u, in V, x (0,¢), (4.4.9)
IYu=g% onV,x{0}. o

Before constructing an approximate solution of the system (4.4.9), let us give some properties
of L().
4.4.1 Algebric properties of L,

The following lemma will be used in the sequel, it gathers some useful properties which al-
low us to simplify the expression of Ly(g, ). We omit the proof since it is an easy consequence
of the anticommutation relations of the Dirac’s matrices and the formulas (4.3.2).

Lemma 4.4.1. Let n? and & be as above, and let S be as in (4.3.1). Then, for any z € C
and any T € R3 such that T L n¥, the following identities hold:

(87— imBla-n?(@))* = (7[> +m?) L. (4.4.10)

PE(S-7)=(S-7)P£ and Pf{(iac-n¥) = (ioc-n¥)P¥. (4.4.11)
The next proposition gathers the main properties of the operator Ly.

Proposition 4.4.1. Let Lo(y,&) be as in (4.4.8), then we have

10(36) = o= (16 070) + 8- (17(0) A €) — iBlor - 7 (7))
e R A@:€) o AE:9) .
where

A(G,€) =\[In? NEP+ T,

o~ 1 N

7% () ::7Wn@(y), (4.4.12)

- (n% (1) - —18(a - nP(y
1L (7,€) ::% <I4i S - (n?(7) i)(y 5)5( (y))>'

In particular, the symbol Lo (i, €) is elliptic in S and it admits two eigenvalues p+(-,-) € S*
of multiplicity 2 which are given by

in?(g) - £+ A7, €)

g,&) = , 4.4.13
and for which there exists ¢ > 0 such that
= Rpu (§,€) > el€), (4.4.14)
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4.4. Approximation of the Poincaré-Steklov operators for large mass

uniformly with respect to §. Moreover, 114(g,&) are the projections onto Kr(Lo(y,§) —
p+(7,€)14), belong to the symbol class SO and satisfy:

PETLL(§,€) PL = kE(5, )P and PETIL(3,€) PL = $O%(§,€) P, (4.4.15)
with
1 1 1
B0 =5 (1% o g)), O%(1.8) = 55 (5 (n°(0) A €). (4.4.16)

That is, k% is a positive function of $°, (k%)~! € 8° and ©% € S°.

Remark 4.4.1. Thanks to the property (4.4.15) a 4 x 4-matriz A is uniquely determined by
P?A and 11 A and we have:

PeIL,
7

Pea+s i a
)P + A

1
A=PPA+PIA=PPA+ o PAILP{A= (1-
+

Proof of Proposition 4.4.1. By definition it is clear that Lo(g, £) belongs to the symbol
class S1, 114 (7,€), 0% € 8O, k¥ a positive function of S and (k¥)~! € $°. Now, by (4.3.2)
we obtain that

1

Lo(§,€) = W(i& () + S (n?(§) A €) — ila - n¥(5))),

and since (n? A €) L n®, Lemma 4.4.1 yields that
(S (n?(g) A &) —iBla-n?(G))* = [n? A€+ 1= (A(G,€)%

with A as in (4.4.12). From this we deduce that Lo(g,§) has two eigenvalues py which are
given by (4.4.13) and I14 (g, £) are the corresponding projectors onto Kr(Lo(7, &) — p+ (7, &) 14).
Next, using that

[n? A€ = (14 [Vx?) TP + (€10x2 — £20x1)),

and the fact that |Vx(7)| < 1 holds uniformly with respect to g, we get for some ¢ > 0
independent of § that

VAT
VIF[VxZE 7
which gives (4.4.14) and shows that py are elliptic in §'. Consequently, we also get that

Lo(7,€) is elliptic in $!. Now, using Lemma 4.4.1 and the properties (4.3.1), a simple
computation shows that

tRp+(§,€) = c(1 +[¢)),

1
PYILy = kEPY £ (S~ (n?(g) N€)) PZ,
22 (4.4.17)
PPIly = k2 P? £ 2 (S (n*(y) NE)) PL,
with k¥ as in (4.4.16). Hence, (4.4.15) directly follows from the above formulas. O
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4. Poincaré-Steklov operators for the MIT bag Model

4.4.2 Semiclassical parametrix for the boundary problem

In this subsection, we construct the approximate solution of the system (4.3.3) mentioned
in the introduction of this section. For simplicity of notations, in the sequel we will use y
and Py instead of § and P{, respectively.

We are going to construct a local approximate solution of the following first order system:

ho,u" = Lo(y, hD,)u" + hLi(y)u”, in R? x (0, +00),
{ o(y y) 1(y) ( ) (4.4.18)

Pul=§, on R? x {0},

where Lo(y,&) = lo,o(y) +lo,1(y) - € with lo, lp,1 and L; matrices-valued symbols of 89, such
that the properties of Proposition 4.4.1 hold for Ly and Px.
To be precise, we will look for a solution u” in the following form:

u"(y,7) = Op™(A" (-, 7)) f = /RQ Al(y, he, T)eVE f(€)dE, (4.4.19)

with A*(-,-,7) € 8 for any 7 > 0 constructed inductively in the form:

My, &m) ~ > W A(y, € 7).

7>0

The action of hd, — Lo(y, hDy) — hLi(y) on A*(y,hD,,7)f is given by T"(y, hD,,T)f,
with

(ya§7 ) (a A)<y fa ) LO(y7E)A(y7§77—)+h(L1(y)A(y7577)_8§L0(y7§)'8y‘4(y7577_))'

Then we look for Ay satisfying:

{ haTAo(y,f,T) = Lo(y,f)Ao(y,f,T);

P_(y)Ao(y.&,7) = P_(y), (4.4.20)

and for j > 1,

{ haTA] (ya Ea 7-) = LO(ya E)AJ (yv 67 7—) + Ll(y)AJfl(ya 5’ T) - afLO(ya 5) : 8ij,1 (yv 57 7—)7
P

' (y)A;(y,&,7) =0
(4.4.21)

Proposition 4.4.2. Let Ay be the solution of (4.4.20), then

(4, )P-(y) htro_we)
k(1. ) |

In particular, Ag(-,-,7) € 8°, and for all (k,1) € N? it holds that

A (y7 £, 7—) -

oL Ag(-, -, 7) € Wl =R
Proof. The solutions of the differential system ho;Ag = LgAg are

(y 5’ ) L) AO(y7£> )

By definition of py and 11y, we have:

I TLo (W) — phT - (3T (y,€) + ehflTer(y,E)HJr(y’ £). (4.4.22)
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4.4. Approximation of the Poincaré-Steklov operators for large mass

It follows from (4.4.14) that Ag belongs to $° for any 7 > 0 if and only if I, (y, &) Ao (y, &,0) =
0. Moreover, the boundary condition P_Ay = P_ implies P_(y)Ao(y,&,0) = P_(y). Thus,
thanks to Remark 4.4.1, we deduce that

PI,.P.
-
+

PII_P.
KZ

TP

Ao(y,€,0) = P_(y) (y,€) = P_(y) + (y,€) = Y(y,i)-

Hence, for 7 fixed the properties of p_, II_, P_ and k. given in Proposition 4.4.1, imply that

- 80 and Rl (b7 o)) @ pholg—hH
k% T ’
for all (k,1) € N2. This concludes the proof of Proposition 4.4.2. O

Next we treat the term Aj, after that we see more clearly in which symbol class we should
construct the terms A;, j > 2. Set ag(y) :=ia - 7(y), and define A;(y,§, 7), then we have:

Proposition 4.4.3. Let Ay be the solution to the system

haysAl(ya 57 T) = LO(y, é)Al(y) gv T) + aO(y)(iia : ay - Z)AO(y’ 67 T),
FfAl (y’ fv 0) = 07

(4.4.23)
Then
Al (y7 g? 7-) = ehilTﬂi |:Bl,0(y7 5) + h_lTBl,l(yv 5) + h_27-231,2 (y7 g):| )
with By € k'S~ for k € {0,1,2}.
Proof. We have

Ar(y, 1) =" 0T Ay g4 e o7 /0 " e ko gg (y) (=i - B — 2) Aoy, €, 5)ds,
= I (1) + Ia(7)
with
L(r) = ("I 4 eI ) Ay,
and

Iy(r) = eh™'mLlo /0 efh_lSLoao(y)(ia -0y — Z)A0|y3:0 ds

_ _ Y3 _
= (e 1y3p+ﬂ+>/ e 0 sag(y) (—ia - By — 2) Agjr—o ds,
0

Using the decomposition of e~ '$L0 ag (4.4.22), we get that

Y3 7h_1LOS i 8 A d o
0 e ao(y)(—ic y + z) 0lyz=0 @S = J1(ys) + J2(y3),
where

Ji(r) = /0 e_hilsp*H_ao(y)(—ioz - Oy) (ehilSp*H_Ams:O) ds,
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4. Poincaré-Steklov operators for the MIT bag Model

Y3 _
Jalys) = [ e L ao(y)(—ia -9, = 2) (1L Ag o)
A simple computation shows that

2

Ji(1) =H-ag (—h_lgioz - Oyp— —iTa - 8y> I Agjr—o,

and that

Jo(T) = /0 eh_ls(p‘fp”ﬂ_s_ao (—z’hilsa “Oyp— — 0 - Oy — z) - Agjs—o ds

—iTo - Oyp— io- Oyp— h=1r(p —
=Tl aq Y Y 20 | | i
- p——p+  h7l(p— —py))? Oir=0
T, a0 M eI Ay
h=1(p- — p+)
ia - Oyp— (—ic- Oy + 2)
—1II ag Y Y II_A T=0"
e T TR A e P Oir=0

Thus, we get

Al(y) 57 T) - <€h_1Tp_ II_ + Ch_lTp+H+> A1|T:0

2
LT g (—h_lgia Oyp- — it ay) I Aojr=0

_ [/ 7(—io - O, p_ -0, p_
+ " 1T"*l’[Jra,o (T( P )—l- ———ue )}H—Aoyszo

(p——p+)  h7p——p4))?
[(—ic- Oy — z)]
O Y Agp
LA (- — ) Oir=0
ey [ da- Oyp— (=i - Oy — 2)
(& Q
R (o - p+)2) h=(p— = p+)

—1
+ eh T”*H+a0

- Ap|r=0-

As the terms involving e TP+ are not square integrable, it follows that

ia - Oyp— (—ic- Oy + 2)
ht(p— —ps)* Wl (p— —p+)
Thanks to Remark 4.4.1, we deduce that

L1 Ayjyy—0 = Il ao

I Agjys—o,

A(y, & y3) = el e |:Bl,0(ya€) +h 7 lys By, &) + h_2y§B1,2(yv§)} ;

with

(z+ia-0y) ia-Oyp—
Bl,O(y’g) = 7hH+a0 < 2\ £ — 4)\3 ) H*AO(yvéaO)v

—ia - Oyp— )
B11(y,§) = hll ag <)\yp — (ia- 6@/)] 1_[—ADLus:Ov

1.
Bi2(y,&) = hIl_ag [—2204 . 8yp_] - Agjys—o-

(4.4.24)
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4.4. Approximation of the Poincaré-Steklov operators for large mass

From this we see that By, € h'S~! for k € {0,1,2}, and this completes the proof. O

The construction of the terms Ag and A; leads us to introduce the following class of
parametrized symbols

P = {b(-,-,7) € S™; V(k,1) € N2, 7%9Lb(-, -, 7) € WFlsmR Y m ez, (4.4.25)
in which we shall construct the other terms A;, j > 2. Indeed, we have

Proposition 4.4.4. Let Ay be defined by Proposition j.4.2. Then for any j > 1, there exists
Aj € WP, solution of (4.4.21) which has the form:

25
Aj(y, &, 7) = "= S (R (e)) By (v, ©), (4.4.26)
k=0

with B € WS™.

Proof. Since A; has already the claimed form by Proposition 4.4.3, thus for A; with j > 2,
it is sufficient to prove the induction step. Let us assume there exists A; € hi P, 7 solution
of (4.4.21) satisfying the above property and let us prove that the same holds for A;;;. In
order to be a solution of the differential system hd;Aji1 = LoAji1 + L1A; — O¢Lo - 0yAj,
Aj+1 .

Aj+1 = ehilTLoAj_H'T:O + €h717L0 / eihilsLo (LlAj — 8£L0 . aij)dS, (4.4.27)
0

where L1 A; has still the form (4.4.26), and we have
1 2J
Ay = "0 (K7 10y +0,) SO (h 1T (€) By
k=0
Thus, thanks to the properties p_ and Bj, the quantity (L1 A; —0¢Lo-0yA;)(y,&, s) has the

form:
2541

o= N7 (W17 (€) Bra(y, €) (4.4.28)
k=0

with Ej,k € W87, So, by using the decomposition (4.4.22), for the second term of the r.h.s.
of (4.4.27) we have:

el ho / e " ISLO(L1 Ay — D¢ Lo - 9,A;)ds = " TP-TL I (1) + € TP (1) (4.4.29)
0

with
2j+1

1) = [T 3 (0 5(6)) B s
k=0

For I’ , the exponential term is equal to 1 and by integration of s*, we obtain:

2j+1 _
O S ) T (1.430)
k=0

For I i, let us introduce P the polynomial of degree k such that

T 1
/0 eMshds = S (T Pi(T)) — P(0)),

154



4. Poincaré-Steklov operators for the MIT bag Model

for any A € C*. With this notation in hand, we easily see that the term eThp+H+Ii(7') has
the following form:

2j+1
e P I (1) = 11 ]ZLWB (7" 7= Pr(r"(p— = py)) — €7 P+ P(0)), (4.4.31)
+44\T) = 1y (r— — po )t jk\ € KT \P— — P+ e k ; (&4
k=0 -

where 7% := h~l7. Thus, by combining (4.4.30) and (4.4.31) with (4.4.27), (4.4.29) and
(4.4.22), we obtain:

— 2(j+1) —
,17_ —17_ _ —_ —
Ajpr =0 (T Ao — By ) + e = (T Aj o+ Y0 (7€) By ),
k=0
(4.4.32)
where
at g h{&)* > i+1 o—j—1
BT, =14 ———P(0)B;, € KT8,
and B, € hiT18=7=1 as a linear combination of products of II_ € &° h(&)~! (or

R{EYF(p_ — py)~F1) belonging to hS~! and of Ej,k €S,
Now, in order to have A;1; € & O we let the contribution of the exponentially growing
term vanish by choosing

—_~—

L Aj(y,€,0) = B4 (v, §)- (4.4.33)
Then, thanks to Remark 4.4.1, the boundary condition P_(y)A;+1(y,&,0) = 0 gives
P11
Aji1(y,€,0) = ; +Bf+1( ,€)- (4.4.34)
+

Finally, we have

i I_P,II 264D ——
Aj+1(y7£a7—) = eh P~ (%Bjtrl + Z h T ]Jrl,k:(y?g))a

and Proposition 4.4.4 is proven with

M_P I, — —
Bjt10 = T Ui Bi1 + Bjiio

and for k > 1, Bjy1, = B

Lk [

Thanks to the relation (4.4.19), to any A" € #? we associate a bounded operator from
L?(R?) into L?(R? x (0, +00)). The boundedness in the variable y € R? is a consequence of the
Calderon-Vaillancourt theorem (see 4.1.6), and in the variable 7 € (0,400) it is essentially
the multiplication by an L*°-function. Moreover, for A; of the form (4.4.26), we have the
following mapping property which captures the Sobolev space regularity.

Proposition 4.4.5. Let Aj, j > 0, be of the form (4.4.26). Then, for any s > —j — %, the
operator A; defined by

Ay = (D)) = [ | Ayl b i) f(€)as

gives rise to a bounded operator from H*®(R?) into HSHJF%(]R2 x (0,400)). Moreover, for any
L€[0,j+ 1] we have:
=O(h9). (4.4.35)

H‘Z ”Hs*)HS+J+7_l
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4.4. Approximation of the Poincaré-Steklov operators for large mass

Proof. First, let us prove the result for s = k — j — %, k € N, between the semiclassical
Sobolev spaces
w1(R?) := (hDy)°L*(R?)
HE ((R? % (0,400)) := {u € L% (hDy)* (hdy,)"u € L? for (ki, ko) € N? k1 4 ko = k},

SC

where (hD,) = \/=h2Ag2 + I. Then, for f € H*(R?)*, we have:

| A; fHHk ®ox(0400) = D [(hDy)* (hdy )™ A 1172 (82 (0.100))
ki1+ko=k

+o00
= Z /0 H(hDy)lﬁ (h8y3)k2 (A1) yS)H%2(R2)dy3.
k1+ko=k

(4.4.36)

Thanks to the ellipticity property (4.4.14), for A; given by Proposition 4.4.4 we have:
. e i
(hys)*2 A; (4, €, ) = WIbj(y, G yz)e " w28 (k2 73,
with b; satisfying, for any (o, 8) € N? x N? there exists C, g > 0 such that:
10508 (y, & y3)| < Cag, V(Y. ys) € R? x R x (0,+00).
Consequently, from the Calderén-Vaillancourt theorem’s (see (4.1.6)), we can write:
(hDy)" (hy,)* 75 = W B; (ys) (hDy) 1 HH2T a3 DL,

with (B;(y3))ys>0 a family of bounded operators on L?(R?), and uniformly bounded with
respect to y3 > 0. Then, for f € H*(R?)*, we have:

[(h Dy (R, )2 (T £) ) By S BN (AD, Yot s B0 g2, o

and from (4.4.36) we deduce that

I £ 3 o roeyy S B NP 7 oy = DA oy

scl 2 (RQ)
_1
where we used that for any [ € N, f € Hsld 2 (R?),

[(hDy)le™" w50 |3, o) = (7wt (DY (WD ) p2
h O

= o (e WP RD) T L (WD) f) e
Y3

By interpolation arguments we thus deduce that for any j € N, s > —j — %, it holds that

1
||ﬂ || Hs+j+% = O(hﬁ—Q)- (4.4.37)
scl scl

proving the estimate (4.4.35) and completing the proof of the proposition. O

Proposition 4.4.6. Let f € H*(R?) and Aj, j > 0, be defined as in Propositions 4.4.2 and
4.4.4. Then for any N > —s — %, the function uf, = Z;V:O WA f satisfies:

{haTu?v — Lo(y, hDy)uy — hLy(y)uly = BN HIRE f, - in R? x (0, +00), (4.4.38)

Pl = f, on R? x {0},
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4. Poincaré-Steklov operators for the MIT bag Model

with
R £ [ (Lidy = 0cLo- 0,Aw) (v, b6, T)e < f(e)de,

a bounded operator from H*(R?) into HsTN+3 (R? x (0, +00)) satisfying for anyl € [0, N+ 3]:

h
IR N

h L, = O(h!™). (4.4.39)

Hs—H N2

Proof. By construction of the sequence (4;),co,... n—1} We have the system (4.4.38) with
(R]f(f = Oph(r?\/'(" B 7—))7

rJhV(ya 57 7-) = (LlAN - a§L0 . 8yAN> (yv ga 7_)7

(see the beginning of Section 4.4.2). As in the proof of Proposition 4.4.4, rf{, has the form
(4.4.28) (with j = N). Then, in similar way as in the proof of Proposition 4.4.5 we obtain
the estimate (4.4.39). O

4.4.3 Proof of Theorem 4.4.1

In this section, we apply the above construction in order to prove Theorem 4.4.1.
Let g € P_HY2(0Q), (U,,V,,¢) a chart of the atlas A and 1,12 € C§(U,). Then
f = (¢ 1)*(¢hag) is a function of H'/2(V,)* which can be extended by 0 to a function of
H'Y?(R?)%. Then for h = 1/m and any N € N, the previous construction provides a function
ul € HY(R? x (0,+00))* satisfying

D% — ul, =hNTIRE £, in R? x (0,¢),
{( = 2)uy nf in (0,¢) (4.4.40)

r_uf =f, on R? x {0},
with uf = Z;V:o R/ A f (see Proposition 4.4.5) and R f € HV*1(R? x (0,¢)) with norm in

HNF1=1 1 € [0, N + ], bounded by O(h=2). Consequently, v := ¢*ul, defined on Upes
satisfies:

. h _ 3 N+1 _x/mph i
{(Dm 2y =PV (RY ), iV, (4.4.41)

F,U?V =1ag, on U,.

Now, let ESL(2)[2g] € H'(Q)?* be as in Definition 4.3.1. Since T_v% = T'_Ef}(2)[12g] = 12y,
then the following equality holds in ¥, .:

oy = Br(2)[Yag) = WV (Huarr(m) = 2) 7167 (R (9 71) (129))-
From this, we deduce that
Urtia(g) 1= UiT+ By (2)[tag] = 91 Dol =™ oD (Hire(m) —2) 0" (R (971)" (429) ).
Since ¢ |y, = ¢, for any u € H*(V,, x (0,¢))*, we have that

Lpo™(u) = " (Pru v, < o0))s YT vly = i Op"(alk) (0™ 1) *ag,

with
N N

af(5,6) =Y WPy Aj(y,€,0) = > W Py Bjo(y,¢), (4.4.42)
J=0 j=0
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4.4. Approximation of the Poincaré-Steklov operators for large mass

where By € hiS~J are introduced in Proposition 4.4.4. Thus, in local coordinates, the
principal semiclassical symbol of 2, is given by

P II_P_
P, Boo(y,€) = PrAo(y.£,0) = ——5—(1.)-
+

Thanks to the property (4.4.15) it is equal to

S (EAn*(y))
VInP ANEP+141
We conclude the proof of Theorem 4.4.1 by proving the following Lemma which is a

consequence of the above considerations, the regularity estimates from Theorem 4.2.1-(iii),
Theorem 4.2.2-(i) and Proposition 4.3.1.

Lemma 4.4.2. Let 11,19 € C®(X) such that supp(¢n) Nsupp(ve) = 0. Then, for mg > 0
sufficiently large, m = mg, and for any (k, N) € N* x N* it holds that

—0%P_(y,§) = P_(y, ).

leﬂmwQ”P_H1/2(E)4~>P+Hk(2)4 = @(mfN).

Proof. Let 11,19 € C*°(X) with disjoint supports. Thanks to Theorem 4.2.1-(iii) and
Theorem 4.2.2-(i), to prove the lemma it suffices to show that for any (Ni, No) € N2, there
exists Cn, n, such that

Cny N _
(1 miba)gll L iNerh e S \/152 (Hljgbo | (Hyvirr (m) — z) 1”Hk(9)4—>Hk+1(Q)4)

x || (Hyrr (m) — z)_lujjyg(gylﬁp(g)zlHQHP,Hl/Q(Z)‘l'

(4.4.43)

For this, let us introduce ®; € C§°(Q) such that ®; = 1 near supp(¢);) and ®; = 0 near
supp(¢2). Thus, for g € P_HY2(9Q)* and E(2)[teg] € H'(Q) as in Definition 4.3.1, the
function uy o := ®1 ES}(2)[thag] satisfies:

{(D - Z)Ul 2 _[D()a q)l] ( )[ng] in Qa

(4.4.44)
I uyo =P |x 29 =0, on .

Then, u1 o = (Hyyr(m) —2) " Do, ®1]ES(2)[12g], and for any P, € C5°(Q) equals to 1 near
supp(#1) we have:

1 yba(g) = 0104 @1 (Hyirr(m) — 2) 7Y Do , ®1]ESL(2)[1hag].

Moreover, by choosing <IT1 such that </fl < @4, that is &1 =1 on supp(<1>1), both functions qu
and [Dy, ®1] have disjoint supports, and we can apply the following telescopic formula:

&1 (Hyirr(m) — 2) 7 (1 = x1) =01 (Hyirr (m) — 2) " [Do, xn] -+ - (Hyirr (m) — 2) Y[ Do, x2]
(Hyrr(m) — 2)~H (1 = xa),
for (xi)i<i<n a family of compactly supported smooth functions such that Py < XN <
XN—1 < - < x1 < ®;. Since [Dg, ®1] = (1 — x1)[Do, P1], the above telescopic formula

allows us to write ©¥1.9,12(g) as a product of N cutoff resolvents of Hypr(m). Now, by
Proposition 4.3.1 we have

B8 (=) lag)|

2@ 4N\ﬁ||9|\L2(z)4

Thus, using the continuity of T'y from H™*1(Q) to HN2+5(Z), we then get the estimation
(4.4.43) for N = N; + N3, finishing the proof of the lemma. O
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4. Poincaré-Steklov operators for the MIT bag Model

Remark 4.4.2. Note that for any m > 0 and z € p(Hpyir(m)), the parametriz we have
constructed for <y, is valid from the classical pseudodifferentiel point of view. Actually,
Lemma /4.4.2 is the only result where the assumption that m s big enough has been assumed,
and it is exclusively required to ensures that away from the diagonal the operator <, is
negligible in 1/m. In the same vein, if m is fized then the proof of Lemma 4.4.2 still ensures
that away from the diagonal <y, is reqularizing. Consequently, we deduce that for any m > 0
and z € p(Hprr(m)), the operator <, is a homogeneous pseudodifferential operator of order
0, and that
1

Ay, = : An)P_ d OpS—H(Y),
\/ES (VE TL) mo Op ( )

which is in accordance with Theorem /.3.1.

Remark 4.4.3. If Q is the upper half-plane {(x1,22,23) € R3, x3 > 0}, we easily obtain
that <y, is a Fourier multiplier with symbol

Cdag(anén + aeéo — 2)

VIEE T m+m

Note that this result is straight forward and can be easily derived from the Fourier side, since
by Theorem 2.3.3 Sp(H prr(m)) = Sp(Dy,), and thus <y, has the explicit formula given in
Proposition 4.3.1-(iii).

am(§) =

4.5 Krein-type resolvent formula and resolvent convergence
to the MIT bag operator

In the whole section, we let Q C R? be a bounded smooth domain. As in the introduction
of this chapter, we set

Q=0Qand Q. =R3\Q, 0Q=23x.
Fix m > 0 and let M > 0. Recall that the Dirac operator Hj; is defined by
Hyro = (D + MBlo,)p, Yy € dom(Hy) = H'(R?)*,

where 1q_ is characteristic function of {}.. By Kato-Rellich theorem and Weyl’s theorem, it
is easy to see that (Hps,dom(Hyys)) is self-adjoint and that

Spess(HM) = (_007 _(m + M)] U [m + M: +OO)7
Sp(Har) N (—=(m + M), m + M) is purely discrete.

We also recall that the MIT bag operator acting on L?(€;)*, is defined by
Hyir(m)v = Do Vo € dom(Hyr(m)) = {v € H'(;)*: P_tgv =0 on E} . (4.5.1)
where ty, is the trace operator and Py are the orthogonal projections defined by (4.1.1).

The aim of this section is to use the properties of the Poincaré-Steklov operators carried
out in the previous sections to study the resolvent of Hjy; when M is large enough. Namely,
we give a Krein-type resolvent formula in terms of the resolvent of Hyyr(m), and we show
that the convergence of Hjs toward Hygr(m), in the norm resolvent sense, holds with a
convergence rate of O(M™1).
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4.5. Krein-type resolvent formula and resolvent convergence to the MI'T bag operator

Before stating the main results of this section, we need to introduce some notations and
definitions. First, we introduce the following Dirac auxiliary operator

Hppu = Dyyypru,  Yu € dom(Hyy) == {u € H'(Q.)*: Pytsu =0 on E} . (4.5.2)
Notice that H [\ is the MIT bag operator on .. Since ¢ is unbounded, Theorem 4.2.1
implies that (Hjys,dom(Hyy)) is self-adjoint, and that

Sp(ﬁM) = Spess(ﬁM) = (—OO, _(m + M)] U [m + M, +OO)

Let z € p(Hyrr(m)) N p(Hyr) and g, h € HY2(2)%. We denote by ESi(z) : PLHY2(%)* —
H'(9;)* the unique solution of the following boundary value problem:

{(Dm —2)v=0, inQ;,

] (4.5.3)
P tyv=g, inX.

Similarly, we denote by E%JFM(Z) . PLHY2(2)* — HY(Q.)* the unique solution of the

following boundary value problem:

{(Dm+M —2)u=0, i'n Qe, (4.5.4)
Pityu=h, in %.
Define the Poincaré-Steklov operators associated to the above problems by
ol = Pits B (2)P- and S = P_ts Bl (2)Py.
Then, from Proposition 4.3.1 we have the explicit formulas
Eni(z) = (ML) TPo, o = —PyB(AL)TIPo, V2 € p(Di),
EﬁiM(z) = (I)S;;nJrM( fn-s-M)_IP% ”Q{ni—&-M = —P_f( fn+M)_1P+7 Vz € P(Dm—irl(w)- )
4.5.5

Notation 4.5.1. In the sequel we shall denote by R (z), R (2) and Ryp(z) the resolvent
of Hyr, Hyr and Hypr(m), respectively. We also use the notations:

o I'y =Pits andl' =T'yrg, +I'_rq,.

o En(z) = eq,EL(2)P- + eq Ef 1 (2) Py

° EM]T(z) = eq, Rurr(z)ra, + eQEﬁM(z)me.

With these notations in hand, we can state the main results of this section.

Theorem 4.5.1. There is My > 0 such that for all M > My and all z € p(Hpp(m)) N
p(Hyr), the operator Wys(z) := (I AR %£+M> is bounded invertible in H'/?(X)*, and it
holds that

Ru(2) = Ry (2) + Ear(2) 81 (2)T Ryr (2). (4.5.6)

Moreover, for any a € (—(m + M),m + M) \ p(Hpyrr(m)) we have a € Spp(Hyr) < 0 €
Spp(¥ar(a)), and it holds that

Kr(Hy —a) ={Em(a)g: g € Kr(Vpr(a))}.
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4. Poincaré-Steklov operators for the MIT bag Model

Remark 4.5.1. By Proposition 4.3.1 (ii) we have that

(B2 (2))" = —AT  Rurr(2) and (B2, \(2)) = —AT_ Ry (2),

for any z € p(Hyrr(m)) N p(Har). Thus, the resolvent formula (4.5.6) can be written in the
form:

R (2) = Ryrr(2) — (BT Rair (2))* 9 (2)T Ryirr (2).

Before going through the proof of Theorem 4.5.1 we first establish a regularity result that
will play a crucial role in the rest of this section. It concerns the dependence on the parameter
M of the norm of an auxiliary operator which involves the composition of the operators .77,
and 7 _ ;. In the proof we use the symbols @ and F[u] to denote the Fourier transform of
U.

Theorem 4.5.2. Let o and ¢ 11 be as above. Then, there is My > 0 such that for every
oo > M > My and all z € p(HMIT( ) N p(Hur) the following hold true:

(i) For any s € R the operator Zp;(2) : H¥(X)* — H5(X)* defined by

N\ —1
Zu(2) = (L= S ar — Siore ) (4.5.7)

s everywhere defined and uniformly bounded with respect to M .

11) The Poincaré-Steklov operator, o€ ., satisfies the estimate
m+M

|| +MHP+H5+1(E)4*>p Hs($)4 ,S M, Vs € R. (4.5.8)

Proof. (i) Set 7 := (m+ M), then the result essentially follows from the fact that Z/(2)
is a 1/7-pseudodifferential operator of order 0. Fix z € p(Hyyr(m))Np(Hys) and set h = 771,
From Theorem 4.3.1 and Remark 4.4.2 we know that <7’ is a homogeneous pseudodifferential
operator of order 0. Thus 7%, can also be viewed as a h-pseudodifferential operators of order
0. That is, & € op"s 9(¥), and in local coordinates, its semiclassical principal symbol is
given by

) = SEN P

€ An(x)
Similarly, thanks to Theorem 4.4.1, we also know that for hy sufficiently small (and hence
Mpy big enough) and all h < hg, <7, is a h-pseudodifferential operator and that

ot S - (f/\n(x))P-F

EOhSOE, , = — .
m+M pS(X) ph@’+M(x ¢) EAn(Z)?+1+1

Therefore, the symbol calculus yields for all h < hg that (14 — LA — DA ’) i
a h-pseudodifferential operator of order 0. Now, a simple computation using Lemma 4.4.1
yields that

S-(Enn(x)PeS - (EAn(x))Pr _ [EAn(x)|Ps

lEAn@)|(VEAR@PEF+14+1)  VEAn(@)P+1+1
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4.5. Krein-type resolvent formula and resolvent convergence to the MI'T bag operator

Thus
€ A n(z)]
EAn(z)?+1+1
_ VIEAn@)P+1+1+[EAn(x)] o )
VIEAR(Z)P+1+1 ~

From this, we deduce that (I4 — ! e — A, +M42W) is elliptic in OphSO(E). Thus,

m

Ly = ph o, (@, E)pnye , (2,8) = Phoae | (2, 8)Pp o (2,6) = Is +

Za(2) € 0p"S$9(8), and in local coordinates, its semiclassical principal symbol is given by

(2,6 = LA L]
Ph=p(2) X VIEAR@)Z+ 14+ 14| An(z)|

As Zp(2) is a h-pseudodifferential operators of order 0, it follows that for any s € R, Ep/(2) :
H*(X)* — H*(X)* is well-defined and bounded uniformly with respect to M, proving the
statement (i) of the theorem.

The proof of the statement (ii) follows the standard arguments of the proof of the bound-
edness of classical pseudodifferential operators. Indeed, since ¥ is compact, it suffices to show
for ¢ € CZ(R?) that Op(ppue) = ngp(pre) satisfies the estimate

| Op(pere) | o gy S Hf||HS+1(R2) Vf e S(R%)Y, (4.5.9)
where pe is the principal symbol of &7, i.e.,
A P
pgfg(li,f): (5 n( )) + . T=m+ M.

VIEAn@)P+ 72+ 7

Set a-(z,§) = o(x)pue(r,€). Thus, a, is compactly supported with respect to x and satisfies
the estimate

1
el <0 (F

We set (D)F = Op((6)F) € OpS*, By := (D)*0O0p(a,)(D)~*tD and we let g = (D)*t1f.
Then (4.5.9) is equivalent to

>,vmgewxw.

1
B < — .
| Sg||L2(R2)4 ~ HgHLQ(RQ)‘l

Observe that
Par(w.6) = [ arle de = [ e D (e, Oz, Vo
R?2 R2

where in the last equality the support condition on a, was used. From this it follows for any
N > 0, there is Cx > 0 (independent of &) such that

e, < Ox) ™ (15 ’é") V() R xR (4.5.10)
Notice that for g € 8(R?)%, we have that Byg(y) = (y)*F[Op(a,)(D)~*V] and that
F10p(ar) (D) gly) = [ e ([ e 4ar(e )0 CVg(e)de ) da
~ [ ([ e =0 9armoe i ) e

—/aTy £,€)(€)"Hg()ae.
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4. Poincaré-Steklov operators for the MIT bag Model

Thus

Bug(w) = )" [ arly =605

Hence, Peetre’s inequality: (y)(€)~% < 2151=1(y — &3], together with (4.5

1+[¢]

§)de = /'Ky§<®s

10) yield that

< WOy -9

K6 S W) -~ (

< <y — £>7N+|S|
(7 +1€])

T+ ¢

Since (4.5.10

— and
-

LK@ ole < -
R2

Therefore, Schur’s test from Theorem 1.3.1 implies that

1Bsgll L2 meys = HES\Q

(7 +[£])

) holds true for any N > 0, choosing N sufficiently large we get that

1
y&\dy<f

1
L2(R2)4 5 ; ||9HL2(R2)4 )

which gives the desired estimate and finishes the proof of (ii). O]

We can now give the proof of Theorem 4.5.1.

Proof of Theorem 4.5.1. Let M, be as in Theorem 4.5.2 and M > M, fix z €

p(Hyirr(m)) N p(Hyy) and let f € L2(R3)%. We set

v=rq,Ry(2)f and u=r

Then u and v satisfy the following system

. Ry (2)f.

(D ) f in Qi,
Dm - i Qe7
Diner = 2ju =/ o (4.5.11)
F'v=_"_u on X,
Fiv=T4u on X.
Not that if we let
p=I_u and ¢ =TI, (4.5.12)
then it holds that
(D — z)Eﬁl(z)ap =0 in Q;,
(Dmiar = 2) B ()9 =0 in Qe
F_E,%i(z)cp = on X,
TLE (=4  onX.
Since by definition we have that
(Dm — 2)Rair (2)r, f = f in €,
(Dmtm — 2) By (2)ra f = f in Q,
I'_Ravar(2)ra,f=0 on %,
Ty Ru(2)ra, f = on X,
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4.5. Krein-type resolvent formula and resolvent convergence to the MI'T bag operator

from this we deduce that

{v = Ry (2)ro, f + ES(2)e, (4.5.13)

u= Ry (2)ra, f + B (2)0.

Thus, to get an explicit formula for Rjs(z) it remains to find the unknowns ¢ and . For
this, note that from (4.5.13) we have

{w =Tiro,Ru(2)f = Dy Rar (2)ra, f + T+ B (2)[¢], (4.5.14)

o =T_rq,Ry(2)f = T_Ra(2)ra. f + F_EﬁiM(z)[g/J].
Substituting the values of ¥ and ¢ (from (4.5.14)) into the system (4.5.13), we obtain
Ry (z) =eq, Ryvirr (2)r, + eﬂe]A:L;M(Z)’I“QE
+ (ea, B ()0 _ra, + ea, B 1 (=) 470, ) Ras (2) (4.5.15)
:EMIT(Z) + EM<Z)FRM(Z)

=

Note that, by definition of the Poincaré-Steklov operators, (4.5.14) is equivalent to

=I'yR 2)ra, f + (),
{w +~MIT( Jra.f ’ () (4.5.16)
o =T_Ry(2)ra.f + D).
Thus, applying I" to the identity (4.5.15) yields that
CRvie(2) = (I = o, — oyar) TR (2) = Uar ()T R (2). (4.5.17)

Now, we apply (I + 1, + % y;) to the last identity and we get
(1 + o+ Far) DRure(2) = (I = Fiar — s ) TRar(2) = (Ena(2) TR (2).

Thanks to Theorem 4.5.2, we know that for M > M the operator (Zj;(z))~! is bounded
invertible from H'/2(X)* into itself, which actually means that W), is bounded invertible
from H'/?(X)* into itself and that

Ut (2) = Emi(2) (T + i+ fyang) and TRy(2) = Wi ()0 Raarr ().

Thereby, the identity (4.5.6) follows from the above computations and (4.5.15).

Now we turn to the proof the second statement. Let us first prove the implication (=).
Let a € (—(m + M),m + M) \ p(Hyrr(m)) be such that (Hy; — a)p = 0 for some 0 # ¢ €
HY(R3)%. Set o, = ¢, and p_ = p|q,. Then, it is clear that ¢ solves the system (4.5.3)
with ¢ = I'_¢, and o_ solves the system (4.5.4) with h = T'; . Thus, ¢, = E%i(a)T'_¢ and
p_ = EﬁiM(a)F+g0. Hence, ¢ = Ej(a)tsyp and T'Lp # 0, as otherwise ¢ would be zero.
Using this and the definition of the Poincaré-Steklov operators, we obtain that

(I + Ay )T = tspy = tsp = tup = (Io + F )T,
and since typ # 0 it follows that
U(atse = (In + ) + A a)tse =0,

which means that 0 € Sp,(Vas(a)) and proves the inclusion Kr(Hys —a) C {Em(a)g : g €
Kr(Us(a))}.
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4. Poincaré-Steklov operators for the MIT bag Model

We now prove the implication (<=). Let a € (—(m + M),m + M) \ p(Humir(m)) and
assume that 0 is an eigenvalue of Wys(a). Then, there is g € HY2(X)*\ {0} such that
Upr(a)g =0 on X. Note that this is equivalent to

(P + ) = (Py + Ay 01)g- (4.5.18)

Since a € (—(m+ M), m~+ M)\ p(Hyyr(m)), the operators ES¥(a) : P_ HY/?(X)* — H'(Q;)*
and EﬁjM(a) . PLHY?(X)* — HY(Q.)* are well-defined and bounded. Thus, if we let
¢ = Epfa)g = (E,%’(a)P,g,EﬁiM(a)P+g), then ¢ # 0 and we have that (D, —a)p =0
in Q;, and that (Dy,43 — a)p = 0 in Q.. Now, using the definition of the Poincaré-Steklov
operators and the equation (4.5.18) we get that

tEpi(a)P-g = (P + )9 = (Py + 5y 01)9 = t iy (a) Prg.

Thanks to the boundedness properties of E¥(a) and ET%_ (), it follows from the above
computations that ¢ = Eys(a)g € H'(R3)*\ {0} and satisfies the equation (Hy; — a)p = 0.
Therefore, a € Sp,(Hyr) and the inclusion {Ey(a)g : g € Kr(¥as(a))} € Kr(Hy — a) holds
true, and this achieves the proof of the theorem. O

As an immediate consequence of Theorem 4.5.2 and Theorem 4.5.1 we have:

Corollary 4.5.1. There is My > 0 such that for every M > My and all z € p(Hpr(m)) N
p(Hap), the operators Ex,(z) : P H*(X)* — P H*(X)* defined by

() = (I - hary) and Zy2) = (I- aya)

are everywhere defined and uniformly bounded with respect to M, for any s € R. Moreover, if
v € HYR®)* solves (D, + MBlg, — 2)v = eq, f, for some f € L*(Q)*. Then, rq,v satisfies
the following boundary value problem

(D, — 2)ru=f in S,
I'_v=E5,(2)%, yl+Rwir(2)f on X, (4.5.19)
Tyv=T4Ryur(2)f + T v on .

Proof. We first note that =3,(z) = PyZp(2)Pyr. Thus, the first statement follows
immediately from Theorem 4.5.2 . Now, let f € L?(Q;)*, and suppose tha v € H'(R3)*
solves (D, + Mflq, — z)v = eq, f. Thus (D, — 2z)rq,v = f in Q;, and if we set

¢ =P_tyv and ¢ = Pitxv, (4.5.20)
Then, from (4.5.16) we easily get
¢ =Ey () Ty B (2) f - and ¢ = Ty Ryr (2) f + e,

which means that rq,v satisfies (4.5.19), and this completes the proof of the corollary. 0
Remark 4.5.2. Notice that from (4.5.16) we have that

Pira,Ru(2)f) _ (En(2) L o\ (TeRur(z)ro, f

T ro.Ru(2)f Evu@)) \dyiy L C_Ry(2)ra.f )

With this observation, we remark that the resolvent formula (4.5.6) can also be written in the
following matriz form

ro,Ru(2)\ _ (Ruar(2)re; . Ex()Zy(2) \ (e a | (T+Rurr(2)re,
ro. R (2) Ry (2)ra. By, 0 (2)E38(2) Iy ) \P-Ru(2)ra. )
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We finish this section by providing an asymptotic expansion of Rjs(z) and proving its
norm convergence toward Ryr(z) and estimate the rate of convergence.

Proposition 4.5.1. For any compact set K C p(Hyr(m)), there is My > 0 such that for all

M > My, K C p(Hypr), and for all z € K the resolvent Ry admits an asymptotic expansion
in L(L2(R®)*) of the form:

Rau(2) = ea, Rurr(z)ra, + 17 (K () + Lur(2)) (4.5.21)

where Ky (2) and Ly (2) are bounded from L?(R3)* into idtself independently of M, and we
have

ro,Knm(2)eq, =0 =rq . Kn(z)eq,.
In particular, it holds that

1
HRM(Z) - eQiRMIT(z)TQiHLQ(R3)4HL2(R3)4 =0O (M) .

Before giving the proof, we need the following estimates:

Lemma 4.5.1. Let K C C be a compact set. Then, there is My > 0 such that for all
M > My: K C p(Hpyr) and for every z € K the following estimates hold:

| Rar (2 f\m)w 1llgaanys VF € ()",

[P Bar ()]0 S f llizane, VF € L(90)",
[ ON I NS~ Sl VS € 2O,
B0 (209 LQQ)45f|\w||L224, Vo € PLI* ()",
1B ]| e S 7 Wllrzgoys s W6 € PLEV2(D)

Proof. Fix a compact set K C C, and note that for M; > sup,cx{|Re(z)| —m} it holds
that K C p(Hay,), and hence K C p(Hy) for all M > M;. We next show the claimed
estimates for Ry(z) and I'_Rys(z). For this, given z € K and assume that M > M. Let
pE dom(ﬁ M), then a straightforward application of the Green’s formula yields that

1Harel 7200,y =ll(@ - V)@l 2, + (m + M) |[olf2(,)0 + (m+ M) ||P-tse|[72s
Using this and the Cauchy-Schwarz inequality we obtain that
I(Har = 2)@ll72(0,y0 =IHael 201 + 2P 10072001 — 2Re(2)(Hare, ) 20
- 1 ~
> Huel 2. + 1212100172 0,00 — §HHM‘PH%2(QE)4 — 2|Re(2) ¢l 7201

m+ M)? M
> <(2) + [Im(2)[? — !Re(z)\2> 1122001 + 5 1P-tl 120y

Therefore, taking Rys(z)f = ¢ and M > My > sup,c;c{v/[Re(2)[2 — Im(z)[2 — m} we obtain
the inequality

S Wl and [P Rar(a)f]

1
sy S NiYi A1 L2y
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4. Poincaré-Steklov operators for the MIT bag Model

Since T'_ is bounded from L?(2,)* into H~/2(X)*, using the above inequality we get that

HF_RM(Z)JCHH%/?(E)AL S HF—HLQ(QE)‘lﬁH*l/?( )4 H-1/2(x)4 N HfHLQ(Q
for any f € L?(2.)*, which gives the second inequality.
Let us now turn to the proof of the claimed estimates for ESk

(). Let ¢ € PyL2(E)4,
then from the proof of Proposition 4.3.1 (ii) we have

. —2|Re(z yH

|W\|2L2(z z (m+ M) H i (2 d}‘ L2(Q0)4

Thus, for any M > M3 > sup,c{4|Re(z)| — m}, we get that

[+ vOH

2
oy < 21z
and this proves the first estimate for Eﬁi a(2). Finally, the last inequality is a consequence
of the first one and Proposition 4.3.1. Indeed, from Proposition 4.3.1 (ii) we know that
BT_Rp(Z) is the adjoint of the operator Emer( z) : PLHY?(X)* — H'(Q)*. Using this
and the estimate fulfilled by T'_ Rj;(Z) we obtain that

‘<F RM f 6¢>H 1/2(2)4 H1/2(2)4
H [ st

< 22 11l 2y |\¢||H1/2@)4

(s B (29 20

‘H 1/2

Since this is true for all f € L?(Q.)*, by duality it follows that

|

1
it | s S 3 Wy, V0 € PRI

which proves the last inequality. Hence, the lemma follows by taking My = max{M;, Ms, M3}.
O

Proof of Proposition 4.5.1. We first show the result for some M} > 0 and any z € C\R.
So, let’s fix such a z and let f € L?(R?)*. Then, it is clear that z € p(Hygr(m)) N p(Hyr),
and from Theorem 4.5.1 and Remark 4.5.2 we know that there is M{ > 0 such that for all
M > M it holds that

[1(Bar(2) = eo, Rarr(2)r,) fll 2 gusys < || ESE (2)Z, (=)0~ Rau (2)
+ Eiim JEN (=)0 Ranrr (2)ro,
+ (| B (2)23 (2) ity p T+ Brr (2)
+|[Ern@E () Bu(yra ||
+ ||Ra(2) =1+ Jo+J3+ 4+ Js.

From Lemma 4.5.1 we immediately get that J5 < M~1||f]|. Next, observe that I'y Ryyr(2) :
L2(Q)* — HV2(D)4, o - HY2(2)* — HY2(2)* and ES¥(2) : HV2(2)* — H(o, Q) C
L2(Q;)* (where H(a,$);) is defined by (1.2.4)) are bounded operators and do not depend on
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4.5. Krein-type resolvent formula and resolvent convergence to the MI'T bag operator

M. Moreover, thanks to Corollary 4.5.1 we know that for all s € R there is C > 0 independent
of M such that

23|

Using this and the above observation, for j € {1,2,3,4}, we can estimate Ji as follows

<
PyHs()45PyH5 (D)4

Jl S, Eﬁi(z)E]T/[(Z)HHAm

< Qe
J2 ~ Em+M< )HHI/Q(Z)4—>L2(QE)4

Js S || ()2 (#)

TS ||Bnea(?)]

(D)4 L2 () 2)ra. fH
1r(2)T 4 Ry (2)

H— 1/2 )

H/2(%)4 ’

P,H—1/2(2)4—>L2(Q')4||d£+M||H1/2(E) oy [T R ()ras fll e

=1 (2) A (2)ra.f

L2(D)4—L2(Q,)4 L2(D)A—>L2(T)4 2(m)t

Therefore, Theorem 4.5.2-(ii) together with Lemma 4.5.1 yield that
1 .
JksinHLQ R3)4 for anY]€{1727374}‘

Thus, we obtain the estimate

C
1(Rar(2) = e Baarr (2)ra) fll sy < 37 1112 ge)s - (4.5.22)
Moreover, the asymptotic expansion (4.5.21) holds with

Li(2) =M (eq, Rur(2)ra, + eq, By (2)Zh,(2) 8 T4 Rairr (2)rg,
+ o, Bt (228 (2) @il - Rar(2)ra,),

and
Kui(2) = M (eq, B (2)23 (=)= Rar (2)ra, + ea, Entpr (2)28 ()04 Rarr ()7, )

and we clearly see that ro, Ky (2)eq, =0 =rq Knm(z)eq,.

Finally, since (4.5.22) holds true for any z € C\ R, for any fixed compact subset
K C p(Hyar(m)), one can show by arguments similar to those in the proof of [14, Lemma
A.1] that there is My > M{ such that K C p(Hjps). Therefore, the proposition follows with
the same arguments as before. O

We conclude this part by pointing out the following remarks.

Remark 4.5.3. Notice that the rate of convergence given in Proposition 4.5.1 is sharp.
Indeed, since the resolvent Ry;(z) can be viewed as a semiclassical pseudodifferantial operator
of order —1, the L?-norm estimate of Ry;(2) given in Lemma 4.5.1 can not be ameliorated.

Remark 4.5.4. We mention that by mean of the min-max characterization and optimiza-
tions techniques, a first-order asymptotic expansion of the eigenvalues of Hyr in terms of the
eigenvalues of Hprr(m) has been established in [6] when M — oo. Note that it is also possible
to obtain such a result using the Krein formula from Theorem 4.5.1 and finite-dimensional
perturbation theory (cf. Kato [74] for example), see, e.g., [28, 34] for similar arguments.
Note also that the asymptotic expansion of the eigenvalues of Hys depends only on the term
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4. Poincaré-Steklov operators for the MIT bag Model

Ef,}j(z)E&(z)M,Z+MF+RM1T(z)rQi. Indeed, let Ay be an eigenvalue of H prp(m) with mul-

tiplicity 1, and let (f1,---, f1) be an L?(;)*-orthonormal basis of Kr(Hyr(m) — Aarrrly).
Then, using the Krein resolvent formula from Theorem 4.5.1 we see that

(Rot(2)eq, frr e, fi) r2meys = (B (2)Z07(2) %ty oy Raarr(2) fios £7) 120

= (Eu (&) Dy T+ Raarr(2) fros =BT+ Rarr(2) £5) 12 ()t
1

- m<aﬁ(z)%£+Mr+fka _ﬁr+fj>L2(E)4,

which means that ESY(2)E3,(2) 2, T+ Rurr(z)ra, is the only term that intervenes in the

asymptotic expansion of the eigenvalues of Hyr. Since the principle symbol of 2y, (2)<)
s given by

CJM(£U 5) _ ‘f A n(x)\ ‘
’ VIEAR(Z)Z + (m+ M)Z + [£ An(x)| + (m+ M)

Using this, we formally deduce that for sufficiently large M, Hpy; has exactly | eigenval-
ues (AM)1<k<i counted according to their multiplicities (in B(Ayrrr,n) with B(Aarrr,n) N
Sp(Huyrr(m)) = {Amrr}) and these eigenvalues admit an asymptotic expansion of the form

1 N1 Nl
M= Aarr + S+ ,X%M“gf +0(M=N72). (4.5.23)
J:

where (uk)1<k<i are the eigenvalues of the matriz M with coefficients:

mig = ~(B0p(a(, )Ty fis T 1) s = —(BOPY ™ (g, T i T f5) ey
4.6 Appendix A. Resolvent convergence: the case of C*-smooth
domains

We establish in this part the convergence of Hjs to Hyr(m) in the norm resolvent sense
in the case of C?-smooth domains. More precisely, with the same notations of the preceding
section and assuming that ; is a bounded C?-smooth domain, we have the following result:

Proposition 4.6.1. Let K C p(Hyr(m)) be a compact set, then there is My > 0 such that
for all M > My: K C p(Hprr(m)) N p(Hyr) and for any z € K it holds that

1
H(RM(Z) - eQiRMIT(Z)TQi)f||L2(R3)4 ,S —

g

To prove this result without using the properties of the Poincaré-Steklov operators we
need the next statement which follows from [6, Propistion 2.1. (i)].

Lemma 4.6.1. There exist C, My > 0 such that, for all M > My and all ¢ € H'(Q.)* it
holds that

el 720,00 + M2 IVe|[F2(0. 1 = (M = O) |ltsel| 725y -

Proof of Proposition 4.6.1. As in the proof of Proposition 4.5.1 it suffices to prove
the result for z € C\ R. So, Let f € L?(R?)* and fix z € C\ R. Set

v=ro,Ry(2)f and w=rq Ry(2)f.
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Then from the proof of Theorem 4.5.1(ii) and Remark 4.3.3 we know that

{1) = Ryt (2)ro, [+ E% ()T _rq Ru(2)f, (4.6.1)

uw= Ra(z)ro.f + EﬁirM(z)Fw“QiRM(z)f,

and that 0
{F+TQiRM(Z)f =Ty Rwir(2)ra, f + T4+E i (2)T—rq . Ru(2) f

T_ro Ru(2)f =T_Ruy(2)ro f +T_ES ()T 4ro, Ru(2) f.

which is by definition equivalent to

{F+rQiRM(z) f=T4Ruir(2)ra, f + 2L (T _ro Ry (2)f),

N (4.6.2)
I ro Ry (2)f =T_Ry(2)ra. f+ Py (Dyra, Ry (2) f).

Now, we make the observation that from the proof of Lemma 4.5.1 we see that the estimates

1 2 4
(O [, 4sf\|¢|rm4, v € PyIA(S)Y,

|[Bar (=) f 37 Mllizyes ¥F € L3O

L2(Q.)* S

Ve L2(Q)4,

HF—EM(Z)J”

sy S W f 1 22yt

are still hold true for €; a bounded Lipschitz domain, and that, there exists M7 > 0 such
that

SBP H +M||p+L2 )4 P_L2(X)4 S (4.6.3)

= 1

(note that this last fact follows also from Remark 4.3.1). Using this observation and (4.6.1)
it follows that there is My > Mj such that for all M > My we have

1(Ras(2) = ea, Raarr(2)r0,) 1|2 sys < ||E ()T ra,

o+ || B 2)

2(Q,)4

+ H m+M )F+TQ¢RM('Z) L2(Q)4
1
< H]._‘_'I"QeRM(Z)fHL2(2)4 + M ”fHL2(R3)4
\ﬁ [ITro, Rar(2) fll 2 (sya -

To achieve the proof, it remains to show that
1
0o Ras D e 5 Wl 10 B () oy S [l - (4:6.9)
For this, observe that from (4.6.2) we have

T 470, Ras (2) 1| pagssys < [IT4 Ratrr ()7, 1l pagsys + || T o,
S Bwre (2)ra, fll gz o + 1T -ra Rar(2) f] 25y (4.6.5)
Sl gz esys + IP—re, Rar(2) Il 2 sy

where the boundedness of <7 and the trace theorem were used in the last inequalities.
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Let ¢ € H'(R3)%, then a integration by parts yields that

2 2 2 2
||HMs0||L2(R3)4 = HVSD||L2(R3)4 +m? |\80||L2(Qi)4 + (M +m)? HQDHLQ(QE)‘*

, , (4.6.6)
+ M ||P-tsepl[12(s)r — M |[Prtsel|72(s)1 -

From this and Lemma 4.6.1 it follows that there exist C, M3 > 0 such that, for all M > Mj
it holds that
sl Baays > 2mM [1l32 g0 + 20M = C) | P-tspll3aqye — C 1Pyl gy - (46.7)

Now, similar arguments to those of the proof of Lemma 4.5.1 yield that

1
|(Har = 2)llZamays 5 | HarolFaoys + (Im(2)]* = [Re(2)) [ pllZesys
C
>mM ||[72(q,y: + (M = C) || P-ts@l| T2y — Bl | Pytsl| 725y
+ (Itm(2) = [Re(2)?) o2 sy

Thus, with the substitution ¢ = Rys(2)f and taking My > sup{Ma, M3} such that My >
[Re(2)|2/m, we get

M ||IP—ra, Ras () flIZ2sys SIS 2oy + 10170 Rar(2) f || 25y
+ Re(2)[? llra: Ras (2)f1[ 72 0,1
Now, observe that from the first equation in (4.6.1) we have
e, Bas (2)F1 Bz s S 1 FI22qgoys + I0—re, Rar (2)F1 a0
and thus
MIT_ro Rar(2)f|[72mys S IG2gsy + T 4ra, Rar(2) f1] 2y

+ |Re(2)[? IIFJQeRM(Z)f||2L2(Qe)4 :

=

Therefore, (4.6.4) follows by combining the last inequality and (4.6.5), and this completes
the proof of the proposition. O
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