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1. Introduction

In 1922, Banach initiated the famous fixed point result called Banach contraction principle.
This is one of the most important and fundamental results in complete metric space. The
generalization of b-metric space was introduced by Bakhtin and Czerwik [1,2]. It is the most
widely applied fixed point result in many branches of Mathematics and Sciences. A number
of authors have defined contractive type mappings on b-metric spaces in many different
directions to improve the results see [3-9]. The concept of Branciari metric space was initiated
by Branciari [10] in 2000. In 2015, George et al. [11] introduced the generalization of Branciari
b-metric spaces and proved some fixed point results. Thereafter, many authors initiated and
extended the results of Branciari metric spaces and Branciari b-metric spaces and proved fixed
point theorems in such spaces, see [12,13] and the references therein.

In 1973, one of the interesting results was given by Geraghty [14] in the setting
of complete metric spaces by considering an auxiliary function. Several papers have
been improved to the Geraghty contraction mapping type of fixed point theory in com-
plete b-metric spaces refers to see [15-17]. Very recently, Samet et al. [18] initiated
a-admissible mapping and also proved the fixed results for a-y-contractive mappings.
Tung et al. [19,20] proved the existence of solutions of some fixed results of non-linear 2D
integral equations and also found the stability, integrability and boundedness of systems of
integro-differential equations. In 2017, Eshaghi Gordji et al. [21] has established the main
idea of the orthogonality and framework to our main finding of results. And also, Eshaghi
Gordji and Habibi [22] has extended and proved some fixed point theorem in generalized
O-metric spaces. For other results related to orthogonal concepts, see [23-30].

In this paper, we introduce the fixed point theorem for an O-generalized O-Geraghty
type a-admissible (in short, O-G-& admissible) mapping on O-complete Branciari b-metric
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space and also we presented an example and application to integral equation by using our
main results.

2. Preliminaries

We recall the following definitions and results will be needed in the sequel.
The notion of b-metric space was introduced by Bakhtin [1] in 1989, as follows:

Definition 1 ([1]). Let V be a non-void set and a constant § > 1. A function oy, : V x V — R
is called a b-metric if the below axioms hold, for all s,v, 0 € V:

(A1) wy(s,v) =0ifand only ifs = v,

(Ap) top(s,v) = g (v, s),

(Ag) mb(s, U) < (5[\“0(,(5, 19) + mb(ﬁ, U)]

The pair (V, wy,) is said to be a b-metric space with constant § > 1.

Example 1. Let (V,wy) be a metric space and let v > 1, E > 0and L > 0. For s,v € V, set
P(s,v) = Ewy(s,v) + Loy (s,0)7. Then (V, w0y is a b-metric space with the parameter § = 271
and not a metric space on V.

Branciari [10] initiated the concept of Branciari metric space as follows:

Definition 2 ([10]). Let V be a non void set. A function wy, : V X V — R is called a Branciari
metric if the below axioms hold, for all s,v € V:
(B1) wy(s,v) = 0ifand only if s = v,

(B2) 1wy (s,v) = (v, 5),
(B3) wp(s,v) < wp(s,w) + oy (w, u) + we(y, v) for all distinct points w, u € V/{s,v}.
(

The pair (V, roy) is said to be a Branciari metric space (in short, BMS).

The notion of Branciari b-metric space was initiated by George [11] as follows:

Definition 3 ([11]). Let V be a non void set and a constant § > 1. A function g : V x ¥V — R
is said to be a Branciari b-metric if the below axioms hold, for all s,v € V:

(B1) wy(s,v) =0ifand only ifs = v,

(B2) wp(s,v) = wy(v,s),

(B3) wp(s,v) < 6wy (s, w) + wg(w, ) + 1oy (u, v)] for all distinct points w, u € V/{s, v}.
Then, the pair (V,1v0y) is said to be a Branciari b-metric space (in short, B,MS).

The following proposition was proved by Erhan [13].

Proposition 1 ([13]). Let {s;} be a Cauchy sequence in a BMS (V, vy, ) such that lim;_,« vy (87, V)
=0, where s € V. Then

lim 1oy (53, v) = 10y (s,v), forall ve V.
1—00

In particular, the {s;} does not converge to v if s # v.

Geraghty [14] introduced the Geraghty type contraction mappings who have extended
the results for Banach contraction theorem by the property defined as the set of all functions
a: RT — [0,1) satisfying the condition:

lim a(0;) = 1 implies lim ¢; = 0.

i—o0 I—oo
Theorem 1 ([14]). Let (V,wy) be a complete metric space and a mapping B : V — V is satisfying
the following:



Axioms 2022, 11,728

3of 14

oy (Ps, Pu) < 7(wp (s, v))wg(s,0), Vs,v €V,

where v € Fs. Then B has a UFP (Briefly unique fixed point).

Dukic et al. [15] reconsidered the above Theorem 1 for the framework of b-metric
spaces in 2011.

Consider a b-metric space (V, wy) with constant 6 > 1 and the set F; of all functions
v : Rt — [0, 1), satisfying the condition:

lim y(g;) = ! = lim ¢; = 0. (1)

i—o00 1) i— 00

Theorem 2 ([15]). Let (V,wy,) be a complete b-metric space with constant 6 > 1and P : V — V
be a self-map. Suppose that there exists vy € Fs such that,

W (Ps, Pu) < 7 (wp (s, v))wp (s, 0)
foralls,v € V. Then P has a UFP 59 € V.
Remark 1 ([15]). If we replace BMS by By, MS, then proposition (1) holds.
Definition 4 ([15]). A mapping B :V — V is called a-admissible if for all s,v € V we have
a(s,v) > 1= a(Ps,Pv) > 1,
where o : YV x V — R is a given function.

Definition 5 ([15]). Let (V,wy) be a B,MS with a parameter § > 1and let o : V x V — R
and v € Fj be two functions. A generalized Geraghty type a-admissible (in short, G-a-admissible)
contractive mapping P : V — V is of type-(1) if it is a-admissible and the following condition holds

a(s, v)we(Ps, Pv) < ¥(K(s,v))K(s,v), Vs,v eV,

where

K(s,v) = max{wyg (s, v), wp(s,Ps), wp (v, Pv) }.

Theorem 3 ([15]). Let (V,wy,) be a B,MS with a parameter § > land let o : V x V — R" and
v € F5 be two functions. Let B : V — V be an x-admissible mapping satisfying

a(s, v)og (Ps, Pv) < ¥(K(s,v))K(s,v), Vs,v €V, )

where
K(s,v) = max{tog (s, v), vy (s, Bs), wp (v, Pv) }.

Then 33 has a UFP.
We next define the Geraghty type mappings of another class on B, MS.

Definition 6 ([15]). Let (V,wy) be a B,MS with a parameter 6 > land let a : V x V — R
and v € Fs be two functions. Then a G-a-admissible contractive mapping P : V — V is of type-(2)
if it is a-admissible and the following condition holds

a(s, v)toy (Ps, Pv) < v(N(s,v))N(s,v), Vs,v €V,

where

N (5,0) = max{rog (s,0), 2 [0 (5, Bs), 1 (v, %)}
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Remark 2 ([15]). Forall s,v € V the relation wy(s,v) < N(s,v)) < K(s,v) holds.

Theorem 4 ([15]). Let (V,wy,) be a B,MS with a parameter § > land let o : V x V — R" and
¥ € Fs be two functions. Let B : V — V be an a-admissible mapping satisfying

a(s, v)roy (Ps, Pu) < ¥(N(s,v))N(s,v), Vs,v eV,

where

N (5,0) = max{mw (s, v), 3 [0 (5, Bs), w3 (0, 0)]).

Then, 53 has a UFP.

Gordji et al. [21] proposed an orthogonal sets and generalized Banach fixed point
theorems in 2017. He gave the following definition in [21].

Definition 7 ([21]). Let V # ¢ and LC V x V be a binary relation. If | satisfies the condition.
dspeV:(VseV,s Lsg) or (VseV,s9Ls),
then, it is said to be an orthogonal set (in short, O-set). We denote this O-set by (V, L).

Example 2 ([21]). Let V = R" and define s L v if sv € {s,v}. Then, setting so = 0 or 59 = 1,
(V, L) is an orthogonal-set.

Definition 8 ([21]). Let (V, L) be an O-set. A sequence {s;} is said to be an orthogonal sequence
(in short, O-sequence) if

(\V/f eN,s L 5f+1> or (Vf eN,sp1 L 5f>.
We first introduce the concept of an O-contractions of Geraghty type mapping.

Definition 9. The triplet (V, L, y) is called an O-B,MS if (V, L) is an O-set and (V, wy) is
Branciari b-metric vy, on YV with a real number § > 1.

Definition 10. Let (V, L, roy) be an O-complete B,MS. A mapping P : V — V is called orthogo-
nal continuous at s € V if for each O-sequence {s;} in V with s; — s, we have P(s;) — P(s).

Definition 11. Let (V, L, wy) be an O-complete ByMS. Then, V is called orthogonal complete if
each Cauchy O-sequence is convergent.

Definition 12. Let (V, L,wy) be an O-complete ByMS. A mapping B : V — V is called
L-preserving if Bs L Pv whenever s L v foralls,v € V.

Here, we discuss orthogonal Geraghty type-contraction on O-complete B, MS. Let
s L voruvls, wg(Ps,Pv) >0 = we(Ps, Pv) < {we(s,v), Vs,v eV,

where 0 < ¢ < %.

Definition 13. Let (V, L, wy) be an O-complete B,MS with an O-element sy and parameter
0>1 Leta:V xV — RV and y € Fs be two functions. A generalized O — G — a-admissible
contractive mapping B : V — V is of type-(1) if it is a-admissible and holds
s Lvorvls, wy(Ps,Pv) >0
= (s, v)p (Ps, Pv) < ¥ (K(s,v))K(s,v), Vs,v e,

where
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K(s,v) = max{wyg (s, v), wp(s,Ps), wp (v, Pv) }.

3. Main Results

In this section, we use O — G — « admissible contraction map to demonstrate the
unique fixed point results in O-complete B,MS. The advantages of our main results are
as follows:

1.  The following fixed point theorem of self mapping which is defined on orthogo-
nal b-metric spaces are given by using extensions of orthogonal Geraghty-alpha—
contractions.

2. To find the existence and uniqueness solution of the integral equation based on our
main results.

3. We are comparing numerical difference between an approximation solution and an
exact solution.

Theorem 5. Let (V, L, 1oy) be an O-complete By MS with an O-element sy and parameter 6 > 1.
Let the two given functions « : V x V — R and v € Fy. Let P : V — V be an a-admissible
mapping satisfying:

(i) Pis L- preserving.

(i) Pis O — G — a- admissible contraction.

(iii) P is O-continuous.

Then, 3 has a UFP.

Proof. Consider (V, L) is an orthogonal set, there exists
s0€V:VseV, s Lsy (or) Vs €V, 50 Ls.

It follows that s 1 Bsp or Psg L s¢. Let

51 = Psg, 5 = Poy = Psg - - -5 = Py = P'sp Vi € N.

For any sy € V, set 5; = Ps;_1. Now, we assume that the below cases:

(@) If37 € NU{0} such that s; = s;;1 then Ps; = s;. [t is clear that s; is a fixed point of
B. Hence, the proof is complete.
(b) Ifs; # s;4q, forany 7 € NU {0}, then we have vy (s;11,5;) > 0, foreach? € N.

Since B is L -preserving, we have

s; Lspq (or) sppq Losg

This implies that {s;} is an O-sequence. Since 3 is a-admissible, from «(sg, Psg) > 1
we have

a(s0,51) = a(s9,BVsg) > 1 = a(Pso, Ps1) = a(sy,52) > 1,

and inductively,

a(ﬁf/5f+1) >1, vieN. (3)
Also, from the condition a (s, T?sg) > 1 we have,

w(sg,52) = a(so, P?s0) > 1 = a(Pso, Psz) = a(sy,83) > 1, 4)

and hence,

R(Sf,5f+2) >1, Vie N
Define the O-sequences {q;} and {#;} as

q; = Wp(s-1,87), K = Wp(s5_1,8741)-
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We will prove that both the O-sequence {qg;} and {x;} converge to 0, that is,

lim mh(51 1/51) = 111’1’1 mb(5z 1/51+1) 0.
i—y00

Regarding (3) and the fact that 0 < (o) < % , the contractive condition (2) with s = s;
and v = s;,1 becomes

10y (83, 8741) = mb(‘ﬁ(si 1,51), B (1, 51)
< a(sp-1,5)10p (P(s1-1,51)
<v(w (51 1/51)) ( 5f)
< %/C(sfqlﬁf) Vi>1 @)

where

K(si-1,5:) = max{wp(s;_1,5;), 0p (531, Bs;_1), 05 (57, Bsy) }
:max{mb(ﬁf—llsi) mh(5l 1,8 ) mb(51/51+1)}
= max{rop (s;-1,51), 105 (7, 5141) }-

Suppose that IC(s;_1, ;) = 10p(s;,51+1) for some 7 > 1. Then, we have

rop (53, 5141) < (100 (57,5041) 106 (57, 5741))

1
< gmb(sf,sfﬂ) VieN,

which is a contradiction. Therefore, Vi > 1, K(s;_1,5;) = top(s;_1,5;). In this case, the
inequality (5) implies
g (5:-1,51) < (g (s7-1,51) 105 (551, 51))
1

< gmb(ﬁfq,ﬁf)

< I‘Ub(sf,],Sf) Vi > 1. (6)

In other words, the positive and decreasing O-sequence {q;} = {rp(s;_1,5;)} is
O-convergent to some o, > 0. Taking limit in (6) we get,

. . 1
oy = lim g1 < lim y(q;)q; = 1y lim n y(gi) < 5o
11— 00 1— 00

This implies lim; o, v(47) = 5 L'and hence, by (1),

lim q; = 11m p(57-1,5) = 0. (7)

i—o0

On the other hand, we observe that repeated application of (6) leads to
1 1 1
Gl < 50 < -1 < < s do- ®)
Now, taking into account (4), we substitute s = s;_1 and s = s;,1 in (2). This yields

10 (57, 5142) = w5 (B(s1-1,5:+1), B(51-1,51+1)
(51-1,5111)Wp (P(57-1,5141)
(w(si-1,5041)) K (s1-1,5141)

IN A

IN
D= R R

K(si—1,8141) Vi€N, )

where
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K(si—1,8141) = max{rg (531, 5111), 0p (571, Bs1-1), W0 (5741, BSi41) },
= max{1p(5;-1,5111), e (511, 51), 06 (541, 5112) }-

Regarding (6), the maximum /C(s;_1, s711) is either to, (571, 8;11) Or wg (8,1, 57), that
is, either «; or ¢;. From the inequality (9) we have,

1 1 A
Kiy1 = mb(Sf,Serz) < gw(K;) = gmax{Kf, qf} Vie N. (10)

In addition, from (6) we have,

Gir1 < g < max{x;, q;}.

We deduce that,
max{x; 1, qi+1} < max{x; q;} Vi >1.
that is, the O-sequence max{x;, q;} is non increasing and hence, it O-converges to some
j 2 0. Choose that j > 0. Taking limits we get
j= Jim max{xz, q; }

= lim x;.
i— o0

Alternatively, letting 7 — oo in (10) we get

j = lim ;4 < lim max{x;, q;} = j,
1—00 1—00

which is a contradiction. Hence j = 0, and then we have,

lim x; = hm wp(5-1,941) = 0. (11)
— 00

Next, we will prove that s; # s; for all 7 # j. Assume that s; = s; for every 7,7 € N
with 7 # 7, we have g (s;,5,.1) > 0 for each 7 € N. Without loss of generality, we may
take 7 > 7+ 1. The assumption s; = s; implies

o (Sf, &pﬁf) = g (Sj, ‘ﬁﬁj) .
Using the inequality (5) we have,

s, 'Ps;) = wy (57, Psj)
’Bﬁj—ll‘ﬁﬁj) < a(sj-157)wp (571, Psy)

1o (53, 8;41) =g

(
(

<v(K(si-1,51)) K(s5-1,57)
1
<*mb(5] 1/5])

0
where
K(sj-1,57) = max{wp (s;-1,57), we (571, Bsj—1), we (57, Bsj) }
= max{wp (5j-1,7), 05 (5j-1,57), W6 (57, 5741) }
= max{wp (sj-1,7), 05 (55, 5541) } = e (57-1,57).
Then, we have
g (57,5711) < 7(p(s7-1,57) 1056 (57-1,57))
1
< gmb(sf_l,sf)
<wp(s5-1,5;) Vj>1i+1.

Continuing the process we conclude,
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1 (57, 5711) < Wp(57-1,57) < wp(s5-1,5)) < - < wp(s5,5041),
which contradicts the assumption s; = s; for some 7 # j. Hence s; # s; for all 7 # J.
Now to prove that {s;} is a O-Cauchy sequence, that is,
jim mb(ﬁf,ﬁf_;,_g) =0, VCeN. (12)
1—00

Notice that (12) is satisfied for { = 1 and { = 2 due to (7) and (11). Hence, we choose
¢ < 3. Now we consider two cases, for { € N.

Case 1. Consider { = 2j+ 1 where j > 1. We have s5; # s5 forall j # § and
sj 7 sj41 for all j > 0. We use the inequality (B3) in (3), hence,

105 (51, Cnve) =100 (53, 5i12511) < O[rop (53, 5111) + W (5141, 5i42) + 105 (5542, 5042j41)]
<d[rp (51, 5741) + W5 (5541, 5142)]

+ 0% 1y (5142, 51+3) + W (5143, 5144) + W (5144, 5042741)]

<[ (51, 5511) + W0p (8141, 5142)] + 0% [0 (5112, 5143) + 06 (5743, 5144)]
+ %[0 (5744, 5145) + W0 (5145, 8146)] + - + 6 T [w0p (87427, 5142741)]
<O[wp (s, 5511) + 02 [t0p (5141, 542) + 6 [Wp (S112, 5043) + - - -

i2j—1
+ 67 oy (81427, 5142741)-

Then, by the inequality (8) we conclude

1

1 1
1y (51, 511.7) < S 1y (50,51) + 105 (S0,51) + - 51+2Amb(50/51)

brx

+27 1 7— 1
7

(50,1 [Z o ;)5}

(51+2]+1 -1 511
= mb(ﬁofﬁl)[ 5i+27(6-1) o (5#2(571)]'

Letting i — oo in the above inequality, we get

S22+l _q s-1_1q
=0

0 < Jim wo (50 511) < Jim wa (s0,51) 61 §i26-1)

Case 2. Consider { = 2] where j > 2. Again, using the inequality (B3) in Definition 3,
we obtain

W (5%, Cute) :mb( si,51127) < O[10p (87, 8141) + W (Si41, 5142) + 10p (Si42, 51427
R 51+1) + 10 (5541, 5142) ]
+ 0210 (5142, 5143) + Wp (8143, 5144) + W0 (5114, 57427)]
(s, z+1) + 10 (5741, 5142)] + 07 [0 (5142, 5143) + W6 (5143, 5144)]
+ o+ I oy (574274, 8142)—3) + W0 (8142)—3, 5142j—2)
+ 10p (85422, 51427)]
<6[rop (51, 5+1) + 02 [10p (5141, 5142) + 0 [0 (542, S143) + -+ -

1123 i1
+ 0" 0 (5142j-3, Si427-2) + 0/ W (814272, 51425)-

By the inequality in (8), we have
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1 1 1
w0y (51, 5i4¢) < Srytoe(s0,51) + 5wu(s0,51) -+ g toe(so, 51)

ot
+ 6 rog (514272, 51127)
= g (50, 51) == 2 5| T we(sio-2, 5i42))
= =L
5f+2j+1 -1 5?—1 -1 .
- mb(so’sl){ sit2jo-1) Jf—z(é—l)] + 0oy (514272, 51427)- (13)

From (11) we have lim;_,« 6/ 1o (5f+2]”_2,5f+2]‘) = 0 and hence, using (13) we obtain

0 < lim g (57, 554.¢)
1—00

[5f+2f+1 -1 11

_ 71 s SR
(5f+2f(5—1) 5f_2(5_1) i| + 6 mb(51+2]72/ 51+2])} - 0/

< lim {mb (50,51)
—00

i
lim g (57, 831.7) = 0.
1—00

Therefore, O-sequence {s;} in (V,y) is O-Cauchy sequence. Since (V,wy) is a O-
complete OB, MS, there exists w € V such that

lim 1oy, (s, w) = 0. (14)

1—00
Since B is a O-continuous map, from (14) we get
lim rop (Ps;, Pew) = lim wp (5141, Fw) =0,
i—o0 =00

that is, the O-Cauchy sequence {s;} is O-convergent to PBw. Then the proposition (1)
implies that Pw = w, i.e., w is a fixed point of P.

Since y € Fj, we conclude lim;_, w(s;, w) = 0. Therefore, w = Pw. We prove now
the point w € V is unique.

Assume that w and y are distinct fixed points of . Suppose that, Piw = w # u = P'u
for all 7 € N. By choice of sg in the first part of proof, we obtain

(s L w, soLp)or(wLsy uLsp).
Since B is L -preserving, we have
(P'so L P'w, P'so L P'u)or (P'w L P'so, P'p L P'sg),
for all 7 € N. Since ‘B is an orthogonal Geragthy contraction, we get
W (w, ) = (P, Bu) < v(K(w, 1)) K(w, 1),

where

K(w, ) = max{rog(w, p), wp (w, Pw), wp (1, Pp) }
< g (w, p1).

Therefore, we have o, (w, i) < %mb (w, u), which is a contradiction. Then, w = p.
Hence B hasa UFPin V. O

Corollary 1. Let (V,wy) be an O-complete B, MS with a parameter § > 1 and let v € Fs bea
function. Let B : V — V be an O-continuous self mapping satisfying

s Lvorvls, my(Ps,Pv) >0
= 1o (Ps, Po) < y(rop(s,v))top(s,v), Vs,v e V.
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Then, B3 has a UFP.
Next, we give an example to support our Theorem (5).

Example 3. Let V =T U J where T = {1,1, 1,1} and J = [1,2]. Define the binary relation L

onV by sLlvu if 5,0 > 0. Define the function ro, : V x V — R such that wy (s, v) = 1o (v, 5)
as follows:
Fors,veVorse€Zandv € J,wp(s,v) = |s — v| and
11 11
11 11 11
11
=) =1

Clearly, (V, L, wy) is an O-complete B, MS with constant 6 = 2. Let B : V — V be defined as

v~ {

Clearly, B3 is an L-preserving. Now, we verify that 3 is an orthogonal Geraghty type «-
admissible contraction. We see that

ifseJ
ifsel.

O\ ool

0 ifs,vel
02 ifseZ,v=1
01 ifseZ,v=2
01 ifs,veJ.

g (‘135, ‘Bv) =

Then, for all s,v € V the mapping B satisfies the condition

0 (s, T0) < oy (s,0) = 110\\23 o(5,0).

Consider a mapping B : [0,00) — R defined by P(s) = s, it is clearly that v € Fy, and we get
o, (Ps, Pv) < ¥(K(s,v))K(s,v) Vs, v e V.

Hence, the condition of Corollary 1 holds with (o) = 55 = % and B has a UFP which is

=1
5=z

4. Applications

As an application of Theorem 5, we find the existence and uniqueness of the following
integral equation:

a
= M)+ [ Glo,0)H(0,0,w(0))ds, ¢ € [0,a],a>0. (15)
Consider V = C([0, a], R) be a real continuous functions on [0,a] and 3 : V — V the
mapping defined by
wy (w, 1) = max |w(e) —u(o)l’, w,ueV. (16)
0<0<a

Obviously, (V,w) is a complete b-metric space with constant 6 = 2 and w(o) is a
solution of the Equation (15) iff w(0) is a fixed point of P.

Theorem 6. Suppose that
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o (P, Pu)

(R1)  The mappings G : [0,a] x R — RT, H : [0,a] x R — R, and A : [0,a] — Rare
O-continuous functions.
(R2)  There exists, for all 0,6 € [0,a] and w, u € V such that

H(0,6,0(5)) ~ H(o, 8, u(8))] < \/ el SCA ) )

(R3)  Forall 9,6 € [0, a], we have

al-

max/O G(o,6 )Zd <

Then, (15) has a unique solution in V.
Proof. Consider the O-relation L on V defined by

wlp = w(o)u(e) > w(e) or w(e)u(e) > ule), Vo € [0,a].

Then (V, L) is an O-set. In fact, if {c;} is an arbitrary Cauchy O-sequence in V), then
there exists a subsequence {w;; } of {w;} for which w;; = 0 for all n > 1 or there exists a
monotone subsequence {wy, } of {w;} for which wy, < 1 foralln > 1. It follows that {wy, }
converges to a point w € [0, 3] C V. Therefore, (V, L, wy) is an O-complete B,MS with
parameter 6 = 2. For each w, p € V with w Ly and ¢ € [0, a], we have

Pwl(e) =Ae) + [ Glo.0)H(0,8w(6))ds > 1. (18)
Accordingly [(Bw)(0)][(Fu)(e)] > (Bu)(e) and so (Pw)(e) L(Bu)(e). Then, P is

L -preserving.
Letw, u € V with w_Lp. Suppose that P(w) # PB(p). For each ¢ € [0, a], we have

= max [Pw(e) —Pulo)?
= max {|A(o )+ [ 90,0 (0,6,(@)ds ~ M) ~ [ Glo,6)H (0,6, u(6) yas| )
= max | [ 6(0,)((0,6,(6)) ~ (o, 6,1(5)))de| )
e 2.5 ¢ 2

< max { [76(0,075 || [H(0,0,(3)) ~ H(e,6,1(9)) s}

1 o (“’V)Kwy
SE./o \/ 2 ‘d‘s

eilc(wfl")
< K(w, u).

Thus, o (Pw, Pu) < v(K(w y))IC( , 1), for each w, u € V. Therefore, all the condi-

tions of Theorem (5) for (o) = &%, 0 > 0and (0) € [0, 1) are satisfied. Hence, the (15)
has a unique solution. O

Example 4. Let us consider the equation
2 x
a(s) = sin(7s?) — % +/ s2ug(v)dv, 0 <x < 1. (19)
0

Clearly, above Equation (19) satisfy the assumption of Theorem 6, that is:
2

sin(7ts?) — % is an orthogonal continuous function on [0, 1].
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Kernel, (s, v) is an orthogonal continuous on R = {(s,v),0 < s,v < 1}.

We get

2 x
g911(s) = sin(7rs?) — % +/ s2uge(v)dv, 0 <x < 1.
0

2
Choosing sin(7ts?) — el the initial function, we can apply fixed point iteration method to

get numerical solution:

2 x
1(s) = sin(7s?) — % +/ s20go(v)dv
0

52 *
= sin(7s?) — = —i—/ s2v sin(7Tv?)dv
0

2

= sin(7s2) — % + 52— (1 - cos(s?)).
2

X
a2(s) = sin(7s?) — % +/ s2vg; (v)dv
0
2

= sin(7ts%) — S /x 52v<sin(7rvz) - U—z + vzi(l — cos(mv?))Big)dv
7T 0 T 2n
2y 80 8 2 2 2 2.4 2 2 2
= sin(7ts”) — — @(—4n — 24471 cos(rs”) + m°s” 4 28”7 sin(7ts”) + 2 cos (s ))

n
N

=l

g5(s) = sin(7s2) — = /0 " 2ogs (0)dv

N

2 T2 2y 02 VP
= sin(7s )—;—i—/o S v(sin(m) )—;—1-8?

iy

(=47 — 2 4 47% cos(rv?) + vim?

+ 25271 sin(7752) +2cos(7152)))5v
2 1
= sin(ms?) — S| -3 — 167 — 247+ 327° cos(ms?) + 85t — 4str®
T 6476

+ 16527T4<sin(7152) 41677 cos(7s?) + s5 10 — 85 71> cos(7s?) + 2452717 sin(7rs?)
+247Tcos(7r52))> }
2

Consider that for |s| < 1, an O-sequence {gg(s)} will converge to g(s) = sin(7s?) — %

Now, we find the difference between an approximation solution and an exact solution from
Table 1 and Figure 1.

Table 1. Comparison between an approximation solution and an exact solution.

5j Approximation Solution Exact Solution Absolute Error
0.000 0.000 0.000 0.000
0.100 0.023 0.028 0.005
0.200 0.102 0.113 0.011
0.300 0.234 0.250 0.016
0.400 0.412 0.431 0.019
0.500 0.609 0.628 0.018
0.600 0.779 0.790 0.011
0.700 0.848 0.844 0.004
0.800 0.730 0.701 0.029
0.900 0.358 0.304 0.054

1.000 —0.251 —0.318 0.067
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Figure 1. Graph of the comparison between an approximation and exact solution with h = 0.1.

The comparison shows that the absolute error between an approximation and an exact solution
is very small.

5. Conclusions

In this paper, we proved fixed point theorem for an O — G — a-admissible contraction
mapping in an O-complete B,MS. We have provided a non-trivial example to support
our main Theorem 5. Also, we provided an application to find the existence and unique-
ness of a solution to the integral equation and compared the approximate solution and
exact solution.
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