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1 | INTRODUCTION

In a uniform condensed Bose gas at temperature below the condensation temperature T, the
correlations between the superfluid component and the normal fluid part, corresponding to the
excitations, may be described by the following equations:

221, p) = Qa0 nO)p), £ 0, p R, 0
Q3(ne,n)(p) = //( : [R(p, p1, P2)—R(p1, P> p2)—R(p2, p1, P)1 dp1dps, @)
R3)2

R(p, p1, p2) = IM(p, p1, p)I*[6(w — w; — ;) 8(p — p1 — p))]

X [mny(1 +n) — (1 + ny)(1 + ny)nj 3)

(cf. Refs. 1, 2, and 3), where n(t, p) represents the density of particles in the normal gas that at time
t > 0 have momentum p and energy w, n.(t) is the density of particles in the condensate at time
t and M is the matrix element of the three-excitation interaction. Equation (1) is complemented
with the equation for the fluctuation of the condensate density,

20 = [ onn@npiap. >0 @
R3

We consider in this letter the regime of very low temperature and a large density of condensed

atoms, where the Bogoliubov dispersion law may be approximated by the phonon dispersion

relation (cf. Refs. 1-5). For dimensionless variables, in units that minimize the number of

prefactors,

o = (n®Olpl? + 1p1*) " = Vo) p, )
M. pr. P2 ~ %}gpz' ©)

The resulting equation in its wave turbulence version has been studied in detail in Ref. 4 (see
also Ref. 6), where properties of the principal part of the collision integral operator are presented.
The nonlinear system (1), (4) has been considered for radial solutions in the mathematical liter-
ature in the limit (5), (6) in Ref. 7, where global existence of solutions is obtained under some
conditions on the initial data. We consider here, with a slightly different approach, the nonra-
dial close to equilibrium situation, and the long time behavior of the system described by the
linearized equations.

A different extreme regime of a uniform condensed Bose gas, for temperatures below but close
to the critical temperature T., and with small but nonconstant number density of condensed
atoms is described in the literature of physics (Refs. 1, 3, 4, and 2). The corresponding linearized
equation around an equilibria is considered in Refs. 8 and 9.

It is well known that Equation (1) has a family of equilibria n,(w) = (ePo* — 1) for u <0
and f > 0. It follows that, for any constant x > 0, the pair (ny(w),x) with w = \/; |p| is an
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450 | ESCOBEDO

equilibrium of the system (1), (4). Without any loss of generality, the values ¥ = § = 1 are taken
in all the sequel.

The linearized Equation (1) around the equilibrium n, has been studied in Refs. 10 and 11, and
12 in the simplified case of a constant condensate’s density n,.

However, one basic aspect of the nonequilibrium behavior of the system condensate-normal
fluid is the evolution itself of the condensate after its formation, to which a great attention has been
paid in the physics literature (cf., e.g., Refs. 13, 14, and references therein). It is then important to
consider the situation where the condensate’s density varies in time together with its thermal
cloud. This necessarily leads to consider the coupling of the three collisions operator Q5 with the
differential equation that describes the condensate’s density, that is, the system (1),(4), for which
a detailed mathematical study is still missing.

We study in this work the linearization of system (1),(4) at a very low temperature in the non-
necessarily radial, spatially homogeneous case, and obtain new results on the global existence
of solutions and their rate of convergence to equilibrium. That system is particularly interesting
because it allows to describe with some detail the main properties and the evolution in time of the
densities, of the condensate, and of the thermal cloud, not only that of the thermal cloud as in Ref.
12. There is no, up to now, any other example, even radially symmetric, where the convergence of
these two densities to their equilibrium and estimates of the convergence rate have been proved.

The linearization of Equation (1) is deduced using the change of dependent variable

n(t) = ng + no(1 + ny) F(t) (7

in the collision integral (2) and keeping only linear terms in F in the resulting equation (cf. e.g.,
Refs. 10-12). Under the approximation (5), the collision manifold in the momentum space in (2)
reduces to those p, p;, and p, that are collinear. The resulting equation is then,

m@1+ mo(PI G ) = s

Z(F), ®)

L(F) = ~T(1p) no(1pN( + no(IpDECL p) + /

F(t,p"YW(p,p)dp/, 9
RS

© 2 Y 2
I(x) = sinhx /0 Sy <sir|1)}61 |xy_' St Slfl’;&yﬁ y)>d : (10)
where the explicit expression of the function W obtained in Ref. 11, is
W(p,p') = (x — x")*H(x — x")no(x)(1 + no(x" ) + no(x - x))
+ (X" = x)*H(x" — x)ny(x")(1 + ny(x))(1 + ny(x" — x))
— (x + x")no(x + XA + ny(x))(A + ny(x")), (11)

with x = |p|, x’ = |p’| and H is the Heaviside’s function.

When n.(¢) is a constant, an existence and uniqueness result of global solutions F(t, p) to
(8) for all data F,, € L?>(du), was proved in Ref. 12 where du = ny(1 + ny)dp. If F, also satis-
fies flp|<1 |p|~YFo(p)|*du < oo, long time convergence of the solution to an equilibrium, and

a relaxation rate at least of order t~'/2 as t — oo was also proved.
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When the condensate’s density n.(t) is not constant, Equation (8) must be supplemented by the
linearization of (4). This leads to the following linearized system for the pair (u, m,):

oD+ oI5 0,p) = s LU, 12
dm.(t) _ 1
0 = s [ 2o, 1)

The main purpose of this work is then to study the existence, long time behavior, and relaxation
rate of global solutions of the system (12), (13) where, unlike in Ref. 12, the condensate’s density
and the thermal cloud density are varying in time.

It is very natural to rescale the time variable in (12) as follows:

t

ds

T= —_—, (14)
0 mc(S)
to get rid of the function m, in front of the collision integral, obtain the equation
dv
no(P)I1 + no(P)l 5-(7. p) = L (W(D)), (15)

and apply the results in Ref. 12 to obtain a solution v(7).

Notice however that system (12), (13) is not reducible to the single Equation (17). The delicate
point is indeed to invert the change of variable (14) in order to obtain a solution (u, n.) of (12), (13)
that is global in time. This is possible if and only if the following condition is satisfied,

m2(0) > 2 / (v(z, p) — uo(p))dps, ¥z > 0, 16)
R3

(the precise long time asymptotic behavior of v is also used in our proof). Condition (16) is always
satisfied when n, is a positive constant (as in Ref. 12) because in that case, /R3 v(t, p)du is also a
constant in time for all 7 > 0, and then such a hypothesis is unnecessary.

Our first result shows the global existence, under the necessary and sufficient condition
(16), and uniqueness of solutions (u,m,) to the system (12), (13). These solutions satisfy the
conservation of the total number of particles and energy.

In our second result, we show that, as time tends to infinity, u(t) and m.(t) converge to their
corresponding equilibrium and prove a rate of convergence of t /2 as t — 0.

These results prove that, under condition (16), system (12), (13) is globally well posed and
describes the evolution in time of the densities of the condensate and the thermal cloud in the
linearized approximation and their relaxation to equilibrium. A natural extension of the present
work would be to consider the nonlinear system (1), (4) as a perturbation of (12), (13), under
condition (16), and for initial data close to an equilibrium.

Our two main results and their proofs are presented in the next section.

2 | THE LINEARIZED SYSTEM FOR NONCONSTANT n.(t)

The first result is the following, where {Y ,,}¢ ,, denotes the spherical harmonics on S
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Theorem 1. Suppose that u, € L*(dw) also satisfies

/ luo(p)2 [pI~"d < oo
[pl<1

a7)

and let v be the solution of Equation (15) with initial data u,. Suppose that m.(0) > 0 and (16) are

satisfied. Then, there exists a unique pair of functions (u, m.) with

u € L*(0, 00; L*(dp) )N C ([0, 00); LA(dp)); u — Uy € L*(0, 00; L*(dp)),

0 t
P P
”°°=<Z 2 CﬁmY€m<ﬁ>>|P|§ Ct’m:/ uo(P)Yfm(ﬁ>d,u,
£=0 m=—¢ p R3 p

ou du
— € L2<0, oo;L2<—>>,
ot I'(pl)

m, € C([0, )), m.(t) >0, Vt >0,

satisfying Equation (12) in L*(0, oo;Lz(d—“)) and Equation (13) for all t > 0, such that:
I(lpDh

lim <|mc(t) — m(0)] + [Ju(t) — uo||L2<d_u) + [fu(t) - uoHLZ(dy)) =0.
I(lph

This solution also satisfies the following conservation properties:

dp(t)  d / no(p)( + no(p)ut, p)dp =0, Vi >0,
R3

dt dt

d
T no(p)(1 + no(p))u(t, p)Ipldp =0, Vi > 0.
R3

Proof. By Theorem 1.1 of Ref. 12, there exists a unique solution v(z, p) to (15) such that

v € L®(0, 00; L*(dp)) N C([0, 00); LA(dp)); v — g, € L*(0, 003 L*(dp)),

lim ||v(t)—uo||L2<R3 . )+||v(t)—uo||L2<R3 5 )|-o

"T(p) sinh? |p| ’ sinhZ |p|

[lo(®) — U | 12(dp) < [lug — Uso I r2(a)> VE> 0.

_<c
1+ 1)1/2
Let us define now, for all T > 0,

m(z) = / % (v(z. p))dp.
R3

1/2

ge(1) = (mc(0)2 _2 / ’ m(a)do)
0

(18)

19)

(20)

2y)

(22)

(23)

(24)

(25)

(26)

7)

(28)

(29)
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By (28) and Equation (15),

| mo= [ & [ w14 nopdo = [ g+ mete.p) < mphdp. G0

and it follows from condition (16) that g.(7) is well defined for all 7 > 0. The change of variables
(14) may now be inverted, defining

t=/0 q.(o)do. (31)

Because q.(t) > Oforall 7 > 0, the right-hand side of (31) is an increasing function of . Moreover,
if we denote

N. = [ o1+ no)ue(p) — (). )
R3
by the convergence property (27),

10.(2)? = my(0)? + 2N, | <2 / 10(z, P) — uee(P) Ik
R3

12 Cllug — ueollr2(dp)

< 2[[u(T) = Ueol22(du 1Mo(1 + 1)l |} (33)
oo 2wl Mo 0 A +1)2
for some numerical constant C > 0. Therefore,
hm q%(t) = m2(0) — 2N, > 0, (34)

using (16) again it follows that the function g is not integrable on (0, c0). Then, given any ¢ > 0,
there exists a unique 7 > 0 satisfying (31). We define then,

u(t) = v(1), me(t) = qc(7). (35)
By (31) and Theorem 1.1 in Ref. 12, the equation

dv ot

ou
1+ = 1+ L (u(t 36
no(1 + ng)=- a1 = no( ”0)(3 Fri (r) c(t) (u(®)) (36)
is satisfied in L?(0, co; Lz(r(ﬂllﬂ I))) On the other hand, because by (29),

dm.(t) _dg.(t)dr _  2m(r) dr

dt ~ dr dt  2q.(r)dt

m(t) dt 1 d
= = Z(u(t))dp, Vt >0, 37
mo() dt | my(c) dt /R} (w®)dp, vt > 37)

Equation (24) is satisfied for all ¢t > 0. Properties (25)—(22) and (24) are consequences of properties
(15)-(19) of Theorem 1.1 in Ref. 12 applied to the function v(z) and, for Properties (21) and (24),
that 8, = q.(r)~'d, with g. € C(0, ), q.(t) > 0 for all ¢ > 0. On the other hand, by Theorem 1.1
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in Ref. 12

1 d
m(t) dt

d
—/ no(1 + ny)u(t, p)dp / no(1 + ny)v(z, p)dp
dt R3 R3

1 u(t, p)
= — nyo(l +n
e S ol 0) e

1 1
Y0 . Z((t)(p)dp = —0)

dp

/ L@@)(p)dp,  (38)
R3

and by (24), the conservation (23) is satisfied.

If (@1, 1) is another solution satisfying (25)-(22), the function 0(z, p) = (¢, p) for T given by
(14) would be a solution to (15) satisfying (25)—(21) and (22). It then follows by Theorem 1.1 in
Ref. 12 that 0(r) = v(z). Then, because i(t, p) = 0(r, p) for almost every p € R3,

dm () 1 )
o = L 2O
1 ) _
=i [ 2O = s /[R NP (39)

Moreover v(t, p) = u(t, p) for almost every p € R* and then

di(t) 1
2 =t [ e (40)

By the Lipschitz property of right-hand side of Equation (40), we deduce i .(t) = m.(t) for all
t > 0 and this shows the uniqueness of the pair (u, m,) satisfying (12), (13), and (25)-(22). [ ]

Our second result shows the convergence of the solution (u, m,) to an equilibrium and gives an
estimate of the relaxation rate.

Theorem 2. Let uy and m.(0) be as in Theorem 1. Then, there exists a constant C = C(u,) such that
forallt >0,

Cllug — ueollr2@dp)

u(t) = oo |12 + [M2(t) = mZ(0) + 2N, | < R (41)
t
(1 + (mE(O)—ZN*)>
where N, is defined in (32).
Proof. By (33) and (35),
Cllug — ueollz2(aw
m.(t)> — m.(0)*> + 2N, | < , 42
|me(t)? — m(0) W e (42)
" ds
where 7(t) = _— (43)
0 m(s)
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and by (34) and (35),
lim me(t) = (m3(0) — 2N,)'/2. (44)
It follows that there exists t, > 0 such that,
2m,(s) > (m2(0) — 2N, )/, Vs > t, (45)

and

t

ds V(e —t,)
i, Me(s) ~ (m2(0) — 2N,)1/2’

(t) > vVt > t,. (46)

Then, for some constant C > 0,

Cllug — ueollr2@dp)

1/2°
t
(1 * (m?<0>—zN*)>

Cllug — ueollr2@dp) < Cllug — ueollr2@dp)
1+ z(t)1/2 - 1+ 1)1/2

< vt > 0. (47)

|m2(t) — m2(0) + 2N,

On the other hand, again by (27) and (46),

(48)

[u(®) = UeolL2(ap) = 0(T) = Ueo | 2(dp) <
and (41) follows. [ |
Remark 1.

(i) The nonlocal condition (16) is necessary in order to have a global solution (u, m,.) of (12),
(13), satisfying (25)-(22). If such a solution exists indeed, the function m, must satisfy m2(t) =
m2(0) — 2 fR3 (u(z, p) — up(p))du forallt > 0, where itis defined, and so (16) must be fulfilled.

(ii) It would be interesting to know if there exist initial data u, for which as t — oo, m.(t) — 0 or

Jas teo(P)dp = 0.
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