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1. Introduction

A fuzzy set is a collection of objects with a continuum of grades of membership func-
tion that assigns to each object a value ranging between zero and one. In 1960, Schweizer
and Sklar [1] introduced the concept of continuous triangular norm. In 1965, fuzzy set
theory was scrutinized by Zadeh [2]. In 1975, Kramosil and Michalek [3] provided a basic
introduction to the concept of fuzzy metric space, which is an extension of the statistical
(probabilistic) metric space. This list provides the best foundation for the development of
fixed-point theorem in fuzzy metric spaces. Afterward, in 1988, Grabiec [4] described the
completion postulate of fuzzy metric space (now referred to as G-complete fuzzy metric
space [5]). The result of the Banach contraction was then extended into G-complete fuzzy
metric spaces. George and Veeramani [6] altered the definition of the Cauchy sequence
instigated by Grabiec [4] because even R is not complete according to Grabiec’s criterion
of completion. Mutlu and Gurdal [7] introduced bipolar metric space as a kind of partial
distance. We provide bipolar metric spaces, for the most part in the context of completeness,
and prove some adjunctions of known fixed-point theorems. Bartwal et al. [8] initiated the
definition of fuzzy bipolar metric space and proved some fixed-point theorems. In 2022,
Tanusri Senapati, Ankush Chanda, and Vladimir Rakocevic [9] promoted the concept of
weak orthogonal metric spaces as a generalization of orthogonal metric spaces.

Recently, Sezen [10] provided an idea regarded controlled fuzzy metric spaces and
proved some related fixed-point results. Rakesh Tiwari and Shraddha Rajput [11] intro-
duced the notion of bipolar-controlled fuzzy metric spaces. The above analysis shows that
there are several works on fixed-point theory based on the previous two types of complete
fuzzy metric space [12-20].
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2. Preliminaries

Now, let us recall some basic definitions and lemmas that are used in this article.
Schweizer and Sklar [1] introduced the notion of a continuous X-norm as:

Definition 1. A binary operation x : [0,1] x [0,1] — [0,1] is said to be a continuous J-
norm(continuous triangular norm) such that

1. * 1s commutative and associative;

2. * IS continuous;

3. axl =aforeverya € [0,1];

4. axb < cx0 whenever a < ¢,b < danda,b,c,0 € [0,1].

Kramosil and Michalek [3] introduced the concept of fuzzy metric space as follows:

Definition 2 ([3]). Let ¥ # @. The triplet (¥, I', *) is called a fuzzy metric space (FMS) if a fuzzy
set (F set) T is on ¥2 x (0, +-00), and = represents a continuous J-norm, such that ¥V n,0,w € ¥
and X, s > 0;

(i) I'(y,0,R)>0;

(i) I'(y,o,N)=1ifn=o0;

(i) I'(n,0,R)=T(0,7n,N);

(iv) T(,w,N+s)>T(y,0,R)x[(0,w,s);

(v) I(n,0,.):(0,4+00) — (0,1] is continuous.

The notion of a fuzzy bipolar metric space was introduced by A. Bartwal, R. C. Dimri
and G. Prasad [8] as follows:

Definition 3 ([8]). Let ® and ¥ be two nonvoid sets. A quadruple (®,¥, Iy, *) is called a fuzzy

bipolar metric space (FBMS), where * is a continuous J-norm and an F set I}, is on © x ¥ X

(0, 4+00), such that ¥V X, s,t > 0:

(FB1) Iy(y,0,R) > O0forall (,0) € ®@ x¥;

(FB2) TIy(y,0,X)=1iffy=cforally €Oando € ¥;

(FB3) Iy(y,0,R) =TIy(o,n,RN)forally,cec ®NY;

(FBY)  Ip(1,02, N +5+1) > Ip(n1,01, R)xIo (112,01, 8) %[ (172, 02, ) for all 171,172 € © and
o, €Y;

(FB5) Iy(y,0,.): Ry — [0,1] is left continuous;

(FB6)  Iy(1,0,.) is nondecreasing forally € @ and o € ¥.

Following this definition is an extended version of Definition 2 from fuzzy bipolar
metric space to the fuzzy-controlled bipolar metric space setting.

Definition 4. Let © and ¥ be two nonvoid sets and y : ® x ¥ — [1,+00). A quadruplicate
(®, ¥, Iy, *) is called a fuzzy-controlled bipolar metric space (FCBMS), where x is a continuous
J-normand an F set T, is on © X ¥ X (0, +00), such that V X, s,t > 0:

(FCB1) TIy(n,0,R) >0forall (y,0) € ©® X ¥;

(FCB2) Ty(n,0,R)=1iffy=cforally € ®@ando € ¥;
(FCB3) TIp(n,o,R) =Ty(o,n,R) forally,c € ©NY;
(FCB4) Fb(ﬁl/UZ/N +5+t) 2 Fb(l/]llal/W)*FB(UZI(Tl/m)*rb(UZIUZ/m)

forallny,np € @and oy,00 € ¥;
(FCB5)  Ty(n,0,.) : Ry — [0,1] is left continuous;
(FCB6)  Iy(n,0,.) is nondecreasing forally € @ and o € ¥.

We present two examples from fuzzy-controlled bipolar metric spaces as follows:
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Example 1. Let © = {1,2,3,4}, ¥ = {2,4,5,6} and a mapping y : © x ¥ — [1, 400) defined
byu(n,o) =n+0o+1I, : © x ¥ x (0,+00) — [0,1] is defined by

min{y, o} + N

e e R R

forally € ®and o € ¥. Then (©, ¥, I, ) is an FCBMS with the continuous J-norm x such
that pxb = rb. Now, u(1,2) = 4,u(1,4) = 6,u(1,5) =7,u(1,6) = 8,1(2,2) =5,u(2,4) =
7,u(2,5) = 8,u(2,6) = 9,u(3,2) = 6,u(3,4) =8u(3,5 =9,u3,6) =10,u(42) =
7,1u(4,4) =9,1u(4,5) =10and u(4,6) = 11.

Axioms (FCB1) to (FCB3) and (FCB5), (FCB6) are easily verified; now, we prove (FCB4). Let
m =10 =4,00 =2and yy = 3. Then

14+N+s5+¢

oL R4s+v) = e

Then,

1+N+s+¢ S <4+N)<12+5) <24+t

N .
iiRtstce- \8+n/ 1875 32—|—t>,v 5t >0
So,

N 5
*16(3,2, ———
a2 * G2

Fb(1/4/N+5+t) Z Fb(lrzr

Proceeding this way, (©,¥, I, x) is an FCBMS.

Example 2. If we use the minimal J-norm rather than the product J-norm in Example 1, then
(®,¥, Iy, ) is not an FCBMS. For instance, let 11 = 1,00 = 4,00 = 2, 11 = 3and X =
0.02,5 = 0.03,v = 0.04 with u(n,0) =y + o +1, then

1+0.09
Ip(1,4,0.02 4+ 0.03 4+ 0.04) = 17009 0.2665,
and
0.02 0.03 0.04
Iy (1,2, = 050124, TIy(3,2, = 0.6672, I(3,4, = 0.7503.
022 52062 SATERyE
Clearly,
0.02 0.03
Iy (1,4,0.02 +0.03 + 0.04 Ip (1,2, ——) x I, (3,2,
0.04
*1(3,4, ——).
G4 G

(©,%, Iy, ) is not an FCBMS with a minimum J-norm.

Furthermore, let us recall the definitions of a bisequence, Cauchy bisequence (CBS), com-
plete bisequence, and some lemmas in the setting of fuzzy-controlled bipolar metric spaces:

Definition 5. Let (®, ¥, I, *) be an FCBMS. Then:

(i) Asequence ({ns},{0x}) € © x ¥ is named a bisequence on (®, ¥, Iy, *).

(i) A bisequence ({1s},{0x}) on FCBMS (®, ¥, I, *) is called a CBS if for each € > 0, we can
find ag € N satisfying I'y (14, 05,R) — lasa, p — oo foralla, p > ag (¢, € N), X > 0.
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Definition 6. The FCBMS (®, ¥, Iy, *) is called complete if every CBS ({1}, {0x}) € @ x ¥
is convergent.

Lemma 1 ([8]). Let (®, ¥, Iy, *) be an FBMS such that
Ty(y,0,hR) = Ty(1, 0, R)

forally € ©,0 € Yandh € (0,1). Thenny = o.

Lemma 2. Let (©,¥, Iy, %) be an FCBMS such that
Ly(y,0,hR) = Ty(1, 0, R)

forally € ©,0 € Yand h € (0,1). Then n = 0.
Proof. We have

Ty (7,0, hR) = Ty (17,0, R). @
Since X < N forall X > 0and & € (0,1), by (FCB-6) we have

Lo(n,0,hR) < Ty (y,0,N). 2)
From (1) and (2) and definition of FCBMS, we gety =¢. O

Definition 7. A point 1 € © N'Y is called a fixed point for the mapping [lonn € ©NY if
n = 1.

Sezen [10] proved the following fixed-point theorem for fuzzy-controlled metric space:

Theorem 1. Let (©, Iy, *) be a fuzzy-controlled metric space with b : @ x @ — [1,00) and
suppose that

lim Iy(a,c,t) =1,
t—o0
foralla € ©.1f g : © — O satisfies:
I'v(ga, gc, ht) > Iy(a,c,t),

forall a,c € ©,t > 0, where h € (0,1). Additionally, assume that for every a € ®, we obtain
limpy—s00b(an, c) and limy b (c, ay ), exist and are finite. Then, g has a unique fixed point in ©.

Mihet [16] introduced the ¥ class of mappings as follows:
Definition 8. Let ¥ be the class of all maps ¢ : [0,1] — [0, 1] such that 1 is non-decreasing, contin-
uous, and P(&) > ¢, V¢ € (0,1).Ifp € ¥, then limy o " () = Land (1) =1, V¢ € (0,1).
Theorem 2. Let (O, Iy, *) be a controlled fuzzy metric space and g : ©® — © be a mapping satisfying
Io(a,c,t) > 0= Iy(ga,gc,t) > ¢(Ip(a,ct)),
foralla,c € ®and t > 0. Then, g has a unique fixed point in ©.
In this study, motivated by the results of Mutlu, A., Giirdal, U. [7], Bartwal, A., Dimri,

R. C,, Prasad, G. [8] and Sezen [10], we proved a fixed-point theorem for fuzzy-controlled
contraction mappings in bipolar metric spaces.
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3. Main Results

First, we generalize and improve upon Sezen’s [10] Theorem 1 for fuzzy-controlled
bipolar metric space.

Theorem 3. Let (©, ¥, I, ) be a complete FCBMS with pt : ® x ¥ — [1, +00) such that

lim Iy(,0,8) =1,Vp € ©,0 € Y. 3)

N—o00

Let IT: @ UY — © U Y be a mapping satisfying

(i) II(O)COadII(¥)CY;

(ii) To(I1(y),I1(c),hR) > Iy(n,0,R),Vy € ©,0 € ¥ and X > 0, where h € (0,1).
Additionally, assume that for every n € ©,

lxlgl(}o (Yo, 0) and 0}51010 u(o,ny) exist and are finite.

Then I1 has a unique fixed point.

Proof. Let 7y € ® and 0y € ¥. Then I1(7,) = 141 and I1(0y) = 0441, V& € NU{0}.
Therefore, ({74}, {ow}) is a bisequence on FCBMS (©, ¥, Iy, *). Now,

N

Ty (111,01, ) = Ty (IT(170), T1(00), ) > T (770, ffo/ﬁ)r

forall X > 0and « € N. Then,

T (0, 00, R) = To(IT(14-1), T1(04—1), ) = T (170, 00, %) 4)

and
N
Fb(ﬂa+1lgkl N) = Fb (H(Utx)/ H(aﬂnfl)/ N) Z Fb (771/00/ W)/ (5)

forallX > 0and o € N.
Leta < B € N. Then,
N

* I SOy, ———————
Vx o O O )

S S
3.” (17!X+1I U,B)

> -
Ty (14,08, R) 2T (N, Ou,s oS

* T (a1, 0,

N
—_— *F , , * e
3#(’71;(/0'04)) b(77a+l 7 3,”(770(—1-1/07:())

N

)
#(Mas 00) 1 (at1, Ou1) - - H(1p-1,05-1)
N

)
H( oy 1, 00) (a2, Ous1) - - - 1(11p, 0p—1)
N

).
Na+1,08) W(Nat2,0p) - 1(11p, 0p)

2 Fb (TIDL/ Uou

* Fb (Uﬁ,l, 0—‘371/ 3[3*1

*Fb(ﬂlg,aﬁ,l, 3‘8—1

* T (1,08, =—
BrYp 3/5 1‘1/1(
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Now applying (4) and (5) on each term of the RHS of the above inequality, we obtain

N

3ha+l}“(’7a+lr Oa)
N

o, 00, — )
3B Pt (agr, o) (Hag2, 0) - - - (17, 08)

Ty (1,08, R) > T (170, 00, ))*Fb (10, 01,

Bh*p(1a, 0a
e *Fb<

From (3), as &, B — oo, we get
Fb(iya,vﬁ,N) >1, forall X > 0.

Therefore, the bisequence ({74}, {ow}) is a CBS. Because (®, ¥, I'y, *) is a complete space,
the bisequence ({#a}, {ox}) — @. Then, {1} — @ and {0} — @, where @ € @NY.
From (FCB4), we derive

Iy (M(@), @, R) > pb(n(w),n(aa),W)*rb(n(w),n(@),M)
(M) @, 5 ),

foralla € Nand X > 0 and as a« — oo,
Iy(II(w),@,R) = 1x1x1 = 1.
Therefore, I1(®@) = @. Letv € @ N ¥ is another fixed point of IT. Because
Fo(@,0,8) = Ty (TT(@), 1T(0), %) > Tu(@,v, )
forh € (0,1) and VX > 0. Hence, ® = v. [
The following example supports Theorem 3.

Example 3. Let ©® = [0,1], ¥ = {0} UN—{1}and p : © x ¥ — [1, 4+00) be a mapping defined
by u(n,0) =+ 0o+ 1. Define

(=02

Ie(n,0,N) =e" " ® ,¥Vype®uoe¥,NX>0.

Clearly, (©,Y¥, Iy, %) is a complete FCBMS, where * is a continuous J-norm defined as pxb = rb.
DefineII :©UY — OUY by

(@) - { g, zfco €[0,1],
0, ifweN-{1},

forall o € @ UY. Clearly, II(©) CO©and II(¥) C ¥. Let y € [0,1] and 0 € N — {1}, then

N

Lo (IT(5), I1(c), hR) = T (”,o,zm)
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Now,

: Y . L 1 . .
’Xlgxgo (Mo, 0) = 0}51010(27 +o0+1)and ﬂ}gI;oy(a,qa) = alg‘go((f—i— 2+ 1) exist and are finite.

Therefore, all the conditions of Theorem 3 are satisfied. Hence, I1 has a unique fixed point, i.e.,
@ =0.

We prove the following result to modify the hypothesis (i) of Theorem 3 as follows:

Theorem 4. Let (©, ¥, Iy, x) be a complete FCBMS with y : © x ¥ — [1,+00) such that

Nlim Ie(n,0,0) =1,¥p € ©,0 € ¥. (6)
—00

Let IT: @ UY — @ U Y be a mapping satisfying

(i) II(©) CY¥and II(¥) C ©;

(i) Tp(II(0),II(n),hR) > Iy(y,0,R),¥Vn € ©,0 € ¥ and X > 0, here h € (0,1).
Additionally, assume that for every 1 € ©,

ah_r}r.}o U(a, o) and ah_r)rgo u(o,ne) exist and are finite.

Then I1 has a unique fixed point.

Proof. Let7y € ©® and 0y € ¥. Then, I1(1,) = 0, and I1(0y) = 7,41 foralla € NU{0}.
Therefore, ({#a}, {ox}) is a bisequence on FCBMS (O, ¥, I}, *). Now,

N

I'v (11,00, R) = Ty (IT(0p), I1(10), R) > I (10, 00, ﬁ),

forall X > 0and a € N. Then,

R
Ty (1a, 0, N) = T (IT(04—1), IT(14), N) EiIB(UOIUO/ﬁjg) )

and

N
Fb (rlﬂt+l/ On, N) = Fb (H(UN)/ H(’?zx)/ N) 2 Fb (170/ 00, W)/ (8)

forallX > 0and o € N. Leta < B € N. Then,

N

Ty (10,08, R) 2T (1a, Oa, 3u(as1,0n)
a+1s

—— ) x I , 0,
3‘1/[(11“’0,“)) b(”a-‘rl [i4

e T

N
— ) % [ SO, ——————— ) K-~
3u (M, 0n) ) o (s 31 (Mat1,0%) )

N

)
#(Has 0) H(ar1, Oag1) - - (Mp—1,0p-1)
N

)
H(Har1, 0a) B (Mav2, Oay1) - - 1116, 0p-1)
R

).
#(Nas1,08) 1 (Nar2,08) - - 1(11p, )

Z Fb (;70(/ O—IJ(/

* I (17/3711 0g—1, 361

* T (11p, 051, 1

*Fb(ﬂﬁ,o"g, 3p-1
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Now, applying (7) and (8) on each term of the RHS of the above inequality, we obtain

N

32 (141, ) )
N

"o, 00, — )
312t (g, 08) 1 (Has2, 08) - - 1(118, 0p)

Fb(ﬂmaﬁ; N) 2 Tb(nOrUO/ ))*Fb(WOrUO/

S
3h2* (1, 0w
[ *Fb(

From (6), as &, B — o0, we obtain
Fb(iy,x,trﬁ, R) > 1forall X > 0.

Therefore, the bisequence ({74}, {ow}) is a CBS. Because (®, ¥, I'y, *) is a complete space,
the bisequence ({#.}, {0x}) is a convergent bisequence. Then, {#,} — @ and {0, } — @,
where @ € ® N'Y. Because

Iy(IT(@), @,N) = Iy (I1(@), T1(1a), )

3H(TT(@), T1(72))
N

3u(TT(00), T1(72))

_x

3u(@, 11(7)) "

#Ip (IT(0w), (1),

« (@, I1(1a),

foralla € Nand X > 0 and as &« — oo,
Ie(IT(w), @, N) — 1x1x1 = 1.

Therefore, IT1(®@) = @. Letv € ® N'¥ is another fixed point of I1. Because

o(@,0,R) = Ty(TT(6), 1T(@),X) = Ty(@,0, )

forh € (0,1) and VX > 0. Hence @ = v. [

We demonstrate our results with an example.

Example 4. Let © = [0,1], ¥ = [1,2], and ju : © X ¥ — [1,+00) be a mapping defined by
u(n,0) =2(y1 + o) + 1. Define

(=02

Le(n,o,X)=e ® ,Vype®uoe¥,X>0.

Then, (©,Y, Iy, *) is a complete FCBMS with product J-norm. Define IT: © U¥Y — @ U'Y by
(@) = 32 forall @ e @UY. I1(®) C ¥ and I1(¥) C ©. Let y € @ and o € ¥, then

1+ 140
r(m(p,11(0), ) = 1 (5 1% )

_ (g-0)?

=e 4hN
_(=0)?

>e X

= Fb(l’],U',N)

Now,
: 28 =14y . _ 2014y
Jm (e, 0) = im (75— +o+1) and lim (o, 4a) = lim (o + ——7— +1)

exist and are finite. Therefore, all the hypotheses of Theorem 4 are fulfilled. Hence, 11 has a unique
fixed point, ie., @ = 1.
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Here, we prove the following theorem to modify the condition (ii) of Theorem 3 with
an increasing function. This theorem is an extension of Theorem 2 of Sezen [10] as follows:

Theorem 5. Let (®, ¥, Iy, *) be a complete FCBMS with p : ® x ¥ — [1,+o0) and IT :

OUY — OU Y amapping satisfying

(i) II(O)COandII(¥)CY,;

(i) Forn € ®,0 € Yand X > 0,Iy(y,0,R) > 0= I,(II(n),I1(c),R) > ¥(Iy(n,0,R)),
where ¥ : (0,1] — (0,1] is an increasing mapping such that imy e ¥*(h) = 1 and
¥(h)>hVhe(01]

Additionally, assume that for every n € ©,

lim U(Ha, o) and lim u(o,ny) exist and are finite.
Then I1 has a fixed point.

Proof. Let#y € © and 0y € ¥. Then II(1y) = 141 and I1(0y) = 0,41 foralla € NU{0}.
Therefore, ({74}, {ox}) is a bisequence on FCBMS (O, ¥, Iy, *). From (FCB2) for all X > 0
and condition (ii) from Theorem 5, we obtain

T (Mo, 00, RX) > ¥*(I's (170, 00, X)) )

and

T (at1, 00, R) = ¥ (I (171, 00, R)). (10)
Letting « < B, for a, B € N, then

N

T (0,08, R) > (M, 0a, 30(1erq,0n)
b (170, 7, N) 2T (1a, 0 3p(Mat1,0a)

— VT L, O,
3‘.14(11“, Utx) ) b(ﬂﬂﬁLl o
N

* Lo (a+1, 08, m)

N
s T (Tt Oy Y e -
)T, 0w gy o)

N

)
#(Mas 00) W (Mat1, Oa1) - - H(1p-1,05-1)
N

)
H( Moy 1, 00) P (av2, Ous1) - - - 1(11p, 0p—1)
N

).
a1, 08 (a2, 08) - - - (11, 05)

> T (Uuu%u m

* Fb (;7/3*1/ 0"571/ 3[3*1

*Fb(ﬂﬁlaﬁflr 3p-1

* I

18,98, 75—
B .53/51]4(

Now, applying (9) and (10) on each term of the RHS of the above inequality, we have

N
Te (a, 08, R) > YTy (10, 00, =——)) * ¥Y*(Ip (11,00, =—————
b (0, 05, R) (T (170, 00 3]1(%%))) (I'o (111, 00 O
N
koo *‘If (Fb(’?O/UO/ — ))
3B (a1, 08) U(1as2, 08) - - - (118, 0p)

Asa, B — oo, Iy(1a,05,N) — 1V R > 0. Applying the same lines of the proof of The-
orem 3, then @ is a fixed point of II. Because [ (#,, @, X) — R, for all X > 0 and
T (a1, T1(@), R) = Ty(TT(), TT(@), R) > ¥(Ty (1, (@), X)) > Ty (e, (@), X). Therefore,
Ha+1 — I1(@), which means that IT(®) = @. O
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The following example is provided to demonstrate Theorem 5.

Example 5. Let © = {2,4,5,6},¥ = {1,2},pxb = b forallr,b € [0,1], and p : @ x ¥ —
[1, +0c0) be a mapping defined by 1 (y,0) = n + o + 1. Define

min{7y,c} + N
Ly(,0,R) = {n,o}

- Wﬁ’”ﬁlﬂ € 0,0 € ¥Yand forall X > 0.

Then, (©,¥, Iy, *) is a complete FCBMS. A self-map ¥ on (0,1] is defined by ¥ (h) = v/h. Let
I1:©0UY — OUY beamapping such that I1(2) = I1(4) = I1(1) = 2,11(5) = I1(6) = 4.
Then, all the hypotheses of Theorem 5 are fulfilled. Hence, 1 = 2 is a fixed point of I1.

Finally, we prove the following theorem to modify the condition (i) of Theorem 5
as follows:

Theorem 6. Let (©,¥, I, *) be a complete FCBMS with pu : @ x ¥ — [1,4c0), and IT :
OUY — OUY amapping satisfying

(i) II(©) C ¥and II(¥) C ©;

(i) Forn € ©®,0€ ¥andX > 0,Iy(1,0,R) > 0= I,(I1(0),I1(1),R) > ¥Y(Is(1y,0,N)).
Additionally, assume that for every 1 € ©,

ah_r)r(}o U(a, o) and txlglgo u(o, na) are exist and finite.
Then, I1 has a fixed point.

Proof. The Theorem proof follows from Theorems 4 and 5. O

4. Application

In this section, we prove the existence of solution for the integral equation. In the
literature, the solution of fixed-point theorem through integral equation in fuzzy bipolar
metric space was initiated by Gunaseelan Mani, Arul Joseph Gnanaprakasam, Haq Absar
Ul, Jarad Fahd, and Baloch Imran Abbas [13,15]. Motivated by the above work, we obtained
the solution to the integral equation in the fuzzy-controlled bipolar metric space setting by
using Theorem 3.

Consider the integral equation

n(p) = b(p) + /O o, G(p,s,1(s))ds, p e O1UO,,

where 01 U O3 is a Lebesgue measurable set, and
(T1) G: (0?U03) xRy = Ryand b € L®(01) UL®(O,),
(T2) There is a continuous function § : O? U O3 — R, and h € (0, 1) such that

1G(p,5,71(5)) = G(p,5,0(s))[ < hO(p,5)([n(p) = (p)]),

forallp,s € 02U 03,
(T3) sup,co,u0, f01u02 O(p,s)ds < 1.
Define the mapping I, : © X ¥ x (0, +00) — [0,1] by

Suppe(’)l U0, [17(p)—c(p)l
N

Lo(n,0,R) =e” ,

forally € ®,0 € ¥. Define jt : ® x ¥ — [1,400) as a mapping defined by p(y,0) =
7+ 0+ 1. Then, (O, ¥, I, *) is a complete FCBMSs.
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Theorem 7. Under assumptions (T1)—(T3), the integral equation has a unique solution in
L®(O1) UL®(O;).

Proof. Let ® = L®(O;) and ¥ = L*(O;) be two normed linear spaces, where O3, O, are
Lebesgue measurable sets, and m(O; U Oy) < oo.
Define the mappings IT : L*(O1) UL®(Oy) — L®(O71) UL®(O;) by

T (p) = bo) + [ Glsn(s))ds, p € 01U

Now,

[Ty (p) —1To(p)|

T (HU (p)/ HU(D), hN) — ¢ SUPpe0yu0, N

[b(p)+Jo 00, 9(psi(s))ds—b(p) = fo, U0, G(Ps0(s))ds)]
— ¢ SUPpeoju0, iR

b(p)+folu(92 G(N,5,5(s))ds— (b(")*f(?lu(’)z Q(N,5,<7(5))d5> ‘
— ¢ SUPpe0yu0, TR

Jo,00, 1951 (s)=G(p5.0(s))lds
> e SUPpe0 U0, IR

Jo,u0, 18(p.9)(17(p)-0(r) s
2 e_suppe(’)luoz IR

p)—o(p
> e~ SUPpe0,u0, w

= Fb(iy,O’,N).

Hence, all the hypotheses of Theorem 3 are verified; consequently, the integral equation
has a unique solution. [

5. Conclusions

In this study, we introduced a new class of controlled bipolar metric spaces in a
fuzzy environment, in which the triple-controlled bipolar metric space was used. On the
foundation of this variety of controlled bipolar metric spaces, we additionally proved some
fixed-point theorems in FCBMSs. In order to strengthen the main results, an additive
example and supportive application was also presented. In [20], fixed-point theorems
without continuity were provied by using triangular property in FMSs by Shamas et al.
It is an interesting open problem to study the triangular property in FCBMSs and obtain
fixed-point results on the triangular property in FCBMSs.
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