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Variable selection is an important step to end up with good prediction models.
LASSO regression models are one of the most commonly used methods for this pur-
pose, for which cross-validation is the most widely applied validation technique to
choose the tuning parameter (1). Validation techniques in a complex survey frame-

work are closely related to “replicate weights”. However, to our knowledge, they

Correspondence have never been used in a LASSO regression context. Applying LASSO regression
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models to complex survey data could be challenging. The goal of this paper is two-
fold. On the one hand, we analyze the performance of replicate weights methods to
select the tuning parameter for fitting LASSO regression models to complex survey

data. On the other hand, we propose new replicate weights methods for the same
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purpose. In particular, we propose a new design-based cross-validation method as a
combination of the traditional cross-validation and replicate weights. The perfor-
mance of all these methods has been analyzed and compared by means of an exten-
sive simulation study to the traditional cross-validation technique to select the tuning
parameter for LASSO regression models. The results suggest a considerable improve-
ment when the new proposal design-based cross-validation is used instead of the tra-

ditional cross-validation.
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1 | INTRODUCTION

Complex survey data are becoming increasingly relevant in a number of fields, including social and health sciences, among others. In this frame-
work, the finite population of interest for the study is usually sampled following a complex sampling design, which may include techniques such as
stratification, clustering, or a combination of them in different stages of the sampling scheme. In this context, a sampling weight is assigned to
each sampled unit, indicating the number of units that this observation represents in the finite population. Suppose, for example, we consider a
stratified sampling scheme, in which several strata are defined in the finite population and a number of units or a number of clusters of units
(which will be denoted as primary sampling units [PSU], hereinafter) is sampled from each stratum. In this case, the sampling weight for each sam-
pled unit is usually defined as its inverse inclusion probability, that is, the probability for each unit being sampled. Due to these particularities,
complex survey data do not satisfy the independence and identically distributed conditions, and hence, the validity of traditional statistical tech-

niques should be checked before applying them to data collected from complex surveys (see, e.g., Skinner et al., 1989, for more information on
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this topic). Among other issues, the need for and use of sampling weights and the design effect on the development of prediction models has been
widely discussed in the literature (see, e.g., Iparragirre et al., 2023; Lumley & Scott, 2015, 2017; Pfeffermann & Sverchkov, 2009; Smith, 1988, as
a summary of this debate that is still alive).

In this paper, we focus on the development of prediction models and, more specifically, on the variable selection for complex survey data in
linear and logistic regression frameworks. Least Absolute Shrinkage and Selection Operator (LASSO) regression (Tibshirani, 1996) is nowadays a
widely used technique for variable selection, especially when a large amount of predictor variables are available, in order to obtain more parsimo-
nious, and hence, more interpretable prediction models. Very briefly, one goal of LASSO regression models is to set some model coefficients to
zero, reducing in this way the dimension of the model by selecting a subset of the available predictor variables. The selection of this subset
depends in turn on the election of a tuning parameter (1) for which techniques such as bootstrap or cross-validation can be applied, the latter
being the most widely used technique, in practice. These techniques, commonly known as validation methods, are used in order to select the tun-
ing parameter with which the error of the final model, evaluated in a sample different from the one used to develop the model, is minimized (see,
e.g., Hastie et al., 2009; James et al., 2013). Shortly, those techniques consist in defining different training sets (in which models are fitted consid-
ering several tuning parameters) and test sets (in which the error of the models is estimated). The tuning parameter that minimizes the error of
the training models in the test sets is selected for fitting the LASSO model to the whole sample.

However, fitting LASSO regression models to complex survey data could be problematic for two reasons. In the first place, the previously
mentioned debate about the need for sampling weights when fitting prediction models could be extended to LASSO regression models. In
addition, with the traditional above-mentioned validation methods training and test sets are randomly defined, without considering the sam-
pling design in the process. This may be a problem when working with complex survey data given that PSUs could be split into training and test
sets, which may lead the training sets to underestimate the variability produced due to the sampling process and underestimate population
error. This problem is usually known as “data leakage” (Kaufman et al., 2012). Both of these problems (weights-related as well as design-
related) have recently been discussed in the literature. McConville et al. (2017) proposed incorporating sampling weights into the LASSO linear
regression estimation process and Kshirsagar et al. (2017) extended this proposal to logistic regression models. Nonetheless, both of them
applied the traditional K-fold cross-validation, which consists in randomly splitting sampled units into K subsamples (or folds) and defining K train-
ing sets, excluding a different fold (test set) each time. Nevertheless, if we apply this method to complex survey data we may come across two
types of problems. In the first place, sampling weights of the units in neither the training sets nor the test sets properly represent the entire finite
population. Besides, and more importantly, as mentioned above, sampling design is not reflected in the way the folds are defined. Wieczorek et al.
(2022) warned about this problem and proposed mimicking the structure of the sample obtained from the finite population in each fold. For exam-
ple, for stratified sampling designs, Wieczorek et al. (2022) proposed making each fold a stratified sample of PSUs from each stratum, that is, cre-
ating simple random sample folds separately within each stratum (being all the elements from a given PSU placed in the same fold) and then
combine them across strata. In this way, the weights of the units in the training and test sets represent the finite population properly and the vari-
ability of the data is also represented. However, as pointed out by the authors, it should be noted that in this way the number of folds could be
limited by means of the sampled PSUs in each stratum (cannot be defined more folds than the maximum number of sampled PSUs per stratum). In
other words, we need at least K PSUs per stratum for the proper application of this method. Furthermore, if we have a different (and non-
proportional to K) number of PSUs in each stratum, the sampling weights of the training and test sets would also incorrectly represent the finite
population.

In complex survey frameworks, other approaches, different from the abovementioned validation techniques, are usually used to define
partially independent subsets of the sample. Those approaches are known as “replicate weights” methods. These methods consist of modifying
the sampling weights to define new subsamples that replicate the original sample, in the way that these subsamples by means of these new
weights (i.e., the “replicate weights”) correctly represent the finite population. The most well-known replicate weights methods that are
implemented in the survey R package (Lumley (2011), Lumley (2020) are Jackknife Repeated Replication (JKn), Balanced Repeated Replica-
tion (BRR), and Rescaling Bootstrap (Bootstrap). Note that Jackknife term is usually used in variance estimation framework, but this term is
commonly denoted as leave-one-cluster-out (LOCO) (Merkle et al, 2019) or leave-one-group-out (LOGO) cross-validation (Kuhn &
Johnson, 2019) when the goal is validation. However, in order to be consistent with the terminology used in the survey R package
(Lumley, 2020), we denote this method as Jackknife throughout the paper.

Therefore, the aim of the present work is twofold. On the one hand, we aim to analyze the performance of the above-mentioned replicate
weights methods, instead of traditional validation techniques, to select the tuning parameter for fitting LASSO regression models. On the other
hand, our goal is to propose new methods to this end based on the idea of replicating weights. In particular, due to the popularity of cross-
validation in this context, we propose a new design-based cross-validation method based on replicate weights, which will be more flexible than
the one proposed by Wieczorek et al. (2022). In addition to the cross-validation, we also propose two new techniques (which we denote as split-
sample repeated replication [split] and extrapolation [extrap]) to select the tuning parameter for LASSO models. In this study, we aim to analyze
(a) the impact of considering complex designs when using validation techniques for the selection of the tuning parameter and (b) the impact of the
sampling weights when fitting LASSO models. Therefore, we compare by means of a simulation study the performance of different proposals
based on replicate weights, to (a) the traditional K-fold cross-validation that defines the folds by ignoring the sampling design but considers
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sampling weights for fitting LASSO models (weighted simple random sample cross-validation, w-SRSCV), and (b) the unweighted simple random
sample K-fold cross-validation ignoring weights for fitting LASSO models (unw-SRSCV).

The rest of the paper is organized as follows. In Section 2, the basic notation on linear and logistic regression models and LASSO regression
are given, existing replication methods applied in this work for the selection of the tuning parameter are defined and new methods based on the
idea of replicating weights are also proposed. The performance of all the methods is analyzed by means of a simulation study, which is described
in Section 3. Finally, we close the paper with the main conclusions in Section 4.

2 | METHODS
This section is divided into three different parts. In Section 2.1, the basic notation is set, in Section 2.2 LASSO regression is described, and finally,
Section 2.3 describes replicate weights methods considered in this study together with the new methods proposed by the authors.
21 | Basic notation
Let U denote a finite population of N units, for which information of the vector of p covariates X=(Xy,..,X,) is available, that is,
{x,- = (x,-l,...,x;p)}i'ii. Let S be a sample obtained from U following some complex sampling design. In addition to the information of covariates,
values for the response variable Y are also known for sampled units: y;, Vi€ S. Furthermore, for each sampled unit i €S, a sampling weight is
assigned as w; = 1/z;, where z; indicates the probability of being sampled, Vi€ S.

For a continuous response variable Y, the linear regression model for the observed data is defined as follows:

yi =X+ €, € ~N(0,6?), (1)

and the vector of regression coefficients g = (ﬂo,ﬂl,...,ﬂp)T are estimated (8) based on sample S by minimizing the residual sum of square (RSS):

v 2
RSS(B)= <y; —Po— Zﬁpﬁ;) : 2
i1

ies j

In a similar way, if Y is a dichotomous response variable, the logistic regression model is defined as

: TP pxi) 1_
logit(P(Y =1[x;)) =logit(p(x))) = In | 7=~ s (X;)} =X, (3)
where p(x;) = ﬁx;iﬂ andﬁ is obtained by maximizing the log-likelihood function #(g) (or equivalently, minimizing —£(8)):
£(B)=">_viln(p(x:)) + (1 =y In(1 —p(x)))]. 4)

ies

However, when working with complex survey data, sampling weights should be considered when estimating model coefficients as proposed
by Fuller (1975) and Binder (1983), and the weighted residual sum of square (WRSS) and the pseudo-log-likelihood (p#) functions are usually con-
sidered instead of (2) and (4), respectively:

o 2
WRSS(8) =3 w; (y,» o Zﬁjx,-,) andp(8) = S wilyiIn(p(xi)) + (1~ y;) In(1 — p(x))]. (5)
=1

ieS ieS

After estimating regression coefficients, a value for the response variable can be estimated given the values of covariates x; for unit i€ U as

. P . . Y
yi =X in linear regression framework and as p(x;) = f o
€

linear or logistic) model and as f(x;) the corresponding estimated response for unit i, hereinafter.

in logistic regression. In order to ease the notation, let us denote as f(-) the fitted (either
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2.2 | LASSO regression for variable selection

When a large amount of predictor variables are available, the LASSO regression model is commonly used for variable selection. Briefly, this
method forces some regression coefficients to zero, and thus more interpretable models are obtained. This variable selection method is described
below.

For a given value of the tuning parameter 4, linear and logistic LASSO regression models are fitted by minimizing the following functions,

respectively:

min{RSS(ﬂ)+Ai|ﬂj}and min{f(ﬁ)+iiﬂj}}. (6)
=

=1

In practice, K-fold cross-validation is usually applied to select the optimum value for 1 in order to minimize the error of the fitted model. Sam-
pled units are randomly split into K subsamples of the same size. For Yk =1,...,K, the Kkt subsample is set as test set (Siest(k)), While the rest K—1
subsets form the training set (Str(k)). Then, a grid for 1 values is defined (4;, VI=1,...,L), and for each of these values, a model is fitted to each train-
ing set Sr(x), Yk =1,...,K following (6) (let us denote this model (either linear or logistic) as f‘tr(k)(-)) and applied to the test set (let f’tr(k) (x;) indicate
the predicted value, Vi € Siestk)). The estimation error for each unit is calculated by means of the loss function as follows:

A 2
P (Vi = Frao (Xi)) » in linear regression framework,
L(¥irFugo (X)) = S e (7)
=Yiln(fy (%i)) — (1 =yi)In(1 —fyry (xi)), inlogistic regression framework.
For Vk =1,...,K, the error in subset k and 4, VI=1,...,L is then estimated as follows:
. N
Erryy = Mrosttc L(YirFer( (Xi)), (8)
est(k) ; € Stest(k)

being Nees (k) the size of Siest(k), Yk =1,...,K. This process is repeated K times, by setting a different subset k as the test set each time. The cross-

validated error for J; is estimated as follows:

Py 1&
Errcv(ﬂ,):RE Erry. (9)
k=1

Finally, the value that minimizes the cross-validated error is selected as the penalty parameter,
A= argmin{Errcy (4)),¥1=1,...,L}, (10)

and the model is fitted to the whole sample S including A as the tuning parameter in expression (6).

However, in all the process explained above, sampling design and sampling weights are not considered (let us denote it as the unweighted
simple random sample cross-validation (unw-SRSCV), hereinafter). We believe that when working with complex survey data, sampling design
should be considered in the whole process: (1) When fitting the model, (2) when defining training and test sets, and (3) when estimating the error.
Below, we explain how we propose to address these three points as a whole.

In the first place, when fitting the LASSO regression models, sampling weights should be considered as follows instead of (6) for linear and

logistic regression models, respectively (Kshirsagar et al., 2017; McConville et al., 2017):

min{WRSS(ﬂ) szp: |ﬂj|} and min{pt’(ﬁ) +/12p:|/5,-\ } (11)
j=1 j=1

Second, in Section 2.3, we describe different methods based on replicate weights that could be considered to take into account the sampling
design when defining training and test sets. Finally, sampling weights should also be considered when estimating the error. In particular, if we
focus on the above-mentioned cross-validation method, we could rewrite Equation (8) as follows in order to consider the weights when estimat-

ing the error in subset k:
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| 1 g
Errgp = wiL(y;,fy k)(x,-)). (12
® Zi € Stest(k) Wi Ezte;uk? "

We denote as weighted simple random sample cross-validation (w-SRSCV) the method that considers (11) to fit the model and (12) to estimate

the error but defines the folds by randomly splitting sampled units into different subsets ignoring the sampling design as described previously.

2.3 | Selecting LASSO model's tuning parameter with complex survey data

In this work, we propose to use replicate weights for the selection of the tuning parameter A. In the following lines, we describe the six replicate
weights methods we considered in this work to define training and test sets when selecting the tuning parameter for LASSO models. The goal of
replicate weights methods is to modify the sampling weights to define new partially independent subsamples that replicate the original sample, in
the way that the finite population is properly represented in each subsample by means of the modified weights known as “replicate weights”.
Some of the replicate weights methods that are described below are commonly applied for other purposes, such as variance estimation, when
working with complex survey data. These methods are known as Jackknife Repeated Replication (JKn), Bootstrap, and BRR (see, e.g., Heeringa
et al., 2017; Wolter, 2007, for more information about these methods). However, as far as we know, they have never been used for selecting the
tuning parameter for LASSO regression models. In this work, we propose to incorporate the abovementioned replicate weights methods in this
context. In addition, we also propose three new methods based on the idea of replicating weights, which we denote as the design-based K-fold
cross-validation (dCV), Split-sample Repeated Replication (split), and extrapolation (extrap) for the same purpose. Figure 1 depicts a graphical sum-
mary of all these methods (note that the figures are not self-explanatory and should be read in combination with the descriptions below for a cor-
rect understanding of each method).

Let gy, indicate the number of sampled PSUs from stratum h, Yh=1,...,H, where Z’::lah =a indicates the total number of sampled PSUs. In
this study, a stratified cluster sampling has been considered; thus, PSUs are the clusters sampled from each stratum but note that all the methods
described below can be extended to one-step stratified samples in which different numbers of individuals (which would be the PSUs in that case)
are sampled from each stratum.

e Jackknife Repeated Replication (JKn): This method leaves one PSU a, Va=1,...,a as test set (Sest()), being the corresponding training sets
(Str((,)) defined by the rest a — 1 PSUs, excluding the ot one. A total of Tk, = a training and test sets are defined in this way, excluding one PSU
from the training set each time. Va=1,...,a let us suppose that « indicates a PSU from stratum h, Vh=1,...,H. Replicate weights are defined

vie S, for the ot training set as follows:

0, ifie Stest(o() ’

 t wi, if i € Syr( but it is not in stratum h,
i,JKSa) =9 ay R (13)

Wi -
i a—1

if i € Sy and it is in stratum h.

Even though each test set is formed by the PSU excluded from the corresponding training set, the error is usually estimated considering the

* ,test

whole sample, so the replicate weights corresponding to the test set can be defined as the original sampling weights, that is, Wi =Wi.

e Rescaling Bootstrap (Bootstrap): Tgootstrap = B bootstrap resamples are generated as proposed by Rao and Wu (1988). vh=1,...,H a, — 1 PSUs
are selected with replacement, which form the pth training set, Vb =1,...,B. Va=1,...,a let us denote as vg’), the number of times that the ot
PSU is selected to be part of the bootstrap resample b. Note that if the ot PSU is not selected for resample b, then vf,b> =0.Then, VYb=1,...,B
the replicate weights for the pth training set are defined as follows. Vi € S, suppose i is a unit from the ath PSU:

wtrb) an b
i,Bootstrap — Vi " an—1 : Vz(x ). (14)
The corresponding test set for each training set is the original sample S with its sampling weights, that is, w,.ggi;ﬁf;;p =Ww;.

e Balanced Repeated Replication (BRR): This method was originally designed to be applied in samples with 2 PSUs per stratum. Vh=1,...,H one of
the PSUs from the stratum is set to the training set while the other is set to the test set. There are 2 different possible training and test sets
to define in this way, which may usually be computationally unfeasible. Instead, Tgrr (Where Tgrg < H+4) the number of different sets are usu-
ally defined by selecting the PSU splits in a particular way by means of the Hadamard matrix as proposed by McCarthy (1966). Nowadays, this
method is extended to be also applied when an even number of PSUs per stratum are available (Lumley, 2020; Wolter, 2007). Vi € S, the repli-

tth

cate weights for the t™ training set are defined as follows, Vt=1,...,Tgrr:
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wk tr(t) 07 ifie Stest(t),
LBRR 2w;, ifie Str(t) .

(15)

Replicate weights for the corresponding test sets (wij‘B'ff;t(t)) are defined by exchanging the roles of test and training sets in (15).

e Design-based K-fold cross-validation (dCV): The a sampled PSUs are randomly split into K subsets. For k=1,...,K the k™ subset is set as test set
(Stest(k))» being the training set (S-()) formed by the rest K — 1 subsets. In this way, Tqcy =K training and test sets are defined. For each sampled
unit i € S from stratum h, we propose to define replicate weights as follows for the Kkt training set:

0, if i € Stest(k)»
#,tr(k)

f = ap e

i,dCV "

g Wi - , ifie$ ,
i N ﬁ tr(k)

(16)

being a; the number of PSUs from stratum h in the k' test set. In the same way, replicate weights for the Kkt test sets (which will be denoted
as wif;,’ée\ft(k) hereinafter) can be defined in the same way exchanging the roles of the training and test sets with each other in (16).

Note that our goal is to get at least one PSU from each stratum in every training set (not in every fold), and this will happen as long as no stratum

ends up with all its PSUs in the same fold. In order to ensure this, after PSUs are randomly assigned to folds, dCV needs to check whether this

condition is satisfied or not. In case any stratum has all its PSUs in the same fold, then it needs to reassign folds until this condition is satisfied.

Therefore, at least two PSUs per stratum are needed, each of them classified in a different fold. This is an advantage over the method proposed

by Wieczorek et al. (2022), which requires at least K PSUs per stratum.

e Split-sample Repeated Replication (split): A given percentage of PSUs is randomly set into the training set and the rest into the test set. This pro-
cess could be repeated Ty times with a different split each time, defining in this way Tyt training and test sets. Replicate weights for units in
both, training and test sets, can be defined in two different ways, Vt =1,..., Tspit:

o split-cv: As described in Equation (16) for the dCV (w2t |y > test®)y

i,split-cv? "Visplit-cv

o split-boot: Replicating by replacement the PSUs until having a, — 1 in each stratum and calculating the weights as in Equation (14) for the
« tr(t) * test(t)

i?split—boot’ i,split—boot)'

e Extrapolation (extrap): A given percentage of strata are set as training set and the rest as the test set. The process is repeated Texirap times with

Bootstrap (w,

a different split each time, defining Texrap different training and test sets. In this case, replicate weights are equal to sampling weights for units

in the training set and O for units in the test set when fitting the models, Vie S. Vt=1,..., Textrap:

(17)

Lo _ 0, ifi€ Stest(t),
iextrap — wi, ifie Str(t)-

= test(

i‘extrapt) are described in the same way, exchanging the roles of training and test sets in (17).

Replicate weights w.

3 | SIMULATION STUDY

This section describes the simulation study conducted in order to analyze the performance of different methods when selecting the tuning param-
eter for fitting LASSO regression models. Our goal is to compare the performance of the replication methods proposed in Section 2.3 (i.e., JKn,
Bootstrap, BRR, dCV, split-cv, split-boot, and extrap) to the methods described in Section 2.2 (unw-SRSCV and w-SRSCV). The goal is to compare
the differences between the tuning parameters selected with different methods, the number of covariates that would be selected if the models
were fitted considering that tuning parameter, and the error we would obtain with that model. We compare those results with the “true” results
we would obtain if the finite population were known in practice.

The rest of the section is organized as follows: Section 3.1 describes the process of data simulation and scenarios, Section 3.2 describes the

simulation study process, and Section 3.3 depicts and summarizes the main results.

3.1 | Data generation and sampling design

In the following lines, data simulation process is described. Let us define as N = 100000 the finite population size and as p = 75 the number of var-
iables denoted as Xj,...,X50,Z1,...,Z2s5. In this simulation study, we consider the variables Z1,...,Z55 to be latent variables, which are used to define
the response variable, but are not available in the samples to fit the models. In this way, we aim to define more realistic scenarios, in which the

perfect models cannot be fitted. Instead, Z4,...,Z,5 are used to define the sampling design.
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For a given value of p*, where p* <p, let u,. indicate the null vector of dimension 1 x p* and X« ., a matrix of dimension p* x p* of values

of n =0.15 off-diagonal and values of 1 on the diagonal, that is,
Hipe)=(0,.0) and pe wpe = (L =) Iy spr +77-Jp wpe s (18)

being I, .+ the identity matrix and J,- .p+ the matrix of 1s. In addition, the vector of regression coefficients g = (ﬁx,ﬁz)T is defined as follows:

T T

A=1-2.,-20,.0-2.,-20,.0-2,.,-2| f£=12..2]| . (19)
N e N e N ! e, ! e, ! N——"
(11) 9) (10) 9) (11) (25)

We describe below the steps followed to generate the finite populations of this simulation study. Two scenarios are defined generating
two different populations. In Scenario 1 (S1), the p=75 covariates are unit-level variables (i.e., there are g=0 cluster-level variables), while in
Scenario 2 (S2), g =5 variables are defined as cluster-level variables, while the rest of p — g =70 variables are unit-level. In each population, two
response variables have been generated: (a) A continuous response variable (linear regression), and (b) a dichotomous response variable (logistic

regression).

1. Forg=0(S1) and g =5 (S2), two finite populations are generated by making N realizations of

(Xas1,0X50,Z1,0225) ~ N(B(pa,Zipa)x (p—a))- (20)

2. Let us denote as {z;= (Zi,lv---:zi,25)}:i1 the set of N realizations of Z4,...,Z»5. Data are sort based on z,ﬁz, Vi=1,...,N. Strata are defined by par-
titioning the population data set on sets of the same size (H=5) and clusters by partitioning each stratum on sets of the same size
(Ap=20,vh=1,...,H, being A, the number of clusters generated in stratum h in the population). In this way, a total of 100 clusters of size
Np = 1000 are generated, Yh=1,...,.H and Va=1,...Ap.

3. If g #0, generate q cluster-level variables by making A= ZﬂzlAh realizations of

(X1, Xq) ~ Nlt(q) Zia) ¢ ))- (21)

Note that for two different units in the same cluster, their corresponding cluster-level covariates should take the same values, that is, Vi,j in
the same cluster, (Xj1,....Xiq) = (Xj1,...Xjq). Therefore, we repeat each realization N, times. We now have defined the values corresponding to
X1,...,Xs0 variables for all the units in the finite population: {x; = (Xi,1,--',Xi,so)},(11-

4. Generate the values for the response variables as follows:
a. Linear regression framework: y; :x,ﬁx Jrz,ﬁZ +€j, where ¢; is a realization of N(O,102), Vi=1,..,N.
b. Logistic regression framework: logit(p(x;,z;)) = ffo +xp% +z,#7, and the value for the response variable y; is randomly generated by following

Bernoulli(p(x;,z;)). We set g, = —10, defining in this way a prevalence (i.e., probability of event) of around 25%.

Then, the finite population U is defined as the set of values corresponding to the response variable y; and the covariates x; (excluding the latent
variables z;), Vi=1,...,N as well as strata and cluster indicators corresponding to each of them.

5. Sampling design is defined as a stratified cluster sampling scheme. First, a, =4, Yh=1,...,H clusters or PSUs are sampled per stratum. After-
ward, a different number of units is sampled from each PSU of each stratum (ny, ). In particular, Va=1,...,4 PSUs for each stratum, the follow-

ing number of units have been sampled in each scenario:

S$1(G): ny, =500, ny, =50, ng, =25, ngy =10, N5, =5, S1(B):ny,=>5, nye =10, n3, =25, nay =50, ns, =500,
S$2(G): ny, =250, ny, =100, nz, =50, nay =25, n5,=5, S2(B):ny,=>5, ny,=25, n3, =50, na, =100, ns, =250.

Note that the names of the scenarios refer to the distribution of the response variable: “G” for Gaussian distribution with reference to the
framework of the linear regression and “B” for the Bernoulli distribution indicating the logistic regression framework.
6. Fories, suppose i is a unit sampled from PSU a, Va=1,...,a5 in stratum h, Yh=1,...,H. The sampling weight for unit i is then calculated as

follows:

_An Nna
ap nh,(x
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32 | Setup

As explained above, in this simulation study we aim to compare the performance of the methods described in Section 2.3 to the w-SRSCV and to
the unw-SRSCV (both of them described in Section 2.2). In order to ease the notation, we could define replicate weights for training and test sets
of the w-SRSCYV as the original weights, that is, w,*wtr_ch)SCV w,*wtzsé(stév =w;, Vi=1,...,n for the t™ training and test sets. In the same way, the unw-
SRSCV would be equivalent to setting all the replicate weights for training and test sets to one: w‘*u:,(v )SRSCV w,*u;‘eNStégscv =1, Vi=1,..,n for the
t™h training and test sets. Considering this notation, the lines below describe the process of the simulation study for all the methods, including w-
SRSCV and unw-SRSCV. Forr=1,...,R:

Step 1. Obtain the sample S'.
Step 2. Define the penalty grid based on S" using the default approach in glmnet (Friedman et al., 2010): 4%,...,A[.
Step 3. Foreachvalue A}, VI=1,...,L:
Step 3.1 Fit the model to S (fr"(‘)) considering the vector of covariates x;, sampling weights w;, Vi€ S" and [ following Equation (11).
Step 3.2 Apply the model fr'l(-) to the finite population and estimate the response: fr’l (x;), Vi=1,..,N.
Step 3.3 Calculate the error of the model fr"(A) in the finite population (i.e., true population error of the model fitted to S'):

Erfoe () =103 £ (), (23)

where £(y,,f (x,)) is calculated as in (7).

Step 3.4 Define the “true” optimal tuning parameter (not available in practice):

r

Njpye = argmin{Err (1)), I=1,....L}. (24)
rue

Step 4. For each method m, where m € {JKn, dCV, Bootstrap, BRR, split-cv, split-boot, extrap, w-SRSCV, unw-SRSCV}:
Step 4.1 Define training and test sets (g%, and S;é’s't o Vt=1,...,, Tm, respectively) and calculate the corresponding replicate weights for
the sampled units: w;;’ ) and w* ntestt) vic s,
Step4.2 Fort=1,..., T, and I_ 1,...,L:

Step 4.2.1 Fit the model to S’"’ considering A} and the correspondmg replicate weights w* tr(t) following (11): f;’(r;;()

s, ntr(t

2rl, . .
Step 4.2.2 Apply f:r(r:)(-) to Vi eS{er;’t(t and estimate the response: ftr(t)( i). Calculate the error of the model in the test set (this

is the error that can be estimated in practice):

—~r,m,t * Arlm
Erfiegt (V) = — ST Wi Ly Fag (60)).- (25)

rm . rm
ie Stest(t I,m ' € Stesn

Step 4.3 Define the average error of the training models in the test sets:
—~r,m,t
Errtest /II Z Errtest ’1! (26)

Step 4.4 Define the optimal tuning parameter for method m as follows:

rm

AL = argmin{{:’Ar((/l,’), 1=1,..,L}. (27)
es

Step 5. Analyze the performance of each method m comparing the results to the “true” ones as follows:
Step 5.1 Define the difference between the true optimal tuning parameter and the one obtained based on method m as follows:

diff"" = |Og(Ag’s]t) - IOg(Agrue)' (28)
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Step 5.2 Define df, . and di’, as the number of regression coefficients different to 0, when fitting LASSO models considering the tuning

parameters Af,,. and A{.,, respectively. The former indicates the number of variables that would be selected based on LASSO
in case the finite population were available (i.e., the “true” number of variables selected based on LASSO), while the latter indi-

cates the number of variables that would be selected based on each method m.

r

Step 5.3 For each selected tuning parameter A{ .

and Afly, the true population error (obtained by applying to the finite population, the
LASSO regression model fitted to the whole sample S" considering AL . and AL, parameters, respectively) is calculated follow-

p . true test
ing (23) as Errtrue (Airue) and Errtrue (Ag’s]t)'

In this simulation study, a total of R=500 samples were obtained. Cross-validation methods were applied for K= 10 number of folds, B=
200 bootstrap resamples were considered, and a total of 20 train and test sets were defined for split and extrap methods. For split methods, 70%
of clusters are used for defining training sets, while for extrap training sets are defined by means of 3 out of 5 strata. All computations were per-
formed in (64 bit) R 4.2.0 (R Core Team, 2022) and a workstation equipped with 32GB of RAM, an Intel i7-8700 processor (3.20 Ghz), and a
Windows 10 operating system. In particular, LASSO models were fitted by means of glmnet R package (Friedman et al., 2010) and for applying
JKn, BRR, and Bootstrap methods, survey package (Lumley, 2020) was used.

3.3 | Results

In this section, we summarize the main results we obtained from the simulation study. Figure 2 depicts the differences between the logarithms of
the true optimum tuning parameter and the ones obtained for each method (see Equation (28)), while Figure 3 shows the number of variables that
would be selected based on those tuning parameters. Numerical results for linear (S1(G) and S2(G)) and logistic (S1(B) and S2(B)) models with
cluster-level variables (S2(G) and S2(B)) or without them (S1(G) and S1(B)) are described in Table 1. Due to the large number of results, we proceed
to summarize the main findings.

The unw-SRSCV performs poorly in all scenarios, it selects unnecessarily complex models with a large number of variables. In particular, in
more than 50% of the samples in scenario S1(G), all the 50 covariates are kept in the final model based on this method. This method is also the
one with the highest error in all scenarios except in S1(G), where the extrap method showed the worst results in this aspect. Such a bad perfor-
mance indicates the need of considering sampling weights when fitting LASSO models to complex survey data. In contrast, BRR, split-cv, split-
boot, and, in particular, extrap methods select large tuning parameters that lead to models with very few numbers of covariates, increasing the
population error estimated based on them.

The performance of the rest of the methods depends on the scenario. No great differences have been observed comparing the results
obtained from scenarios related to linear (51(G) and S2(G)) and logistic (51(B) and S2(B)) regression models. However, the results obtained in sce-
narios with cluster-level variables (S2(G) and S2(B)) or without them (S1(G) and S1(B)) differ considerably for some methods. In S1(G) and S1(B),
the selected tuning parameters based on the JKn and the dCV are unbiased with respect to the true population parameter, which leads to keeping
a similar number of variables in the final models. In S2(G) and S2(B), these methods select slightly greater tuning parameters, which leads them to
select in general models with less number of variables. Nevertheless, there are no great differences in terms of error, compared with the error that
would be obtained if the true tuning parameter were selected. Therefore, it can be concluded that the performance of these methods is correct in
all scenarios. In S1(G) and S1(B), there are no differences between w-SRSCV and dCV methods, and as mentioned above, all of them perform
quite properly. In contrast, in S2(G) and S2(B), the tuning parameter selected by means of w-SRSCV is lower than the true one, which leads to
select unnecessarily complex models with a large number of parameters, without a gain in terms of the error of the model, in comparison to the
dCV method. The Bootstrap method is the one that performs the best in terms of the error in all the scenarios. However, its performance in terms
of the number of variables of the selected models depends on the scenario: Even though it shows a good performance selecting a similar number
of covariates to the true model in S2(G) and S2(B), it tends to select a too large number of covariates in the models corresponding to S1(G) and
S1(B).

4 | DISCUSSION

In this study, we worked on the variable selection process by means of LASSO regression models for complex survey data. As discussed through-
out the paper, two issues need to be analyzed before implementing LASSO regression to complex surveys. In the first place, the need of incorpo-
rating sampling weights into the estimation process of LASSO models should be checked. In addition, the validity of the traditional cross-
validation techniques commonly applied to simple random samples for selecting the tuning parameters for LASSO models should also be analyzed
when working with complex survey data. In this paper, the performance of methods based on replicate weights that are well known for other pur-

poses in complex survey data framework but, to our knowledge, have never been used for LASSO have been compared with the traditional cross-
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TABLE 1

True

JKn

dcv
Bootstrap
BRR
split-cv
split-boot
extrap
w-SRSCV
unw-SRSCV

True

JKn

dcv
Bootstrap
BRR
split-cv
split-boot
extrap
w-SRSCV
unw-SRSCV

True

JKn

dcv
Bootstrap
BRR

split-cv
split-boot
extrap
w-SRSCV
unw-SRSCV

True

JKn

dcv
Bootstrap
BRR

Summary of the numerical results obtained in the simulation study.
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S1(G) S2(G)
Log(lambda) Log(lambda)
Min Max Mean (sd) Median (Q1-Q3) Min Max Mean (sd) Median (Q1-Q3)
—4.78 0.92 -0.92(0.60) —0.90(-1.23, -0.58) -3.91 0.93 -0.52(0.67) —0.58 (—0.97, —0.03)
—4.49 0.79 —0.77 (0.76) —0.73(-1.25, -0.21) —-1.82 1.37 0.06 (0.58) 0.10(-0.33,0.48)
—4.80 0.79  —0.71(0.75) —0.70(-1.17, —0.16) —2.24 1.40 0.11(0.58) 0.15(-0.29,0.53)
-2.35 —-0.63  —1.35(0.30) —1.34 (-1.55, —1.16) -1.12 0.70 -0.17(0.22) —0.19 (—0.31, —0.04)
—-2.35 0.93 —0.08 (0.48) —0.02 (-0.41, 0.30) -0.35 1.54 0.70(0.29) 0.68 (0.51, 0.88)
-1.97 0.93 —-0.33(0.55) —0.29 (-0.72,0.11) -1.14 1.37 0.50 (0.37) 0.51 (0.26, 0.73)
-3.27 111 -0.28(0.58) —0.24 (-0.68,0.18) -1.14 1.44 0.51(0.36) 0.53(0.30, 0.73)
—0.11 1.63 0.90 (0.19) 0.91 (0.80, 1.02) —0.54 1.70 1.11(0.22) 1.13(0.97, 1.25)
-3.31 0.56 —0.81(0.67) -0.76 (—1.24, —0.32) —-4.96 120 -1.40(0.92) -1.36 (—1.74, —0.82)
—4.87 —220 —4.08(0.64) —4.27 (—4.63, —3.63) —5.08 —-2.17 -3.64(0.72) —3.52(—4.14, —3.08)
Error Error
Min Max Mean (sd) Median (Q1-Q3) Min Max Mean (sd) Median (Q1-Q3)
240.55 266.16  252.34 (4.73) 252.51(248.92,255.39) 269.98 303.91 285.76(5.74) 285.85 (281.65, 289.52)
240.73 28370 256.21 (6.84) 255.53(251.49,260.04) 27510 490.81 295.20(15.27) 292.56 (288.28, 298.73)
240.88  285.33  256.27 (6.77) 255.64 (251.62,260.10)  275.57 490.81 29531 (14.62) 292.83(288.30, 298.08)
241.04 28429  254.55 (6.36) 254.07 (250.04,258.05) 277.98 504.60 291.60(14.53) 289.03 (286.00, 293.34)
24295 304.80 258.84(7.56) 258.18 (254.04,262.82) 284.93  405.67 298.89 (8.77) 297.22 (292.78, 303.65)
240.73 29118 257.30(7.17) 256.54 (252.53,261.02) 281.55 44220 297.09 (10.63) 294.89 (291.09, 301.17)
241.74 303.09 257.86(7.40) 256.93(253.18,261.62) 281.72 44220 297.13(10.80) 295.00 (291.46, 300.93)
25349 32970 276.76(12.32) 27549 (267.76,283.74) 288.68 44220  306.51(9.02) 308.40 (301.13, 311.66)
240.99  290.83  255.80 (6.30) 25528 (251.53,259.43)  271.68 597.24  298.29 (25.92)  291.34(285.29, 303.47)
24204 29692  259.99 (8.36) 259.05(253.90,265.43)  269.99  667.99 307.57(33.50) 299.21 (289.83, 315.53)
S1(B) S2(B)
Log(lambda) Log(lambda)
Min Max Mean (sd) Median (Q1-Q3) Min Max Mean (sd) Median (Q1-Q3)
—5.55 -2.79 —4.05(0.38) —4.07 (—4.30, —3.81) -5.96 -2.73 —4.04 (0.53) —4.06 (—4.40, —3.66)
—5.59 —2.73 —3.98(0.53) —3.93(—4.37, —3.56) —5.35 —2.49 —3.59(0.51) —3.53(—3.93, —3.23)
—5.39 —2.82 -3.95(0.51) —3.88 (—4.35, —3.53) -5.21 —2.49 —3.52(0.49) —3.46(-3.82, -3.17)
—5.59 —-3.93 —4.74 (0.27) —4.74 (—4.92, —4.55) —4.84 —-3.34 —3.94(0.20) —3.94 (—4.07, —3.80)
—-4.71 —245 —3.51(0.34) —3.47(-3.70, —3.28) —4.05 —2.36 —3.04(0.27) —3.06 (—3.21, —2.87)
—5.03 —2.81 —3.68(0.42) —3.62(—3.95, —3.36) —4.42 —2.36 —3.24(0.35) —3.22(-3.46, —2.99)
-5.12 —2.64 —3.64(0.41) —3.59 (-3.88, —3.34) —4.37 —243 —3.20(0.34) —3.20(-3.40, —2.98)
-3.82 —2.12 —2.91(0.22) —2.89 (—3.04, —2.76) —3.48 —-2.14 —2.65(0.20) —2.63 (—2.76, —2.53)
—5.65 —2.38 —4.04 (0.52) —4.02 (—4.40, —3.62) —6.33 —2.75 —4.71(0.61) —4.72(-5.12, —4.41)
—7.00 —-5.91 —6.58 (0.22) —6.59 (—6.74, —6.43) —6.99 —5.22 —6.21(0.27) —6.21 (- 6.40, —6.03)
Error Error
Min Max Mean (sd) Median (Q1-Q3) Min Max Mean (sd) Median (Q1-Q3)
0.46 0.50 0.48(0.01) 0.48 (0.48, 0.49) 0.53 0.58 0.55(0.01) 0.55(0.55, 0.56)
0.47 0.60  0.49(0.01) 0.49 (0.48, 0.50) 0.54 0.92 0.57(0.02) 0.56 (0.56, 0.57)
0.47 0.58 0.49(0.01) 0.49 (0.48, 0.50) 0.54 0.89 0.57(0.02) 0.56 (0.56, 0.57)
0.47 0.61  0.49(0.02) 0.49 (0.48, 0.50) 0.54 0.76  0.56(0.02) 0.56 (0.55, 0.56)
0.47 0.56 0.49(0.01) 0.49 (0.48, 0.50) 0.55 0.59 0.57(0.01) 0.57 (0.56, 0.58)
(Continues)
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TABLE 1 (Continued)

S1(G) S2(G)

Log(lambda) Log(lambda)

Min Max Mean (sd) Median (Q1-Q3) Min Max Mean (sd) Median (Q1-Q3)
split-cv 0.47 0.56 0.49(0.01) 0.49 (0.48, 0.50) 0.55 0.66 0.57(0.01) 0.57 (0.56, 0.57)
split-boot 0.47 0.57 0.49(0.01) 0.49 (0.48, 0.50) 0.54 0.63  0.57(0.01) 0.57 (0.56, 0.57)
extrap 0.48 0.59 0.51(0.02) 0.51(0.50, 0.52) 0.55 0.59  0.58(0.01) 0.58(0.57, 0.59)
w-SRSCV 0.47 0.60 0.49(0.01) 0.49 (0.48, 0.50) 0.53 121  0.58(0.05) 0.56 (0.55, 0.58)
unw-SRSCV 0.48 0.68 0.53(0.02) 0.53(0.52,0.55) 0.54 1.31  0.60(0.06) 0.59 (0.57, 0.62)

Note: For each scenario, the minimum (min) and maximum (max) values, the average (mean) and standard deviation (sd) and the median and interquartile
—~r

range (Q1-Q3) are displayed for the logarithm of the optimal tuning parameters (A}, . and A7) and the corresponding population errors (Err, . (Af,e) and

Errtrue(A{e’;'t)) obtained across R =500 samples for each analyzed method m.

validation techniques to select the tuning parameter A. In addition, new methods based on the idea of replicating weights have been proposed,
among others, the dCV. This method could be seen as an extension of the Survey CV method proposed by Wieczorek et al. (2022), which in com-
bination with replicate weights allows us to be more flexible when defining different folds, and thus, it is valid for more types of designs, for exam-
ple when different number of PSUs per stratum is available, or a few numbers of PSUs per stratum are sampled.

The performance of all those methods for selecting the tuning parameter for LASSO models has been compared by means of an extensive
simulation study. The sampling design considered in this study is a stratified cluster sampling in which a different number of units are sampled
from each cluster. In order to reduce the number of results shown in the paper, we set the number of folds as K =10, given that it is the one most
commonly used in the literature (see, e.g., Witten et al., 2016). Let us highlight some of the most interesting conclusions of the simulation study in
the following lines.

In the first place, the bad performance of the unw-SRSCV, which leads to very complex regression models selecting almost all variables,
shows the need of incorporating sampling weights into the estimation process of LASSO regression models. It should be noted that in this paper
we have not considered the option to fit perfect prediction models for which the sampling design is uninformative given the covariates included
in the model. In line with previous works (see, e.g., Pfeffermann, 1993; Scott & Wild, 1986; Sugden & Smith, 1984), if we try to fit perfect
models, sampling weights are not needed in the estimation process of linear and logistic regression models. These conclusions can also be
extended to LASSO models, and hence, this method would perform properly in that situation. However, it is important to point out that when
working with LASSO regression models, as we are using a sparse shrinkage estimator, the sampling design must be uninformative given, not all
the covariates, but the ones that actually end up in the final model, which is even more complicated and beyond the researcher's control. In
addition, it should also be noted that when we work with real data, we will hardly ever be able to fit “perfect” regression models. Therefore, we
would not recommend the use of this method in practice, in order to avoid fitting too complex regression models with biased estimates of
regression coefficients.

The second point that should be mentioned is the similarities and differences between the performance of the w-SRSCV (which does not con-
sider the sampling design when defining folds) and the new proposal dCV. It is striking that for the same sampling design, such different results were
obtained across different scenarios. This fact could be explained as follows. In the scenario where no cluster-level variable was incorporated, most of
the variability offered by the cluster could be explained by means of the sampling weights. In contrast, the inclusion of cluster-level variables leads to
an increase in the effect of the sampling design relative to clustering, thus offering greater differences between one method and the other. When no
cluster-level variable is considered in the model, both methods perform properly and lead to reasonable and parsimonious regression models. In con-
trast, when including cluster-level variables into the process, models selected based on those methods differ considerably, being the ones selected by
the w-SRSCV more complex than necessary. This is in line with the results obtained by Lumley and Scott (2015), in which the effect of the sampling
design has shown an important role in the model selection, in particular, on the Akaike information criterion (AIC) and Bayesian information criterion
(BIC). Briefly, this work shows that for samples with greater design effect, more parsimonious models are selected, given that the design effect penal-
izes more strongly the incorporation of the covariates into the model. Coming back to our study, we have observed that the greater the cluster effect,
the greater the differences between the tuning parameters selected for fitting the models and the number of variables selected based on those
methods. The w-SRSCV tends to select a larger number of variables than the dCV. Therefore, we recommend the use of the dCV rather than the w-
SRSCV, in order to select more parsimonious models when fitting LASSO regression models to complex survey data. In addition, given the similarities
of both works, we believe that the trace of the variance-covariance matrix (defined by means of the information matrix and score vector) which is
used to estimate the design-based AIC proposed by Lumley and Scott (2015) could be used to analyze the cluster effect and thus diagnose whether
there may be differences between the dCV and w-SRSCV. Some numerical results related to this issue are shown as Supporting Information.
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However, the magnitude of the relationship between the trace of the variance-covariance matrix and the differences between w-SRSCV and dCV on
the variable selection by means of LASSO will be further analyzed as future work.

Another consequence of the abovementioned cluster effect, which is reflected in the differences between the dCV and w-SRSCV, is the so-
called “data leakage” (Kaufman et al., 2012). When the cluster effect is significant, splitting the clusters between training and test sets (i.e., setting
some units of a cluster into the training set and others into the test set as w-SRSCV does) has two consequences. On the one hand, we fit the
models with more information than we should, given that all the clusters are considered in the process. The fact that all the clusters are consid-
ered when fitting the training models means that the sampling variability will be underestimated across them. On the other hand, very similar
information to the one used when fitting the models is used to evaluate the error in the test sets given that, actually, the training and test sets are
not independent sets since units of the same cluster are in both of them. Thus, the true population error is also underestimated. These issues can
be observed in the figures added as Supporting Information. When applying the training models to the test sets, it can be observed that the w-
SRSCV underestimates the true population error in contrast to the dCV, particularly in the scenarios with cluster-level variables. It can also be
observed that the variability of the training models is greater when the dCV is applied compared with the w-SRSCV.

Note that the methods proposed and applied throughout this work can be extended in a very simple way to data obtained from a stratified
sampling design without clustering. However, the behavior of the methods in such a situation has not been analyzed in this simulation study. The
authors expect that the results may be similar to scenario 1, where cluster-level variables have not been incorporated, but this should be studied
in future work to be confirmed. Neither other types of sampling such as sampling probability proportional to sample size nor post-stratification
have been considered, so the conclusions obtained are limited to the schemes we have analyzed. Note also that other tries have been made by
changing the number of folds to K =5, but no significant differences have been observed (results not shown). Also, cross-validation techniques
allow repeating the process of splitting the sample several times, which is usually known as cross-validation with replication. Those replicates have
not been considered in the results shown in this paper due to the same reason. Finally, the methods applied and proposed in this work could be
used for other purposes beyond LASSO to define partially independent subsets of the sample. However, the performance of the methods should
be previously checked in that context.

In summary, the methods that have performed the best in all the scenarios are the dCV and the JKn, which have shown a similar performance
in the scenarios that have been considered. It should also be noted the good performance of the Bootstrap, particularly in the scenarios with
cluster-level variables, being the best in terms of error but considerably less parsimonious than JKn and the dCV. In addition, in terms of computa-
tional efficiency, the fastest has been the dCV beating JKn and Bootstrap, being twice as fast as JKn on average and between 15 and 20 times
faster than Bootstrap in the scenarios that have been considered. In particular, in the scenarios that have been analyzed, the dCV needs on aver-
age between 0.26 and 0.45 s in both linear scenarios (S2(G)-S1(G)) and 1.09 and 1.70 s in logistic scenarios (52(B)-S1(B)), JKn needs between
0.48-0.72 and 2.18-3.43 s on average and the Bootstrap between 5.28-7.43 and 16.68-23.8 s on average, respectively, in the same scenarios.
In summary, this study shows that the K-fold cross-validation technique, which is commonly applied to select tuning parameters for fitting LASSO
regression models to simple random samples, can be extended to the dCV when working with complex survey data, and it will provide parsimoni-

ous regression models. For this reason, we recommend the use of this method for fitting LASSO regression models to complex survey data.
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