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We prove that every word is concise in the class of compact R-
analytic groups. That is, for every word w and every compact 
R-analytic group G such that the set of word values w{G} is 
finite, the verbal subgroup w(G) is also finite.
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1. Introduction

A word in k variables x1, . . . , xk is an element w(x1, . . . , xk) of the free group 
F (x1, . . . , xk); and, given any group G, it inherently defines a map w : G(k) → G, where 
w(g1, . . . , gk) is the element of G that we obtain by substituting each variable xi with 
gi. The image of that map, which will be denoted by w{G}, is the set of word values of 
w, and it is typically not a subgroup of G. However, we can naturally define the verbal 
subgroup of w as w(G) = 〈w{G}〉.
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A word is said to be concise in a class of groups C, if for all G ∈ C such that w{G} is 
finite, w(G) is also finite. More generally, w is simply called concise if it is concise in the 
class of all groups. P. Hall initially conjectured that all words were concise, but Ivanov 
[9] refuted it almost three decades later. Nevertheless, as Jaikin-Zapirain highlighted in 
[12], P. Hall’s conjecture is still open for profinite groups:

Profinite Conciseness Conjecture. Every word is concise in the class of profinite groups.

There are several articles analysing the conciseness of certain words, but we know few 
classes of groups where all the words are concise. Indeed, it has been known since the 
1960s that every word is concise in the class of linear groups or the class of virtually 
abelian-by-nilpotent groups (cf. respectively [14] and [16]). This work provides another 
class of groups where every word is concise, namely compact R-analytic groups. In other 
words, we have the following:

Main Theorem. Every word is concise in the class of compact R-analytic groups.

R-analytic groups are topological groups endowed with a manifold structure over a 
pro-p domain R such that both structures are compatible; they are defined and thor-
oughly studied in [6, Chapter 13], we also refer to [13] and [15]. Those groups arise as 
a generalisation of p-adic analytic groups. Furthermore, every compact p-adic analytic 
groups is linear (cf. [6, Theorem 7.19] and [6, Corollary 8.33]), so conciseness in those 
groups follows from Merzljakov’s result [14]. Every word being concise in the class of 
compact p-adic analytic groups is a decisive step in Jaikin-Zapirain’s study of the verbal 
width of finitely generated pro-p groups (cf. [12]).

In [4] and [3], the notion of conciseness is generalised in profinite groups. More specif-
ically, the word w is said to be strongly concise in a class of profinite groups, if for every 
G ∈ C such that |w{G}| < 2ℵ0 , then w(G) is finite. In [3], the authors pose the following 
conjecture:

Strong Conciseness Conjecture. Every word is strongly concise in the class of profinite 
groups.

However, in the class of compact R-analytic groups strong conciseness is equivalent 
to conciseness. Indeed, in Proposition 2.7, we show that whenever |w{G}| < 2ℵ0 in a 
compact R-analytic group, then w{G} is finite. Therefore, the main result can be restated 
as follows:

Corollary 1.1. Every word is strongly concise in the class of compact R-analytic groups.

Notation and conventions. Most of the notation is standard, except for X(n), which 
denotes the nth Cartesian power of X. Besides, p is always a prime number, Fp is the 
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field of p elements, Zp is the ring of p-adic integers, Q[[X1, . . . , Xn]] is the ring of power 
series in n variables with coefficients in the ring Q, and dimKrull(Q) and charQ denote, 
respectively, the Krull dimension and the characteristic of Q. Finally, in a topological 
space X, by S ⊆o X we mean that S is an open subset, and S denotes the closure of S
in X.

Moreover, we recall that a pro-p domain is a Noetherian local complete integral domain 
whose residue field is finite of characteristic p. Throughout this paper R will usually be 
a pro-p domain with maximal ideal m, which sometimes will be denoted as (R, m) for 
clarity; additionally, this notation might be used for local rings. According to Cohen’s 
Structure Theorem [2], any pro-p domain R is a finite integral extension of Q[[t1, . . . , tm]], 
where m = dimKrull(R) − 1, and Q = Zp when charR = 0 and Q = Fp[[t]] when 
charR = p.

Funding: This work was supported by the Spanish Government [project number 
PID2020-117281GB-I00], partly with ERDF funds; the Basque Government [project 
number IT483-22] and the Spanish Ministry of Science, Innovation and Universities [grant 
number FPU17/04822].

2. R-standard groups

This section is devoted to presenting and studying an essential family of R-analytic 
groups, namely R-standard groups. Nonetheless, for the convenience of the reader, we 
will start by introducing some basic definitions on the theory of R-analytic groups:

Definition 2.1.

(i) (cf. [6, Definition 13.1]). A map f : U ⊆o R(n) → R(m) is analytic if for each x ∈ U

there exists a positive integer N ∈ N such that x +
(
mN

)(n) ⊆ U and a tuple of 
power series F ∈ R[[X1, . . . , Xn]](m) such that f(y) = F(x + y) for all y ∈

(
mN

)(n).
(ii) (cf. [6, Definition 13.5]). An R-analytic manifold is a topological space M such 

that for each x ∈ M there exists an R-chart (U, φ, n) of x, i.e. x ∈ U ⊆o M , 
φ : U → φ(U) ⊆ R(n) is a homeomophism where φ(U) is endowed with the subspace 
topology and n ∈ N0 is the dimension of the chart. Moreover, all the R-charts must 
be compatible, that is, whenever (U, φ, n) and (V, ψ, m) are two R-charts such that 
U ∩ V �= ∅ then φ ◦ ψ−1|ψ(U∩V ) : ψ(U ∩ V ) → R(n) is R-analytic.

(iii) (cf. [6, Definition 13.8]). An R-analytic group is a topological group G that is an 
R-analytic manifold in such a way that the multiplication map m : G × G → G, 
(g, h) 
→ g ·h and the inversion map ι : G → G, g 
→ g−1 are analytic maps: for each 
(g, h) ∈ G ×G there exist R-charts (U1, φ1, n1) of g, (U2, φ2, n2) of h and (V, ψ, m)
of gh such that m−1(V ) is open in G ×G and

ψ ◦m ◦ (φ1, φ2)−1|(φ1,φ2)(U1×U2∩m−1(V ))
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is analytic; and the same for the inversion.

2.1. R-standard groups and formulae

An R-standard group of level N and dimension d is an R-analytic group S with a 
global atlas {(S, φ)} such that

(i) φ : S →
(
mN

)(d) is a homeomorphism,
(ii) φ(1) = 0 and
(iii) for all j ∈ {1, . . . , d} there exists a power series Fj ∈ R[[X1, . . . , X2d]], with constant 

term equal to zero, such that

φ(xy) = (F1(φ(x), φ(y)), . . . , Fd(φ(x), φ(y))) ∀x, y ∈ S.

Sometimes we will denote an R-standard group by (S, φ) to emphasise the rôle of the 
homeomorphism. Any tuple of power series F = (F1, . . . , Fd) satisfying condition (iii) 
of the above definition is a d-dimensional formal group law, and there exists a formal
inverse of it, i.e., a tuple of power series I = (I1, . . . , Id) ∈ R[[X1, . . . , Xd]](d) such that

F(I(X),X) = F(X, I(X)) = 0,

where X is a d-tuple of indeterminates (cf. [6, Proposition 13.16(ii)]).

Lemma 2.2. A compact R-analytic group contains an open normal R-standard subgroup.

Proof. Let G be a compact R-analytic group of dimension d. By [6, Theorem 13.20], 
there exists a finite index R-standard subgroup (H, φ) of level N , with formal group 
law F and formal inverse I. Let T be a left transversal for H in G. Since conjugating 
by a fixed element is R-analytic (see Definition 2.1), for each t ∈ T there exists an 
Nt ≥ N and some power series Ct

j ∈ R[[X1, . . . , Xd]], j ∈ {1, . . . , d}, such that for all 
x ∈ φ−1

((
mNt

)(d)),

φ
(
xt
)

=
(
Ct

1(φ(x)), . . . , Ct
d(φ(x))

)
.

Let L = maxt∈T Nt, since 
(
mL

)(d) is closed with respect to the power series Fj and Ij , 
then S = φ−1

((
mL

)(d)) is an open R-standard subgroup. Moreover, Ct
j(0) = 0, so Ct

j

has constant term equal to zero, and thus, S is closed with respect to conjugation by 
every t ∈ T . Finally, since every element g ∈ G is of the form th where t ∈ T and h ∈ H, 
then S is closed under the conjugation with g. �

Furthermore, a close scrutiny of the proof reveals that for the open normal R-standard 
subgroup (S, φ) constructed in the proof, for each g ∈ G the conjugation map cg : S → S, 
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where cg(x) = xg, is given globally by a single tuple of power series. That is, for each g ∈
G there exists a tuple of power series Cg(X) = (Cg

1 (X), . . . , Cg
d (X)) ∈ R[[X1, . . . , Xd]](d)

such that

φ (xg) = Cg (φ(x)) ∀x ∈ S. (1)

Henceforward, (S, φ) will usually be an open normal R-standard subgroup of G, of 
level N and dimension d, with formal group law F and formal inverse I, such that the 
conjugation by g ∈ G is given as in (1).

Moreover, (S, φ) defines a natural atlas of G given by {(xS, φx)}x∈G, where φx : xS →(
mN

)(d) is defined by φx(y) = φ(x−1y), and this atlas is compatible with the initial 
R-analytic structure of G. We can get an explicit description of the group operations in 
G using that atlas:

Lemma 2.3. Let t, r ∈ G. Then,

(i) the inverse in tS is given in coordinates by the tuple of power series Ct−1 ◦ I. That 
is,

φt−1
(
x−1) = (Ct−1 ◦ I) (φt(x)) ∀x ∈ tS.

(ii) the multiplication in tS × rS is given in coordinates by the tuple of power series 
F(Cr(X), Y). That is,

φtr(xy) = F(Cr(φt(x)), φr(y)) ∀x ∈ tS, y ∈ rS.

Proof. (i) Take x = tx ∈ tS, then

Ct−1(I(φt(x))) = Ct−1
(
φ
(
x−1)) = φ

((
x−1)t−1

)
= φt−1

(
x−1) .

(ii) Take x = tx ∈ tS and y = ry ∈ rS, then

φtr(xy) = φ(xry) = F(Cr(φ(x)), φ(y)) = F(Cr(φt(x)), φr(y)). �
For x, y ∈ G such that xS = yS, let Ay

x :
(
mN

)(d) →
(
mN

)(d) be the R-analytic 
homeomorphism φy ◦ φ−1

x . Since φy = Ay
x ◦ φx, it follows from (i) of Lemma 2.3 that

φr

(
x−1) = (Ar

t−1 ◦ Ct−1 ◦ I) (φt(x)) ∀x ∈ tS,

whenever rS = t−1S. And idem for the multiplication:

φp(xy) = Ap
tr (F(Cr(φt(x)), φr(y))) ∀x ∈ tS, y ∈ rS,
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whenever trS = pS. Hence, we can fix a left transversal T for S in G, and work simply 
with the atlas {(tS, φt)}t∈T .

Consequently, the R-analytic map w : G(k) → G is given by a single tuple of power 
series in the open subset t1S×· · ·× tkS (ti ∈ T ), i.e., there exists a tuple of power series 
Wt1,...,tk ∈ R[[X1, . . . , Xdk]](d) such that

φp(w(x1, . . . , xk)) = Wt1,...,tk (φt1(x1), . . . , φtk(xk)) ∀xj ∈ tjS, (2)

where p is the element of T such that w(t1, . . . , tk)p−1 ∈ S. Furthermore, Wt1,...,tk is a 
convenient composition of finitely many power series, scilicet F, I, Ct (t ∈ T ∪ T−1) and 
Ay

x (x ∈ TT ∪ T−1 and y ∈ T ).

2.2. Conciseness in R-standard groups

Since in R-standard groups the operations are globally described by power series, the 
study of the conciseness in those groups is mainly based on properties of R-analytic 
maps.

Proposition 2.4. Let S be an R-standard group and let w be a word such that w{S} is 
finite. Then, w(S) = {1}.

Proof. Firstly, S can be identified with 
(
mN

)(d), where N is the level and d the dimension 
of S, such that the multiplication and the inversion are defined by two power series and 
the identity is 0, so the word map w is a single power series W ∈ R[[X1, . . . , Xdk]](d), 
where k is the number of variables of the word. Moreover, since w{S} is finite and the 
word map is continuous, W is locally constant, so by [11, Lemma 9], W is constant, i.e., 
W(X1, . . . , Xdk) = W(0, . . . , 0) = 0, and thus w{S} = {0}. �

We should take notice of a couple of consequences of the previous result. On the one 
hand, if G is a compact R-analytic group such that w{G} is finite, we can obtain the set 
of word values just by looking at a transversal of a convenient R-standard subgroup.

Corollary 2.5. Let G be a compact R-analytic group and let S be an open normal R-
standard subgroup constructed as in Lemma 2.2. If w{G} is finite, S is marginal, i.e., 
w(x1, . . . , xk) = w(y1, . . . , yk) for all x1, . . . , xk, y1, . . . , yk ∈ G such that xiy

−1
i ∈ S.

Proof. We shall prove that w is constant in each t1S × · · · × tkS. Indeed, by (2):

φp(w(x1, . . . , xk)) = Wt1,...,tk(φt1(x1), . . . , φtk(xk)) ∀xj ∈ tjS.

But since w is locally constant, by [11, Lemma 9], Wt1,...,tk is constant, i.e.,

Wt1,...,tk(X1, . . . , Xdk) = c ∈ R(d),
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so φp(w(x1, . . . , xk)) = c for all xj ∈ tjS. �
On the other hand, note that any R-analytic group G satisfies a weaker version of 

the conciseness conjecture, namely the existence –when the set of word values w{G} is 
finite– of an open subgroup where the word w is a law.

Corollary 2.6. Let G be an R-analytic group and let w be a word such that w{G} is finite. 
Then, there exists an open R-standard subgroup S where w is a law.

Proof. According to Lemma 2.2, there exists an open R-standard subgroup S of G. Since 
|w{S}| ≤ |w{G}|, by Proposition 2.4, it follows that w(S) = {1}. �

R-standard groups are pro-p groups (cf. [6, Proposition 13.22]), and as mentioned 
in Section 1, in this setting, the notion of conciseness can be strengthened to that of 
strong conciseness. Nonetheless, the following result shows that in the class of compact 
R-analytic groups there is no difference between those concepts.

Proposition 2.7. Let M and N be compact R-analytic manifolds and let F : M → N be 
an R-analytic map such that | imF | < 2ℵ0 . Then imF is finite.

Proof. Let m = dimM and n = dimN . Since F is R-analytic, for each x ∈ M there 
exists an R-chart (Ux, ϕ) of x in M , an R-chart (Vx, ψ) of F (x) in N and a tuple of 
power series G ∈ R[[X1, . . . , Xm]](n) such that

ψ ◦ F ◦ ϕ−1(y) = G(y) ∀y ∈ ϕ(Ux).

Since (Ux, ϕ) is an R-chart, we can assume that ϕ(Ux) =
(
mL

)(m) for some L ∈ N, and 
so Ux is a profinite space. Hence, F |Ux

: Ux → N is a continuous map between profinite 
spaces such that |F (Ux)| < 2ℵ0 , so, by [3, Proposition 2.1], there exists V ⊆o Ux such that 
F |V is constant. Hence, according to [11, Lemma 9], F |Ux

is constant. By compactness, 
M =

⋃
z∈Z Uz for some finite subset Z ⊆ M , and thus | imF | ≤ |Z|. �

As a byproduct we obtain a lower bound for the cardinality of the set of word values 
in some finitely generated compact R-analytic groups. More specifically, in [13], the 
authors present several properties of R-analytic groups, and among them, they establish a 
criterion to isolate finitely generated compact R-analytic groups satisfying a law, proving 
that they are p-adic analytic (here we are considering topological generation, i.e., the 
subgroup generated by X is the topological closure of 〈X〉).

Corollary 2.8 (cf. [13, Theorem 1.3]). Let R be a pro-p domain of characteristic p or 
Krull dimension bigger than 1, and let G be a non-discrete finitely generated compact 
R-analytic group. Then for every word w, |w{G}| ≥ 2ℵ0 .
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Proof. According to Lemma 2.2 there exists an open R-standard subgroup S of G. 
Particularly, S is non-discrete and finitely generated. Suppose that |w{G}| < 2ℵ0 , then 
|w{S}| < 2ℵ0 . Since S is compact, by Proposition 2.4 and Proposition 2.7, w is a law in 
S, so, by [13, Theorem 1.3], S admits both a p-adic analytic and an R-analytic structure, 
which is a contradiction with [6, Theorem 13.23]. �

Consequently, the main theorem of this paper applies chiefly to non-finitely generated 
R-analytic groups.

3. Change of pro-p domains

For α = (α1, . . . , αd) ∈ N(d)
0 , let Xα denote the monomial Xα1

1 . . . Xαd

d . Let ϕ : R → Q

be a ring homomorphism and let F (X) =
∑

α∈N(d)
0

aαXα ∈ R[[X]] be a power series. By 
applying ϕ to the coefficients of F we obtain the power series

Fϕ(X) =
∑

α∈N(d)
0

ϕ(aα)Xα ∈ Q[[X1, . . . , Xd]].

To transform coefficients in pro-p domains, we will only consider the natural ring 
homomorphisms between local rings, i.e., local ring homomorphisms, which are ring ho-
momorphisms ϕ : (R, m) → (Q, n), between local rings, such that ϕ(m) ⊆ n.

Whenever F ∈ R[[X1, . . . , Xn]](m) and G ∈ R[[X1, . . . , Xm]](l) are two tuples of power 
series with coefficients in a pro-p domain (R, m) such that F(0) ∈ m(m), the composition 
G ◦ F is well-defined; and the following simple lemma shows that the foregoing change 
of rings commutes with the composition of power series.

Lemma 3.1. Let ϕ : (R, m) → (Q, n) be a continuous local ring homomorphism. Let F ∈
R[[X1, . . . , Xn]](m) and G ∈ R[[X1, . . . , Xm]](l) be formal power series, and assume that 
F(0) ∈ m(m). Then (G ◦ F)ϕ(X1, . . . , Xn) = Gϕ ◦ Fϕ(X1, . . . , Xn).

Proof. Using the universal property of power series rings (cf. [7, Chapter 0, 7.5.3]), there 
exists a unique continuous ring homomorphism

Φϕ : R[[X1, . . . , Xn]] → Q[[X1, . . . , Xn]]

such that Φϕ(H(X)) = Hϕ(X) for all H ∈ R[[X]], where X = (X1, . . . , Xn).
Let F(X) = (F1(X), . . . , Fm(X)). Since Φϕ (F1(X)) , . . . , Φϕ (Fm(X)) are in (n, X1, . . . ,

Xn), the maximal ideal of Q[[X]], using the universal property of power series rings we 
can define the continuous map

Φ1 : R[[Y1, . . . , Ym]] → Q[[X1, . . . , Xn]]

such that Φ1(r) = ϕ(r) for all r ∈ R, and Φ1(Yi) = (Fi)ϕ (X) for all i ∈ {1, . . . , m}. 
Similarly, define the map
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Φ2 : R[[Y1, . . . , Ym]] → R[[X1, . . . , Xn]]

such that Φ2|R = IdR, and Φ2(Yi) = Fi(X) for all i ∈ {1, . . . , m}.
Note that Φ1(r) = Φϕ ◦ Φ2(r) = ϕ(r) for all r ∈ R, and that Φ1(Yi) = Φϕ ◦ Φ2(Yi) =

(Fi)ϕ (X) for all i ∈ {1, . . . , m}. Therefore, by the uniqueness of the universal property 
we have that Φ1 = Φϕ ◦ Φ2, and so, in particular,

(G ◦ F)ϕ (X) = Φϕ ◦ Φ2(G(Y)) = Φ1(G(Y)) = Gϕ ◦ Fϕ(X). �
Hence, the change of rings preserves formal power series identities, so in particular:

Corollary 3.2. Let R and Q be pro-p domains, let F ∈ R[[X1, . . . , X2d]](d) be a formal 
group law with formal inverse I and let ϕ : R → Q be a continuous local ring homomor-
phism. Then Fϕ is a formal group law, with formal inverse Iϕ.

Proof. Let X, Y and Z be d-tuples of indeterminates. By [6, Proposition 13.16], F(0) = 0, 
so by Lemma 3.1,

(i) since F(F(X, Y), Z) = F(X, F(Y, Z)) then

Fϕ(Fϕ(X,Y),Z) = Fϕ(X,Fϕ(Y,Z)),

(ii) and since F(X, 0) = F(0, X) = X, then Fϕ(X, 0) = Fϕ(0, X) = X,

and thus Fϕ is a formal group law (cf. [6, Definition 13.14]). Finally, since F(I(X), X) =
F(X, I(X)) = 0 and I(0) = 0, by Lemma 3.1:

Fϕ (Iϕ(X),X) = Fϕ (X, Iϕ(X)) = 0. �
Let (R, m) and (Q, n) be pro-p domains, let ϕ : R → Q be a continuous local ring 

homomorphism and let (S, φ) be an R-standard group, of level N and dimension d, with 

formal group law F. In particular, φ(S) =
(
mN

)(d).
Using the formal group law Fϕ, L =

(
nN

)(d) can be endowed with a group operation 
making it a Q-standard group. Indeed, the group operation is given by

x ∗ y = Fϕ(x, y) ∀x, y ∈ L. (3)

Let G be a compact R-analytic group, and let (S, φ) be the open normal R-standard 
subgroup constructed in Lemma 2.2. Then, we can set up a Q-analytic group, whose 
open normal Q-standard subgroup is the preceding subgroup L. Indeed, let T be a left 
transversal for S in G, and assume that 1 ∈ T . We will use the following notation: 
whenever g ∈ G then g̃ is the representative of gS in T . By Lemma 2.3 and the remark 
after it, using the notation therein, if x ∈ tS and y ∈ rS, their product is given by
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φt̃r (xy) = At̃r
tr (F (Cr(φt(x)), φr(y))) .

Define H = T × L and the homeomorphisms ψt : (t, L) → L such that ψt(t, l) = l. If 
x ∈ (t, L) and y ∈ (r, L), imitating the previous formula define the operation:

x ∗ y =
(
t̃r,

(
At̃r

tr

)
ϕ

(
Fϕ

(
(Cr)ϕ (ψt(x)), ψr(y)

)))
. (4)

Remark. We can identify (1, L) with L for plainness, and then (4) extends the operation 
(3).

Lemma 3.3. With the notation above, (H, ∗) is a compact Q-analytic group with open 
normal Q-standard subgroup L.

Proof. Firstly, H is a compact Q-analytic manifold with respect to the atlas {(tL, ψt)}t∈T

– abusing the notation we will use tL to denote (t, L) –. Moreover, H is a group. Indeed,

(i) let t, r, p ∈ T , from Lemma 2.3 and the associativity of G we know that as power 
series:

At̃rp
t·r̃p

(
F
(
Cr̃p(X), Ar̃p

rp(F(Cp(Y),Z))
))

= At̃rp

t̃r·p

(
F
(
Cp

(
At̃r

tr (F (Cr(X),Y))
)
,Z

))
.

Thus, let x ∈ tL, y ∈ rL and z ∈ pL, then by Lemma 3.1 and (4):

ψt̃rp(x ∗ (y ∗ z))

=
(
At̃rp

t·r̃p

)
ϕ

(
Fϕ

((
Cr̃p

)
ϕ

(ψt(x)),
(
Ar̃p

rp

)
ϕ

(
Fϕ

(
(Cp)ϕ (ψr(y)), ψp(z)

))))

=
(
At̃rp

t̃r·p

)
ϕ

(
Fϕ

(
(Cp)ϕ

((
At̃r

tr

)
ϕ

(
Fϕ

(
(Cr)ϕ (ψt(x)), ψr(y)

)))
, ψp(z)

))

= ψt̃rp((x ∗ y) ∗ z).

(ii) The neutral element is (1, 0) ∈ L.

(iii) The inverse of x ∈ tL is given by

y =
(
t̃−1,

(
At̃−1

t−1

)
ϕ
◦ (Ct−1)ϕ ◦ Iϕ(ψt(x))

)
.

Indeed, by Lemma 2.3, we know that

A1
t·t̃−1

(
F
(
C

t̃−1(X), At̃−1

t−1 (Ct−1(I(X)))
))

= 0.

Hence, by Lemma 3.1 and (4),
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0 =
(
A1

t·t̃−1

)
ϕ

(
Fϕ

((
C

t̃−1

)
ϕ

(ψt(x)),
(
At̃−1

t−1

)
ϕ

(
(Ct−1)ϕ (Iϕ(ψt(x)))

)))

=
(
A1

t·t̃−1

)
ϕ

(
Fϕ

((
C

t̃−1

)
ϕ

(ψt(x)), ψ
t̃−1(y)

))
= ψ1(x ∗ y).

Similarly, y ∗ x = (1, 0).

Finally, if x ∈ L and h ∈ tL ⊆ H, since 1t = 1, then x∗h ∈ L. �
Let (t1, . . . , tk) ∈ T (k). According to (2), the word map w : G(k) → G is given in 

t1S × · · · × tkS by the power series Wt1,...,tk , i.e.,

φ
˜w(t1,...,tk)

(w(x1, . . . , xk)) = Wt1,...,tk (φt1(x1), . . . , φtk(xk)) ∀xi ∈ tiS.

Then, by the definition of Fϕ, Iϕ and (4), the word map w : H(k) → H is given in 
t1L × · · · × tkL by the power series (Wt1,...,tk)ϕ, i.e.,

ψ
˜w(t1,...,tk)

(w(x1, . . . , xk)) = (Wt1,...,tk)ϕ (ψt1(x1), . . . , ψtk(xk)) ∀xi ∈ tiL. (5)

4. Proof of the Main Theorem

The demonstration technique consists in reducing the problem to a group that is 
analytic over a pro-p domain of Krull dimension one, using the change of rings described 
in the previous section. Hence, we have first to prove the 1-dimensional case.

4.1. Pro-p domains of Krull dimension one

We shall start with a well-known but useful observation, whose proof can be found, 
for instance, in [5, Lemma 4].

Lemma 4.1. Let G be a group and let w be a word such that w{G} is finite. Then w(G)′
is finite, and w(G) is finite if and only if it has finite exponent.

We have already pointed out that compact p-adic analytic groups are concise. By Co-
hen’s Structure Theorem [2] and [6, Theorem 13.23], the result extends to analytic groups 
over Krull dimension one and characteristic zero pro-p domains. Moreover, whenever R
is a pro-p domain of Krull dimension one and characteristic p, according to Cohen’s 
Structure Theorem [2] R is a finitely generated free Fp[[t]]-module, so by [6, Examples 
13.9(iv)], any R-analytic group is by restriction of scalars analytic over Fp[[t]]. Note that 
in this case, any R-analytic group has also analytic structure over the local field Fp((t))
(cf. [6, Section 13.1]).
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Proposition 4.2. Let R be a pro-p domain of Krull dimension 1. Then, every word is 
concise in the class of compact R-analytic groups.

Proof. We only have to deal with the case of positive characteristic. Let G be a compact 
R-analytic group, let w be a word such that w{G} is finite, let S be a normal open 
R-standard subgroup of G where w is a law (compare with Corollary 2.6), Z = Z(S), 
K = Fp((t)) and K̄ the algebraic closure of K. We can assume that G is K-analytic.

Firstly, by [10, Proposition 5.1] S/Z is linear over the local field K and it satisfies an 
identity, so by the topological Tits alternative (cf. [1, Theorem 1.3]) S/Z has an open 
soluble subgroup. Let S be the Zariski closure of S/Z in GLn(K̄), which is also virtually 
soluble (cf. [17, Theorem 5.11]). Let S◦ be identity component of S, which according 
to [8, Proposition 7.3] has finite index in S and is the soluble radical of S, namely the 
largest connected soluble subgroup of the algebraic group S.

Let N/Z be the intersection of S/Z with S◦, then N has finite index in S and passing 
to the normal core if necessary we assume that N is a normal subgroup of finite index in 
G. Since [S◦, S◦] is unipotent (cf. [8, Lemma 19.5]), and since we are in characteristic p, 
[N, N ]Z/Z is nilpotent of finite exponent. Therefore, [N, N ]Z is nilpotent, and, according 
to [13, Lemma 5.1], H = [N, N, S] has finite exponent. Finally,

H = [N,N, S] ≥ [N,N,N ],

and so G/H is virtually nilpotent of class at most 2.
Furthermore, since w(G)′ is finite by Lemma 4.1, up to a quotient we can assume 

that w(G) is a finitely generated abelian subgroup. Hence, since H has finite exponent, 
w(G) ∩H is finite.

Finally, since |w{G/H}| ≤ |w{G}| and G/H is virtually nilpotent, then w (G/H) is 
finite by [16, Corollary 2]. Now, the isomorphism

w

(
G

H

)
= w(G)H

H
∼= w(G)

w(G) ∩H

yields the result. �
Note that, as a byproduct, we have proved that any soluble R-analytic group, where 

R has characteristic p, is virtually (nilpotent of finite exponent)-by-(nilpotent of class at 
most 2).

4.2. General case

When (R, m) is a pro-p domain, for any a ∈ m(m) we have the continuous evaluation 
map sa : R[[t1, . . . , tm]] → R which sends F (t1, . . . , tm) to F (a). As the following classic 
result shows, this local ring epimorphism can be extended to any finite integral extension 
of R[[t1, . . . , tm]].
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Lemma 4.3 (Going Up Theorem). Let A ⊆ B be a finite integral extension of rings, let 
P be an integral domain and let ϕ : A → P be a ring epimorphism. There exists a finite 
integral extension Q of P such that ϕ extends to an epimorphism ϕ̃ : B → Q.

Proof. If p = kerϕ, by [18, Theorem V.2.3], there exists a prime ideal q ⊆ B such that 
q ∩A = p. Thus, the following diagram is commutative:

B B/q

A A/p

ϕ̃

ϕ

ψ

where ψ(x + p) = x + q is injective. Identifying A/p with P , then ϕ̃ extends ϕ and, by 
[18, Lemma V.2.1], B/q is a finite integral extension of A/p. �
Remark. In the preceding proof, if B is a pro-p domain, Q, as a quotient of a pro-p
domain by a prime ideal, is itself a pro-p domain; and, when ϕ : A → P is a continuous 
map between pro-p domains, then A/p is isomorphic to P as a topological ring.

Proof of the Main Theorem. Let G be a compact R-analytic group. By Lemma 2.2, 
there exists an open normal R-standard subgroup (S, φ), of level N , such that, for each 
g ∈ G there exists a tuple of power series Cg ∈ R[[X1, . . . , Xd]](d) satisfying

φ(xg) = Cg(φ(x)) ∀x ∈ S.

Let w be a word in k variables such that w{G} is finite. If n = |G : S|, then wn{G} ⊆ S

and, by Lemma 4.1, if wn(G) is finite, then w(G) is finite. Therefore, without loss of 
generality assume that w{G} ⊆ S.

Furthermore, let P be Zp if charR = 0 or Fp[[t]] if charR = p, and m its maximal 
ideal. According to Cohen’s Structure Theorem [2] R is a finite integral extension of 
P [[t1, . . . , tm]], where m = dimKrull(R) − 1. For each a ∈ m(m), let sa be the evaluation 
epimorphism sa : P [[t1, . . . , tm]] → P . By Lemma 4.3, sa extends to a continuous ring 
epimorphism s̃a : R → Q, where Q is a pro-p domain of Krull dimension 1.

Let F be the formal group law of S. Fix a ∈ m(m) and denote by Fa the formal group 
law Fs̃a (cf. Corollary 3.2). Let T be a left transversal for S in G, and assume that 1 ∈ T . 
According to Lemma 3.3, there exists a Q-standard group L, whose group operation is 
given by Fa, and a compact Q-analytic group H, which is an overgroup of L and whose 
group operation is defined as in (4). Moreover, the Q-analytic structure of H is given by 
the atlas {(tL, ψt)}t∈T , where ψt(t, l) = l.

Fix (t1, . . . , tk) ∈ T (k) and assume, by (2), that for any l ∈ N, the word map wl is 
given in t1S × · · · × tkS by the power series Wl, that is,

φ
(
wl(x1, . . . , xk)

)
= Wl (φt1(x1), . . . , φtk(xk)) ∀xj ∈ tjS
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(even though in order to lighten the notation it is not written explicitly, the power series 
Wl also depends on t1, . . . , tk).

Let wl : H(k) → H be the word map wl with the operation of H induced by Fa, as in 
(4). Thus, by (5),

ψ1
(
wl(x1, . . . , xk)

)
= Wl

a (ψt1(x1), . . . , ψtk(xk)) ∀xj ∈ tjL.

(for any power series W, use Wa to denote Ws̃a).

Therefore, according to Corollary 2.5, if w{G} is finite, then w is constant on each 
t1S × · · · × tkS. Hence, the word map w, with the operation of H, is constant on each 
t1L × · · · × tkL, so |w{H}| ≤ |H : L|k is finite. According to Proposition 4.2, every word 
is concise in H, so there exists �a ∈ N such that w�a(H) = {1}, and, in particular,

W�a
a (X1, . . . , Xdk) = 0. (6)

Define the following partition of the space m(m):

m� =
{
a ∈ m(m)

∣∣∣W�
a = 0

}
, � ∈ N.

Since m(m) =
⋃

�∈N m� and m(m) is complete, by the Baire Category Theorem there 
exists �′ such that m�′ has non-empty interior. Moreover, by Corollary 2.5, W�′ is con-
stant, i.e.,

W�′(X1, . . . , Xdk) = (c1, . . . , cd) ∈ R(d).

Then, if a ∈ m�′ ,

(s̃a(c1), . . . , s̃a(cd)) = W�′

a (X1, . . . , Xdk) = 0.

Consequently, s̃a(ci) = 0 for all a ∈ m�′ .

Subclaim. Let V ⊆o m(m) and D a dense subset of V , then 
⋂

a∈D ker s̃a = {0}.

Proof of the subclaim. Let r ∈ P [[t1, . . . , tm]], since the evaluation of a power series is 
continuous, if r(a) = 0 for all a ∈ D, then r(a) = 0 for all a ∈ V . Hence, by [11, Lemma 9], 
we have 

⋂
a∈D ker sa = {0}. If pa = ker sa and qa = ker s̃a, then pa = qa∩P [[t1, . . . , tm]]. 

Hence,

P [[t1, . . . , tm]] ∩
⋂
a∈D

qa =
⋂
a∈D

pa = {0},

and, since the extension is integral, according to [18, Complement 1 to Theorem V.2.3], 
we have 

⋂
a∈D qa = {0}. �
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By the subclaim, applied to the interior of m�′ as V and m�′ ∩ V as D, we have 
that ci = 0 for all i ∈ {1, . . . , d}. Therefore, repeating the process for all the tuples in 
T (k) there exists an integer � such that φ 

(
w�(x1, . . . , xk)

)
= 0 for all xi ∈ G, and thus 

w�(G) = {1}. �
Remark. It is known that uniform pro-p groups are torsion-free (cf. [6, Theorem 4.5]), and 
since every word is concise in them, whenever H is a compact p-adic analytic group such 
that w{H} is finite, and L is an open uniform pro-p subgroup, we have that w{H}|H:L| =
{1}. Using this fact, the proof of the Main Theorem can be slightly simplified when R
is a pro-p domain of characteristic zero. Indeed, in (6), we can take �a = |G : S|, 
independently on the evaluation s̃a, and thus avoid the use of Baire’s Category Theorem 
–here we follow the notation in the proof, that is, G is a compact R-analytic group and 
S is the open normal R-standard subgroup constructed as in Lemma 2.2–. Note that, in 
passing, it would prove that every element of w{G} has order dividing |G : S|.
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