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A B S T R A C T
A new structural typology of a Steel-Reinforced Wooden (SRW) purlin made of rectangular laminated wood and C-section type cold-formed 
steel is presented in this paper. The steel C-section profile is fitted onto the wooden purlin, so that both work together as a composite unit. 
Although the wooden sections are weaker and have a lower elastic modulus than the steel sections, the overall dimensions of the SRW purlins are 
no larger than the steel C-section purlin sizes. The SRW purlins also form lighter structures than either plain steel or wooden purlins and they 
therefore have lower CO2 emissions. In addition, lighter purlins reduce the load on the main structure, which in turn reduces the material 
needed for the main structure of the building. So, reinforcement of the wooden purlin with steel sections within certain areas notably improved 
performance when compared with ordinary single-material purlins. The use of the SRW purlins can therefore improve the overall 
sustainability of a building. The improvements were analysed in terms of sustainability and lower weight, as a function of span length and design 
load. The behaviours of the single material purlins and the SRW purlin were also compared. Both material strength and deformation design 
criteria and their influence were studied using an analytical approach based on loading and span length. The simple, innovative, and reliable design 
procedure described in this study ensured compliance with all technical requirements. Moreover, the savings relating to material weight were 
evaluated, neutralizing the carbon footprint in all cases under analysis.

1. Introduction
The construction sector, as one of the leading consumers of natural resources and energy, is responsible for the

production of one-third of all greenhouse gas effects and 40 % of total energy consumption (1). The sector is responsible
for consuming 30 % of the world’s material resources, 12 % of all water resources, and for generating 30 % of all waste
dumped in landfill sites. More recently, the sector has been at the forefront of several activities focused on the use
of more durable, recyclable, reusable and naturally renewable materials, such as wood from sustainable forestry (2).
It will take time to replace many standard construction materials. Although the development of techniques is now
unstoppable, some lobbyists are resisting change, preferring instead to exploit immediate economic gain. Construction
companies and public administrations should nevertheless listen to the demands of society, in order to ensure a decent
future for coming generations (3; 4).

The sustainability of buildings and construction materials has been analysed in some models and some works have
also been proposed to evaluate both the overall sustainability and the costs of conventional building structures (concrete,
steel and wood). For example, Caruso et al. proposed a comparative evaluation methodology for the environmental
sustainability of buildings based on a life-cycle assessment (5).

Wood has therefore become the reference sustainable material in construction today (6; 7; 8); government
regulations now encourage the use of wooden structures among engineers and architects (9). Furthermore, some works
have shown that a reduction in carbon emissions is achieved earlier in cities where wooden construction typologies are
included in development planning (10; 11).

Wood is a well-known natural material. During its growth, the leaves of trees release oxygen through photosynthesis
to produce solid fibrous materials (12). In other words, wood is a natural material whose growth is a consequence of
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chemico-biological reactions between sunlight and water. Trees therefore absorb and process ambient CO2 (one of the
main greenhouse gases), so as to create sugars that are converted into fibrous cellulose and lignin, and they also release
smaller quantities of CO2, i.e., at night-time and when deciduous trees shed their leaves. An average tree is capable
of absorbing and processing the equivalent of one CO2 ton/m3 through photosynthesis over a 100-year lifetime. Wood
therefore has a negative carbon footprint and forests constitute the main atmospheric sinks of CO2. When the life of
a tree is over, wood becomes an attractive building material, both for structural and functional components, such as
beams, columns, doors, and floors (13). In addition, wood can also be shredded into particles for the manufacture of
agglomerate boards and pellet fuels (14; 15).

The environmental sustainability of wooden structures is good, even though they have design strength limitations.
Multiple disciplinary studies should be encouraged to reduce the uncertainty that surrounds the design of wooden
structures, and to gather further knowledge on the use of wood (16). In the book ’Tackle Climate Change - Use
Wood’, the expansion of sustainable material savings and forestry products is discussed (17). The authors proposed
combinations of structural materials and feasible applications from a sustainable point of view, based on an optimal
design of profile geometries. Hence, the idea of combining sections of steel and wood in the purlins that is proposed
in this work.

In a preliminary study of the main structural components of a building (columns, beams and slabs) (18), the authors
concluded that combining steel-wood profiles yielded disproportionate dimensions, in so far as a steel-wooden section
that met the design requirements had to be much larger than a steel section. Thus, the use of the new concept in the
main structural components was considered unfeasible. However, the concept of steel-wood composite materials could
be applied to secondary structural components such as lightweight roof purlins, as the dimensional similarity between
both materials is higher. The use of the SRW purlin is therefore studied in this work, an example of which is shown in
Figure 1.

Figure 1: Example of an industrial pavilion where the structure of the lightweight roof is composed of SRW purlins: wood
(orange) spans the entire length, whereas the steel C-section (green) reinforces the areas that withstand the highest loading.

New attempts to improve purlins have been proposed in the literature. The traditional wooden purlin is still of
interest to researchers who have applied new test methods and designs to gain further knowledge of wooden materials
and to improve structural reliability (19). Cold-formed (CF) steel profiles, the most widely used purlins, have also
updated current design procedures (20). Prefabricated concrete purlins have been proposed as a substitute for steel
profiles (21), although they are subject to potential shear cracking that can lead to structural failure. Traditional
structural materials have also been compared from the point of view of sustainability throughout their service life (22).
As structural elements, purlins are designed according to the respective technical regulation, e.g. the Spanish Technical
Building Code (23). These regulations are usually based on analytical methods of beam design, which include a hidden
safety factor. The review of Sayyad et al. (24) compile up to 300 articles on modelling and analysis of sandwich beams
using elasticity theory, analytical methods, and numerical methods based on shear deformation theories. The state-of-
the-art computational modelling (25) shares with the classical transformed section method (26) the ability to model
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the mechanical behaviour of heterogeneous beams. The experimental measurement of surface stresses on sandwich
beams deserves special attention (27). This work has used the transformed section method, besides its adequacy with
the problem nature, because technical regulations are based on analytical methods indeed. This method assumes an
isotropic behaviour of materials, a common simplification in the construction engineering field.

This work continues the study of Garcia et al. (28) where a hybrid Steel-Wooden Purlin (SWP) consisting of
wooden sections subject to lower stress levels was inserted into a steel C-section profile. The purlin was formed of
alternate wooden and steel sections, with both materials overlapping at the joints. In this way, the wood section that
was required was considerably reduced, in comparison with a wooden purlin of the same length, and under the same
loading scheme. The SRW purlin, a simpler form of the SWP concept, is proposed in this study: the section remains
constant throughout the length of the purlin, the wooden purlin extends throughout the whole length, while the steel
C-section profile is only inserted around the wooden purlin in the areas under higher mechanical stress that are subject
to greater deformation (Fig. 2). This configuration reduces both the required wood section and the use of steel. In turn,
the SRW purlin responds to the increasingly high sustainability standards that are demanded by society. The bond
between wood and steel is strong and rigid, guaranteeing continuity to withstand stress and deformation. Moreover, no
dirt can accumulate within the closed geometry of the new design, which could foreseeably reduce maintenance work.

Figure 2: An example of an SRW purlin: C120.40 (laminated timber embedded in a steel profile).

The purlin was optimised using the transformed section method, minimizing the quantity of wood and steel in
accordance with the load and span length. Then, the reduction in weight achieved by the new SRW purlin typology
was studied in comparison with a single-material purlin (either wood or steel). Finally, the improvements to the
sustainability of these purlins were analysed following the criteria set by Cuadrado et al. (29).

2. Materials and methodology
The characteristics of the materials, the SRW purlin proposed in this work, and the methodology followed for its

development are all described in this section.
2.1. Scope of the Project

Today, the distance between frames in steel and wooden structures is similar: these distances are generally neither
shorter than 6.5 m, nor longer than 8.5 m. Roof inclinations vary from 0 % (flat roofs) to a maximum of 35 %. Besides,
the separation between purlins, typically between 1.25 and 2.5 m, depends on the stiffness of the roofing component.

The load of the roofing material varies from 90 kg/m2 for simple plates to almost 200 N/m2 for sandwich panels.
Across most geographical regions of Spain, the design loads of lightweight roofs are based on maximum foreseeable
levels of snowfall (700 N/m2) and wind force (1000 N/m2) (23). An overload of 400 N/m2 was considered for areas
with little or no snow and no wind loads (23).

Having looked at the usual features of purlins, the scope of this work was limited to purlins with spans of 6.5 m,
7.5 m, and 8.5 m, applied to lightweight flat roofs with 0 % slope, and loads between 800 N/m2 and 3600 N/m2 that
were increased in steps of 400 N/m2.
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Table 1
Mechanical properties of laminated wood (GL36h) and steel (S235JR). The data of the laminated wood corresponds to
the 5th percentile.

Admissible stress Modulus of elasticity Density
𝜎𝑎𝑑𝑚 (MPa) E (GPa) 𝜌 (kg/m3)

Laminated 36 (parallel 11.6 (parallel 410wood to the grain) to the grain)

Steel 235 200 7850

2.2. Materials and profiles
IPE laminated and cold-formed C or Z profiles are the most widely used metallic purlins for lightweight roofs.

Both have similar characteristics (30). Cold-formed C profiles were chosen for the proposed SRW purlin typology:
their open geometry fit perfectly on wooden rectangular purlins, forming a composite materials that works together to
ensure the continuity of the beam.

The calculation method for the SRW purlins was applied to a glue laminated Pinus radiata timber, generally known
as glulam, regardless of the type of timber in use. The methodology can be easily adapted to any type of wood. In
particular, GL36h grade glulam was chosen where "36" refers to the bending resistance in MPa. S235 steel was used to
reinforce the wooden beams. Table 1 compiles the mechanical properties of the glulam and the steel. The differences
are evident: the steel is 6.5 times more resistant than the wood and 17 times stiffer. However, as wood is 17 times
lighter than steel, its strength/weight ratio is nearly three times greater.

Besides its mechanical properties, stress and deflection depend closely on the area moment of inertia (𝐼𝑧) of the
profile. The proposed SRW purlin has a rectangular wooden beam reinforced with steel in certain sections to form the
composite purlin (31). A perfect bonding between both materials with no loose spaces was considered in their design,
which entails continuity in the deformation diagram of the section, but not in the stress distribution diagram of the
section, which depends on the elastic module. The transformed section method was used, under the assumption that
the section was formed of a single material (26; 31). In this study, the whole purlin was assumed to be made of wood.
Table 2 introduces the sections used in this work. The C profiles and wooden beams were assumed to have sharply
rounded edges.

The C profile dimensions are specified in UNE 36573:1979 (32). Each C profile size is available in two or three
t thicknesses. The thinnest C profile of each size was selected, as the purpose of the C profile was to strengthen the
wooden purlin. There must be a strong bonding between wood and steel: narrow tolerances must be assured to avoid
looseness, but at the same time, the wood must be able to enter into the steel profile. The openness of the C profile
helps to place the steel profile on the wooden purlin. Once the steel is laid on the wood, the two profiles are screwed
together.
2.3. The mechanical behaviour of a purlin

A purlin is a continuous beam. The bending moment provokes normal stresses and deformations at the deflection
point; the arrow-shape displacement of the beam arises from the sum of all deformations. Nonnast (33) proved that there
were no noticeable changes in shear forces, bending moments, and deformations throughout the length of intermediate
spans of continuous beams with four or more spans. Thus, accuracy could be maintained when considering only four
spans in the calculus of the maximum bending moment and deflection in a continuous beam and the results were useful
for structures with over four spans. Applying symmetry, the functions of the shear forces V(x) and bending moments
M(x) of a four-span continuous beam according to the position x are introduced in Table 3.

The diagram of the internal forces of a four-span continuous beam (33) is shown in Figure 3. The bending moment
is zero at the supports of the beam ends. Rather than at those supports, the maximum bending moments are adjacent to
them and are 40 % higher than at the middle. In-between the spans, the bending moments are higher at the side spans
(40 % smaller than the maximum) than at the intermediate ones (70% smaller). The bending moment, M, depends on
the distributed load, q, and the square of the span length, L , in all cases. In terms of purlin strength, the reinforcement of
high bending moment areas with the C profile leads to a direct reduction of the section of the wooden purlin, lightening
the areas with bare wooden sections that support less load. In terms of deformation, the two ends of the purlin are the
critical regions, because the purlin is free to rotate on the end supports. The deflection in lateral spans is three times
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Table 2
Average values (SRW profile dimensions) (h, b, c, t), surface (A), area moment of inertia (𝐼𝑧) and mass centre positions
(d). The transformed section is assumed to be wooden (𝐼𝑆𝑅𝑊

𝑧 ).

C
14

0.
2.

0

C
16

0.
2.

0

C
18

0.
2.

0

C
20

0.
2.

0

C
22

5.
2.

5

C
25

0.
2.

5

C
27

5.
2.

5

C
30

0.
2.

5

h (mm) 140 160 180 200 225 250 275 300

b (mm) 50 60 60 60 80 80 80 80

c (mm) 20 20 20 20 25 25 25 25

t (mm) 2 2 2 2 2.5 2.5 2.5 2.5

A (mm2) 532 612 652 692 1050 1110 1170 1230

𝐼𝐶
𝑧 (mm4) 1.6·106 2.4·106 3.2·106 4.1·106 8.1·106 10.3·106 12.9·106 15.9·106

𝐼𝑊
𝑧 (mm4) 11.4·106 20.5·106 29.2·106 40.0·106 75.9·106 104.2·106 138.6·106 180·106

𝐼𝑆𝑅𝑊
𝑧 (mm4) 37.2·106 60.1·106 81.4·106 107.1·106 209.2·106 274.5·106 351.9·106 442.9·106

𝑑𝐶 (mm) 16 18.6 17.5 16.6 23.8 22.5 21.4 20.4

d (mm) 20.48 24.63 24.23 23.92 32.63 32.20 31.85 31.55

𝐸𝐼𝐶
𝑧 (Nmm2) 3.3·1018 5.0·1018 6.6·1018 8.5·1018 16.9·1018 21.6·1018 27.1·1018 33.4·1018

𝐸𝐼𝑊
𝑧 (Nmm2) 1.5·1018 2.6·1018 3.7·1018 5.1·1018 9.6·1018 13.2·1018 17.6·1018 22.9·1018

𝐸𝐼𝑆𝑅𝑊
𝑧 (Nmm2) 4.7·118 7.6·1018 10.3·1018 13.6·1018 26.6·1018 34.9·1018 44.7·1018 56.3·1018

Table 3
The functions of a four-span grid to position x.

1𝑠𝑡 span 𝑥 ∈ (0, 𝐿) 2𝑛𝑑 span 𝑥 ∈ (𝐿, 2𝐿)

𝑉𝐴𝐵(𝑥) = 𝐴 − 𝑞𝑥 = 0.393𝑞𝐿 − 𝑞𝑥 𝑉𝐵𝐶(𝑥) = 𝐵′ − 𝑞𝑥 = 0.536𝑞𝐿 − 𝑞𝑥
𝑀𝐴𝐵(𝑥) = 𝐴𝑥 − 𝑞 𝑥2

2
= 0.393𝑞𝐿𝑥 − 𝑞 𝑥2

2
𝑀𝐵𝐶 (𝑥) = 𝐵′𝑥 − 𝑞 𝑥2

2
+ 𝑘 = 0.536𝑞𝐿𝑥 − 𝑞 𝑥2

2
+ 1.036

larger than at the intermediate spans. However, a reinforcement in the end areas would not stiffen the purlin. In turn,
the strengthening of the adjacent support reduces the deflection on the lateral span, as the purlin is a continuous beam.

According to the current Spanish Technical Building Code (23), purlins must fulfil two conditions: they must not
exceed a material strength of (𝜎𝑚𝑎𝑥 ≥ 𝜎𝑎𝑑𝑚) and a deflection ratio 300 times smaller than the span length (𝑦 ≤ L∕300).

Figure 4 introduces the four-span configuration used in the SRW purlin that benefits from a symmetrical design.
The lengths of the steel-wood combined parts are defined by the variables a, b, and c. In this study, the aim was to
define the steel-wood timber configuration that could minimize both the wood profile size and the weight of steel and
that was compliant with the maximum stress and deflection design requirements according to the span length, L, and
the uniformly distributed load, q. The maximum stress and deflection of each configuration was a discrete calculation,
i.e., the values of lengths a, b, and c, rather than continuous values, were multiples of the 𝑑𝑝 discretisation factor. As
commented earlier, stress and deflection conditions are similar in purlins with more than four spans. Thus, parameter
c can be applied in intermediate supports in those cases. Scilab 6.0.2 software was used for the numerical analysis.

The size of the discretisation factor, 𝑑𝑝, determines the accuracy of lengths a, b, and c, and the number of
combinations to be studied. The sensitivity of 𝑑𝑝 (0.1, 0.2, 0.3, 0.4, 0.5, and 0.6 m) was analysed, to determine the
optimal a, b, and c parameters on a given purlin length (L = 6.5 m), under eight q loads (800, 1200, 1600, 2000,
2400, 2800, 3200, and 3600 N/m) for each 𝑑𝑝. The reference discretisation length was set at 𝑑𝑝 = 0.1 m (a0.1, b0.1,
c0.1), which provided the most accurate results. Assuming that the a-b-c optimal combination was only one, the Mean
Squared Error (MSE) was estimated for each size of 𝑑𝑝 with regard to the sum of squares calculated with 𝑛𝑞 load cases
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Figure 3: Diagram of the internal forces of a four-span continuous beam under a uniformly distributed load, q, throughout
its length: shear force, V, and bending moment, M, diagrams (adapted from (33)).

MSE =

√

√

√

√

Σ3600
𝑞=800(𝑎𝑑𝑝 − 𝑎0.1)2

𝑛𝑞
+

√

√

√

√

Σ3600
𝑞=800(𝑏𝑑𝑝 − 𝑏0.1)2

𝑛𝑞
+

√

√

√

√

Σ3600
𝑞=800(𝑐𝑑𝑝 − 𝑐0.1)2

𝑛𝑞

The stress was calculated with Navier’s Formula (31), paying special attention to two points: the second support
(B) and the point of maximum stress in the first span (𝑥𝐴𝐵 = 0.393L). The highest bending moment was observed at
the second support where the wooden purlin was reinforced with the C-section. However, the purlin was not reinforced
in the first span at position 𝑥𝐴𝐵 . Taking the wood as a reference (𝑛 = 𝐸𝑐∕𝐸𝑤), the stresses were calculated by means
of the transformed section method:
Wood: 𝜎𝑤 = 𝑀𝑦

𝐼𝐿𝑁
Steel C-section: 𝜎𝑐 = 𝑛𝜎𝑤 = 𝐸𝑐

𝐸𝑤

𝑀𝑦
𝐼𝑆𝑅𝑊𝑧The deflections were calculated by integrating the bending moment functions of Table 3 twice and by applying the

conditions for continuity. Both the slope 𝜃(𝑥) and the deflection 𝑦(𝑥) with regard to the initial position are compiled in
Table 4.

These steps were followed in the procedure for calculating the optimal profile size and reinforcement lengths for
each load, q, and span length, L. First, the required section was calculated considering that it was completely made of
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Figure 4: The four-span beam used in the design of SRW purlins. As both the beam and the loads are symmetrical, only
the first two spans are defined in the figure. The steel-wood profile (in blue) is formed of lengths a, b, and c.

Table 4
Slope 𝜃(𝑥) and deflection 𝑦(𝑥) functions for the purlin in position x, obtained by integration of the bending moment M(x)
functions (Table 3).

Slope 𝜃(𝑥) by integration of M(x)
1st span, 𝑥 ∈ (0, 𝐿) 2nd span, 𝑥 ∈ (𝐿, 2𝐿)

𝜃(0, 𝑎) = 1
𝐸𝑤𝐼𝑤

(

𝐴 𝑥2

2
− 𝑞 𝑥3

6
+ 𝑘1

)

= 𝜃(𝐿,𝐿 + 𝑏) = 𝐻
𝐸𝑤𝐼𝑤

(

𝐵′ 𝑥2

2
− 𝑞 𝑥3

6
+ 𝑘3

)

=

= 1
𝐸𝑤𝐼𝑤

(

0.3929𝑞𝐿 𝑥2

2
− 𝑞 𝑥3

6
+ 𝑘1

)

= 0.3071
𝐸𝑤𝐼𝑤

(

0.5357𝑞𝐿 𝑥2

2
− 𝑞 𝑥3

6
+ 𝑘3

)

𝜃(𝐿 + 𝑏, 2𝐿 − 𝑐) = 1
𝐸𝑤𝐼𝑤

(

𝐵′ 𝑥2

2
− 𝑞 𝑥3

6
+ 𝑘4

)

=

𝜃(𝑎, 𝐿) = 𝐻
𝐸𝑤𝐼𝑤

(

𝐴 𝑥2

2
− 𝑞 𝑥3

6
+ 𝑘2

)

= = 1
𝐸𝑤𝐼𝑤

(

0.5357𝑞𝐿 𝑥2

2
− 𝑞 𝑥3

6
+ 𝑘4

)

0.3071
𝐸𝑤𝐼𝑤

(

0.3929𝑞𝐿 𝑥2

2
− 𝑞 𝑥3

6
+ 𝑘2

)

𝜃(2𝐿 − 𝑐, 2𝐿) = 𝐻
𝐸𝑤𝐼𝑤

(

𝐵′ 𝑥2

2
− 𝑞 𝑥3

6
+ 𝑘5

)

=

= 0.3071
𝐸𝑤𝐼𝑤

(

0.5357𝑞𝐿 𝑥2

2
− 𝑞 𝑥3

6
+ 𝑘5

)

Deflection y(x) by integration of 𝜃(𝑥)
1𝑠𝑡 span, 𝑥 ∈ (0, 𝐿) 2𝑛𝑑 span, 𝑥 ∈ (𝐿, 2𝐿)

𝑦(0, 𝑎) = 1
𝐸𝑤𝐼𝑤

(

𝐴 𝑥3

6
− 𝑞 𝑥4

24
+ 𝑘1𝑥 + 𝑘6

)

= 𝑦(𝐿,𝐿 + 𝑏) = 𝐻
𝐸𝑤𝐼𝑤

(

𝐵′ 𝑥3

6
− 𝑞 𝑥4

24
+ 𝑘3𝑥 + 𝑘8

)

=

= 1
𝐸𝑤𝐼𝑤

(

0.393𝑞𝐿 𝑥3

6
− 𝑞 𝑥4

24
+ 𝑘1𝑥 + 𝑘6

)

= 0.307
𝐸𝑤𝐼𝑤

(

0.536𝑞𝐿 𝑥3

6
− 𝑞 𝑥4

24
+ 𝑘3𝑥 + 𝑘8

)

𝑦(𝐿 + 𝑏, 2𝐿 − 𝑐) = 1
𝐸𝑤𝐼𝑤

(

𝐵′ 𝑥3

6
− 𝑞 𝑥4

24
+ 𝑘4𝑥 + 𝑘9

)

=

𝑦(𝑎, 𝐿) = 𝐻
𝐸𝑤𝐼𝑤

(

𝐴 𝑥3

6
− 𝑞 𝑥4

24
+ 𝑘2𝑥 + 𝑘7

)

= = 1
𝐸𝑤𝐼𝑤

(

0.536𝑞𝐿 𝑥3

6
− 𝑞 𝑥4

24
+ 𝑘4𝑥 + 𝑘9

)

= 0.307
𝐸𝑤𝐼𝑤

(

0.393𝑞𝐿 𝑥3

6
− 𝑞 𝑥4

24
+ 𝑘2𝑥 + 𝑘7

)

𝑦(2𝐿 − 𝑐, 2𝐿) = 𝐻
𝐸𝑤𝐼𝑤

(

𝐵′ 𝑥3

6
− 𝑞 𝑥4

24
+ 𝑘5𝑥 + 𝑘10

)

=

= 0.307
𝐸𝑤𝐼𝑤

(

0.536𝑞𝐿 𝑥3

6
− 𝑞 𝑥4

24
+ 𝑘5𝑥 + 𝑘10

)

Conditions for continuity

𝜃(𝑎), 𝜃(𝐿), 𝜃(𝐿 + 𝑏), 𝜃(2𝐿 − 𝑐), 𝜃(2𝐿) = 0
𝑦(0) = 0, 𝑦(𝑎), 𝑦(𝐿) = 0, 𝑦(𝐿 + 𝑏), 𝑦(𝐿 − 𝑐), 𝑦(2𝐿) = 0

a single material: (1) C-section steel and (2) wood. The optimal dimensions of the SRW purlin were between these
results. Then, beginning with a SRW purlin with the C-section dimensions, (3) the maximum stresses and (4) deflection
were calculated for all possible combinations of parameters a, b, and c (Fig. 4), according to 𝑑𝑝. Parameters a, b, and
c were multiples of the discretization length, 𝑑𝑝, and their values were limited, so that the SRW purlin was feasible:
𝑎𝑚𝑎𝑥 = 𝐿∕2, 𝑏𝑚𝑎𝑥 = 𝐿∕3 and 𝑐𝑚𝑎𝑥 = 𝐿∕3. (5) The optimal solution was the one that required the minimum amount
of steel. Finally, the results of all the cases are compiled in the table, to form a design guide that could assist with
any structured implementation of an SRW purlin. In addition, (6) the equivalent CO2 value of the new solution was
estimated.
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3. Results and discussion
3.1. Sensitivity analysis of the discretisation length

The sensitivity of the discretization length, 𝑑𝑝, was studied in a L = 6.5 m purlin for 𝑛𝑞 = 8 cases of q loading
from 800 N/m to 3600 N/m. Figure 5 shows a graph of the mean squared error for parameters a, b and c or SRW
purlin in relation to 𝑑𝑝, in other words, the required length of profile C. Taking 𝑑𝑝 = 0.1 m as a reference, the graph
shows the linear variation of MSE in relation to 𝑑𝑝, except when 𝑑𝑝 = 0.6 m. As the results are discrete, the reduction
indicates that the optimal result was fortuitously closer to the multiples of 0.6; had more cases been examined, then
the error would have shown an upward trend (28). Knowing that the average steel length was 4.75 m, for (28) = 0.2 m,
the relative error was 4.3 %, less than 5 %. Thus, 𝑑𝑝 = 0.2 m was chosen for the design of SRW purlins, to ensure an
accuracy level of 5 % when designing the SRW purlins and to maintain the balance between accuracy and minimum
computing cost.

Figure 5: MSE parameters a, b, and c, according to 𝑑𝑝 for a L = 6.5 m purlin.

3.2. SRW purlin optimisation
Once 𝑑𝑝 had been set, all the possible purlin configurations for the parameters a, b, and c, were calculated for the

four-span purlin shown in Figure 4. Table 5 presents the required profile sizes for purlins with spans of 6.5 m, 7.5 m,
and 8.5 m, according to the two design criteria: admissible stress and deflection. First, the dimensions of the purlin for
both cases were calculated considering the purlins manufactured out of steel (C), wood (W), and steel-reinforced wood
(SRW). Then, taking these results as boundaries, all the combinations of reinforcement lengths (a, b, c) were discretely
calculated according to 𝑑𝑝. The combinations that required a minimum weight of steel and the smallest wooden profile
were the optimal SRW purlin for each span length and load case.

Given the strength and deflection criteria, it was remarkable that in all cases the deflection ratio of L/300 was more
demanding than the strength, which required a smaller profile size. Analysing the results of the non-optimised purlins
that maintained the section (W, C and SRW), the SRW profiles generally met the requirements with the smallest section
size, smaller than the C-section steel. These encouraging results were the outcome of a higher bending stiffness 𝐸𝐼𝑧(see Table 2). Taking the 𝐸𝐼𝑊𝑧 of wood as a reference, the 𝐸𝐼𝐶𝑧 of steel was 46 - 125 % higher and the 𝐸𝐼𝑆𝑅𝑊𝑧 of
SRW, 145 - 225 % higher (Fig. 6). The bending stiffness differences were greater in small profile sizes. There was also
a significant jump between a size of 200 and a size of 225: besides the width (from 60 mm to 80 mm), the C-section
was also 0.5 mm thicker.

However, the use of SRW over the entire length is a waste of material. In some areas the capabilities of the profile
are underused, as they could withstand higher stresses. The profile sizes obtained after optimization were in many
cases even between the SRW and the C-sections. The optimised results, besides being the smallest sum of variables a,
b, and c, also fulfilled their set limits (𝑎𝑚𝑎𝑥 = 𝐿∕2, 𝑏𝑚𝑎𝑥 = 𝐿∕3 and 𝑐𝑚𝑎𝑥 = 𝐿∕3). In some cases, 𝑎𝑚𝑎𝑥 is a condition
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Table 5
Required profile size for L = 6.5 m, 7.5 m and 8.5 m span purlins made of wood (W), steel (C), and steel-reinforced wood
(SRW), with regard to the load, q, for two design criteria: strength (maximum bending moment 𝑀𝑚𝑎𝑥 and admissible
stress 𝜎𝑚𝑎𝑥), deflection (y < L/300), and dimensions of the optimised SRW purlin: profile size and a, b, and c parameters.
The cells in exceeded the capabilities of the maximum profile size set out in the study.

Load Strength criterion (𝑀𝑚𝑎𝑥 and 𝜎𝑎𝑑𝑚) Deflection criterion (𝑦𝑚𝑎𝑥 < L/300) Optimised SRW

q 𝑀𝐵
𝑚𝑎𝑥 𝑀𝐴𝐵

𝑚𝑎𝑥 Steel Wood Entire Steel Wood Entire Optimum a b c
(N/m) (Nm) (Nm) C W SRW C W SRW SRW (m) (m) (m)

L
=

6.
5

m

800 3617 2603 C140.2.0 W140.50 (e)SRW140 C160.2.0 W200.60 (e)SRW140 SRW160 1.8 1.4 1
1200 5425 3904 C140.2.0 W140.50 (e)SRW140 C180.2.0 W225.80 (e)SRW160 SRW180 1.4 1.6 1.2
1600 7233 5205 C160.2.0 W160.60 (e)SRW140 C200.2.0 W225.80 (e)SRW180 SRW180 2.2 1.6 1.2
2000 9042 6507 C200.2.0 W160.60 (e)SRW160 C225.2.5 W250.80 (e)SRW200 SRW200 2.6 1.8 1.4
2400 10850 7808 C225.2.5 W180.60 (e)SRW160 C225.2.5 W250.80 (e)SRW200 SRW225 1.8 1.4 1.2
2800 12658 9109 C225.2.5 W180.60 (e)SRW180 C225.2.5 W275.80 (e)SRW225 SRW225 2.2 1.6 1.2
3200 14466 10410 C225.2.5 W200.60 (e)SRW200 C225.2.5 W275.80 (e)SRW225 SRW225 2.8 1.8 1.4
3600 16275 11712 C225.2.5 W200.60 (e)SRW225 C250.2.5 W300.80 (e)SRW225 SRW250 1.8 1.6 1.2

L
=

7.
5

m

800 4815 3465 C140.2.0 W140.40 (e)SRW140 C180.2.0 W225.80 (e)SRW160 SRW180 1.8 1.6 1.2
1200 7223 5198 C160.2.0 W160.60 (e)SRW140 C225.2.5 W225.80 (e)SRW180 SRW200 2.2 1.8 1.4
1600 9630 6930 C200.2.0 W160.60 (e)SRW160 C225.2.5 W250.80 (e)SRW200 SRW225 2.2 2 1.4
2000 12038 8663 C225.2.5 W180.60 (e)SRW180 C225.2.5 W275.80 (e)SRW225 SRW225 2.8 2.2 1.6
2400 14445 10395 C225.2.5 W200.60 (e)SRW200 C250.2.5 W300.80 (e)SRW225 SRW250 2 1.4 1.2
2800 16853 12128 C225.2.5 W225.80 (e)SRW225 C275.2.5 W300.80 (e)SRW225 SRW250 2.4 1.8 1.4
3200 19260 13860 C250.2.5 W225.80 (e)SRW225 C275.2.5 - (e)SRW225 SRW275 3 2 1.6
3600 21668 15593 C275.2.5 W225.80 (e)SRW225 C300.2.5 - (e)SRW250 SRW300 2.2 1.6 1.2

L
=

8.
5

m

800 6185 4451 C160.2.0 W140.40 (e)SRW140 C225.2.5 W225.80 (e)SRW180 SRW200 2.8 2.2 1.4
1200 9277 6676 C200.2.0 W160.60 (e)SRW160 C225.2.5 W275.80 (e)SRW225 SRW225 2.4 2 1.4
1600 12369 8901 C225.2.5 W180.60 (e)SRW180 C250.2.5 W300.80 (e)SRW225 SRW225 3 2.2 1.6
2000 15462 11127 C225.2.5 W200.60 (e)SRW200 C275.2.5 - (e)SRW225 SRW250 2.4 2.2 1.4
2400 18554 13352 C250.2.5 W225.80 (e)SRW225 C300.2.5 - (e)SRW250 SRW250 2.8 2.2 1.8
2800 21646 15577 C275.2.5 W225.80 (e)SRW225 C300.2.5 - (e)SRW250 SRW275 2.8 2 1.4
3200 24738 17802 C300.2.5 W225.80 (e)SRW225 - - (e)SRW275 SRW300 3 2.4 1.8
3600 27831 20028 - W250.80 (e)SRW225 - - (e)SRW275 SRW300 3.4 2.8 2.2

that required a larger size than full length SRW profiles. In all cases, a was the longest parameter, followed closely by
b. Both areas, a and b, worked together to balance the deflections at both side spans. The c length was double, because
it was symmetrical on both sides of the supports. It is applicable for intermediate supports of any number of spans,
not only for the calculated four-span purlin (33). In the purlin, as a continuous beam, intermediate spans stiffen one
another reducing the deflection, thus the c parameter requires a smaller length.

Table 6 analyses the weight of each solution. The weight of steel C-section purlins (C) were taken as a reference,
which are compared with the weight of wooden (W) and SRW purlins. Figure 7 shows a graph of the results of those
tables. It can be seen that the weights of W and C are similar, except for some cases where the weight of W exceeds
the weight of C by up to 45 %. As the characteristics of the profiles are discrete, so too is their behaviour at the design
stage, an aspect that García et al. (28) also observed. The trend is clear when the SRW profile is used in the whole
length: the weight rises in all cases between 15 and 90 %. Nevertheless, the weight of the steel drops between 5 and
38 %. In a few cases the difference was 0 %, i.e., both the SRW and the steel used the same C profile size. In those few
cases (4 out of 24), the use of the SRW led to no improvement at all.

The weight of the optimised SRW purlin, in all but three cases, increased between 20 % and 40 % for the C-section
purlin. In the three exceptions where the SRW purlin was of reduced weight, the SRW profiles were smaller than the
C-section profiles. When comparing the optimised SRW and the wooden purlins, the differences are narrower, the
wooden ones being in most cases lighter. The discrete profile size produces jumps, so there was no clear trend. In all
cases, the optimised SRW purlins required a smaller profile than wood, which reduced the required quantity of wood
between 10 % and 40 % (up to 55 % in two cases). The 𝑎 + 𝑏 + 𝑐 length C-section reinforcements made it possible to
reduce the wooden section. These reinforcements also entailed remarkable savings of steel in relation to the C-section
purlin, in most cases, above 60 %.
3.3. Sustainability assessment

The impact of the proposed reinforced purlin on the environment has been evaluated in terms of its carbon footprint
(29). The carbon footprint per cubic meter of the Pinus radiata used in the design of SRW purlin was negative (-781.96
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Figure 6: Bending stiffnesses 𝐸𝐼𝑧 by profile sizes of wood (W), steel (C), and steel-reinforced wood (SRW).

kg CO2/m3) (14). Knowing that its density is 410 kg/m3, the carbon footprint of one ton of wood is -1.907 Kg CO2/tn.
Steel has a positive carbon footprint of 1.932 kg CO2/tn (34).

Based on these data, both the carbon footprints of the steel C-section purlin and the optimised SRW purlins were
estimated, as compiled in Table 7 and Figure 8. In all the cases under study, the SRW purlins neutralised the carbon
footprint of steel, achieving negative values in most cases (almost 5 kg CO2/kg m). Overall, the longer the span, the
larger the reduction of the carbon-footprint.

4. Conclusions
In this study, a new structural typology has been introduced for lightwight roof purlins, where wooden purlins are

reinforced with steel C-section profiles within the areas under the highest mechanical stress. In addition, the purlin has
been stiffened, thereby reducing any deflection. In this way, this structural element has been released from dependence
on steel and its undesirable drawbacks. It opens the door to the use of wood in purlins with high loads and long spans,
using acceptable section sizes. Moreover, the new typology also neutralises the carbon footprint of steel purlins, which
even becomes negative, providing both a solid and innovative response to the demands of modern society with an eye
on the utility of traditional wooden structure. Profile sizes and reinforcement lengths were optimised with analytical
calculus and met the requirements of the Spanish technical building code.

In this paper, the analytical approach has been presented as a solid and reliable structural design method, applied
in an innovative way. Both engineers and architects can apply this methodology, together with the technical codes
and relevant design requirements, to ensure significant improvements to structures and their sustainability. The most
remarkable conclusions from this study are as follows:

• The purlin designs of new typology are lighter, which reduce loads and the volume of material needed for the
main structure.

• The bending stiffness of the SRW profile (𝐸𝐼𝑧) is almost double the bending stiffness of the equal-dimensional
steel C-section profiles and triple the bending stiffness of the wood. Using only the essential steel to meet the
requirements, the wooden profiles are no longer oversized.
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Table 6
Comparison of weight in L = 6.5 m, 7.5 m and 8.5 m span purlins in comparison with steel C-section purlins.

Load Wooden purlin Entire SRW purlin Optimised SRW purlin
q In comparison In comparison Steel In comparison In comparison Steel Wood

(N/m) with steel with steel saving with steel with wood saving saving
Δ𝑊𝑊 ∕𝑊𝐶 Δ𝑊𝑆𝑅𝑊 ∕𝑊𝐶 Δ𝑊𝐶 Δ𝑊𝑆𝑅𝑊 ∕𝑊𝐶 Δ𝑊𝑆𝑅𝑊 ∕𝑊𝑊 Δ𝑊𝐶 Δ𝑊𝑊

L
=

6.
5

m

800 2.4 % 46.7 % - 13.1 % 14.2 % 11.5 % - 67.7 % - 20.0 %
1200 44.2 % 70.7 % - 6.1 % 18.8 % - 17.6 % - 67.7 % - 40.0 %
1600 35.9 % 75.7 % - 5.8 % 17.7 % - 13.3 % - 63.8 % - 40.0 %
2000 - 0.5 % 25.6 % - 34.1 % - 10.9 % - 10.4 % - 70.6 % - 40.0 %
2400 - 0.5 % 25.6 % - 34.1 % 23.4 % 24.0 % - 66.2 % - 10.0 %
2800 9.4 % 89.5 % 0.0 % 28.0 % 17.0 % - 61.5 % - 18.2 %
3200 9.4 % 89.5 % 0.0 % 35.7 % 24.0 % - 53.8 % - 18.2 %
3600 12.9 % 79.3 % - 5.4 % 29.5 % 14.7 % - 64.6 % - 16.7 %

L
=

7.
5

m

800 44 % 70.7 % - 6.1 % 26.5 % - 12.3 % - 69.3 % - 40.0 %
1200 - 10 % 15.8 % - 37.9 % - 12.6 % - 2.4 % - 76.3 % - 33.3 %
1600 - 1 % 25.6 % - 34.1 % 33.4 % 34.1 % - 62.7 % - 10.0 %
2000 9 % 89.5 % 0.0 % 39.4 % 27.4 % - 56.0 % - 18.2 %
2400 13 % 79.3 % - 5.4 % 28.9 % 14.1 % - 69.3 % - 16.7 %
2800 7 % 70.1 % - 10.3 % 28.2 % 19.7 % - 64.6 % - 16.7 %
3200 - 70.1 % - 10.3 % 43.2 % - - 56.0 % -
3600 - 75.2 % - 9.8 % 34.0 % - - 66.7 % -

L
=

8.
5

m

800 - 10 % 15.8 % - 37.9 % - 11.6 % - 1.3 % - 75.2 % - 40.0
1200 9 % 89.5 % 0.0 % 30.5 % 19.3 % - 65.9 % - 50.9 %
1600 13 % 79.3 % - 5.4 % 28.5 % 13.8 % - 62.2 % - 55.0 %
2000 - 70.1 % - 10.3 % 26.4 % - - 66.5 % -
2400 - 75.2 % - 9.8 % 24.2 % - - 63.9 % -
2800 - 75.2 % - 9.8 % 29.2 % - - 65.3 % -
3200 - - - - - - -
3600 - - - - - - -

Table 7
Carbon footprint of steel C-section and optimised SRW purlins per unit length (kg CO2/kg m) with respect to the uniformly
distributed load, q, and the span length, L.

Load L = 6.5 m L = 7.5 m L = 8.5 m
q (N/m) C SRW C SRW C SRW

800 9.28 -0.24 9.89 -0.85 15.92 -3.32
1200 9.89 -0.24 15.92 -2.15 15.92 -2.47
1600 10.50 -1.73 15.92 -2.47 16.83 -3.89
2000 15.92 -3.22 15.92 -4.09 17.74 -2.75
2400 15.92 -0.61 16.83 -0.85 18.65 -3.89
2800 15.92 -1.73 17.74 -2.47 18.65 -3.04
3200 15.92 -3.60 17.74 -4.09 - -4.46
3600 16.83 -0.98 18.65 -1.50 - -6.18

• The wood-steel combination eliminates the carbon footprint, making it both a feasible and an attractive solution
for sustainable construction.

• An analytical calculus method has been used for the optimization of a conventional structural element. As the
functions are known, new avenues have been opened up for future implementations of optimization algorithms,
which could be used by applying similar criteria to other structural elements.
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Figure 7: Comparison of optimised SRW with wooden (Δ𝑊𝑊 ∕𝑆𝑅𝑊 ) and C-section (Δ𝑊𝐶∕𝑆𝑅𝑊 ) purlins; steel (Δ𝑊𝐶) and
wood (Δ𝑊𝑊 ) weight savings achieved with the optimised SRW purlin.
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Figure 8: Carbon footprint of steel C-section and optimised SRW purlins per unit length.
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