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bag model, Annales de la Faculté des Sciences de Toulouse, 29 (1), 135–147, 2020.

DOI: 10.5802/afst.1627

Version:

Published Version

“This article may be downloaded for personal use only. Any other use requires prior

permission of the author and Elsevier. This article appeared in Annales de la Faculté
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Extension operator for the MIT Bag Model (ú)

N. Arrizabalaga (1), L. Le Treust (2) and N. Raymond (3)

ABSTRACT. — This paper is devoted to the construction of an extension operator
for the MIT bag Dirac operator on a C2,1 bounded open set of R3 in the spirit of
the extension theorems for Sobolev spaces. As an elementary byproduct, we prove
that the MIT bag Dirac operator is self-adjoint.

RÉSUMÉ. — Cet article est consacré à la construction d’un opérateur d’extension
pour l’opérateur MIT bag Dirac sur un ouvert borné de classe C2,1 de R3 dans
l’esprit des théorèmes d’extension pour les espaces de Sobolev. L’auto-adjonction de
l’opérateur MIT bag Dirac en est une conséquence élémentaire.

1. Introduction

1.1. The MIT bag Dirac operator

In the whole paper, � denotes a fixed bounded domain of R3 with C2,1

boundary. The Planck constant and the velocity of light are assumed to be
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equal to 1. Let us recall the definition of the Dirac operator associated with
the energy of a relativistic particle of mass m œ R and spin 1

2 (see [12]). The
Dirac operator is a first order di�erential operator, acting on L

2(�,C4) in
the sense of distributions, defined by

H = – · D + m— , D = ≠iÒ , (1.1)
where – = (–1, –2, –3), — and “5 are the 4◊4 Hermitian and unitary matrices
given by

— =
3

12 0
0 ≠12

4
, “5 =

3
0 12
12 0

4
, –k =

3
0 ‡k

‡k 0

4
for k = 1, 2, 3 .

Here, the Pauli matrices ‡1, ‡2 and ‡3 are defined by

‡1 =
3

0 1
1 0

4
, ‡2 =

3
0 ≠i

i 0

4
, ‡3 =

3
1 0
0 ≠1

4
,

and – · X denotes
q3

j=1 –jXj for any X = (X1, X2, X3). Let us now impose
the boundary conditions under consideration in this paper and define the
associated unbounded operator.

Notation 1.1. — In the following, � := ˆ� and for all x œ �, n(x) is the
outward-pointing unit normal to the boundary.

Definition 1.2. — The MIT bag Dirac operator (H�
m

, Dom(H�
m

)) is de-
fined on the domain
Dom(H�

m
) = {Â œ H

1(�,C4) : BÂ = Â on �} , with B = ≠i—(– · n) ,

by H
�
m

Â = HÂ for all Â œ Dom(H�
m

). Note that the trace is well-defined by
a classical trace theorem.

Notation 1.3. — We will denote H = H
�
m

when there is no risk of con-
fusion. We denote È · , · Í the C4 scalar product (antilinear w.r.t. the left
argument) and È · , · ÍU the L

2 scalar product on the set U .

Remark 1.4. — The operator (H�
m

, Dom(H�
m

)) is symmetric (see Lem-
ma A.2) and densely defined.

Remark 1.5. — The operator B defined for all x œ � is a Hermitian
matrix which satisfies B2 = 14 so that its spectrum is {±1}. Both eigenvalues
have multiplicity two. Thus, the MIT bag boundary condition imposes the
wavefunctions Â to be eigenvectors of B associated with the eigenvalues
+1. This boundary condition is chosen by the physicists [8] so as to get a
vanishing normal flow at the bag surface ≠in ·j = 0 at the boundary � where
the current density j is defined by

j = ÈÂ, –ÂÍ.

Let us now describe our main result.
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1.2. Main result

The aim of this paper is to construct a bounded extension operator from
the domain of H

�
m

into H
1(R3)4 in the spirit of extension operators for

Sobolev spaces (see for instance [6, Section 9.2]). As we will see, a motivation
to construct such an operator is to prove self-adjointness. Our main result
is the following one.

Theorem 1.6. — Let � be a nonempty, bounded and C2,1 open set in
R3 and m œ R. There exist a constant C > 0 and an operator

P : Dom(H) æ H
1(R3)4

such that PÂ|� = Â and

ÎPÂÎ2
H1(R3) 6 C

1
ÎÂÎ2

L2(�) + Î– · DÂÎ2
L2(�)

2
,

for all Â œ Dom(H). Moreover, the operator (H, Dom(H)) is self-adjoint.

Remark 1.7. — The proof of Theorem 1.6 relies on the construction of
an extension operator

P : Dom(Hı) æ H
1(R3)4

,

where H
ı is the adjoint of H. Thus,

Dom(Hı) µ H
1(�)4

,

and then the inclusion Dom(Hı) µ Dom(H) easily follows. Since H is sym-
metric (see Lemma A.2), we get Dom(Hı) = Dom(H).

Remark 1.8. — Note that the existence of an extension operator

P : Dom(Hı) æ H
1(R3)4

is a necessary condition for H to be self-adjoint. Indeed, if H is self-adjoint,
we have the bounded injections:

Dom(H) = Dom(Hı) Òæ H
1(�)4

Òæ H
1(R3)4

.

To see this, let us recall that, if � is C1,1, we have (see [1, Theorem 1.5]
and [7, p. 379]):

’ Â œ Dom(H) , Î– · ÒÂÎ2
L2(�) = ÎÒÂÎ2

L2(�) + 1
2

⁄

ˆ�
Ÿ|Â|2 ds , (1.2)

where Ÿ is the trace of the Weingarten map. From this formula, we can show
that the injection Dom(H) = Dom(Hı) Òæ H

1(�)4 is bounded. The em-
bedding H

1(�)4
Òæ H

1(R3)4 is given by the extension theorem for Sobolev
spaces (see for instance [9, Theorem 3.9]) which requires C0,1 regularity on �.

– 137 –



N. Arrizabalaga, L. Le Treust and N. Raymond

Remark 1.9. — Observe that, without loss of generality, we can assume
that m = 0 since the operator —m is bounded (and self-adjoint) from L

2(�)4

into itself so that Dom(Hı) is independent of m.

Remark 1.10. — Self-adjointness results have already been obtained in
the case of CŒ-boundaries in [5] through Calderón projections and sophis-
ticated pseudo-di�erential techniques. In two dimensions, C2-boundaries are
considered in [4] (see also [11]) by using Cauchy kernels and the Riemann
mapping theorem. The recent paper [10] tackles the three dimensions case
for C2 boundaries via Calderón projections. The reader may also consult
the survey [2] in the context of spin geometry or [3, Theorem 4.11] devoted
to the smooth case. Let us also mention that more general local boundary
conditions are considered in [4, 5].

2. Proof of the main theorem

We denote by L (E, F ) the set of continuous linear applications from E

to F where E and F are Banach spaces. We recall that the domain of H is
independent of m:

Dom(H) = {Â œ H
1(�)4

, BÂ = Â on ˆ�} ,

and that the domain of the adjoint H
ı is defined by

Dom(Hı) = {Â œ L
2(�)4

, LÂ œ L (L2(�)4
,C)} ,

where
LÂ : Ï œ Dom(H) ‘æ ÈÂ, HÏÍ� œ C .

The proof is divided in several steps. First, we construct an extension
map on the domain of the adjoint as follows.

Lemma 2.1. — There exists an operator
P : Dom(Hı) æ H

1(R3)4

such that PÂ|� = Â and

ÎPÂÎ2
H1(R3) 6 C

1
ÎÂÎ2

L2(�) + Î– · DÂÎ2
L2(�)

2
,

for all Â œ Dom(Hı).

We get as a consequence that
Dom(Hı) µ H

1(�)4
.

The second step in the proof of Theorem 1.6 relies on a study of the boundary
conditions satisfied by the functions of Dom(Hı).
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2.1. Extension operator in the half-space case

In this section, we consider the case when � = R3
+ and we establish the

existence of an extension operator.

Lemma 2.2. — There exists an operator
P : Dom(Hı) æ {Â œ L

2(R3)4
, – · DÂ œ L

2(R3)4} = H
1(R3)4

such that PÂ|R3
+

= Â and

ÎPÂÎ2
H1(R3) = ÎPÂÎ2

L2(R3) + ÎÒPÂÎ2
L2(R3)

= 2
1

ÎÂÎ2
L2(R3

+) + Î– · DÂÎ2
L2(R3

+)

2
.

Proof. — The outward-pointing normal n is equal to ≠e3 = (0, 0, ≠1)T

so that the boundary condition is
i—–3Â = Â ,

on ˆR3
+. Let us diagonalize the matrix i—–3 appearing in the boundary

condition. We introduce the matrix

T = 1Ô
2

3
12 i12
i12 12

4
.

We have

T—T
ı =

3
0 ≠i12

i12 0

4
, T–kT

ı =–k, T (i—–3)T ı =
3

‡3 0
0 ≠‡3

4
=:B0

.

We consider ÂH = THT
ı. The operator ÂH is defined by ÂHÂ = – · DÂ for

any Â œ Dom( ÂH) where

Dom( ÂH) =
)

Â œ H
1(R3

+), B0
Â = Â, on ˆR3

+
*

=
)

Â œ H
1(R3

+), Â
2 = Â

3 = 0 on ˆR3
+

* (2.1)

and Â = (Â1
, Â

2
, Â

3
, Â

4)T . This unitarily equivalent representation of the
Dirac operator is called the supersymmetric representation (see [12, Appen-
dix 1.A]). This expression of the domain makes more apparent the fact that
the MIT bag boundary condition is intermediary between the Dirichlet and
Neumann boundary conditions.

Let us denote by S : R3 æ R3 and � : R3 æ R3 the orthogonal symmetry
with respect to ˆR3

+ and the orthogonal projection on ˆR3
+. Based on (2.1),

we define the extension operator ÂP for Â œ Dom( ÂHı) as follows:

ÂPÂ(x, y, z)=
I

Â(x, y, z), if z > 0
(Â1

, ≠Â
2
, ≠Â

3
, Â

4)T (x, y, ≠z)=B0 (Â ¶ S) (x, y, z), if z < 0
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for (x, y, z) œ R3. In other words, we extend Â
1
, Â

4 by symmetry and Â
2
, Â

3

by antisymmetry.

Let us get back to the standard representation and define the extention
operator P for Â œ D(Hı) and (x, y, z) œ R3 as follows :

PÂ(x, y, z) = T
ı ÂPTÂ(x, y, z) =

I
Â(x, y, z), if z > 0,

(B ¶ �) (Â ¶ S) (x, y, z), if z < 0.

Since B(s) is a unitary transformation of C4 for any s œ ˆR3
+, we get that

ÎPÂÎ2
L2(R3) = 2ÎÂÎ2

L2(R3
+).

Let us study – · DPÂ in the distributional sense. We have for Ï œ D =
CŒ

0 (R3) that
È– · DPÂ, ÏÍDÕ◊D = ÈPÂ, – · DÏÍR3

= ÈÂ, – · DÏÍR3
+

+ È(B ¶ �) Â ¶ S, – · DÏÍR3
≠

where È · , · ÍDÕ◊D is the distributional bracket on R3. Since B is Hermitian,
commutes with –1, –2 and anti-commutes with –3, we obtain by a change
of variables, that

È(B ¶ �)Â ¶ S, – · DÏÍR3
≠

= ÈÂ ¶ S, (B ¶ �) – · DÏÍR3
≠

= ÈÂ, ≠i (B ¶ �) (–1ˆx + –2ˆy ≠ –3ˆz) Ï ¶ SÍR3
+

= ÈÂ, – · D ((B ¶ �) Ï ¶ S)ÍR3
+

.

Hence, we get

È– · DPÂ, ÏÍDÕ◊D = ÈÂ, – · D (Ï + (B ¶ �) Ï ¶ S)ÍR3
+

.

Let us remark that the function Ï+(B ¶ �) Ï¶S belongs to Dom(H). Indeed,
we have that

(B ¶ �) (Ï + (B ¶ �) Ï ¶ S) (x, y, 0) = (Ï + (B ¶ �) Ï ¶ S) (x, y, 0)

for all (x, y) œ R2. Since Â œ Dom(Hı), by a change of variables, we have
that

È– · DPÂ, ÏÍDÕ◊D = È– · DÂ, (Ï + (B ¶ �) Ï ¶ S)ÍR3
+

= È– · DÂ, ÏÍR3
+

+ È(B ¶ �) (– · DÂ) ¶ S, ÏÍR3
≠

.

Thus, we obtain that in the distributional sense

– · DPÂ = ‰R3
+

(– · DÂ) + ‰R3
≠

(B ¶ �) (– · DÂ) ¶ S œ L
2(R3)

so that

ÎÒPÂÎ2
L2(R3) = Î– · DPÂÎ2

L2(R3) = 2Î– · DÂÎ2
L2(R3

+) . ⇤
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2.2. Proof of Lemma 2.1

Let us now consider the case of our general �. Let us remark that the
understanding of the case of the half-space is not su�cient to conclude since
curvature e�ects have to be taken into account (see for instance (1.2)). The
proof of Lemma 2.2 will be used as a guideline for the proof of Lemma 2.1.

Proof. — Using a partition of unity and the fact that

{u œ L
2(R3)4 : – · Du œ L

2(R3)4} = H
1(R3)4

,

we are reduced to study the case of a deformed half-space. Let us recall the
standard tubular coordinates near the boundary of � :

÷ : (U fl ˆ�) ◊ (≠T, T ) ≠æ U,

(x0, t) ‘≠æ x0 ≠ tn(x0)

where T > 0 and U is a suitable bounded open set of R3. Since � is C2,
without loss of generality, we can assume that ÷ is a C1-di�eomorphism
such that

÷((U fl ˆ�) ◊ (0, T )) = � fl U , ÷((U fl ˆ�) ◊ {0}) = ˆ� fl U .

The rest of the proof is divided into four steps:

(1) we introduce a bounded extension operator P : L
2(U fl�) æ L

2(U),
(2) we introduce a map Â– which extends the –-matrices on U so that,

we have

ÎÂ– · DPÂÎL2(U) 6 C

1
ÎÂÎ2

L2(�flU) + Î– · DÂÎ2
L2(�flU)

2
,

for any function Â œ Dom(Hı) whose support is a compact subset
of U fl �,

(3) we show that the norm Î · ÎV defined on

V = {v œ L
2(U), Â– · Dv œ L

2(U), supp v µµ U}

by
ÎvÎ2

V = ÎvÎ2
L2 + ÎÂ– · DvÎ2

L2

is equivalent to the H
1 norm on CŒ

0 (U),
(4) we deduce by a density argument that V µ H

1
0 (U).

Note that the parts of the proof that are almost immediate in the cases of
Sobolev spaces have to be studied carefully. Here, the presence of the Dirac
matrices introduce some additional di�culties. We tried to stress where the
di�erences occur and where the regularity on � is needed.

– 141 –



N. Arrizabalaga, L. Le Treust and N. Raymond

Step 1. — Let us define the symmetry „s = ÷¶S¶÷
≠1 and the projection

„p = ÷¶�¶÷
≠1, where S : (x, t) ‘æ (x, ≠t) and � : (x, t) ‘æ (x, 0). For all x0 œ

ˆ�flU , let us denote by P (x0) the matrix of the identity map of R3 from the
canonical basis (e1, e2, e3) to the orthonormal basis (‘1(x0), ‘2(x0), n(x0))
defined by

P (x0) = Mat(Id, (e1, e2, e3), (‘1(x0), ‘2(x0), n(x0))) ,

where (‘1(x0), ‘2(x0)) is a basis of the tangent space Tx0ˆ�.

Up to taking a smaller T , we have, for all x0 œ ˆ� fl U ,

jac „s(x0) = P (x0)≠1

Q

a
1 0 0
0 1 0
0 0 ≠1

R

b P (x0) ,

and, for all x œ U ,
3
2 > |jac „s(x)| := |det jac „s(x)| > 1

2 . (2.2)

Following the idea of the proof of Lemma 2.2, we define the extension
operator

P : L
2(U fl �) æ L

2(U)
for Â œ L

2(U fl �) and x œ U as follows:

PÂ(x) =
I

Â(x), if x œ U fl � ,

(B ¶ „p(x)) Â ¶ „s(x), if x œ U fl �c
.

By (2.2) and a change of variables, we get that

ÎPÂÎL2(U) 6 CÎÂÎL2(Ufl�) .

Step 2. — Let us extend the –-matrices as follows:

Â–(x) =

Y
_]

_[

(–1, –2, –3)T
, if x œ U fl �,

|jac „s(x)|B
¶ „p(x)

!
jac „s(„s(x))(–1, –2, –3)T

"
B ¶ „p(x) , if x œ U fl �c

.

Let us remark that Â–(x) is a column-vector of three matrices and the above
matrix product makes sense as a product in the modulus on the ring of the
4 ◊ 4 Hermitian matrices. For instance, the first matrix Â–1(x) is given for
x œ U fl �c by

Â–1(x) = |jac „s(x)|B ¶ „p(x)
A 3ÿ

k=1
b1,k–k

B
B ¶ „p(x)
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where jac „s(„s(x)) = (bi,j)i,j=1,3 œ R3◊3. We get for almost every x0 œ
ˆ� fl U that

|jac „s(x0)|B ¶ „p(x0)
!
jac „s(„s(x0))(–1, –2, –3)T

"
B ¶ „p(x0)

= B(x0)

Q

aP (x0)≠1

Q

a
1 0 0
0 1 0
0 0 ≠1

R

b P (x0)

Q

a
–1
–2
–3

R

b

R

b B(x0)

= B(x0)

Q

aP (x0)≠1

Q

a
1 0 0
0 1 0
0 0 ≠1

R

b

Q

a
– · ‘1(x0)
– · ‘2(x0)
– · n(x0)

R

b

R

b B(x0)

= P (x0)≠1B(x0)

Q

a
– · ‘1(x0)
– · ‘2(x0)

≠– · n(x0)

R

b B(x0)

= P (x0)≠1

Q

a
– · ‘1(x0)
– · ‘2(x0)
– · n(x0)

R

b =

Q

a
–1
–2
–3

R

b .

Hence, the application Â– is continuous on U . Since it is also a C1-map on
both � fl U and �c fl U , we get that Â– is Lipschitzian. This choice for the
extension of – is made in order to get

Â– · DPÂ œ L
2(U) ,

in the sense of distributions. Indeed, since Â– is Lipschitz, we get that, for
Ï œ H

1
0 (U),

ÈÂ– · DPÂ, ÏÍH≠1(U)◊H
1
0 (U) = ÈPÂ, Â– · DÏÍU + ÈPÂ, ≠i div(Â–)ÏÍUfl�c .

For x œ U fl �, we also have

(Â– · ÒÏ)(„s(x)) = |jac „s(„s(x))| (B ¶ „p–B ¶ „p) · Ò (Ï ¶ „s) (x)

and thus

(Â– · ÒÏ)(„s(x)) = |jac „s(„s(x))| B ¶ „p (– · Ò ((B ¶ „p)Ï ¶ „s)) (x)
≠ |jac „s(„s(x))| B ¶ „p (– · Ò(B ¶ „p)) Ï ¶ „s(x) .

We deduce that

ÈPÂ, Â– · DÏÍUfl�c = ÈÂ, – · D ((B ¶ „p) Ï ¶ „s)ÍUfl�

≠ ÈÂ, (– · D (B ¶ „p)) Ï ¶ „sÍUfl� .
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Since Â œ Dom(Hı) and the function Ï + (B ¶ „p) Ï ¶ „s : � fl U æ C4

belongs to Dom(H) (since „s and „p are C1), we get that

ÈÂ– · DPÂ, ÏÍH≠1(U)◊H
1
0 (U)

= È– · DÂ, Ï + (B ¶ „p) Ï ¶ „sÍUfl� + ÈPÂ, R ÏÍUfl�c ,

where R œ L
Œ(U fl �c

,C4◊4) is defined by

R = ≠i div(Â–) + i|jac „s|B ¶ „p

!
jac „s(„s(·))(–1, –2, –3)T

"
· Ò(B ¶ „p) .

By the Riesz theorem, we get Â– · DPÂ œ L
2(U) and

ÎÂ– · DPÂÎL2(U) 6 C

1
ÎÂÎ2

L2(�) + Î– · DÂÎ2
L2(�)

2
,

where C > 0 does not depend on Â.

Step 3. — Let Ï œ CŒ
0 (U), we have

Î≠iÂ– · ÒÏÎ2
L2(U) = ÈÏ, (≠iÂ– · Ò)2

ÏÍU ≠ ÈÏ, div(Â–) (Â– · ÒÏ)ÍUfl�c

and

(≠iÂ– · Ò)2 = ≠
3ÿ

j,k=1
Â–j Â–kˆ

2
jk

+ (Â–jˆj Â–k) ˆk .

Let us define the matrix-valued function A for all x œ U by

A(x) = |jac „s(x)|(jac „s(„s(x)))‰Ufl�c(x) + 13‰Ufl�(x) = (ajk(x))jk

and denote by Aj(x) the j-th line of A(x). We get that, for all x œ U ,

Â–j(x)Â–k(x)
= B ¶ „p (aj1–1 + aj2–2 + aj3–3) (ak1–1 + ak2–2 + ak3–3) B ¶ „p

=
A 3ÿ

l=1
ajlakl

B
14 + B ¶ „p

A
ÿ

16l<s63
–l–s(ajlaks ≠ ajsakl)

B
B ¶ „p

and
3ÿ

j,k=1
Â–j Â–kˆ

2
jk

= 14

3ÿ

j,k=1
AjA

T

k
ˆ

2
jk

.

Since, AA
T (x) = 13 for all x œ U fl ˆ�, we get that x ‘æ AA

T (x) is a
Lipschitz mapping on U and

3ÿ

j,k=1
Â–j Â–kˆ

2
jk

= 14 div
!
AA

T Ò
"

≠ 14

3ÿ

j,k=1

!
ˆjAA

T
"

ˆk.
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Integrating by parts yields

Î ≠ iÂ– · ÒÏÎ2
L2(U) > ÎA

T ÒÏÎ2
L2(U) ≠ CÎÏÎL2(U)ÎÒÏÎL2(U)

> cÎÒÏÎ2
L2(U) ≠ CÎÏÎL2(U)ÎÒÏÎL2(U) ,

where
c = min{inf sp(AA

T (x)), x œ U} .

Note that c > 0 by (2.2). This ensures that the H
1-norm and the Î · ÎV -norm

are equivalent on CŒ
0 (U).

Step 4. — Let v œ V and (flÁ)Á a mollifier defined for x œ R3 by

flÁ(x) = 1
Á3 fl1

1x
Á

2
,

where fl1 œ CŒ
0 (R3), supp fl1 µ B(0, 1), fl1 > 0 and Îfl1ÎL1 = 1. Let us define

vÁ = v ú flÁ for any Á > 0. There exists Á0 > 0 such that for all Á œ (0, Á0], the
function vÁ belongs to CŒ

0 (U). Let us temporarily admit that there exists C

independent of v and Á such that

ÎvÁÎV 6 CÎvÎV . (2.3)

Then, Step 3 and the fact that vÁ converges to v in L
2(U) ensure that

V µ H
1
0 (U) and the result follows.

It remains to prove (2.3). There exists a constant C > 0 such that

ÎvÁÎL2 6 CÎvÎL2

and
ÎÂ– · DvÁÎL2 6 ÎÂ– · ÒvÁ ≠ (Â– · Òv) ú flÁÎL2 + Î (Â– · Òv) ú flÁÎL2

6 ÎÂ– · ÒvÁ ≠ (Â– · Òv) ú flÁÎL2 + CÎÂ– · ÒvÎL2 .

By integration by parts, we get, for x œ U ,
Â– · ÒvÁ(x) ≠ (Â– · Òv) ú flÁ(x)

=
⁄

R3
Â–(x) · (v(y)ÒflÁ(x ≠ y)) dy ≠

⁄

R3
Â–(y) · Òv(y)flÁ(x ≠ y) dy

=
⁄

R3
(Â–(x)≠Â–(y)) · (v(y)ÒflÁ(x≠y)) dy+

⁄

R3
(div Â–(y)) v(y)flÁ(x≠y) dy ,

and by a change of variable
⁄

R3
(Â–(x) ≠ Â–(y)) · (v(y)ÒflÁ(x ≠ y)) dy

=
⁄

R3

Â–(x) ≠ Â–(x ≠ Áz)
Á

· (v(x ≠ Áz)Òfl1(z)) dz .
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Since Â– is Lipschitzian, we get that
....
⁄

R3

Â–( · ) ≠ Â–( · ≠ Áz)
Á

· (v( · ≠ Áz)Òfl1(z)) dz
....

L2
6 CÎvÎL2Î | · | |Òfl1( · )|ÎL1 ,

and ....
⁄

R3
(div Â–(y)) v(y)flÁ(· ≠ y) dy

....
L2

6 CÎvÎL2 ,

so that (2.3) follows. This ends the proof of Lemma 2.1. ⇤

2.3. Proof of the self-adjointness of H

We finally prove the second assertion of the main theorem, which is that
the operator (H, Dom(H)) is self-adjoint. Thanks to Lemma 2.1, the set
Dom(Hı) is included in H

1(�)4. Hence, for any Â œ Dom(Hı), the trace of
Â on the set ˆ� is well-defined and belongs to H

1/2(ˆ�)4. By the definition of
Dom(Hı) and an integration by parts, we obtain that, for any Ï œ Dom(H),

0 = ÈÂ, HÏÍ� ≠ ÈHÂ, ÏÍ� = ÈÂ, ≠i– · nÏÍˆ� = È—Â, ÏÍˆ� .

Hence, we have, for almost any s œ ˆ�,

—Â(s) œ ker(B ≠ 14)‹ = ker(B + 14) ,

so that
Â(s) œ ker(B ≠ 14) ,

and the conclusion follows.

Appendix A. Some elementary properties

Lemma A.1. — For all x, y œ R3, we have

(– · x)(– · y) = (x · y)14 + i“5– · (x ◊ y) ,

—(– · x) = ≠(– · x)— , —“5 = ≠“5— ,

“5(– · x) = (– · x)“5 .

Proof. — We refer to [12, Appendix 1.B]. ⇤
In the following lemma, we recall the proof of the symmetry of H.

Lemma A.2. — (H, Dom(H)) is a symmetric operator.
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Proof. — Since the –-matrices are Hermitian, we have, thanks to the
Green–Riemann formula:

’ Ï, Â œ H
1(�,C4) , È– ·DÏ, ÂÍ� = ÈÏ, – ·DÂÍ� +È(≠i– ·n)Ï, ÂÍˆ� . (A.1)

Now we consider Â, Ï œ Dom(H). By using —
2 = 14 and the boundary

condition, we get
È(≠i– · n)Ï, ÂÍˆ� = È—Ï, ÂÍˆ� ,

so that, we deduce
’ Ï, Â œ D(H) , È– · DÏ, ÂÍ� ≠ ÈÏ, – · DÂÍ� = È—Ï, ÂÍˆ� . (A.2)

The left hand side of (A.2) is a skew-Hermitian expression of (Ï, Â) and the
right hand side is Hermitian in (Ï, Â) since — is Hermitian. Thus both sides
must be zero. ⇤
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