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THE MIT BAG MODEL AS AN INFINITE MASS LIMIT

BY NAIARA ARRIZABALAGA, Loic L TreusT, ALBERT MAs

& Nicoras Raymonp

Asstracr. — The Dirac operator, acting in three dimensions, is considered. Assuming that a
large mass m > 0 lies outside a smooth enough and bounded open set Q C R3, it is proved that
its spectrum approximates the one of the Dirac operator on 2 with the MIT bag boundary
condition. The approximation, modulo an error of order o(1/4/m), is carried out by introduc-
ing tubular coordinates in a neighborhood of 992 and analyzing one dimensional optimization
problems in the normal direction.

Résumt: (Le modéle MIT bag obtenu comme une limite de masse grande)

Nous considérons 'opérateur de Dirac en dimension 3 dont la masse m > 0 est supposée
grande & I'extérieur d’un ouvert borné et régulier Q C R3. Nous démontrons que son spectre
approche celui de 'opérateur de Dirac sur Q qui intégre dans son domaine les conditions au bord
dites « MIT bag ». L’analyse asymptotique est réalisée grace a I'usage de coordonnées tubulaires
et a 'analyse d’un probleme d’optimisation unidimensionnel dans la direction normale.
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1. INTRODUCTION

1.1. Co~texT. This paper is devoted to the spectral analysis of the Dirac operator
with high scalar potential barrier in three dimensions. More precisely, we will assume
that there is a large mass m outside a smooth and bounded open set 2. From physical
considerations, see [8, 10], it is expected that, when m becomes large, the eigenfunc-
tions of low energy do not visit R® \. Q and tend to satisfy the so-called MIT bag
condition on df). This boundary condition, that we will define in the next section, is
usually chosen by the physicists [13, 10, 11], in order to get a vanishing normal flux
at the bag surface. It was originally introduced by Bogolioubov in the late 60’s [8]
to describe the confinement of the quarks in the hadrons with the help of an infinite
scalar potential barrier outside a fixed set Q. In the mid 70’s, this model has been
revisited into a shape optimization problem named MIT bag model [13, 10, 11] in
which the optimized energy takes the form

Q— A (Q) + 5|9,

where A1 (Q) is the first nonnegative eigenvalue of the Dirac operator with the bound-
ary condition introduced by Bogolioubov, || is the volume of  C R3 and b > 0.
The interest of the bidimensional equivalent of this model has recently been renewed
with the study of graphene where this condition is sometimes called “infinite mass
condition”, see [1, 7]. The aim of this paper is to provide a mathematical justifica-
tion of this terminology, and extend to dimension three the work [16]. More precisely,
we show the convergence of the eigenvalues for the Dirac operator with high scalar
potential barrier to the ones of the MIT bag Dirac operator. In dimension two, this
follows by the convergence of the spectral projections shown in [16]. Regarding the
first eigenvalue of the MIT bag Dirac operator, we also find the first order term in the
asymptotic expansion of the eigenvalues given by the high scalar potential barrier,
showing its dependence on geometric quantities related to 9€2. This is a novel result
with respect to the ones in [16].

1.2. Tae DIRAC OPERATOR WITH LARGE EFFECTIVE MASS. — In the whole paper, © deno-
tes a fixed bounded domain of R® with €%! boundary.

Let us recall the definition of the Dirac operator associated with the energy of a
relativistic particle of mass my € R and spin 1/2, see [17]. The Dirac operator is a
first order differential operator (H,Dom(H)), acting on L?(R*;C*) in the sense of
distributions, defined by

(1.1) H = ca- D +myc?8, D = —ihV,

where Dom(H) = H!(R3;C*), ¢ > 0 is the velocity of light, i > 0 is Planck’s constant,
a = (a1,a9,a3) and § are the 4 x 4 Hermitian and unitary matrices given by

12 0 0 Ok
= = fi =1,2,3.
ﬂ <0 _12) y Ok <Uk O) or k s 73
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Here, the Pauli matrices o1, 02 and o3 are defined by

(0 (0= (10
o) PTG o) P No -1

and « - X denotes Zle a;X; for any X = (X1, Xs, X3). In the following, we shall
always use units with A =c = 1.
The Dirac and Pauli matrices are chosen in such a way that the Dirac operator
(H,Dom(H)) is self-adjoint, and satisfies
H? = 1,(m§ — A),
(see for instance [17, §1.1]). Let us also mention that its spectrum is

(=00, =[mol] U [Jmo], +-o00).

In this paper, we consider particles with large effective mass m > myq outside §2.
Their kinetic energy is associated with the self-adjoint operator (H,,, Dom(H,,))
defined by

Hp=a-D+ (mO +mXQ’)57
where €’ is the complementary set of , yqo is the characteristic function of €’ and
Dom(H,,) = H'(R3;C*). The essential spectrum of (H,,, Dom(H,,)) is
(=00, —|mo + m|] U [|mo + m|, +00).
In this paper, the mass myg is not assumed to be positive since this assumption is not

used in the proofs (see also Remark 1.10).

Notrarion 1.1. — In the following, I" := 9 and for all & € T, n(x) is the outward-
pointing unit normal vector to the boundary, L(x) = dn, denotes the second funda-
mental form of the boundary, and

k(x) =TrL(x) and K(x)=detL(x)
are the mean curvature and the Gauss curvature of I', respectively.

Derinirion 1.2, — The MIT bag Dirac operator (Ht, Dom(H®)) is defined on the
domain

Dom(H®) = {¢ € HY(Q;C*) | By =9y on T},  with B=—if(a-n),

by H%) = Hq for all p € Dom(H®?). Observe that the trace is well-defined by a
classical trace theorem.

If T is €2, the operator (H,Dom(H*)) is self-adjoint with compact resolvent
(15, 3, 9, 6, 4].

Norarion 1.3. — We denote by (-,-) the C* scalar product (antilinear with respect
to the left argument) and by (-,-);; the L? scalar product on the set U C R3.

JEP. M., 2019, tome 6



332 N. Arrizasaraca, L. Le Treust, A. Mas & N. Raymonp

Norarion 1.4. We define, for every n € S?, the orthogonal projections
+ _ ].4 i ‘B

2
associated with the eigenvalues 1 of the matrix B.

(1.2) =

1.3. SQUARED OPERATORS, HEURISTICS, AND MAIN RESULTS. — The aim of this paper is
to relate the spectra of H,, and H? in the limit m — +oo.

Noratrox 1.5. — Let (Ag)ren+ and (Ak,m)ken- be the increasing sequences defined by

. Q
Ak = inf o sup HH (pHLQ(Q)
V CDom(H*) peV
dimV=k |l 2q)=1

. Q
= sup inf LHH SDHLZ(Q)’
{¥1,..shi—1}CDom(H®) @€span(P1,...,Yk—1)
”“PHL?(Q)ZI
and
Aem = inf sup H, :
™ R e | m‘pHL2(R3)
dimV=k " [lg| .23 =1
— sup inf L|\I-Im<p||L2(R3) ,
{1, 1 YCHL(R3;C4) pEspan(1,...,1pp_1)
H‘P”L2(R3):1

for k € N* and m > 0. Here, N* := N~ {0}. By the min-max characterization and the
properties given in Definition 1.2, the sequence (A )xen+ is made of all the eigenvalues
of the operator |H}|, each one being repeated according to its multiplicity. Similarly,
the terms of the sequence (Ak,m)ken- that satisfy

)\k,m < \mo + m\

are the eigenvalues of |H,,| lying below its essential spectrum [|mg + m/|, +00), each
one being repeated according to its multiplicity. For k large enough, this sequence
may become stationary at |mg + m]|.

1.3.1. The quadratic forms. At first sight, it might seem surprising that A\, and
Ak,m are related, especially because of the boundary condition of H € Tt becomes less
surprising when computing the squares of the operators. This is the purpose of the
following lemma.

Levva 1.6. — Let ¢ € Dom(H®) and ¢ € HY(R3;C*). Then

(13) 1H ¢l = 270 = Vel + [ (5 +mo) Pl + millelaca
where k is defined in Notation 1.1, and
[Hm 72 sy = IV N72(q) + VYl 7200y + 1m0 + mxa) 91172 gsy
—mRe(By,P)r
= [IVelZ20) + IVOlIZ2 ) + [[(m0 + mxa )Pl 2 gs)

+m|E Y72y — mIET Y| T2y

(1.4)
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Proof. — The equality (1.3) is proved for instance in [2, §A.2]. Let ¢» € H(R3;C*).
By integrations by parts,

I Hmt 72 gsy = lla - D172 gsy + | (mo + mxa )9 l|72gsy + 2m Refa - Dy, B)or
= IV |72 gsy + 1m0 + mxa)¥l|72 sy — mRe(Be, ¢)r.
Then, note that, for all v» € H*(R?; C*),
Re(BY, ¥)r = |E¥ Y720y — 179172y 0

Considering (1.4) leads to the following minimization problem, for v € H((Q),
(15)  An(0) = 0E{Qu) u € Vi) Q) = [Vl + m?ul Faqe,
where

V,={uec H(Q,C*) |[u=von T}

A classical extension theorem (see [12, §5.4]) ensures that V;, is non-empty.

1.3.2. Heurstics. — In this paper, we will analyze the behavior of A, (v) and prove

in particular (see Proposition 2.1) that there exists C' > 0 such that for m large, and
all v € H(;CY)

2 K2 c 2
10 o) > An(e) = (mlplag + [ 10Par) > =S ol
Replacing m by mg +m in (1.6), we get, for all ¢» € H(R3; C*),
2
(L7) N HnlF2@e) = IVE7200) + m3l10l72 ()

r = c
+/F(§+m0) [ AT+ 2m[| =276 ey — — 1117z -

Take any eigenfunction ¢ of H® and consider a minimizer u,, of (1.5) for v = p and m
replaced by m + mg. Then, letting ¢ = Loy + Lou, € HY(R3;C*), we get
2 —
[Hmt132ms) = V@l Z20) + m3lIYll12) + Amtmo (#) — mIE @) 2 (-
With (1.6) at hand, we deduce that, for all j € N*,
2 2
Aim S A+ o(1).

Conversely, if we are interested in the eigenvalues of (H,,)? that are of order 1
when m — 400, we see from (1.7) that the corresponding normalized eigenfunctions
must satisfy =7¢ = &(m~!) and, in particular, By = o + &(m~!). Thus, we get
formally, for all j € N*|

2 2
Ajm = Aj +o(1).
The aim of this paper is to make this heuristics rigorous. We now state our main
theorem.

Thueorem 1.7. Let Q C R3 be a bounded domain of class C>! (i.e., the derivative
of the curvatures is bounded). The singular values of Hy, can be estimated as follows:

(i) Umyn—s o0 Ak,m = Ak, for all k € N*.

JEP. M., 2019, tome 6
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(ii) Let ky € N* be the multiplicity of the first eigenvalue Ay of |H®|. For all
ke{l,...,k1}, we have

v 1/2
N = (X + 2 +0(1/m))

where
(18) vV = inf sup "7(“)7
V Cker(|H®|— A1) ueV
dim V=k ||UHL2(Q):1
with

2 2

Here, (Ap)ken+ and (Agm)ken< are defined in Notation 1.5, and k and K are defined
in Notation 1.1. We denote by Op, the outward pointing normal derivative and by V4
the tangential gradient on T.

() = /F(\Vsu|2 @0 + K/2 +mo)ul? N (K K> A%)Mz) .

Remark 1.8. — The max-min formula (1.8) makes sense since ker(|H}| — A1d) C
H?(Q;C*) for any eigenvalue \ of |H|.

Remark 1.9. — H,, and H? anticommute with the charge conjugation C' defined, for
all ¢ € C*, by

CY = ifagi),
where 1) € C* is the vector obtained after complex conjugations of each of the compo-
nents of ¢ (see for instance [17, §1.4.6] and [2, §A.1]). As a consequence, the spectrum
of H,, and H® are symmetric with respect to 0, and Theorem 1.7 may be rewritten
as a result on the eigenvalues of H,, and H®.

Remark 1.10. — Let us define the operator (ﬁ, Dom(if\é)) on

Dom(H®) = {¢) € H' (% CY) | By = —¢p on T'}
by 1{[\51/) = Hy for all ¢ € Dom(ﬁﬁ). It is the MIT bag Dirac operator with reversed
boundary condition (see Definition 1.2). The singular values of Hf? are approximated

by the singular values of H,, as m tends to —oo. This follows immediately from
Theorem 1.7, conjugating all the operators by the chirality matrix

0 1
w=(1, )
and by using the algebraic properties
Bvs = =B, sl ) = (- ®)ys, 75Bys = —B,
for all € R3.

Remark 1.11. Our proof of Theorem 1.7 also provides the convergence of the
eigenprojectors associated with the first eigenvalues of |H,,|. They converge towards
the eigenprojectors associated with the first eigenvalues of |H Q|, see Lemma 4.1 and
Remark 4.2, and [16, Th. 1] for the two-dimensional case.

JEP M., 2019, tome 6
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Revark 1.12. In view of Theorem 1.7, it is natural to ask if one has convergence
of H,, to H? in some resolvent sense when m — 4o00. On one hand, in the recent
work [5] it is shown the convergence in the norm resolvent sense for the bidimensional
analogues of H,, and H'. On the other hand, in [14] the authors study interactions
of the free Dirac operator in R? with potentials that shrink towards 02, proving
convergence in the strong resolvent sense to d-shell interactions with precise coupling
constants. As m — +o0, our operator H,, may be seen as a degenerate case of the
interactions with shrinking potentials considered in [14] and, at a formal level, in this
case the resulting d-shell interaction leads to the operator H*.

The above-mentioned results suggest that convergence in the norm (or at least
strong) resolvent sense may also hold in our three dimensional setting.

1.3.3. A vectorial Laplacian with Robin-type boundary conditions. Let us also men-
tion an intermediate spectral problem whose study is needed in our proof of Theo-
rem 1.7 and that may be of interest on its own. We consider the vectorial Laplacian
associated with the quadratic form

2

for u € Dom(Q%%) = H1(0;C*) and m > 0, where 2=, = are defined by (1.2). By a
classical trace theorem, this form is bounded from below. More precisely, we have the
following result whose proof is sketched in Section 3.1.

ins R —_ 2
(1.9)  9*(w) =[Vull () +mpllulza (o) + / (5 +mo) luar + 2m||E" u7a

Levmva 1.13. —  The self-adjoint operator associated with Q™ is defined by

" (On+K/24+mo+2m)u=0 onT,
T (On+K/24+mo)u=0o0nT

Linty = (=A+m)u  forallue Dom(L").

Dom (L) = {u € H*(Q;CY) ‘ =
(1.10) =)

It has compact resolvent and its spectrum is discrete.

Using an integration by parts and the identities (1.2), we get
(u, L) = Q' (),
for all u € Dom(Lnt).

Norarion 1.14. — Let (A}Crffn)keN* denote the sequence of eigenvalues, each one being

repeated according to its multiplicity and such that
(1.11) AT <A, <

1,m

The asymptotic behavior of the eigenvalues of Li"* is detailed in the following
theorem.

Turorem 1.15. The following holds:

(i) For every k € N*, limy, 400 )\}c‘lzn =\

JEP. M., 2019, tome 6
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(ii) Let X be an eigenvalue of |H| of multiplicity k1 € N*. Consider the unique
integer ko € N such that for all k € {1,...,k1}, Meg+k = A
Then, for all k € {1,2,...,k1}, we have

Nt = N+ B2 o (1/m),

where

1(9n + 5/2 + mo)oll;
(1.12) L = inf sup  ——— RN
VCker(|H2|=))  veV 2
dimV=k |lvll 2q)=1
Here, (Ar)rken+ is defined in Notation 1.5, (/\}sfzn)keN* in Notation 1.14, and k in
Notation 1.1.

1.4. ORGANIZATION OF THE PAPER. In Section 2, we discuss the asymptotic prop-
erties of the minimizers associated with the exterior optimization problem (1.5). In
Section 3, we investigate the interior problem given by (1.9). Finally, in Section 4, we
prove Theorem 1.7.

In order to ease the reading, we provide here a list of notation regarding the spaces
and the quadratic forms, as well as the equation number where they are introduced,
that we will use in the sequel:

Key | Space domain | Variational space | Quadratic form | Infimum
(1.3) Q Dom(H*) Qint -

(1.5) Q Va Qn A (v)
(1.9) Q H(Q;CY) Qint -

(2.1) Vs Vis Qy A s(v)
(2.12) Vin Vi Do, Apm172(v)
(2'14) (O’ \/771) vm,n,K e@\m,n,K Am,n,K

2. VL\B()L’T THE EXTERIOR OPTIMIZATION PROBLEM

The aim of this section is to study the minimizers of (1.5) and their properties
when m tends to +00. These properties are gathered in the following proposition.

Prorosirion 2.1. — For all v € HY(Q), there exists a unique minimizer u,(v) asso-
ciated with Ay, (v), and it satisfies, for all w € V,,

O (1) = Au(v) + Q. (u — U, (V).
Moreover, the following holds:

(i) Assume that T is C2. There exist C;my > 0 such that, for every m > my,
v e HY(Q),

2 K C
Ol ey > (@) > (mllolagy + [ 5 10Par) = < ol

Assume that T is @1, There exists C > 0 such that, for every m > mq,
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(ii) forv e HY(),

(m||v||%z(r) +/ g |U\2dF> +o(1) > A (v).
r
Here, the term o(1) depends on v (not only on the H' norm of v).
(iii) for all v € H*(Q),

~ C
A (@) = K @)] € =75 00370720y

(iv) for allv € H*(Q),

[ol|72 c
[ltem (0) 12 ) = 5| < 5 ol
- 2 K 2
An@)=m [ pP2dr+ [ Zjo2dl + m™ { Voul® | (7 - ’i)|v|2} dr.
. -2 s U2 2 8
2.1. ORGANIZATION OF THE SECTION. — Since there are many steps in the proof of

Proposition 2.1, let us briefly describe the strategy:

— In Section 2.2, we explain why the minimizers exist, are unique, and we describe
their Euler-Lagrange equations.

— In Section 2.3, we prove Proposition 2.7. This proposition states that, when m
goes to 400, the minimizers are exponentially localized near the interface I'. This
allows to replace our optimization problem on €’ by the same optimization problem
on a thin (of size m~'/2) neighborhood of T

— In Section 2.4, we study the optimization problem in the tubular neighborhood.
In this “tube”, we can use the classical tubular coordinates, called (s,t), where s € '
and t represents the distance to I'. In these coordinates, we are led to consider a
“transverse” optimization problem, that is a problem in one dimension (with respect
to t) with parameters involving the curvature of the boundary. Then, explicit compu-
tations provide the asymptotics of the 1 D-minimizers.

— In Section 2.6, we establish Proposition 2.1. In particular, we use the projec-
tion on the 1D-minimizers to give the asymptotics of the minimizers in the tubular
neighborhood. Note that our refined bounds are proved under the assumption that
the boundary is of class €%!. Indeed, we need at least %! regularity to control the
tangential derivative of the transverse optimizers (which depend on the curvature, see
Lemma 2.20) when establishing, for instance, the accurate upper bound of A, (v) (see
Corollary 2.15).

2.2, EXISTENCE, UNIQUENESS AND EuULER-LAGRANGE EQuaTIONS. — Let us discuss here
the existence of the minimizers announced in Proposition 2.1 and their elementary
properties. We will see later that, in the limit m — 400, this minimization problem
on ) is closely related to the same problem on a tubular neighborhood in ' of T.
For § >0, m >0, and v € H*(), we define

(2.1) A s(0) = inf{Q,, (u) | u € Vy 5},

JEP. M., 2019, tome 6
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where Qp, (u) = [|Vull72 ) + m?[|u[72 (g is defined in (1.5) and
Vs ={x € Q | dist(z,T') < 6},
Vos={ue H' (Vs,C") |u=vonT and u(x) = 0 if dist(z,I') = 4}.

Remark 2.2. — Note that, since €2 is a smooth set, there exists o > 0 such that, for
all 6 € (0,00), the set Vs has the same regularity as .

2.2.1. Fxistence and uniqueness of minimizers

Levva 2.3. For § € (0,60), m > 0, and v € HY(Q), the minimizers associated
with (1.5) and (2.1) exist and are unique.

Proof. — Let (uy) and (us,) be minimizing sequences for A,,(v) and A,, s(v) re-
spectively. These two sequences are uniformly bounded in H' so that, up to sub-
sequences, they converge weakly to u € H*(€)') and vs € H'(Vs), respectively. By
Rellich-Kondrachov compactness Theorem and the interpolation inequality, the se-
quences converges strongly in Hf _ for any s € [0,1). The trace theorem ensures then

that the convergence also holds in LZ (') and L2 .(0Vs), so that u € V,, and us € V,, 5.
Since

Ap(v) = lim Qp(upn) = Qpn(u) = Ay (v)

n—-+4oo

and
Am,ﬁ(v) = lim Qm(ué,n) > Qm(uém) > Am,é(v)v

n—4o0o
u and ug are minimizers.
Finally, since V' and Vs are convex sets and the quadratic form Q,, is a strictly
convex function, the uniqueness follows. O

Norarion 2.4. The unique minimizers associated with A, (v) and A, s(v) will be
denoted by u, (v) and w,, s(v), respectively, or by u,, and u,, s when the dependence
on v is clear.

2.2.2. Euler-Lagrange equations. — The following lemma gathers some properties re-
lated to the Euler-Lagrange equations.

Levma 2.5. For all § € (0,60), m > 0, and v € HY(Q), the following holds:

(i) (A +mHuy, =0 and (—A +m*)upy, s =0,

(ii) Am(v) = - <anuma um>1" and Am,é (U) = - <anum,67 um,6>p;

(iil) Qum(u) = A (V) +Qpn (u—ws,) for allu € Vi, Qp(u) = Ay s(v) + Qi (U — U 5)
forallu e Vs,

where Ay, (v) and V,, are defined in (1.5), Ap, 5(v) and Vi, 5 are defined in (2.1), and o
is defined in Remark 2.2.

Proof. — Let v € H (). The function

Rt +— Qp(uy + tv)
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has a minimum at ¢ = 0. Hence, the Euler-Lagrange equation is (—A + m?)u,, = 0.
The same proof holds for u,, s. The second point follows from integrations by parts.
And for the last point, let u € V,,. We have, by an integration by parts,

O (U — ) = Qn(u) + L () — 2Re (u, (—A + m2)um)9, + 2 (U, O )
= QO (u) — A (v),

and the result follows. The same proof works for A,, 5(v). O

2.3. Acmon estimaTes. — This section is devoted to the decay properties of the min-
imizers in the regime m — +oo.
As an intermediate step, we will need the following localization formulas.

Levma 2.6. — Let m > 0 and x be any real bounded Lipschitz function on Q. Then,
(22) Qo (UmX) = = (Ontim; X tm)p + [(VX)tm|72(r)-
The same holds for wm, s.
Proof. — By definition, we have
D (umx) = M2 Ixum |22y + [(VX)tm + X (V) [Z20r)
= m?|[xuml| 22y + 1(VX)ml L2y + X (Vum) 122
+ 2Re (umX, VX - Vg -
Then, by an integration by parts,
IX(Vum)l 720y = = (Ontim, X*tim)p — 2Re (umx; VX - Vi) g
+ Re (= A, X2 um) gy -
It remains to use Lemma 2.5 to get
(U x) = = (Ontim, X tim) p + [(VX)uml|72(0)-
The conclusion follows. O

We can now establish the following important proposition.

Prorosirion 2.7. — Let v€(0,1). There exist C1, C2>0 such that, for all §€(0,d),
m >0, and v € HY(Q),

(2:3) e =D |72 ) < Cullum 1200y
and
(24) (1= e Com ™) Ay 172 (1) < A (0) < A (v).

Here, dq is defined in Remark 2.2.

Proof. — Let us first prove (2.3). Given € > 0, we define
® : &+ min(ydist(x,T),e 1),

Xom 1 @ — Mm@
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and

gl: [07 1] — [07 1] 52: [07 1] — [07 1]
1—7r r
re— r—
r2+ (1 —1r)? V24 (1—1)?2
so that £ + &5 = 1. We denote ¢ = &1 || e (jo.17) = |€2]lL([0,1)) > 0. Let R > 0. Let
X1,m,Rs X2,m,r be the Lipschitz quadratic partition of the unity defined by

1 if dist(z,T') < R/2m,
X1.m,r(®) = ¢ &(2m/R dist(z,T') — 1) if R/2m < dist(z,T) < R/m,
0 if dist(z,T') > R/m,
and
0 if dist(z,T) < R/2m,
X2.m,r(x) = ¢ &(2m/R dist(z,T) — 1) if R/2m < dist(z,T) < R/m,
1 if dist(z,I') > R/m.

We get, for k € {1,2},
2mc
IV Xk,m, Rl Lo 02y < =
Since x, is a bounded, Lipschitz function and is equal to 1 on T, we get t, Xm € V.
By definition and using (2.2), we get

A (V) = Qun (1) = = (O tin Um) p = Qe (i Xm) = [| (Vo )t [ L2
Then, we use the fact that V(x3,, g + X3,..z) = 0 to get

Q'm(um) - Q’m(unLX'mXI,'m,R) + Q’m(u’mX’mXQ,nL,R) - H(VXW)UWLH%Z(Q’)
- H(VXI,WL,R)XMUMH%Z(Q’) - H(VXQ,m,R)X’mUmH%Z‘(Q’)'
Since Qpy (UmXmX1,m,R) = Am(v) and
Qm(umeXQ,m,R) 2 m2HumeXZ,m,RHiz(Q/)
2 2
= m2HumeHL2(Q’) - m2HumeXl,mﬁHLz(ﬂ’) )
we get that
802 2 2
m2 (1 - 72 - ﬁ) ||ume||L2(Q/) < mZHUmeXl,m,R”Lz(Q/)

252m min(yR/m,1/¢e) ”Um H%ﬂ((z’)

<m
< erQ'vRHumHiQ(Q,) :
Taking R > 0 big enough so that 1 —~2 — 8c2/R? > 0, we have
2 2
[tmXml L2y < ClltmlL2)
where C' does not depend on ¢. Taking the limit ¢ — 0 and using the Fatou lemma
we obtain (2.3).
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Let us now prove (2.4). We have for every ¢ € (0,dp) that V,, s C V,, so that
A (v) < A s(v).
Let us consider a Lipschitz function X, : @ — [0, 1] defined for all z € ' by

N 1 if dist(x,T) < 1/2m'/?,
Xm(x) = e 1/2
0 if dist(z,T) > 1/m'/?,
with || VXom || 2= (o) < 2em!/2. Thanks to (2.2), we find
(2.5) A =172 (0) < Qi (U Xim) = A (v) + ”umv2m”%2(ﬂ’)'
Then, by (2.3) we have

m~y dist(-,I")

~ — 1/2 _ 1/2
||umVXmH2Lz(Q,) <e 7 4ctmle um||%2(ﬂl) < Cre™ ™ 402m\|um||%2(9,).

Observing that
mHunLH%Z(Q’) < milAm(U%

and using (2.5) we easily get (2.4). O

2.4. OPTIMIZATION PROBLEM IN A TUBULAR NEIGHBORHOOD. — From Proposition 2.7, we
see that, in order to estimate A, (v), it is sufficient to estimate A, ,,,—1/2(v). For that
purpose, we will use tubular coordinates.

2.4.1. Tubular coordinates. Let ¢ be the canonical embedding of I' in R? and g the
induced metric on T (T, g) is a €2 Riemannian manifold, which we orientate according
to the ambient space. Let us introduce the map ® : T x (0,4) — Vs defined by the
formula
B(s,t) = u(s) +tn(s),
where Vs is defined below (2.1). The transformation ® is a ¢! diffeomorphism for all
0 € (0,80) provided that dy is sufficiently small. The induced metric on " x (0,4) is
given by
G = go (Id+tL(s))* + dt?,

where L(s) = dng is the second fundamental form of the boundary at s € T, see
Notation 1.1.

Let us now describe how our optimization problem is transformed under the change
of coordinates. For all u € L?(Vs), we define the pull-back function

(2.6) (s, t) == u(P(s,t)).
For all u € H'(V;), we have
2.7) / (uf? de = / (s, )2 @ dD dt
Vs I'x(0,8)
and
(2.8) / Vuf? dz / (V.57 V) + 0P| adr ar,
Vs FX(O,(S)
where

§=(1d+tL(s))%,
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and a(s,t) = |g(s,t)|'/2. Here (-,-) is the Euclidean scalar product and V, is the
differential on I" seen through the metric. Since L(s) is self-adjoint on T,I', we have
the exact formula

(2.9) a(s,t) = 1+ tr(s) + t°K(s),

where k and K are defined in Notation 1.1. In the following, we assume that
(2.10) o=m /2

In particular, we will use (2.7) and (2.8) with this particular choice of J.

2.4.2. The rescaled transition optimization problem in boundary coordinates
We introduce the rescaling
(s,7) = (s,mt),

and the new weights
(2.11) Am(s,7) = als,m™'7),  Gm(s,7) = gls,m”'7).

Remark 2.8. — Note that there exists m; > 1 such that for all m > mq, s € I" and
7 € [0,m'/?), we have G, (s,7) > 1/2.

We set
Vo =T x (0,/m),
Viw = {u € H' (Vy,CY G dTd7) : u(-,v/m) = 0},

-~

(2.12) D (u) =m™! A ((Vsu,@;lvsu) + m2|87u\2)am dr'dr

+m | |u*@,dldr,

Vi
—~

L = —m 718, Vo (@mG,' V) + m (=0, 0-0m 07 + 1) .
Noration 2.9. Given m > my, and k, K € R, we define

Am,k,K - (07 \/m) — R

K
T— 14—+
m

m2
We let
(2.13) A= |&llper)y and B = |K|pm).
Remark 2.10. We can assume (up to taking a larger m4) that for any

(mvﬁvK) € [m1,+oo) X [7147 A] X [7B,B]a
we have a, . ik (7) = 1/2 for all 7 € (0,/m).

In the following, we assume that (m, s, K) € [mq,+00) X [-A4, A] x [-B, B].
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2.5. ONE DIMENSIONAL OPTIMIZATION PROBLEM WITH PARAMETERS. We denote by
Dy i the “transverse” quadratic form defined for u € H((0,/m), am « i d7) by

-~

Jm
Dt () = / (10rul? + [u]?) g o i .
0

We let
(2.14) A = 0f{ D, (1) | 4 € Vi i}
where

Vi = {u € HY((0,v/m), am i d7) | u(0) = 1, u(y/m) = 0}.

The following lemma follows from the same arguments as for Lemma 2.3.

Lemva 2.11. —  There is a unique minimizer U, . x for the optimization problem
(2.14).

Levma 212, — Let u € H2((0,/m), am i A7) and v € HY((0,/m), am x5 A7) be
such that u(y/m) = v(y/m) = 0. We have

vm vm
(2.15) / (Orw, 070) @y o, i AT + / (U, V) Qe AT
0 0

vmo
= / <Lm,n,Ku,U> Um K, K dr — <8.,—’LL(O),U(O)>,
0

where

-1 —2
-~ 4 2 m— K+ m” 2Kt
Lm_ﬁ,[( = 7am7H,KaTam,K’K37- +1= 787 — [ p— o Or + 1.

Proof. — The lemma follows essentially by integration by parts and Notation 2.9. O

Lemma 2.13. We have that up, .k € C°([0,+/m]) and

Lm,H,KUm,n,K = 07 Am,K,K = _8Tum,H,K(0)7

where U, ...k s defined in Lemma 2.11.
Moreover, for all uw € Vi, . i,

e@m,ﬁ,,K(u) = Am,ﬁ,,K + Qm,n,K(u - um,l{,K)-
Proof. This follows from Lemma 2.12. O
The aim of this section is to establish an accurate estimate of Ay, . K.

Provosirion 2.14. There exists a constant C > 0 such that for all
(mv"’{vK) € [mla +OO) X [_AvA] X [_BaB]a

we have ,
K 1 /K &k
s (1
2m  m
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and

Vm ) 1 )
/ |um,l€7K| Am,k, K dr — 5‘ <Cm™.
0

Proof. By Lemmas 2.11 and 2.13, the unique solution . x of the problem sat-
isfies

( 52 mTlk + mT22KT
T o 1l4+m ikt +m2K 12

We expand formally w,, .k as ug + m~ uy + m2uy + O(m73):

Or + 1)um,,€’[( =0.

(i) For the zero order term, we get

(=92 4+ 1up =0 and wup(l) =1, lim ue(r) =0,

T—00

so that up(7) =€ 7.

(if) At the first order,
(=02 + Duy = kdyug = —ke” " and  uy(1) =0, lim wuy(7) =0,

T—00
so that ui (1) = —(k/2)Te".
(iii) At the second order,
9 9 K> 32
(=07 + Vug = kOruy + (k° — 2K)70rup = *?€7T + (— — QK)TefT,

u2(0) =0 and Tli_}n;Q uz(1) =0,

so that ’U,Q(T) = (%2 — %)7677- + (% _ %)T2ef‘r.

This formal construction leads to define a possible approximation of w, ., k. Consider
Ui, K (T) 2 = Xm(T) (Uo(T) + m_lul(T) + m_2u2(7')) ,

Xm(7) = x(7/V/m),

where x : Ry +— [0, 1] is a smooth function such that

() = {1 if 7 €[0,1/2],

(2.16)

0 ifr>1.

In the following, we denote vy, = vy, .,k to shorten the notation.
We immediately get that v, belongs to V,, . k. Note that

K K k2
2.1 — 0.0, (0) =1 4+ —— —Z(f,7>
(2.17) 0-vm (0) tgtm 7 "3
and
(2.18) [ Com K Uml L2((0, /) am g dr) = O (M),

Using Lemmas 2.12 and 2.13, we have

\/m v/ m
Am,n,K = / <6'rum,n,K» 6Tvm>am,n,K dr + / <um,n,K7 Um>am,n,K dr
0 0
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and

vmo
Am,K,K = / <Lm,n,KUm7 um,n,K>am,ﬁ,K dr — aTUm(O)
0

By Lemma 2.12, the Cauchy-Schwarz inequality, (2.17), and (2.18), we see that

K K k2
N )
‘ K tom T 9 T

v m ~
/ <Lm,R,KUm7um,H,K>am,H,K dr
0

< ||'c'm,n,KUm||L2((O,\/E),am,m;(dT) : HUmm,K||L2((0,\/E),am,h-,x dr)
1/2 -~

< AnimKHLm,mKUmHLQ((O,\/E),um,mK dr)

< Cm~3\Y?

m,k, K"

From this, it follows first that A, ..k = €(1) uniformly in (k, K), and then the first
estimate of the proposition is established. Using Lemmas 2.12 and 2.13, the fact that
Um (0) — U, x5 (0) = 0, and Cauchy-Schwarz inequality, we have

e@m,n,K(Um - um,n,K)
< Lo (Um0 = Ui, k)1 L2 (0, /) 0,1 a7) [0 = U K |22 (0, /7)1 )
< Om ™ [vm =t i | 22 (0, /7). 1c dr)-

The second estimate of the proposition follows since

||Um - umw”:K||%2((0,\/ﬁ),a7,,,,,,,,;( dr) < Qm,n,K(Um - um,n,K)
and ||vm|\iz<(07ﬁ)’am.“< ar) = (1/2) + O(m™1). O

2.6. AsymPTOTIC STUDY OF A, .\ —1/2(V). From Proposition 2.14 and (2.12), we
deduce the following lower bound.

CoroLrary 2.15. — The following holds:
(i) Assume that T is C2. There exists C >0 such that, for every m>my, ve HY(Q),

2 K C
Ol ey > Aman-2(6) > (il + [ 5 0P aC) = o ol

(ii) Assume that T' is C%1. There exists C > 0 such that, for every m > my,
ve  HY(Q),

(e + [ 5 2A0) +0(1) > A -va(0)
r
Here, the term o(1) depends on v (not only on the H' norm of v).

Proof. — By Proposition 2.14, the lower bound of Point (i) follows. Let us focus on
Point (ii).
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By the extension theorem for Sobolev functions (see for instance [12, §5.4]), there
exist a constant C' > 0 and, for all v € H*(Q), a function Ev € H!(R?) that extends v
and such that || Ev|| ;1 gsy < C|v] g1 (q)-

Let us define the test function w,, by u,, = vu,, where

Uy 0 B(s,1) = U (), i () (M) for all (s,) € T x [0,m~1/2],
m ’ for all (s,t) € T x [m~1/2, +-00).

Here, the function v, is defined in (2.16).
Let us first prove a general formula. Consider v € H2(Q';R) and v € H'(Q';C*).
With an integration by parts and using the fact that u is real-valued,

2
IV (vu)[[ 220y = [uVo + oVl g
= ||qu||i2(Q,) +||UVu||iz(Q,) +2Re (uVv,vVu)q,
= ||qu||iz(Q,) + Re (uwv, —vAu), — Re (v0npu, vu)
= ||uVU||iz(Q,) + (uv, —vAu) g, — (VO U, VU) - .
With an integration by parts only in the tangential direction,
(uwv, —vAu) g, = (uv, —vAu) o, + 2Re (uV v, 0Vu) g, + HuVSUH%z(Q,),

where V; is the tangential derivative and —A; is the part of the Laplacian involving
the second order derivative in the normal variable ¢. Thus, we get

IV () [320r) =1uV][ 720y + (v, —0Au)g, + 2 Re (uV v, vV 1) g
+ HustHiz(Q,) — (VOnu, YUY .
By density, this formula can be extended to u in H? and H!. Therefore, we can
replace u by U,,. We get
(2.19)  Qun(um) = = (VOnTim, Vi) + [T V0|72 ) + (im0, v (=As + M%) T ).,
+ 2Re (U, V50, 0V sl ) oy + Hﬂmvsvﬂiz(g,).
With the explicit expression (2.16), we find

- K C
(220) = (v9nlim, Vi) < mljol Ty + / 3 [P T + — JollZar) -

By using the dominated convergence theorem and the explicit expression ,,, we get
that the other terms in (2.19) go to 0. Note here that this argument uses at most one
derivative of the functions x(-) and K (-) (see the definition of v, i, x in (2.16)). That
is why we need I to be %1,

With the definition of A,, ,,-1/2(v), we find

K
Aman-v2(0) < ol + [ 5 0B A0 +0(1),
T

To get the upper bound of Point (i), we follow the same steps as before except that
Uk, K is replaced by
7 > Xm (T)uo(7),
in (2.16). In that case, we only need I to be C2. 0
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Using Proposition 2.7, Corollary 2.15 proves in particular (i) and (ii) in Propo-
sition 2.1. In this section we address the refinement of the lower bound and the
corresponding upper bound. From now on, we assume that I' is €21,

2.6.1. Preliminary lemmas. — Let us state a few elementary lemmas that we will use
later.

Levma 2.16. — There exists C > 0 such that, for all f,g € H*/?*(T), we have
1£9ll 520y < Cllf N msr2 @y gl msr2(ry-
Proof. — H?/*(T) is a Banach algebra since 3/2 > dimT'/2 = 1. O
Lemva 2.17. There exists C > 0 such that, for all f € H3/?(T), we have
1 llzrrzqey < C NIt I o)

Levmma 2.18. There exists C > 0 such that, for all f € HY?(T',TT) and g €
HYT,C), we have

7+ 9egat| < €l ooy
Here, TT is the tangent bundle of T'.

2.6.2. Lower and upper bounds

Noration 2.19. — In the following, we define
ﬁm : Hl(Q;(C4) — ‘7m
v [(8,7) € Vi =5 0(8)ttm (o), 16(5) (7) € CY),

where V,, and V,, are given in (2.12), and , .(s),k(s) is defined by Proposition 2.11
with £ = k(s) and K = K(s).

Levma 2.20. Assume that T is @21, We have, uniformly in s,

vm 2 2
/0 |Vsum¢,€(.)7K(.)| dr = ﬁ(m7 )

Proof. — Recall from Lemma 2.13 that
(fa;T&K@Tam,,%KaT + l)um,m;( =0.
Let us take the derivative with respect to s:
(—a;}n,Kﬁramﬁ,Kaf + 1)Vt x = [Vs, a;},“KBTam’,{,K@T]umﬁyK.

Taking the scalar product with Vg u,, . x and integrating by parts by noticing that
V stm, i,k (0) = 0, we get

vm
A |6TVSUTTL,I€,K‘2G’7TL,I€,K dr + Hvsu’m,ﬁ,KH%Z(amw)K dr)

—1
< ’< [vs, a,m’,,@’Ka‘ram,m,Ka‘r} Um,k,K > vsum,n,K>L2(am ok d7)
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Since 9
1 2 TAm,k, K
i e = 8 (P
Um,k, K
we get
Ora 0ra
-1 TUm,k, K TUm,k, K
|:vs7am’,€7KaTa’7n,K/,KaTi| = |:vsa (7)6‘1’} - (vsi)aﬂ'
Um, K, K Ak, K

_ ((vslﬁl) 8n a-ram,n,K + (VSK) 8]( aTam,n,K)aT.

Am,k, K Um,k, K

By an explicit computation and the Cauchy-Schwarz inequality, we find

’< [vsv a/;i,{’[(a‘ram,n,l{ar] Um,k, Ky vsum,n,K>L2(aqu~K dr)
< Cm_l Haﬂ-um,n,K”Lz(amy,@_’K dr) ° ”vsum,n,KHLQ(am_ﬁ,K dr)-

Since

107 v, K L2 (0 e dr) S /D, s

we get by Proposition 2.14

m
/ |87V5um,H7K‘2am,H7K dr + Hvs’u,mﬁ’}(”ig(amym}( dar) < Cm™2. O
o )

Up to taking a larger m in Remark 2.8, we get the following result.

Prorosirion 2.21. Assume that T is @21, There exist positive constants C > 0 and
my > 0 such that, for all m > my, and all v € H*(Q), we have

A 172(0) = A (0)] < O™ [l

where
2

e _ 2 K2 —1 V50| E_’L 2
Am(v)—m/r|v| dr+/r2|m dr +m /F(—2 +(2 8)|v| )dr.

More precisely, for all u € Vm such that
u(s,0) = v(s), forall s €T,
we have
Bon() 2 Kn(0) =~ ol B2y + el = o2, 5
m P L2(V,,,dT d7)

1 T 2
+ % HVS (’LL — HmU) ||L2(T7,,,,,d1—‘d7')’

and

~ o~

LM (v) < A (v) + C 32 ([[0] G2y + [ VsollZary)-

Proof. — Let v € H?(Q). First, let us discuss the upper bound. For that purpose, we
insert IT,,v in the quadratic form:

2,,(M,0) =m / Don(yic()Tn0)dD +m™ Y | (V00,5 Vll,0) @, dT d7.
T Vo
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‘We have
m/ Qm,ﬁ(~),K(~)(ﬁmv) dI' = m/ |v|2Am,n(~),K(~) dF»
r r
and

/A <V5ﬁmv,§fnlvsﬁmv>amdfdrg(1+Cm’1/2)/A IV, 02 dT dr.
v %

m m

Moreover, for all € > 0,

. vm
/A IV, o dT dr < (1+5)/ |V5v|2/ it o1 2 dr dT
r 0

m

vm
e [l [Tt P dr .
r 0
We now recall Lemma 2.20. Choosing € = m ™! and using Proposition 2.14 we get

~ 1
/A V0,02 dl dr < (1+cm*1)5/|vsu\2dr+cm*1||v||ig(r).
T

m

Therefore,

5 (T 2 1+ Cm? 2 2y 412

D (pv) <m [ [v]" Ay e, 5 () AT+m 5 [Vsv[*dD+Cm™ ||| 72y
r r

It only remains to use Proposition 2.14 to get the desired upper bound.
Let us now discuss the lower bound. Let u € V,;,, such that v = v on I'. By Lem-
ma 2.13, we have

-~

D, (u) :m/,@\myﬁ(.),;{(‘)(u) dF—&—m*l/ﬁ (Vt, GtV su) @y, AT d7
r Vi

~

= ’m,/F "U|2Am’,€(.)7}((.) dlr' + m/r ,@\m’,ﬂ(%;{(.)(u - Hmv) dr
+m™! [ (Vo GtV su)ayy, dT dr.
Vi

Thus,

(2.21) Qm(u) > m/r |v|2Am7,€(.),K(.) dI’ + m(l — Cm_1/2)Hu — HmUHZH(\A?,,,,,dFdT)
(- cm*1/2)/A IV quf? dT dr.
Vi
‘We have
Vu = ﬁmvsv + (Vsu - ﬁmvsv) = ﬁmvsv + Va(u— ﬁmv) + [Vs, ﬁm] v

and
[v57 Hm] U(Sa T) = ’U(S)vsum,m(s),]{(s) (T)
By Lemma 2.20, we obtain

= 2 _
/\7 Vs, o] " dT dr < Cm =20l Z2 ),
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and by Young’s inequality,
(2.22) /A |V ul|?dT dr
Vi
>(1-m™?) /A 11, Vv + V(u — ) dl dr — m/A Vs, L] o] dT dr
Vo Vo

>(1- mfl)/A |, Vv + Vi (u — )| AT dr — m =2 C o] 2 -

m

We also have

(2.23) /A 1L, Vo0 + Vi(u — )| dT dr > /A |1,V o|* dT dr
Vo Vi

+/A |Vs(ufﬁmv)|2dl“d77 ‘QRG/A <ﬁmvsv,vs(ufﬁmv)>df‘d7,
v Vin

m

and by Lemmas 2.18 and 2.16,

‘2 Re/A <ﬁmst, V(u— ﬁmv)> drrdr

m

< CHUHH3/2(F)H“ - Hm”HHl/Z(ﬁm,drdT)'
Then, using Lemma 2.17, we get, for all g > 0,

‘2 Re/A <ﬁmvsv7 Vs(u— ﬁmv)> drdr
Vi

—1 _— = 2
<Cm™'g 1||”||§13/2(r> +m?eolu — Hm”HLz(T?m,drdT)

(2.24) +€0HU*ﬁmvH§{1(9m,dI‘dr)

1 — = 2
<Cm 160 1”””?{3/2(1“) + (m2 + 1)50HU - Hmv”L?(T?m,dFdT)

= 2
+ €0Hv8 (u— ) HLZ(T?,,“ ardr)’
Combining Proposition 2.14, (2.21), (2.22), (2.23) and (2.24), we finally obtain

~ Vv|? K k?
S 2 K2 -1 Vs . 2
,@m(u)/m/FM dl“+/r2|v| dI' +m F( 5 +(72 f8)|v\ )dF

—O(m ™2 +e'm™2+ m_g/z)HvHip/Q(F)

+m(1 = Cm~?) (1 =0 = com™) [lu = ]3035, aran)

+ m_l(l - Cm_l/z) (1 —eo) HVS (“ - ﬁm”) H?ﬂ(i\?m,dl“dr)'

Taking €9 = 3/4 and m large enough, we get the result. O

2.7. Exp or tHE PrOOF oF Prorosirion 2.1. — Ttem (iii) of Proposition 2.1 follows
from Propositions 2.21 and 2.7. It only remains to prove (iv). Consider the minimizer

1/2

Uy, and a cut off function y,, supported in a neighborhood of width m™"/“ near the

boundary. Then, we set

T (8,7) = (XmtUm) © ®(s,m™17).
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We now use the lower bound in Proposition 2.21, that is,

-~ ~

Do) > A(v) + ¢

5 [[@m — ﬁm“”iz(@m,drdr) QYD ”U”%!s/?(l")'

Arguing as in the proof of Lemma 2.6 and recalling Item (ii) in Lemma 2.5, we get

) (v),

1/2

Din(tin) = Dy 172 (Ximttm) = R (0) + (Vi) ||* = (1 + O™
where we also used (2.3). Therefore

C

5 ~ 2 2
Hum 7HmUHL2(T7m,dFd‘r) < YD) ””HHS/Q(F)’

and then

C
< poy7) ol g2 (ry-

’||ﬂm|\L2(f7,,,,, drdr) — ”ﬁm”||L2(\7m,drdr)

Using Proposition 2.14, we get that

=~ 2 ||U||%2(r) 102
1] 25, aram = 5| < Cm™ ol

Therefore
loldery |,
[l timlZ2 0, az) = 2| < Cm ™ ol3sa -

Finally, Item (iv) follows by removing X, thanks to (2.3). The proof of Proposition
2.1 is complete. O

3. A VECTORIAL LAPLACIAN WITH ROBIN-TYPE BOUNDARY CONDITIONS
In this section, we study the vectorial Laplacian Li"* associated with the quadratic

form Qif* defined in Section 1.3.3.

3.1. PRELIMINARIES: PROOF OF LEMMA 1.13. — We recall that the domain of LMt is
the set of functions u € H'(Q; C*) such that the linear application
HY(Q;C* 3 v+— Q"(v,u) € C

is continuous for the L2-norm. Using the Green-Riemann formula, we get that the
domain is indeed given by

{ue HY(CY | —Au € L2(Q;CY), (Op + £/2+mo +2mZ")u =0 on T}.

By a classical regularity theorem, we deduce that the domain is included in H?(Q; C*).
The compactness of the resolvent and the discreteness of the spectrum immediately
follow.

JEP. M., 2019, tome 6



[S%]

59 N. Arrizasaraca, L. Le Treust, A. Mas & N. Raymonp

3.2. ASYMPTOTICS OF THE EIGENVALUES. In this section, we describe the first terms
in the asymptotic expansion of the eigenvalues of Li"*. This is the aim of the following
proposition.
Provosirion 3.1. — The following properties hold:

(i) For every k € N*, we have lim,— oo )\}j‘ﬁn = X2 where the (A\p)ren- are the
singular values of |H®|.
Let \ be an eigenvalue of |H®| of multiplicity ky € N*. Let kg € N be such that
Aotk = A forall ke {1,... ki }.

(ii) For all k € {1,2,...,k1}, we have

N iim =X+ 25 o (1/m),

where )
(O + #/2 +mo)o|
(3.1) Mk = inf sup  ——— o
Vcker(|[H? =)  veV 2
dimV=k |lvllp2g)=1
(iii) Let (Wggt1s-- - > Ukgsk, ) be an H-weak limit, when m — +00, of a sequence

(ukn+1,m7 s ,uk0+k1,m)m>0

of L%-orthonormal eigenvectors of L™ associated with the eigenvalues

(R4 L > M k) -
Then, for all v € ker(|JH®| — X), we have
k1
1 2
_5”(871 +r/2+ mO)””m(r) = Z ‘<U,Uko+k>g‘2ﬂk,k-
k=1
Here, (A\p)ren+ is defined in Notation 1.5 and (AN™ )ren- in Notation 1.14.

k,m

For the sake of clarity, we will divide the proof of this proposition in different parts.
This will be done in the next section.

3.3. Proor or Prorosition 3.1. Since Dom(H**) C Dom(Q"%), we have
(3:2) A= A

for all k € N* and all m > 0.
3.3.1. Lower bounds
Levma 3.2 Let k € N. The following properties hold:
(i) For all j € {1,2,...,k}, we have limp, , oo A%, = A2,
(ii) For all subsequence (M., )nen+ going to +0o asn——+oo, and all L%-orthonormal

Jamily of eigenvectors (uym,,, ..., Ukm,) of LIt associated with (A, ..., )\}Cntmn)
such that the sequence (U1,m,,,- - - »Uk,m, JneN converges weakly in H', we have that
the sequence (U1, m,,, .- -, Ukm, )neN- COnverges strongly in H' and

. —_ 2
(3.3) dm M| Z70.m, || 2y = 0

forall j € {1,...,k}.
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Proof. — Let us prove (i) and (ii) by induction on k € N*.

Case k=0. There is nothing to prove.
Case k>0. — Assume that (i) and (ii) are valid for some k€N. Let (u1,m, - - -, Uk+1,m)
be an L2-orthonormal family of eigenvectors of L;* associated with (X"5,, ..., A, ).

By (3.2) and the trace Theorem [12, §5.5], the sequence (Ui m., ..., Uk+1,m)m>0 IS
bounded in H'(Q; C*)*+1, and

. 2 > i . int > limi int .
@0 o > B\ > B A

Hence there exists a subsequence (1, )nen+ going to +00 as n — +oo such that

lim )\}Cn_f_l’mn = liminf )‘}cn-lt-l,m

n—+o0 m—o00
and (Ugm,,,-- - Uk+1,m, JneN+ converges weakly in H1(€; C*) to (U, .-+, Upy1)-
Using the induction assumption, we get that (wim,,...,Ukm, Jnen+* CONVEIges
strongly in H'(Q;C?) to (u1,...,ug), limy, 400 A%, = A7 and
il s gy =0
for all j € {1,...,k}. By Rellich-Kondrachov Theorem [12, §5.7], the sequence
(uk+1,m,) converges strongly in L?(Q;C*). This shows that (uq,...,ug41) is an

L2-orthonormal family. In addition, for all ji,j2 € {1,...,k + 1}, j1 # j2, and all
n € N*, we have

0=Re <vuj1,mn7 vujz,’mn>g + mg Re <uj1~,mn7 uj27mn>Q
+ Re <("€/2 + mO)uj1,mn7 ujz,mn>r +2my, Re <E_uj1,mnv E_ujzymn>r )
and taking the limit n — +oo,
0 = Re (Vuy,, Vg, ) + mg Re (), uj,) o + Re ((5/2 4 mo)uj, , w), )y -

Since

: int __\2 __ int
Jm Qn (wjm,,) = Aj = Q™ (uy)

for all j € {1,...,k}, where Q" is defined in (1.3), we deduce that the (u;)1<j<i are
normalized eigenfunctions associated with (A?)lgjgk. By the min-max theorem, we
deduce that

lim inf Qg;:(uk_s_l’mn) > QM (upyq) > )‘i+1-

n—-+oo
Therefore
lim AP, = \2
m=foco k+1,m k+1
and
HEIEOO||VUR+1,W" HLZ(Q) = ||vuk+1||L2(Q) s
and the strong convergence follows. Note that lim,, .o )\ik“jl’m = Aj,, implies

that the previous arguments are valid for every weakly converging subsequence, thus
Items (i) and (ii) follow for k + 1. O
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3.3.2. A technical lemma. The following lemma is essential in the proof of Items (ii)
and (iii).
Levma 3.3. — Let k € N* and m > 0. Let u resp. ugm be a L*-normalized eigen-

function of |H| resp. L™ associated with the eigenvalues X resp. )x}j‘fﬂ Then

(3.5) m(/\}cnf77 — /\2) (Up,m, ) = —1/2{(On + K/2 4+ mo)Uk,m, (On + K/2 + mo)u)p .

Proof. — On one hand, that u € Dom(|H®}|) yields Z~u = 0 on I'. Moreover, since
u € H'(;C*) is an eigenfunction of |[H*}|, we indeed have u € Dom((H*)?), which
means that the linear application

HY(Q;C*) 3 v — (H%, H ), € C
is continuous for the L?-norm. Using the Green-Riemann formula, we then get
ET(On +K/2+mo)u=0 onT.

On the other hand, from (1.10) we have

{E*(@n—kn/Q—i—mo)uk,m =0 on T

E7(On + £/2 4+ mo + 2m)ugm =0
By an integration by parts, we get

()\}::n - )‘2) (Uk,m, u)q = (A + mg)w,m, w) o, — (Uk,m, (A + m%)u)Q
= — (OnUk,m, W) + (Uk,m, Onu)p
= —((On + £/2 + mo) Uk m, ) + (Uk,m, (On + £/2 + mo)u)
= (E7 Uuk,m, 2 (On + K/24+mo)u)p
= —1/2m (27 (On + K/2 + mo)Uk,m, 2~ (On + K/2 + mo)u)p- -

O
3.3.3. Proof of ltems (ii) and (iii). — Let (u1,m,,-- -, Ukyg+ky,mn )neN* DE a sequence
of L?-orthonormal eigenvectors of L;‘,;tn that converges strongly in H'(£; C*)kotk1 to

an L%-orthonormal family (ug, ..., uk,+k,) of eigenvectors of |H}|. We have

SPan (Upg 15 - - - 5 Ukgthy) = ker(|HQ\ —A).
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y (3.5), for all v = Zl,?:l Ak Uky+k We have

—1/2/|(On + £/2 + mo)v[|72(r)
k1

=—1/2 > @, ((On + £/2 + mo) gk, (On + K/2 + M0 Ukg 45 )
k,j=1

= lim —1/2 Z i ((On + K/2 4 M0)Ukg+k,m, > (On + /2 4 M0)Ukg15)

n—+oo

k,j=1
k1
W 2
= lim > @Ry ma (At m, = A°) (Ukgtm s Uko)g,
k,j=1
k1
_ . —_ int 2
= Dim > @ama (N, — X (ko tkot)g
k,j=1
k1
= lim agp|Fmg, (AR —\?).
n_>+oo§1| k"m0 (A4 hm,, — A7)
Since )\k tm, S )‘}c];t-kkl m,, and CFkr is finite dimensional, we get for j €

{1,...,k1},

k1
lim  m, (AR -\ = lim min  max E ap|?mp (AR -2
oo n( ko+7,mn ) nStoo \ v ok acV | k‘ n( ko+k,mn )
dim V=j ||a||z2—1k 1
k1

: 2 int 2
= mln max hm a m )\ — A
) ael E ‘ ’C| n( ko+k,my )

dlmV—] llall;2=1 k=1
k1 2
=—-1/2 min max ||(On + K/2+ mg) E Uk + K
ST A o L2(r)

dim V=j [lal[;2=1
2
[(0n + £/2+mo)vll 72

= inf sup —

VCker(|[H?[-\) eV 2
dim V=j lvll L2 (@)=1
= HKXj>
where ||(a1, a2, ..., ak, ”12 Z 1 lag|? for all (a1, as, ..., ay,) € CF.

‘We obtain

: int 2y X
m1—1>r-1;-100 m(Ak0+j1m —A ) = X

Note that a permutation of the limit and the summation sign at the third line of
the calculation above ensures that (ug41,-- ., Ukg+k, ) 1S an orthogonal family for the
quadratic form

(O + /2 + mo)ol 72 (r
— 5 )
This finishes the proof of Proposition 3.1. O

v
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4. PR()()F OF THE MAIN THEOREM

We are now ready to address the proof of Theorem 1.7. For the sake of readability,
we will divide it in several parts.

4.1. First TERM IN THE AsymproTic. — In this part, we work in the energy space
without using any regularity result such as Lemma 4.3.

4.1.1. Upper bound. — Let K € N* and (¢1,...,¢K) be an L?-orthonormal family

of eigenvectors of |[H®| associated with the eigenvalues (A1, ..., Ax). Using Proposi-
tion 2.1, we extend these functions outside 2 by
B ©; on €,
Ujm = ,
Um—+mg (‘Pj) on &,
for j € {1,..., K}. By Proposition 2.1, we get that
~ 2 . c
Huj.,mHm(Qf) < (m A+ mo) ™ Ay (95) < m+mg’
so that U1 m, ..., Uk n are linearly independent vectors. Let a1,...,ax € C, and we

denote ¢%, = Zjil a;Uj,m- By Lemma 1.6 and Proposition 2.1, we have

2 2 2
[ Hm @i 22 e) = IV omllz2() + Mool 72 ) — mRe(Bom, om)t + Amtmo (0)
K K K
<am (Z aj@j) +o(1) =Y [a;PAT +o(1) < A% D layl* + o(1).
j=1 j=1 Jj=1
We deduce that

. 2 . 2 2
(4.1) limsup A% ,,, < limsup sup ||Hm<pfn\|L2(R3) < Ak
m—+00 m—+00 ot espan(Ui,m,...,UK,m)
H<P;LIIL2(R3)=]‘

4.1.2. Lower bound and convergence. — For m>=my, let K eN* and (¢1,m,-- -, PK,m)
be an L2-orthonormal family of eigenvectors of |H,,| associated with the eigenvalues
(M,ms---sAKk,m). Here, m; is defined in Remark 2.8 and Proposition 2.21. By (4.1),
there exists C' > 0 such that

(4.2) C> sup HHm‘Pk,m”i?(]RS) :
ke{l,..,K}
m>=mq

Using (1.4) and Proposition 2.1, we get, for all k € {1,..., K} and all m > m4, that
)‘i,m = ||Hm90k,m|‘%2(]1§3)
2 2
= ||V‘Pk,mHL2(Q) + mg”‘Pk,mnp(Q) = (BPk,m, Prm)p
(4.3) + Antmo (@k,m) + Qb (@k,m — Um-+mg (‘Pk,m))

= Qinr;t(sok,m) + (m + mO)QH‘Pk,m - Um+m0(90k‘,m)”i2(ﬂ/)

2
- E”‘Pk,m“m(r)'
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By the trace theorem, we deduce that there exists C' > 0 such that
(4.4) C>=  sup }||<Pk,m”H1(Q)'

ke{l,.... K
m>=mi

Note also that by (4.3), (4.4) and the trace theorem, we get that
< H@k,m — Um-+myg (‘Pk,m)Hm(Q') < C/m.

(45) (o m L2 6wy s (D) e
Moreover, by Proposition 2.1, we obtain that
2 - - 2

|tmt-me (‘Pk,m)Hm(Q/) < (m+mo) 2Am+mo (Pr,m) < C(m+mo) IH‘Pk,mHHl(Q) )
and we deduce that
(46) H‘pk,m”lg(gl) < Cm_1~
Combining (4.3), (4.4), (4.6), and Proposition 3.1 with an induction procedure as in
the proof of Lemma 3.2, we get the following result.
Levma 4.1. Let K € N. The following properties hold:

(i) Forallj € {1,2,...,K}, we have limy, o0 Ajm = Aj.
(ii) For all subsequence (my)nen going to +0o0 as n — +oo, all L?-orthonormal

family of eigenvectors (©1m,,,---, Pr,m,) of |Hm| associated with (M m.,,- .., A m.,)
such that the sequence (©1.m, ;- PK.m, )neN converges weakly in HY(Q), we have
that the sequence (P1.m,,-- - PK.m, )nen converges strongly in H'(Q) and
. —_ 2

(4.7) i |27 m, [ 2y = 0
forallje{l,...,K}.

(iii) Buvery weak limit (@1, ..., 0K) of such a sequence is an L*-orthonormal family
of eigenvectors of |H| associated with the eigenvalues (A1, ..., k).
Remark 4.2, — In other words, Lemma 4.1 shows the convergence of the eigenspaces

associated with the K first eigenvalues of |H,,|. Indeed, for all converging subsequence,
the corresponding eigenprojector converges to the eigenprojector of | H}|. Thus, when
m goes to 400, the eigenprojector associated with the K first eigenvalues of |H,,|
converges to the one of |H®}| associated to the K first eigenvalues. Of course, we have
no such convergence result for the individual eigenfunctions.

4.2. SECOND TERM IN THE AsymproTIC. — In this section, we will freely use the follow-
ing regularity result, whose proof is given in the appendix.

Levma 4.3. — There exists a constant C' > 0 such that for every m € R and every
eigenfunction v of H,, associated with an eigenvalue A\ € R, we have
[ull 2 ) < O+ [AD[ull L2 @)

Moreover, for every eigenfunction u resp. v of H® resp. Li"* associated with an eigen-
value A € R, resp. \?> € R, we also have that

lullg20) < C(+ A lull2 (@)
and vl z2(0) < C(L+ [AD[Jv]|L2(0)-
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4.2.1. Upper bound. — In this section, we prove the following lemma.

Levva 4.4. — Let A be an eigenvalue of |HY| of multiplicity k; € N*. Let kg € N be
the unique integer such that

A= Aigt1 =+ = Mgk -
Then
(4.8) lim Sup (O, e = X) < P
where, for k € {1,...,ki},
(4.9) Uy o= inf sup  Ma(v)
i V Cker(|H?|—=A1d) veV
dim V=k H’UHLQ(Q)II
and
. IVsv|2 |(On + K/2 + mo)v|? (K K2 )\2) 2)
= - Son A dr.
() /F( 2 2 -3 )M
Proof. — Let (Utm, - - -, Ukg+ky.m) be an L2-orthonormal family of eigenvectors of Lin®
associated with the eigenvalues (AY5,, ..., A, ). Let (mn)nen be a subsequence

which goes to +00 as n tends to +00 and which satisfies

() Timsup,, oo ML Lk =A%) = 1M 00 M (A 4 g, — A2),

(i) (Wimys - - s Ukgtks,m,, ) converges in L2(Q) to (w1, ..., Ukgtk, )
where (u1,...,Ug, 4k, ) is an L?-orthonormal family of eigenvectors of H® associ-
ated with the eigenvalues (A1, ..., Ako+k, ). By Lemma 4.3, this sequence is uniformly

bounded in H?(Q). By interpolation, the convergence also holds in H*(2) for all
s €]0,2).

Since (4.9) is a finite dimensional spectral problem, there exists an L?-orthonormal
basis (Wky11, - - - » Wo+k, ) Of ker(|H?| — A1d) such that

ko+k1 ko+k1 ko+k1
ﬁA( Z a5w5>: Z \as|2%(ws): Z ‘as|2§)\787k07

s=ko+1 s=ko+1 s=ko+1
for all axy+1,...,aky+k, € C. Moreover, we have
Q
ker(|H*| — A1d) = span(ugy41, - - - Ukg+k; ) = SPAN(Who41, - - - Whotk, )

so that there exists a unitary matrix B € CF1**1 such that Bu = w, where u =
(Wkgt1s -+ s Ukgtky )L and W = (Wkyt1, - - - Who+k ) - - Using Proposition 2.1, we extend
these functions outside €2 by

~ Juim on €,
Ujm = ,
Um+mg (uj,m) on &,
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for j € {1,...,ko + k1}. We also define

U + = (uko+1,m7 cee 7uko+k1,m)T7
W = (wngrlnn: ey wko+k17m)T = Buma
wm = (ﬁ;ngrlnn: ey @ko+k17m)T = B(akgqtlmu cee 7ako+k17m)T7
and Vk0+k,m = SpELIl(uLm7 cocUkg,my Who+1,my - - - 7wko+k)7
‘7k0+k,m = Span(ﬂlm, N ﬂko,m,a {Eko+l,m,7 N 7@ko+k)>
forall k € {1,...,k1} and all m > my. Let us remark that

dim Vg m = dim Vi 1 5m = ko + k

for all k € {1,...,k1} (choosing if necessary a larger constant m; > 0). In the follow-
ing, we consider test functions of the form

ko ko+k1
VU = E Ui m + E Wi m s
j=1 j=ko+1
. ko+k1 2 _
where ai, ..., agy+r, € Csatisfy D500 |a;* =1, so that

ko+k1
”UmH%?(Q) = Z \%‘\2 =1
j=1

By Proposition 2.1, we have

+0(m™?),

2
2 2 2 ”UmHL2 I
(4.10) [omllze@s) = llvmllze (@) +llvmllzz @) =1+ 27(

and

(411) [ Honvg |72 )

|V5Um|2

L (5 )

= Qi;r;t('l),,n) + m_l ( D)
r

From (4.10) and (4.11), we deduce that

HHmvaiz(R“) 2 int 2

(f—/\ ) <m (A0 (vy,) — A?)
||Um”L2(1R3)

2

Then, for k € {1,...,k1}, we get

JF/F(M + (5 K %)\umﬁ) T + &(m=1/2).

2
2 2 ||HmvaL2(]R3) 2
)< s (il

vm€‘7k0+k,m\{0}
< Sup m (Q;'?Lt (Um) - )‘2) + ﬁ’m(vm) + ﬁ(m_l/Q)v

Vm €Vig+k,m

2
l[vm HL2(1R3)
(4.12)

llvm HLZ(m:l
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where

o= (T (5 Oy

The remaining of the proof concerns the asymptotic behavior of

prm = sup  m (Qt(vm) =A%) + 7, (0n),
U,,LEVk[H,k,W
HUMHLZ(Q):l

for k € {1,...,k1} when m goes to +oo. Let us first remark that for every v, €
Vieo+k,m, we have
ko+k ko+k1 ko+k
i = z > i z > (X b i
j=ko+1 s=ko+1 “j=ko+1

where (bjs)j se{ko+1,....ko+k:1} = B- Thanks to Proposition 3.1, we obtain

(4.13) My (0 (v,,) — A?)

ko ko+k1 ko+k 2
_ int 2 2 int 2
=3 ma (N = M)a P+ > ma (N =AY asbs
J=1 j=ko+1 s=ko+1

H (On + £/2 4+ myg) Zf"ifﬂ a;jw; HLz(F)

—Z (At —A%)|a;]? - 5 +o(1).

Using (4.12) and (4.13), and taking a1 = -+ = agy+k—1 = 0, ag,+x = 1, we deduce
that
(4.14) lHminf g m, = Vs k.

n—-+4oo

Let (v")nen be a maximizing sequence of fig m, . For all n, there exists a unitary
vector a™ = (a1, - -+, Qkytkn) € CFOFF such that

ko+k

ko
= ZCLLTLUZTHTL + Z A5 nWjm, -
j=1

j=ko+1
Up to a subsequence, we can assume that (a™) converges in C*** to a unitary vector
a = (Gkg+1, - - - » Qkg+k)- Then, Proposition 3.1, (4.13), and (4.14) ensure that

lim AT = A2 <A -2 <0

n—-+oo
for j € {1,...,ko}, thus there exists ¢g > 0 such that

ko

My, Z |aj,n|2 < Co
j=1
and
lim sup pig, m,, < 7x(v) < Uk,

n——4oo
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ko+k .. . -
where v = Zj0:+ko+1 a;w;. Thanks to (4.12), and noticing that lim,—, oo fk,m, = Vxk
and

. 2 2 ~
lim sup m(Ag, 1 5m — A7) < Ui,
m——+oo

we conclude the proof. O

4.2.2. Lower bound. — Let X be the first eigenvalue of |H}|, whose multiplicity is
denoted by k; € N*:

A=A ==\,

In the following, we look for the second term in the asymptotic expansion of A.
More precisely, we will show the following result.

Lemva 4.5. — Forallk € {1,...,k1}, we have that

liminf m(\2  — 22) > Dy,
s a0 (k,m )/ A1,50

where Uy, ; is defined in (4.9).

Proof. — By Lemma 4.1 and Proposition 3.1, we have

lim A7, = lim AP =)\2
m—+00 ’ m—+00 ’
for all k € {1,...,k1}. Let (®1,m,---, Pk ,m) be an L:-orthonormal family of eigen-
vectors of |H,,| associated with the eigenvalues (A1 ..., Agy,m) for all m > my.

By Lemma 4.3, there exists C' > 0 such that

(4.15) Cz s |jmllye -
m>=2mi
je{1,....,k1}

We remark that, for all k € {1,...,k1}, and all m > my,

k 2
2
/\i,m = ||Hm99k,m||L2(R3) = sup Hr, (Z aj(P]}m) :
(a1,...,ax)€Ck j=1 L?(R3)
Zj’::l laz|?=1

Let a = (a1,...,a) € C* be such that Z;?:l laj|* = 1. We define

k
a — . .
Pm = ajPjm-
=1

Combining (1.4), (4.15), and Proposition 2.1, we get

2 2
a a 2 —
+ (’ITL + mO)QHQO’m — Um+myg ((p'm)HL2(Q’) + ﬁ(m 3/2)'

. vs a |2 K 2
(@16) N> et +m [ (Emh o (T S ar
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y (4.5), we have that

|||80fn||isz) _Hu"lero((t‘an)”i?(Q’)
< C/mlenll oy +lltmimo (95l 2 (0r))

C/m(llef = tmmo ()l L2y + 2lttmsmo (5 L2 ()

C/m(m™" + 2/t tmo (D) L2 (0r)) -

NN

In addition, using Proposition 2.1 and (4.15), we deduce that

a2
H‘Pm||L2(r)‘< C

‘Hum-ﬁ-MO(QO;Zn)HLZ(Q’) - = m3/2'

Therefore,

H<Pm|\L2(r) ‘

(4.17) [P .

Thanks to (4.16) and Proposition 3.1, we obtain

(4.18) m(\},, — X} =m (Qi,‘it(so%) - AZWPZLHiZ(Q))

Let (ujm)jen+ be an L?-orthonormal basis of L?(2; C*) whose elements are eigen-
vectors of Li"* associated with the sequence of eigenvalues ()\znt ). Since )\”’t converges
to A? as m goes to +0o0, we get that

int 2
AR X220

for all j > k1 + 1 and all m > m; (choosing if necessary a larger constant m; > 0).
We then deduce that

(th( ) /\2H§0m”L2(Q) Zm )\mt — )|<SOZL7Us,m>Q|2
(4.19)

Zm )‘mt - )|<¢Zwu87m>9|2-

Let (my)nen+ be a subsequence which goes to +00 as n tends to +o0o and such
that

(1) liminf,,— 4+ m()\%,m — %) =lim, 400 m”()‘%,mn —A2),
(i) (Wimy s« - Uky,m, ) converges in H*(Q) to (uq,...,ug, ),

(ii1) (@1,mps-- -+ Pki,m, ) converges in H(Q) to (¢1,..., ¢k, ),
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where (ug,...,ur,) and (@1,...,¢k ) are L2-orthonormal families of eigenvectors
of H® associated with the eigenvalue A. By Proposition 3.1, we have that

k1
nEIJIrloo - m (A::nn - Az)'(@fnn ) us,mn>Q|2
EL1On + /2 + mouslZa
(4.20) :Z_ 5 ™) |<<pa’us>ﬂ|2
s=1
2
1On + £/2+mo)@all ()
= 5 ,
where p® = 25:1 a;p;. From (4.18), (4.19), and (4.20), we obtain
P s 2 )2 > 7 a
lim inf m(Xj, =A%) > 7 ()
and
liminf m(A} ,,, — \?) > sup m(p?) = Uk
m—+oo ’ k ’
(a1,...,ar)€C
ShoylaylP=1
Then, the conclusion follows from this and the upper bound (4.8). O
Remark 4.6. — When considering a larger eigenvalue A > A1, the proof above breaks
down since
ko
> om (A =A%) e tam) ol
s=1

is non positive and the non-wanted terms in (4.19) cannot be removed so easily
anymore. In the expression above, ky denotes the unique integer such that

A= Akgtl = = Akghs -

APPENDIX. SKETCH OF THE PROOF OF LLEMMA 4.3

The purpose of this appendix is to give the main ideas of the proof of Lemma 4.3.
We recall that the boundary is supposed to have €2 regularity. We do not intend to
give a rigorous proof but rather to enlighten why the classical arguments give uniform
bounds in m (see for instance [12, §6.3]). In particular, we restrict ourselves to the
operator H,, for Q@ = R} := {x = (21,22, 23) | 23 > 0}, and we consider the solution
u € HY(R3;C*) of

Hpu = (a- D+ (mo +mxgs )B)u = f,
where f € H*(R?;C*). By Lemma 1.6 and Proposition 2.14, we have

2
2 2 2 2 2
£ Z2 e = IVl 2y +miblullzz i) + mollulzacy + D l0kulzaqy
k=1

2

+ Zm”E_uHLQ(F)

— C/muljary

JEP. M., 2019, tome 6



364 N. Arrizasaraca, L. Le Treust, A. Mas & N. Raymonp

so that by the trace theorem, there exists C' > 0 such that

2
2 2 2 2
(A1) C(IF 1 2oy +llullz2()) = 1Vullza) + D _I0kulzz(y -
k=1

Using the notation of [12, §6.3], we introduce the difference quotients
u(x + heg) — u(x)
h )

Diu(x) = heR, h#0, z € R? ke {1,2,3}.
For j € {1, 2}, we get that
Hy,D'u = (ac- D + (mg +mxgs )B)Dfu =D} f,

and then, using (A.1), we obtain
2
2 2 2 2
C(|’D;Lf|’L2(R3) +||D?u||L2(Q)) z ||VD§LUHL2(Q) + ZHO’“D?“HLZ(Q/) :
k=1
By [12, §5.8.2], we deduce that

2 2 2
(A2) C(”aijiz(RS) +||aju”L2(Q) +||f||L2(]R3) +HUHLQ(Q))
2
> ||Vaju||izm) + Znakajuuiqgm .
k=1
We also have that, in €,

2
oBu= H2ut (Z o - mg)u — Hul,

k=1
thus

Using (A.1), (A.2) and (A.3), we get the desired estimate.
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