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del grup d’automorfismes d’un arbre arrelat i regular. Per això, definim tres tipus
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On the concept of fractality for some groups

1. Introduction

The subgroups of the group of automorphisms of the d-adic tree T (i.e., a regular rooted tree with d
branches going down at every vertex) are an important source of groups with interesting properties. For
example, finitely generated torsion infinite groups can be constructed easily, giving a negative answer to
the General Burnside Problem. The large amount of articles about this topic in the last years shows their
interest.

Given a subgroup G of Aut T , the section of an element g ∈ G at a vertex u is an automorphism
which represents how g acts on the subtree of T hanging from the vertex u (the formal definition is given
in Section 2). We say that G is self-similar if, for each element g ∈ G and each vertex u ∈ T , the section
of g at the vertex u belongs to G again. This is a natural property that a majority of the most interesting
subgroups of Aut T possess.

It is usual to work with vertex and level stabilizers of G , i.e., the subgroups of all automorphisms in G
that fix a vertex u or a whole level Ln of the tree, denoted by StabG (u) and StabG (Ln), respectively. Then
one can consider the homomorphisms ψu, which sends each g ∈ StabG (u) to its section at the vertex u,
and ψn, which sends each g ∈ StabG (Ln) to the dn-tuple of its sections at the n-th level. Observe that in
these cases the sections are just the restrictions to the corresponding subtrees.

If G = Aut T , then the homomorphisms ψu and ψn are surjective onto Aut T and Aut T × dn

· · ·×Aut T ,
respectively. On the other hand, if G is self-similar then the images of ψu and ψn are contained in G and

G × dn

· · · × G , and we will consider these sets to be the codomains of those maps. It is natural to ask
whether ψu and ψn are also onto in this case. For many interesting groups, ψu is known to be onto, i.e.,
ψu(StabG (u)) = G for each u ∈ T , and the group G is then called fractal, recurrent or self-replicating
(see [3, 9]). However, in general, it is too strong to ask ψn to be surjective, and we content ourselves

with the image of ψn being a subdirect product of G × dn

· · · ×G , namely that ψu(StabG (Ln)) = G for each
u ∈ Ln. In some papers, this condition is only required for n = 1; however, as we shall see, it is not always
inherited by the rest of the levels. Thus it is necessary to make a distinction between these two concepts.
Following terminology from previous papers, G is said to be strongly fractal or strongly self-replicating if
ψu(StabG (L1)) = G for all u ∈ L1. And we say that G is super strongly fractal if ψu(StabG (Ln)) = G for
each n ∈ N and u ∈ Ln.

Obviously, every super strongly fractal group is also strongly fractal, and every strongly fractal group is
fractal, but there is some confusion in the literature about the converses. In several papers, fractal groups
are claimed to be the same as strongly fractal groups, or else fractal groups are simply introduced by using
the definition of strong fractality (see [1, 3, 4, 5, 6]). In some other papers, a distinction is made between
these two concepts (see [2, 9]), but no examples can be found in the literature where a certain fractal
group is shown not to be strongly fractal. On the other hand, strongly fractal and super strongly fractal
groups have not been clearly distinguished either. Since a self-similar group that acts transitively on each
level can be checked to be fractal by looking only at the vertices on the first level, one may think that the
same holds for the property of being strongly fractal, see for example the paragraph after [9, Def. 3.6].
This would mean that being strongly fractal and super strongly fractal are equivalent. However, as we shall
see, this is not the case.

Our aim in this article is to fill this gap. On the one hand, for every d ≥ 3, we give explicit examples of
groups that are fractal but not strongly fractal. More specifically, we show that a certain subgroup of the
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Hanoi Towers group is of this type. We remark that the restriction to d ≥ 3 is necessary for these examples
to exist, since one can easily show that for d = 2 a fractal group is always strongly fractal. In proving
that those groups are not strongly fractal, we have obtained a couple of results that allow us to estimate
the image of a level stabilizer under ψu, which may have some interest of their own. On the other hand,
we also give examples of groups which are strongly fractal but not super strongly fractal, and examples of
super strongly fractal groups.

These examples belong to the class of the so-called Grigorchuk–Gupta–Sidki groups (GGS-groups, for
short), which are a natural generalisation of the Grigorchuk group [8], and the Gupta–Sidki examples
from [11].

2. Preliminaries

Let us consider a set X with d elements. The d-adic tree T is a tree whose set of vertices is the free
monoid X ∗, where a word u is a descendant of v if u = vx for some x ∈ X . The only word of length zero
is the empty word ∅, which is the root of the tree T . If we consider the words of length at most n we have
a finite subtree Tn, and the words whose length is exactly n form the n-th level of the tree, Ln.

An automorphism of the d-adic tree is a map preserving incidence between vertices. All automorphisms
of T form a group Aut T under composition, where we write fg for g ◦ f . Thus (fg)(u) = g(f (u)) for
every vertex u of T .

Let us consider the natural projection πn : Aut T −→ Aut Tn, which sends every automorphism to its
restriction to Tn. Observe that the stabilizer Stab(Ln) of the n-th level is the kernel of πn, so it is a normal
subgroup in Aut T , and we have Aut Tn

∼= Aut T/Stab(Ln).

An important observation is that every automorphism g ∈ Aut T can be fully described by saying for
each vertex u ∈ T how g permutes the d vertices hanging from u. So, there is a permutation α of X
(which clearly depends on u) such that g(ux) = g(u)α(x). We say that α is the label of g at the vertex
u, and we denote it by g(u).

Since T ∼= Tu, where Tu denotes the subtree hanging from a vertex u, we have Aut T ∼= Aut Tu. We
speak about the section of g at the vertex u and we denote it by gu, to refer to the automorphism defined
by g(uv) = g(u)gu(v) for each vertex v . Then we have the following formulas:

(f −1)u = (ff −1(u))
−1, (fg)u = fugf (u), fuv = (fu)v , (1)

and
(f g )u = (gg−1(u))

−1fg−1(u)gg−1f (u). (2)

Also, we define the homomorphism ψn : Stab(Ln) −→ Aut T × dn

· · · × Aut T which sends g ∈ Stab(Ln)
to the dn-tuple of its sections (gu1 , ... , gudn ), with ui ∈ Ln. In the same way, for the stabilizer Stab(u) of
the vertex u, we have a homomorphism denoted by ψu which sends g ∈ Stab(u) to gu.

Sometimes it is useful to think of Aut T as a semidirect product.

Proposition 2.1. Let T be the d-adic tree and let us consider the following subgroup for each n ∈ N:

Hn = {h ∈ Aut T | hu = 1 ∀u ∈ Ln}.

Then, we have Aut T = Hn n Stab(Ln).
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Observe that, for f ∈ Stab(Ln) and g = hg ′ ∈ Aut T , with h ∈ Hn and g ′ ∈ Stab(Ln), we have

(f g )u = (fh−1(u))
gu = (fh−1(u))

g ′u for all u ∈ Ln. (3)

Let now G ≤ Aut T . Then we can consider the stabilizers in G of each vertex, StabG (u) = Stab(u)∩G ,
and the level stabilizers StabG (Ln) = ∩u∈Ln StabG (u) = Stab(Ln) ∩ G . So we have the restrictions of ψn

and ψu to StabG (Ln) and StabG (u), respectively. Since we are interested in those groups for which the

images under ψu and ψn are in G and G × dn

· · · × G , we give the following definition.

Definition 2.2. We say that a group G ≤ Aut T is self-similar if for each element of G its sections are
also elements of G ; in other words, if

{gu | g ∈ G , u ∈ T} ⊆ G . (4)

It is easy to prove by induction on the length of a vertex, and using the first two formulae in (1), that
if (4) is satisfied by the vertices of the first level then the group is self-similar (see [10, Prop. 3.1]).

Lemma 2.3. A group G = 〈S〉 ≤ Aut T is self-similar if and only if sx ∈ G for each s ∈ S and x ∈ X .

Observe that, even if in the case of the whole group of automorphisms Aut T the homomorphisms ψn

and ψu are surjective, this might not be true in general. According to this, we have the following definitions.

Definition 2.4. Let G ≤ Aut T be a self-similar group. Then,

(i) we say that G is fractal if ψu(StabG (u)) = G for each vertex u ∈ T ;

(ii) we say that G is strongly fractal if ψx(StabG (L1)) = G for each x ∈ X ;

(iii) we say that G is super strongly fractal if ψu(StabG (Ln)) = G for each u ∈ Ln and each n ∈ N.

Notice that the definition of being super strongly fractal does not imply that ψn is surjective from G

to G × dn

· · · × G , but only that ψn(StabG (Ln)) is a subdirect product in G × dn

· · · × G . The same remark
applies to strongly fractal groups with n = 1.

There is a special case in which the first two definitions are equivalent.

Lemma 2.5. Let G ≤ Aut T and consider a d-cycle σ ∈ SX . If for each g ∈ G we have g(∅) = σk for
some k ∈ N and G is fractal, then G is strongly fractal.

Proof. Let g ∈ StabG (x) for x ∈ X . Then σk(x) = x which only happens if k ≡ 0 (mod d). This implies
that g ∈ StabG (L1) so, StabG (x) = StabG (L1) and we are done.

Observe that for d = 2 the label at the root must be 1 or (1 2) so, according to the previous lemma,
in this case being fractal and being strongly fractal are equivalent.

This can be generalised, to obtain another important corollary that follows from the previous lemma in
the case d = p, where p is a prime. If we consider T to be the p-adic tree, Aut T is a profinite group which
has a standard Sylow pro-p subgroup consisting of automorphisms which have powers of a fixed p-cycle
as a label in every vertex. Then, the previous lemma shows that, for every subgroup of the Sylow pro-p
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subgroup, being fractal and strongly fractal are equivalent. For example, this happens for the GGS-groups
(for the definition see Section 4).

One of our goals is to give examples of subgroups of Aut T for d ≥ 3 which are fractal but are not
strongly fractal. We next give the definition of being level transitive, because the examples that we present
are of this type and also because in this case it is easier to check if a group is fractal or not.

Definition 2.6. Let G ≤ Aut T . We say that G is level transitive or that acts spherically transitively on
T , if it is transitive on each level.

In a similar way to Lemma 2.3, in some cases, to check whether a group is fractal it is enough to look
at the vertices on the first level (for a reference, see [9, Sect. 3]).

Lemma 2.7. If G ≤ Aut T is transitive on the first level and ψx(StabG (x)) = G for some x ∈ X , then G
is fractal and level transitive.

Since we will want to prove that a group is not strongly fractal, we are interested in identifying which
is the first level stabilizer. We present a tool that we have developed in order to do this in the following
lemma. Let us denote by ρ the homomorphism from G to Sd sending each g ∈ G to the label of g at the
root, g(∅). We use the notation 〈S〉G for the normal closure in G of the subgroup generated by the set S .

Lemma 2.8. Let G ≤ Aut T and put J = ρ(G ). Suppose that we have a presentation J = 〈Y | R〉 and
let θ : F −→ J be the epimorphism corresponding to this presentation, where F is the free group generated
by Y . If there exists a surjective homomorphism φ : F −→ G making the following diagram commutative

F G

J,

-φ

@
@
@R

θ
?

ρ

then StabG (L1) = 〈φ(R)〉G .

Proof. We know that ker θ = 〈R〉F . On the other hand, since φ is surjective, every g ∈ G can be written
as g = φ(x) for some x ∈ F , and then g ∈ ker ρ if and only if x ∈ ker(ρ ◦ φ). Consequently,

StabG (L1) = ker ρ = φ(ker(ρ ◦ φ)) = φ(ker θ) = φ(〈R〉F ) = 〈φ(R)〉G ,

which completes the proof.

Notice that the actual condition we are asking about φ is to be surjective since, by the universal property
of free groups, we are always able to construct some φ making the diagram commutative. In other words,
the point is whether for each y ∈ Y we can choose an element gy ∈ ρ−1(θ(y)), in such a way that
{gy | y ∈ Y } generates the whole group G or not.

Now, in the following lemma we present another new result, which will help us proving that the image
of a level stabilizer under ψu is strictly contained in G .

Lemma 2.9. Let G ≤ Aut T be a self-similar group. If K = 〈S〉G ⊆ StabG (Ln) for some n ∈ N and
ψu(S) ⊆ N for each u ∈ Ln, where N E G , then ψu(K ) ⊆ N for each u ∈ Ln.
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Proof. Consider k ∈ K and let us write k = (sε11 )g1 · · · (sεrr )gr , where εi ∈ {−1, 1}, si ∈ S and gi ∈ G for
each i = 1, ... , r . Let u ∈ Ln. Since K ≤ StabG (Ln) we know that k ∈ StabG (u) and we have

ψu(k) = ψu(sg11 )ε1 · · ·ψu(sgrr )εr .

Thus, it is enough to see that ψu(sg ) ∈ N for each s ∈ S , g ∈ G . Since G ≤ Aut T and Aut T = Hn n
Stab(Ln), we write each g = ht where h ∈ Hn and t ∈ Stab(Ln). Now by (3) we have ψu(sg ) = (sh−1(u))

tu

for each u ∈ Ln, and since ψh−1(u)(S) ⊆ N and N is normal in G , it is enough to check that tu belongs

to G . We know that G is self-similar so, gv ∈ G for each v ∈ T and, in particular, for v = h−1(u). But
gh−1(u) = hh−1(u)tu = tu because h ∈ Hn, so we are done.

Now, let us introduce a stronger version of the previous lemma that will help us checking whether a
strongly fractal group is super strongly fractal or not.

Lemma 2.10. Let G be level transitive and super strongly fractal. If K = 〈S〉G ⊆ StabG (Ln) for some
n ∈ N, then ψu(K ) = 〈ψv (S) | v ∈ Ln〉G for any u ∈ Ln.

Proof. Let us denote N = 〈ψv (S) | v ∈ Ln〉G . Since ψu(S) ⊆ N for every u ∈ Ln, which is a normal
subgroup, the inclusion ψu(K ) ⊆ N follows from the previous lemma.

Now, let g = (ψu1(s1)ε1)g1 · · · (ψur (sr )εr )gr ∈ N. Since G is level transitive for every ui ∈ {u1, ... , ur},
there is some fi ∈ G such that fi (ui ) = u. Then, by (3),

ψu(s fii )((fi )ui )
−1

= ψui (si ).

Then we can write g = (ψu(s f11 )ε1)g
′
1 · · · (ψu(s frr )εr )g

′
r , where g ′i = ((fi )ui )

−1gi ∈ G . From the fact that G is
super strongly fractal, we know that there are some hi ∈ StabG (Ln) such that ψu(hi ) = g ′i for i = 1, ... , r .
Since

g = (ψu(s f11 )ε1)g
′
1 · · · (ψu(s frr )εr )g

′
r = (ψu(s f11 )ε1)ψu(h1) · · · (ψu(s frr )εr )ψu(hr )

= ψu((sε11 )f1h1 · · · (sεrr )frhr ) ∈ ψu(K ),

we are done.

In particular, we have the following result when the group is strongly fractal.

Corollary 2.11. Let G be a strongly fractal group acting transitively on the first level. If K = 〈S〉G and
K ⊆ StabG (L1) then ψx(K ) = 〈ψy (S) | y ∈ X 〉G for any x ∈ X .

Finally, let us introduce another lemma that will help us proving that a group is super strongly fractal.
This lemma tells us that in some cases, it suffices to check whether in each level stabilizer there are elements
whose sections at vertices on this level generate the whole group.

Lemma 2.12. Let G ≤ Aut T be a self-similar group such that there is a rooted automorphism a ∈ G ,
with a(∅) being a d-cycle. If for each n ∈ N we have 〈ψun(StabG (Ln)) | un ∈ Ln〉 = G , then G is super
strongly fractal.
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Proof. The proof works by induction on the length of the vertices. Let x ∈ X and g ∈ G . We know
that there are some y1, ... , yr ∈ X such that g = ψy1(g1)ε1 · · ·ψyr (gr )εr , where gi ∈ StabG (L1) and
εi ∈ {1,−1}. Then for each i = 1, ... , r we have aji (yi ) = x for some ji ∈ {0, ... , d − 1}. Then,

considering gaji
i , we get an element on the first level stabilizer such that (gaji

i )x = (gi )yi . Then the element

h = (gaj1
1 )ε1 · · · (gajr

r )εr ∈ StabG (L1) satisfies hx = g so, ψx(StabG (L1)) = G .

Now let us suppose that we know the result for length n − 1 and let us see it for n. Let v = x1 · · · xn
and g ∈ G . By assumption, we know that g = ψw1(g1)ε1 · · ·ψwr (gr )εr where wi ∈ Ln, gi ∈ StabG (Ln) and
εi ∈ {1,−1} for each i = 1, ... , r . It suffices to show that for i = 1, ... , r there is some hi ∈ StabG (Ln)
such that (hi )v = (gi )wi , because then h = hε11 · · · hεrr ∈ StabG (Ln) and hv = g , as desired.

Let w be an arbitrary vertex in Ln. Then w = y1 · · · yn with yi ∈ X . For each k = 1, ... , n there is
some jk = 0, ... , d − 1 such that ajk (yk) = xk . By the inductive assumption, a ∈ ψu(StabG (Lk)) for every
u ∈ Lk , with k = 1, ... , n − 1. Thus, for each k = 1, ... , n − 1 there is some fk ∈ StabG (Lk) such that
(fk)y1...yk = ajk+1 . Then, if we consider the element f = aj1f1 · · · fn−1, which belongs to Hn, we obtain that
f (w) = v . Thus, in particular for each i = 1, ... , r , there is some ti ∈ Hn such that ti (wi ) = v . Then
hi = g ti

i ∈ StabG (Ln) and, by (3), (hi )v = (gi )t−1
i (v) = (gi )wi .

Remark 2.13. In particular, in the conditions of the previous lemma, it is enough for a group G to be super
strongly fractal having one vertex un ∈ Ln such that ψun(StabG (Ln)) = G for each n ∈ N.

3. Fractal groups which are not strongly fractal

In this section we present an example for each d ≥ 3 which is fractal but not strongly fractal. Even more,
that example is a group acting spherically transitively on T . We denote by x1, ... , xd the elements of X ,
namely, the vertices of the first level.

The example that we consider is a subgroup of the Hanoi Towers group, which is defined as follows for
each d ≥ 3. For 1 ≤ i < j ≤ d , we define the element aij which has the permutation (xi xj) at the root
and, for each vertex on the first level,

(aij)xk =

{
1 if k = i , j ,

aij otherwise.

The Hanoi Towers group is H = 〈aij | 1 ≤ i < j ≤ d〉. Although H is strongly fractal (see [10,
pag. 13]), we are going to show that it has a subgroup which is fractal but not strongly fractal.

Consider the subgroup G = 〈ai ,i+1 | i = 1, ... , d − 1〉 ≤ H. To simplify the notation, we write
bi = ai ,i+1. As a consequence of Lemma 2.3, it is clear that G is self-similar, since (bj)xi ∈ G for each
j = 1, ... , d − 1 and i = 1, ... , d . Let us see that G is fractal. First observe that, since the element
bd−1bd−2 · · · b1 has label (x1x2 · · · xd) at the root, G is transitive on the first level so, by Lemma 2.7, it is
enough to show that ψx1(StabG (x1)) = G .

It then suffices to check that each bi ∈ ψx1(StabG (x1)). Since bi ∈ StabG (x1) for i 6= 1 and in this
case ψx1(bi ) = bi , it only remains to check that b1 ∈ ψx1(StabG (x1)). To show this, consider the element
bb2b1
1 . First of all observe that (bb2b1

1 )(∅) = (x1x2)(x1x2x3) = (x2x3) so, bb2b1
1 belongs to StabG (x1). On the
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other hand, using (2) we have

(bb2b1
1 )x1 = ((b2b1)(b2b1)−1(x1))

−1(b1)(b2b1)−1(x1)(b2b1)(b2b1)−1b1(x1) = ((b2b1)x3)−1(b1)x3(b2b1)x3

= ((b2)x3(b1)x2)−1b1(b2)x3(b1)x2 = b1.

We obtain that ψx1(bb2b1
1 ) = b1. Thus, we conclude that ψx1(StabG (x1)) = G as desired.

Let us now calculate StabG (L1). We have ρ(G ) = 〈ρ(bi ) | i = 1, ... , d − 1〉 = Sd . We know that a
presentation of the group Sd can be obtained by considering {τi = (i i + 1)}i=1,...,d−1 as generators, and
taking the relations:

τ2i = 1, i = 1, ... , d − 1,

τiτj = τjτi , |i − j | > 1,

(τiτi+1)3 = 1, i = 1, ... , d − 2.

In order to apply Lemma 2.8, let F be the free group generated by {τ1, ... , τd−1} and θ : F −→ Sd

the epimorphism corresponding to the presentation above. Thus ker θ = 〈τ2i , [τi , τj ], (τiτi+1)3 | i , j =
1, ... , d − 1, |i − j | > 1〉F . For each i = 1, ... , d − 1 we have bi ∈ ρ−1(θ(τi )) and the bi generate the whole
group G . We can define φ : F −→ G by sending τi to bi for each i = 1, ... , d − 1. Then φ is a surjective
homomorphism that makes the diagram commutative. Now, applying the lemma, if

S = {{b2
i }i=1,...,d−1, {(bibi+1)3}i=1,...,d−2, {[bi , bj ]}|i−j |>1},

then we obtain that StabG (L1) = 〈S〉G .

To conclude, let us see that ψxk (StabG (L1)) 6= G for some k = 1, ... , d . In fact we will see that this
happens for any k ∈ {1, ... , d}. One can check that

(b2
i )xk =

{
b2
i if k 6= i , i + 1,

1 if k = i , i + 1,

((bibi+1)3)xk =


(bibi+1)3 if k 6= i , i + 1, i + 2,

bibi+1 if k = i ,

bi+1bi if k = i + 1,

bibi+1 if k = i + 2,

and, for |i − j | > 1,

([bi , bj ])xk =

{
[bi , bj ] if k 6= i , i + 1, j , j + 1,

1 otherwise.

To see the importance of the condition |i − j | > 1 in the last case, let us calculate, for example, [bi , bj ]xi :

[bi , bj ]xi = (b−1i b
bj
i )xi = (b−1i )xi (b

bj
i )xi+1 = ((bj)b−1

j (xi+1)
)−1(bi )b−1

j (xi+1)
(bj)b−1

j bi (xi+1)

= ((bj)xi+1)−1(bi )xi+1(bj)xi = b−1j bj = 1.

Here, it is important that bj does not move xi and xi+1, which happens since |i − j | > 1. On the other
hand, observe that b2

i and [bi , bj ] when |i − j | > 1 are the identity automorphism, because they belong to
the first level stabilizer and the sections at the first level are just themselves or the identity.
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If σ : Sd −→ {1,−1} is the homomorphism sending each permutation to its signature, observe that
for any s ∈ S and k = 1, ... , d we have σ(ψxk (s)(∅)) = 1 because ψxk (s) is always a product of an even

number of bi . Then, if we consider N = 〈ψxk (S) | k = 1, ... , d〉G we still have that σ(n(∅)) = 1 for any
n ∈ N.

Now, we have StabG (L1) = 〈S〉G and ψxk (S) ⊆ N, where N is normal in G . So, by Lemma 2.9, we
conclude that ψxk (StabG (L1)) ⊆ N. But N cannot be the whole group G because each n ∈ N has an even
permutation at the root and, consequently, bi /∈ N for each i = 1, ... , d − 1. In other words, ρ(N) ⊆ Ad

while ρ(G ) = Sd , so N 6= G .

4. Strongly fractal groups which are not super
strongly fractal

In order to see an example of a group which is strongly fractal but not super strongly fractal, we have to
introduce the GGS-groups. These groups are subgroups of Aut T where T is the d-adic tree for d ≥ 2.

Definition 4.1. Let us consider the rooted automorphism corresponding to (1 ... d) and denote it by
a. Given a non-zero vector e = (e1, ..., ed−1) ∈ (Z/dZ)d−1, we define an automorphism b ∈ Stab(L1)
by means of ψ(b) = (ae1 , ... , aed−1 , b). Then, a GGS-group is the group G generated by these two
automorphisms a and b.

From now on we consider d = p where p is a prime. First of all, let us see that every GGS-group is
strongly fractal. For these groups StabG (L1) = 〈b〉G = 〈b, ba, ... , bap−1〉. To simplify notation, we write

bi = bai .

Lemma 4.2. Let G be a GGS-group. Then G is strongly fractal.

Proof. Let us see that G is fractal. Since G is in the Sylow pro-p subgroup of Aut T corresponding
to the cycle (1 ... p), this is enough to show that G is strongly fractal because of the discussion after
Lemma 2.5. Since 〈a〉 acts transitively on the first level, according to Lemma 2.7 it suffices to show that
ψx(StabG (x)) = G for some x in the first level. Observe that conjugating b by powers of a permutes the
sections of b at the first level. In other words,

ψ(bi ) = (aep−i+1 , ... , aep−1 , b, ae1 , ... , aep−i ).

Then, since e is non-zero, there is some ep−i+1 6= 0 and since b1, bi ∈ StabG (x1) we obtain that
ψx1(StabG (x1)) ≥ 〈b, aep−i+1〉 = G . We conclude that G is strongly fractal.

Let us consider a GGS-group with constant defining vector. By replacing b with a suitable power of b,
we may assume that e = (1, ... , 1).

Proposition 4.3. Let G be a GGS-group with constant defining vector. Then G is strongly fractal but not
super strongly fractal.
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Proof. By the previous lemma it is enough to show that G is not super strongly fractal. In [7, Thm. 2.4]
it is shown that |G : StabG (L2)| = pt+1, where t is the rank of the circulant matrix whose first row
is (1, ... , 1, 0). In this case the rank is p. It is also proved in [7, Thm. 2.14] that |G : StabG (L1)′| =
pp+1. The mentioned paper is written for p an odd prime, but these two results are also true for p =
2. Since StabG (L1)/ StabG (L2) is abelian we know that StabG (L1)′ ⊆ StabG (L2), so we conclude that
StabG (L2) = StabG (L1)′. Now StabG (L1)′ = 〈[bi , bj ] | i , j = 1, ... , p〉G . Observe that ψ([bi , bj ]) =
(1, ... , 1, [a, b]

j
, 1, ... 1, [b, a]

i
, 1 ... , 1). By Corollary 2.11, we conclude that

ψx1(StabG (L2)) = ψx1(StabG (L1)′) = 〈[a, b], [b, a]〉G = G ′.

Now again, ψ([a, b]) = ψ(b−11 b) = (b−1a, 1, ... , 1, a−1b). By the same argument as before, we have

ψx1(G ′) = ψx1(〈[a, b]〉G ) = 〈b−1a〉G .

But then, for the vertex u = x1x1 ∈ L2, we have that ψu(StabG (L2)) = 〈b−1a〉G . It is not hard to see that
G/G ′ ∼= Cp×Cp (see [7, Thm. 2.1]). Since the image of 〈ba−1〉G in G/G ′ is cyclic, we have 〈ba−1〉G 6= G ,
and G is not super strongly fractal.

5. Groups which are super strongly fractal

In the same family of GGS-groups, we have examples of groups which are super strongly fractal. More
specifically, the GGS-groups which are periodic (or, equivalently, those having defining vector e such that
e1 + · · ·+ ep−1 ≡ 0 (mod p), see [12, Thm. 1]) are examples of super strongly fractal groups.

Proposition 5.1. Let G be a GGS-group with defining vector e = (e1, ... , ep−1) such that e1+· · ·+ep−1 ≡ 0
(mod p). Then G is super strongly fractal.

Proof. By [7, Lem. 3.3] we know that, for n ≥ 3, ψ(StabG (Ln)) = StabG (Ln−1)×
p
· · ·×StabG (Ln−1). Since

we also know that ψx(StabG (L1)) = G for every x ∈ X , it only remains to show that ψx(StabG (L2)) =
StabG (L1) for each x ∈ X . Since G contains the rooted automorphism a, by Remark 2.13, it is enough to
check the condition in one vertex.

Let us consider the element g = b1b2 · · · bp−1b. We have

ψ(g) = (bae1+···+ep−1 , ae1+···+ep−1be2+···+ep−1 , ae1+···+ep−1be3+···+ep−1 , ... , ae1+···+ep−1b)

= (b, be2+···+ep−1 , be3+···+ep−1 , ... , b)

so, we conclude that g ∈ StabG (L2). On the other hand, since G is strongly fractal by Corollary 2.11,
we have ψx1(StabG (L2)) ≥ ψx1(〈g〉G ) = 〈b, be2+···+ep−1 , be3+···+ep−1 , ... , b〉G = StabG (L1), and we have
finished.

In [9, pag. 85], it is said that being strongly fractal implies being super strongly fractal, and also that
the first Grigorchuk group is an example of this. It is true that the first Grigorchuk group is super strongly
fractal, but it is not a direct consequence of being strongly fractal. The proof of this is similar to the
previous example.
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Definition 5.2. Let T be the 2-adic tree. The first Grigorchuk group, denoted by G, is the group generated
by the automorphisms a, b, c , d defined as:

a(∅) = (12), ψ(a) = (1, 1),

b, c , d ∈ Stab(L1), ψ(b) = (a, c), ψ(c) = (a, d), ψ(d) = (1, b).

Proposition 5.3. The group G is super strongly fractal.

Proof. In [1, Thm. 4.3] it is shown that ψ(StabG(Ln)) = StabG(Ln−1) × StabG(Ln−1), for n ≥ 4. Since
a ∈ G , by Lemma 2.12 it suffices to show that 〈ψun(StabG(Ln)) | un ∈ Ln〉 = G when n = 1, 2, 3.

For n = 1 this follows directly from the definition of the elements b, c , d . To see the cases n = 2 and
n = 3, it is easy to calculate and check that d , (ab)4, (ac)4 ∈ StabG(L2) and that

ψx2x1(d) = a,

ψx2x2(d) = c ,

ψx2x2((ab)4) = ad ,

ψx2x2((ac)4) = b.

To conclude, the element g = (ab)4(adabac)2 belongs to StabG(L3) and

ψx1x2x1(g) = d ,

ψx1x2x2(g) = ba,

ψx2x2x1(g) = a,

ψx2x2x2(g) = c .

This proves that G is super strongly fractal.
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