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TRANSPORTING COHOMOLOGY IN LAZARD
CORRESPONDENCE

OIHANA GARATALDE OCANA AND JON GONZALEZ-SANCHEZ

ABSTRACT. Lazard correspondence provides an isomorphism of categories be-
tween finitely generated nilpotent pro-p groups of nilpotency class smaller than
p and finitely generated nilpotent Z,-Lie algebras of nilpotency class smaller
than p. Denote by HET and Hzie the group cohomology functors and the Lie
cohomology functors, respectively. The aim of this paper is to show that for
i =0, 1 and 2, and for a given category of modules the cohomology functors
HéT o exp and Hiie are naturally equivalent. A similar result is proved for
i = 3 with the relative cohomology groups.

1. INTRODUCTION

Throughout the text let p denote a fixed prime and Z,, the p-adic integers. In his
work of 1954 M. Lazard established an isomorphism of categories between finitely
generated nilpotent pro-p groups of nilpotency class smaller than p and finitely gen-
erated nilpotent Z,-Lie algebras of nilpotency class smaller than p (see [11]). This
well-known result of Lazard has had strong influence in the study of finite p-groups.
For example, classifying “small” finite p-groups is equivalent to classifying “small”
nilpotent Z,-Lie algebras which turned out to be fundamental in the classification
of “small” finite p-groups (see [12]). This isomorphism of categories is given by the
exponential and logarithm functors. In the context of complex representations, the
orbit method of A. Kirillov can be applied to nilpotent pro-p groups of nilpotency
class smaller than p. This method establishes a bijection between the complex ir-
reducible representations of the group and the orbits of the coadjoint action of the
group in the dual space of its Lie algebra (see [9] and [6]).

If G is a finite p-group and K is a field of characteristic p, there is only one
irreducible representation over K, the trivial one. Therefore, irreducible represen-
tations over K do not give information about the group. However, the homology
and cohomology groups provide more information about the group and about the
modules. For example, if G is a finite p-group and F,, denotes the trivial module,
H'(G,F,) gives the minimal number of generators of G and H?(G,F,) the minimal
number of relations.

In a recent paper of B. Eick, M. Horn and S. Zandi it has been proved that if
G is finite p-group of nilpotency class smaller than p — 1 and L is its Lie algebra
then, the Schur multiplier of G and L are isomorphic (see [4]). Note that the
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Schur multipliers of G and L are given by the cohomology groups H?(G, Cpe) and
H?(L,Cpe), respectively.

The aim of this text is to study cohomology groups of small dimensions in the
context of the Lazard correspondence. In order to do it we will introduce certain
categories of modules over groups Tplgf (see Section 3) and certain categories of
modules over Lie algebras Tpli’fe (see Section 4). In these categories ¢ denotes the
nilpotency class of the group or of the Lie algebra while d denotes the length action
of the group or of the Lie algebra over the corresponding module. In our first result
we give an isomorphism of categories using truncated exponential and logarithm
functors.

Theorem A. Let ¢ and d be smaller than p. Then,
d

T

lc,d

Exp : Tpl}], — Tplgf and Log : Tpl 194

— Tply
are isomorphisms of categories one inverse of the other.

We use this result to establish the main result of this manuscript.

Theorem B. Denote by H:, : Tpch’;je — Ab and H, : Tplgf — Ab the
natural cohomology functors. Then
(1) If c,d < p, then HY,, and HY, o Exp are naturally equivalent.
(2) Ifc<pandd<p—1, then Hi, and H%;T o Exp are naturally equivalent.
(3) If c+d < p, then H?,, and H%, o Exp are naturally equivalent.

In degree three cohomology we give a similar result but for relative cohomology
(see Proposition 15).

Theorem B.(3) provides a natural proof of the result of B. Eick, M. Horn and S.
Zandi on the Schur multipliers of the groups and the Lie algebras.

Theorem C. Let Gr,_» be the category of a finite p-group of nilpotency class
smaller than p — 1 and Lie,_o the category of finite and nilpotent Z,-Lie algebras
of nilpotency class smaller than p — 1. Denote by

Mear @ Grp_o — Ab and
Mpie : Lie,_g — Ab

the group and Lie algebra Schur Multiplier functors respectively. Then Mg, o
exp and Mp;. are naturally equivalent. In particular, for L € Lie,_o one has

Mg, (exp(L)) = Mri.(L).

The paper is divided as follows. In the second section we state the Lazard
corresponde for pro-p groups and Lie rings. In the third and fourth sections we
introduce the categories of modules Tplgf and Tplz’?e and then we recall the
definition of the cohomology groups for small dimensions. In the fifth section we
define the Exp and Log functors between the categories of modules and we prove
Theorem A. In the next section we prove Theorem B and finally, in the last section,

we prove Theorem C.

2. LAZARD CORRESPONDENCE FOR, FINITE NILPOTENT PRO-p GROUPS AND LIE
RINGS

Let X be a set and A(X) denote the Z,-algebra of non-commuting polynomials
over X. In fact, A(X) is the free associative Z,-algebra over X. Consider A, (X)
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the ideal generated by the monomials of degree p. Then A(X), = A(X)/Aqp)(X)
is the free associative Z,-algebra of nilpotency class p — 1 over X. The algebra
A(X), with the Lie bracket given by [a,b] = ab — ba with a,b € A(X), is a Z,-Lie
algebra and the Z,-Lie subalgebra L(X), generated by X is the free nilpotent Z,-
Lie algebra of nilpotency class p — 1. In A(X), we can define the exponential and
logarithm functions

1
exp(a) = yak and
k=0
p—1 a
log(1+a) = ( 1)’€+1?
k=1

and the Baker-Campbell-Hausdorff formula

H(a,b) = log(exp(a) - exp(b)).

By Lazard [11] we know that L(X), together with the multiplication coming from
the Baker-Campbell-Hausdorff formula is the free pro-p group of nilpotency class
p — 1 over X which will be denoted by F(X),. Furthermore, one can invert the
Baker-Campbell-Hausdorff formula to get the Lie algebra structure from the group
structure. Denote by

hi(a,b) = exp(log(a)+log(b)) and

ha(a,b) = exp([log(a),log(D)]).
Then L(X), is isomorphic to (F(X)p, h1,he) as Z,-Lie algebras. Moreover this
isomorphism can be extended to finitely generated nilpotent Z,-Lie algebras of

nilpotency class smaller than p and finitely generated nilpotent pro-p groups of
nilpotency class smaller than p as it is stated in the next theorem.

Theorem 1 (Lazard Correspondence). Let Gr,_1 denote the category of finitely
generated nilpotent pro-p groups of nilpotency class smaller than p and Lie,_q the
category of finitely generated nilpotent Z,-Lie algebras of nilpotency class less than
p. Then there exist isomorphisms of categories one inverse of the other

exp: Lie,_1 — Grp_q
log: Grp—1 — Lie,_1,
such that for G € Gr,—1 and L € Lie,_y the following statements hold:
(a) exp(L) = (L, H),
() 109(G) = (G 1.1,
(¢) K is a subgroup of G if and only if log(K) is a sub-Lie algebra of log(G),
(d) K is a normal subgroup of G if and only if log(K) is an ideal in log(G),
(e) Nilpotency class of G = nilpotency class of log(G),
(f) End(G) = End(log(G)). In particular, Aut(G) = Aut(log(Q)).

Proof. Compare [11] and [7] in Section 10. O

3. GROUP, MODULES AND COHOMOLOGY OF LOW DIMENSION

For a finite pro-p group G, we recall that a G-module M is a Z,-module together
with a homomorphism ¢ : G — Aut(M). We define the category Tpls, that
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takes as objects the triples (G, M, ¢) where G is a finite pro-p group, M is a Z,-
module and ¢ € Hom(G,Aut(M)), that is, M is a Z,[G]-module. Given two
objects (G1, My, ¢1) and (Ga, Ma, ¢2) in Tply,., a morphism from (G1, M7, ¢1) to
(G2, M2, ¢2) is defined by a pair («, 8) where o € Hom(G2,G1), 8 € Hom(M7, M)
and for all my, € M; and g» € G4 the following holds:

B(¢1 0 a(g2))(ma)) = ($2(92)) (B(ma)).

3.1. Defining H° in the category Tpl,. For a triple (G, M,¢) € Tplg, the
degree zero cohomology group is defined by

H%(G,M,¢) = H°(G,M) ={m € M |m-¢(g) =m, Vg € G}.

Furthermore, if one has (o, ) a morphism between two triples (G1, M7, ¢1) and
(G27 M27 (b?)a then

ﬂ : HO(Gl,Ml) Q M1 — HO(GQ,MQ) g M2

is a homomorphism of abelian groups. In fact, H°(-) defines a covariant functor
between the categories Tpl, and the category of abelian groups Ab.

3.2. Defining H'! in the category Tplg,. For a triple (G, M, ¢) € Tplg,., each
equivalence class in H'(G, M, ¢) is in correspondence with the equivalent exact
sequence of G-modules 0 — M — M — Z, — 0. That is,

{Equivalent extension of Z,[G]-modules}

HY (G, M, ¢) = .
(G, M, ) {Equivalent split extensions of Z,[G]-modules}

In order to give the additive structure over H'(G, M) one defines the sum of

any such two extensions 0 - M — Ml —Zp —+0and 0 =+ M — Mg — Zyp — 0 as
follows:

(1) 0 0
1d
M
f f1
0 M 0
lid 12 g1
0 Mo, -2z, 0
0 0 0

where M - Ml EBMQ is the pull-back of the arrows M1 — Zy and Mg — Zy. Notice
that f; and fy are defined by f1(m) = (fi(m),0) and fa(m) = (0, f2(m)). Then,
the following exact sequence is the sum of the above extensions:

Mo M

O%W%M—)ZP%O
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where A~ (M) denotes the anti-diagonal map of M and AM_QE%) is isomorphic to M.

Furthermore, given (G1, M1, ¢1) and (G2, Mz, ¢2) two objects in Tpl,, and a
morphism («, 5) € Mor((G1, M1, ¢1), (G2, Ma, ¢2)), there is an induced homomor-
phism in cohomology.

Indeed, let 0 — M; — M; — Z, — 0 be an element in H'(Gy, My, ¢;). On
the one hand, it is easy to see that this short exact sequence of Gj-modules can
be seen as a short exact sequence of Go-modules by considering the action of Gy
over such modules given by the homomorphism ¢; o @. On the other hand, given
B : My — Ms consider the following diagram constructed by taking the push-out
of the arrows M; — M; and M; — Ms:

(2) 0 My M 217, 0
LB lB lzd
0 M, My, —2>17, 0

The homomorphism 6 : My — Z, is given by 6(a,b) = ji(a). In this way, the
second row is an element in H'(Gy, Ma, ¢).
In fact one has that H!(-) is a covariant functor between Tpl, and Ab.

3.3. Defining H? in the category Tpl,,. Each equivalence class of H2(G, M)
classifies the equivalent extensions (see [2, Chapt IV]) of G by M which consider
the extensions of the form 1 - M — G — G — 1, that is,

H2(G, M) = {Equivalent extensions of G by M}
"7 {Equivalent split extensions of G by M}’

By extensions of G by M, we mean the above extensions that give rise to the
given action of G on M. The additive structure over H?(G,M) is given by the
Baer sum [1]. Namely, for two extensions of G by M,

1 M-l ag 2. a 1

and

the Baer sum is defined as follows. Consider the next diagram
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(3) | |
id

M——M

f1 f1
1 M-t q 1

id ig g1
1 MG, q 1

1 1

where H C él X éz is the pull-back of the arrows él — G and ég — (. Now take

H
{(f1(m),1) = (1, fo(m)) | m € M}

Then, the Baer sum is the following extension:

é:

R | S A e S

where f(m) = (fi(m),1) = (1, fa(m)) and §(a,b) = gi(a) = ga(b).

Consider (G1, My, ¢1) and (Ga, Mz, ¢2) two objects in Tply, and (o, ) €
Mor((G1, M1, ¢1), (G2, M2, ¢2)). The induced homomorphism

H*(G1, My, ¢1) — H?*(Ga, Mo, ¢o)

is defined as follows: take a class in H2(G4, M1, ¢1), that is, an extension,

1> M =G — G —1,

and consider the following diagram:

i1

(4) 1 M, G G1 1
W &T QT
H-—"sGy——>1
where

H ={(g1,92) € G1 x G2|m(a(g1, 92)) = a1 (1, 92))}
is the pull-back of the arrows G; — G4 and Gy — G; and i1 : My — H is defined
by i1(m1) = (i1(m1),1). It can be shown that in fact, 1 — M; — H — Gy — 1 is
an exact sequence.

Similarly, construct the following diagram using the homomorphism 5 : M; —
MQI
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where )
~ My ® H

{(B(m1), —i1(m1))|m; € My}

is the push-out of the arrows M; — My and M; — H and my((ma, h)) = 71 (h). It
follows that

I%MgﬁégﬁGgﬁl

is a short exact sequence. This construction defines a homomorphism between
H?(Gy, My, ¢1) and H?(Ga, Ma, ¢2). In fact this defines a covariant functor H?(-)
between Tpl,, and Ab.

3.4. Defining H? in the category Tpl,. It is well-known that each class in the
cohomology group H?3(G; M) is in correspondence with a short exact sequence of
the following form [2],

0 M H H G 1

where 0 - M — H; - H; - G — 1and 0 - M — Hy — Hy — G — 1 are
equivalent if there exist f; and fs that make the following diagram commute:

(6) 0 M H, H, G 1
lid lfl lfz lid
0 M H, H, G 1

Constructing this short exact sequence is equivalent to saying that there is a
crossed module f: H — H, that is, f is a homomorphism of groups together with
an action of H over H denoted by n : H — Aut(H) such that for hg, hs € H and
hi € ﬁ

(i) f(ha-ha) = hi.f(h).hy" =" f(ho)
(ii) f(ho).hg = ho.hz.hy' =" hs.

Notice that in such a short exact sequence we are only able to control two out of
four terms, namely, the nilpotency class of G and the action length of M (see 3.5).
The challenge is to keep the rest of the groups in our category of triples so that we
can apply the correspondence of Lazard.

Our first approach, however, will be the following. Fix a surjective homomor-
phism of groups a : G; — G5 and a Ga-module M. Then, we consider all the
crossed modules p : G — G that have M as the kernel of ;1 and « as the cokernel.
We say that two crossed moduless 4 : G — G7 and p' : G’ — G are equivalent if
there exists an isomorphism f : G — G’ such that it is compatible with the actions
of Gy over G and G/, p/ o f = p and fypr = idys. That is, the following commutes:
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(7) 0 M ¢—t=a Gy 1
iid lf lid iid
0 M ¢ Lt Go 1.

Denote by CMG(G2,G1; M) the group of equivalence classes of all the crossed
modules p : G — G with kernel M and cokernel a : G; — G5. Then, there is a
one to one correspondence between CMG(G4, G, M) and the relative cohomology
group H3(Gy, Gy1; M). Observe that in this case, we control three out of four terms
in the short exact sequence and thus, it will be easier to establish the necessary
conditions to keep the reminding group in the category of modules so that we can
apply the Lazard correspondence as mentioned before.

Remark 2. The relative cohomology comes from the cochain complex C* (G, G1; M)
that fits in the following short exact sequence:

0— C*(Go; M) — C*(G; M) = C*(Ge,G1; M) — 0.

In order to give group structure to these crossed modules one needs to define an
addition of such short exact sequences. As in the previous section, this is given by
the Baer sum. Given two short exact sequences

0—-M—-G—G -Gy —1

and
0->M-—->G -G, —Gy—1

the Baer sum is described as follows:

(8) 0
.f2‘" f2
B *‘%) A —
A4 p2 T2
l]ﬁ 1 k2
o psa-"sq 1
P1 ™1 ho
0 M-l Mg Mg, 1
1 1

where A is the pull-back of hy and ho; A’ is the pull-back of my and ko; B is
the pull-back of m; and k1 and B’ is the pull-back of 71 and ps containing 6-tuples
(9,91,92,93, 94,9 ) € GXxG1 x Gy X Gy X Gy x G such that pa(g, 91, 92) = (91,92) =
(93,94) = 71(93,94,9")-
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Take
- B’

B =
{(fi(m),1,1,1,1,1) = (1,1,1, 1,1, fa(m))|m € M}
and then the Baer sum is defined naturally by the next short exact sequence:

0 Mt Pg Mg, 0

where f-(m) = (fl(m)v]-v]-ala]-v]-) = (1717131a17f2(m))7 ];1(91792793794,95796) =
a1 and hl = hl.

3.5. The subcategory Tplgf. Let (G, M, ¢) be a triple in Tpls,. Let ¢ denote
the nilpotency class of G and let d denote the length of the action as follows:
Let Mg = [M—MG] where
[M,G] = Span{m —gm | g € G,m € M}

and [M,;G] = [[M, ;—1G], G| for all i € N. Notice that

M 2[M,G]2[M,5G] 22 [M, iG] 2 -
Then, the smallest d € N for which [M, 4G] = 1 holds is called the length of the
action of G on M.
We say that a triple (G, M, ¢) is contained in the subcategory Tplgf of Tplg,
if the nilpotency class of G is at most ¢ and the length of the action of G on M is
at most d.

4. LIE ALGEBRAS, MODULES AND COHOMOLOGY OF LOW DIMENSION

Given a Lie ring L, we recall that an L-module M is a Z,-module together with
a homomorphism of Lie algebras ¢ : L — End(M). We define the category Tpl;,,
which takes as objects the triples (L, M, ) where L is a Lie ring, M is a Z,-module
and ¢ € Hom(L,End(M)). For any two objects (L1, M1,v¢1) and (Lo, Ma,1¢5) in
Tpl;,., a morphism from (L, My,¢1) to (L2, Ma, 1)) is given by a pair («, )
where o € Hom(Lo, L), 8 € Hom(M;, Ms) and for all as € Lo and my € M, the
following holds:

B((¢1 o alaz))(m1)) = (Pa(az))(B(m1)).

4.1. Definition of H” in the category Tpl;,.. As in the previous section, given
atriple (L, M, %) in Obj(Tpl;,.), one can define the cohomology group H°(L, M, )
as the module of invariant elements of M under the L-action. That is,

H(L,M,+) = H*(L,M) = M* = {m € M | ¢(a) -m =0, Ya € L}

Furthermore, if one has (¢, 8) a morphism between two triples (L1, Mi, 1) and
(L23 MZ» ¢2)7 then
B H(Ly, M) C My — H°(Lo, My) C M,

is a homomorphism of abelian groups. In fact, H°(-) defines a covariant functor
between the category Tpl;,. and the category of abelian groups Ab.
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4.2. Defining H' in the category Tpl;, .. Given a triple (L, M,v) € Tpl,,,,
each equivalence class in H(L, M, ) is in correspondence with the equivalent exact
sequence of L-modules 0 = M — M — Z, — 0. That is,

{Equivalent extensions of L-modules}

HY (L, M, ) = .
(L, M. 9) {Equivalent split extensions of L-modules}

The additive structure of H*(L, M,) is defined as in the diagram (1). In fact
one has that H'(-) is a covariant functor between Tpl;,, and Ab.

4.3. Definition of H? in the category Tpl;,.. Each equivalence class of H%(L, M)
classifies the equivalent extensions of L by M by considering the extensions of the
form 0 - M — L — L — 0 [3].That is,

{Equivalent extensions of L by M}

H*(L,M) = .
(L, M) {Equivalent split extensions of L. by M}

As for the extensions of groups, the sum of extensions of Lie algebras is given by

the Baer sum in diagram (3). In fact, H?(-) is a covariant functor between Tpl;,,
and Ab.

4.4. Defining H? in the category Tpl,,,. .
As in Section 3.4, each class in the cohomology group H3(L; M) is in correspon-
dence with a short exact sequence of the following form

0-M-—-g—-g—L—>0

under the equivalence class defined as in diagram (6). Constructing this short exact
sequence is equivalent to saying that there is a crossed module f : g — g, that is,
f is a homomorphism of Lie algebras together with an action of g over g denoted
by 1 : g§ — Der(g) such that for g1,90 € gand g € g

(i) f(n(g)-91) = [g, f(g1)]
(i) n(f(91))-92 = g1, 92].

Notice that in such a short exact sequence we are only able to control two out
of four terms, namely, the nilpotency class of L and the length action on M. The
challenge is to keep the rest of the Lie algebras in our category of triples so that
we can apply the correspondence of Lazard.

Our first approach, however, will be as in the case for the groups. Fix a surjective
homomorphism of Lie algebras . : L1 — Lo and a Lo-module M. Then, we consider
all the crossed modules p : L — L; that have M as the kernel of p and « as the
cokernel. We say that two crossed homomorphisms p: L — Ly and p/ : L' — Ly
are equivalent if there exists an isomorphism f : L — L’ such that it is compatible
with the actions of Ly over L and L', /o f = p and fp = idy. That is, the following
diagram commutes:

m

(9) 0 M L L, Ly 0
lid J{f lid \Lid
0 M e Lo 0.

Denote by CML(Lsg, L1; M) the group of the equivalence classes of all the crossed
modules p : L — L; with kernel M and cokernel o : Ly — Lo. Then, there is a
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one to one correspondence between CML(Lo, L1, M) and the relative cohomology
group H3(Ly, L1; M) as it is proven in the Appendix A of [10]. In this way, we
control three terms out of four terms in the short exact sequence as before.

Remark 3. As in the case of the cohomology of groups, the relative cohomology
goup H*(La, L1; M) comes from the cochain complex C*(La, L1; M) that fits in the
following exact sequence:

0— C*(Lg, M) — C*(L1,M) = C* (Lo, L1; M) — 0.
The Baer sum of such two extensions is defined as in diagram (8).

4.5. The subcategory Tpli’fle. Let (L, M, ) be a triple in Tpl;,.. Let ¢ denote
the nilpotency class of L and let d denote the length action defined as follows:

Let My, = % where

[M,L] = Span{am | a € Lym € M}
and [M, ;L] = [[M, ;—1L], L]. Notice that

M2[M, L2 [M, L] 2 2[M,;L] 2
Then, the smallest d € N for which [M, 4L] = 0 is called the length action of L
on M.

We say that a triple (L, M, ) is contained in the subcategory Tpl} LLe of Tpl;,,
if the nilpotency class of L is at most ¢ and the length action of L on M is at most
d.

5. Exp AND Log FOR TRIPLES
We define the exponential and logarithm maps for the objects (G, M, ¢) € Tplg‘f
and (L, M,¢) € Tplz"ge for ¢,d < p as follows:
Exp: Tpl{? — Tplg?

(L, M, %) — (exp(L), M, exp(v))
and

Log : Tplg‘i — Tpchfe

(G, M, $) — (log(G), M, log(¢))

p—1 K p—1 Nk
where exp(1 Z % and log(¢) = Z(_l)kﬂw .
k=0 k=1

Similarly, one can also define Exp and Log for morphisms («,v) € Mor(Tplg(f,)
and (f,7) € Mor(Tpl7,) by Exp(5,7) = (exp(f),7) and Log(a, ) = (log(a), 7).
In the following lemmas we will show that these maps are in fact well-defined.

Lemma 4. Let (G, M, ¢) € Tplg‘: and ¢,d < p, then (log(G), M, log(¢)) € Tplz’ide.
Moreover, the following statements hold:

(1) (¢ —id)(g)? =0 for all g € G.
(2) [M,ilog(G)] C [M,;G] for all i > 1.
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Proof. We will start proving (1). Take (G, M,¢) € Tplgf. For all ¢ € G and
mi,my € M, we have

(#(g) —id)(m1 + m2) = ¢(g)(m1 + m2) — (m1 + ma)
= ¢(g)(m1) —m1 + ¢(g)(m2) — ma
= (¢(g9) —id)(m1) + (¢(g) — id)(m2).

Therefore (¢(g) — id) € End(M). Furthermore, for any G-invariant submodule U
of M one has by definition (¢(g) —id)(U) C [U, G]. In particular (¢(g) —id)¢(M) C
[M,q G] = 0 and therefore (¢(g) — id)? =0

We will continue by proving that (log(G), M,log(¢)) € Tply,.. We would
like to see that the map ¢ : G — Aut(M) given by é(g) = log(¢4(g)) is also
a homomorphism of Lie algebras so that we conclude that M is also a log(G)-
module. We claim that for g1,g, € G, we have ¢(g91 + g2) = &(g1) + ¢(g2) and

(rg([glng]) - [d)(gl)vd)( )] Indeed

B(g1 + g2) = log(d(g1 + g2)) = log(¢(h1 (g1, 92))) = log(h1(¢(g1), ¢(g2)))
= log(exp(log(¢(g1)) + log(¢(g2)))) = log(d(g1)) + log(d(g2))
= d(91) + (g2)

and

b1, 92]) = log(¢([g1, g2])) = log(d(ha(g1, g2))) = log(ha(d(g1), d(g2)))
= log(exp([log(¢(g1)), log(¢(g2))])) = [H(g1), B(g2)]

where hq(-,-) and hao(-,-) are the inverse Backer-Campbell- Hausdorff formulae.
Therefore, ¢ is a homomorphism of Lie algebras and thus, M is a log(G)-module
and (log(G), M, log(¢)) € Tply,.

For proving (2) notice that for a G-invariant submodule U of M we have that U
is also a log(G)-module. Furthermore, the action of log(G) in U/[U, G] is trivial.
Therefore [U,log(G)] C [U,G]. An induction on ¢ now shows that [M,;log(G)] C
[M,; G].

In particular, we have (log(G), M,log(¢)) € TplCLfe O

Lemma 5. Let (L,M,v) € TplClee and c¢,d < p, then (exp(L), M, exp(x))) €
Tplgi. Moreover, the following conditions hold:

(1) ¥(a)? =0 for all a € L.
(2) [M,;exp(L)] C [M, ;L] for all 1 > 1.

Proof. We will start proving (1). Take (L, M, ) € Tplee We have that 1(a) €
End(M). Furthermore, for any L-invariant submodule U of M one has ¢(a)(U) C
[U, L]. In particular (¢(a))?(M) C [M,4 L] = 0 and therefore (¢)(a))? = 0.

We will continue by proving that (exp(L), M,exp(v)) € Tply,.. We would
like to see that the map v : L — End(M) given by ¢(a) = exp(¢(a)) is also a
homomorphism of Lie algebras so that we conclude that M is also a exp(L)-module.
We claim that for a,b € L, ¥(ab) = ¢(a)(b) hold. Indeed
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Y(ab) = exp(y(ab)) = exp(¢(H (a,b))) = exp(H (¢ (a), ¥ (b)) =
— expllog(exp((a))exp(1:(1))) = exp(t(a))exp((5)) = d(a)d(b).
where H(-,-) denotes the Backer-Campbell-Hausdorff' formula. Therefore, ¥ is a
homomorphism of groups and thus, M is a exp(L)-module.

For proving (2) notice that for an L-invariant submodule U of M we have that U
is also an exp(L)-module. Furthermore, the action of exp(L) in U/[U, L] is trivial.
Therefore [U,exp(L)] C [U, L]. An induction on ¢ now shows that [M,; exp(L)] C
[M,; L].

In particular, we have (exp(L), M, exp(¢))) € Tplgf. O

Theorem 6. Let ¢ and d be smaller than p. Then,

Exp: Tpls? — Tpls? and Log: Tpls! — Tplo?

are well-defined functors. Moreover, these functors are isomorphisms of categories
one inverse of the other.

Proof. By previous lemmas Exp and Log are well-defined functors. Moreover,

(Log o Exp)(L,M,v) = Log(exp(L), M, exp(¢)))
= (log(exp(L)), M, log(exp(+)))

= (L, M,v),
and
(Exp o Log)(G,M,¢) =Exp(log(G), M, log(¢))
= (exp(log(G)), M, exp(log(¢)))
= (G, M, 9),
which completes the proof of the theorem. |

Corollary 7. Let ¢,d < p and (L, M,) € TplCL’i. Then, [M,;exp(L)] = [M, ;L]
for alli>1.

Proof. This is just a direct consequence of the Lemma 5 and Lemma 6. O

6. TRANSPORTING COHOMOLOGY

In this section we would like to show the relation between the cohomology groups
of a finite pro-p group over a module M and the cohomology groups of the corre-
sponding Lie algebra over the same module M for dimensions 0, 1, 2 and 3. In fact,
we will show that after taking the Exp and Log functors defined in the previous
section such cohomology functors are naturally equivalent.
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6.1. H° and H, for triples. We will show that both H® and Hj are the same for
a Lie algebra and its corresponding finite pro-p group.

Theorem 8. Let c,d < p and let

HY.. TplCL’fle — Ab
and

HY, : Tpls! — Ab,
be the cohomology functors. Then

HIOJie = ng © EXp

Proof. Let (L, M,®) be in Tpl? and put (G, M, ¢) = Exp(L, M,¢) € Tpl&l.
Recall that

HY,.(Log(G, M,$)) = {m € M |log(¢)(a) -m =0, forall aclog(G)}.
Similarly,

HE,.(Exp(L, M,)) = {m € M | exp(¢)(g) -m =m, forall g€ exp(L)}.
We want to see that H?, (L, M,y) = H2 (G, M, ).
Subclaim 1 : H2 (G, M, ¢) C H?, (Log(G, M, ¢)).

Subproof. Let m € HZ, (G, M, $), that is, ¢(g) - m = m for all g € G. Then,

e (0 —id)(9)

log(¢)(g) - m =Y (1)1 m =0
k=1
for all g € G. Hence, m € H?, (Log(G, M, ¢)). O

Subclaim 2 : HY, (L, M,v) C H% (Exp(L, M,1))).
Subproof. Let m € H?, (L, M,), that is, 1(a) - m = 0 for all @ € L. Then,

p—1 k
a
exp(¢)(a) -m = w(lc') -m=m
k=0
for all @ € L. Hence, m € HY, (Exp(L, M,1)). O

Since Exp and Log are isomorphisms of categories, one inverse of the other, and
by the first subclaim, we have

HgT(Exp(Lv M> '(/))) - Hgie(Log(EXp(La M7 ’L/)))) = Hgie(L7 M7 ’(/))
Now the equality of the functors is clear by Subclaim 2. (]
Theorem 9. Let c,d < p and let
HEe . Tpl? — Ab
and
HS™ : Tply! — Ab,
be the homology functors. Then
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HEe = H§™ o Exp.

Proof. Let (L, M,1)) be in Tpli’i and put (G, M, ¢) = Exp(L, M, ). Since Exp
is an isomorphism of categories between TplCL’fle and Tplgf, it is enough to prove
that Hl®(L, M, ) = H§" (Exp(L, M, 1)).

By definition H§" = Mg and H}*® = Mj where Mg = [MJ%G] and My =
%. Then, as [M, L] = [M,G] by Corollary 8, the equality Hl*(L, M, ) =
H§" (Exp(L, M, 1)) holds. O

6.2. Exp and Log for exact sequences of modules and H'. We will show
that the classes in H! remain unchanged after applying the Exp and Log functors.

Proposition 10. Let ¢,d < p and (L, My,1), (L, My, ), (L, M3, 13) € TplyL.
Then,

0 My, —% M, —2 > M, 0

is an exact sequence of L-modules if and only if

0 My — My —2 > M, 0

is an exact sequence of exp(L)-modules.

Proof. Notice that the action of L over the M; modules commutes with o and /3
and thus, by theorem 7 the same will happen with the action of exp(L) over such
modules. This fact proves the proposition. (I

Theorem 11. Let ¢ <p,d <p—1 and let

H}, :Tplyt — Ab
and

H}, : Tplg! — Ab,

be the cohomology functors. Then H:, and Hér o Exp are naturally equivalent
and the natural transformation that provides the equivalence of functors is the one
given by Proposition 11.

Proof. Take (L, M,) € Tpl%ge, and let 0 — M — M — Z, — 0 be an element in
H}, (L, M,). This means that 2 = Z,, and thus, [M, L] < M. Then, [M 441 L] =
0. That is, (L,Mﬂ;) € Tpli’fjl and Lazard correspondence holds as d < p — 1.
We have a similar argument if we start with a triple in Tplgf.

Notice that the Baer sum of an extension of G-modules is the Baer sum of the
corresponding L-module extensions which follows from the diagram (1). This shows
that Hj;. (L, M,v) = (Hg, o Exp)(L, M,1)).

Finally, given a morphism (a, ) € Mor(TplCL’fe), the morphism H} . («a,f) is
transformed into the morphism H},. o Exp(a, 3) by the diagram (2). O
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6.3. Exp and Log for group extensions and H?2. Let (G, M, ¢) € Tplgf and
consider
1-M-—->G—-G—1.

Then the nilpotency class of G is at most ¢ + d. Similarly if (L,M,v) € Tpch’ge
and

0—M-—>L—L—0
is an extension of Lie algebras, the nilpotency class of L is at most ¢ + d. The

following result is now clear from Lazard correspondence.

Proposition 12. Let c+d < p and (L, M, ) € Tpch’i. Then,

0>M-—=L—L—0

is an extension of the Lie algebra L if and only if

1— M — exp(L) = exp(L) — 1
is an extension of the group exp(L).
Now, we are ready to show the next result.
Theorem 13. Let c+d < p and let
H?, :Tpls? — Ab
and
HZ, : Tplgcrl — Ab,
be the cohomology functors. Then H%ie and HéT o Exp are naturally equivalent

and the natural transformation that provides the equivalence of functors is given by
Proposition 13.

Proof. Notice that by Proposition 13, extensions and split extensions are preserved
by the exp-log functors. By diagram (3), the Baer sum is also preserved. Finally
one can see that by diagrams (4) and (5) the morphisms are transformed. O

6.4. Exp and Log for group extensions and H3. Let (G, M, ¢) and (G2, M, ¢2)
be in Tplgi with nilpotency classes ¢ < ¢ and ¢y < c respectively and length action
d. Consider 0 - M — G; — G2 — G — 1. Then, the nilpotency class of G is at
most ¢ + d and thus, (G, M, ¢1) € TplCGz:d’d.

Similarly, if (L, M, ), (L2, M,12) € Tplz’fe with nilpotency classes ¢ < ¢ and
co < ¢, respectively, length action d and if we consider 1 - M — Ly — Ly — L —
1, then (Ly, M,¢) € TplZ2Fe.

Proposition 14. Let c+d < p, (G, M, ), (G2, M, ¢2) € Tpléi. Then,

0—-M-—-G, -G —G—1
is a crossed module for v : Go — G and a G-module M if and only if

0 — M — log(G1) — log(G3) — log(G) — 0

is a crossed module for log(v) : log(Gs) — log(G) and the log(G)-module M. In
particular

H%Gr(Gv GQ; M) = H?%Lie(log(G)’ log(GQ); M)
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Proof. Let
0 mM—1oq Gs G 1
be a crossed module with (G, M, ¢) and (G5, M, ) in Tplg‘:.
By definition, G5 acts on G; and we can consider M to be contained in Gj.
Then, the length action of G; over M is at most d as

k h

[M,iGI] S [M,iGg] for all 4 Z 1.

It is enough to show that the nilpotency class of G is at most p. Indeed, %@)

Im(k) C G2 and thus v.11(G1) C Ker(k) = M. Hence Yeya11(G1) < [M, 4G2] = 1.
By hypothesis, ¢ + d < p and thus, the Lazard correspondence holds, that is,

0 — M — log(G1) — log(G2) — log(G) — 0
is a crossed module for log(v) : log(G3) — log(G).
Similarly, one can give the same arguments starting with an extension of Lie
algebras. The last statement of the proposition follows from diagram (8). O

7. APPLICATIONS

Let G be a finite p-group and L be a Lie algebra. We have the following results
based on Theorem 14.

Theorem 15. Let Gr,_o be the category of a finite p-group of nilpotency class
smaller than p — 1 and Lie,_o the category of finite and nilpotent Z,-Lie algebras
of nilpotency class smaller than p — 1. Denote by

Mar :+ Grp_o — Ab and
MLie : Liep,2—>Ab

the group and Lie algebra Schur Multiplier functors, respectively. Then Mg, o
exp and Mpi. are naturally equivalent. In particular, for L € Lie,_5 one has

Mer(exp(L)) = Mpie(L).

Proof. Let G be a finite p-group of nilpotency class smaller than p — 1 and write
L = log(G). Observe that on the one hand HZ, (G, Cp=) = ligiHér(G, Cpi) and
H2, (L,Cpe) = ligH%ie(L,Cpi) as Cpeo = hﬂ(C’p — Cp2 — Cps...). On the
other hand, by Theorem 14 there exists an isomorphism 7, : HZ, (G,Cpi) —
H%, (L,C,:) which is given by the natural transformation between the functors
HZ,. and H?, . The isomorphism 7., = lim7; H?(G,Cpee) — H?*(L,Cpee)
defines a natural equivalence between Mg, and M. O

The exact sequences of cohomology groups give another way of computing the
cohomology of some groups. For example, the inflation-restriction-transgression
exact sequence comes from studying spectral sequences. We want to show that this
exact sequence commutes with the functors exp and log.

Consider F, with trivial group action and denote the cohomology groups by
H{,(G) and Hy, (L) for short. Let G be a finite group with nilpotency class ¢ and
N < G. We use the next characterization of H},.(-) in [5] to simplify the compu-

tations. Define H},.(G) = Hom(G,F,) and HéT(N)% = Hom(%,ﬂ*‘p). Anal-

ogously, for a Lie algebra L and a Lie ideal I one has that H}, (L) = Hom(L,F,)

L
and H}, ()T = Hom(m,ﬁ*‘p).
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Lemma 16. Let G be a finite p-group of nilpotency class smaller than p and N
a normal subgroup of G. Let L = log(G) and I = log(N) and denote by trg, :
Hér(N)% — HZ,.($) and by trp. : Hiie(Iﬁ — H?,.(%) the transgression maps.
Then the following diagram is commutative:

G trgr
(10) HE, (N)¥ =~ H2,({)
L

L tTrrie
Hl%ie(I)L = HLze(%)

where 75, and 7% are the isomorphism given by the natural equivalence of functors.
N

Proof. The transgression map trg, is defined as follows: let f € HY(N)¥ )g =
Hom(m F,) and consider M < G such that Ker(f) = NP[G w7+ Notice that

M = F, Then, the image of f is the next exact sequence in H 2( ):

1 M G G 1.

N M N
If ¢ < p—1, it is clear that the log of this exact sequence

log(N) _ log(C) _ log(C)
log(M) ~ log(M)  log(N)
is the image of f € Hl(log(N))lc’g(%) by the transgression map try. a

0— —0

A consequence of this lemma is the next result.

Proposition 17. Suppose that ¢ < p — 1. Then the following diagram commutes:
1 (G 1 1 & trar
0 ——He, (%) —= Hg, (G) — Hg, (N)W — HZ,(

l‘r l‘ré l‘r}v l‘r%
L
T

0—— Hll/ie( ) - H%/ze(L) - H}/’LE(I)% M) H%ie( ) - H%’LE(L)

ZQ
Q

=~
8

~I= 2

where L = log(G) and I = log(N) and T° are the isomorphisms given by the natural
equivalence of functors.

Proof. This is is a direct consequence of Theorem 12, Theorem 14 and Lemma
17. (]
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