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We present an alternative representation for the anisotropic Eliashberg equations of superconduc-
tivity, whose numerical solution yields an efficiency gain of several orders of magnitude with respect
to the conventional representation in momentum space. Our method is a practical realization of
a long-sought approach, whose essence is a linear transformation from regular k space to a set of
orthonormal functions defined as the solutions of the Helmholtz equation on the Fermi surface. In
this way, all the anisotropy of the problem can be described by a handful of coefficients with built-in
symmetry. We perform benchmark calculations on the gap anisotropy of MgB2, and reproduce
previous results at a remarkably reduced computational cost. Furthermore, we apply our method-
ology to efficiently determine the transition temperature of the compressed YH6 hydride, obtaining
very good agreement with recent experimental measurements. The simplification introduced by our
method enables the high-throughput exploration of superconducting materials without having to
resort to the isotropic approximation, and opens up possibilities towards first principles calculations
of more advanced theories of superconductivity.

The microscopic theory of superconductivity put for-
ward by Bardeen, Cooper and Schrieffer [1] stands for one
of the greatest achievements of condensed matter theory,
as it provided the first quantitative explanation of the dif-
ferent experimental signatures of superconductivity avail-
able at the time. The frequency-dependence of the su-
perconducting gap found soon after in strong-coupling
superconductors [2], was successfully rationalized by the
extension of the theory developed by Eliashberg [3, 4],
which accounted for retardation effects in the electron-
phonon interaction. The discovery of superconductivity
in MgB2 at 39 K [5] and its multiple-gap structure [6–
9] challenged the theory once again, as it added another
crucial aspect to consider: the anisotropy of the electron-
phonon interaction [10]. The development of numerical
methods to compute electron-phonon interactions from
first principles has witnessed an enormous progress there-
after [11], and a detailed theoretical account of experi-
mentally measured anisotropic superconducting proper-
ties is possible nowadays [12–15].

The advent of high-temperature superconductivity in
hydrides at high pressures has resulted in a change of
paradigm in superconductivity research, in which experi-
mental efforts are guided by prior theoretical predictions
[16, 17]. This synergy has led to the discovery of the su-
perconductors with the highest critical temperature up to
date [18–20]. Advanced structure searching algorithms
are constantly expanding the range of possible candi-
dates [21], but due to the exceedingly high computational
burden associated with a full account of the anisotropy,
predictions on the critical temperature almost invariably
assume an isotropic electron-phonon interaction, and in
most cases are based on the semi-empirical McMillan-
Allen-Dynes formula [22]. The urgency to include full
anisotropic resolution in the systematic predictions of su-

perconducting properties in the vast range of possible in-
teresting candidates asks for further methodological de-
velopments.

A particularly elegant and promising scheme in this
direction was proposed by Allen [23]. By rewriting the
electron self-energy in terms of an orthonormal set of
functions, the so-called Fermi-surface harmonics (FSH),
he showed that the anisotropic Eliashberg equations of
superconductivity could take a particularly simple form
[24]. The key advantage comes from replacing the contin-
uous integrals in k space by discrete sums in FSH coeffi-
cients, where one can apply a cutoff and reduce the size of
the problem dramatically without losing accuracy, pro-
vided that those sums converge rapidly. However, the
technical difficulties to implement the specific basis set
proposed in Ref. [23] has turned the practical realization
of the original idea unattainable.

In this work, we present a reformulation of the Eliash-
berg equations in terms of an alternative basis set, com-
posed of the solutions of the Helmholtz equation de-
fined on the Fermi surface, namely, the Helmholtz Fermi-
surface harmonics (HFSH) [25]. We explicitly show that
this representation turns out to be strikingly benefi-
cial in the problem of superconductivity, reducing the
computational workload in several orders of magnitude.
The robustness of the numerical procedure to obtain the
HFSH functions allows for a systematic application of
the method in diverse materials with different crystal
structures or Fermi surface topologies. Additional im-
provements in the method [26] provide a proper account
of the gap symmetry, and at the same time reduce the
size in the expansions even further. We perform bench-
mark calculations in the paradigmatic anisotropic super-
conductor MgB2, and determine the critical temperature
of the recently synthesized YH6 under pressure within
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full anisotropic accuracy with a handful of coefficients.
We start by briefly reviewing the anisotropic Eliash-

berg theory of phonon-mediated superconductivity.
More detailed derivations and discussions can be found,
for example, in Ref. [24].

For most metals, the characteristic phonon energies
(ωD) are much smaller than the electronic energies (εF ),
that is ωD/εF � 1. In this regime, the Migdal approxi-
mation [27] in which the Eliashberg theory relies, remains
valid. This very same fact restricts the phonon-mediated
superconducting pairing to a very narrow window around
the Fermi surface. As a result, the problem of super-
conductivity is reduced to the solution of two coupled
nonlinear integral equations defined on the Fermi surface
[24]:

Zk(iωj) = 1 +
πT

ωjNFΩBZ

∑
j′

∫
SF

dsk′

vk′
RZk′(iωj′)

× λk,k′(iωj − iωj′) , (1)

φk(iωj) =
πT

NFΩBZ

∑
j′

∫
SF

dsk′

vk′
Rφk′(iωj′)

× [λk,k′(iωj − iωj′)− µ∗(ωc)] , (2)

where band indices have been omitted for simplicity, and
the following auxiliary definitions have been used:

RZk (iωj) =
ωjZk(iωj)√

[ωjZk(iωj)]2 + φk(iωj)2
, (3a)

Rφk(iωj) =
φk(iωj)√

[ωjZk(iωj)]2 + φk(iωj)2
. (3b)

In these expressions, NF is the density of states at the
Fermi surface, vk is the electron velocity and ΩBZ is the
volume of the Brillouin zone. The self-consistent solu-
tion of these coupled equations yields the renormaliza-
tion factor Zk(iωj) and the pair field φk(iωj) at a given
temperature T , where ωj = (2j + 1)πT are the Mat-
subara frequencies, j being integer numbers. Only for
temperatures below the superconducting transition tem-
perature (T ≤ Tc) will the resulting pair-field φ be fi-
nite. Following the most typical practice, the Coulomb
repulsion has been approximated by the Morel-Anderson
pseudopotential µ∗(ωc) [28] with a cutoff frequency of the
order of ωc ∼ 10 ωD. All the anisotropy and retardation
effects of the electron-phonon interaction are contained
in λk,k′(iω),

which is defined as [11],

λk,k′(iω) = NF
∑
ν

2ωk′−k,ν

ω2
k′−k,ν + ω2

|gνk,k′ |2 , (4)

where ωk′−k,ν is the frequency of a phonon mode ν with
momentum q ≡ k′ − k, and gνk,k′ is the electron-phonon
matrix elements for the scattering between states k′ and

k through a phonon qν. All the elements entering Eq. (4)
can be computed entirely from first principles at a rea-
sonable cost nowadays.

Nevertheless, for cases in which λk,k′ varies consider-
ably within the Fermi surface, an extremely fine sam-
pling of k points is needed for a converged numerical
integration of Eqs. (1) and (2), making their direct self-
consistent solution a challenging task.

An alternative reformulation of Eqs. (1)–(3) can be ob-
tained by expanding all the scalar quantities — denoted
in general by fk — in terms of the complete and or-
thonormal basis set fulfilling the Helmholtz equation on
the Fermi surface {ΦL(k)} [25],

fk =
∑
L

fL ΦL(k) , (5)

so that Eqs. (1) and (2) take the form

ZL(iωj) = δL0 +
πT

ωj

∑
j′L′

RZL′(iωj′)

× λL,L′(iωj − iωj′) , (6)

φL(iωj) = πT
∑
j′L′

RφL′(iωj′)

× [λL,L′(iωj − iωj′)− µ∗(ωc) δL0,L′0] . (7)

In this HFSH representation, all the anisotropy of the
electron-phonon interaction is encoded in the coefficients,

λL,L′(iω) =

∫
SF

dsk
vk

∫
SF

dsk′
vk′

λk,k′(iω) ΦL(k) ΦL′(k′)∫
SF

dsk
vk

∫
SF

dsk′
vk′

.

(8)
If the coefficients λL,L′ are shown to decay rapidly for

increasing indices, a cutoff can be applied in the sums of
Eqs. (6) and (7) without any loss accuracy. Moreover,
in the case of conventional s-wave superconductors, both
Zk and φk must be invariant under all the symmetry
operations of the crystal. As a result, only the fully sym-
metric HFSH functions, which we denote by the indices L̃
and fulfill ΦL̃(Snki) = ΦL̃(ki) for all the Sn symmetry
operations of the point group, will contribute to their ex-
pansions — see Eq. (5). In this way, Eqs. (6),(7) can be
effectively reduced to this fully symmetric subset. The
sparse character of λL,L′ reflects the selection rules im-
posed by symmetry, which are exactly accounted for in
this method. This translates into an important reduction
of the dimension of the problem, and most importantly,
allows for a proper account of the symmetry of the com-
puted quantities by construction. All the details about
our numerical implementation to incorporate the crys-
tal symmetries in the HFSH basis set are described in
Ref. [26].

We now demonstrate the benefit of the transformation
by performing benchmark calculations in the paradig-
matic anisotropic superconductor MgB2, for which a de-
tailed account of the gap anisotropy has been already
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FIG. 1. (a) Two-index electron-phonon mass enhancement parameter λk,k′ ≡ λk,k′(iω = 0) computed from first principles on
a discretized mesh of triangular vertices on the outer σ Fermi surface sheet of MgB2, unfolded into a matrix representation. In
this example, the isosurface is formed by ∼ 3× 103 vertices. (b) First four fully symmetric Helmholtz Fermi-surface harmonics
(HFSH) basis functions on this Fermi surface sheet. (c) Magnitude, in logarithmic scale, of the first 10 × 10 fully symmetric
HFSH coefficients of the two-index mass enhancement parameter λL̃,L̃′ on this Fermi surface sheet. Coefficients for larger

values of L̃ are smaller than 10−3 in magnitude.

reported on multiple occasions [10, 12]. As an illustra-
tive example, in Fig. 1(a), we represent the anisotropic
λk,k′ ≡ λk,k′(iω = 0) parameter on the outer σ Fermi
surface sheet of MgB2 in a matrix form, computed from
first principles on a discrete mesh of k,k′ points form-
ing a triangularly tessellated Fermi surface (see Ref. [26]
for computational details). This example represents a
typical scenario where a dense sampling of nk × nk′ ∼
104×104 points is needed to obtain a converged solution
of Eqs. (1)–(3), as λk,k′ varies considerably from point
to point on the Fermi surface. In contrast, by trans-
forming this quantity to the HFSH representation, all of
its anisotropic details can be described by a handful of
coefficients. We show the first four ΦL̃(k) functions of
this sheet in Fig. 1(b) for illustrative purposes, and the
magnitude of the first λL̃,L̃′ coefficients, as obtained by
Eq. (8), are given in Fig. 1(c) in logarithmic scale. All
the elements beyond this 10 × 10 matrix are lower than
10−3 in magnitude, and therefore give a negligible contri-
bution to the sums in Eqs. (6) and (7). This implies that
these equations can be solved in such a notably reduced
subspace with virtually no loss of accuracy.

In order to verify this assertion, we solve Eqs. (6) and
(7) for MgB2 at T = 10 K, using different cutoff values
in the sums, which we denote by nL̃. We show in Fig. 2
our results for the calculated superconducting gap on the
Fermi surface,

∆
nL̃

k =
φ
nL̃

k

Z
nL̃

k

=

∑nL̃

L̃
φL̃ ΦL̃(k)∑nL̃

L̃
ZL̃ ΦL̃(k)

, (9)

using nL̃ = 16, four per Fermi surface sheet. The Mat-
subara frequency cutoff has been set to ten times the
maximum phonon energy, and µ∗ = 0.16 has been used.
In very good agreement with previous results [12], we see
that ∆k clusters into two ranges of values of (1.4, 2.2)
and (8.0, 9.3) meV for the σ and π Fermi surface sheets,

respectively, varying considerably within each sheet.
Figure 2(b) shows the average of the absolute error of

∆
nL̃

k for different values of nL̃, with respect to the fully
converged calulation in which all the symmetric HFSHs
are considered in the sums,

〈 δε (∆
nL̃

k ) 〉 =

∫
SF
dsk |∆

nL̃

k −∆
nL̃max

k |∫
SF
dsk

. (10)

We see that the error drops rapidly with the size of the
subspace. For a basis size as small as nL̃ = 16, the
error is ∼ 0.025 meV, well below the current experi-
mental resolution [29]. Besides the negligible loss of ac-
curacy, the efficiency gain with respect to state of the
art approaches is immense. Taking Ref. [12] as an ex-
ample, in order to obtain fully converged calculations
for the very same system, a Brillouin zone sampling of
nk = 503 = 1.25 × 105 k-points was needed in momen-
tum space. Our method, in comparison, brings an effi-
ciency gain factor of nk/nL̃ ∼ 104. Another important
advantage of the HFSH representation is that all the in-
formation about the superconducting state is encoded
effectively in the few resulting ZL̃ and ΦL̃ coefficients.
This facilitates the comparison between calculations us-
ing different meshes and the interpretation of experimen-
tal measurements, in a similar spirit as it is done when
comparing Fermi surface averaged values — simply given
by the L̃ = 0 coefficients in the HFSH representation —,
but generalized to full anisotropic detail.

Besides the superconducting gap, one of the most im-
portant quantities characterizing a superconductor is its
transition temperature Tc, which in principle can be de-
termined by the Eliashberg equations discussed above.
Equations (1)–(3), or equivalently Eqs. (6) and (7), can
be self-consistently solved in a range of temperatures, and
the highest T resulting in a non-vanishing pair amplitude
φ can be identified as Tc. However, this procedure in-
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9.38.0

(b)
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FIG. 2. (a) Magnitude of the superconducting gap ∆
n
L̃

k on
the Fermi surface of MgB2 at 10 K, obtained after solving the
anisotropic Eliashberg equations in the HFSH representation,
with a cutoff of nL̃ = 16. (b) Average of the absolute error

of ∆
n
L̃

k for different values nL̃, with respect to the result ob-
tained by considering all the symmetric HFSHs in the sums.

volves several practical shortcomings. On the one hand,
in order to obtain a meaningful accuracy for the value of
Tc, the self-consistent equations have to be solved in a
dense-enough range of values for T . On the other hand,
the nonlinear character of the equations introduces nu-
merical difficulties to achieve self-consistency for T ≈ Tc,
where the magnitude of φ becomes vanishingly small.
We have already demonstrated that the HFSH basis set
remedies the first problem, as the cost of achieving self-
consistency for T � Tc is minimal in this representation.
In the following, we show that this basis set also provides
an elegant solution to the second issue.

We start by noting that as φ � Z at T ≈ Tc, we can
drop the φ2 terms in the denominators of Eq. (3). After
this simplification, Eq. (1) can be inserted into Eq. (2),
so that we are left with a single linear equation for ∆k.
This equation can be cast into an eigenvalue problem,
which after performing the transformation to the HFSH
representation reads [24],

ε∆L(iωj) =
∑
j′L′

1

|2j′ + 1|
KL,L′(j, j′) ∆L′(iωj′) , (11)

where,

KL,L′(j, j′) = λL,L′(iωj − iωj′)− µ∗L,L′(ωc)

− δjj′
∑
j′′L′′

ΞL,L′L′′ λL′′,0(iωj − iωj′) sgn(j) sgn(j′′) ,

(12)

being ΞL,L′L′′ the generalization of the Clebsch-Gordan
coefficients for the HFSH basis set [23, 25]. Similar to
the nonlinear equations, the rapidly decaying values of
the λL,L′ coefficients in the HFSH basis set enable one to
reduce drastically the size of the kernel K, and hence the
dimension of the eigenvalue problem, while maintaining
full account of the anisotropy. The temperature at which
the maximum eigenvalue ε equals unity gives Tc, since in
that case the linearized Eliashberg equation is fulfilled.
The big advantage over the nonlinear equations (6) and
(7) is that no self-consistency is needed in this case, and
that the evaluation of the auxiliary RL functions is not
needed anymore.

We illustrate this approach using the compressed YH6

hydride in its bcc structure at 300GPa as a case study
(all the details of the computational setup are described
in Ref. [26]). Interestingly, the recent experimental con-
firmation of superconductivity in this system [30, 31] has
revealed a sizable deviation in the measured critical tem-
perature with respect to the current theoretical estimates
[32–34]. For the sake of comparison, we first solved the
full nonlinear Eqs. (6),(7) for a set of temperatures, where
we used µ∗ = 0.11 as in Ref. [34]. A reduced subspace of
nL̃ = 48 has been sufficient to obtain converged results.

We show our results for the superconducting gap on
the six Fermi surface sheets at 40 K in Fig. 3(a). We
obtain a continuous range of values of (25, 47) meV for
∆k, being its anisotropy particularly large on the biggest
sheets. Our results are in qualitative agreement with
those reported in Ref. [34], while quantitatively we obtain
smaller gap values. We trace back this discrepancy to the
finer Fermi surface integrations provided by our triangu-
lated mesh, which also reflects in a smaller magnitude of
the electron-phonon mass-enhancement parameter [26].
The distribution of the gap, ρ(∆), obtained for different
temperatures is represented by the light blue shaded ar-
eas in Fig. 3(b). The magnitude of the gap decreases
with temperature, and we do not find superconductivity
(φ 6= 0) beyond ∼ 230 K.

The maximum eigenvalue obtained after diagonalizing
Eq. (11) for the same range of temperatures and sub-
space size is represented by the blue dots in Fig. 3(b),
displaced by −1 for ease of visualization. Its change with
temperature is very smooth, allowing for an efficient use
of root finding algorithms to detect the exact point where
ε = 1 is fulfilled. We find Tc = 230.98 K, in really good
agreement with very recent experimental results [30, 31].
With the aim of reducing the size of the problem as much
as possible, we analyze in Fig. 3(c) the sensitivity of the
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FIG. 3. (a) Magnitude of the superconducting gap on the
Fermi surface of YH6 at 300 GPa and 40 K. (b) The light blue
shaded areas represent the distribution of the gap for differ-
ent temperatures. The dark-blue dots represent the maximum
eigenvalue of Eq. (11) in the same range of temperatures, dis-
placed by −1, and the dashed line is a guide to the eye. The
temperature at which Max[ε] − 1 = 0 is fulfilled corresponds
to Tc, and is represented by the blue diamond. (c) Conver-
gence of Tc with respect to the cutoff applied on the HFSH
expansion for solving Eq. (11). The gray shaded area rep-
resents the values within a 1% accuracy with respect to the
converged value, taken to be the Tc obtained with nL̃ = 54.

predicted Tc with respect to the HFSH expansion cutoff
nL̃. Interestingly, we verify that convergence is reached
very rapidly, obtaining results within 1% of accuracy with
as few as 30 HFSHs. This result demonstrates that the
HFSH basis set appears extremely beneficial for a precise
determination of Tc with a full inclusion of the anisotropy,
as the problem is reduced to a small matrix diagonaliza-
tion for the finite range of temperatures involved in the
root finding procedure.

In conclusion, we have presented an efficient numer-
ical scheme to predict superconducting properties from
first principles with full account of the electron-phonon
anisotropy. We have shown that our method introduces
a reduction of several orders of magnitude in the compu-
tational workload as compared to the conventional ap-
proach, while carrying practically no loss of accuracy.
Furthermore, we have demonstrated that our procedure
is robust and generally valid for diverse systems, making
it readily applicable to the high-throughput exploration
of novel superconductors. More generally, the remarkable
simplification introduced by our scheme opens the way
towards new ab initio and model theoretical treatments
since only a few coefficients are sufficient to describe the
complexity of the Fermi surface, and even the selection
rules are naturally incorporated by construction.
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