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1. Introduction

Delayed effects appear often in the evolution of dynamic systems or in their control
efforts. Well-known examples are the effects in electrical transmission lines, epidemic
models, decentralized control operated by tandems of local controllers, control actions on
ships (as in, for instance, Minorsky ‘s problem), economy-related evolution and decision
processes, etc. Delays can happen either in the state dynamics, so-called internal delays, or
in the controls and/or measurable outputs, which are commonly referred to as external
delays. Sometimes, internal and external delays can be jointly present. On the other hand,
the delays can be either point delays or distributed delays and can also be either constant
or time-varying, eventually being time-differentiable with bounded time-derivative. The
above delay types can appear in a mixed way, in the sense that point and distributed state
delays or external delays can jointly influence the dynamics of certain dynamic systems.
In general, the modeling issues of dynamic systems under the influences of delays in the
state might be involved to deal with, since the resulting system is of infinite dimensionality.
That assertion relies on the fact that there is no finite set of linearly independent functions,
the combination of which is able to build the solution, since the dynamics of time-delay
systems have infinitely many characteristic roots. This happens, although the dimension of
its state vector is finite, and it does not increase under the presence of delays. In particular,
the structure of the space of solutions and the periodicity and stability properties of both
Volterra and ordinary differential equations are dealt with in detail in [1]. It can be pointed
out that Volterra-type differential equations are a kind of functional differential equations
involving distributed delayed dynamics. Specific links with fixed point theory are also dis-
cussed in [1]. In [2], several typical kinds of delays such as point delays, distributed delays,
and neutral-type differential systems with delayed dynamics are described. The associated
stability problems are also studied in a formal way via Lyapunov theory and the allocation
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of the characteristic roots in the stable region. In [3], a collection of works is included. The
book analyzes complex time-delay systems including cases of multiple, distributed, and
time-varying delays. Hybrid models of differential-difference type involving delays are
also considered. A survey of the existing results concerning time-delay systems is given
in [4]. In [5], three stability criteria are discussed by using mixed techniques of convex
combination, Wirtinger-based integral inequalities, and Lyapunov—Krasovskii stability
analysis. On the other hand, an adaptive control scheme for a class of systems with periodic
dynamics, uncertainties, delays, and input saturation is proposed in [6]. In the case that
impulsive feedback controls are combined with regular feedback controls, the stabilization
has to be focused on by combining both effects together [7-9]. It can be pointed out that
stability maintenance is a very relevant property to achieve in dynamic systems. In practice,
the stabilization is achievable via feedback of the relevant measurable signals. On the other
hand, the absolute stability refers to global asymptotic stability of dynamic systems subject
to non-linear control devices whose characterization functions belong to a defined sector,
namely the Lur e or Popov sectors [10-12]. In this context, stabilization is achieved for
the full class of a particular sector-type of nonlinear devices, rather than for a particular
one. An extension of the absolute stability is the property of the asymptotic hyperstability,
that is, the global asymptotic stability under any non-linear, and possibly time-varying,
element belonging to a family of feedback controllers, all of them satisfying a given time
integral inequality. For instance, the control and simulation of a model reference adaptive
control is presented in [13] based on Popov hyperstability theory by using real-time testing
to evaluate the action of disturbances. In [14], a neural network adaptive control of a class
on nonlinear systems is discussed based on hyperstability theory. A case of interest in
the context of hyperstability problems is that when the feed-forward systems are linear
and time-invariant while being defined by a positive real or strictly positive real transfer
function [15], while the feedback controller is any of the member of the family of controllers
which satisfy for all time a Popov-type integral inequality [12,13,16]. In [17], the stability
of composite systems in a combined parallel structure disposal having asymptotically
hyperstable subsystems is discussed. Some additional stability conditions are needed for
the remaining subsystems. Due to the fact that the transfer function of the open-loop
system is positive real, another characteristic is that the input-output energy is bounded
non-negative. This leads to the interesting property that the controlled system is stable
under any hyperstable controller for any set of finite initial conditions. That property is
of interest to control and stabilize systems under parametrical variations of the nominal
controller parameterization due to either eventual ageing due to long use, or to dispersion
of product related to the nominal standards along the fabrication process [12].

A specific type of time-delay system is the so-called Volterra system [1,2,18,19]. It can
be pointed out that Volterra integro-differential equations exhibit dynamics of distributed
delay type under the form of convolution or non-convolution integral contributions on each
whole time interval previous to the time current instant where the solution is calculated.
See, for instance [1,18,19] and the references therein.

On the other hand, impulsive controlling actions are of interest for the characterization,
for instance, of switches between alternative operation modes of a dynamic system, since
impulsive controls at certain time instants lead to finite jumps in the state or output. This
fact leads to a useful formal framework to continue calculating the global solution evolution
under successive switching from a parameterization or configuration to another potential
one of such a system [20,21]. This analysis permits the description and stabilization of
processes in which the parameterizations or the operation conditions change through
time, as it happens in certain industrial diffusion processes, or in discrete processes when
sampling is non-uniform or there are unmodeled dynamics [22-24].

It has to be pointed out that the impulses are neither directly stabilizing nor desta-
bilizing since their influence on stability depends on the time instants where they are
injected, and their amplitudes and signs combined with the effects of the regular dynamics.
As a result, their positive or negative influences on the stability results are analyzed in
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this paper, together with the delays’ effects and the parameterization through Krasovskii—
Lyapunov functionals. However, some of the given results are derived based on norms
of the contributions of the matrices of dynamics of delays and impulses considering the
worst-case of the maximum sizes of the impulses to be tolerated being compatible with the
stability. In this case, the impulsive effects are considered negative from the stability point
of view. Those mentioned Volterra-type systems are succinctly described in the sequel.
The point time delays act on the state trajectory solution affecting contributing terms in
the dynamics which are not included in the integral terms of the differential system. The
impulsive effects are typically characterized by Dirac distributions within the integrands
of the integro-differential Volterra equations. Their contributions into finite jumps in the
solutions of the integral terms of the integro-differential Volterra-type equations at certain
time instants received relevant attention in the background literature. For instance, in [25],
the discretization of Volterra integral equations of the first kind has been focused on. On the
other hand, the admissibility problem of linear discrete Volterra operators is studied in [26].
Also, necessary and sufficient admissibility conditions in several spaces of sequences are
proved. The obtained results are also used to study the existence of solutions and their
boundedness and convergence properties. The dynamic properties and the asymptotic sep-
aration of solutions of convolution-type discrete Volterra equations are discussed in [27]. A
polynomial lower-bound of the norm of the difference between a pair of distinct solutions is
characterized as well, and the results are applied to fractional differential equations. In [28],
nonlinear implicit Volterra discrete equations of convolution-type are studied and sufficient-
type conditions are given for the solutions to converge to a finite limit. A linearized stability
analysis of a kind of discrete Volterra equation is discussed in [29]. In [30], a difference
scheme based on a quadrature formula is proposed in [30] for obtaining a second-order
convergence in discrete maximum norm. Such a technique is applied for solving Volterra
integro-differential equations involving delays and some kinds of neutral-type equations.

Some additional recent research on Volterra equations are as follows. In [31], some
weakly compatible mappings are investigated in intuitionistic fuzzy metric spaces subject to
an implicit constraint and the existence and a common solution uniqueness are investigated
for a system of Volterra-type integral equations. A class of Volterra integral equations is
investigated in [32] including S-function, Mittag-Leffler function with six parameters, and
a generalized Mittag-Leffler function. Also, the existence and uniqueness as well as the
growth rates of solutions of a class of implicit integro-differential Volterra equations on
unbounded from above time scales is investigated in [33]. The investigation of Volterra
equations in the formal fractional context is receiving certain attention in the literature. See,
for instance [34,35] and some of the references therein.

The basic objective and novelty of this paper is the characterization of several Volterra-
type integro-differential systems and their associated stability concerns when the dynamics
have impulsive effects at certain time instants and, in parallel, there exist delayed dynamics
caused by constant point delays. The main contributions of this paper are the study and
characterization of the global asymptotic stability of integro-differential systems defined by
a finite set of point delays together with a Volterra-type integral term which incorporates
impulsive effects. Such a term plays the role of a distributed delay while its associated dy-
namics are subject, in general, to non-periodically distributed impulses of Dirac distribution
type. The total size of the contribution of the distributed delay through the Volterra-type
integral term can be either constant or time-varying but bounded. A particular considered
system relies on the point-delay free case with a Volterra-type contribution which is also
extended to the case of matrix-type impulsive contributions on the parameterization un-
der the integral symbol of such a term. It can be pointed out that the impulsive actions
within the Volterra-type integral generate finite jumps in the integral evaluation at the
time instance where these impulses take place. As a result, the differential system has
corresponding finite jumps in the time-derivative of its solution, whose value depends on
the amplitude of the Dirac distribution associated impulses. The main stability results are
derived through the “ad hoc” use of Krasovskii-Lyapunov stability analysis while some
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further results are derived based on the use of norms for the various dynamic contributions
of delays and impulsive effects. A particular variation of the stability property is also
analyzed under positivity conditions of the solution in the absence of point delays, namely,
only being subject to a distributed delay either with or without impulsive effects. In the
scalar case, the above results are extended to non-positivity constraints and the presence of
impulsive terms in an arbitrary-order system.

The rest of the paper is organized as follows. Section 2 describes the various men-
tioned differential systems under consideration, as well as their associated stability results.
The main tool involved is the use of Krasovskii-Lyapunov functionals for each of those
systems while taking into account, in parallel, the impulsive effects. Section 3 gives some
conclusions. The solutions of the relevant differential systems dealt with are given explicitly
in Appendix A.

Notation
Rot =Ry U{0} ={x€eR:x>0}; Ry ={x€R:x>0}

r={L2,...,p}

0(.) is the Dirac distribution.

If a function f has a finite jump at ¢ then, its left and right limits are denoted by f(¢7)
and f(t) = f(t). To simplify the corresponding formulas, the notation f(t) is used for
f(t") at discontinuity time instants ¢.

Let M be a square real matrix. Then, M >~ 0, M~0, M < 0, and M <0 denote, respectively,
that M is positive definite, positive semidefinite, negative definite, negative semidefinite.

M 1> 0 denotes that M is positive, that is, it is nonzero with at least one positive entry,
M 1>= 0 denotes that M is non-negative (its entries are positive or null including the case
when M = 0), M >I> 0 denotes that M is strictly positive, that is, all its entries are positive,
M > M’ denotes (M — M') > 0, M >> M’ denotes (M — M) > 0. A similar notation
applies for real vectors. The reversed symbol < to > stands for the negativity property
under the related “mutatis-mutandis” modified notations.

A square real matrix M € Mg denotes that M is Metzler, that is, the set of square
matrices such that its off-diagonal entries are all non-negative.

A square real matrix M is called monomial, or generalized permutation matrix, if each
column has a nonzero positive entry and all remaining entries are zero (this implies that M
is nonsingular).

AT denotes the transpose of the real matrix A.

I, is the n-th identity matrix.

Amax(A) and Ay, (A) are the maximum and minimum eigenvalues of a real square

symmetric matrix A.
u(A) = limW is the matrix measure (or logarithmic norm) of the square

) h—0
matrix A.

In particular, || ||, denotes the J, matrix norm and pi»(A) is the -matrix measure, that is,

_ o M+ A =1 1 T
yz(A)—’{%#—EAW(AJFA )

2. Main Results

Consider the following differential system with r point constant delays ; for i € 7 and
a distributed delay on an interval of length 1 with impulsive effects given by:

x(t) = ::0 Aix(t—h;) + /70}1 A(T)vr(t)x(t+1)dT; Vt € Rot 1)

where:
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(a) With no loss in generality, it is assumed that the non-necessarily commensurate
point delays #; (i.e., h; can be distinct of iT for some real T > 0) satisfy the ordering con-
straints h; > h;_1; Vi € 7U {0}, withhg =h_1 =0and h, = 1rzq<x h; < +c0. The dynamic

<i<r

system (1) is subject to any given finite absolutely continuous function ¢ : [fh , 0} — R",

where h = max(hy, h), x: [—E, —|—oo) — R", with x(t) = ¢(t) for t € {—E, 0}, where
xg = x(0) = ¢(0), A; € R"™"; i € 7U{0}, A:[-h, 0] = R"™" is bounded piecewise-
continuous, subject to T; < Tj_1, with no loss in generality, and 4(.) is the Dirac distribution.

(b) The impulsive set of time instants for the state trajectory solution x(f) within
the time interval [t — i, t], t(> h) € Roy is Imp(t) = {t —1;:i € p} with ; € [-h, 0],
Viep.

(c) vy : [~h, 0] — R" is an impulsive function with p impulses in the integrand of (1)
which is defined by:
o) =1+Y " s(t—7);te[-h, 0, 5 €[-h, 0], Viep. )

Note from (1) and the above definition (2), that the testing matrix function of the
impulsive integrand A(7)v;(7)x(t + 7) is given by A(7)x(t + 7).
Note also from (1) and (2), that A(7)x(t + 7) is a well-posed test function for the Dirac
distribution on |-/, 0]; Vt € Rg,. In particular, l_i)?(l)”lJrffeA(T)x(t +1)dt = A(07)x(t).
3

Note also that (1) contains Dirac distributions under the integral symbol associated with
the impulsive effects.

Assumption 1. Assume that A : [—h, 0] — R"*" is bounded piecewise-continuous except at
the discrete impulsive set Impy = {—71, —T2,... , —Tp | where it is impulsive.

Note that the impulsive set Imp(t) = {t — 7; : i € p}.t € Ry for the state-trajectory
solution x(t) is directly related uniquely to the corresponding impulsive set
Imps = {—1, —12,...,—Tp} for the matrix function A:[—h, 0] — R"*". In general,
we will refer to the impulsive contribution through the matrix function A(t) to facilitate
the use of a simplified notation since Imp 4 does not depend on each current time instant.
If io(= —h) € Imp 4 then 7y = 1 but note that 7p = —h is not necessarily in Imp 4 and that
Tp+1(= 0) ¢ Imp4 by hypothesis. Note also that, since 79 = 1, 7,41 = 0and A_; = A(—T);
Vi € p, and using Assumption 1, the integral term associated with the distributed delay
can be integrated leading to the subsequent expression:

f_OhA(T)Z)I(T)x(t-‘rT)dT:f:hT; A(T)x(t+T)dT+ LI f T’“ x(t+7) dT—i—f A (t)x(t+ T)dT
+ZP 1f T A(T)o(Tt — 1)x(t+ T)dT 3)
=X, J)- TIH T)x(t+ 1)dt+Lh | A(—7)x(t — 7;); Vt € Ry

Note that the first right-hand-side of (3) is related to the regular contribution to the
Volterra integral term at any time instants. The second right-hand-side term describes the
impulsive effects at the impulsive time instants, and it is zero at non-impulsive time instants.

In the case that, contrarily to Assumption 1, A: [—h, 0] — R™*" is not piecewise-
continuous, but is still bounded discontinuous at time instant 7; in the impulsive set, the
integral at the impulsive point is calculated with the left and right limits of A(—7) and
T = T, that is, one uses

/7Ti A(T)6(t — )x(t+ 1)dt = (1/2) (A(—7) + A(—77))x(t — T;)

-

instead of
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Now, Equation (1) is rewritten, via (4) after defining hy = 0, as follows:

x(t) =Y JAx(t—h)+Y P A x(t—T)+ Y b /_ (D)x(t+1)dT.  (4)

In this way, the system has equivalently a maximum of 4 = r + p point delays of
which r of them are generated by the impulsive effects in the distributed delay. The
set of impulsive time instants is Impy = {—7;:i € p}. Furthermore, {h; :i € 7} and
Impay = {—7;:i € p} are assumed to be disjoint sets just to facilitate the exposition. Thus,
with no loss in generality, and just to simplify the subsequent analysis, the next assumption
is introduced:

Assumption 2. The assignment 1y = h is made to facilitate the subsequent exposition. As a result,
if (—h) is an impulsive time instant in Imp 4 then 71 = 19 = h, otherwise 71 < Ty = h.

The following result is concerned with the global asymptotic stability of (1).

Theorem 1. The system (1) is globally asymptotically stable if there exist (v + 1) symmetric real
positive definite matrices P and S;;i € 7, (p + 1), real numbers g; > 1 fori € pU {0}, (p + 1) real
bounded functions a; : [—T; ,—Ti41] = Ry (1o =h, Tpy1 =0) , and (p + 1) symmetric bounded
piecewise continuous function matrices R; : [—T; , —Ti+1] — R, with R;(T) > qja;(T)P > 0;
Vi € pU {0} such that:

(a) The set of matrices Qz(t) > O, defined below, for each t € Ry, and for all combina-
tions @ = (6o, 01,---,6,) € {-1, 1}”“, where:

—(A§P+PA0+2 Si+ Yyl O(f_ 19,1 T)Ri (T )dT)) PAy --- PA, PA4, --- PA?
ATp 51
B : 0 S 0 --- 0
Qy(t) = ATP : : - )
AT P
i AZPP 0 e 0 .Sr;p |

(b) The set of matrices (2y;(t, T) =<0, where:
;(T)P — R, PA o
Qu(t,v) = QRS PO | iepup e, —na) @

T € (=T, —Ti41), i € pU{0}, with 19 = hand Impy = {t,®, -+, Tp} such
that 7 = 10 = hif —h € Impy and T (# 1) < hif —h & Impy, and 7,1 = 0 in both cases.

Proof of Theorem 1. Consider the Lyapunov-Krasovsii functional candidate:

V(x) )+ Y 1/ T(t+7)Six(t+)dT; V(x(8) = xT(OPx(E) ()
where, for each t € Ry,x; denotes the restriction of x : [—E, O] — R" translated to
[t —h, t} . Define for any t € Rg4:

#(t) = (270, xT (= m), 2T h), (=T, 2T () ®)

T(t+1) = (xT(t) , T (t+ r)). )
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Define 0(t) = 0(t, 1) x 0(t,71) x ... x 8(t,7,) for any t € RJ whose cardinal is
card(t) = 2P+1 since 6;(t,7) € { —1, 1};i € pU{0}. The following cases can arise for
any t € Rgy:

Case1: Foreach T € (=7, —Ti41), V(x(t— 77 + 7)) < q;V(x(t — 7)) and 6;(t, 7) = 1.

Case 2: Foreach T € (=7, —Tiy1), V(x(t—T +7)) > q;V(x(t — 7)) and 6;(t, 7) = —1.

Note that in both cases Case 1 and Case 2, one has for each t € RO+ that

0;(t, )i (T) (q:V(x(t—77)) = V(x(t—1 +71))) >0, 7€ (T, —Tit1)
then,
o e |qz (x (t_T_))_V(x(t_Ti_+T))|dT
T Ot D) Y (5 - 7)) — V(x(t— 1+ ))de 20

Now, for each t € Ry, if V(x(t — 77 4+1)) < q;V(x(t—17)) fort € (-7, —Tis1);
i € pU {0}, and since the conditions a and b of the theorem statement hold,

V(x) = &(T(OPx() + Ty & (S, 2T (0)Six(x)dr)
= 2<xT(t)P5c(t) + Xy [0 AT+ TS (t+ T)dr)

= 2T () Px(t) + i, & (ft s xT x(’c)d’c)
= 2xT (1) Pic(t) + X_y (xT(£)Six(t) — xT(t — ;) Six(t — hy))

= 2xT(t)P<z§=0 Aix(t—h) + X0 A ix(t—1) + X0, [ o, i A(T)x (t+r)dr)
+Y g (xT (1) Six () — xT (¢t — hy) Six(t — hy))
—xT()Qy(t)x(t) — xT () (Zf_o f__fl Ri(T)dT> x(t)

—i—EPH f_Tz i (D) |gicaxT(t =1 )Px(t—17) —xT(t =17 +7)Px(t — 77 +7)|dT

_ - (10)
== O0)7(0) —#7(1) (Kl S 7 R ) x(0)
p+1 f o 01t T)a (T YgixT(t =t )Px(t—77) —xT(t— 77 +1)Px(t— 1 +71))dt
— —FT(HT(HF(t) — xT(8) (25’_0 [ Ride) ()
L b (b D () (i1 V (x(E = 7)) = V(x(t =7 +7)))de
—xT () Q(1)x(t) — TP [T T(t —T + r) Qo,i,l(r)ae(t —T, r) ‘dr
< —xT()Q,(t)x pH f—fl_1 ( T+ T) Qi_l(r)f<t -7+ ’Z.')d’l’
< — (=) +ez||ae<t>||2)
< —el|xe||%; Vt € Roy
for some ¢1,¢p, € € Ry, where:
_ [6i(t, D) (giai(T)P = R(7)) PA(7) _ e e View
Qi(t, T) = l AT(T)P —Qi(t, T)qioci(r)P] ;T E ( i i+1 )r epuy {O} (11)
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since, for each pair (t, T) € Roy X (=7, —Ti41); i € pU {0}, the condition Q;(t, T)=<0,
defined in (5) is achieved by the condition g;a;(T)P< R;(7).

Then, the candidate (7) is a Krasovskii-Lyapunov functional so that the system (1) is
globally asymptotically stable independent of the delays for any given finite absolutely

continuous function ¢ : {—E , 0} —R".0O

Remark 1. The testing of Theorem 1 can be addressed as follows:
(a) Qy(t) = O for the 2P 1 combinations of the value of 0 holds under the necessary condi-
tion that

AYP+PAG+Y s+ Y (/ 0;(t, T)R ()dr) (12)

and the above one holds for all such combinations if
ATP+PAG+Y TS+ YT </ i(r)dr) <0 (13)

that is, a sufficient condition for (11) to hold is that it holds for the case when 0;(t, T) = 1 for
alli € pU{0}.

Note that if all 0;(t, T) = 1 then the delay free dynamic matrix Ag has to be a stability matrix
and of sufficiently relevant stability abscissa, related to the remaining left-hand-side terms in (12)
in order that the inequality in (12) holds. However, the presence of impulses of negative sizes or
alternation of negative and positive impulses can act favorably to the stabilization, irrespective
Of Ao.

(b) For each pair (t, T) € Roy X (=T, —Tj+1); i € pU{0}, the conditions ;(t, T)=<0 of
Theorem 1, defined in (5), can be achieved if q;0;(T)P< R;(7) if 6;(f, T) = 1 for the matrix P having a
sufficiently small norm so that Q; (t, T) is diagonally dominant. This implies that if 0;(t 4+ T) = 1 then
the matrices defined in (6) fulfil (2;(t, T)=<0.If 0;(t + ) = —1 then (2;(t, T)>=0. Thus, the theorem
conditions consider all the possible signs of the impulses £5(t)x(t) being generated under the
Volterra integral symbol at the impulsive time instants.

Remark 2. Note that for Theorem 1 to hold, the delay-free matrix of dynamics Ao has to be a
stability matrix since ALP + PAy < 0 in order that Qg (t) > 0.

The following extension of the differential system (1) and (2) is now considered :

=Y Ax(t—h +/h(t) )x(t + 7)dT; Vit € Ros (14)

where h: Roy — [hm , hpy)| C (0, +00), and the impulsive function (2) is considered re-
stricted to a constant subinterval [0, ] of the time-varying distributed delay interval
as follows:

vi(t)=1+Y " 6(t—7); t € [~hm, O; G € [~hw, 0], i € pU{0} (15)

The above system is equivalently rewritten as follows:
x(t) = Z::o Aix(t— +/ Jx(t+T dT+/ (D)x(t+7)dt  (16)
since it is not impulsive in the interval [—h(t) , h;,) while it is impulsive in [—hy,, 0] C

[—h(t), 0]; Vt € Ro+. The equations in the proof of Theorem 1, together with the above
extra right-hand-side term, with the replacement h,, — h, yield from the functional (7):
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x(t)

= Apx(t)

V) < RO -7 (T 1 Ri(oyae )0

+EP+1f o O (t T (O (qiV(x(t—77)) = V(x(t—77 +71)))dr (17)
+/ n(t) A1 (OqV (x(E = hyy)) = V(x(t = by, + 7)) |dT

where 7,11 =0, T0 = hm, &;: [T ,—Erl] — R4, Ri:[-7,—Ti41] > RV i € Py {0},
Rpt1: [—Tp, —hm] — R such that Q4(t) > 0 ;where the replacement Qq(t) = Qq(t) is
made with Q;(t) defined in Equation (5) while Q;(t) is defined by modifying the (1,1)-
block matrix of Q(t) by adding the new matrix function Ry,;1(7) of (16) and consider-
ing the new term in the modified corresponding sum of (p 4 2) terms in such a block
matrix. Then, (;(7)<0, T € [-7-1, —7); i € pU {0}, Equation (5) and for some
q > 1and a:[—h(t),—hu] — Rs. Thus, the conditions Q;(t) > 0 and Qg (1) < 0,
T € [T, —Tit1);1 € pU{0} together with the extra condition
qotp+1(T)P = Rp41(7) PA(7)

Qopi1(T) = AT(2)P " =0; € (=h(t), —hm)

guarantee that the candidate functional (6) is a Krasovskii-Lyapunov functional for (13) and
(14) if —19 = —hy & Impyg and 7y < hyy. If —hy(= —190 = —71) € Imp4 then the above
extra condition 0,1 (7) =<0 is removed while Q;(t) = Qp(t).

The following exponential stability result is based on a “worst-case” tolerance to the
sizes of the dynamics associated with the delays and impulsive effects provided that the
delay-free/impulsive-free system is exponentially stable.

Theorem 2. The system (1) is globally exponentially stable independent of the delays if
Y Il + XAl < & (1= e —peeh) (18)
for some norm-dependent real constant K > 1 where (—p) < 0 is the stability abscissa of Ag.

Proof of Theorem 2. Note that (4) is identical to

+Y A=)+ YL At + Y /___T’ll A(T)x(t+ T)dt (19)

so that the solution trajectory evolution on [t — I, t] satisfies the constraint:

=l < et e =+ _sup_ A2, et Dde]| sup_ [l
| fy e (S Apx(r — ) + £ A (= 7)) de (20)

_ h_
< K(e o+ 4 (T Al + B A ) sup (o))
t—h<t<t

with x(t) = ¢(t) for T € [—h, 0] with xo = x(0) = ¢(0), for a real constant p > 0, which
is the minus stability abscissa of Ay, since Ay is a stability matrix under Theorem 1 (see
Remark 1), and a (norm-dependent) constant K > 1. Then, ||x(t)|| is bounded and strictly
decreasing if ¢:[—h, 0] — R" is finite and (1) is globally exponentially stable independent
of the delays provided that (18) holds. [J
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Now, consider the following integro-differential Volterra-type system:
= Ax(t +/ (t —s)x(s)ds; Vt € Ry+ (21)

where A € R"*" and B : Ro; — R"*" is continuous. The solution is unique for any given
finite x(0) = xp and given by

x(b) = At <x0 + /0 t /0 "o ATB(r — s)x(s)dsdT> ; Wt € Ry (22)

The following result is concerned with the positivity and negativity of the solution
of (21):

Lemma 1. Assume that A € Mg and B >= 0 for each t € Roy. Then, x(t) > 0; Vt € Ry
if xo > 0and x(t) >> 0; Vt € Roy if xo >> 0. Also, x(t) < 0; Vt € Roy if xo < 0 and
x(t) <9< 0;Vt € Ry if xo << 0.

Proof of Lemma 1. Since ¢*! is a fundamental matrix solution of z(t) = Az(t), then non-
singular for all time and, since A € M, then et > 0;Vt € Ry... Since B : Rgy — R™" then
if xp > 0 then x(t) > 0; Vt € Rp,. Also, the fact that ¢! > 0 and non-singular for
all time, implies that it has at least a positive entry per row. Therefore, if xg >> 0,
then x(t) > 0; Vt € Ro. If xg <0 0 then

(—x(t)) = eAt<(—x0) + /Ot /OT e ATB(1 — s)(—x(s))dsdr) >0; Vi € Rpy  (23)

so that x(t) < 0. Similarly, xp <1< 0 implies that x(t) <<1 0; Vt € Ro;. The proof is
complete. [J

The asymptotic stability of the above system for the case when the system solution
has positivity properties and there are no sign changes between the various components of
the initial conditions that follow below:

Theorem 3. Consider the differential system (21) under the conditions of Lemma 1. Assume also that
either xo >= 0 or xo =<1 0 and finite. Then, x(t) — 0 as t — oo if (cT A +dT [;° B (u)du) <
and monomial, or if (A + [;° B (u)du) <1<10.

Proof of Theorem 3. Take real n-vectors ¢ >>> 0,d >0> 0 and, for any finite xy >= 0, define
the Lyapunov functional candidate as follows:

Vix(t), t) = )+ dT/ / (u—s)x(s)duds; Vt € R+ (24)

so that V(x(¢)) > 0if x(t) # 0; Vt € Ry, and

Vi(x(t), t) =cTx(t —I—deO [ B (u—s)x(s)duds
=c (Ax(t) + fo (t—s)x(s ds) + dT< B (u— t)x(t)du — fot B(t— s)x(s)ds) 5)
= (cTA+ [°d"B (u— t)du)x(t) + (T —dT) [} B )x(s)ds
= (cTA+d" [;° B (u—t)du)x(t) — (dT )fo )x(s)ds; Vt € Ry

If one chooses d >= ¢, then V(x(t),t) < 0; Vt € Ry, if x(t) # 0, so that V(x(t),t) is
strictly decreasing, since
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V(x(t), ) < (CTA T /m B (u)du) x(#) < 247 (A + /000 B (u)du> x(1); Vi € Ry (26)

J0

so that V(x(t),t) < 0if x(t) # 0. Then, x(t) — 0 as t — oo for any finite x >= 0 if

(@) (cTA+ de B (u)du) <10 and monomial, or

(b) (A+ [y° B(u)du) <1< 0

(0)Ifxg =<0 and finite then x(t) — 0 as t — oo, under the same above conditions,
since from Lemma 1, x(t) < 0; Vt € Ry if xo < 0 and x(t) << 0; Vt € R+ if xp << 0.
Then, if xy <= 0, so that then x|f| <=0

Vs, 2 = (Fa+a” [78 oau) x(v)] = 24" (4-+ 7B wiu ) 201} ¥t € Ro. @)

so that V (x(£),t) < 0, V(x(t),t) > 0if x(¢) # 0 forany t € Ry, so that so that V(x(¢), t) is
strictly increasing with a non-positive x(f). Then, x(t) — 0 as t — oo for any finite
X9 < = 0 under the same conditions (a)—(c) for the case of xg >= 0 and the proof
has been completed. [J

A more general stability result for the differential system (21) in the scalar case (1 = 1)
follows below, under non-necessarily positivity conditions:

Theorem 4. Consider the particular differential scalar system of (21):

x(t) = Ax(t) + /Ot_ B(t —s)vy(s)x(s)ds; Vt € Ro+ (28)

with x(0) = xg, subject to the Dirac distribution of the following form:

=1+ Z S(t—t;); t € Roy, Vt; € Imp(t) (29)

where Imp(t) = {tl , by, } of cardinal p(t), is the strictly increasing set of impulsive

&0
time instants on [0, t] and the total impulsive set on [0, o) is Imp = Imp(c0) = Useg,, Imp(t).

Assume that

(1) A <0, B: Roy — Ry is a piecewise-continuous mapping with an eventual finite jump
discontinuity at t = 0 and finite B(0™), and

(b) [y° B(u— t)vl(u)du < +oo

© A+ fo u)du < lzmsup (Zlep —~ ft’“ u)du + ft w)d + Yy e pmp(ry B — ti)).

Then, the followzng propertzes hold:

(i) The system is globally asymptotically stable, i.e., tlim x(t) = limx(t~) = 0, for any given
— 00

t—o00
finite initial condition x.
(ii) All the system solutions are in L1[0, oo) under finite initial conditions.
Proof of Theorem 4. Consider the following Lyapunov functional candidate:

V(x(t), |+/ / (u — s)|x(s)|duds; ¥t € Ros (30)

whose time-derivative satisfies:
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V(x(t), £ < Alx(t |+f0, (t—s)ovy(s)|x(s)|ds + ftt, B(t —s)vy(s)|x(s)|ds

+ [ B(u — t)or (w)[x(t)|du — f5 B(t = s)vi(s)|x(s)|ds

= Alx(t)| + [y B(t—s)oi(s)|x(s)|ds + 9(£)B(07)|x(t7))| (31)
+f:°B<u—t>v <s>|x (O)ldu— [y B(t—s)vi(s)|x(s)|ds

= Alx(t)| +8(H)B(07)|x(t7)| + [ B(u — t)or (u) |x(¢)|du; Vt € Ros

where ¢ : Roy — {0, 1} is a binary indicator function such that ¢(f) = 1if t € Imp and
() =0if t ¢ Imp so that ftt, v1(s)B(t —s)|x(s7)|ds = ¢(£)B(0) |x(t)|; Vt € Ry
On the other hand, x(f) = x(¢t7) + ¢(¢)B(07)x(¢t™); Vt € Ro4+. Then,

V(x(t),t) < (A + 1+(19 7+ Jo B(u —t)or(u )du) |x(t)]
= [(A+ Jo" Blu—t)os(u)du) (1+8()B(07)) + 8(t)B(0)] [x(t7)]
_ [ (A + Job Bw)du+ Ty Ji B(w)du + S5, Bln)di & Ty crmpiey B ti)>
(32)

X(1+8(6)B(07)) +9(£)B(07)]|x(t7)]
— —a(t) | x()]
< —a[x(t7)]
<0, ifx(t7) #0; Vt € Roy

where +o00 > o~ = inf a(t~) > 0. Note that a~ is finite since foof B(u — t)vy(u)du < +oo

teRy

and Yy cpmpr) B((A™ —ti) < LyemmpB(t —t) < 4. As a result, x(t7) — 0 and
x(t) = (1+8(t)B(07))x(t7) — 0 as t — oo so that the system is globally asymptotically
stable for any given finite initial condition. Furthermore,

.
0< V(x(t), ) < V(xo, 0) —a~ / Ix(7)|dT; ¥t € Ros (33)

0

which implies that
.
Ji(@)ldr < (14 8()BO)) i 1x(o)ldr < (1+BO ) [ x(m)ldr < 220y (xy, 0) < +oo -
; Vit e R(H_

and , B

limsup | |x(7)|dt < %V(xo, 0) < 4o (35)

t—oo /0

and the proof is complete. [

Remark 3. Note that, since B : Ry — Ry and all the impulsive amplitudes are positive from (29), a
necessary condition for the fulfilment of the hypothesis (b) in Theorem 5 is that Yy ¢ () B(t — t;) < +o0,
that is, that the set of impulsive amplitudes on the whole infinity time interval be summable.
For that concern to hold, it is necessary that B(t —t;) — 0 as t — oo and t;(€ Imp) — +oo.
This holds, for instance, if cardImp < xo (that is, finite) or if B(t — t;) < C' for some real
constants C > 0 and y € (0, 1) so that ¥y, e pup(r) B(t — i) < % < +o0.

Note also that, since A < 0 from the assumption (a) and B : Roy — Ry, then the assumption
(c) is equivalent to
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0 </ u)du < |A] —lzm sup <21€p(t) 1/ du—i—/ du+2ti61mp(t) B(t~ —ti)>

for which, it is necessary that | A| be large enough related to the whole set of impulsive contributions.

Example 1. Assume an integro-differential system (28) and (29) with an impulse at t = 0 Then,
one has that

A+/ Bt = A+ B(0 +/ Bt <0

if 0 < [;2 B(t)dt < |A| —B(07), thus, if A < 0 and B(0~) < |A| then the conditions (a)
and (b) of Theorem 4 hold. Assume further that B(t) = Kge P! for t > 0 and possibly bounded
discontinuous at t = 0, with Kg > 0, B > 0. Then, the condition (c) of Theorem 4 also holds since
there are no more impulses affecting to B(t) than that at t = 0 Thus, the global asymptotic stability
holds and the solution is absolutely integrable on Roy if A <0, B(07) < |A| and B > \A\*K%'

Now, assume that there is an impulsive set Imp = {ti}?zl, 0¥ < Hoo. Then, the global

asymptotic stability holds, and the solution is absolutely integrable since the conditions (a) and (b)
of Theorem 4 hold while the condition (c) of Theorem 4 holds as well if

K K
) [B(ti) + ?ﬁ (e*l“i - e’“iﬂﬂ + Fﬁ (1 —e P4 e*ﬁtﬂ) < |A].

Theorem 4 might be generalized to a n-th order system with, in general, matrix type
impulsive effects as follows:

Theorem 5. Consider the particular n-th differential system:

x(t) = Ax(t) + Oi B(t —s)Vi(s)x(s)ds; Vt € Ro+ (36)

with x(0) = xo, subject to the Dirac distribution matrix of the following form:

Vit) = (Viy(5) = L+ T (= 1) 5 V(i, j) € T x T, t € Roy,
(37)

1 ift; ¢l
At —t;) = (Dt —t;)); Byt —t;) = {5(t_ ti)lfl—ff;}iijp ; Wt € Imp(t)

where Imp(t) = {tl R 7 VERIS } of cardinal p(t), is the strictly increasing set of impulsive
time instants on [0, t] and the total impulsive set on [0, o0) is Imp = Imp(oo) = User,, Imp(t)
whose time-derivative and Im;jp(t) C Imp(t) and Im;jp = Im;jp(0) = Urer,, Imyjp(t) C Imp are
the sets of impulsive time instants for the (i,j) entry of the matrix function B : Rys. — R™".
Assume that
(a) up(A) <0, B: Roy — R is a piecewise-continuous mapping with finite ||B(0~)||,, and

H/ooo Bij(u — f)VIi,(u)du

for which a necessary condition is

HZt,-eImp Bif (t_ - ti)

< 4o0; V(i,j)enxn

‘2 < 4o00; V(i,j) € x 7, Vt € Roy

(b)



Mathematics 2024, 12, 960 14 of 18
1a(A) + /t1 B(u)du + limsup (2@() / du+/ ()it + Y, iy B(E —tl-)) 2 <0. (38
Then, the following properties hold:
(i) The system is globally asymptotically stable, ie., lim x(t) = lim x(t~) = 0, for any given
finite initial condition x,.
(ii) All the system solutions are in L1[0, co)under finite initial conditions.
Proof of Theorem 5. Consider the Lyapunov functional candidate:
V(x(t), t) = +/ / (1t — s)x(s)duds; ¥t € Ros (39)
is given by:
Vx(t),t) = ( T(HAT + [o xT(s)V] (s )BT(t—s)ds)x(t)
+Jo- Bt = 9)Vi()xT(s)x(s)ds + [ 2T (s)B(t = 5)Vi(s)x(s)ds
+ft°°B(u—t)V1(u)x (£)x( du—fo (s)B(t —s)Vi(s) x(s)ds
= xT (1) (AT + A)x(t (£) Jo- B(t —s)Vi(s)x(s)ds
+Jo- x7(5)B(t =) Vi(s)x(s)ds + [ xT (s)B(t = 5)Vi(s)x(s)ds
+ [ xT()B(u — ) Vi (u)x(H)du — [y xT(s)B(t —s)Vi(s) x(s)ds
= m(A)Hx(t)n% + Jo- xT(B)B(t = 5)Vi(s)x(s)ds 0
+Jo- xT(5)B(t = 5)Vi(s)x(s)ds + [~ x" (s)B(t — 5) Vi(s)x(s)ds
+ft°°xT(t)B(u—t)V1( w)x(t)du — [ xT(s)B(t —s)Vi(s) x(s)ds
= a(A)|x ()3 + o xT(E)B(t = s)Vi(s)x(s)ds + [ 8(£)BO) [l x(¢7) 13
+ [ xT(1)B(u — t)Vi(s)x(t)du — [y xT(s)B(t —s)Vi(s)x(s)ds
= 12(A) | x(8)][3 + O BO7) [x(t7) 5+ f, xT(£)B(u — ) Vi (u)x(t)du

(= Vi)l ) [x(5)13 + [9(H)BO) () 3

; Vt e R(H_

< (1) + [1f57 B
where 8(t) = (9;(t)) of entries 9;;: Roy — {0, 1}; ¥(i,j) € 7 x 7, which are binary
indicator functions, such that ¢;;(t) = 1if t € Im;;p and 8;;(t) = 0if t ¢ Im;jp so that

[ Bl = syvits)[x(s) s < 6B | 1x(+)
(L, + 9(t)B(07)) x(t™); Vt € Ro4. Then,

2
2; Vit e R0+.

On the other hand, x(t) =
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V(x(t), t) < ( A)+ | Jo Blu = )Vi(u)dull, ) B3+ [8(8)BO7) [l [1x(£7)13
= [(1a() + | (S5~ Blu = Vi (w)du) (1 + 8(5)BO7)) + 8(HBO)],) | Ix(7)3
= [( ’fo wdu + Yo 1ft’“ du+ft (u)du + Yy, tmpry BA™ — 1) 2)
- - o, (41)
X||(In +8(t)B(07)) + 9(£) B(O™)[|][[x(£7)1I2
—a(t7) x(t)]3
< —a|llx(t) 13|
<0
if x(t7) # 0; where +00 > a~ = inf a(t~) > 0. Note that a~ is finite since
tERp+
i B(u — £yor(u)dul|, < +oo and HZtiezmme(f’ < HB]_GIW,B(F —ti)’ | < +oo.

[ Ix(@liar < [+ o()B(0-

As aresult, x(t7) — 0 and x(t) = (I, + 9(t)B(07))x(t~) — 0 as t — oo so that the sys-
tem is globally asymptotically stable for any given finite initial condition. Furthermore,

-
0< V(x(t), t) < V(xo, 0) —g_/ (1) |2dT; ¥t € Roy (42)
0
which implies that
o[ @B < [+ B, [ Ixiar < 2Oy 0) < hoosviemey @3)

and

t I, + B(0~

limsup | ||x(7)|[3dT < WAV@CO' 0) < 400 (44)
0 a

t—o00

and the proof is complete. [

A future extension of this work is foreseen under the framework of discrete Volterra
equations for non-necessarily constant sampling periods [22-27]. Future consideration
of conformable fractional Volterra-type delay impulsive differential systems can also be
explored by extending the non-Volterra conformable fractional model proposed in [36]
and, also, the extensions to the case of stochastic delay differential systems. See, for
instance, [37-41].

3. Conclusions

This paper has investigated some new Volterra-type integral differential systems
together with the associated global asymptotic stability properties when the dynamics have
impulsive effects at certain time instants which are characterized by Dirac distribution
under the integral symbol. The differential systems include delayed dynamics originated by
combined constant point delays plus Volterra-type integral terms which can be interpreted
as the presence of distributed delays in the differential system. Those mentioned integral
terms also include impulsive effects at certain time instants which cause finite jumps in
the evaluation of the Volterra integral and, as a result, they also cause finite discontinuities
in the derivative with respect to time of the solution trajectory. Further discussed results
rely either on the presence of Volterra-type integral terms over time-varying integral limits
or on the consideration of a positive system within the above class. This kind of analyzed
extended Volterra-type differential system is the main novelty of this research with respect
to the existing background results. One of the differential systems is given by delay-free
dynamics together with the contributions of a finite set of constant point delay systems
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plus a Volterra integral term of a finite length with impulses through isolated time instants.
The second differential system considers a bounded time-varying size of the distributed
delay in the integral term. The basic framework for this stability study has been the use of
Krasovskii-Lyapunov functionals for the differential systems under consideration, while
also taking into account the influence of the impulses in the stability results.

Funding: This research was funded by BASQUE GOVERNMENT, grant number IT1555-22 and the
APC was funded by Basque Government, grant number 1T1555-22.
Data Availability Statement: No new data were created or analyzed in this study.
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Appendix A

The solutions of (1) and (28)
(A) The solution of (1) is:

x(t) = eflxg+ Y1 1fteA0(t D Ax(t—h)U(T, hy) dT+f0f L eI A(T)o (1) x(t+ T)dT
= eMlxg + 17 [y eM00 Aix(T — U (T, hy)dT+ L) Ofof i pA0(t=T) A (7)o (T)x(t + T)dT (A1)
+eMUA(=h)x (™ — h)i(w) + Ty et mA(w)x(tfr:);Vt € Ro+

where x(7) = ¢(7) for T € [~h, 0], xo = x(0) = ¢(0), v = hand 7,1 = 0;and U(7, h;) =0
for T < hj and U(t,h;) = 1for T > h;Vi € pU {0} is the unity step function and
i(n) = 1lif p(=h) € Imp and i(19) = 0if o(=h) ¢ Imp. Note that the third right-
hand-side of the first and second expressions of (A1) contains Dirac distributions under
the integral symbols related to the impulsive terms. The last right-hand-side expression of
(A1) translates the former Dirac distributions into finite jump-type discontinuities of the
solution after calculating the corresponding integrals.
(B) The solution of (28) is

x(t) =ett (xg + fot, e~ ASB(t — s)vl(s)x(s)ds)

= ety + YY) ft 1 AU B(F — £;)x(s)ds + Y PU AUt B(t — t;)x(£7);VE € Ry

(A2)

where xp = x(0). Similar comments to those given in (A1) for Dirac distributions and
associated solution with jumps apply to (A2).

References

1. Burton, T.A. Stability and Periodic Solutions of Ordinary and Functional Differential Equations; Dover Publications Inc.: Mineola, NY,
USA, 1985.

2. Niculescu, S.I. Delay Effects on Stability. A Robust Control Approach; LNCIS, Lecture Notes in Control and Information Sciences, No.
269; Thoma, M., Morari, M., Eds.; Springer: Berlin/Heidelberg, Germany, 2001.

3. Loiseau, J.J.; Niculescu, S.I; Michels, W.; Sipahi, R. (Eds.) Topics in Time Delay Systems. Analysis, Algorithms and Control; Lecture
Notes in Control and Information Sciences, No. 388; Springer: Berlin/Heidelberg, Germany, 2009.

4. Gu, K;; Niculescu, S.I. Survey on recent results in the stability and control of time-delay systems. . Dyn. Syst. Meas. Control 2003,
125, 158-165. [CrossRef]

5. Wang, T; Li, T.; Zhang, G.; Fei, S. Further triple integral approach to mixed-delay-dependent stability of time-delay neutral
systems. ISA Trans. 2017, 70, 116-124. [CrossRef]

6.  Eremin, E.I; Nikiforova, L.V.; Shelenok, E.A. Adaptive repetitive control of nonlinear undefined plant with input saturation and
delay. In Proceedings of the 2022 International Russian Automation Conference, Sochi, Russia, 4-10 September 2022; pp. 99-104.

7. DelaSen, M.; Luo, N. A note on the stability of linear time-delay systems with impulsive inputs. IEEE Trans. Circuits Syst. Regul.
Pap. 2003, 50, 149-152. [CrossRef]

8. Yenicerioglu, AF. Stability of linear impulsive neutral delay differential equations with constant coefficients. ]. Math. Anal. Appl.

2019, 479, 2196-2213. [CrossRef]


https://doi.org/10.1115/1.1569950
https://doi.org/10.1016/j.isatra.2017.05.010
https://doi.org/10.1109/TCSI.2002.807514
https://doi.org/10.1016/j.jmaa.2019.07.049

Mathematics 2024, 12, 960 17 of 18

10.
11.

12.
13.

14.

15.
16.

17.

18.

19.

20.

21.

22.

23.
24.

25.

26.

27.

28.

29.
30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

Ibeas, A.; De la Sen, M. Exponential stability of simultaneously triangularizable switched systems with explicit calculation of a
common Lyapunov function. Appl. Math. Lett. 2009, 22, 1549-1555. [CrossRef]

Lur’e, A.L; Postnikov, V.N. On the theory of stability of control systems. Prikl. Mat. Mekh. 1944, 8, 246-248.

Zhou, J.; Lai, H.; Men, B. H-infinity control for Lure s singular systems with time delays. Circuits Syst. Signal Process. 2022, 41,
1367-1388. [CrossRef]

Popov, V.M. Absolute stability of nonlinear systems of automatic control. Avtomat. I Telemkh. 1961, 22, 961-979.

Deng, L.; Fan, W. The control and simulation of MRAC based on Popov hyperstability theory in real-time substructure testing. In
Advances in Architectural, Structural and Control Engineering; ICCASCE: Busan, Republic of Korea, 2018; pp. 85-90.

Liu, X.H.; Su, H,; Liu, L.H.; Zhang, Y.H. Neural network adaptive control of a class on nonlinear systems based on hyperstability.
In Proceedings of the 27th Chinese Control Conference, Kunming, China, 16-18 July 2008; Volume 4, pp. 47-50.

Lu, G.; Ho, D.W.C,; Yeung, L.E. Strict positive realness for linear time-delay systems. Int. J. Syst. Sci. 2003, 34, 1-9. [CrossRef]
De la Sen, M,; Ibeas, A.; Alonso-Quesada, S. Asymptotic hyperstability of a class of linear systems under impulsive controls
subject to an integral Popovian constraint. Abstr. Appl. Anal. 2013, 2013, 382762. [CrossRef]

De la Sen, M. Stability of composite systems with an asymptotically hyperstable subsystem. Int. |. Control 1986, 44, 1769-1775.
[CrossRef]

Anmirali, I.; Acar, H. A novel approach for the stability inequalities for high-order Volterra delay integro-differential equation.
J. Appl. Math. Comput. 2023, 69, 1057-1069. [CrossRef]

Ghosh, B.; Mohapatra, ]. An iterative scheme for solving arbitrary-order nonlinear Volterra integro-differential equations involving
delays. Iran. J. Sci. 2023, 47, 851-861. [CrossRef]

Buyukhahraman, M.L. Existence of periodic solutions to a certain impulsive differential equation with piecewise constant
arguments. Eurasia Math. ]. 2022, 13, 54-60.

Hu, H.; Mu, X.W. Event-triggered impulsive control for nonlinear stochastic systems. IEEE Trans. Cybern. 2022, 52, 7805-7813.
[CrossRef] [PubMed]

De la Sen, M. On Chebyshev ‘s systems and non-uniform sampling related to Caputo fractional dynamic time-invariant systems.
Discret. Dyn. Nat. Soc. 2010, 2010, 846590.

Delasen, M. A method for improving the adaptation transient using adaptive sampling. Int. ]. Control 1984, 40, 639-665.
Delasen, M. Application of the nonperiodic sampling to the identifiability and model-matching problems in dynamic systems.
Int. J. Syst. Sci. 1983, 14, 367-383.

Brunner, H. Discretization of Volterra integral equations of the first kind. Math. Comput. 1977, 31, 708-716. [CrossRef]

Song, Y.; Baker, C.T.H. Admissibility for discrete Volterra equations. J. Differ. Equ. Appl. 2006, 12, 433-457. [CrossRef]

Ahn, PT,; Babiarz, A.; Niezabitowski, A.C.M.; Siegmund, S. On the asymptotic properties of discrete Volterra equations of
convolution type. In Proceedings of the 2019 24th International Conference on Methods and Models in Automation and Robotics
(MMAR), Miedzyzdroje, Poland, 26-29 August 2019; pp. 13-17.

Messina, E.; Pezella, M.; Vecchio, A. Asymptotic solutions of non-linear implicit Volterra discrete equations. J. Comput. Appl.
Math. 2023, 425, 115068. [CrossRef]

Song, Y.; Baker, C.H. Linearized stability analysis of discrete Volterra equations. J. Math. Anal. Appl. 2004, 294, 310-333. [CrossRef]
Amirali, I.; Acar, A. Stability inequalities and numerical solution for neutral Volterra integro- differential equation. J. Comput.
Appl. Math. 2024, 436, 115343. [CrossRef]

Aoua, L.B.; Parvaneh, V.; Oussaeif, T.E.; Guran, L.; Park, G.H.L.A.C. Common fixed point theorems in intuitionistic fuzzy metric
spaces with an application for Volterra integral equations. Commun. Nonlinear Sci. Numer. Simul. 2023, 127, 107524. [CrossRef]
Samar, C.; Saxena, H. Certain Volterra-type integral equations involving some special functions. Phys. Scr. 2023, 98, 044001.
[CrossRef]

Reinfelds, A.; Christian, S. NonlinearVolterra integrodiffereential equations from above on unbounded time scales. Mathematics
2023, 11, 1760. [CrossRef]

Nwaige, C.; Micula, S. Fast and accurate numerical algorithm with performance assessment for nonlinear functional Volterra
equations. Fractal Fract. 2023, 7, 333. [CrossRef]

Bayer, C.; Breneis, S. Markovian approximation of stochastic Volterra equations with the fractional kernel. Quant. Financ. 2023, 23,
53-70. [CrossRef]

He, D.; Bao, B.; Hu, H.; Xu, L. Asymptotic boundedness of conformable fractional delay differential systems. IEEE Trans. Circuits
Syst. II Express Briefs 2023, 70, 4186-4190. [CrossRef]

He, D.; Xu, L. Boundedness analysis of stochastic delay differential equations with Lévy noise. Appl. Math. Comput. 2022,
421, 126902. [CrossRef]

Min, L. Stochastic Volterra integral equations with doubly singular kernels and their numerical solutions. Commun. Nonlinear Sci.
Numer. Simul. 2023, 116, 106796.

Fan, X.; Jiang, X. Stochastic control problem for distribution dependent SDE driven by a Gauss Volterra process. Discret. Contin.
Dyn. Syst. 2023, 16, 1041-1061. [CrossRef]


https://doi.org/10.1016/j.aml.2009.03.023
https://doi.org/10.1007/s00034-021-01844-0
https://doi.org/10.1080/0020772031000115489
https://doi.org/10.1155/2013/382762
https://doi.org/10.1080/00207178608933701
https://doi.org/10.1007/s12190-022-01761-8
https://doi.org/10.1007/s40995-023-01446-2
https://doi.org/10.1109/TCYB.2021.3052166
https://www.ncbi.nlm.nih.gov/pubmed/33566790
https://doi.org/10.1090/S0025-5718-1977-0451794-6
https://doi.org/10.1080/10236190600563260
https://doi.org/10.1016/j.cam.2023.115068
https://doi.org/10.1016/j.jmaa.2004.02.019
https://doi.org/10.1016/j.cam.2023.115343
https://doi.org/10.1016/j.cnsns.2023.107524
https://doi.org/10.1088/1402-4896/acb867
https://doi.org/10.3390/math11071760
https://doi.org/10.3390/fractalfract7040333
https://doi.org/10.1080/14697688.2022.2139193
https://doi.org/10.1109/TCSII.2023.3282232
https://doi.org/10.1016/j.amc.2021.126902
https://doi.org/10.3934/dcdss.2023031

Mathematics 2024, 12, 960 18 of 18

40. Alfonsi, A.; Kebaier, A. Approximation of stochastic Volterra equations with kernels of completely monotone type. Math. Comput.
2024, 93, 643-677. [CrossRef]

41. Jin, S. Existence and uniqueness of solutions for the stochastic Volterra-Levin equation with variable delays. Open Math. 2022, 20,
769-782. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


https://doi.org/10.1090/mcom/3911
https://doi.org/10.1515/math-2022-0056

	Introduction 
	Main Results 
	Conclusions 
	Appendix A
	References

