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Abstract

Varopoulos extensions of boundary functions in L’ and BMO in domains
with Ahlfors-regular boundaries and applications

Athanasios Zacharopoulos

This thesis focuses on the construnction of Varopoulos-type extensions of LP and BMO
boundary functions in rough domains. To be more specific, let © c R** n > 1, be an
open set with s-Ahlfors regular boundary 952, for some s € (0, n], such that either s = n and
Q) is a corkscrew domain with the pointwise John condition, or s < n and Q = R**!\ E,
for some s-Ahlfors regular set £ C R™"!. In this thesis we provide a unifying method
to construct Varopoulos type extensions of LP and BMO boundary functions. In particu-
lar, we show that a) if f € LP(0Q), 1 < p < oo, there exists F € C*°(f2) such that the
non-tangential maximal functions of F, dist(-, Q°)|VF|, as well as the Carleson functional of
dist(-, Q) "V F are in LP(0N), with norms controlled by the LP-norm of f, and F — f
in some non-tangential sense H*|gn-almost everywhere; b) if f € BMO(9Q) there exists
F € 0*(9) such that dist(x, Q¢)|VF(z)| is uniformly bounded in € and the Carleson func-
tional of dist(x, Q¢)* "V F(z), as well the the sharp non-tangential maximal function of F are
uniformly bounded on 0§ with norms controlled by the BMO-norm of f, and F — f in a
certain non-tangential sense H?®|sq-almost everywhere. If, in addition, the boundary function
is Lipschitz with compact support then both F' and F can be constructed so that they are
also Lipschitz on € and converge to the boundary data continuously. The latter results hold
without the additional pointwise John condition assumption. Finally, for elliptic systems of
equations in divergence form with merely bounded complex-valued coefficients, we show some
connections between the solvability of Poisson problems with interior data in the appropriate
Carleson or tent spaces and the solvability of Dirichlet problem with LP and BMO boundary
data.
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Resumen de la tesis

Esta tesis se enmarca en el area del anélisis matemético. En particular, utilizando técnicas
de las areas de Analisis Armonico y Teoria de Medidas Geométricas, construimos extensiones
de tipo Varopoulos de funciones de frontera LP y BMO en “dominios salvajes”. Es decir,
extensiones suaves de funciones tales que las normas LP de su funcién maximal no tangencial
y funcional de Carleson de sus gradientes puedan controlarse mediante la norma de los datos
de frontera. Ademés, utilizamos estas extensiones para aplicaciones de ecuaciones en derivadas
parciales y especialmente en problemas de condicion de frontera.

Construir una extension de Varopoulos de funciones LP/ BMO /A(«) es un problema im-
portante en Anélisis Arménico con aplicaciones a Problemas de Condicién de Frontera para
operadores elipticos de segundo orden en forma de divergencia. En el semiespacio superior y
para funciones BMO, este problema fue resuelto por Varopoulos en 1977 [Var77| y fue refinado
por Garnett en 1981 |Gar81], y recientemente ha sido generalizado por Hofmann y Tapiola
(2021) [HT21] a dominios “de sacacorchos” (corkscrew domains) con bordes n-UR. La version
LP de este problema para 1 < p < oo en el semiespacio superior fue demostrada por Hytonen
y Rosén en 2018 [HR18|.

Para ser mas especifico, el principal objetivo de esta tesis doctoral es construir extensiones
de tipo Varopoulos de funciones definidas en el borde de un dominio  en R"*! con fron-
tera s-Ahlfors regular, donde 0 < s < n. Especificamente, dada una funciéon f € LP, para
1< p<oo(ofeBMO o en elespacio de Campanato A(«) para 0 < a < 1), construimos una
funcién suave F' en €2 de manera que F' converge a f casi en todas partes del borde en un cierto
sentido no tangencial, mientras que la funciéon maximal no tangencial (o la funciéon maximal
no tangencial sharp) de F' y una version modificada “ponderada” del funcional de Carleson
del gradiente de F estan en LP (o acotadas uniformemente) con normas controladas por las
normas LP (o normas BMO /A(«)) de f. El segundo objetivo principal es construir exten-
siones de tipo Varopoulos, es decir, extensiones que satisfagan las estimaciones mencionadas
anteriormente, de funciones Lipschitz con soporte compacto en el borde que sean Lipschitz
en la clausura de €2 y también pertenezcan al espacio de Sobolev homogéneo (ponderado si
s < n) WH2(Q). Finalmente, aplicamos el segundo objetivo para obtener resultados que rela-
cionan la solucionabilidad de Problemas de Condicién de Frontera y Problemas de Poisson
para sistemas elipticos en forma de divergencia con coeficientes complejos y meramente acota-
dos. En particular, demostramos que si el problema de regularidad de Poisson o el problema
de Poisson-Dirichlet con datos interiores en los espacios “correctos” de Carleson o de “tienda”
(tent space) invariantes bajo escala es solucionable en 2, entonces el problema de Dirichlet
LP/BMO también es solucionable en (.

La tesis comienza con la introducciéon donde presentamos la historia de las extensiones
de Varopoulos a través de resultados conocidos y luego se procede a la presentacion de los
resultados obtenidos en esta tesis y las técnicas utilizadas. En el Capitulo 1 mencionamos los
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preliminares y notaciones que se utilizan en el resto de la tesis. En el Capitulo 2 construimos
y analizamos las propiedades de una extension diddica suave vy de funciones de frontera f,
mientras que en el capitulo 3 construimos una descomposiciéon en corona para funciones en
LP y BMO usando argumentos de tiempo de parada. En el capitulo 4 demostramos que la
extension diadica vy es e-aproximable en LP (si f € LP) y también uniforme e-aproximable (si
f € BMO) en el dominio €. En el capitulo 5 construimos extensiones de tipo Varopoulos de
funciones Lipschitz con soporte compacto y demostramos que nuestras extensiones también
son Lipschitz en Q. Ademés, en el Capitulo 6 construimos las extensiones de Varopoulos
deseadas de las funciones LP? y BMO y en el capitulo 7 utilizamos las extensiones construidas
en el capitulo 5 para aplicaciones a problemas de condicién de frontera. Por ultimo, al final
de la tesis se ha incluido un apartado de apéndices de algunos lemas técnicos.
A continuacion, analizamos cada capitulo con mas detalle.

Capitulo 1: Preliminares y Notaciones

En los preliminares damos las definiciones necesarias que se utilizan en el resto de la tesis.
En este capitulo también definimos algunos espacios funcionales que son cruciales para los
capitulos 6 y 7. Ademés definimos los operadores méaximos y los funcionales de Carleson
y damos una breve introduccién a los sistemas Elipticos y los problemas de valores en la
frontera. Finalmente damos definiciones relacionadas con la geometria de los dominios que
nos interesan, asi como algunas construcciones técnicas como las descomposiciéon diadica en
el supp p por un s-Ahlfors medida regular x4 en R"*! y la descomposicion de Whitney de los
dominios 2 C R*™!. En la tesis, usamos la notation o = H?|sq.

Capitulo 2: Extension diadica regularizada de funciones en el borde de
un dominio

En este capitulo construimos la extensién diddica regularizada de la siguiente manera. A
cada cubo de Whitney P le asociamos un cubo “diadico” de frontera b(P) con lado de la
misma longitud y de modo que dist(P,b(P)) ~ ¢(P). Luego definimos una version suave de
la extension diddica de la funcién de borde, que denotamos como vy, usando una particion
de la unidad {¢p}pey (o) subordinada a la coleccién de cubos de Whitney (dilatados) de Q
(siguiendo el espiritu de la extension de Whitney) cuyos coeficientes son los promedias de f
sobre b(P) (ver definicion 2.1).

Después, mostramos que vy es, de hecho, una extensién de f en el sentido de que converge
no tangencialmente (es decir, la convergencia tiene lugar dentro de un cono con vértice en el
borde) a los datos del borde. También obtenemos algunas estimaciones locales para Vuy y
para la funcion méaxima no-tangencial N (vs)(€) (si f € LP(0)).

Si f esta en el espacio de Campanato Ag(9Q) por f € [0,1) (ver (1.2)) obtenemos es-
timaciones por el functional de Carleson de Vvy (i.e. por e (Vuy)(€)) asi como el agudo
funcional maximal no-tangencial N’f L () (&).

También demostramos que si la funciéon de frontera f estda en el espacio Lipg(df2) por
B € (0,1], entonces vy € Lipg(€2) con Lipg(vy) < Lipg(f). Finalmente, utilizando estos
resultados demostramos el Teorema 0.4, que plantea la construccién de extensiones de funcién
de tipo Varopoulos en el espacio de Campanato Ag(992).

Capitulo 3: Una descomposiciéon en corona para funciones en L? o BMO

v



RESUMEN DE LA TESIS

En este capitulo mediante un argumento de stopping time adecuado, construimos una
descomposiciéon de Corona en la frontera de manera que la diferencia entre el promedia f en
un “top cube” y la media en el "stopping parent" no sea pequena (en cierto sentido).

Para ser més especifico, dado cualquier cubo R € D, y para fijo € > 0, nosotros definimos
la coleccion Stop(R) C D(R) formado por cubos S € D(R) los cuales son maximales (por lo
tanto disjuntos) con respecto a la condicion

EHfHBMO(o‘) sl f € BMO(G)
Primero probamos algunos lemas técnicos que se basan en resultados de Hytonen y Rosén

[HR18| y luego demostramos que los cubos “superiores” satisfacen una condicién de empaque-
tamiento de Carleson Car(e). Este es el teorema principal de este capitulo.

‘mU,Rf - mo’,Sf| > {

Capitulo 4: L” y c-aproximabilidad uniforme de la extensién diadica reg-
ularizada

El teorema que demostramos en este capitulo establece que para cada € > 0, una version
suave del la extension diddica vy de nuestra funciéon de borde f en LP (o BMO) se puede
aproximar mediante una funcién w tal que la funciéon maximal no tangencial de su diferencia
en un punto del borde £ estda dominada por una constante multiple de eM(f)(§), donde
M f es la funcién maximal de Hardy-Littlewood de f, y el funcional de Carleson modificado
del gradiente de w en £ estd dominado por una constante multiple de M (M (M(f)))(£). Se
demuestra una version uniforme de esta aproximacion si f es una funciéon en BMO.

El esquema de prueba es el siguiente. Recuerde la construccion de la extension diddica
suave y utilizando descomposiciéon de la corona en el borde que construimos en el capitulo
3. Definimos la funciéon aproximada u una vez més a través de {¢p}pey(q) de manera que,
en pocas palabras, u es una constante (la media de f sobre el cubo superior de cada “arbol”
(tree) ) cuando P esta asociado a un cubo diddico del borde b(P) que esté en el arbol pero
no de manera que exista otro cubo diadico del borde @ con longitud de lado comparable que
pertenezca a otro arbol y dist(b(P),Q) < ¢(b(P)). En el resto de los cubos, se define como
la extension diadica vy. Luego, mediante estimaciones sutiles que utilizan las condiciones de
stopping y el teorema de embedding de Carleson discreto, podemos concluir la prueba del
teorema principal de este capitulo (por el Teorema ver 4.3).

Como corolario (ver Teorema 4.4) obtenemos que si f € LP(o), p € (1,00), es (resp.
f € BMO(0)), entonces vy es e-aproximada en LP (uniformemente e-approximada).

Capitulo 5: Extensiones tipo Varopoulos de funciones de Lipschitz con
soporte compacto

En este capitulo nosotros construimos extensiones de tipo Varopoulos de funciones de
Lipschitz con soporte compacto en el borde que sean Lipschitz en la clausura de € y también
pertenezcan al espacio de Sobolev homogéneo (ponderado si s < n) WH2(€).

El método que utilizamos es el siguiente. Se utiliza el primer resultado de capitulo 4 para
construir la funcién aproximada de la extension diddica suave de f y se define la extension
F para que sea igual a la funcién aproximada en todas partes, excepto en entorno del borde



de “ancho” d > 0, donde se establece que sea igual a la extension diadica suave. Dado que la
extension diadica suave de una funcion Lipschitz es Lipschitz en la clausura del dominio, F
converge a f de manera continua. Ademaés, las estimaciones requeridas de la funcién maximal
no tangencial de F'y del funcional de Carleson modificado del gradiente de F' son consecuencias
de una eleccion adecuada de §. Para ser precisos, & = ||f||zp/||f]l 1o Para 1 < p < 00 0
0 = || fllBmo/Lip(f). Finalmente, multiplicando F' con una funcién de cut-off relacionada con
el soporte de f, se demuestra que esta nueva funcion sigue siendo una extension de Varopoulos
de f que es Lipschitz en la clausura de {2 y cumple las cotas de Sobolev deseadas.

En particular, probamos la extension de Lipschitz de funciones de frontera en LP en el
Teorema 5.1. También construimos la extension-BMO en el teorema 5.4.

Finalmente, en Teorema 5.5, modificamos la extensién construida en los teoremas anteri-
ores para que también estén en W12(0Q).

Capitulo 6: Construccion de extensiones tipo Varopoulos de funciones L?
y BMO

En este capitulo, primero asumimos la condiciéon de John puntual cuando s=n para de-
mostrar un teorema de traza. Es decir, se mostra que existe un operador de traza sobreyectivo
Tr(u) para todas las funciones suaves u tal que el funcional de Carleson del gradiente de u
estd en LP para 1 < p < oo y la funcion maximal no tangencial de u esté en LP, y se cumple
que || Tr(u)|| Lpo) < ClIIN (u)]|Lr(o)- Este resultado también es cierto en el caso de BMO si el
funcional de Carleson del gradiente de u estd uniformemente acotado y si, ademés, se asume
que §2 cumple la condiciéon de John local para s = n(que es una version invariante bajo escala
de la condicion de John puntual y siempre es verdadera cuando s < n), el operador de traza
es sobreyectivo con || Tr(u)||pmo(e) < ClIC(Vu)|| Lo (s). Combinando los teoremas de capitulo
5 con un argumento de iteraciéon y el teorema de traza, las extensiones de tipo Varopoulos de
funciones de borde en LP para 1 < p < oo y BMO se pueden construir. La tnica desventaja
es que cuando s = n 'y f € BMO, se debe asumir la condiciéon de John local. Sin embargo,
esto unifica el método de construccion de extensiones para funciones de borde LP y BMO y
proporciona una prueba autocontenida que aclara la verdadera naturaleza de la importante
propiedad de extensiéon de Varopoulos y los elementos que intervienen en su prueba. Entonces
podemos demostrar los Teoremas 0.5 y 0.6. Por el Teorema 0.6 es necesario el método que
se utiliz6 anteriormente para funciones BMO cuando s = n consistia en una descomposicién
de f = g+bdonde g € L y b(&) = > arlg, (&), donde Q) es una coleccion numerable
de cubos diddicos del borde que satisfacen una condiciéon de empaquetamiento de Carleson y
lax] < C|lfllBMmo- Se puede construir una extension B de la parte "mala" b, que es mas facil
de manejar aunque atn técnica en dominios generales como los que consideramos. Luego,
la dificultad estd en la construccion de la extension G de la parte "buena" g que se hacia
previamente mediante métodos de EDP utilizando que las funciones armoénicas acotadas son
g-aproximables en ciertos tipos de dominios (por ejemplo, con bordes UR). Uso esta descom-
posicion de f para manejar el caso de dominios que cumplen la condicién de John punto a
punto pero no la condicién de John local cuando s = n. De hecho, podemos utilizar la ex-
tensiéon B construida por Hofmann y Tapiola, ya que no utiliza la rectificabilidad n-uniforme
del borde, sino s6lo que el dominio cumple la condicién de corkscrew y su borde es n-Ahlfors
regular. La principal novedad aqui es que utilizo la extensién de Varopoulos de funciones L™
que se demostré previamente y permite de superar las restricciones geométricas provenientes

de los métodos de EDP.
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RESUMEN DE LA TESIS

Capitulo 7: Aplicaciones a problemas de valores en la frontera

En este capitulo usamos los teoremas que demostramos en capitulo 5 para obtener conex-
iones entre los problemas Poisson y de condiciones de frontera para sistemos de ecuaciones
elipticas en forma de divergencia con coeficientes de valores complejos meramente acotados.
En particular, utilizamos la extensiéon de Varopoulos Lipschitz para mostrar que si el pro-
blema de regularidad de Poisson o el problema de Poisson-Dirichlet con datos interiores en
los espacios “correctos” de Carleson o “tienda” invariantes bajo escala es resoluble en €, en-
tonces el problema de Dirichlet LP/ BMO también es resoluble en 2. Ademas, demostramos
desigualdades de tipo Rellich unilaterales condicionales para soluciones de ciertos problemas
de condicién de frontera.

Apéndice

En el apéndice pruebamos de algunos lemas técnicos que utilizamos en la tesis.
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Introduction

In the present thesis we are concerned with open sets Q € R?*t! n > 1, which satisfy one of
the following assumptions:

(a) € satisfies the corkscrew condition and its boundary OS2 is n-Ahlfors regular (see Defi-
nitions 1.1 and 1.10), or

(b) Q@ =R 1\ B, for some s-Ahlfors regular set £ C R"*! with s < n.

We will call such domains AR(s) domains for s € (0,n]. We also define o, := H?|pq to be the
“surface” measure of {2, where H? is the s-dimensional Hausdorff measure.

Our first main goal is to construct, in AR(s) domains, smooth extensions u : @ — R of
boundary functions that are in LP(og) for p € (1,00] (resp. in BMO(o5)) so that their non-
tangential maximal functions defined in (1.9) (resp. sharp non-tangential maximal function
defined in (1.10)) and the modified Carleson functionals (see (1.12) for the definition) of their
“weighted” gradients are in LP(os) (resp. uniformly bounded) with norms controlled by the
LP(os) (resp. BMO(o,)) norms of the boundary functions. The identification on the boundary
is in the non-tangential convergence sense (up to a set of measure zero on the boundary). To
do so, when s = n, we assume that Q satisfies the pointwise John condition (see Definition
1.13), while no additional connectivity assumption is required for s < n. Let us highlight that
this is the first time that such results are proved in such general geometric setting and also for
s < n. Our second goal is to construct such extensions of Lipschitz functions with compact
support on the boundary of an AR(s) domain so that they are Lipschitz on Q and in the
weighted Sobolev space WLQ(Q; ws) as well. In fact, this is even more important due to the
applications to Boundary Value Problems given in Section 7. Finally, we also prove similar
extensions of boundary functions in the Campanato space Ag(9Q) for g € (0,1).

Extensions of this kind in the case s = n were first constructed by Varopoulos [Var77],
[Var78|, in the upper half-space RTFI for boundary functions in BMO, and by Hyténen and
Rosén, [HR18|, for boundary functions in L? for p € (1,00). Hofmann and Tapiola, [HT20],
showed that in corkscrew domains with uniformly n-rectifiable boundary (in the sense of
David and S. Semmes [DS1|, [DS2|), one can also extend BMO functions with the desired
bounds. Recently, Mourgoglou and Tolsa, [MT22|, constructed an almost harmonic extension
of functions in the Hajtasz Sobolev space M?(c,,), which is the correct analogue of the LP
version of Varopoulos extension for one “smoothness level” up. To be precise, it was proved
in [MT22] that the Carleson functional, defined in (1.11), of the distributional Laplacian of
the almost harmonic extension is in LP(0y,) and in [MPT22] that the non-tangential maximal
function of its gradient is in LP(o,,) with norms controlled by the M'?(z,,) semi-norm of the
boundary function. The almost harmonic extension and its elliptic analogue (see [MPT22])
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were very important since they turned out to be the main ingredients for the solution of the
LP-Regularity problem in domains with interior big pieces of chord-arc domains ([AHMMT,
Definition 2.12, p. 892|) for the Laplace operator, [MT22], and for elliptic operators satisfy-
ing the Dahlberg-Kenig-Pipher condition, [MPT22|, respectively. This solved a 30 year-old
question of Kenig.

To construct the extension of BMO boundary functions, Varopoulos introduced the notion
of e-approximability in [Var77, Var78|, which was further refined by Garnett, [Gar81|, who was
studying the same problem, inspired by Carleson’s Corona theorem and the duality between
the Hardy space and BMO. The usual definition of e-approximability for s = n is the following:

We say that, for a fixed ¢ > 0, a function u is e-approzimable in Q C R™! if there
exist a constant C: > 0 and a function ¢ = ¢° € C*°(£) such that [|u — @[/ @) < ¢ and

sup %, (Vo) (€) < C-.
£€oQ

We will generalize the definition and say that, for a fixed € > 0, a function u is uniformly
e-approzimable in Q C R™!if there exist a constant C. > 0 and a function ¢ = ¢° € C™(Q)
such that

sup [u(z) — ¢(z)| + sup do(2)|V(u —¢)(2)] S e (0.1)
e e
and
sup Cs o(V)(§) Se 2, (0.2)
£eoN

where 0q(-) = dist(x-, 2°) and the implicit constants are independent of ¢.

Dahlberg in [Dah80] proved that, in Lipschitz domains, every bounded harmonic function is
e-approximable, which was very useful in the solution of the Dirichlet problem with LP bound-
ary data for elliptic equations in [KKPT00, HKMP15|. Moreover, Hofmann, Martell, and May-
boroda, [HMM16], showed that in corkscrew domains with uniformly n-rectifiable boundary
every bounded weak solution of div AVu = 0 satisfying the so-called Dahlberg-Kenig-Pipher
condition is e-approximable, while in the converse direction, Garnett, Mourgoglou and Tolsa
in [GMT18| proved that if any bounded harmonic function is e-approximable in Q € AR(n)
then 02 is uniformly n-rectifiable. The latter was further generalized by the same authors
along with Azzam, [AGMT], to solutions of elliptic equations with more general coefficients.

Following Hytonen and Rosén, [HR18|, we generalize the definition of e-appoximability to
the case p € (1, 00] and to domains with s-Ahlfors regular boundaries. If 2 € AR(s) then, for
fixed p € (1, 00], we say that a function w is e-approzimable in LP (o) if there exists a function
w = ¢° € C*(Q) such that

IN(w—=&)lr (o) + IV (0aV(u = 0)lr o) Sp € INUllLr o) (0.3)

and
1Cs.c(VO) Lo (o) Sp € 2 IN U 1o 0 (0.4)

The concept of e-approximability in LP for p € (1,00) was introduced by Hytoénen and
Rosén in [HR18| who showed that the dyadic average extension operator as well as any weak
solution to certain elliptic PDEs in RT‘I are e-approximable in LP for every ¢ € (0,1) and
p € (1,00). The second part of that result was extended by Hofmann and Tapiola in [HT20]
to harmonic functions in Q = R"*!'\ E where E C R"*! is a uniformly n-rectifiable set. The
converse direction was proved by Bortz and Tapiola in [BT19].



INTRODUCTION

Subsequently we formulate the original results that are proven in this thesis and we discuss
the techniques used. We first prove a pointwise version of e-approximability of a regularized
version of the dyadic extension of f which we denote by vy (see (2.1) for the definition of vy).

Theorem 0.1. Let 2 € AR(s) for s € (0,n] and let f € Li (05). If e > 0, there exist
w € C®(Q), ag > 1, and ¢y € (0,1/2] such that for any o > g, any ¢ € (0,co], and any
£ e 09,

Na(w = v7)(€) + Na(6a¥ (w0 = v7))(€) S e MF(E), (0.5)
Coc(Vw)(€) S &2 [M(M(£))(E) + MMM)(©)] (0.6)

Therefore, vy is e-approximable in LP. The implicit constants depend on n, s, and the Ahlfors
reqularity constants, ¢y depends on the constants of the Whitney decomposition, and oy depends
on n and on the constants of the corkscrew condition and of the Whitney decomposition.

The following theorem shows that if f € BMO(o,), then vy is uniformly e-approximable.

Theorem 0.2. Let Q € AR(s) for s € (0,n] and let f € BMO(os). If € > 0 then there exist
w e C®(Q) and ¢y € (0,1/2] such that for any any c € (0, co], it holds that

Sup [(w —vp)(2)] + Sup 60 (2)|V(w —v)(@)] < el fllBMO(os): (0.7)
sup Cs c(Vw)(§) S 572Hf||BMO(oS)' (0.8)
€€

The implicit constants depend on n, s, and the Ahlfors regularity constants and cy depends on
the constants of the Whitney decomposition.

Theorems 0.1 and 0.2 are the stepping stones towards the construction of the desired ex-
tensions. Our first goal is to prove Varopoulos extensions of Lipschitz functions with compact
support which are Lipschitz on Q and also lie in W12(; ws).

Theorem 0.3. Let Q € AR(s) for s € (0,n]. If f € Lip.(0Q) then there exist a function
F:Q — R and cy € (0,1/2], such that for any c € (0,co], it holds that

(i) F e C™(Q) NLip(Q) N WH(Q;w,),

(i) IN Yoo + 1€l TF) ooy S 1 lv(o)s for p € (1,00],
(i) INGaVF) oty S 1 ooy

(iv) Floo = f continuously.

Moreover, there exist a function F : Q — R and a constant co € (0,1/2] such that for any
¢ € (0, o] it holds that

(i) F e C™(Q)NLip(Q) N Wh2(Q; w,),

(ii) sup Ny o(F)(&) + sup Cs o(VF)(€) S || fllBMO(o.)s
£ £€o9

(i) sup S (2)|VE(2)] S || fllBmo(os):
S

el



(iv) Floq = f continuously.

The second part of the theorem above was already used without proof in connection with
Boundary Value Problems (see e.g. |DaKe| and [MiTa]). To the best of our knowledge, a
proof of this theorem is not available in the literature,. However, it should not be considered
folklore since its proof is far from trivial (at least in our setting) and, it was neither written
somewhere, nor it was known among experts.

We also prove a version of the theorem above for boundary functions in the Campanato
space Ag(0R2) for B € (0, 1), as well as in the space Lipg(9€2) consisting of 3-Holder continuous
functions. In fact, in our setting, any function in Ag(0€) agrees os-a.e. with a Holder
continuous function and the two semi-norms are comparable, see Remark 1.2.

Theorem 0.4. Let Q € AR(s) for s € (0,n]. If f € Ag(9Q) for B € (0,1) then there exist a
function F : Q — R and a constant co € (0,1/2], such that for any c € (0, col, there holds

(i) FeC>(9),

(ii) sup NSD(F)(€) + sup C(VF)(E) S [1fllas00):
£€O0 £€ON

(ii1) Sugfsﬂ(x)l*’B\VF(m)’ S flas00);
T€

(w) nt-lim,_,¢ Floa(z) = f(§) for os-a.e & € 0N.
Moreover, if f € Lipg(09), then F' € Lipg(ﬁ) and F|gpq = [ continuously.

Interestingly, this is the first time that such a theorem appears in the literature although
A(0R) is a natural endpoint in the interpolation scale that contains the spaces LP(o,) and
BMO(os). Nevertheless, its proof is surprisingly easier than the corresponding proofs for
LP(0s) and BMO(os) boundary functions. This is because the regularized version of the
dyadic extension of the boundary data satisfies the desired properties and there is no need to
use e-approximability.

When the boundary function is discontinuous, the construction is more complicated and,
for s = n, requires an additional mild connectivity assumption between o, -almost every fixed
point £ € 00 and a corkscrew point z¢ associated to ¢ by means of a “good" curve (also
depending on ). This is necessary in order to construct a surjective trace operator given by
means of (a version of) non-tangential convergence to the boundary points.

We prove the existence of an extension of a boundary function in LP that satisfies the
estimates of the one that Hyténen and Rosén built in [HR18] in R’

Theorem 0.5. Let 2 € AR(s) for s € (0,n]. If s = n assume additionally that Q satisfies the
pointwise John condition. If f € LP(0,) with p € (1,00], there exist u: Q — R and co € (0, 1]
such that, for any c € (0, co], it holds that

(1) we C=(Q),
(i) [IN (W)l zr (o) + ICs.c(VU)llLr(on) S 1 lLp (o),
(iii) N (6aVu)lle oy S I1f (o),
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(iv) For os-almost every &€ € 00,1

f(&) non-tangentially, if s <mn,
][ u(y) dy — . : .
B(z,00(2)/2) f(&) quasi-non-tangentially, if s =n.

For p = 0o, we use the sup-norm on the right hand-side of (ii) and (iii) instead of the L>-
norm.

We can also prove a BMO version of the previous theorem, which is an extension that
enjoys the properties of the one constructed by Varopoulos [Var77] in R’fﬁl.

Theorem 0.6. Let 2 € AR(s) for s € (0,n], which, for s = n, assume that it additionally
satisfies the pointwise John condition®. If f € BMO(oy) then there exist u : @ — R and
¢ € (0, i] such that, for any ¢ < cg, it holds that

(i) uwe C=(9Q),

(i) sup Ngc(u)(§) + sup Csco(Vu)(§) < [ fllBMO(o.):
£€on £€on

(iii) sup do(z)|Vu(@)| < [ fllBMO(0y)
Te
(iv) For ogs-almost every & € 0X2,

][ Vd f(§) non-tangentially, if s<mn,
%
B(z,00(x)/2) e f(§) quasi-non-tangentially, if s =n.

Remark 0.7. Note that the estimate (iii) of Theorem 0.6 can also be written as a non-
tangential estimate. Namely, it is equivalent to the estimate

sup N (doVu)(€) < [1flBmo(o,)-
=)

Remark 0.8. The proof of the existence of extensions of complex-valued boundary functions
is exactly the same but for the sake of simplicity we prefer to state and prove our results for
real-valued boundary functions. Moreover, if f : 0 — C™ with f = (f1,.-, fm), then its
extension is simply F= (F1, ..., Fp), where F} is the extension of f; for each j € {1,2,...,m}.

Let us discuss the techniques that were used to prove Theorem 0.6 by the authors in [Var77],
[Var78|, [Gar81], and [HT21]. For a boundary function f € BMO(0o), the first important step
was to write it as the sum of a function g € L*°(0) and the function b:=3_ .-, a;xq,, where
the coefficients a; satisfy the bound sup,>; |a;| < [[fllBmo() and {@;};>1 is a countable
family of boundary cubes that satisfies a Carleson packing condition, see (3.1). Then the

'For the definitions of non-tangential and quasi-non-tangential convergence, see Definition 1.16.
2In the case that s = n and € satisfies the pointwise John condition but not the local John condition, we
assume that f is compactly supported for technical reasons.
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desired extension of f is constructed as the sum of the extension G of g and the extension
B of b. The extension B can be constructed by hand and although, in “rough” domains, one
needs technical arguments to prove the Carleson estimate for the gradient of B and the non-
tangential convergence to b (see [HT21]), this can be accomplished without resorting to deep
results. On the contrary, the extension of g € L°°(0) uses the e-approximability of essentially
bounded harmonic functions, which is an important theorem in boundary value problems for
elliptic PDEs with discontinuous data. To be precise, one extends b by means of harmonic
measure producing a L harmonic function, which is further approximated by a function
that satisfies the desired Carleson estimate. Then the extension is constructed by an iteration
method.

In light of [HMM16] and [GMT18], the notion of e-approximability of L> harmonic func-
tions in AR(n) domains is equivalent to uniform n-rectifiability of 9Q2. The method described
above has geometric limitations and it is natural to ask if the converse of [HT21] holds true;
that is, whether the existence of a Varopoulos-type extension in AR(n) domains implies uni-
form n-rectifiability of 9€2. Theorems 0.5, and 0.6 show that this is clearly not the case since,
if F is the 4-corner Cantor set then Q = R"*\ E € AR(n) and it is a uniform domain (thus,
it satisfies the pointwise John condition).

To tackle Theorem 0.5 and Theorem 0.6, insipred by [HR18|, we use a regularized version
of the standard dyadic extension vy of a function f € L] (o) and f € BMO(0)) respectively.
We prove in Theorem 0.1 that vy has an LP(o) e-approximator, while in Theorem 0.2 we
prove that vy has a uniform e-approximator. This comes in contrast to the previous works
in the case of BMO(o) where one approximated a harmonic function. Our proof relies on a
Corona decomposition on the boundary, see Definition 3.1, and the correct definition of the

approximating function.

The scheme of the proof of Theorems 0.1 and 0.2 is the following. To each Whitney cube P
we associate a boundary “dyadic” cube b(P), with the same side-length so that dist(P, b(P)) ~
¢(P). Then we define a regularized version of the dyadic extension of the boundary function
vy using a partition of unity {pp}peyy(q) subordinated to the collection of (dilated) Whitney
cubes of Q (in the spirit of the Whitney extension) with coefficients the averages of f over
b(P). Subsequently we construct a Corona decomposition on the boundary, see Definition 3.1
in chapter 3, so that the difference between the average of f on a top cube and its average on
its “stopping parent” is not small (in a certain sense). Define the approximating function w
once again via {¢p} peyy(q) so that, roughly speaking, w is constant (the average of f over the
top cube of each tree) when P is associated to a boundary cube b(P) which is in the tree but
not such that there exists another boundary dyadic cube @) with comparable side-length which
belongs to another tree and dist(b(P), Q) < ¢(b(P)). In the rest of the cubes it is defined just
as the dyadic extension vy. Then, by some subtle estimates using the stopping conditions and
the discrete Carleson embedding theorem, we can conclude.

Note that even when the boundary function is in LP we still have to overcome significant
challenges due to the geometry of our domains. For instance, in RTH, Hytonen and Rosén,
[HR18], use the separation of variables (z,t) € R™ x Ry in a crucial way as they reduce their
case into estimating %, (0;w), where Jyw stands for the partial derivative in the transversal
direction. In higher co-dimensions, even if Q = R3 \ R, such a reduction does not seem to
work. Instead, we resort to multiscale analysis to construct the approximating function. An
important component is the proof of the packing condition for the top cubes, which was not
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shown in [HR18|, however our proof relies on some of their arguments.

The proof of Theorem 0.5 (resp. 0.6) is based on a trace theorem, Theorem 0.1 (resp.
Theorem 0.2), and an iteration argument. The connectivity condition (i.e., pointwise John
condition) when s = n is required just for the trace theorem, where we show that if Cs(Vu) €
LP(0s) (resp. uniformly bounded) then there exists a trace operator of u on the boundary.
Interestingly, to show that the trace of w is in LP(o,) we also need that the non-tangential
maximal function of u is in LP(os), while to show that it is in BMO(0;,) we need to assume
that the domain satisfies the local John condition, i.e., a stronger geometric assumption which
is always satisfied when s < m. This is the reason why when s = n, f € BMO(0,) and Q2 has
the pointwise John condition (but not the local John condition), we use the usual splitting of
the BMO(0y,) function into a L>(0y) function and a function of the form .-, a;jxg,. Then
we apply Theorem 0.1 to get the extension of its L part and add it to the extension of the
“bad” part as constructed in [HT21, Proposition 1.3]>. One needs to be careful with the details
of the iteration argument as well, in order to be able to define ) j>0 Uj in a meaningful way
and identify V3o qu; with > .-, Vu;. For more details see Section 6.

To prove Theorem 0.3, for f € Lip.(0€2) first we use Theorems 0.1 and 0.2 to construct
the approximating functions of the regularized dyadic extension of f. Subsequently we define
the extension to be equal to the approximation everywhere, apart from a neighborhood of the
boundary of “width” § > 0, where we set it to be equal to the regularized dyadic extension.
Then, we choose 0 to be HfHLp(US)/HfHMLp(US) in the case of p € (1, 00) (resp. || fllze(0,)/ Lip f
for p = oo) and || f||mo(o,)/ Lip f in the case of BMO(o) and obtain the desired estimates.
It is interesting to note that we do not construct an a prior: extension and modify it later to
obtain the Lipschitz extension; we just modify the e-approximator of vy. That is why we do
not assume any connectivity condition as in Theorems 0.5 and 0.6. Instead, the existence of
the trace is readily given by the continuity of vy which is Lipschitz on Q.

Finally, we use Theorem 0.3 to obtain connections between Poisson and Boundary Value
Problems (see Definitions 1.6, 1.8, and 1.9) for systems of elliptic equations in divergence form
with merely bounded complex-valued coefficients. In particular, we prove the following.

Theorem 0.9. Let Q@ € AR(n) and L be defined as in (1.27). If L* is its formal adjoint then
the following hold:

1. If (PR;) 18 solvable in Q) for some p > 1 then (DII;,*) is also solvable, where 1/p+1/p’ = 1.

2. If (PRY) for H = 0 is solvable in Q then both (PDL)) with H = 0, and (DEy,0) are
solvable in 2.

L L) - , _ -
3. If (PD,)) for p € (1,00) (resp. (PDg,)) is solvable in Q with H = 0, then the Dirichlet
problem (Dz]}) (resp. (DEyio)) is also solvable in Q.

The Poisson Dirichlet problem (PD£) for p > 1 (resp. the Poisson regularity problem
(PRZI;J )) with interior data in suitable Carleson spaces with scale-invariant estimates for the non
tangential maximal function of the (resp. gradient of the) solution (see Definitions 1.8 and 1.9),
was first defined and investigated in a recent work of Mourgoglou, Poggi and Tolsa [MPT22].

3We recall here that in [HT21|, uniform n-rectifiability was only used for the extension of the L* part,
while the bad part can be extended in any AR(n) domain.
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The authors were interested in the solvability of the regularity problem (see Definition 1.7)
for elliptic equations satisfying the so-called Dahlberg-Kenig-Pipher condition in corkscrew
domains with uniformly n-rectifiable boundaries. Due to the fact that it is not known if the
layer potentials for such operators are bounded, the authors went through the solvability of the
Poisson Dirichlet problem in order to circumvent the aforementioned difficulty. In particular,
they show that, for such operators, (PDg) = (R}%) for any p > 1. To do so they use the almost
elliptic extension which, as mentioned before, is a one “smoothness level up” Varopoulos-type
extnesion for Sobolev functions on the boundary. One of their results states the following
equivalences for elliptic equations with merely bounded coefficients:

(DY)« (PDL) < (PR)),  pe(1,0).
The equivalence (PDg) & (PRg ) holds for systems as well since the proof in [MPT22] does
not rely on the maximum principle or the elliptic measure. Nevertheless, the rest of the results
in [MPT22] exploit the connection between the weak-A., condition of the elliptic measure and
the solvability of (DZI;“,*) in a significant way and so they only hold for real equations. Inspired
by the use of the almost elliptic extension in [MPT22|, we utilize the Varopoulos-extension
constructed in Theorem 0.3 in order to extend some of those results to the case of elliptic
systems; we also obtain the endpoint results which are new even for real equations. We refer
to the introduction of [MPT22| for a detailed presentation of the historically results in this
area.

Related results

While writing this thesis, we were informed by Bruno Poggi and Xavier Tolsa that in collab-
oration with Simon Bortz and Olli Tapiola, they have independently proved in [BOPT23], a
less general version of Theorem 0.6 which holds for uniform domains with n-Ahlfors regular
boundaries such that there is an elliptic measure which is Ao, with respect to surface mea-
sure. They obtain this result as a corollary of their main result studying e-approximability of
solutions to arbitrary elliptic partial differential equations. Their assumptions hold, in partic-
ular, for the complement of the 4-corner Cantor set in R?, thus they also show that uniform
rectifiability is not a necessary condition in order to construct Varopoulos-type extensions.

XVi



Chapter 1

Preliminaries and notation

We will write a < b if there is a constant C > 0 so that a < Cband a~bif a <band b < a.
If we want to indicate the dependence of C' on a certain quantity s, we write a <s b. For a
function space X we denote by X, all the compactly supported functions in X.

1.1 Preliminaries

In R"! and for s € [0,n + 1], we denote by H® the s-dimensional Hausdorff measure and
assume that H"*! is normalized so that it coincides with £"! the (n + 1)-dimensional
Lebesgue measure in R"T!. We also denote by o5 := H®|sq the surface measure of 2. When
the dimension is clear from the context we drop the dependence on s and just write o.

Definition 1.1. If s € (0,n+ 1], a measure u in R™*! is called s-Ahlfors regular if there exists
some constant Cy > 0 such that

C&l r® < u(B(z,r)) < Cyr?

for all # € suppp and 0 < r < diam(suppp). If E C R™*! is a closed set we say that E is
s-Ahlfors regular if H®|g is s-Ahlfors regular.

1.2 Function spaces

We write 2* = 2(::1) and 2, = (2*) = 2(:j31). Recall that C2°(Q) is the space of compactly

supported smooth functions in 2. For p € [1,00) and a non-negative function w € L ()
we define the homogeneous weighted Sobolev space WP (©; w) to be the space consisting of
L] (€) functions whose weak gradients exist in € and are in LP(£2; w). We also define the inho-
mogeneous weighted Sobolev space W1P(2; w) to be the space of functions in L”(£2; w) whose
weak derivatives exist in € and are also in LP(€;w), and Wy (9;w) to be the completion of
Cee(2) under the norm [ullyy1,p(0u) = [[UllLr(Quw) + [Vl p (). Finally, we let Yol’z(ﬂ;w)
be the completion of C¢°(2) under the norm [[ully1.2(quw) = ull 2% () + I VUll L2 (i) -

Let ¥ be a metric space equipped with a non-atomic doubling measure ¢, which means
that there is a uniform constant C, > 1 such that o(B(z,2r)) < C,ro(B(z,r)) for all x € ¥
and r > 0. If E C ¥ is a Borel set such that 0 < 0(E) < oo and f € L] (o), we denote the

average of f over E by
1
Mo, B f ::][ fdo = / fdo. 1.1
T -

1



If o is the Lebesgue measure then we simply write mgf.

For § € [0,1) we define Ag(0€Q) to be the Campanato space consisting of the functions
[ € L (o) satisfying

1
[ fllag00) == sup |f(y) — Mg B fldo(y) < oco. (1.2)

TESUpp o P B(z,r)
r€(0,2 diam 09)

Note that Ag(c) = BMO(0o), the space of functions of bounded mean o-oscillation. We also
define the space of functions of vanishing mean oscillation', which we denote by VMO(0),

to be the closure of the space of continuous functions with compact support C.(3) in the
BMO(o) norm.

We say that « is a 2-atom if there exists x € ¥ and 0 < r < diam(X) such that
suppa C B(z,7), |l < o(B(z,r))"? and /ada = 0.

We define the atomic Hardy space H'(o) as follows: f € H'(o) if there exist a sequence
Aj € C and a sequence of 2-atoms «; such that f =}, Aja; in L'(0); we say then that f has
an atomic decomposition. H'(c) is a subspace of L!(c) and is a Banach space with norm

| £l (o) = inf { Z |A;] : all atomic decompositions f = Z )\jaj}.
J J

By the work of Coifmann and Weiss, [CW77], we have that (H!(¢))* = BMO(c) and
(VMO(0))* = HY(0).

For 3 € (0,1] we define Lipg(%) to be the space of measurable functions that satisfy

HfHLipﬁ(E) (= sup < 00. (1.3)

When 8 = 1 we simply write Lip(X) since it is the space of Lipschitz functions. If ¥ is locally
compact then it holds that Lip.(X) is dense in C,(X) in the supremum norm. Therefore, it is
easy to see that in that case

BMO(o)

Lip(2) = VMO(o).

Remark 1.2. By a simple inspection of the proof of [MS79, Theorem 4], it is easy to see that
if ¥ is a metric space equipped with a measure o which is s-Ahlfors regular and g € (0,1)
then for every f € Ag(X) there exists g € Lipg(X) such that f(x) = g(z) for o-a.e. € ¥ and

[flas(0) = 1 llLips(s)-

Following |Ha| we will introduce the Hajltasz’s Sobolev space on . For a Borel function

f ¥ — R we say that a non-negative Borel function g : ¥ — R is a Hajlasz upper gradient of
fif

[f(@) = )l < |z —yl(g(x) +9(y)) for o-ae. z,y € %. (1.4)

'WMO was originally introduced by Sarason in [Sar75|.
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CHAPTER 1. PRELIMINARIES AND NOTATION

We denote the collection of all the Hajtasz upper gradients of f by D(f).

For p > 0 we denote by MLP(U) the space of Borel functions f which have a Hajtasz
upper gradient in LP(o), and we let M?(c) be the space of functions f € LP(o) which have
a Hajtasz upper gradient in L?(0), i.e., M'P(c) = M'?(c) N LP(c). We define the semi-norm
(as it annihilates constants)

y h— 'llf . -5
H] HMLP(U) 1D( )HgHLP(J) (1 )
If Y is bounded then we define the norm

= (diam ¥2) inf 1.6
HfHMLP(U) ( 1aIm ) HfHLP(J) +gelg(f) HgHLP(J)7 ( )

while if ¥ is unbounded we consider the space M'P(s) := M"P(c)/R. Observe that from
the uniform convexity of LP(o) for p € (1,00), one easily deduces that the infimum in the
definition of the norms || - HMLP(E) and || - [[pr10(x) in (1.5) and (1.6) respectively, is attained
and is unique. We denote by Vp, f the function g which attains the infimum which we will
call the least Hajtasz upper gradient of f.

1.3 Maximal operators and Carleson functionals

Set dq(-) = dist(-,Q°), B® := B(z,00(z)), and ¢B* := B(z,cdq(z)), for ¢ € (0,3]. For
f€LL.(n) and z € Q we set

mege(|f|DY if 1< q < oo,

Macl D@ =0 sup ()] i g =oc,
yE€ cB®
and
mﬁ,c(f)(x) = moo,c(f - chzf)(:E), z €€ (17)
We define the centered Hardy-Littlewood mazimal operator for a function f € Li. (o) as

M(f)(z) = Sup Mg Bz (1), €X

while the non-centered Hardy-Littlewood maximal operator is defined to be

M(f)(z) == supmos(|f]), =€,
B>x
where the supremum is taken over all balls B containing x. The dyadic Hardy-Littlewood
mazimal operator with respect to a dyadic lattice Dy on ¥? will be denoted

Mp, f(z):= sup mgq(|f])-

QED,,Q3x

If the measure is clear from the context we will just write Mpf in place of Mp,_ f. We also
set
Mf(Q) = sup mgr(|f]) (1.8)

ReD,
QCR

2For the construction of dyadic lattices in this setting, see e.g. [Chr90].
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to be a truncated version of Mp f(x).
From now on, we assume that € AR(s) in R"*! and o = H?|sq.

For o > 0 and £ € OS2 we define the cone with vertex £ and aperture o > 0 to be the set
Yal(§) ={x € Q: |z — ¢ < (1 + a)dist(z,00)}.

and for a fixed aperture a > 0 the non-tangential mazximal operator of a measurable function
f:Q2—=Rby

Na(£)(€) :== sup [f(z)],  §€09. (1.9)

IE’YQ(f)
By a straightforward modification of the classical proof of Feffermann and Stein [F'S,

Lemma 1], one can show the following.

Lemma 1.3. For Q € AR(s) for s € (0,n] and g € [0,1), there holds HNO(/B)(f)HLp(J) R8s
INs ()l Lo (o) for all o, B> 0 and p € (0,00).

For a fixed aperture a > 0, 8 € [0,1), and a constant ¢ € (0, %], we also define the sharp
non-tangential maximal opeartor applied to a measurable function f: 2 — R by

Nioe(D)©) = sup da(w) Pmyc(f)(x). € €0 (1.10)
z€7a(§)
Setting ws(x) = dq(z)*™" for z € €, we define the Carleson functional of a function

FelLl (Q,ws(x) dw) by

loc

‘fs(ﬁ)(F)(f) = sup%ﬁ /B(5 o |F(x)| ws(x) dx, & € 09, (1.11)

>0 T

We define the modified Carleson functional of a locally bounded function F' by means of
COF)E) =P (Moo e(F))(€), €€ 0. (1.12)

For g € [1,00), the q-Carleson functional of a function F € L (Q, dz) is defined to be

loc

1
Cg%)C(F)(ﬁ) = sup —— / Mg o.cBe (| F]) ws(x) dz, £ € o (1.13)
77 r>0T B(&,r)nQ

Lemma 1.4. If Q € AR(s) for s € (0,n], B € [0,1), ¢ € [1,00), F € L (Q, dz) and
0<cl<02§%then

C) L (F)(E) Seren C), (F)(€)  for every € € 09. (1.14)

5,4,C2

Proof. The case s = n and 8 = 0 was proved in [MPT22, Lemma 2.2| while the proof in the
other cases follows by a routine adaptation of the same arguments. O
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CHAPTER 1. PRELIMINARIES AND NOTATION

If it is clear from the context and in view of Lemmas 1.3 and 1.4, we will suppress the
dependence of NO(C’B), NB Cé’f]),c, and Cé’f;) on « and ¢, and write N, ./\fﬂ(’B), ng) and ¢P.

f,o,c?
If s =n and g =0, we will drop the dependence on s and 3 as well.

For p € (1,00) we introduce the Banach spaces

NP(Q) :={w: Q — R : wis measurable and N (w) € LP(o)}, (1.15)
CP o(Q) = {F € C(UR™™) : C,(|F|) € LP(0)}, (1.16)

cquipped with the norms [[wllxe(@) = [N(w) o) » [ Fllcz @) = ICs(IF) Lo (o), respec-
tively. For p = oo we define

N>®(Q) :={w: Q — R : wis measurable and sup N(w)(§) < oo}, (1.17)
£€oQ
C2(Q) == {F € C(QR™™) : sup Cs(|F|)(€) < oo}, (1.18)
£€oQ
7(Q) :=={w:Q — R:wis locally bounded in © and sup N .(w)(§) < oo},  (1.19)
£€oQ

and equip them, respectively, with the norms |[w||xe(q) = supgcgn N (w)(£), “ﬁ"cgow(ﬂ) =
SUP¢epn Cs(|F])(€), and with the semi-norm

[wllxge () := sup Nye(w)(€) = sup my c(w)(x),
£eof2 €

which is a norm modulo constants. We will prove in Lemma B.1 in Appendix that the quotient
space N;°()/R is a Banach space. It is not hard to see that N*°(£2) and CZ7(£2) are Banach
spaces. We also define the spaces

CLr,(Q) = {u e CYQ): Vu e CL (@)}, pe (1,00), (1.20)
Co2(Q) == {ue C'(Q): Vu e C ()}, (1.21)
and the semi-norms ”“HCQ;&(Q) = [[Vullcz () and HUHCQ;ZS(Q) = [[Vullcx_(0)-

If G: Q2 — R is a measurable function in 2, we define the area functional of G, for a fixed
aperture a > 0, as

ADG(E) = / |GGl s, <00 (122)
Yo

The following lemma is proved in the Appendix A.

Lemma 1.5. Let Q € AR(s) for s € (0,n], u € L (Qws), p € [1,00) and o > 1. There

loc

exists C' > 1 such that for any & € 0Q and r € (0,2 diam(9S2)) there holds

||A(a) (Wlpemn)lze@.BEr) S Tﬂﬂ(gs(ﬂ) (ulpe,.crn)llieoBe.crn)- (1.23)

If B =0 we also have that
A (W) Lo (o) S 115(w) | o(o)- (1.24)
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We also introduce the modified non-tangential mazximal operator /\Nfaﬁ,r for a given aperture
a > 0, a parameter ¢ € (0,1/2] and r > 1: for any u € L] (12) it is defined as

1/r
Rocrule) = sw (f w)ray) . geon
r€va(8) Y B(z,cda(r))
The LP-norms of these non-tangential maximal functions with different apertures o or aver-
aging parameters ¢ are comparable, see [MPT22, Lemma 2.1], and in order to simplify the
notation we will just write /\7r = /\Nfa,w« when we do not need to specify neither « nor c.
For any ¢ > 1 and p > 1 we define the Banach space

Csqp(Q):={H € LL (Q) : Cs4(H) € LP(0)}

loc

with norm ||H||c, ,, = [|Cs.q(H)| 1r(s), and for r € [1,00], p > 1 we let

Nopl€) = {u € Liye(Q) : Ny (u) € LP(0)},

loc

where we identify M, = A with norm ullx, @) = H/\~/'r(u)||Lp(g); By the proof of [MPT22,
Proposition 2.4| it follows that if either Q is bounded or 0 is unbounded it holds N, ,(2) =
(Coqpr(©2))*. When s =n we drop the subscript s from Cg g .

If Q@ € AR(s) we define the tent spaces
05(Q) == {f € L},(Q) : G:(f?65") € L™(0)} (1.25)

loc

and
TH(Q) = {g € L2.() : (A(g2651)"* € LP(0)}, for p € (0,00), (1.26)

loc

and we equip them with the respective norms

£ 725 0) = €. (£ 551)1/2HL00(0) and lgllzz (o) = || (Alg” 551)1/2 HLP(U)'

When s = n we drop the subscript s from T: 5 and just write 75°.

The tent spaces were first introduced and studied in [CMS85| in the upper-half space Rf‘fl
and their definition was extended to AR(n) domains in [MPT13]. Note that the results are
stated in chord-arc domains but an easy inspection of the proofs in [MPT13] reveals that
neither the Harnack chain condition nor the exterior corkscrew condition are necessary. An
important result in this area is the duality between tent spaces. Namely, if Q2 € AR(n) then
the pairing

dz

,g) = x)g(x
o) = [ 1@ 355
realizes T5°(f2) as the Banach dual of T4 (f2). Moreover, for p € (1,00), the same pairing

realizes T0 '(€) as the Banach dual of T9(Q2), where 1/p + 1/p’ = 1. In this generality, this
follows from the proof of Theorem 4.2 and Remarks 4.3 and 4.4 in [MPT13|. By an inspection
of the proofs, one can easily show that if Q@ € AR(s) for s € (0,n], then the pairing

dx
(f,9) = /Qf(m)g(x) W
realizes 7705(€2) as the Banach dual of T1(2). Analogously, for p € (1,00) the same pairing
realizes Tgl(Q) as the Banach dual of T%(Q2), where 1/p+1/p’ = 1.



CHAPTER 1. PRELIMINARIES AND NOTATION

1.4 Elliptic systems and Boundary value problems

In this section we consider domains € AR(n) with n > 1. Let L be an elliptic operator
acting on column vector-fields u = (u!,...,u™)T, where w Q- Cfor B=1,2,...,m,
defined as follows:

n+1 m  n+l
— 3" Bi(A(@)du(x)) = — > 8i(aff () 950 (), (1.27)
27.7:1 O‘aﬁ:]- Za]:1
where 0; = 8 , 1 <@ <n+1and A;; are m X m matrix-valued functions on R™1 with

entries a%ﬁ : Q — C, a, 8 €{1,...,m} for which there exists A € (0, 1] such that

m  n+l
Z Z |a () < A72, forae.xz € Qand (1.28)
a,f=11,5=1
m  n+l m n+l1
Re D Y a0l (2)efer =AD" |er? forae.zeQ. (1.29)
a,f=11,j=1 a=1i=1

For m =1 and a;; : © — R, estimate (1.29) amounts to the standard accretivity condition

n+1
Aé? < Z aij(r)&€; forac.z € Q, € € R (1.30)
ij=1
Notice that the a-th component of the column vector Lu is given by

m n+1

(Lu)*(x) := —Z Z 8i(a?;»ﬁ(w) oju’ (x)). (1.31)

p=11%,j5=1

We also define the adjoint operator of L by

m n+l o
=3 Y ol (@) 0P (@),
a,B=11,5=1

that is L* = — div A*V where A* = (4;;) or equivalently ( ) fza.

We assume that H : Q — C™ is glven by H = (H1 Hm) and E : Q — ¢t g

given by B := (:1,...,§ ), where =% : Q — C"*! and = =(Ef,...,80,) fora=1,...m.
We are interested in solutions of the inhomogeneous equation Lu = —divE 4+ H in {2 in the
sense
m n+1 m
- Z Za- =M (x) + ZH“(J}), for a.e. z € Q.
a=1 =1 a=1
For H € Li* (€, C™) and E € L}, (Q; C™("+1)) we say that the vector field w € VVI1 2(Q;C™)

solves Lw = H — divE in the weak sense, or that w is a weak solution to the equation
Lw = H — div E, if for any ® € C°(Q; C™) we have that

m  n+l m n+1
> Z/ o awﬁa@—zz/”aa@wz:/ﬂa@a (1.32)
a,f=11,j=1 a=11i=1
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We say that the variational Poisson-Dirichlet problem for L is solvable in  if for every
H € L*(Q;C™) and E € L2(Q; C™(" 1) there exists u € W;=2(Q; C™) such that

loc

Lu=—divAVu=—-divE+ H weakly in 2,

Y ey, (1.33)

(P - {

By Lax-Milgram’s theorem this problem is always solvable, its solution is unique and it satisfies
the estimate

||U||y0172(9) S [H| 2« (icmy + 1Bl L2 s cmnt1))-

We say that the variational Dirichlet problem for L is solvable in  if for every ¢ €
Lip(99;C™) and @ € WH2(€; C™) N Lip(; C™) satisfying ®|sn = ¢, there exists w €
Wh2(Q; C™) such that

L Lw = —divAVw =0 weakly in ,
(L) = (1.34)

w—® e Y, ?(Q) on 9.

If u is the solution of (1.33) for E = —AV® € L?(Q; C™"*1)) and H = 0 then it is easy
to see that w = u + @ is the solution of (1.34).

We can consider the extended boundary 0 := 0Q U {cc}. Since the set of compactly
supported Lipschitz functions on 0f) is dense in the set of compactly supported continuous
functions on 0f2, we can extend the definition of the Dirichlet problem to C.(9f2). Namely,
for any ¢ € C.(9Q;C™) and & € W2(Q; C™) N C(Q; C™) satisfying ®|on = ¢, there exists
w € WH2(Q; C™) satisfying (1.34).

Definition 1.6. For ¢ € (0,00) we say that the Dirichlet problem with L? boundary data is
solvable for L in € and write (DqL) is solvable in €, if there exists C' > 1 so that for each
g € Lip,(09), the solution u of (1.34) for L with boundary data ¢ satisfies the estimate

o+ ()] La(oy < CllgllLaco), (1.35)

where 2* := 2(7::11). We also say that the Dirichlet problem with boundary data in BMO(o)
is solvable for L in Q and write that DéMO is solvable in €, if there exists C' > 1 so that for

each g € Lip.(99), the solution u of (1.34) for L with boundary data g satisfies the estimate

160 Vul|75e(0) < CllgllBMO(0)- (1.36)

Definition 1.7. For p € (0,00) we say that the (homogeneous) Dirichlet reqularity problem
or just regularity problem with boundary data in M?(o) is solvable for L in Q (write (Rﬁ)
is solvable in ), if there exists C' > 1 so that for each f € Lip.(9f2), the solution u of (1.34)
with boundary data f satisfies the estimate

IN2(V)l| ooy < CILF i o)- (1.37)

Following [MPT22|, we introduce the Poisson-regularity problem with data in Cg,(£2).

8



CHAPTER 1. PRELIMINARIES AND NOTATION

Definition 1.8. For p € (1,00) we say that the Poisson-Dirichlet problem (PDﬁ) is solvable
in Q if there exists C' > 0 so that for each H € L¥(Q;C™) and E € L°(Q; C™"+1) the
solution v of the problem (1.33) satisfies the estimate

Na- ()| ooy < C (IC2. G H)1o(o) + IC2(E)l| (o) - (1.38)

Similarly, we say that the Poisson-Dirichlet problem (PDL)) for H = 0 is solvable in € if there
exists C' > 0 so that for each 2 € L°(€; C™"+1) the solution u of the problem (1.33) for
H = 0 satisfies the estimate

160V ullre(@) < CIC2(E) 2= o0y (1.39)

Definition 1.9. For any p € (1,00), we say that the Poisson-regularity problem (PR;%) is
solvable in € if there exists C' > 0 so that for each H € L°(€; C™) and E € L°(Q; C™(+1),
the solution v of the problem (1.33) satisfies the estimate

IN2(V0)l o) < C (IIC2. ()| ooy + IC2(IE/30) | o) - (1.40)

Similarly, we say that the Poisson-regularity problem (PRY) for H = 0 is solvable in € if there
exists C' > 0 so that for each E € L(Q; C™"+1), the solution v of the problem (1.33) for
H = 0 satisfies the estimate

IN2(VO)l o) < ClIE Iy - (1.41)

1.5 Geometry of domains

Following Jerison and Kenig, [JK82|, we introduce the corkscrew and Harnack chain condi-
tions.

Definition 1.10. Let ¢ € (0,1/2). We say that an open set  C R"*! satisfies the c-
corkscrew condition if for every ball B(&,r) with £ € 99 and 0 < r < diam(Q2), there exists a
point x € QN B(&,r) such that B(x,cr) C QN B(, ).

Definition 1.11. Given two points z,2’ € Q and a pair of numbers M, N > 1, an (M, N)-
Harnack Chain connecting x to z’, is a chain of open balls By,...,By C Q with = €
B1, 2’ € By, Bp N Bpy1 # 0 for every k € {1,--- , N} and M~!diam(By) < dist(By, 002) <
M diam(By,). We say that (Q satisfies the Harnack Chain condition if there is a uniform con-
stant M such that for any two points z, 2’ € €, there is an (M, N)-Harnack Chain connecting
them, with N depending only on M and the ratio [z — 2’|/ (min (Jo(z), 5o (z'))).

It is not hard to see that if E C R"*! is s-Ahlfors regular for s € (0,n] then R"*1\ F satisfies
the c-corkscrew condition for some ¢ € (0,1/2) depending only on the Ahlfors regularity
constants. In the case that s < n, the set R"*!\ E satisfies the Harnack chain condition as
well; see [DFM, Lemma 2.2].

Definition 1.12. Let A € (0,1]. A connected rectifiable curve v : [0,£] — Q connecting
¢ € 0N and z € Q, parametrized by the arc-length s € [0,¢] and such that v(0) = ¢ and
~v(0) = z is called a A\-good curve or a A-carrot path, if v\ {£} C Q and dq(y(s)) > As for
every s € (0,7].



Definition 1.13. An open set  C R™! is said to satisfy the pointwise John condition
if there exists a constant § € (0,1) such that for o,-a.e. & € 02, there exist z¢ € € and
re > 0 satisfying ¢ € B(&,2r¢) and dq(x¢) > 6r¢, and also there exists a #-good curve
ve C QN B(&, 2r¢) connecting the points € and x¢ with £(v¢) < 071re. We will write that
¢ € JC(0) if the pointwise John condition holds for the point £ with constant 6 € (0, 1).

Remark 1.14. Any domain 2 € AR(n) with n-rectifable boundary satisfies the pointwise
John condition.

Following [HMT] we also introduce the notion of local John domains, which are also
examples of domains satisfying the pointwise John condition.

Definition 1.15. An open set Q C R™*! is said to satisfy the local John condition if there
is @ € (0,1) such that the following holds: For all z € 99 and r € (0,2diam(f2)) there is
y € B(z,r) N Q such that B(y,0r) C Q with the property that for all z € B(x,r) N 0 one
can find a rectifiable path «, : [0,1] — Q with length at most §~!|z — y| such that

0)=2 1) =y, dist(7yz(t), 02) > 0v.(t) — 2| for all t € [0,1].

If @ € AR(s) for 0 < s < n then it clearly satisfies the local John condition as it satisfies
the corkscrew and the Harnack chain conditions. If s = n, any semi-uniform and thus any
uniform domain has the local John condition.

Definition 1.16. Let Q2 be a corkscrew domain, F': Q — R and f : 9Q — R. We say that F'
converges non-tangentially to f at & € 002 and write F — f n.t. at &, if there exists a > 0 such
that for every sequence xy € 7,(§) for which z;, — £ as k — oo, it holds that F(z;) — f(§)
as k — oo. We will also write

nt-lim F'(z) = f(&).

T—E€

We will say that F — f quasi-non-tangentially at £ € 02 and write F' — f q.n.t. at £ if
there exist 7¢ > 0, a corkscrew point z¢ € QN B(§,2r¢), and a #-good curve v¢ € B(&,2r¢)
connecting § and x¢, such that for any z € 7¢ converging to { as k — oo, it holds that
limg 00 F(x) = f(£). We will also write

qnt-lim F(z) = f(§).

rz—E

1.6 Dyadic lattices

Given an s-Ahlfors-regular measure p in R"*! we consider the dyadic lattice of “cubes” built
by David and Semmes in [DS2, Chapter 3 of Part I|. The properties satisfied by D,, are the
following. Assume first, for simplicity, that diam(supp i) = co. Then for each j € Z there
exists a family D,, ; of Borel subsets of supp i, the dyadic cubes of the j-th generation, such
that:

(a) each D, ; is a partition of supp u, i.e. supp u = UQGDM Q@ and Q N Q' = & whenever
Q.,Q €D, and Q # Q';

(b) if @ € Dy j and Q' € D, with k < j, then either Q@ C Q' or Q N Q' = &;

10
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(c) for all j € Z and Q € D, j, we have 277 < diam(Q) < 277 and p(Q) ~ 277¢;

(d) there exists C' > 0 such that, for all j € Z, Q € D, j, and 0 < 7 < 1,

p({z € Q :dist(z,suppp \ Q) < 7277})

+p({z € suppp\ Q : dist(z,Q) < 7277}) < C71/Co—is. (1.42)

This property is usually called the small boundaries condition. From (1.42) it follows
that there is a point zg € Q, the center of @, such that dist(zg,supp p \ Q) = 277; see
[DS2, Lemma 3.5 of Part .

We set

Dy = | Dy
JEZ

In case that diam(supp p) < oo, the families D, ; are only defined for j > jo, with 2700
diam(supp p), and the same properties above hold for D,, := Uijo D, ;-

Given a cube Q € D,, ; we say that its side-length is 277 and we denote it by ¢(Q). Notice
that diam(Q) < £(Q). We also denote

B(Q) == B(zq,a1l(Q)),  Bq:= B(zq,{(Q)), (1.43)

where ¢; > 0 is some fixed constant so that B(Q) Nsuppp C Q for all Q € D,. Clearly we
have Q C Bg. For A > 1 we write

AQ = {:U € supp p = dist(z, Q) < (A — l)é(Q)}.

The side-length of a true cube P C R™! is also denoted by #(P). On the other hand, given
a ball B € R"! its radius is denoted by r(B). For A > 0 the ball AB is the ball concentric
to B with radius Ar(B).

1.7 The Whitney decomposition

Recall that a domain is a connected open set. In this thesis, Q will be an open set in R*+!
with n > 1. We will denote the n-Hausdorff measure on 92 by o.

We consider the following Whitney decomposition of 2 assuming Q # R"*!: we have a
family W(€) of dyadic cubes in R"*! with disjoint interiors such that

U p=0

PEW(Q)

and, moreover, there exist constants A > 20 and Dy > 1 such the following conditions hold
for every P € W(Q):

(i) 10P C
(ii) AP NON # 2,

(iii) there are at most Dy cubes P’ € W(Q) such that 10P N 10P’ # &. Furthermore, for
such cubes P’ we have $((P') < ((P) < 2((P').

11



From the properties (i) and (ii) it is clear that dist(P, 9Q) ~ ¢(P) and so there exists A’ > 20
such that
dist(z,0Q) < A'4(P) for every z € P. (1.44)

We assume that the Whitney cubes are small enough so that
1
diam(P) < 20 dist(P, 092). (1.45)

The arguments used to construct a Whitney decomposition satisfying the properties above
are standard.

Suppose that 02 is s-Ahlfors-regular and consider the dyadic lattice D, defined above.
Then, for each Whitney P € W(Q) there is some cube @ € D, such that

Q) =4(P) and dist(P,Q) =~ {(Q), (1.46)

with the implicit constant depending on the parameters of D, and on the Whitney decompo-
sition. We denote such a cube by @ = b(P) and we say that Q is a boundary cube of P. For
every P € W(Q) there is a uniformly bounded number of cubes @ € D, depending on n and
the s-Ahlfors regularity of 0f2, that satisfy the properties (1.46). Conversely, given @ € D,,
we let

w(Q) = U P. (1.47)

PEW(Q):Q=b(P)

In the case of n-Ahlfors regular boundary, it is immediate to check that w(Q) is made up at
most of a uniformly bounded number of cubes P but it may happen that w(Q) = @.

In higher co-dimensions where s < n it is also true that for every boundary cube @ € 0f2
there exists a uniformly bounded number of Whitney cubes P € W(2) such that b(P) = Q.
For the proof of this fact one can see [MP, Lemma 4.16, Lemma 4.18|.

We also denote the fattened Whitney region of ) by

w(Q) = U 1.1P. (1.48)

PEW(Q):Q=b(P)

Remark 1.17. If z € P € W(Q) then there exists a constant C,, > 1 depending only on n,

the constants of the Whitney decomposition and the s-Alhlfors regularity, so that for every
P € W(Q) that has the property x € 1.1P’, there holds

b(P/) - B(CCb(p),Cwe(P)) =: Bp.
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Chapter 2

Regularized dyadic extension of
functions on the boundary

Let Q C R™"! n > 1, be an open set and let W(Q2) be the collection of Whitney cubes in which
Q) is decomposed as in Subsection 1.7. Let {¢p}pecyy (o) be a partition of unity subordinate
to the open cover {1.1P}peyy(q) such that

1
ep € C(R"), Vep| S m, suppp C 1.1P

and

Y ep(r) =1qg(), T

PEW(Q)
For f € L} (o), we define the regularized dyadic extension of f in Q by
Z mapp)f op(z) ifz €,
vi(zx) 1= PeW(Q) (2.1)
f(x) if x € 0
in the case that Q is an unbounded domain with compact boundary we set b(P) = 9 for
every P € W(Q) with ¢(P) > diam(0%).

The fact that vy is indeed an extension of f in 2 in the non-tangential sense is proved in
the following lemma.

Lemma 2.1. Let Q € AR(s) for s € (0,n] and f € LL (0s). There exists o > 0 such that

loc

nt-limvy(x) = f(§) for o-a.e. £ € 09,

r—E

for some cone v, where o > 0 only depends on n, the Ahlfors regularity constant and the
constants of the corkscrew condition.

Proof. By |[EG15, Theorem 1.33] it holds that
li_r>r(1)mU7B(§,T)(|f — f(&)]) =0, for g-a.e. &€ NN (2.2)

Fix £ > 0 and let £ € 9 be a point such that (2.2) holds. Let 0 < & < & to be chosen later.
Then there exists 0 = d(¢’,£) > 0 such that mg p(e ) (|f — f(§)]) < &’ for every r < §. Let now
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0 < ¢’ < ¢ be a small constant which will be chosen momentarily. For fixed « € v,(§)NB(E,d),
we have that
op@) = FOI < D mepeyf = F©)]ep(2).

PEW(Q)
Let Py € W(R) be a fixed cube such that # € Py. Then the only cubes P € W(Q2) that
contribute to the sum are the ones for which = € 1.1P and, by Remark 1.17, b(P) C Bp, =
B(zp,, Cwl(Py)). By the properties of the Whitney cubes there exists a constant C|, > C,,
such that Bp C B(&,Cl, ¢(P)). Let ¢ > 0 be sufficiently small so that B(¢,C}, ¢(P)) C
B(&,6/2). We get that for any such P we have

mopp)f — FO] S mopp, (If = F(O]) S €
which, in turn, by the bounded overlap of the Whitney cubes yields that there exists a constant
C > 1 such that
lug(z) = f(E] < C€.

This concludes the proof of the lemma once we choose e = C¢’. O

Lemma 2.2. Let Q € AR(s) for s € (0,n]. Assume that f € Li (o) and vy is the extension
defined in (2.1). For any P € W(Q) we have that

sup [Vog ()] S €P) ™ mo, 5, (| f])- (2.3)
xzeP

If additionally f € Ag(0S2) for B € [0,1) then it holds that
sup [Vop(a)] S P flagom) (2.4)
xe

while if f € MYP(c) we get that

Vg ()] S mo.p(Vipf); (2.5)
above Vi pf is the least Hajtasz upper gradient of f. Moreover, for any § € 02 we have
Na(vg)(§) Sa MS(E). (2.6)

Proof. For fixed x € P € W(Q) we have

Vor@)| S Y mapen () 6P Sy mesp (1 f]) €P)Y,
Pew()
z€l.1P’

where we used that ¢(P) ~ ¢(P’) and that there are at most Dy Whitney cubes with such
property. If, in addition, f € Ag(92) then using the fact that V(ZPEW(Q) op(z)) =0 we
get

Vg (x)| = ’ Z (Moppyf — ma,b(P)f)V(PP’(x)’
Prew(Q)

<Pyt Z Mo bp)f — Mo p(p) f]
P ew(Q)
2el 1P/

SUPYY YT My (I = Mo Bp f1) Spo | Fllas00)0(P)°
P ew(Q)
r€l.1P’
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BOUNDARY

Now, let f € M"P(c) and = € P. Then we have

1
Vo (z)] = | Z Mgy f Veop ()] < Z m’mo,b(P/)f — Mg pp)f|
Prew(Q) Plew(Q)
z€1.1P’
< f f VS (@) + Viayf ()] do(a) do(y)
P'ew Q) b(P") Jb(P)
x€1.1P’

S Z (mo,b(P/)(vH,pf) + Mg p(P) (VH,pf)) Spo MoBp(VEpf),
Pew(Q)
x€1.1P’

where Bp was defined in Remark 1.17. Finally, fox fixed £ € 9 and for every x € v4(&), we
have

op@) < Y mepr) () ep(@) S mosy (1) S Mapecper) (1) < MFE)
P'ew()
r€l.1P’

for some constant C/, > C,, depending on « and the Whitney constants. This readily proves
(2.6) by taking supremum over all z € v,(&). O

Lemma 2.3. Let Q € AR(s) for s € (0,n]. If f € Ag(9Q) for § € [0,1), then it holds that

sup NSV (0p)(€) < I1fl1a00)- (2.7)
£€00

Proof. Fix & € 0Q and take © € 7,(£) with © € Py for some Py € W(Q). It is enough to
bound the quantity

swp 0p(y) — vy (2)] d=.
yeB(z,coq(z)) J B(z,cda(x))

To this end, fix a point z € B(x, céo(r)) with z € P, € W(Q) and a point y € B(x, céq(x))
with y € Py € W(R). Since ¢ > 0 is small enough, the Whitney cubes Pj, P, and P, are close
to each other in the sense that the intersection of a dilation of these cubes is non-empty. Then,
by the properties of Whitney cubes, we get that ¢(P)) ~ {(P,) ~ {(Py) ~ dq(x). Thus, there
exists a large enough constant Ao > 1 such that for any P € W(Q) with 1.1P N (P, U P) # 0,
we have that

Bb(p) C By := B(xb(po),Aog(Pg)).

It holds that
Z (pp(2) = op(y)) Moy f =0,

PeW(Q)
PNB(z,céq(z))#£0
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and so

lop(y) —vp(2)| < Z lep(y) — ep(2)|Imeppyf — Mo By f]
PEW(9)
PNB(z,céq(z))#£0
S Z IVopllLely — zllmgpp) f — Mo B, f]
PeW(Q)

PNB(z,céq(x))#£D

S > Mo Py (I = Moo f1) S N fIlag00)L(Po)?
PEW(Q)
PNB(z,céq(z))#£0

since there are uniformly bounded many Whitney cubes P such that P N B(z, cdq(x)) # 0.
This readily implies (2.7). O
Lemma 2.4. Let Q € AR(s) for s € (0,n]. If f € Ag(0R2) for B € (0,1) then

sup {7 (Vuy)(€) S [ f1la 500 (2.8)
€eon

Proof. By (2.4) it is easy to see that for every £ € 9Q and r > 0, it holds that

/B(5 )m|va|ws(:c) dr < lfllaso0) Y. UP)Pep) !

PEW()
PNB(&,r)#0
Sfllas00 Y. LB(P)Po(b(P))
PEW(Q)
PAB(Er) 40
Sfllagon) D 27757 " o(Q) S lazo0)
k=0 QeDy.
QCB(§,Mor)
which implies (2.8). O

If the boundary function is in Lip(9€2) for 8 € (0, 1] then we can show that vy is Lips(Q)
by arguments similar to the ones in [MT22, Lemma 4.2].

Lemma 2.5. Let Q € AR(s) for s € (0,n]. If f € Lipg(9Q) for B € (0,1] and vy is the
reqularized dyadic extension defined in (2.1), then it holds that vy € Lipg(Q) with Lipg(vy) <
Lipg(f)-

Proof. We start by proving that vy € Lipg(2). Fix z,y €  and let P, P, € W(Q2) such that
xz € P; and y € P,. We split into cases.

Case 1: Suppose that 2P, N 2P, # (). In this case let Py € W(2) be the smallest cube
such that

2By(py C 2By(py), for every P € W(Q) with 1,1P N (P U Py) # 0.
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CHAPTER 2. REGULARIZED DYADIC EXTENSION OF FUNCTIONS ON THE
BOUNDARY

By the properties of Whitney cubes then we get that ((Py) ~ ((P2) ~ £(FPp). As

vr(z) —vr(y Z mcrb epr(x) —¢p(y))

Pew(2

and

PeW(9)
we can write
vp(z) —vr(y)

Z mapp)f (0p(T) —0p(y)) — Z Manpy)f (PP(T) — pp(y))

EW(R Pew(Q)

Z epP(Y)) (Mepp)f — Mappy) f) -

ew(Q
Thus we get

wp@) — v < D o) = epW)| [Mepp)f — Mopiro f] - (2.9)
PeW(Q)

Observe now that

lop(x) — op(y)] < |Vepllz —y| < LP) o -yl

while for fixed w € 2Byp,) we can estimate

Mo (P f = o) | < Mapry(1£(2) = F(w)]) + Mo pp) (1 (2) = f(w)])
< Lipg(f) €(Po)”.
To deal with the sum in the right hand side of the inequality (2.9), we may assume that the
cubes P appearing in the sum are such that either 1.1P N P, # @ or 1.1P N P, # &, since
otherwise the associated summand vanishes. We denote by Iy the family of such cubes. So

the cubes from Iy are such that Bypy C 2Byp)) and they satisfy ¢(P) ~ £(F). Combining
this observation with the last two estimates and the fact that |z — y| < ¢(Fp), we obtain

(@) — ol S S g(;)\x—ympﬁ(fM(Po)BsDo Lipg(f) [z —yl®.  (2.10)
PEW(Q)

Case 2: Suppose that 2P; N 2P, = (). In this case we have
v(z) —vp(y) = Z mgpp)f (pp(T) — p(Y))
PEW(Q)

= Z op(x) (Mg ppy f—mopp) f) + Z oY) (Mo p(py)f — Mopp)f)

Pew(Q) Pew(Q)
+ (Mopp) f — Moppy)f) = S1 4 S2 + Ss.

17



If we use that £(F;) < |z — y| and the fact that [m,ypyf — mepp) fl S Lipﬁ(f)ﬁ(Pi)ﬁ for
i € {1,2}, we can show that

[S1] + [S2] < Lipg(f) o — 91",
It remains to bound S3. If wy € b(P1) and wy € b(FP2) then
|1S5| < |mgpp)f — flwi)| + [f(w1) = f(w2)| + | fw2) = mgpipy) f]-

Since f € Lipg(952),

[f(w1) = f(wz)] < Lipg(f) w1 — wa|” < Lipg(f) (Jun — 21” + |& = 9| + |y — wa|”)
S Lipg(f) (6(P)7 + |z =yl + €(P2)") < Lipg(f) = — yl”,

while, for ¢ € {1,2}, once again using that f € Lipz(9f2), it is easy to see that
[mgpp) (f = f(wi)| < mgpep)(|f = flws)]) < Lipg(f) P < Lipg(f) |x — yl”.
This implies that |S3| < Lipg(f)|z — y|?. Combining the above estimates we get
[og(2) —vg(y)] < [S1]+ 12| + 83| S Lipg(f) lz —y/”,
in the second case as well and thus for all x,y € Q with = # y. This readily implies that
vy € Lipg(2) with Lipg(vy) < Lipg(f).
It remains to prove that

lvp(z) —vp(y)| < Lipg(f) |z — y|? for any =€ 9Q and y € Q. (2.11)

To this end, we fix such x and y and estimate

i) —vp(y)l = [f(2) = vs(y)] = ‘f(w) — Y meupfer(y)

PEW(Q)
< Z epW)|f(x) — mepp) f| < Z ep(W)|f(x) —mypp)fl.
PewW(Q) Pew(Q):
1.1P3y

As f € Lipg(9Q) for every P € W(Q) such that y € 1.1P, we have that

|f (@) = mopp) f1 S Livg(f) €(P)” = Lipg(f) da(y)” < Lipg(f) [« - y|°,

which implies (2.11) by the bounded overlap of the Whitney cubes that contain y, thus con-
cluding the proof of the lemma. O

proof of Theorem 0.4. It follows by combining Lemmas 2.1, 2.2, 2.3, 2.4, and 2.5; see also
Remark 1.2. O
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Chapter 3

A Corona decomposition for functions
in LP or BMO

In this chapter we will assume that Q € AR(s) for s € (0,n].

We say that a family of cubes F C D, satisfies a Carleson packing condition with constant
M > 0, and we write F € Car(M), if for any S € D, it holds that

> a(R)<Moa(S). (3.1)

ReF:RCS

A family T C D, is a tree if it verifies the following properties:

1. 7 has a (unique) maximal with respect to inclusion element Q(7) which contains all
the other elements of T as subsets of R"™!. The cube Q(T) is the “root” of T and we
will call it top cube.

2. If Q,Q belong to 7 and Q C Q' then any cube P € D, such that Q C P C @’ also
belongs to T.

Definition 3.1. A corona decomposition of o is a partition of D, into a family of good cubes,
which we denote by G, and a family of bad cubes, which we denote by B, so that the following
hold:

1. D, =G UB;

2. there is a partition of G into trees, that is,

QZUT;

TCG

3. the collections of the maximal cubes Q(7T) of the trees T satisfies (3.1) for some My > 0;

4. the collection of cubes B satisfies (3.1) for some M; > 0.
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We can also define a localized Corona decomposition in a cube Ry € D, if in the definition
above we replace D, by Dy (Rp).

We recall the definition of the truncated, at large scales, dyadic Hardy-Littlewood maximal
function

Mf(Q) = Sup merlfl,  f € Li(0).

QCR

Given any R € D, and a fixed € > 0, we define the collection Stop(R) C D,(R) consisting
of cubes S € D,(R) which are maximal, thus disjoint, with respect to the condition

eM f(S) if f€ Lipc(0)

3.2
ellfllemoy if f € BMO(o). (3.2)

’mo,Rf - ma,Sf‘ > {

We fix a cube Ry € D, and we define the family of the top cubes with respect to Ry as
follows: first we define the families Top,(Ro) for k£ > 0 inductively. We set

TOpO(R()) = {Ro}

Assuming that Top,(Rp) has been defined, we set

Top1(Ro)= |  Stop(R),
ReTopy, (Ro)

and then we define

Top(Ro) := |_J Topy(Ro).
k>0

For R € Top(Ry) we also set
Tree(R) := {Q € D,(R) : $ S € Stop(R) such that Q C S}.

Notice that

and this union is disjoint. This is a localized Corona decomposition in Ry and notice that in
this case we have that B = ().

For the rest of this chapter we will devote all our efforts to proving that Top(Rp) satisfies
a Carleson packing condition.

Proposition 3.2. For any Ry € D,, the family of cubes Top(Ry) € Car(Ce~2) for some
C > 0 depending on the Ahlfors-regularity constants.

To prove the proposition we first need some auxiliary lemmas.

Lemma 3.3. Let f € L{ (o) and Q € D,. Then it holds

loc
+(Q) o
QP 8/Q Mo, F) 7 (33)
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CHAPTER 3. A CORONA DECOMPOSITION FOR FUNCTIONS IN L? OR BMO

Proof. This was proved in [HR18, Lemma 4.1| for the Lebesgue measure but the same proof
works for any non-atomic Radon measure and so we skip the details. O

Recall that a nonnegative function w € Llloc(a) is called a weight. For any measurable
E C 09 we let w(E) := wada. If for every cube @ € D, there exists a constant c,
independent of a cube ), such that
meQwdo < cessinfw(x),
z€eQ
we will call w an A; weight. For p € (1,00), if for every cube @ € D, there exists a constant
¢, independent of a cube @), such that

MoQu (Meg(w' )Pt <

with 1/p + 1/p" = 1, w will be called an A, weight. We say that w € Ay (o) if there exists
f > 0 and a positive constant Cy < oo such that for every @ € D, and every o-measurable
E C @, it holds that
@ < CO(U(E))G_
w(Q) o(Q)
Let F C D, be any collection of dyadic cubes. Given any cube Q) € D, define its stopping
parent Q* to be the minimal Q* € F such that ) C Q*. If no such Q* exists we set Q* := Q.

Define the stopped square function

Srf(@) = (Y Imoqf - mJ,Q*me(x))l/z, z € 0. (3.4)
QeF

In the special case F = Top(Ry) we will simply write Sf.
Lemma 3.4. Ifw € Ay (o) and 1 < p < oo, then

IS7fllLeo0:w) S IMDflLr (505)
uniformly for any collection of dyadic cubes F.

Proof. This was proved in [HR18, Proposition 3.2] for the Lebesgue measure but the same
proof works verbatim for o. ]

We will now proceed to the proof of Proposition 3.2 for f € L110c<0) which is based on the
one of [HR18, Theorem 1.2(3)].

Proof of Proposition 3.2 when f € Ll (o). We first fix S € Top(Ry). As for any R € Top(Ry)
it holds that

‘ma,Rf - mJ,R*.ﬂ > ng(R)a

we have that

Y ome Y enfmenilop
. M (R

ReTop(Rop) ReTop(Ro)
RCS RCS
g2 5
< Z Mo R f 2ma,R i 1g(x) 2da:/ Sf(;) do(x) .
ReTontEo) £ s Mp, f(z) s € Mp,f(x)

RCS
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where, in the second inequality, we used Lemma 3.3. We write

(Mp, /)2 =1-((Mp, /)?)' "

for v € (0,1/2) and ¢ = 1 —l— > 3. Since f € L{ (o) and 2y € (0,1), using for example
[CG, Theorem 3.4, p.158|, Whose proof do works for doubling Borel measures, we get that
(Mp, [)?7 € Al(a). As 1€ Ay and ¢ > 1 it follows from [CG, Theorem 2.16, p.407|, whose

1—
proof also works for doubling Borel measures, that 1 - ((MDf )27) Te Ay(0). Therefore,

(Mp, f)7% € Ay(0) C As(c). We now apply Lemma 3.4 with the collection of cubes F =
{R € Top(Rp) : R C S} to the function

5o flx) —mesf ifxels,
Ja) = {0 itz ¢S,

for the weight w := (Mp, f)~? and p = 2 and obtain
/]S]f.f|2wd0§/|MDf|2de:/|MDf|2de§/|MDf|2wda.
S S
Thus, since |S]_"1f(l')|2 = |Sff(:z:)|2 for all z € S, we infer that

/S]Sf\zwda,f/|Sﬁf|2wda+/\./\/lpf|2wda</|Sff|2wda+/s\/\/lpf|2wda

/\Mpfy2wda—/wpfyz M;’f) = o(S),

proving (3.1) in the case that S € Top(Rp). N
If S € Dy(Rp) \ Top(Rp) then we can find a maximal collection Fy of cubes S € Top(Rp)

such that N

s=1 s

gE]'—o
Then,
=Y > o’ ) aS)=0(9)
ReTop(Ro) SeFy ReTop(S): SeFo
RCS RCS

and the proof is complete. O

Proof of Proposition 3.2 when f € BMO(o). For any R € Top(Ry) there holds

ime,sf —mo rfl > el fllBMO(0)-

Define

fr@)= > Agfx):= D Y (megf-meof)ly®)

Qe Tree(R) QETree(R) Q'ech(Q)
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where with ch(Q) we denote the dyadic children of the cube Q. If x € P € Stop(R) we have
that fr(x) = mepf — mo rf and so |fr(x)| > €| fllBMmO(s)- This implies that

o Y. o(P) / (@) do ()
PeStop(R) PGStop
:/ \fR|2dU§/’fR’2dU-
ur
PeStop(R)

By the above estimate and the orthogonality of Agf we get

> Y e s — S Wl

2
ReTop(Ro) PeStop(R) € HfHBMO (9) ReTop(Ro)

RCS
SREN— > > 1A 70

g2 HfHBMO (¢) ReTop(Ro) QETree(R)

1 1

<L DI [vey [
€ HfHBMO (9) QeD, (Ro)
1 1

o) HlRo (f - mJ,Rof)”%ﬂ(g) 5 5720’(R0)'
2 If R0

This proves (3.1) in the case that S € Top(Rp). By the same argument as in the end of the
proof of Proposition 3.2 when f € L} (o) we obtain (3.1) for any S € D,(Ry). O

Remark 3.5. For the constructions in this chapter note that if supp ¢ is bounded, we can
choose Ry = suppo. In the case that supp ¢ is not bounded we apply a technique described
in p. 38 of [DS1]: we consider a family of cubes {R;}jc; C D, which are pairwise disjoint,
whose union is all of supp o and which have the property that for each k there at most C
cubes from D, ;. which are not contained in any cube R;. For each R; we construct a family
Top(R;) analogous to Top(Rp). Then we set

Top := U Top(R;)
JjeJ

and
B :={S C D, : there does not exist j € Jsuch thatS C R; € Top}.

One can easily check that the families Top and B satisfy a Carleson packing condition. See
[DS1, p. 38| for the construction of the family {R;} and for additional details.

23






Chapter 4

LP and uniform e-approximability of
the regularized dyadic extension

In this chapter we give the proof of Theorems 0.1 and 0.2;
Given A > 1, we say that two cubes Q1, Q2 are A-close if

1
1 diam @1 < diam Q)2 < Adiam Q4

and
dist(Q1, Q2) < A(diam Q1 + diam Q3).

The following lemma was proved in [DS2, p. 60].

Lemma 4.1. If we have a Corona decomposition such that Top € Car(My) for some My > 0
then the collection of cubes

Ag = {Q € D, : Q € Tree(R) for some R € Top and
3Q" € Tree(R’) for some R’ € Top with R’ # R such that Q' is A-close to Q}

is in Car(My) for some My > 0 depending on M, A, and the Ahlfors-reqularity constants.

Lemma 4.2 (|DS2|, Lemma 1.3.27, p. 59). If F C D, is in Car(M;) for some My > 0 then
the family

Fa:={Q € Dy : Q is A-close to some Q" € F}

is in Car(Ms) for some My > 0 depending on My, A and the Ahlfors-reqularity constants.

Recall that 2 € AR(s) for s € (0,n] and the corona decomposition that we constructed in
Chapter 3. Consider the subcollection of Whitney cubes

Py := {P € W(Q) : there exists P’ € W(Q) such that 1.2P N 1.2P’ # () and there exist
R, R' € Top(Ry) with R # R’such that b(P) € Tree(R) and b(P') € Tree(R')}.

Then, by the properties of Whitney cubes, for every P € Py, the cubes P’ € W(Q) such that
b(P') is not in the same tree as b(P) have the following properties:
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o L(B(P))/2 < L(B(P')) < 24(b(P))
e dist(b(P),b(P")) < C1L(b(P)).
If for fixed R € Top we define
OTree(R) := {Q € Tree(R) : there exists P € Pysuch that b(P) = Q}
then there exists A > 1 sufficiently large depending only on C7 and n, such that

U JTree(R) C Ay,

ReTop

and, by Lemma 4.1, (e, 0Tree(R) € Car(My). If F is a family of “true” dyadic cubes in
R™! we also define

N(F) :={P € W(Q) : there exists P’ € Fsuch that 1.2P N 1.2P" # 0}.
Then, for F = Py, we set
dTree*(R) := {Q € Dy : 3P € N(Py) such that Q = b(P) € Tree(R)}.

It is easy to see that

J = U 8Tree*(R)C< U 8Tree(R))A

ReTop ReTop

and, by Lemma 4.2, J € Car(Mz) for some My > 0. Finally, we define

By :={P e W(Q) : b(P) € B}.

We are now ready to define the approzimating function of vy by

) = Zma,b(S)fsﬁs(l‘) (4.1)
SeBy
XX merfer@t Y manfer).
ReTop PEW( \’Po PePy
b(P)€Tree(R) b(P)€Tree(R)

using the Corona decomposition constructed in Chapter 3. Note that when €2 is bounded,
Top = Top(9N) and B = (), while if 9 is unbounded then Top and B are the families
constructed in Remark 3.5. Finally, when §2 is an unbounded domain with compact boundary
01, we modify the definition of the approximating function as follows.

u(x) = > me.o0f op(c) (4.2)

Pew(Q): £(P)>diam(0%2)

+ Z[ > merfer@)+ Y. meyp S <PP($>]

ReTop ~ PEW(R)\Py Pepo
b(P)eTree(R) b(P)eTree(R)

We will now prove Theorems 0.1 and 0.2.
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DYADIC EXTENSION

Theorem 4.3. Let f € Li (o) and e > 0. There exists ag > 1 such that for any o > ap and
any & € 0N we have

Na(u—v5)(§) S eMf(E) (4.3)
and
Cs(Vu)(€) Se MIM(f))(E) + MMMS))(E). (4.4)
Furthermore, for any £ € 9S) it holds that
Na(8aVu)(§) S M(f)(E) + MM(f))(E)- (4.5)

Here the e-approximability constant c. is a positive and it is depending on € and «gy depends
only on n, the Ahlfors reqularity, the corkscrew, and the Whitney constants.
Let f € BMO(o) and € > 0. Then, for any x € Q it holds that

lu(z) — vy ()] < el fllBmO(o); (4.6)
Sa(2)[Vu(@)| < [[fllBmo(o),

and for any & € 0)
Cs(Vu)(§) Ze 1 fIBmMO(o)- (4.8)

The implicit constants depend on the dimension, the Alhfors reqularity, the corkscrew condi-
tion, and the Whitney constants.
Moreover, if f € Lip.(092) then u € Lip,.(2) and for any x € Q we have

do(z)|Vu(z)| < Lip(f) diam(supp f). (4.9)

Proof. We will only deal with the case that both Q and 92 are unbounded as the other cases
can be treated in a similar but easier way. Note first that if we choose ag large enough,
depending on n, the constants of the corkscrew condition and the Whitney decomposition,
the cone is always non-empty and for every @ € D, such that £ € @, there exists P € W(Q)
such that b(P) = Q and P C v4,().

For fixed ¢ € 90 we let x € 7,(€) for a > ag. There exists Py € W(Q2) such that z € Py and
we either have that Py € By or that there is a unique Ry € Top such that b(P) € Tree(Rp). If
either Py € Py and there does not exist any P € N (Py) \ Py such that x € 1.1P, or Py € By,
it is easy to see that u(x) —vs(x) = 0. If Py € Py and there exists some P € N(Py)\ Po such
that z € 1.115, then

u(x) - Uf(ZC) = Z (mU,Rof - ma,b(P)f) SOP(:U)
PEN(Po)\Po
b(P)€Tree(Ro)

The same is true if Py € N (Pp) \ Py and there is P € Py such that 2 € 1.1P. In any other

case we have that

u(@) —vp(@) = > (meref = mopp)f) (). (4.10)
PEW(Q)
b(P)€Tree(Ro)

Therefore, since b(P) € Tree(Ry), we get by (3.2) that
u(e) — (@) <e Y MFO(P)) ep(x).

Pew(Q)
b(P)eTree(Ro)
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For any P € W(Q) such that x € 1.1P N~,(&), since |x — | = dq(x) ~ £(P), it holds that
P C B(§, M{(P)). The same is true for any S € D, such that b(P) C S, i.e., S C B(&, M'((S))
for a possibly larger constant M’ > 0 depending also on the Ahlfors regularity constants. Thus

[u(z) —vp(z)| Se sup mg e mus)(f1) Se sup meper (| f]), (4.11)
SDb(P) r2dq(x)

which implies (4.3) by taking supremum over all x € 7,(§). By the same arguments and the
fact that Vop(z) < 6(P)~! = dq(x)~!, we conclude that

V(u—vy)(x) S eM(f)(E)dalz),

which implies

Na(6aV (u —vg))(§) < eM(f)(&). (4.12)

In the case that f € BMO(o), in view of (4.10) and the estimate Vop(z) < 4(P)~! ~
So(z)~1, we have that

() = vf ()] + 60|V (u — vf)(@)] < €l fllBmo- (4.13)

We now turn our attention to the proof of (4.4) and (4.8). Let z € Py € W(f2). Then,
once again, either there exists a unique Ry € Top such that b(Py) € Tree(Ry), or there exists
By € By such that b(FPy) = By. For the sake of brevity, we set

B, := c¢B* = B(z,cdq(x))

for a small enough constant ¢ > 0 to be chosen. Fix y € B, and if P € W({Q) is such that
y € 1.1P then z € 1.2P. Indeed, by (1.44) we always have that dist(z,1.1P) < |z — y| <
coo(z) < cA'0(Py). Thus if there exists P € W(Q) such that y € 1.1P and x ¢ 1.2P then
it also holds that dist(z,1.1P) > 0.14(P). Now, noting that $¢(Py) < ((P) < 2((P) we get
that $¢(Py) < ¢ A’ ¢(Py) and if we choose ¢ = 1% we reach a contradiction.

It is easy to see that Vu(y) = 0 if there does not exist any cube P € Py or P € By such
that y € 1.1P. Using that > Vep(y) =0, we get

Vu) = (4 X ) 0onr)S — moum HVer(©) (414)
PeBy PeN(Po)
b(P)¢Tree(Ro)

+ Z (Mo by f — Mo p(po) f)Ver(y)

PcPo
b(P)€eTree(Rop)

+ ) (Mo,Re S — Mopp) f)VOP(Y).
PeN(Po)\Po
b(P)€Tree(Ro)

Therefore, by Remark 1.17, arguing as in the proof of (4.11) and using (4.14), the fact that
U(Py) ~ L(P) for any P € W(Q2) such that 1.1P > y, and the Carleson packing of the cubes
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in By, for fixed £ € 92 and r > 0, we can estimate

dy
/ sup \Vu(y)\m
B(¢,1)NQ yEBa a(y)

(Y Y ) Mt (D s

PeBy ReTop PeN(P
b(P) (}_fTree(R

dx
2 "
+ € Z Z /PﬂB(§ r) Sup mcr B(fb(P)»P)(|f|)g(P)n+l—s

RcTop  PcPo pA(P)
b(P)eTree(R)

dx
I

RETop PN (Po)\Po PRUP)
b(P)eTree(R)
SO+ X )o@ me s, cunrn ()
PeBy ReTop PeN(Po)
PNB(&,r)#0 b(P)¢Tree(R)

PNB(&,r)#0D

+ > Y ab(p) inf  M(f)(Q)

ReTop PeN(Po) CEB(wp(py,ML(P))

b(P)eTree(R)
PNB(&,r)#0
< Y @ mepaecu@) D+ D o(Q) Mo plag @) (M)
QeBUT QeJ
QCB(¢,C'r) QCB(¢,C'r)

< / SUp 1y, B(ae. ooy (1) do(2) + / SUD 1y, B(eg ate(e) (M) do(2)
B(¢,Cr) Q32 (zq (@) B(¢,Cr) Q32 (=, MUQ))

5/ M(f)da+/ M(MY) do
B(¢,Cr) B(£,Cr)

Above M > 1 is a constant possible larger than C,, and where in the antepenultimate in-
equality we used that if P N B(&,r) # 0, then b(P) C B(&,C'r) for some large constant
C’ > 0 depending on the Ahlfors-regularity and the Whitney constants, while the penultimate
inequality follows from Carleson’s embedding theorem, see [Tol, Theorem 5.8, p. 144], since
the families J = UpreTop0*Tree(R) and B are Carleson families. This concludes the proof of
(4.4).

If f € BMO(o), using (4. 14) for € € 002 and r > 0, we get

/B(g,) sup |Vu(y )| = Se Z Z /PHB 1f o) ws(3) dy

rNQ yeBz ReTop PeN(P
b(P’)ETree(R)

( >t > / Hf”BMO(o) c;z](g)) dy

PeBy ReTop PeN(P

b(P)Q_fTree(R)
S I llBmo(e) Z a(b(P)) < || fllBmo(o) Z o(Q)
PEN(Po)UBo QReJuUB
PﬁB({,r);é@ QCB(EvMT)

S N fllBmoe) 7°5
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for M > 1 sufficiently large depending on the Ahlfors regularity and the Whitney constants.
For the last inequality we used that the families of surface cubes J and B satisfy the Carleson
packing condition from Lemma 4.2. The above estimate obviously implies (4.8).

We proceed now to the proof of the estimates (4.5) and (4.7). Let £ € 92 and x € v,(&).
There exists Py € W(Q) such that 2 € Py. Then using (4.14) and the bounded overlap of the
Whitney cubes we get that

Vu(a)| S U(Po) ™ (mopp, (If]) + ¢ sup M. B,y ) (1 1))
pZA(Po)

< da(z) " (Mo pe.crecroy (If]) + geB(girge(Po))M(f)(O) (4.15)

< da(2)~H(Mf)(E) + MM())(©).

By a similar but easier argument we can show that

V()] < [l fllemo)da (@) (4.16)

Since sup,eq 00(7)|Vu(r)| = supgegn SUPgeq, (¢) 90(7)|[Vu(z)], it easily follows that the esti-
mates (4.15) and (4.16) imply the estimates (4.5) and (4.7) respectively.

It remains to prove (4.9) in the case that f € Lip,(0f2). Using (4.14) and the bounded
overlap of the Whitney cubes we get that for any x € Q

Vu(z)| < Lip(f) diam(supp f)((P)" +e Y Mf((P)L(P)". (4.17)
PEN (Po)\Po
b(P)€eTree(Ro)
z€l.1P

Since f has compact support for &y ¢ supp f and every @ D b(P) it holds

meQ(|f1) = meq(lf — f(&0)]) S diam(supp f) Lip(f).

Taking supremum over all cubes @ D b(P) and using again the bounded overlaps of the
Whitney cubes together with (4.17) and the fact that dg(x) ~ £(P) for all P € W(Q) such
that z € 1.1P, we infer that

[Vu(z)| < Lip(f) diam(supp f)de(z) .
This completes the proof of (4.9) and thus that of Theorem 4.3. O

As a corollary we get that if f € LP(0), p € (1,00), (resp. f € BMO(0)), then vy is
g-approximable in LP (uniformly e-approximable).

Theorem 4.4. If f € LP(o) for some p € (1,00] then for any € > 0 there exists u = u. €
C*(Q), ap > 1 and a constant c. > 1 such that for any o > oy it holds that

[Na(u —vp)llze@) S €Nfllzeeo) (4.18)
1Cs (V)| ooy S €72 (£l Lo (o) (4.19)

and
[Na(OaVu)ll ey S 1 lir(o)- (4.20)
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The implicit constants depend on s, n, p, and the constants of the Ahlfors reqularity, the
corkscrew condition and the Whitney decomposition.

Similarly, if f € BMO(o) then for any € > 0 there exists u = u. € C*°(Q), a1 > 1 and a
constant c. > 1 such that, for any o > ay there holds

sup No(u —vy)(€) < ell fllBmo(o) (4.21)
€con
sup Cs(Vu)(§) <e |l fllBmo(o)> (4.22)
£€o0)
and
sup Mo (daVu)(§) < I lBMO(o)- (4.23)
£€oQ

The implicit constants depend on s, n and the constants of the Ahlfors reqularity, the corkscrew
condition and the constants of the Whitney decomposition.

Proof. The proof is an immediate consequence of (4.3), (4.4) and (4.5) of Theorem 4.3, Lemma
1.3, and the fact that M and M are LP(0) — LP(0)-bounded for any p € (1,00). In the case
that f € BMO(o) the result follows immediatelly by the estimates (4.6), (4.8) and (4.7) of
Theorem 4.3. O

Remark 4.5. Note that since L>(0) C BMO(0), the estimates (4.18), (4.19) and (4.20) for
p = oo follow from (4.21), (4.22) and (4.23).
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Chapter 5

Varopoulos-type extensions of
compactly supported Lipschitz
functions

In this chapter we provide the proof of the Theorem 0.3. We begin by constructing an extension
of LP-boundary functions in the next theorem.

Theorem 5.1. Let Q € AR(s) for s € (0,n]. If f € Lip.(02) then there exists a function
F : Q — R such that for every p € (1,00] the following hold.

(1) F € C®(Q2) NLip(Q),
(ii) Floq = f continuously.,
(i) INCE) | 1v(0) + 1CTF) 150y S 120
() INOVF)rro) S N llzeo) -
When p = oo the norms on left hand-side of (iii) and (iv) are the sup-norms instead of L.

Remark 5.2. The trace Flgpg = f continuously means that the limit of F' as we approach
the boundary exists and it is equal with f. This is because we construct an extension F
which is Lipschitz in Q and equals with f on the boundary 9. Note that there is no need
for non-tangential limit or extra connectivity assumption for the domain in this case.

Proof. Let W(Q2) be a Whitney decomposition of €2 as the one constructed in 1.7. Let
{#P}Pew(q) be a partition of unity of 2 so that each yp is supported in 1.1P and [[Vpp|le
1/4(P). For each ¢ € (0,diam(2)) we set

Ws(Q) := {P e W(Q) : {(P) > 6}

Y5 = Z ¥p.

PeWs(Q)

and

From the properties of the Whitney cubes there exists C' > 0 , depending on the parameters
of the construction of the Whitney cubes, such that

os(x) =0 if dist(z,00) <d/C
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and

ps(x) =1 if dist(z,09Q) > Co.

Consequently, for a suitable constant C’ depending on C, we infer that

supp(Vips) C {z € Q: 6/C < dist(2,00) < C6} =S, | P (5.1)
PeZs
where
1 2M
Is = {P e W(Q): SNoTigNT = (P) < 270}

with Ny € N such that 2N 71 <0 < 5y and Np € N satisfies oM < ¢ < 9Nt
We define

F(x) == vp(@)(1 = @s(x)) + u(z)ps(z), (5.2)

where u is the approximation function of v; as constructed in Theorem 4.4. It holds
Cs(VF) <Cs(Vu) +Cs(Vs (u—vy5)) + Cs(Vus(l — ¢5)). (5.3)

For fixed £ € 0f) and r > 0 we have

dx
Vos(u—vf)|———— < / u—uv
R =D DR NURIV o e

PeZs
PAB(ER#0
S ) UP) inf Na(u—vp)(Q) S D) N(u —vy)do
PeTls Ceb(P) PeT; b(P)

PﬁB(& )#0 PNB(&,r)#0
< Z Z / No(u—vy)do §0/ No(u —vy) do,

k=— N1+1 2k/2N0 B(é.:MT)

PcB(g Mr)

for suitably chosen constants o > 1 and M > 1 sufficiently large. Thus, when p € (1, 00) we
get that

Cs(Veps (u—vp))(§) S MNa(u—vy))(E), (5-4)

while, when p = oo, we get by (4.6) that sup,cq sup,ep, [u(y) — v (y)| < 2e| f[| Lo (), Which,
by similar arguments as above implies the estimate

d S
[ el Sl Y AP) (5.5
PNB(¢&,r)#0
N1

Sl D > o0®) S rIf o)
k=—(N141) ¢(P)=2*/2No
b(P)CB(E,Mr)
Thus
sup Cs(Vips (u —v7))(€) S [l (o)- (5.6)
£€oQ
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For the last term on the right hand side of (5.3) we have that f € M'“P(c) whenever
f € Lip.(092) and p € (1,00). So for fixed £ € 9N and r > 0, if Vg f is the least upper
gradient of f, we estimate in view of (2.5)

dx ((P)®
Voue(2)||l —ps(2)| ———— < /VU dx
Lo PRI = sl g 2 el
PNB(E, r);é@
L(P)<6
S Y mewp(VENUPPTIS Y UP)o(b(P)) Hgf M(Vuf)©Q)
PEW(®) PEW(Q) Cebp)
PNB(,r)#£0 PNB(£,r)#0
{P)<CS UP)<Cs
< Z 27+ Z /M Vuf)do S dme ey (M(Vuf))r’
k>No— Ny QED,
QCB(¢,Mr)
(Q)=2""*
which shows that
Cs(Vup(l —5))(&) S S MM(VE[))(E). (5.7)
For p = 0o we use Lemma 2.5 to get
Cs(Vup(l = 5))() < Lip(f)0. (5.8)

Indeed, for £ € 92 and r > 0 we have

L(P)*
L{P)n

dx
Vgl = 5| =———— < Lip(f
/B(f,r)ﬂQ‘ il ‘59(37)”_8 ()

PEW(Q)
PNB(&,r)
(P)<ca

SLip(f) Y Pyt <Lip(f) Yo 27F Y o(b(P)

Pew(Q) k>No—Np PewW(Q)
PNB(&,r)#0 PNB(&r)#0
L(P)<CH ¢{(P)=2"*

SLip(f) > 27F > o(Q) SLip(f)dr’,

k>No—Ny QED,
QCB(§,Mr)
HQ)=27"%

for M > 1 a sufficiently large constant depending on the Ahlfors regularity and Whitney
constants.

Combining (4.4), (5.3), (5.4), (5.6), (5.7), and (5.8) and choosing

o [Wlmio/Lin(h)if p= oo,
T U lzo) /Iy i P € (1,00),

it follows that
ICs(VEN 1p(o) S I fllrey  for p € (1,00].
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For the non-tangential estimate note that, since vy = psvs + (1 — ps5)vs, we can write

v — F = @s(vp —u).

So, for every £ € 0f2 we have

N(vy = F)(€) = sup |vp(z) = F(z)| < sup |vs(z) —u(@)| = N(vf —u)(§)

zey(€) zey (&)

and by (4.18) we get
IN (s = F)llo(o) S ellfllr(e) for p € (1,00).
Using this and (2.6) we get that for p € (1,00) there holds

IN(F)llLroy S IV (vp = E)llLoo) + IN ()l Le(o) Se 1fllLro)-

Moreover, combining the estimates (2.3), (4.3) and (4.15), the fact that |[Ves(z)| < do(z)~?
and using the LP-boundedness of the Hardy-Littlewood maximal operator, we can easily infer
that

NGV F)llLro) S I1fllLeo)  for p e (1,00).

The estimates for p = co can be proved similarly and the routine details are omitted.
Note that the extension F is Lipschitz in Q. Indeed, if E := supp f, in light of Lemmas
2.2 and 2.5 and of Theorem 4.3, we infer that for every z € {2 we have

[Vug(@)(1 = ps(x))| < Lip(f),
Vu(z) ps(2)] S da(@) I flle(o)les(@)] S Llp( ) diam E,

1 1
(o) = oy @NVes@ S5 imf N =00 (O) S 5IMOl

< I/l o)  Lip(f)

5 S5 diam FE.

These estimates imply that ||VF|| o) Ssdiam £ Lip(f). Moreover, since vy € Lip(Q2), F =
vy in a neighborhood of 92, and Uf]ag = f, we deduce that F' € Lip(Q2) with F|sq = f and
Lip(F') <s.diam £ Lip(f), concluding the proof of the theorem.

O

Remark 5.3. Note that the convergence of F' to the boundary function f is inherited from
the one of vy.

We now turn our attention to the construction of an extension of BMO-boundary functions.

Theorem 5.4. Let ) € AR(s) for s € (0,n]. If f € Lip.(0N2) then there exists an extension
F:Q — R such that

(i) F € C*(Q) N Lip(Q),
(ii) Floq = f continuously,
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CHAPTER 5. VAROPOULOS-TYPE EXTENSIONS OF COMPACTLY SUPPORTED
LIPSCHITZ FUNCTIONS

(iii) sup Ny(F)(§) + sup Cs(VE)(§) < [1flBmoo)s
£e0Q £eof

(iv) Sug&)(x)!VF(w)l S I fllBMo(o)-
TE

Proof. Let w be the approximation of vy given by Theorem 4.4 and define

F(z) == vp(z)(1 = ps(z)) + w(z)ps(@). (5.9)
Then, for any & € 02 there holds
Cs(VF)(§) < Cs(Vup(l — ¢5))(§) + Cs(Vw)(§) + Cs((w — vr) Vips) (). (5.10)

For the second summand in the right hand side of (5.10) we just use (4.22), while for the
first one, by (5.8), we have that

CA(Vuy (1~ @)(€) < 8 Lin(f). 5.11)
The third summand can be bounded as in (5.5) and get
sup Cs(Vps(w —v))(€) < [ fllBmo- (5.12)
£co0

Combining (5.10), (5.11) and (5.12) and choosing ¢ := || f||Bmo/ Lip(f), it follows that

sup Cs(VF)(§) < || flBmo-
£€oQ

For the sharp non-tangential estimate note that since F' — vy = ps(w — vy), using (2.7)
and (4.6), we get that for every £ € 99 it holds that

Ny (F)(€) <2N(F —vp)(€) + Ny (vg)(€) < 2N (w —vp)(€) + N (vp)(€) S I f llmo(o)-
It remains to prove that F' € Lip(Q2). We first show that
IVE| Lee(o) S Lip(f).- (5.13)
To this end, we have by Lemma 2.5 that for every x € )
[Vus(z)(1 = @s(2))| < Lip(f).
By (4.6) and the fact that d(x) ~ ¢ in the support of Vs, we obtain
(w(z) = vs(2))Veps(@)] Se 8(2) 7 [ fllBMo(e) = 07 | fllBMo (o) = Lin(f)-
On the other hand, by (4.7) it holds that
IVw(@)es(@)] < Il flemo) da(@) Hes(@)] < 07" fllBmo() = Lip(f),

which implies (5.13). By construction, F' is continuous in a neighborhood of the boundary

and Flpo = f continuously, which implies that F' € Lip(Q2) N C*°(Q2) with Lip(F') < Lip(f).
Moreover, combining the last two estimates above with (2.4), we get that

sup o ()|[VE(x)] < || fllsmo(o)
xe

which concludes the proof of the theorem. O
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Our last goal for this chapter is to modify that the extensions constructed in Theorems
5.1 and 5.4 so that they are also in W12(;w). This will conclude the proof of Theorem 0.3.
Recall that for x € Q, ws(x) = do(x)*™™.

Theorem 5.5. Let Q € AR(s) for s € (0,n]. If f € Lip.(9R) then there exists an extension
Fy € WE2(Q;ws) (resp. Fo € WH2(Q;ws)) that satisfies the conclusions (i)-(iv) of Theorem
5.1 (resp. Theorem 5./).

Proof. Let f € Lip.(092), E :=supp f, and rp := diam E. Without loss of generality we may
assume that 0 € £ and so E C B(0,rg). Now let B = B(0, Mrg) for some M > 1 large enough
depending on the Whitney constants so that for every P € W(Q) satisfying £(P) < M~!r,
and 1.2P N (2B \ B) # 0 it holds that b(P) N E = (. We denote the collection of all such
Whitney cubes by Z,(FE); s stands for small. We also denote by Z7(E) the collection of
P € W(Q) satisfying £(P) > M~!'diam FE and 1.2P N (2B \ B) # 0 ; [ stands for large. It is
easy to see that

Y 0@ S So(R). (5.14)

QCR: Q=b(P)
PeP(E)

Note that if x € (2B \ B) N Q and there exists P € Zs(F) such that € 1.1P then the
extension F' of Theorem 5.1 satisfies F(z) = 0 (resp. F of Theorem 5.4 satisfies F'(z) = 0).
We now define the cut-off function 1, € C°(R™™!) such that 0 < ¢, < 1, ¢, = 1 in B,
Pr, = 0 in R*1\ 2B and |V4),,| < 1/r0. We set

Fo(z) := F(x) ¢¥py(x) and Fo(z) := F(x) Yy (z), €0
It is clear that Fy|pq = f (resp. Foloq = f) and observe that

supp(FV

PPVl e @B\ B) - dist(z.09) > coro) (5.15)
supp(F' V)
provided thatcy € (0,1) is sufficiently small depending on M and the Whitney constants.
Therefore, for any § € 99, if B(§, r)Nsupp(FViby,) # 0, we have that r > ¢; max{ro, dist(§, 2B\
B)} for some constant ¢; € (0,1) depending on ¢y. Moreover,

|F(2)Vibry (2)| € Sa(x) T F(2)] and  |F(2) Vi (2)] S da(z) 7 | F(2)]. (5.16)

We will only prove the theorem for Fy and unbounded domains €2 with unbounded boundary
since for domains with compact boundary the arguments are similar.

We first prove that Fy satisfies the conclusions of Theorem 5.1. It is easy to see that
IN(Fo)llr (o) S 1 fllzp (o) since |Fo| < |F| and the same estimate holds for . We have that
VFy = VF ¢, +F Vi, and it is easy to see that [N (8o VFo)| zr(0) S I lzr(e) by (5.16) and
the estimates in (ii) and (iii) for ' in Theorem 5.1. To prove the estimate ||Cs(VFp)||rr(o) S
[ fllzr (o) it is enough to show that ||Cs(F Vtbry)|lre(o) S |1 fllr(o). Thus, for any r as above,
we have that

/ sup |F(y)Vior, (v)| ws(z) de < ral / sup |F(y)| ws(x) dx.
B(&,r)NQ yEBy B(&,r)N(2B\B)NQ yEB,
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By (4.1), (3.2), (5.2) and the choice of the constant M, for any z € B(&,r)N (2B \ B) N and
for any y € B, it holds that

Fo)l< Y. > |monf —mepryflor@)+ D Imepr)fler(y)

ReTop PEZ(E)\Poy PeZ|(E)
b(P)€Tree(R)
<e > Y MFOP)erw)+ D Imepr)flery),
ReTop Pe 2 (E)\Po pPez(E)
b(P)€Tree(R)

which, in turn, implies that

5! / sup |F(y)|ws(z)de S 75t 3 UP)o(b(P)Mf(b(P))
B(&,r)N(2B\B)NQ y€By Pe2|(E)
< M(f)dag/ M(f)do
CB B(¢,C'r)

for some constant €’ > 1 depending on C' and M. This readily yields that for every & € 992

Cs(F Vihry ) (§) S M(M(f))(€)

and the desired estimate follows for any p € (1, 0o].

We will show now that Fy € Wh2(Q;w,) since it is clear that Fy € C*(Q) N Lip(Q) and
Folog = f. We only show the Carleson estinate since the non-tangential function estimates
are easy and we will omit their proofs. To this end, by the definition of F' and the proof of its
Lipschitz property, we get that

/\VF()]QwS(x)da:S/ IV F|?ws(x) da
Q 2BNQ
2

< ((1 + %) min(rg, ) + 52) s (Lip f)%

Moreover, using (5.15) and the fact that supp f = F we can show that

/Q |FNry [Pws () do S rg 27" / |F[?dz S rg 7 Il on) < 707 (Lip )7,

70

concluding the proof of the Theorem for L for p € (1, o).

It remains to demonstrate the theorem for F. We will first prove the Carleson estimate.
By (5.15), (4.1), (3.2), (5.9) and the choice of the constant M, for any x € B(§,r)N(2B\B)N
and every y € B, it holds that

DI Y D> merf —meupyflor@)+ D Imepr) flery)
ReTop PE2(E)\Po PEP|(E)
b(P)€Tree(R)

< el fllemo(o) + Z Mo pp) flop(y).
Pe(E)
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It is not hard to see that for every P € Z(E) there exists P* € W(Q2) such that ¢(P*) ~
dist(P*, P) ~ ro and b(P*) C 02\ E, and that myp+)f = 0. Thus, for any x € B({,r) N
(2B \ B) N Q we have

|F(y) <ellfllemow) + Z Mo pp)f — Moppe) flep(@) S [ flIBMO(e)s
PeP|(E)

which, arguing as above, implies that supgcsq Cs(F Vb )(€) < | fllBMO(o)- The estimates for
the non-tangential maximal functions are easy and their proofs are omitted. This finishes the
proof of the theorem since the same argument as above shows that Fy € W1h2(Q;ws). O

40



Chapter 6

Construction of Varopoulos-type
extensions of LY and BMO functions

In this chapter we prove Theorems 0.5 and 0.6. Recall the definitions of the Banach spaces

(1.15) and (1.16). For future reference we summarize a set of assumptions in the following
hypothesis;

Hypothesis [T
(i) There exists a bounded linear trace operator
Tr: NP(Q2) N C;:&(Q) — LP(0)
such that || Tr(w)||rro) < [[w]lne(q) for every w € NP(2) N Cijgo(Q).

(ii) If vy the regularized dyadic extension of f € LP(o) then Tr(vs)(§) = f(§) for o-a.e.
¢ € 00 and for any w € NP(2) N CE 5 (Q2) there holds

1f = Tr(w)llLr(oy = [ Tr(vp = w)llLre) < llvg = wline)- (6.1)

The proofs of the next two lemmas are standard but for the reader’s convenience we provide
them in Appendix B.

Lemma 6.1. Let B C R""! be a bounded and convex open set and let {f,}n>1 be a sequence
of differentiable (resp. C') functions in B. Let xog € B such that f,(z0) — f(zo). If Vfn — F
uniformly in B for some F, then

f is differentiable (resp. C') at g and  F(xzg) = Vf(z0).

Lemma 6.2. If F € L _(Q) then for any x € Q it holds that

loc

1
|F(z)] < WHCS(F)HM(U) for every p € (1, 00)

and

F@ S 5oy S0 C(P)E)
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Theorem 6.3. Let Q € AR(s) for s € (0,n] satisfying Hypothesis [T|. If f € LP(o) for some
p € (1,00] then there exists a function u : Q — R such that

(i) u € CH(Q),

(1) Tr(u)(§) = f(£) for o-a.e €0,
(iti) |NW)llLeo) + 1IC(V)llLr) S 1f Lo (o)
() INaVu)lLe@) S IfLe@)-

Proof. Fix some p € (1,00]. To construct the desired extension of f € LP(o), we follow the
inductive scheme of Hytonen and Rosén [HR18]. Fix € > 0 to be chosen. By Theorem 4.4
we construct ug, the e-approximating function of v¢, and by Hypothesis [T], the trace of ug
exists and satisfies Tr(ug) € LP(0). We set

fi:=f—Tr(ug) € LP(0).
We then let u; be the e-approximating function of vy, and set
fo = fi — Tr(uy) € LP(0).

Inductively, for every k > 1, we define u;, to be the e-approximating function of vy, and set
fr+1 := fr — Tr(ug). Therefore, by (6.1) and (4.18) we have that

| frrillze(e) < llvg — urllne) < Cell fellr(o),
which implies that
I frs1ll o) < Cellfillie) < -+ < (CE* | fllLo(o)- (6.2)

Thus, if we choose € so that Ce < % and set S := Z?:o uj, then for k& < m, using (4.18),
(2.6) and (6.2) we get that

1Sk=Smllne@) < Y (IN(uj — v )lwo) + NV | Lo(o))
=t
S Y Elfllre + 1 fillre) < A +2) D (CeVlIf e
j=k+1 j=k+1

< @5 =27 )| fll o)

Thus, Sk is a Cauchy sequence in NP(§2) and since NP(2) is a Banach space there exists
u € NP(Q) such that Sy — u in NP(Q). It is easy to see that Sy — w uniformly in B, for any
x € (), and so we define

u(zx) == Zuk(x) for all z € Q. (6.3)
k=0

Similarly, we can show that VS = Z?:o Vu; is convergent in the Banach space C% (1)
(resp. NP(Q)) since by (4.19) (resp. (4.20)) and (6.2) we have

IVSk = VSnllcz @) + 1100V Sk — 6aVSm e ()

< > G (Vo) + Y IINGalVusllee) < Ce™® Y Ifillre)-

j=k+1 j=k+1 j=k+1

42



CHAPTER 6. CONSTRUCTION OF VAROPOULOS-TYPE EXTENSIONS OF L? AND
BMO FUNCTIONS

Thus, there exist F| € C%oo(Q) (resp. Fh so that doFy € NP(Q)) such that V.S, — F in
CE o (Q) (resp. 0qVSk — doFs in NP(Q)). Hence, by Lemma 6.2 we have that for any fixed
x €  that

sup |VSk — Fi|da(y) — 0 for i€ {1,2},
yEB,

which readily implies that Fy=F,=:F in Q. Thus, VSj, converges to Y p- , Vuy uniformly
in B, for every z € Q and by Lemma 6.1 we deduce that v € C1(2) with

ZVuk(x) = Vu(z) forall z € Q.
k=0

In fact,
IN ()l e (o) + N (6VU) | Lo (o) + [ICs (V) | Lo (o) S 1 Lo (o)

To show that u is an extension of f note first that in light of (6.2) we have

k

0= Jim || fisllpogo) = Jim | = Tr (Z;uj) o0
]:

Since, by construction, Z?:o uj —u € NP(Q), in light of Hypothesis [T] we get that

k

k k
I (X 5) = Tr@lloey = 1T (s =) lovio) < I 35 = ey =50,
=0

j=0 7=0

which entails
Tr(u)(§) = f(§) for o-almost every & € 0N).

The proof is now complete. O

We state [ST70, Theorem 2, p. 171] in the following lemma.

Lemma 6.4. Let E C R™! be a closed set and 5 be the distance function with respect to E.
Then there exist positive constants my and meo and a function Bg defined in E€ such that

(i) miog(z) < Br(r) < madp(z) for every x € E°;

(i) B is smooth in E° and there exists Cy, > 0 such that
ﬁﬁE(aj)‘ < CoBp(z)tlo
dz® - '

The constants m1, mo and C,, are independent of E.

Following [HT21, Section 3|, we define a kernel A(-,-) : Q@ x Q — [0, 00] which will be
necessary in the proof of Theorem 6.6. To this end, let 8 = Bn be the function constructed
in Lemma 6.4 and let ¢ > 0 be a smooth non-negative function supported on B(0, ﬁ) and
satisfying ¢ <1 and [ ¢ = 1. For every A > 0 we set

On@) = A (2 /0)
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and we define the mollifier

1 T —
Az, y) := Cay (x —y) = 5($)n+16( ﬁ(x§/>'

Observe that, by construction, for every x € Q2 we have
supp(A(z,-)) C B, = B(z,cdq(x)/4) and / A(z,y)dy = 1.
Q

Moreover, it is easy to prove that

sup A(z,y) < 59(1‘)_”_1 and  sup |VA(z,y)| < 6Q(:U)_"_2.
YyEBy y€By

For any F': Q — R, we define the smooth modification of F' by

F(z) := /QA(:c,y)F(y) dy, ze€Q.

(6.6)

The next lemma was essentially proved in [HT21, Section 3| but we include the proof for
the reader’s convenience. Recall the Definition 1.16 of the non-tangential and the quasi-non-

tangential convergence.

Lemma 6.5. Let Q C R™ be an open set satisfying the corkscrew condition.

IfF e

CH; R and F is the smooth modification of F as defined in (6.6), then the following

hold.
(a) For any x € ,
|F(z)| < sup|F(y)]
2B,

(b) For any z € Q,

|F(21) — F(22)| < |21 — 22| d(x) P my o(F) (), for all 1,29 € B,.

(c) For any x € Q,

my e(F)(x) < my.o(F)(x).

(d) For any & € 09,

sup 0o(2)|VE(2)] £ €(VF)(E).
SEG’)/a(ﬁ)

(e) For any £ € 012, N
Cso(VF)(E) S C(VE)().

() If ant-lim, ¢ F ()

qnt-lim,_,. F(z) = f(§) (resp. nt-lim, ¢ F(z) = f(£)) for o-a.e. £ € 9.
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Proof. (a) follows by definition of F. For (b), we let x1, 29 € B,. Then, by triangle inequality,
B(xy,cdq(x1)/4) U B(xe, cdq(x2)/4) C By. (6.7)

Combining (6.4), (6.5), and (6.7), we get that

Flar) — Flan)| = \ [ 1) = M) (Plo) — s ) dy
< |z — x9] Zseué) IVA(z, z)|mp, (|[FF —mp,F|) | Bl

< Jwr — 2| da(z) ™ my o(F)(2),

which proves (b) and thus (¢). We turn our attention to the proof of (d) and fix £ € 9 and
r > 0. For any z € B(§,7) N and x € B, using (6.4), (6.5) and the Poincaré inequality we
can write

VE@| = | [ Vahen)F@)dy] =| [ Vo) (F@) - mp F)

< Sa(e) "2 /B |F(y) —mp F|dy < ]i VF|dy

which immediately implies (d). To prove (e), we first define

Ap(&r) = {x € B&,r)NQ: 271 <da(a) < 270},
Ap(&,r) = {a € B(&,r) NQ: 2752 < Go(z) < 2770,

and estimate

/ sup [VE(y)|dy < Y / sup [VE(y)| dy.
B(&,r)NQ yEBy E—0 Ak (&,r) yEBx

As Uyep, By C 2B;, by Fubini’s theorem we have

/ sup [VE(y)|dy < / ][IVF(y)\dy,S / VE(y)] dy.
Ag(&,r) yEB: Ag(&,r) /2By A (&)

Summing over £ and using that the sets Aj (&, r) have bounded overlap we get (e). Finally,
(f) follows from [HT21, Lemma 3.14]. O

Let us now turn our attention to the case of BMO boundary data. Recall the definition
of the Banach spaces (1.17), (1.18) and (1.19). The suitable version of Hypothesis [T] in this
case is given below.

Hypothesis [T]

(i) There exists a bounded linear trace operator
Tr: Cy2(Q2) — BMO(o)
such that || Tr(w)||pmo(w) < [Vwlles, ()
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(ii) If vy is the regularized dyadic extension of f € BMO(o) then Tr(vy)(§) = f(§) for o-a.e.
§ € 9 and for any w € C3%,,(9), it holds that

If = Tr(w)llemoe) = ITr(vy = w)llmoe) S supfvy(z) —w(@)]. (6.8)

Theorem 6.6. Let Q € AR(s) for s € (0,n] satisfying the Hypothesis [T]. If f € BMO(o)
then there exist a function u : 2 — R and a constant ¢y € (0, %] such that for every c € (0, o
the following holds.

(i) ue CYQ).

(it) sup Ngc(u)(§) + sup Cso(Vu)(€) < | fllBMO(o)-
£€on £€on

(iii) sup do ()| Vu(z)| < [|fllBMo(o)-
S

(iv) Tr(u)(§) = f(§) for o-a.e. £ € IN.

Proof. We will argue as in the proof of Theorem 6.3. If f € BMO(0) and vy is its regularized
dyadic extension, we apply Theorem 4.4 and construct the e-approximating function of vy
which we denote by ug. In light of (4.22) and Hypothesis [T], we have that the trace Tr(ug)
exists and it is in BMO(o). We set

fr:=f = Tr(uo).
Inductively, for every k > 1, we define uy to be the e-approximating function of vy, and set
frr1 = fre — Tr(ug).
Therefore, by (4.21) and (6.8) we have that

I fe+1llBMO(o) S 686116%/\/(% —v5)(6) S ellfellBymo(o)

which implies that

| fis1llBMo(o) < Cellfillpymo) < -+ < (Ce)* | £llBMo(o)- (6.9)

Assume that Ce < 1/2 and set Sy, := z;?:o u; for any positive integer k. Using (4.21), (2.7)
and finally (6.9), we can estimate

m

Sk — Smllne ) S sup N (u; — vy, + sup N;(vy,

| Sk Inge(2) j:%;rl(gea% (uj —vg; ) () 56@% s(vy,)(6))

S ) CEllfilemow) + Ifillevoe) S D (CeV I fllpmoe)
j=kt1 j=k+1

< (277 =27™)| fllBMO(0)-
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Thus, S is Cauchy sequence in the Banach space Ng°(€2) \ R (recall definition (1.19)) and so
there exists u € NP°(€2) such that Sy — u in Np°(€2). In fact,

§k =5 — S — u uniformly in B, for any x € .
B,

By (4.22) and (4.23), for any m > k, we have that

IVSk=VSmllcx_ () + 100V Sk = 6oV Smlln= ()

< > sup Coo(Vuy) () + Y sup N(6aVu)(©) S Y IIfillemo)
j=k+1 §€09 j=k+15€00 j=k+1

< @27F =271 flsmo(e)-

Thus, there exists Fy € C3% (2) (resp. Fj so that 6o Fy € N*®(€)) such that V.S — F in
Co% () (resp. 6oV Sk — SoFy € N°°()). By Lemma 6.2 we have that for any fixed = € €,

sup |VSy — VE|6o(y) = 0 for i e {1,2}
YyEBy

which implies that ﬁl = ﬁg = Fin Q. Thus,

VS = ng —~F= Z Vuyg uniformly in B, for every x € Q.
k=0
By Lemma 6.1 we deduce that v € C*(Q) and

Vu(z) = ZVuk(:U) for all x € Q.
k=0

Furthermore, we have that

sup Co(Vu)(6) < ;)fe%% Co(Vur)(€) <e ;) I fellzmo() S I lBMo(e)- (6.10)
Similarly,
sup Ny(u)(§) + sup N (6aVu)(§) (6.11)
£€oN £€0N
ooV < .
<X (sup Ns()©) + sup NGaVur)(€)) £ 1 lmsiore

Finally, it holds that

k

0= lim |[fi+1llBmoe) = If — jZOUjHBMO(U)

47



and since, by construction, Z?:O uj —u € C;:;’g(ﬂ), using the linearity of the trace and
Hypothesis [T], we have that

k

k
H Tr(w) - Tr (Jgouj) HBMO(J) S Hu B ]gouj‘ Co () =30
This gives that u is an extension of f € BMO(o) with
Tr(u)(€) = f(§) for o-almost every & € 09 (6.12)
and the proof is complete. O

Remark 6.7. Note that by the proof of Theorem 6.6 it is immediate that the extension u
satisfies the estimate

sup vy (z) — (@) 5 I llsoge)- (6.13)

Proposition 6.8. Let Q € AR(s) for s € (0,n]. For s = n assume additionally that )
satisfies the pointwise John condition. Then, for any p € (1,00] there exists a bounded linear
trace operator Tr g : NP(Q) N CyE,(Q) — LP(0) satisfying the Hypothesis [T]. Moreover, if
satisifies the local John condition for s = n, then there exists a bounded linear trace operator
Trg: CyX(Q) — BMO(0).

Proof. For any x € Q and fixed ¢ € (0,1/2] we define
E(x) := ][ u(z) dz. (6.14)

B(z,cdq(x))
Fix £ € 0§ such that £ € JC(#) (see Definition 1.13). Then there exist re > 0 and z¢ €
B(&,2r¢) N Q2 such that dq(zg) > Ore, and also there exists a good curve (recall definition
1.12) v : [0,1] — R in B(§,2r¢) N § connecting the points & and x¢ such that [(¢)] = 1
Vt € [0,1]. For any fixed pair of points z1,xo € 7 there exist t1,ts € [0,1] such that x; = y(t1)

and x9 = 7(t2). By a change of variables and an application of the mean value theorem, we
estimate

|E(x1) — E(z2)] = ’ /B(O,l) (u(ml + wedg(x1)) — u(ze + wcég(mg))) dw‘
| [ fuln) + webor()) — ur(tz) + weda(a(02)))
B(0,1)
| [ a0 + wesor(0) - Tolr (1) 4(1) de ]
B(0,1) Jt;
< /tl /B(O,l) |Vu(y(t) + weda(y(t))| dw dt;

above we used that |¥(¢)| = 1 and |Vdq(v(t))| < 1 since the function dist(-, 92) is 1-Lipschitz.
Note that for j € {1,2} there exists M; € N such that 27M < ¢; < 271 By the
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Fundamental Theorem of Calculus, since u € C*(Q) and v(t) +wedq(y(t)) is (1+ ¢)-Lipschitz
in t for any w € B(0,1), we have that there exists s € [27%,2!7] such that

/ 2 / [Vu(y(t) + weda((1))|dwd
t JBOD

Mo o—k+1
= Z / / |Vu(v(t) + wedo (v(t)) |dwdt
k=0, 727" B(0,1)
Mo
= D2t [ [ Vu((se) + weda(y(se)|dw
k=M, B(0,1)
Mo
_ dy
=) 2 Vu(y)|
kzj\:/ll B(y(si).cda((sk))) (cda(y(sk)))" !
Mo dy
s>/ Vuly) 2
k%l B(y(si):cda(v(si))) o (y)

where is the last inequality we used that 6 (v(sg)) ~ s, =~ 27% and that do(y) < da(v(s)) for
any y € B(v(sg),coa(v(sk))). Therefore, there exists a cone v4(&), with apperture depending
on ¢ and 6, such that B(y(sk), cda(v(sk))) C Ya(§), and by the bounded overlap of the balls
B(y(sk), cda(v(sk))) we infer that

d
By - B 5 [ Vuly)l =
Ya (ONB(.Coa(2)) (y)

By (1.24) we have that Aga)(Vu) € LP(o) when p € (1,00) and Aga)(Vu) e L.
q € (1,00) when p = co. Thus, Aga)(Vu)(é’) < oo for og-almost every £ € 92 and using the
fact that the above estimate holds for any pair of points x1,z2 € 7, we can assume that

x1,x2 € B(&, €) for some e > 0 which is small compared to r¢. Therefore,

(o) for any

|E(1) — E(x)] < / e T8y S A TU)E) < o
'\/a ,oe

By the dominated convergence theorem we get that |E(z1) — E(z2)] — 0 as ¢ — 0, i.e., E(x)
is Cauchy on v¢ and thus convergent. This shows that the quasi-non-tangential limit of F(x)
at & € 0F) exists for o-a.e. £ € 02 and we can define the desired trace operator by

Tro(u)(§) := qnt-lim E(z)  for o-a.e. & € 9N. (6.15)

r—E€

In the case that s < n, we just define Trq(u)(§) = nt-lim, ¢ F(x) since 2 has only one
connected component and any & € 0f) can be connected to a corkscrew point by a good
curve. It is clear that Tr : C3%(Q) — LP(0) is a linear operator while the fact that Tr :
NP(©2) N C;;&(Q) — LP(0) is bounded if p € (1,00] can be proved quite easily. Indeed, let
£ € 092 such that £ € JC(6). For fixed € > 0 there exists 6 > 0 such that, if 2 € B(§,d) N,
there holds

| Tra(u)(§)] < [Tra(u)(§) = E(@)] 4 1m0, p(a,c02)) ([ul) <&+ N(w)(§).
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Letting € — 0 we infer that | Tro(u)(§)] < N (u)(§) for o-a.e. & € 9N which readily yields the
validity of (i) of Hypothesis [T], while (ii) of Hypothesis [T] readily follows from Lemma 2.1.

Assume now that €2 satisfies the local John condition when s = n; in the case s < n this is
automatic. Fix £ € 02 and r > 0. By the local John condition there exists a corkscrew point
x, € B(&,r) such that any ¢ € B(&,7) N 02 can be connected to x, by a good curve. The
existence of the trace operator follows by the same argument as above and we define it in the
same way. It remains to show that Tr : C22(Q) — BMO(0) is bounded. For u € CL2(Q), if
B, := B(x,,cdq(x,)) is a corkscrew ball centered at z, with radius cdq(z,) =~ r, by the same
proof as above we can show that

| Tro(u)(¢) —][ u(y) dy| < As(Vulpgecn)(€), V¢ € B(Er) N oS
Thus, taking averages over the ball B(¢, r) with respect to o and applying (1.23) in L(B(€&, C'r)),
whose proof is left to the interested reader, we conclude that

][ | Tr (u) —7[ uly) dy|do < ][ Cu(Veul pie.comy) do < [|Co (V)| (o,
B(¢,r) B, B(£,C'"r)

This readily implies that || Tr o(u)|lBmo(e) S [ICs(Vu)|| e (o) which, combined with the esti-
mate || fllmo(e) < 2/fllze(s), (6.13) and Hypothesis [T] (ii) (already proved above), proves

Hypothesis [T]. O

Proof of Theorem 0.5. It is an immediate consequence of Theorem 6.3, Proposition 6.8 and
Lemma 6.5. O

Let us now turn our attention to the proof of Theorem 0.6. When s = n and 2 satisfies
the pointwise John condition but not the local John condition, we will need the following
generalization of Garnett’s Lemma, which was proved in [HT21, Lemma 10.1].

Lemma 6.9. Let Q € AR(n), Qo € D,, and let f € BMO(a) which vanishes on 02\ Qo
(if it is non-empty). Then, there exists a collection of cubes S(Qo) = {Q;}; C D(Qo) and
coefficients o such that the following hold.

1. sup; || S |IflBMO(0)-
2. f=g+>;a;1q,, where g € L*=(0) with ||g||=(0) < | fllBMO(0)-

3. §(Qo) satisfies a Carleson packing condition.

Proof of Theorem 0.6. Recall that if s < n then Q € AR(s) is uniform and thus it satisfies
the local John condition. Therefore, by Theorem 6.6, Proposition 6.8 and Lemma 6.5 we can
construct the desired extension of Theorem 0.6 when either s < n, or s = n and 2 satisfies,
in addition, the local John condition. We are left with the case s = n so that {2 satisfies the
pointwise John condition but not the local John condition. By Lemma 6.9, if f € BMO(o) with
compact support in Qo € D then there exists g € L*(0) and b =3, aj1¢; € BMO(0) such
that f = g+ b. We construct an extension G of g by Theorem 0.5 and so it remains to prove
the existence of the extension of b. By [HT21, Proposition 1.3| there exists By : 2 — R such
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that supgcan €.(VBo)(§) + sup,eq da(r)|VBo(z)| S ||fllBMo and By — b non-tangentially
for o-a.e. £ € 9Q. By Lemma 6.5, if we set B = By (as defined in (6.6)) we get the desired
extension of b. The extension of f is then given by G + B. O
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Chapter 7

Applications to boundary value
problems

Recall the definition of 1.27 of the elliptic operator L and that H : Q@ — C™ is given by

H=(H'...,H™) and E : Q — C™"t) is given by = := (2!, ..., =2™), where 2 : Q — C" !
and 2% = (2¢,...,80,,) for a = 1,...m. We define the variational co-normal derivative of

a solution v € WH2(Q;C™) of Lv = —divE + H in Q, and denote it by Oy, v, to be the linear
functional defined in terms of the sesquilinear form associated to L as follows:

m n+l

(Opav,0) = Ly(p) :== B(v, @) = Z Z / a?jﬁ(@ 63‘1)5(30)8@(1)& dx
a,f=1i,j=1"%
m n+l .
_;;/QZ?(J?)&'CIW(JU) dm_;/QHa(ac)q)(x)ad:r,

where ¢ € Lip,(9Q; C™) and ® € W2(Q; C™) N Lip(Q; C™) such that ®|sn = .

Lemma 7.1. £, : WH2(Q; C™) N Lip(€; C™) — R is unambiguously defined.

Proof. If ®!, &2 € W'2(Q; C™) N Lip(Q; C™) are such that ®!|sq = ®2|9q = ¢ and &' # D2,
then ¥ := ®! — ®2 ¢ W'2(Q : C™) N Lip(Q;C™) and ¥|pq = 0, which implies that ¥ €
Y01’2(Q), see 1.2 for the definition of Y01’2(Q). Since Lv = — divE+ H, we have that B(v, V) =
0 and thus B(v, ®') = B(v, ®?). So any extension of ¢ belonging to W12(Q; C™)NLip(€; C™)
defines the same linear functional 4. O

From now on, we assume that Q € AR(n), n > 2, and that either 2 is bounded or
02 unbounded. This is because we will use the duality Ng,(2) = (Cy 4 (2))* which is a
consequence of [MPT22, Proposition 2.4].

In the sequel, we will prove for simplicity our results just for real elliptic equations (i.e.,
m = 1). Nevertheless, the proofs for m > 1 and complex-valued coefficients are identical, see
also Remark 0.8.

53



7.1 Some connections between Poisson Problems and Boundary Value
Problems

Proposition 7.2. If (PRZE) is solvable in Q for some p > 1 (recall definition 1.9) then its
solution u satisfies the one-sided Rellich-type inequality

10y ullLoo) S [ llcs, 0 + 1E/dallo, , @)- (7.1)

Moreover, if (PRY) is solvable in Q with data H = 0 and E € L2 (Q), then its solution
satisfies the one-sided Rellich-type inequality

10t o) S 1= sy (72)
where H' (o) is the atomic Hardy space.

Proof. Suppose that u is the solution of (Psz). Let ¢ € Lip,(89Q) and F € W2(Q) N Lip(Q)
be the Varopoulos extension of the LP boundary data ¢ constructed in Theorem 0.3. Then,
by Lemma 7.1 we get

10(@)] = [Blu, F)| < 1]l 1o /Q Vul|VE| + /Q H|F| + /Q =Ml

By duality (see [MPT22, Proposition 2.4|), (1.41) and the properties of the extension F' we
infer that

/QIVUIIVFI S N (V)| o o) IC2 (V)| 1 o) S (1H s, + IB/8allcs @) 2] o

By duality and using (é¢) and (#ii) of Theorem 0.3 we infer that

/ H||F| + / =||VF

< Nl o, INe- B2V ) 1t 0y + I1E/ B2l N2 () o o
< (Hlca. , + IE/Sallc @) €] -

Thus, by the above estimates, the density of Lip.(9€2) in LP(¢) and duality we get (7.1).

For the endpoint case, let v be the solution of (PRY) and let ¢ € Lip,(99). Arguing as
above for F' being the Varopoulos extension of BMO boundary data ¢ constructed in Theorem
0.3 and using Lemma 7.1 we get that

60 < Al [ [VolIVEI+ [ [EIVE]
Q Q
By duality, (1.41) and (i7) of Theorem 0.3 for BMO we have that
/leu\vﬁ S N2 (V) | p1 o gseua%C(VFv)(g) S [1Ellry o llellBymo)

For the second term, since T5°(Q2) = (T3 (£2))* (this follows from the proof of Theorem 4.2
and Remarks 4.3 and 4.4 in [MPT13], see tent spaces in 1 for more details), it holds that

/ E|IVF| = / 1] 60 ()|VE| ()<||~\|T1(Q>||5QVF||TOO<Q
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Since, by (i#i7) of Theorem 0.3 for BMO, we have
So(2)|VE(2)* S IVE(@)lll¢llBMo(e),
it is easy to see that
~ ~ 9yl 2
180V Fllzz- @) = 1€ (0l VEP) | 2 (7.3)

S lelshioe) suw c<v F)(©"? < ll¢llsyo)

where in the last inequality we used again (i) of Theorem 0.3 for the extension F. Thus

()] S Iz () l#llBMO(0)

VMO(o)

which implies (7.2) since Lip,(02) = VMO(o) = (H(0))*. O

Theorem 7.3. If (PRﬁ) with B2 = 0 is solvable in Q0 for some p > 1 then (Dg) is also
solvable.

Proof. Let f € Lip.(09) and let u be the solution to (1.34) for L* with data f. Using the
density of L°(€2) in Co, ,(2) and duality, we get that

e @l S sup | [ ]

H€L°°
|H HCQ*YP(Q) 1

Fix such an H € L2°(Q) and let w € Yom(ﬂ) be the solution to (PRI];) with data B = 0 and
H. Then, using the fact that L*u = 0 and (7.1), we estimate

| [un|=|- [ vuavos [ auf|=| [ duwf| S s )l e
Q Q a0 a0
which readily implies the estimate

o @0y S 1l o

thus concluding the proof of the theorem. O

Now, we turn our attention to the endpoint case of Theorem 7.3.

Theorem 7.4. If (PRE) with H = 0 is solvable in Q then both (PDL) with H = 0 and
(Do) are solvable in €.

Proof. Let v; be the solution of (1.33) with data E € L°(Q;R"™!) and H = 0 and let vy
be the solution of (1.34) with data ¢ € Lip,(0f); define w := v1 + vo. Using the tent space
duality (79°(Q))* = T3 (2) along with the density of L°(2) in T} (), we get that

d
H(SQVwHToo(Q) ~ sup / oq(x Vw‘Il v sup / YVw \IJ‘
? WELX(Q da(z ) WELX(Q):
H‘I’IITl(Q —1 H‘I’HTl @=1
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Then, if u € Yol’Q(Q) is the solution of (PRY) with data ¥ € L3°(Q2) and H = 0, by duality
and (7.2) we have

]/prvm] —‘—/QAVqu—i—/aQ@VAuf‘ < ’/QA*Vqu’Jr‘ 8Q&,Auf‘

:‘/QEVU‘+’/6Q8,,Auf’

S €2 ()| (o) N2 (V) [ L1 o) + 12 [l ) || F I BMO(0)
S (Il w@ + 1 fllBMO@)) 1P l72 @)

which proves the desired estimates (1.36) and (1.39). O

Recall the definitions 1.8 and 1.6.

Theorem 7.5. If (PD]f) (resp. (PDL)) is solvable in Q with H = 0 for p € (1,00), then the
Dirichlet problem (D}) (resp. (DEyio)) is also solvable in Q.

Proof. Let f € Lip,(092) and let F' be the Varopoulos extensions of boundary functions
f € LP(o) given by Theorem 0.3. In the construction of the solution of (1.34) with data
f we can use F' as the Lipschitz extension of f. If u is the aforementioned solution then
u = w + F where w is the solution of (1.33) with 2 = —AVF € L?(Q) and H = 0. Then, by
(ii) of Theorem 0.3 and (1.38) we have that

N2+ (W)l £o(o) <IN () 1oy + IN2x () 1o (o) S I f Il (o) + 1C2(E) | o0
S fllzee) + 1Al Lo @ ICV )| ooy S 1 p(o)-

Thus, wu is the solution of the Dirichlet problem (D}%). By similar arguments, using F, the
Varopoulos extension of f € BMO(o) given by Theorem 0.3 along with (7.3) and (1.39), we
get that

[60VulTse @) < 60V F||15e0) + [[0oVwllTse () < IfIBMO(0)
which finishes the proof of the Theorem. O

Proof of Theorem 0.9. It follows by combining Theorems 7.3, 7.4 and 7.5. O

7.2 Conditional one-sided Rellich-type inequalities

Proposition 7.6. Suppose that (Rﬁ) is solvable in 2 for some p > 1. If u is the solution of
(1.34) for L* in Q with data f € Lip.(09), it holds that

HaVA*UH(Ml,p(g))* S I llxp0) (7.4)

where (MYP(8Q))* stands for the Banach space dual of M'P(9Q)/R and X,(0) is equal to
LY (o) if p>1 and BMO(0) if p=1.
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CHAPTER 7. APPLICATIONS TO BOUNDARY VALUE PROBLEMS

Proof. By definition we have that

Oy 1 W||  vr1p . = sup Oy, U, ).
bty = S )

||‘P||Ml,p(a):1

Fix ¢ € Lip,(09) such that [[¢[| y;1,(,) = 1 and let w be the solution of (RE) with data ¢.

Let also F' € Lip(f2) be the Varopoulos extension of L boundary data f as constructed in
Theorem 0.3. By Lemma 7.1 we have that

(Op ety ) :/A*Vqu:/AVwV(u—F)+/ AVwVF:/AVwVF
Q Q Q Q

since u — F € Y01’2(Q) and Lw = 0. Therefore, by duality, conclusion (ii) of Theorem 0.3 and
(1.37), we infer that

(Ouret)l = | [ AVWTF| < 1AL w0 IRVl [C2(TF
S ||90|‘M1,p(0)||f||Lp/(g)

which shows (7.4) for p > 1. The proof in the case p = 1 is similar and we omit the details. [
Proposition 7.7. Let ¢ > 1. Ifu is a solution of (1.32) for H € L°()) and E € LL(Q; R™H1)

such that Ny(Vu) € LP(o) for p > 1, it holds that
10w el Lr(oy S IVUllng @) T 1 H e @) + I1E/dallc, @) (7.5)
If uw is a solution of (1.32) for H =0 and E € L°(Q;R"™) such that Ny(Vu) € L'(o), then
10v4-ull 10y S IVUllNg () + Bz 0)- (7.6)

Proof. Tt follows by the same arguments used in the proof of Proposition 7.2. We skip the
details. O
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Appendix A

Appendix to Chapter 1

A.1 Proof of Lemma 1.5

Proof. We adapt the proof of the [HR18, Proposition 2.4] and argue by duality. Indeed, let
1/p+1/p’ =1 and h € L” () be a non-negative function supported in B(&,r) and such that
”hHLpl(a') - 1 r]:‘}lel’l7

At s = [ ([ ) dr)ae) dote)

u(y)|o ST 6 ¢ h(&) do d
< o NG (™ [ nEdoe)) dy

_ / ()60 (v)* " H (y) dy
B(&,r)

/ ) 3a(s) " dy i,
0 JB(Er)N{H(y)>A}

where

H(y) = daly) ™ /B o higdoe).

For any y € QN B(&,r) we let § be a point in B(&,r) N0 such that |y — g| = da(y) and we
set By := B(y, (a +1)é(y)) D B(y, adq(y). Define

Ey:={yeB(&r)NnQ:H(y) > A}

and note that for any y € E) it holds that my g h > cA for some c € (0,1) depending on «.
If we set

E\ ={(e€dN:(=ygforsomeye Ey} and XA\ ={B;:yc E\},
then there exists a sufficiently large constant C' > 1 such that

U Benon c {¢ean: Mh(C) > eA} N B(¢,Cr).
CEE,
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A.1. PROOF OF LEMMA 1.5

By Vitali’s covering lemma there exists a subcollection ¥, C £, of pairwise disjoint balls such

that
lJ Bc | 5B
B'e B Be@,
It is clear that
Exc | 5B
BeF)

and thus,

[u(y)|ba(y)* " dy < S Y)[8a(y) " dy
I, oo

BeZ)y,
S g )
NB% 7(B)r(B) Ce}BnmfaQ% (ulpe,cr)(C)
A

< Tﬁ/ C55(’3)(ulB(g,Cr))(C) do(¢).
(&,Cr)N{Mh>A}

Therefore, since ||A|| (o) = 1, we have

sl sen)lrosen < 7~ / / 9 (ulpe.om) () dor(C) dA
0 JBECr)N{Mh>A}

<P / E) (ul e o) () MA(C) do(C)
B(£,Cr)

<P €P (ulpe.on)ll oo,y

proving (1.23). The proof of (1.24) is similar and we omit the details. O
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Appendix B

Appendix to Chapter 6

B.1 Proof of Lemma 6.1

Proof. 'Let z9 € B be a point such that f,,(zo) — f(z0) as n — oo and write

—

f(x) = f(xo) — Fwo)(x —x0) _ f(z) — f(@o) — (fu(z) = fn(z0))

| — x| B |z — 2o
o Inl@) = fulzo) = Viin(@o)(@ = 20) | (Vinlwo) F(z0))(z = x0) — [+ IT+III
|z — 2o |z — o

In order to control I consider the difference
fm(tz + (1 = t)zg) — folte + (1 —t)xo), te€]0,1],

for integers m,n > 0. By the mean value theorem there exists ¢ty € (0, 1) such that

(fm(@) = fm(w0)) = (fu(®) = ful20)) = (Vfm(20) = Vfn(20)) (2 — 20)

where zp = tox + (1 — to)xo € B. By the uniform convergence of the gradients in B we have
that
|(fm (%) = fm(20)) = (fu(®) = fa(@0))| _ [(Vfm(20) — Vifn(20))(z — 20)|

= < 2.
|z — 0] |z — 0]

Since B is bounded and the sequence {f,} converges at xo, there exists an integer n; =
ni(e, zp) > 0 such that for every n > n; the above inequality implies that

[fm(2) = fu(2)| < |fm(20) = ful2o)| + 2 — 20|26 < Me,

for M > 1 a sufficiently large constant. So, {f,} is a uniformly Cauchy sequence and thus it
converges uniformly to function f. Letting m — oo, we get that for every n > nq it holds

11 2 @) = £@0) = (ale) = faleo))| _ .

|z — x|

Using the fact that f is differentiable in xy we get that there exists an integer no = na(e, zg) > 0
and 0 = 6(¢) > 0 such that |II| < 2¢ for all x € B with |z —x¢| < § and all n > ny. Moreover,

!This proof was given by Professor Giovanni Leoni at math.stackexchange/gradient convergence.
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B.1. PROOF OF LEMMA 6.1

the sequence {V f,, },>1 converges to F uniformly in B. Thus, there exists an integer nz > 0
such that, for all n > ng, we have

[IIT| < |V fn(20) — Fxo)| <e.

Finally, setting ng := max{ni,ns,n3} and using the above estimates we get that for every
x € B with |z — x¢| < § and n > nyg, it holds

f(x) = f(x0) = F(wo)(x — o)

|z — 0]

< de,

which implies that f if differentiable in zo, and thus in B, with Vf(z¢) = F(xo). Since this
holds for all zg € B and f, is differentiable in B, it is easy to see that f is differentiable in
B. O
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APPENDIX B. APPENDIX TO CHAPTER 6

B.2 Proof of Lemma 6.2
Proof. Fix x € Q and note that if ¢’ = {5 then for any » € B(z,'dq(z)) we have that
|z — x| < dist(z,00) < ¢ dist(z,00) + ¢ |z — x|,

which implies that |z — x| < cdq(z2), i.e., € B,. If & € 9 is the point such that dqg(z) =
|z — &;| then it is clear that B, C B(&,3dq(z)) NQ for every £ € B(&;, dq(x)), and so

Pl = ([ [ [ sup 1P1dz] " aots))

r>0 7" JB(¢,r)nQ yEB.

1 / p 1/p
. sup |F(y)|dz| do(§)
</B(fm75(2($))089 [59(90)" B(§,300(x)) y€B- 2 } )

! / p 1/p
§ sup |F(y)|dz| do(¢
</B<fwvén<w>>ﬂaﬂ [59(96)" B(z,c'ba(x)) s 1) } ©)

> do(z)' 7| F(x)].

~

1/p

Note that for p = oo the same argument implies that

sup Cs(F)(§) 2 da(2)|F(x)].
£€0Q

Lemma B.1. The quotient space Ng°(€2) /R is a Banach space.

Proof. Note that the space Ny°(Q2)/R can be written as the direct product @,cqAz/R
equipped with the sup norm, where

Ay ={u: Q= R:ue L () and sup lu(y) —][ u| < oo},
YyE By Bz

is equipped with the semi-norm ||lul|a, = sup,cp, [u(y) — fBz u| which is a norm modulo
constants. By the theory of Banach spaces it is enough to prove that the space A;/R is
Banach for any fixed z € Q2. To this end, let 2 € Q, € > 0, and take {u, }nen to be a Cauchy
sequence in A, /R. Then there exists ng € N such that for every n,m > ng it holds that
|tn — umlla, < e. So, for any y € B, we have

Jtun () — tm(®) —f (tn(2) — tum(2)) d2| < ¢,

T

which means that the sequence {un— fB un}n N 18 uniformly Cauchy in B, and so it converges
to some wu locally uniformly in B,. Thus there exists a positive integer mg = mo(e, z) such
that for any m > mgy we have

sup [t () — f i — u(y)] < €/2.

© Bq

2We would like to thank Professor Pandelis Dodos for providing us with a reference about this fact. See
math.stackexchange/infinite direct sum.
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B.2. PROOF OF LEMMA 6.2

Thus, for any n > max{ng, mo} we have

sup [un(y) — u(y) — f (tn — )| =

B

x

ng un(y) — ]iw Uy, — ;(y)’ + ‘ ]il(u(z) + U (2) — um(2)) dz
<)~ f v u)+ f @)~ f e u@ld < e

We conclude that |[u, —ul|s, < e which means that u,, — w in A, /R with respect to the norm
| - lla, and so A;/R is a Banach space for every € (2. As a result, the space N°(Q2)/R is
Banach. O
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