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Chapter 1

Introduction

Most physical theories take the number of spacetime dimensions for granted, they are
constructed according to the number of dimensions perceived by us: three spatial ones,
and a single time one. The aim of this study is to analyse proposals which question this
assumption, either by stating that our universe could have a different number of dimen-
sions, or by arguing that the number in fact agrees with our perception. Bearing in mind
that the majority of theories involving a different dimensionality of spacetime refer to the
spatial dimensions, these are the ones which will be focused on. Two radically different
approaches have been chosen for this purpose. On the one hand, attempts to formulate
a unified theory of physics have been considered, which often postulate additional spatial
dimensions. This approach has had a significant impact on our understanding of spatial
dimensions, and has led to a thorough consideration of extra compact dimensions. On
the other hand, the reasoning induced by the anthropic principle will be studied, and its
specific application on the number of dimensions.

Firstly, unified theories will be discussed in a chapter composed of two sections, the
Kaluza-Klein theory will be explained in the former, and string theory, in the latter. The
Kaluza-Klein theory postulates an extra spatial dimension, in order to construct a unified
theory of electromagnetism and gravitation. As regards to string theory, the focus will be
on a single calculation, due to a particularity of the theory under question: the number
of spacetime dimensions is not postulated, it is a requirement of the theory.

Secondly, regarding the anthropic principle, as forementioned, the actual reasoning
it entails is what the chapter will be centred on. Therefore, its historical development
will be exposed, that is to say, the precedents from which it arose will be explained, and
subsequently, the application of this reasoning on the number of spatial dimensions will
be considered.



Chapter 2

Unified theories of physics and
spatial dimensions

Our aim in this chapter is to study the changes in our understanding of the spatial
dimensions (or at least, in the number of dimensions the universe is thought to have)
under the influence of the development of theories seeking to give way to a unification
of different branches of physics. No matter the variety of points of view on this type of
theories, one cannot overlook the fact that the search for unification has very often led to
valuable insight into the physical world. For instance, take the unification of electricity
and magnetism achieved as a result of Maxwell and Faraday’s work, and how it changed
our understanding of light. Or the synthesis of the concepts of space and time, expressed
in the new idea of spacetime, within Einstein’s special relativity. Moreover, we must also
refer to the further unification of those two concepts attained by means of his brilliant
theory of general relativity, in which spacetime is considered to be dynamical. There
are many other examples, such as the wave-particle duality in quantum physics, but
what is important to us now is to study the theories which, in return for unification,
involve additional spatial dimensions, that is, theories which demand a universe with
more than three spatial dimensions. Therefore, the Kaluza Klein theory will be studied
first, due to it being one of the first proposals of its kind, followed by a brief overview of
the dimensionality of spacetime in string theory, on account of it being a contemporary
proposal which may still have a broad path ahead.

2.1 Kaluza-Klein theory

Theories involving extra dimensions have been significantly developed in the last decades,
becoming more and more complex, but it can be said that we may find their foundation
in the Kaluza-Klein theory, named after the work of Theodor Kaluza and Oskar Klein.
So as Kaluza was one of the first who made an attempt to construct such a theory, we
will begin by overviewing his original paper, “On the Unification Problem in Physics” [1],
which he wrote in 1919 and was published in 1921 by Albert Einstein. It is important
to point out that when this paper was published, there was no knowledge whatsoever
concerning the weak or strong interactions, and also that quantum mechanics had hardly
been developed. Therefore, the search for unification that will be studied only concerns
gravitation and electromagnetism.

Five years after Einstein published Kaluza’s paper, Klein, who by that time had been



2.1. Kaluza-Klein theory

able to study quantum physics, improved Kaluza’s proposal by adapting it to quantum
mechanics on the one hand, and by speculating about the geometry of the extra dimension
on the other (Kaluza had not explicitly mentioned this aspect of the extra dimension).
As to the note made about Kaluza’s theory regarding the weak and strong interactions,
the same holds for Klein’s version: the years in which he developed his modifications
were still far from the discovery of these interactions. Klein published his version of the
five-dimensional theory in the articles “Quantum Theory and Five-Dimensional Relativity
Theory” [2] and “The Atomicity of Electricity as a Quantum Theory Law” [3]. They were
both published in 1926; the former in April, and the latter, in October.

The general procedure followed by Kaluza and Klein consists in writing the metric
tensor of spacetime with an extra dimension, including an electromagnetic four-potential
in it. Then, the condition known as the cylinder condition is applied, which will be defined
later on, and the five-dimensional analogues of the following expressions are obtained: the
Christoffel symbols of the first kind, which are first order derivatives of the metric; the
Riemann curvature tensor, which consists of derivatives of the Christoffel symbols; the
Ricci tensor, obtained by contracting the Riemann tensor; and the Ricci scalar, which is a
contraction of the Ricci tensor. Kaluza and Klein show that all the resulting expressions
can be rewritten in terms of the usual four-dimensional tensors, together with obtaining
both the equations for electromagnetism and for gravitation; that is to say, they prove it
possible to unify these two branches of physics by considering one extra spatial dimension.

In order to understand Kaluza and Klein’s results, we must first revise what Maxwell’s
equations look like in the relativistic notation, because this is the form in which the
electromagnetic equations will arise.

2.1.1 Relativistic formulation of Maxwell’s equations

The source-free Maxwell equations in the Heaviside-Lorentz system of units are:

_  10B
E=——— 2.1
VX c ot’ (21)
V-B=0. (2.2)
The ones involving sources: B

V.- FE=p, (2.3)

- 1. 10E
B=-j——. 2.4
VX e ot (24)

As the magnetic field B is divergenceless, it can be written as the curl of a vector, the
well-known wvector potential A:

B=VxA. (2.5)
Substituting this expression into (2.1),

. 10A
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By setting the object between brackets equal to —V ¢, the electric field E can be written
as:

. 104

It is worth noting that the source-free Maxwell equations are automatically satisfied with
the introduction of potentials.

We construct a four-vector by combining the scalar potential ¢ with the vector poten-
tial A:

At = (¢,A1,A2,A3) ) (2.8)
A, = (-9, A" A% A7), (2.9)
We will rewrite the equations in terms of the electromagnetic field strength F),,:
F,, =0,A, —0,A,, where 0, = i (2.10)
OxH
We can see that F),, is antisymmetric, £}, = —F),,. By computing all the components,

one obtains:
0 —-E, —-E, —FE,
o E, 0 B. —-B,
wo\E, =B, 0 B,
E. B, —-B, 0

(2.11)

Considering the combination O)F),, + 0,F,» + 0, F\,, we can see that it vanishes when

F,, is given by (2.10) [4]. Recalling that the use of potentials to represent E and B
automatically implies the source-free Maxwell equations being satisfied, it follows that

they are both encoded by the following set of differential equations for the field strength:
O\Fy + 0, F )\ + 0,F\, = 0. (2.12)

A current four-vector must be introduced in order to describe the Maxwell equations (2.3)
and (2.4),

i* = (cp,5'. 3% 5°), (2.13)

where p is the charge density and j: (71,72, 7%) is the current density.

The field tensor with upper indices is
P = pron P Fug. (2.14)

Considering 7 and j as spatial indexes (they can take the values 1, 2 and 3), it can be
shown that [4]:

= —F"k, (2.15)

FY = —Fy, FY=Fy, (2.16)

0 E, FE, FE,

—-FE, 0 B, -B,
-E, =B, 0 B,
-FE., B, —-B, 0

(2.17)
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(2.3) and (2.4) can now be encapsulated as

orw 1.
o = " (2.18)

In the absence of sources, this becomes 0, F*” = 0. In short, the equivalent of Maxwell’s
equations in a more compact way is given by

GAFW + aMF,,,\ + &,FM =0, (2.19&)
oFm 1

= —j5k, 2.19b

o = (2.19Db)

2.1.2 Kaluza’s theory

Kaluza’s main aim is to show that the equations for both the gravitational and the
electromagnetic fields could stem from a single universal tensor, by considering an extra
fourth spatial dimension. He is motivated by the apparent similarity between F), and

the Christoffel symbols of the first kind [Zﬂ L.

1 1

5 XA — 5 (Ax,)\ - A)yx) ) (220)
A 1
[X} =5 (Gixor + Gxrni — Ginx) - (2.21)

He introduces the factor 1/2 in the first expression simply due to the correspondence with
A . : . I
[ZX} In his paper, he actually uses ¢, instead of A,, but even so, we will still stick to

Ay. As ususal, indices after a comma represent partial derivatives with respect to one of
DA,

the coordinates, for example, A, \ = 7.

In order to construct the five-dimensional theory, Kaluza sets the Christoffel symbols
of the first kind just as the usual four dimensional ones, but allowing the index values to
run from 0 to 4. Latin indices will run from 0 to 4, and Greek ones from 0 to 3 (the extra
dimensional coordinate will be referred to as z%)?, which means that the Greek indices
will correspond to the common spacetime dimensions, and the Latin ones, to the new
five-dimensional constructions. Therefore, Kaluza writes the five-dimensional Christoffel
symbols as

k 1
{Zl } =3 (Guik + Grii — Gikyp) - (2.22)

'In this section, the Christoffel symbols will be referred to in accordance with the notation used by
Kaluza, even though when introducing the form I';x;, this notation and the one used today differ by a
minus sign.

?Kaluza (and Klein) denoted the new coordinate by x°. However, the extra dimensional component
will be thought of as the fifth one, because we are currently used to 2° denoting the time coordinate
20 = ct, and also due to the fact that all subsequent reviews tend to take it to be the fifth one. As a
consequence, the new coordinate will be z#. This will also be applied in the section on Klein’s work.
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He denotes |’ by —I'ix (as previously mentioned, Kaluza’s notation differs from the

l

one used today).

Taking into account that there has been no experimental evidence which suggests an
extra dimension, Kaluza proposes the cylinder condition, making the derivatives of all
vector and tensor quantities with respect to the new coordinate vanish (or be sufficiently
small). So by applying this condition (in this case, by using g4 = 0), and explicitly
distinguishing the extra dimension from the ordinary ones, the new three-index quantities
become

Dyow = % (Gxdm = Iux = GuxA) » (2.23a)
F4X>\ = % (94X,A - 94/\»() ) (2'23]0)
Do = _% (gaxr + Gary) s (2.23¢)
Lygy = 3944,” (2.23d)

[yaa = 0. (2.23e)

In order to keep I'yy\ proportional to the terms of the electromagnetic field tensor, that

is, to F), he sets
Gay = 200A,, (2.24)

where « is just a proportionality constant. He also chooses

g is an additional scalar field, whose role remains undetermined for the time being?.

Hence, the five-dimensional fundamental metric tensor is now the usual four-dimensional
metric tensor framed by the electromagnetic four-potential:

9oo go1 902 Jos 204,
J10 g11 g12 gis 204,
9ik = | 920 921 922 G23 204y | . (2.26)

g30 g31 932 gs3  20As
20[140 204141 20[142 20(143 2g

With such a fundamental metric tensor, bearing in mind that F\, = A, — A\, and
introducing X, = A\ + Ay,

F4X>\ = CYFX)\, (227&)
FX)\4 = —OéZXA, (227b)
F44X = _F4X4 = 9x- (2270)

Now, we shall see that the following expressions arise:

FX)\# + F>\lt7X + F.U»XQ\ =0 and gaX>\ = 9,/\x- (228)

3In the first works based on this idea (including Klein’s), g is usually taken to be a constant, and
normalised as g44 = 1, in spite of Kaluza’s choice. Further on, the scalar field is reconsidered, and
commonly denoted as ¢.
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Derivation of (2.28)

Firstly, it will be proved that (I';x; + Ty + Tiir)
expression for the derivation. [5]

= Iite g + Uit + Uit i, as it is a useful

, M

1 1
Lkt + Dhas + LTk, = 5 (Gikd = i — Giik) ,, + 3 (ki = Guik — Gik,t) T
1 1
+ 5 (gli,k — Gikl — gkl,i)ﬂn = ) (gkl,im + Giikm + gik,lm) .

Assuming that the order of metric derivations is irrelevant, we will add three pairs of
opposite terms:

(Liwt + Thai + Toik) 1y = 5 (= Gktymi — Grismk — Gikomit + Gmikt — Gimik — Jkmit + Gk i
1 1 1
—Gim ki + Gmiik) = B (Gmik — Gikom — gkm,i)J + B (Gmket — Grlm — glm,k)ﬂ- + 5 (Gmii

—Gliym — gim,l)J{; = ik + Dokti + Dot -

N | —

Now, we shall take m = 4 in this expression,
(Cikt + Tt + i)y = Taieg + Tt + Tagige-
Due to the cylinder condition, (I'yx + T'kii + Tiix), = 0, so
Pirg + Lagrg + Taie = 0,
which is also true if we only consider the Greek indices, hence,
Faongp + Larpy + Dappr = 0.
We also know from (2.27) that I'y, = aF),, which means:

o (Fouu + Faux + Fuyn) = 0.

a7 0= Fou+ Fyx + Fiyar = 0.

If instead of taking m = 4 we now choose i = k = 4,
(Pagr + Taga +Tiaa),, = Uinaag + Uinara + Uigaa = Diaay — (Daay + Taga + Tiaa),,, = Diaay,

where the cylinder condition has been used in the second step. Further developing those

four terms,

1 (2.25)

[pas = _5944,m = —Om (and [igg = —9,1)7

Ly = 9.,
Lya = —g,.
Finally,

(Cag +Tapa +Tiaa),, = (80— 9, — g,l)m =—0Omi 7 Gim = Gmi — m

Therefore, it has been shown that F , + F\, + Fuyn = 0, which is precisely the compact

8



2.1. Kaluza-Klein theory

form of two of the Maxwell equations, equations (2.1) and (2.2), as seen in the section
Relativistic Formulation of Mazwell’s Fquations.

In order to continue with the calculations, Kaluza is forced to make two approxima-
tions so that the complexity is reduced: on the one hand, he only considers the case in
which the fields are weak, that is to say, the case in which g;x = 1 + hi, where |h| << 1
and 144 = 1; and on the other hand, he also restricts himself to small velocities.*

Next, he calculates the components of the five-dimensional analogue of the Ricci cur-
vature tensor (under the forementioned approximations), Ry, which is a contraction of
the (five-dimensional equivalent of the) Riemann curvature tensor R;kl:

R;'kl = F;‘k,l - Fé‘l,k + 17 e~ L7 -~ (2.29)
Ry, = Rjy,. (2.30)

Kaluza then shows that the four-dimensional components of the new Ricci curvature
tensor, R,,, can lead us to the ordinary equations of gravitation, whilst Ry, gives way
to the remaining electromagnetic equations, and Ry, to an equation for the scalar field
g (Roo = —Og, where O = 0"0,). In his book On the unification problem in physics -
the paper of Theodor Kaluza [5], aiming for further clarification, Samir Lipovaca rewrites
Kaluza’s result for Ry, as

Ro, = —al"?. (2.31)
Thus, by comparing this equation to (2.18), we can see how Ry, can provide the remaining
Maxwell equations, i.e., (2.3) and (2.4). Kaluza also concludes that g is equal to minus
a gravitational potential, but it must said that further works on this issue either ignore
the indicated term (that is, consider it a constant), and take it to be equal to 1, or give
a completely different interpretation.

It is interesting to refer to Einstein’s reaction once he had read Kaluza’s paper. When
he first replied to Kaluza’s letter on April 21, 1919, he said:

“The idea of achieving a unified theory by means of a five-dimensional
cylinder world never dawned on me... At first glance I like your idea
enormously.”

?A. Einstein in a letter to T. Kaluza as quoted in “‘Subtle is the Lord...”: The
Science and the Life of Albert Einstein” [6], on page 330.

However, about a week later, he added [7]: “I have read through your paper and find
it really interesting. Nowhere, so far, can I see an impossibility. On the other hand, I have
to admit that the arguments brought forward so far do not appear convincing enough”.
More than two years later, on October 14, 1921:

“I am having second thoughts about having restrained you from
publishing your idea on a unification of gravitation and electricity two
years ago.... If you wish, I shall present your paper to the academy
after all.”¢

2A. Einstein in a letter to T. Kaluza as quoted in “The Hidden Dimensions of
Spacetime” [7], on page 78.

4These approximations are not considered in Klein’s work.
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And we know how that ended, or else it is probable that we would not be studying
this proposal in the first place! Kaluza was aware of his theory’s limits considering the
set of phenomena which classical physics failed to explain at the time (quantum effects),
that would soon lead to the developed formulation of quantum mechanics.

“At the moment the consequence of this hypotheses is not yet
examined sufficiently; other possibilities should also be searched for.
After all, what threatens all the ansatz which demand universal
validity is the sphinx of modern physics - quantum theory.” [1]

2.1.3 Klein’s improvements

As already stated, the Kaluza-Klein theory arose from Kaluza’s proposal, and Oskar Klein
held on to the same procedure: to consider an extra spatial dimension in order to construct
a new (five-dimensional) fundamental metric tensor and thus obtain a unified theory of
electromagnetism and Einstein’s gravitation. Klein divided his paper “Quantum Theory
and Five-Dimensional Relativity Theory” [2] into two sections: “Five-Dimensional Theory
of Relativity” and “The Wave Equation of the Quantum Theory”, and his paper “The
Atomicity of Electricity as a Quantum Theory Law”[3] cannot be left aside, in which
he refers to the geometrical aspect of the theory. The order in which his work will be
addressed will therefore follow his own arrangement: firstly, we shall attempt to stress
the main features developed in the two sections of his first paper on this issue, and then
the geometrical side of the problem will be tackled.

Five-Dimensional Theory of Relativity

First of all, Klein slightly modifies Kaluza’s theory, starting with the fundamental metric
tensor.

“I begin by giving a short description of the five-dimensional relativity
theory which connects closely to Kaluza’s theory but differs in some
points from it.” [3]

In order to better visualise the new metric, a new notation will be adopted. The five-
dimensional metric will be denoted by g, and the four-dimensional one by g,, (Klein
actually denotes the new metric by 7).

Whilst Kaluza’s five dimensional metric has the following form,

gJoo go1 Jo2 go3  2aAg
g g1 gi2 g1z 204
gik="1_ 920 g g g 2ady|, (2.32)
g3 931 g32 g3z 203
20./A0 204141 20./A2 204143 29

Klein revised it, suggesting what is now known as the Kaluza Klein metric, by also
including second-order terms:

goo + aB*AgAg g + afB?AcAr  go2 + af?AgAs  goz + af?AgAs afA
gio + aB*A1Ag g+ af?A1AL g+ af?A1 Ay gis + affA Ay afA
Gik = | 920 + B?AsAg  go1 + aB?AsA1 goo + af?AsAs go3 + afffAsAs oAy
gs0 + af?A3Ag g1+ aBPA3AT gse + aB?AsAs gss + af?A3As afA;
affAg afSA; aff A, affAs o

10



2.1. Kaluza-Klein theory

Or, in a more compact notation,

) L+ af2A A, afA
gmz(g“ aoéiy“ aﬁa “>. (2.33)

The term corresponding to g4 is considered constant by Klein, he calls it «. 3 is also a
constant, whose value is given further on. He subsequently takes o to be 1, but even so,
it will maintained for the time being. The inverse metric takes the form

900 gOI 902 903 _ﬁAO
» g10 gll 912 913 _/BAI
gz — g20 921 g22 923 _BAQ , (234)
g30 931 932 933 _/BAB
—BAY —BAY —BA% —BAP L4 p2a,An

giving rise to the correct property
ging" = ;. (2.35)

He forms the invariant:
o{i} o)
_ =ik ) M ip| Jhv|  Jik)| fuv
A v i ¥ R 0 B P R

in which {Zﬁ } stands for the Christoffel symbols of the second kind,

rs 1 ~ip 6§pr 5%5 agrs
e ==g — . 2.
{ [ } 29 (8x5 i Jxr  Oxt (2.37)
Then, he considers the integral:
J = /P\/—gdxodxldﬁdx?’dx‘l, (2.38)

where ¢ is the determinant of g;;. Klein naturally assumed that integral should be the
five-dimensional action (P is just the five-dimensional analogue of the scalar curvature
R). Therefore, the application of the variational principle on the action J, that is,

0J =0, (2.39)
leads him to the following equations:
1 2
R~ Sg"R+ %TW =0, (2.40a)
O\/—gF"*
IV IT . (2.40b)
Ozt

The calculations needed in order to obtain those equations are very long, they involve
rewriting everything in terms of the usual four-dimensional quantities. R* represent
the contravariant components of the Ricci curvature tensor; R is the scalar curvature,

11



2.1. Kaluza-Klein theory

R = ¢"™R,,); T" are the contravariant components of the electromagnetic energy-
momentum tensor, in SI units, TH = /%0 (F’“’FVO‘ — }lg’“’Fo‘ﬁFag); and F'* are the con-
travariant components of the electromagnetic field tensor (all of these tensors being four-
dimensional). By setting

af®

- =
k being the Einstein gravitational constant, the obtained equations are thus equivalent to
the gravitational field equations on the one hand, and to the source-free Maxwell equations
on the other’.

K, (2.41)

The Wave Equation of the Quantum Theory

As Klein says, Kaluza connects Einstein’s gravitation to the electromagnetic potentials,
by considering a five dimensional spacetime. “The equations of motion of charged parti-
cles then take the form of equations of geodesic lines also in electromagnetic fields” [2].
However, Klein had been able to study Schrodinger and de Broglie’s then recent work.
Therefore, intending to modify Kaluza’s proposal in accordance with his knowledge on
the quantum theory, he continues:

“When these are interpreted as wave equations by considering the
matter as a kind of propagating wave, then one is led to a partial
differential equation of second order which can be regarded as a
generalization of the usual wave equation. If, now, such solutions to
these equations are considered in which the fifth dimension appears
with a definite period related to Planck’s constant, one comes directly
to the above mentioned quantum theoretical methods.”

He considers the following five-dimensional differential equation as a generalisation of

the wave equation:
» 0% ik Oy
ik o —
g (Zhi@xk { r } ﬁxT) 0 (2.42)

1 being the five-dimensional wave function. The wave function can be written as a
complex quantity for which the action S is the phase of the wave, that is,

Y = Ce™h, (2.43)
Let us consider the Lagrangian for a free particle in the five-dimensional spacetime,

L= %gkxxk (2.44)
oL
%.
In our case, the canonical momentum becomes p; = g;14*. Due to the lack of dependence
on the extra dimension, i.e., due to the cylinder condition, it follows that the extra di-
mension component of the momentum is constant.

H =i'p; — L, where p;= (2.45)

5Just as Klein pointed out, equation (2.40b) is another way in which W. Pauli expressed (2.12) in
Theory of Relativity, which first appeared in 1921, as can be seen on page 79 of [8].

12



2.1. Kaluza-Klein theory

Setting
@ (2.46)

as p4 is constant, S must satisfy S (xg, x1, 22, ¥3, x4) = paxs + S (20, 1, 9, x3). So taking
(2.43) into account, the wave function may be written as

Y (2o, 1, T2, T3, T4) = e'Pira/hg (w0, 21, T2, T3) . (2.47)

Here ¢ should be regarded as the wave function in four-dimensional spacetime. Ignoring

} in (2.42) [2] [9], the following equation is obtained:

the terms proportional to {Zf

Kau - %eAM) (a“ - %eA“) + (%)2} ) =0, (2.48)

which takes the well-known form of the Klein-Gordon equation when the vector potential
is set to 0O:
(D + mQ) Y =0, where 0O=0"0,. (2.49)

The latter equation actually owes its name to the fact that Oskar Klein and Walter Gordon
derived the equation independently in the same year. However, in spite of Klein having
considered the extra dimension, Gordon did not. The equation is still used today for
relativistic particles without spin.

A curled up dimension

Whilst Kaluza did not explicitly mention the geometrical aspect of the extra dimension,
in 1926, Klein refers to the geometry of the extra dimension in his article “The Atomicity
of Electricity as a Quantum Theory Law” [3] published in Nature. He assumes the extra
dimension to be closed and periodic, and obtains the following estimated value for its
length, which he denotes by [:

B hev 2k B

e

l 0.8 x 107 cm. (2.50)

“The small value of this length together with the periodicity in the
fifth dimension may perhaps be taken as a support of the theory of
Kaluza in the sense that they may explain the non-appearance of the
fifth dimension in ordinary experiments as the result of averaging over
the fifth dimension.” [3]

Klein’s derivation of (2.50)

On the one hand, the quantization of p4, the component of the momentum in the extra
dimension, shall be studied, following from the periodicity of the extra dimension [10].
On the other hand, another expression for ps will be given, needed in order for the system
of equations to adopt the usual form. Finally, by comparing these two expressions, the
approximate value of the length corresponding to the extra dimension given by Klein will
be obtained.

13



2.1. Kaluza-Klein theory

First of all, let us infer the implications of the extra dimension being periodic. Con-
sidering the forementioned to be closed with a period r, its coordinate may be described
mathematically via the identification

zt ~ zt 4 27 (2.51)
On account of this, the wavefunction ¢ must satisfy the boundary condition
¥ (a*, 2") = o (2 + 27, 2) (2.52)

As it is periodic, the following expansion for ) can be given:

4

Y (2t 2t) = E Uy, (x“)emf : (2.53)
From quantum mechanics, the exponential term will be equal to the next expression:
. 4 . 4
ing_ ’ik4.1‘4 . P4z n . p4
er =e =e n = —=—. 2.54
r h ( )

Hence, in order for the condition (2.52) to be satisfied, the momentum in the extra
dimension must be quantized in this manner:

Pa= n; (2.55)

Secondly, the form that the component of the momentum in the extra dimension should
take according to Klein shall be examined.

It was previously mentioned that Klein eventually takes a to be 1, and it must be
noted that in this derivation (which he develops in the article [3]), he already considers

it like so. The line element is do = \/ (dz* + BAidxi)Q + gipdxida®*, where the constant 3

is now given by § = v/2k (the expression for the line element is obtained by choosing the
positive root from do? = gjpdz’daz®). Taking dr as the differential of proper time for a
particle with mass m and charge ¢, the Lagrange function L for the geodetics representing

the particle’s motion:
1 do\?
L=-m . (2.56)

2 \dr
Momentum is defined in the ordinary way:

oL

pi = B (detjdr)’ (2.57)

According to Klein, the system corresponding to (2.56) indeed becomes identical to the
equations of motion for the particle if we set

and, assuming that the charge has to be a multiple of the elementary charge, that is,
assuming ¢ = ne (where n is a whole number, and e has the value of ¢ = 1.602 x 10712 C),

ne
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2.1. Kaluza-Klein theory

Finally, taking into account both (2.55) and (2.59), the size that Klein gave for the
compact dimension is obtained,

= 0.8 x 1072 cm.

hev2k B
e

Klein’s suggestion concerning the geometry of the extra dimension provides a way of
imagining how it could be possible for another spatial dimension to exist without us ever
having noticed it. A simple analogy is often used to explain this fact: picture a cable
placed far away from somebody. For such an observer, the cable will just seem a one-
dimensional line. Now, imagine that an acrobat is walking along the cable (see Figure
2.1); if we asked our observer to specify the acrobat’s location, they would only give us
one piece of information: the distance at which we can find the acrobat, taking either
the left or the right end of the cable as a reference [11]. However, we do know that the
cable also has width. We shall now consider another observer, which is much closer to
our setting, so nearby that this one can even identify an ant moving along the cable. The
new observer will then be able not only to see how the ant can walk along the cable,
but moreover, that it may also crawl around it, which means that they will perceive the
cable’s surface as a two-dimensional one, unlike the first observer who was placed far from
it. Hence, if we now ask where the ant is, the answer we will get will include two pieces
of information: not only the distance relative to one of the ends, but also the distance
regarding the circular section; because the ant can move in two independent directions.®

Figure 2.1: When looked at from far away, it will seem that the cable
the acrobat is walking along is just a one-dimensional line, but
zooming in to the insect’s scale, we would be able to see how the insect
can also crawl around the cable, not just along it, that is to say, the
cable’s second dimension would become visible to us. Taken from [12].

On that note, there is an essential difference between the two dimensions: the di-
rection along the length of the cable is long, and easy to see. However, the direction
surrounding the width of the cable is curled up, and the precision needed in order to spot
this circular dimension is much higher. Accordingly, two types of spatial dimensions are
distinguished: on the one hand, there are those which are broad and extended, whilst on

5We are considering that the ant is on the surface of the cable, and not anywhere inside it, otherwise
we would need one more piece of information to specify its location.
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2.1. Kaluza-Klein theory

the other hand, there are curled up dimensions. Within the Kaluza-Klein theory, three
spatial dimensions would be extended, and the additional one would be curled up. If this
extra curled up dimension were sufficiently small, we currently have no means of prov-
ing its existence to be physically impossible. Consequently, in order to picture Klein’s
idea of the extra dimension, we should think of all points in the three-dimensional space
with an additional circular dimension which we cannot perceive. Any point in the usual
space would then actually be a circle, located where the three usual coordinates lead us to.

Figure 2.2: A curled up circular dimension represented on certain
points of a two-dimensional plane. Taken from [11].

Figure 2.3: The lowest image represents the two-dimensional plane’s
apparent structure, and the higher the images are, they are more
detailed, which means that the length scale is shorter. Taken from [11].

Obviously, it is difficult to represent the extra dimension in our three-dimensional
space, that is why we limit ourselves to giving the two-dimensional example, that is, to

16



2.2.  The number of spacetime dimensions in string theory

picturing a two-dimensional plane with the extra dimension. This idea is represented in
Figure 2.2: the figure should be thought of as a close-up image of the plane, in which the
grid lines would be the two extended directions, and the circles drawn on the intersections
of these lines should be regarded as the curled up direction. In the images there are only
a few regularly spaced out representations, but they should be generalised to all points
on the plane, as well as to the third extended dimension which has not been drawn; just
as the cable has width in each of its lengthwise points, all spacetime points would also
include this additional dimension.

Furthermore, Figure 2.3 represents the changes in the apparent geometry of the two-
dimensional plane, according to the scale at which it is looked upon: at further distances,
we would only be able to perceive the extended dimensions (two, in this example, but
three in the Kaluza-Klein theory when speaking of spacetime), and the more we magnified
the picture, the easier we would distinguish the circular dimension.

The smallest distance that has been explored with particle accelerators is roughly
107%cm [4]. As the length of the compact dimension that Klein obtained is so small that
we cannot reach it experimentally, the fact that we have not detected it until today ceases
to be a problem.

Despite the fact that the small size of the compact dimension could be a possible
explanation for why we have not ever detected it, there are a few problems which entail
a more complex theory. The first to arise was that of including matter to the theory:
for example, the values obtained for the ratio between the electron’s mass and its charge
were far from the experimental ones [9], thereby resulting in a period in which extra-
dimensional theories were mostly left aside. Nevertheless, the Kaluza-Klein theory was
an important precedent of the attempts to find a unified theory of physics (which were
eventually revitalised); it can be considered a fundamental start for the development of
more complicated theories also involving compact extra dimensions, such as string theory.

2.2 The number of spacetime dimensions in string
theory

Theories speculating about extra dimensions were left aside soon after Kaluza and Klein’s
proposals, due to the successful development of quantum mechanics and quantum field
theory. This period could be described as a time in which experimental physics was guided
by theoretical advances, and vice versa; detailed properties of the atom were obtained and
confirmed experimentally, leading to the formulation of the standard model [11]. Why
would any theorist be interested in speculative theories such as extra-dimensional ones,
whose validity is not even possible to test because the difference they imply would be at a
length scale which is not even accessible to us? It seems natural that scientists should be
interested in more reliable theories whose predictions can actually be tested experimen-
tally.

By the early 1970s, the standard model had almost completely been crystallised theo-
retically, and several of its predictions would not need long to be confirmed; a great num-
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2.2.  The number of spacetime dimensions in string theory

ber of particle physicists believed that the remaining predictions would also inevitably be
verified, leading to a complete understanding of strong, weak and electromagnetic interac-
tions [11]. Considering the success of a quantum theory including the forementioned three
forces, the task of also bringing the remaining force, gravitation, into play was resumed,
and proposals such as the Kaluza-Klein theory were reconsidered. However, more than six
decades had gone by since the original idea, unified theories had to face a thoroughly de-
veloped theory of quantum mechanics, together with another two forces still unknown at
Kaluza’s time. It seemed straightforward to at least consider more dimensions accounting
for the higher amount of forces [11]. In order to understand how we could picture more
than one additional dimension, once again, an illustrative example given by Brian Greene
will be taken. Considering two extra dimensions and only two extended dimensions, and
representing the curled up ones in regularly spaced points, Figure 2.4a and Figure 2.4b
provide a way of visualising them. They are both considered to stress the fact that there
are many options concerning their geometry, as long as their spatial extent is small enough
so as not to have been detected yet.

(a) Two extra dimensions curled up into the (b) Two extra dimensions curled up into the
surface of a sphere. Taken from [11]. surface of a torus. Taken from [11].

Figure 2.4: Different geometric configurations for two extra dimensions.

The fundamental property of string theory is that particles are replaced by elementary
one-dimensional strings; each particle is identified with a particular vibrational mode of
a string. They can be classified into open strings, with two endpoints, and closed strings,
with no endpoints. On the other hand, there is an important division between bosonic
string theories and superstring theories; within bosonic theories, all vibrations represent
bosons, whilst the spectrum of superstrings also includes fermions [4]. Even though they
are not realistic, bosonic theories will be focused on, due to their simplicity in comparison
with superstrings, and only open strings will be used. The aim of this chapter is to explain
that within string theory, the dimensionality of spacetime is determined by a calculation,
that is, instead of postulating this number, it is a requirement of the theory. The number
of dimensions obtained in each type of theory is different: D = 26 is obtained in bosonic
theories, whilst the result using superstrings is D = 10, yet as already mentioned, only
the first case will be developed.”

In an attempt to explain how these calculations arise, the procedure that appears in
the textbook A first course in string theory [4], by Barton Zwiebach, will be followed.
The set of coordinates needed to describe the strings will be introduced, followed by the
equations of motion and their solution in the light-cone gauge, and lastly, the classical
theory will be quantized. String theory is an incredibly broad field, but only the necessary

"Throughout this section, D will be used to refer to the number of spacetime dimensions, and d for
the number of spatial ones (D =d + 1).
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2.2.  The number of spacetime dimensions in string theory

steps in order to define the so-called quantum Lorentz generators will be studied, which
will lead to the calculation which is aimed for: the one that determines the number of
spacetime dimensions (in this case, within bosonic string theories).

2.2.1 Light-cone coordinates

The light-cone gauge will be used, which involves using the light-cone coordinate system
together with a set of conditions, specified later on. Therefore, the light-cone coordinate
system should be defined. Two light-cone coordinates are set, 7 and x~, defined as
independent linear combinations of the time coordinate 2% and one spatial coordinate,
usually taken to be z:

(2° + '),

8
Il

(2.60)
(iL’O — ZEl) .

Sl

X

The remaining coordinates do not play a special role, we merely keep their usual defini-

XO

x~ x*

N

N}

45\ (45°
o x!

Figure 2.5: The light-cone coordinates %, together with z° and z!.

Taken from [4].

tion. Consequently, the set of coordinates is (x*, x7, 2% 73, a:d), and

0 —1 0 0
-1 0 0 0
mw=10 0 1 0 . (2.61)
: : 0
0 0 0 1

Regarding the name of the two new coordinates, a brief explanation can be given. The
two associated coordinate axes are actually the world-lines of beams of light emitted from
the origin, along the chosen special spatial coordinate 2. This can be seen by considering
a beam of light along the positive 2! direction; as its speed is ¢, ' = ct, and as usual,
20 = ct, so ' = 2° and taking into account our definitions of 2%, we have 2= = 0,
corresponding to the 1 axis, as can be seen in Figure 2.5. The same reasoning may be
used to prove that for a beam of light moving in the negative z' direction, 2= = 0 is

obtained, corresponding to the x~ axis.
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2.2.  The number of spacetime dimensions in string theory

2t will be treated as the light-cone time coordinate, even though z~ could have also
been chosen. The time coordinate should not be understood in the usual sense, because its
fundamental property is that time goes forward with any physical motion, but considering
special light rays, the light-cone time “freezes” (if 2™ is taken to be the light-cone time,
it remains constant when choosing a light ray along the negative 2! direction).

2.2.2 World-sheets

In order to study relativistic strings, just as world-lines are used for point particles, that
is, the paths traced out by them in spacetime, the two-dimensional surface traced out by
a string in spacetime is defined, known as the world-sheet (see Figure 2.6). As they are
two-dimensional, two parameters are needed to describe world-sheets, typically denoted
by 7 and o. If our usual spacetime coordinates are x* = (mo, zt . xd), the surface can
be described via the mapping functions z* (7, ). These functions are usually capitalised,
and therefore called X* (7, 0), so as to avoid confusion if the (7, o) arguments are dropped.
A point (7,0) in the parameter space is thus mapped to a point in spacetime, given by
the coordinates (XO (r,0), Xt (1,0),..., X4 (T, O’)). X* are called string coordinates.

x%=ct world-sheets
open string closed string
| / p——— —‘.‘_’-?
T P
— -/
— =7 j
— 71 -
— =
| —
||
= —1
——
— — K
T _‘{

" —

Figure 2.6: World-sheets of an open string and a closed string. Taken
from [4].

A point particle’s action is proportional to the proper time elapsed on its world-
line, and proper length is defined by multiplying it by ¢. Consequently, the relativistic
string action, named the Nambu-Goto action, is constructed proportional to the Lorentz
invariant proper area of a world-sheet. With the notation

oxX* oxH
X' =
or '’ do’
the proper area of a world-sheet with o € [0, 0;] and 7 € [}, 7¢] is taken to be [4]:

A= / _Tf dr /0 o J(X - x02 — (X(x0)2, (2.63)

and the Nambu-Goto action is constructed by multiplying it with the appropriate con-
stants,

XH = (2.62)

5 — —% /f dr /al dor (X - X7)2 = (X)X, (2.64)
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2.2.  The number of spacetime dimensions in string theory

where T is a constant called the string tension. Extracting the Lagrangian density from
the last equation,

£ (X x") = —%\/ (X - X2 — (X)2(X7)2, (2.65)

’Tf Tf g1 .
S = / drl = / dr / do L (X“, X’“) , (2.66)
T; T; 0

oL T, (X X)X — (X)X
Pl = .:——0(_ )X (.) L (2.67)
OXH c \/(X~X’)2—(X)2(X’)2
oL T, (X X)X, — (X)2X'
Pe = __ 0 ( ‘ ) s ( ) £ (268)
C xR - (20
The equation of motion corresponding to both open and closed relativistic strings is
obtained by varying the action,

we define

P OPL _

or do
For open strings one edge of the world-sheet is chosen to be the curve o = 0 and the other
one to be o = oy, s0 0 € [0,01]. As for closed strings, an identification must be imposed

in the parameter space, because the o direction must be a circle. Consequently, the (7, 0)
space should be a cylinder. Denoting the circumference by o,

0. (2.69)

(r,0) ~ (1,0 +0.), o€l0,0]. (2.70)

Choosing a ¢ parametrisation means constructing lines in which ¢ is constant, and that
are perpendicular to those of constant 7. Let us show how to obtain the parametrisation
of all strings, assuming that a particular one of a single string is already given. 7 will
be chosen as 7 = t, that is, X°(7,0) = ¢t = cr. Considering an open string with ¢ = 0,
parametrised with o € [0, 01], and another one with ¢ = € (where € is infinitesimal), one
could picture perpendicular segments to the ¢ = 0 string, that intersect the ¢ = € one, as
in Figure 2.7. Any arbitrary point oy on the first string is mapped to the second one with
the segment going through the ¢ = 0 string, and the intersection in the second string is
also named o(y. The parametrisation for the second string is obtained continuing along
the first one in this manner, and the process is repeated for this last string. As a result, a
set of lines is obtained which have constant ¢ and are perpendicular to the strings, that
is, lines in which ¢ is constant. In order to complete the parametrisation, it must still be
specified for the initial string. There are many options, but this will resumed later on.

2.2.3 Conserved currents on the world-sheet

It is known that the symmetric characteristics of a dynamical system are closely linked
to conserved quantities. Within our field of study, there are conserved charges that will
turn out to be very useful in our brief discussion on string theory. On the one hand,
a relativistic momentum p, will be defined, conserved for free strings, and on the other
hand, the conserved charges M,,, associated with Lorentz symmetry. With that aim, it
is convenient to first revise the expressions for conserved currents and charges related to
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2.2.  The number of spacetime dimensions in string theory

Figure 2.7: The process of constructing a ¢ parametrisation for all
strings. Taken from [4].

the Lagrangian’s symmetries.
Let us write the action as an integral of the Lagrangian density dependent on the fields
¢* (§) (a just labels these fields), with the set of coordinates £* of the relevant world:

0¢°
o0&’

S = / de0der .. dEFL (6%, 000"), Oud® = (2.71)

Counsider the infinitesimal variation

¢ (&) = 0" (&) + 00" (€), 00" = €' (¢), (2.72)

where €’ are infinitesimal constants, and 7 labels the parameters in the variation (it may
involve several, as in spatial translations). The arguments’ indices have been dropped for
simplicity. If £ is invariant under the above variation, then the currents j{* defined in the
following way are conserved, (in the sense that 0,j% = 0),

i OLC

€l = Wd(ba. (273)

A conserved current implies a conserved charge; to obtain the latter, the former’s zeroth
component must be integrated over space:

Q; = /d§1d§2...d§kj?. (2.74)

Returning to our case, as stated earlier, the relativistic momentum p, will be defined,
which is conserved for free strings. The action (2.65) is integrated over 7 and o, so « in
(2.71) will only adopt two values,

5= / JEOdEL(X 0 X, (£, = (7. 0). (2.75)

The variation . X*(7,0) = €* does not change the Lagrangian density, because £ only
depends on the derivatives of the coordinates, and their variations vanish, so retaking
(2.73), « is identified as a world-sheet index, i is a spacetime index, and so is a,

oL oL

e S\ Ry 2.
A Ok D(F X1 € (2.76)
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o oc o v [ OL oL
.]p, - a(aaXu) — (]M’jﬂ) - (8)'(“7 aX,#) (277)
g =Py (i) = (PP (2.78)

In order to get the charges, the zeroth components P} of the currents are integrated over
0-7

pu(T) = /001 P (1,0)do. (2.79)

py. give the spacetime momentum carried by the string, they arise from spacetime trans-
lational invariance, so P is the o density of spacetime momentum carried by the string.

Secondly, the action is Lorentz invariant by construction, and the conserved charges
related to this symmetry will be formulated. For this purpose, the infinitesimal form of
these transformations must be used. Lorentz transformations are linear transformations,
and 7, X#X" remains invariant under them. Infinitesimal linear transformations are
written as X* — X* + 0X*, where 0.X* = "X, and €"” is a matrix of infinitesimal
constants. It can be shown that infinitesimal Lorentz transformations are characterised
by an antisymmetric ¢*”. Considering (2.73) to formulate the currents, we can see that
€' plays the role of €

oL
wy o n__ po v
i = g xm (8aX“)5X =Pl X,. (2.80)
Taking into account that e*” is antisymmetric,
UV 1 17 « (03
ey, = <—§e“ ) (X, Py — X, Py). (2.81)
The currents may be normalised as wished, so naming them M7, we define:
M, =X, Py — X, Py (2.82)

Once the currents have been given, the conserved charges can be calculated. For any
arbitrary curve v on the world-sheet which connects the 0 = 0 and ¢ = o; boundaries,
we can write

M,, = / (M, do — M7,dr) . (2.83)
v
Or, using constant 7 lines,
M, = /M;V (1,0)do = / (X, P] — X,P},) do. (2.84)

2.2.4 Choice of gauges

In the type of gauges that will be used, 7 is set equal to a linear combination of the string
coordinates (a specific choice out of these gauges defines the light-cone gauge that will be
introduced later on). The combination of coordinates which defines these gauges can be

expressed as
n, X" (1,0) = AT, (2.85)

As to the o parametrisation, one option would be setting it so that the energy density
P70 is constant, that is, in order for each segment with the length o to have the same
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energy. However, a more general will be considered, by demanding n,P™ = n - P7 to
be constant over the strings. The first case would be equivalent to this condition with
n, = (1,0,...,0), and the new choice is valid for an arbitrary n*. ¢ € [0, 7] will also be
required for open strings, and o € [0, 2] for closed ones. It will not be proved in this
work, but this can be satisfied by [4]

n-X(r,0)=pa"(n-p)7,

o 20
where 5 i '
={1 o e s, (287)
and o/ is a constant called the slope parameter, given by
1
o = SnTohe (2.88)
The choice of parametrisation will imply the following constraints on X’ and X [4]:
X-X'=0, and X?’4 X7 =0. (2.89)
They can be put together as
(X + X’>2 —0. (2.90)

Using these constraints and the conditions (2.86), the expressions for P™ and P7* given
in (2.67) and (2.68) can be simplified:

1

P = QWQ/XM’ (2.91)
ou 1 11

So the equations of motion 0,P™ + 0, P°* = 0 now become wave equations,

Xr— X" =0. (2.93)

2.2.5 Mode expansions

Regarding the boundary conditions, even though they will not be studied in detail, D-
branes must be mentioned, which are objects on which open string endpoints must lie,
characterised by their number of spatial dimensions: a Dp-brane has p spatial dimensions.
It will be assumed that the endpoints satisfy free boundary conditions (P7* = 0), which
is equivalent to having a space-filling D-brane. The most general X* (7, o) that solves the
wave equation is

Xt (7,0) = 5 (*(r+0) + g (7~ 0)). (29)

Taking (2.92) into account, the free endpoint boundary conditions imply the Neumann

boundary conditions
oxX*

Jo

=0, at o=0,m. (2.95)
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At 0 = 0, the boundary condition reads

X 0= S (=4 () =0 299

Since the derivatives of f* and ¢g* coincide, they can only differ by a constant ¢/, that is,
g' = f* + ¢*. This constant can be absorbed into the definition of f#, so from (2.94),

X4 (1, 0) = %(f“ (r+0)+ f*(r—0)). (2.97)
At o=, ox .
o e 2%

This must hold for all 7, so f* is periodic with period 2w, and the expression of the
Fourier series for a periodic f* (u) may be used,

" (w) = fI'+ Z (a¥ cosnu + bl sinnu) (2.99)

n=1

which can be integrated to get f*(u). Absorbing the integration constants into new
coefficients,

' (u) = fé‘+ffu+Z(AZ cosnu + B! sinnu) . (2.100)

n=1

Substituting this back in (2.97),

Xt (r,0)=fi' + fi'T + Z (AL cosnt + Bl sinnt) cosno. (2.101)

n=1

We now define a new set of coefficients a¥,

Al cosnt + Blsinnt = — ((Bﬁ AR €T — (BE — §AM) efinr)

N | .

o (2.102)

NG

where * denotes complex conjugation. A factor was introduced to make them dimension-
less. Let us develop f}".

g

=—1

px intT L —InT
(CLn (& a,€ ) s

T 1 y 1
P = XM= (2.103)

The dots stand for terms with cos no dependence. To find the total momentum p*, it must
be integrated over o € [0, 7], and the terms represented by the dots do not contribute.

T 1
P! Z/ Pdo = 27?0/7## - fi'=2d'p". (2.104)
0

Naming f = ),

cosno

) I (2.105)

oo
Xt (1,0) = afy + 2a/p'T — ivV2/ g (ak*e™ — alie™™"
n=1
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The terms on the right correspond to the zero mode, the momentum, and the oscillations
of the string. Let us introduce the following notation,

ol = \V2a/p", ot =al'\/n, o, =d"\/n, n>1. (2.106)

There are two important notes to be made. On the one hand, o, = (a*)", and on the
other, even though a# are only defined when n is a positive integer, o are defined for all
integers. We rewrite (2.105),

=1 , .
XH(1,0) =zl + V2d'afyT —ivV2/ Z — (a,e™ — ake™"7) cosno. (2.107)
n
n=1
This can also be written as a sum over all integers except 0:
1 )
Xt (1,0) =2y + V2T + 1V 20! Z —ake ™" cosno, (2.108)
n#0 n
and the derivatives may be calculated,

XH = 2a/ Z at cosnoe "7 (2.109)

nez

X" = —iv2a/) " aksinnoe " (2.110)
nes
The solution of the wave equations with Neumann boundary conditions is defined once
zfy and o are specified for n > 0. Having found a solution which satisfies the boundary
conditions, it must still be ensured that the constraints (2.90) are satisfied. This will be
achieved by using the light-cone gauge.

2.2.6 Light-cone gauge

The coordinates X2, X3, ..., X? are named transverse coordinates, and are denoted by
X7
X' = (X% X%, .., X9). (2.111)

Choosing the light-cone gauge means imposing (2.86) with a choice of n* which implies
n-X = XT. This is achieved by selecting

Ny, = (%,%,0,...,0), (2.112)

as can be seen by computing n - X:

XO Xl 0 1
n~X:%:X+, n-p:p\_/gp =p*. (2.113)
From (2.86),
2
X" (r,0) = paptr, pt= %73”. (2.114)
The constraints can be rewritten as
- 1— 1 1 7l 1 2
XX =g o (KT xT) (2.115)
a zp
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In the case of open strings, let us write the solution for the transverse coordinates X7
taking into account the general solution (2.108),

1 .
X' (1,0) = 2l +V2daiT +iv2a/ Z —ale™™ cosno. (2.116)
n
n#0

As to the X coordinate, the gauge condition gives
Xt (1,0) =2d'p"1T = V2afT. (2.117)

As can be seen, the position zero mode and the oscillations of the Xt coordinate have
been set equal to zero. Being a linear combination of X and X!, X~ also satisfies the
same wave equation and boundary conditions as all other coordinates. Therefore, the
same expansion may be used,

1 )
X" (1,0) =2y +V2dayT+1iV20/ g —a, e """ cosno. (2.118)
n
n#0

The constraints can be used to show that the minus oscillators can be written in terms
of the transverse oscillators,

1
V2da, = — Z al_ab. (2.119)

+
2p PEZL

The general solution is fixed by specifying the values of pT, z;, x{ and all of the ol.
This determines X’ (7,0) and X T (7,0). «, are also fixed by (2.119), and together
with z,, they determine X~ (7,0). The full solution is thus constructed. The quadratic
combination of oscillators that appears in (2.119) is named the transverse Virasoro mode
Lt

1 1
200, = —Ly, Ly==)Y ol al (2.120)

The particular case of n = 0 will be very useful later on,

1 | 1
V2dag = FL& LA, oty = L. (2.121)

2.2.7 Relativistic quantum open string

In order to construct our quantum theory, a set of operators is needed, including the
Hamiltonian. The procedure then involves postulating their commutation relations and
checking that they generate the expected equations of motion.

With regard to the classical string, X~ has been solved in terms of X!, only needing
to specify x5, and X is fixed by the light-cone gauge condition. As to the momentum,
the condition (2.115) can be further developed to show that P™~ is determined by P’
and pT. Therefore, a reasonable choice of Schrodinger operators is X7 (a), x5, P (o),
and pT. On the other hand, regarding the commutation relations, we only expect X7’ (o)
and P! (o) not to commute when they have the same o along the string, so we set

(X" (0),P™ (¢")] =in"’6(c — '), where, from (2.61), n'’ =§", (2.122)
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2.2.  The number of spacetime dimensions in string theory

(X" (o), X7 (")) = [P (0), P (¢')] =0, [z5,p"] =—i. (2.123)

The Hamiltonian should generate 7-translations. X+ = 2a/p™7, and p~ generates X -
translations, therefore,

o ox+ o _, .0 o
or = or axv 2P gy S0 H=2ap7p

(2 121)

H=1Lg. (2.124)

One way of checking that our Hamiltonian generates the appropriate quantum equations
of motion is to construct the Heisenberg operators, and verify that the correct time evo-
lution is obtained for the operators. The only subtlety concerning H is that we will later
subtract a constant from it.

The mode expansions studied earlier will also be used in the quantum theory, but it
must be taken into account that the classical modes ol now become quantum operators.
It can be proved [4] that the appropriate commutation relation for them is

[l ] =mn" 6 ino. (2.125)

By defining
ol =adlv/n, o, =al\/n, n>1, (2.126)
() =al,, nez (2.127)

It should be noted that «f is also Hermitian because it is proportional to p’, and the
operators x{ and p! are Hermitian, just as in the usual quantum mechanics. These
properties mean that X7 is also Hermitian. Using (2.125),

[al,,all] = 6pmun™, [al.al] = [all,a)T] =0, (2.128)

m> n m’'n m?'n

hence, al can be thought of as annihilation operators and o as creation operators of

a quantum simple harmonic oscillator. As the o modes are now oscillators, instead of
referring to L: as transverse Virasoro modes, they will be called transverse Virasoro
operators. Taking into account that the a operators do not commute, it must checked
whether the order in which they appear in the definition of L. is correct. The only case
in which the commutator does not vanish is when their mode numbers add up to zero,
thus we only have to check Lz, which is actually the Hamiltonian. Considering its action
on the vacuum state, we want it to be normal-ordered, that is, the annihilation operators
must appear to the right of the creation operators. From (2.120),

Za a —a0a0+ Za_p p—l— Zozp a,. (2.129)

pEZ

The first sum on the right is normal-ordered, but the last one is not, so we would like to
rewrite it as

_Zap -p Z(a—pap+[ Za—p p+ an
Za_p a, + (D—Z)Zp.

(2.130)
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2.2.  The number of spacetime dimensions in string theory

The last term is divergent, and it cannot simply be ignored. Because of the relation
(2.121), adding a constant to Lg alters the values of the masses of the string states,

1
M? = —p* =2pTp —plp' = aﬂé —p'p’, (2.131)

so the problematic term is dealt with in the following way: we define Ly without it, and
introduce an ordering constant a in (2.121),

1 1 — - 1
Ly = 5046045 + 3 Zaipaé = o'plp! + Zpagaé, 2a'p” = o (LOl + a) . (2.132)
p=1 p=1

Instead of concluding that
1 oo
=—-(D-2
=025

a will be taken to be an undetermined constant, which will be fixed by the consistency of
string theory.

2.2.8 Quantum Lorentz generators

The classical Lorentz generators in terms of oscillation modes can be obtained by inserting
the expressions (2.91), (2.92), (2.108) and (2.109) in (2.84), and integrating,
1
MW = xfp” —xpp —1 Yy — (o, —a” o). 2.133

0p 0p ; n ( n-rn —-n n) ( )
It will be analysed whether (2.133) can be used to define the quantum Lorentz generators.
When considering conserved charges in the quantum theory, they become operators that
generate, via commutation, a version of the symmetry property from which they arose in
the classical theory. With regard to Lorentz transformations, the generators’ commutator
must adopt the following form [4],

[M™, MP] = igh? MY — in"? M" + inh" MP” — in“" MP", (2.134)

hence, any theory with operators M* failing to satisfy (2.134) is not Lorentz invariant.
For example, as to [M‘I, M‘J], it must satisfy [M_I,M_J} = 0. Let us try defining
M~ using (2.133),

ML xgp' —alp — ZZ% (a:nai — oz{noz;) . (2.135)
n=1

As z} and p~ do not commute, it is not Hermitian, thus let us propose

BT S S 1, -
M = g5p" — 5 (zip™ +p xf) — Z;E (aZ,af —al o). (2.136)

The minus oscillators can be rewritten in terms of Virasoro operators by using (2.120)
and (2.132),

1
M =x5p! - yrv— (xé (Lé +a) + (Lé +a) xé)
(2.137)

[e.9]

i 1
— N Z - (Lfnogi — a{nLi) .

n=1
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2.2.  The number of spacetime dimensions in string theory

Using the Virasoro commutation relations, the result for [M - M7 } given in A First
Course in String Theory [4], and which must vanish, is

[e.e]

1
.y —J I J J 1
[M , M ] - a'pt? Z (a—mO‘m - O‘—mam)
1 111
1——(D—-2 —|=(D -2 .
Al e -2}
The terms (a’,,a;, —a’, o’ ) cannot vanish, so we must have
-t m-9|+ | D2 1a =0, ¥mez* (2.139)
m 51 — |3 al =0, Vm : :

It is enough to consider m = 1 and m = 2 to see that both terms must be set to zero,

1 1
1= 5;(D=2)=0 and Z(D~2)+a=0. (2.140)

The first equation fixes the number of spatial dimensions,

211

and the second one determines a,

1 24
2

=—— (D —1. 2.142
a=—o (2142

— ) — _ﬂ =
Only the case of open strings has been studied, yet using a similar procedure, the same
value is obtained for D when considering closed strings [4]. This is actually a necessary
result in order for the coexistence of open and closed strings to be possible, and taking
into account that open strings can close, turning into closed strings, it is coherent to
demand this condition.

There are many issues that are beyond the scope of this study, starting from the fact
that even superstrings have not been studied. Could the Standard Model actually arise
from them? This has not been shown in detail yet, but there are models which could give
rise to it. Gauge bosons and matter particles would arise from vibrations of open strings
stretching between D-branes, and the graviton, from closed strings. As to the geometric
configuration, the extra dimensions are usually thought to be curled up in Calabi- Yau
manifolds. However, compactification moduli, adjustable parameters, arise, which can be
stabilized with flux compactifications, at the cost of forming a vast set of models with
more than 10°% constituents, referred to as the string landscape [11] [13]. There may be
no string model in this landscape which reproduces the Standard Model, there may be a

single one that does, or there may be many models consistent with the current accuracy.
[4]

It should also be mentioned that by mid 1980s, five ten-dimensional superstring the-
ories were known, which were later found to be interrelated. The strong coupling limit
of one of these theories leads to the M-theory, which is eleven-dimensional. They are all
actually thought to be different limits of a single theory. [4] [11]
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Chapter 3

Anthropic debate on the number of
spacetime dimensions

Having studied the consequences upon our understanding of spatial dimensions (or at
least, the possible number of these) caused by the attempts of unification, a radically
different approach to this discussion will be considered, motivated by the anthropic prin-
ciple. The aim is not to study specific calculations as in the previous chapter, instead,
the type of reasoning this approach involves will be focused on, that is to say, the object
of study will be the kind of arguments the anthropic principle provides, and how this has
been applied by several authors to the dimensionality of spacetime. In very general terms,
the principle fundamentally states that taking our existence into account, any physical
theory must be such as for our existence to be possible, and moreover, our mere existence
implies limits on the age of the universe and its fundamental constants. It arises from the
questions: why does the universe have the specific characteristics needed in order for our
existence to be possible? Why is it not in any other way, in which we would not be able
to exist? The principle under consideration has often been classified as a tautology, or
simply as a selection bias, but far from being insignificant, it may lead to very interesting
debates. Proof of its contemporariness is the recently held conference “Carter Fest” [14],
in which many of the talks referred to this topic.

3.1 The anthropic principle: a historical review

The anthropic principle has many precedents, which are generally reactions to a specific
physical phenomenon or discovery which seems “surprising”, or which seems to have a
low probability. It is closely linked to believing the universe to be fine-tuned, although
defining this property is much more complicated than it may seem at first sight. Those
in favour of fine-tuning claim that if the universal constants had even a slightly different
value to the experimentally observed ones, we would not be here in the first place. The
problem lies in the degree of tuning; in order to affirm or reject fine-tuning, how small
should the interval allowing our existence be? This interval cannot be fixed arbitrarily,
the limits permitting our existence should be determined, and we should then calculate
the probability of the constants adopting a value in that range, and if this is indeed a
small probability, we might be able to affirm that we live in a fine-tuned universe. But
in order to calculate the probability, all possible values of the constants under question
should be given.
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3.1.  The anthropic principle: a historical review

If the hypothesis of fine-tuning were to be accepted, there does not seem to be an
explanation as to why the fundamental constants adopt the values they do, as it is being
said that this is not likely at all. One way of interpreting this is the anthropic reason-
ing; we observe the values that we do because that is the only option allowing us to be
observers. For example, in his book Just Six Numbers, Martin Rees defines six constants
with finely adjusted values, including the number of spatial dimensions, for which an
anthropic explanation should be given [15]. But getting to the point, let us study the
forementioned precedents.

One of the first known antecedents was made by the biologist Alfred Russel Wallace,
who said in 1904:

“Such a vast and complex universe as that which we know exists
around us, may have been absolutely required in order to produce a
world that should be precisely adapted in every detail for the orderly
development of life culminating in man.” [16]

On the other hand, in the 1930s, Paul Dirac studied the coincidences between fun-
damental numbers of nature, inspired by Hermann Weyl [17] and Eddington’s [18] work
in 1919 and 1923, respectively. Considering an electron and a proton, the ratio between
the electromagnetic and the gravitational force between them is a very big number, 10%°.
The ratio between the age of the universe and the time an electron needs to complete an
orbit in the fundamental state of hydrogen according to Bohr’s model also turns out to
be of a very similar value, 10%°. The age of the universe obviously increases with time,
and taking into account the similarity of the two numbers, Dirac proposed an idea known
as the Dirac large number hypothesis, according to which these coincidences would be
described by a time-varying gravitational constant, inversely proportional to the age of
the universe (G %, t being the age of the universe). If not, the coincidence would only
be true at a specific cosmic period. [19]

In his paper named “Dirac’s Cosmology and Mach’s Principle” [20], written in 1961,
Robert Dicke pointed out that having included the age of the universe, the relation ob-
tained by Dirac might just be a selection bias: the age of the universe is not random,
because not any value would allow the existence of observers. The permitted range is re-
lated to the lifetime of main-sequence stars, which depends on the fundamental constants.
That is, the relation between the age of the universe and the constants is no coincidence,
they must be related as they are, simply on account of our existence. Dicke proceded to
give anthropic arguments to obtain upper and lower limits of the age of the universe.

As to the lower limit, minutes after the Big Bang, only hydrogen, helium and some
other light elements had been produced by primordial nucleosynthesis. Metallicity' has
had to increase sufficiently for our existence: there has had to be enough time for an early
generation of stars to have formed, and for them to have turned the original hydrogen
and helium into heavier elements as carbon and oxygen, to then spread them out with
their death, throughout a supanova explosion and stellar winds, forming more stars and
planets. Regarding the upper limit, it seems reasonable to suppose that life requires a
planet orbiting around a luminous star, so we take the maximum age a star able to pro-
duce energy throughout nuclear reactions can have. The two limits obtained by Dicke are

! Metallicity, as used in astrophysics, refers to the level of elements that are not hydrogen and helium.
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actually of the same order of magnitude, and compatible with the Dirac relation. [20]

This reasoning gave way to the talk given by Brandon Carter in the International
Astronomical Union Symposium in Cracow in 1973, held for the 500th anniversary of
Copernicus’s birth, in which he used the term anthropic principle for the first time. The
talk’s title was “Large Number Coincidences and the Anthropic Principle in Cosmology”.
It was, in his words, a reaction to the “exaggerated subservience” to the Copernican
principle, which states that the human being is not a privileged observer in the universe,
so in the face of this he introduces his weak anthropic principle:

“We must be prepared to take account of the fact that our location in
the universe is necessarily privileged to the extent of being compatible
with our existence as observers.” [21]

It is important to note that the laws of nature and the physical constants are given
beforehand within the weak anthropic principle. Carter also formulated the strong an-
thropic principle, which states that the existence of observers imposes restrictions on the
fundamental constants,

“The universe (and hence the fundamental parameters on which it
depends) must be such as to admit the creation of observers within it
at some stage.” [21]

The difference with respect to the weak version is that it also refers to the constants
(and laws) of physics, not only to our position in the universe. His talk was contempora-
neous to the paper “Why Is the Universe Isotropic?” [22] by Collins and Hawking, who
also raised the same issue, and referenced each other on the topic. Carter paraphrases
Descartes,

“Cogito ergo mundus talis est” [21],

translated as “I think, therefore the world is as it is”. He does not refer to the cause
of the universe, he does not claim that the aim of the universe is to give life to us, but
that taking into account that we exist, the universe must be as it is. Regarding “cogito
ergo sum” (“I think, therefore I exist”), just as according to Descartes thinking implies
existence, for Carter, our existence means the universe is as we see it.

Aiming to give the strong anthropic principle an explanatory sense, he states that in
order to be able to explain the conditions needed for the existence of life in a probabilistic
way, an “ensemble of worlds” (universes) should be considered, in which we could find all
possible initial conditions and fundamental constants. In this way, even if the conditions
leading to our existence seem very carefully chosen, it should not surprise us, because all
conditions are given in different universes. “It is of course philosophically possible — as
a last resort, when no stronger physical argument is available — to promote a prediction
based on the strong anthropic principle to the status of an explanation by thinking in
terms of a ‘world ensemble’ ”[21]. Hawking also defends this idea in A Brief History of
Time:

“It is a bit like the well-known horde of monkeys hammering away on
typewriters — most of what they write will be garbage, but very
occasionally by pure chance they will type out one of Shakespeare’s
sonnets.” [23]
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However, the anthropic principle was completely distorted with Barrow and Tipler’s
book The Anthropic Cosmological Principle [24], published in 1986. Their weak version is
similar to Carter’s strong one, but their strong anthropic principle states that the universe
“must be such as to admit the creation of observers within it at some stage”, which clearly
has a teleological sense (in fact, Tipler was deeply religious). Together with their weak
and strong anthropic variants they also introduce the final anthropic principle, “Intelligent
information-processing must come into existence in the Universe, and, once it comes into
existence, it will never die out”. The order followed in the book is also very meaningful,
after a historical review of more than 200 pages of teleology, we reach a chapter named
“The rediscovery of the anthropic principle”. When mentioning anthropic reasoning we
are not referring to versions of this kind.

3.2 Dimensionality of spacetime: anthropic arguments

How does all this apply to the dimensionality of spacetime? As it shall be seen, the
anthropic principle has usually been used to argue that if the number of space and time
dimensions was not equal to the one we perceive, our existence would be impossible,
hence, we would not ask ourselves the question “why does our universe have this amount
of space and time dimensions?”, which arises due to our condition as observers. Therefore,
in view of that question, we would answer, “because otherwise we would not be able to
raise the question in the first place”. The number of spatial dimensions will be denoted
by d. Consequently, anthropic arguments are used to argue that we cannot postulate a
universe (with us in it) in which d # 3.

3.2.1 d>3

In 1917, in an article titled “In What Way Does It Become Manifest in the Fundamental
Laws of Physics that Space Has Three Dimensions?” [25], Paul Ehrenfest proved that
having only one time dimension and more than three extended spatial ones, planets or-
biting around the Sun would not be able to have stable orbits, which can be generalised
to any star. If d > 3, the gravitational force between two bodies would be reduced faster
than when d = 3. With three spatial dimensions, for example, when doubling the dis-

tance, the force is reduced by 1/4, but with four spatial dimensions it would reduce by
1/8, and with five, by 1/16.

With this reasoning, he proved that with more than three extended spatial dimensions,
a slight perturbation of a circular orbit would result in the planet spiralling away from
the star (or towards it, depending on the perturbation). Therefore, the orbits would not
be stable. For example, if a planet orbiting a star reduced its speed slightly, instead of
adopting an orbit with a smaller radius, the gravitational force would change so drasti-
cally that the planet would move spirally towards the star. The same would happen if
the planet increased its speed, but it would then move away from the star. In any case,
we would either freeze or burn as a result of any slight variation, hence, we would not be
able to survive in such a universe. On the other hand, it would not be possible for the
Sun to be in a stable state in which the pressure is in equilibrium with gravity; it would
either collapse and form a black hole, or disintegrate.
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3.2.  Dimensionality of spacetime: anthropic arguments

The steps leading to that proof involved Ehrenfest making a generalisation of New-
ton’s universal law of gravitation to any number N of spatial dimensions. According to
Newton’s gravitation, having two masses M and m at a distance r, with 7 being the unit
vector from m to M, the force exerted on M and potential energy are given by

—GMm | -, —GMm
_7 _ -

F= S F=IF] S (3.1)
-GM
U, = — m (3.2)
The generalisation given by Ehrenfest is

—GMm
F= A1 (3.3)

—GMm
=—\ 4
Vs = a—2yee (34)

Another author that could be mentiond is Gerald Whitrow, who published an article
titled “Why Physical Space Has Three Dimensions” [26] in 1955. He begins by quoting
Galileo’s Dialogue Concerning the Two Chief World Systems, in which Salviati argues
the point of view of Aristoteles on the number of spatial dimensions. In the conclusions,
particularly on the last page, it can be seen that Whitrow tries to answer the question
about the number of spatial dimensions with anthropic reasoning. Why are there three
spatial dimensions? Because with that amount, the conditions on Earth are such that
the evolution of the human being, “the formulator of the problem”, as he says, has been
possible.

On the other hand, it must be mentioned that the effects resulting when changing the
number of spatial dimensions are not restricted to the gravitational force. For instance,
when considering more than three spatial dimensions, the orbitals of the electron around
the nuclei would be affected in the same way, it would be impossible for the orbitals
to be stable. The electrons would escape from the atom or be attracted to it under
any perturbation. As a consequence, another argument on the topic could be given by
stressing that it seems impossible to think that under such conditions there could be
atoms as we know them, which obviously affects our existence.

3.2.2 d<3

If we considered a universe in which the number of spatial dimensions is smaller than
three, any kind of gravitation would be problematic, and not only gravitation; the uni-
verse would probably be too simple as to have observers. There have been many attempts
to picture what two-dimensional beings would be like if N were to be 2, for instance, there
is the novel written by Edwin Abbott Abbott named Flatland: A Romance of Many Di-
mensions [27], which is in turn mentioned by Carl Sagan in Cosmos [28].

In A brief history of time [23], Hawking argues that two-dimensional complex observers
do not seem realistic. He gives a very good visual example in Figure 3.1. Supposing there
is a universe with only two spatial dimensions, he affirms that any everyday life example
appears to be problematic. For example, these two-dimensional animals, living on a world
whose surface has only one dimension, would have to climb one on top of another to be
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able to overtake each other. Even though this does not seem a crucial condition for their
existence, let us consider an issue that does seem so: feeding. In the case of one of
these two-dimensional animals not completely digesting anything ingested, the only way
of throwing it out would be to expel it the same way out, due to the fact that if our animal
had any kind of channel going through the whole of its body, it would be divided in two
completely separated parts, as we can see in Figure 3.1. Following the same reasoning,
it would also seem impossible to imagine how blood could circulate through our animal,
because the same problem we had with the digestive tracts would hold for veins and
arteries.

DIGESTIVE TRACT

Figure 3.1: A two-dimensional dog. Taken from [23].

36



Chapter 4

Conclusions

Unified theories of physics have led to the understanding that it may be possible for the
universe to have more spatial dimensions than we are aware of, and it has been discussed
that string theory has a very interesting property, due to the number of spatial dimen-
sions being required and not postulated, but will it ever be possible to confirm or reject
these extra dimensions? Their length-scale is not fixed in string theory, and the smallest
distance that has ever been explored with particle accelerators is currently about 10716 cm
[4]. Therefore, if there really were extra dimensions and their length were, for example,
roughly equal to the Planck length (10733 cm), they may never be detected directly.

However, if the extra dimensions were large, and our three-dimensional space were
a D-3 brane transverse to these, they could be tested by gravitational experiments (for
distances shorter than the length of the extra dimensions, the world is effectively higher-
dimensional, and the force laws change). Taking into account that in most of these models
electromagnetism arises from open strings whose endpoints must remain attached to the
D-brane, electromagnetism itself would be bound to the brane, and not affected by the ex-
tra dimensions. Nonetheless, gravity, arising from closed strings, would be. The problem
is that with it being such a weak force, it is difficult to test at small distances. Exper-
iments up to a distance of fifty microns show that if extra dimensions exist, they must
be smaller than this distance. Other possible experimental detections would be linked to
cosmic strings, which have been exhaustively searched for, although still unsuccessfully;
and supersymmetry, which would not exclusively confirm string theory, and thus, extra
dimensions. [4] [11]

Lastly, it is worth mentioning that the set of possible models that may allow the
existence of life within the vast string landscape has actually been referred to by many
theorists, such as Leonard Susskind, as the anthropic landscape [13], which provides a link
between the two main chapters.
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