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Abstract

Most poverty measures in the literature depend on the three components of poverty, incidence, intensity and inequality among
the poor. However, the implication of each component on the final poverty measure is something that has not been studied. It
has been shown that families of parameter-dependent poverty indices can be more or less sensitive to transfers among the poor,
depending on the value of the parameter taken. This value will affect the sensitivity of the family of measures to the inequality
among the poor. In this paper we intend to carry out an analogous study for the three components of poverty. We provide three
poverty rankings of some poverty measures according to their sensitivity to incidence, intensity and inequality. In fact, we offer
orderings for all the rank-dependent poverty measures and two families of rank-independent poverty measures.
© 2022 The Author. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Since the seminal work of [18] it has been widely accepted that a poverty measure should be sensitive to the
incidence of poverty, the intensity of poverty and the inequality among the poor. Hence, several poverty measures
have been decomposed in these three terms. Some of these decompositions can be seen in [13] and [1].

However, we could ask to what extent each component contributes to the final poverty value, and, we could also
ask what difference it makes choosing one poverty index or another.

With respect to the inequality component of poverty, in the literature it is widely accepted that poverty measures
should take into account distribution-sensitivity, that is, the inequality among the poor, see [7] and [24]. In fact, the
degree of distribution-sensitivity of some transfers has always been regarded as an important factor. Nevertheless,
there are few formal definitions of distribution-sensitivity comparisons of these measures, see [25], [6] and [2].

Zheng [25] provides a theoretical base to compare distribution-sensitivity for a class of additively separable poverty
indices. However, the criterion introduced by Zheng does not allow comparisons among rank-dependent poverty mea-
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sures. Therefore, Bosmans [6] introduces a condition for rank-dependent poverty measures, based on the dominance
of the indices’ vector of weights, which allows such comparisons in terms of their distribution-sensitivity to some
specific transfers. Aristondo and Ciommi [2] also propose a criterion to sort the rank-dependent poverty measures in
terms of a mathematical value called orness, which can be interpreted as a distribution-sensitivity classification.

However, so far no study has been carried out comparing poverty measures in terms of their sensitivity to the
other two components of poverty, that is, incidence and intensity. In fact, it would be very intuitive to think that if
one measure is more sensitive than another with respect to the inequality among the poor, perhaps it is less sensitive
to either one or both of the other two components. For this reason, in this paper we will focus on the sensitivity of
decomposable poverty measures to their three poverty components. In addition, we will provide three rankings of the
poverty measures according to their three components; incidence, intensity and inequality of the poor.

For this purpose, we use the Shapley decomposition method which has also been used in dynamic poverty studies
such as [14], [4], and so on. Kakwani [14] decomposes poverty changes in growth and inequality changes, and pro-
poses a way to apply the Shapley method. In fact, he provides a new method to eliminate each contributory factor by
assigning the arithmetic mean of all the possible combinations that can be made with the value in time 1 and value
in time 0. In addition, Aristondo and Onaindia [4] decompose poverty changes in incidence, intensity and inequal-
ity changes, and they follow Kakwani’s procedure to eliminate the determinants in order to compute the marginal
contributions of the changes in the three poverty components to the global poverty change.

All these dynamic methods are very interesting and could be applied in turn with the method proposed in this paper
since they are complementary. In fact, in any poverty study, we could use first the method proposed in this paper to
choose the most appropriate decomposable poverty index, and then we could apply any dynamic method to analyse
changes in poverty and their different types of components, such as growth and distribution, or incidence, intensity
and inequality, see also [16], [10].

Summarizing, we offer a classification for almost all the decomposable poverty measures in terms of their sensitiv-
ity to incidence, intensity and inequality among the poor. Firstly, we present the decompositions of the existing poverty
measures in the literature in terms of these three components. Then, we compute the relative marginal contributions
of the three components to the total poverty value using the Shapley decomposition methodology, see [19]. Finally,
we provide three classifications for the poverty measures, depending on the three components’ relative marginal con-
tributions to the total poverty.

We want to note that these rankings will allow us to choose the most appropriate poverty measure for each empirical
study according to which of the three components we want to give more strength or importance to. Moreover, in static
poverty studies, this work will allow us to know the absolute and relative contributions to the final poverty value of
each of the components for all the decomposable indices.

We wish to add that the rankings in terms of the sensitivity to inequality among the poor proposed in this paper
coincide with those proposed by [6] and [2].

Finally, we will see that incidence and intensity’s relative marginal contributions to poverty are exactly the same
for all the measures, and all of them are delimited between one third and one half. On the other hand, inequality’s
relative marginal contributions are always lower than those of incidence and intensity for all the measures, and the
values are higher than 0 and lower than one third.

The paper is classified as follows; section 2 is devoted to notations, definitions and the presentation of the poverty
measures and their decompositions. In section 3 we show the Shapley decomposition in the three terms of the mea-
sures, and section 4 offers the three rankings of the measures in terms of their three contribution values. Finally, we
can see the concluding remarks and the appendix with the proofs in section 5 and Appendix A, respectively.

2. Notations and definitions
In what follows, we introduce some basic notations and definitions. We consider a population consisting of n >
3 individuals. Let x = (xg, ..., x,) be the income vector distribution, x; € R4 represent the income of the i—th

individual and D = Un>3 RQ’_ . be the set of all distributions.! For a givenx € D, let us denote by x(j) <--- < x(,) and
X[1] = - - - > X[»] the non-decreasing and non-increasing rearrangement of the coordinates of x, respectively. Whereas,

1 R is the set of real values higher than 0.
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Table 1
Rank-dependent poverty measures.

Measure w;

PGR 1

S 2(q+q0’;57t)
SST 2(n+r?2.57i)
i 2ok
T, n+1-2i

—n2’TZ2

the arithmetic mean is denoted as p(x) = (x; + --- + x,)/n. Let us denote by z € R the poverty line, such that, an
individual i € {1, ..., n} is defined as poor if x; < z and as non poor if x; > z.

So doing, g = g(x, z) denotes the number of poor people, for a given distribution x, and the poor distribution and
its mean is defined as x, = (x(1),..., X)) and w, = ux,) = (xq) +--- +x())/q, respectively. Without loss of
generality we establish that n > g > 2.

2.1. Rank-dependent poverty measures

A poverty measure is a non-constant function P : D x Ry — R whose value P (x, z) denotes the poverty level
associated with an income distribution x and the poverty line z. The normalized gaps for incomes below the poverty

line are defined as the relative distance between the income value and the poverty line, and for incomes above, it
Z—Xi

Zz
g, =(g[], ---, &lq)) the normalized gap vector of the poor. The arithmetic mean of the normalized gaps of the poor is
denoted as pg, = 1(g,) = (gn1 + - + gq1)/q- In poverty measurement, a rank-dependent poverty measure is a one
whose individual’s weight depends only on its place in the distribution with respect to the others. Formally:

is defined as zero. Formally: g; = max { ,O}. Finally, g = (g1, ..., g») denotes the normalized gap vector and

Definition 1. A poverty measure P : D x R4 — R is rank-dependent if for each income distribution x € D and any
fixed poverty line z € R 4, it takes the following expression

q q
Z—X(
P =3 wi——" =3 wig, (1)

i=1 i=1

2

where wi > w; > - -+ > wy. In addition, if the weights decrease strictly then the transfer axiom” is satisfied.

Table 1 collects the rank-dependent poverty measures proposed in the literature, namely the Poverty Gap Ratio,
PGR, [18] index, S, the [20] index, SST, the [23] index, T, and the Thon class, T, [12].> We want to note that the

Thon class on indices for T = 2 is exactly the SS7 index and for t =2 + — the T index is obtained.

The [22] index, namely 7, is also a rank-dependent poverty measure. ngever itis defined in terms of the censored
income, X = (x(1), -+ , X(¢), 2 , ), as follows, T, = m Yo (X)) — xi))-

All these poverty measures can be decomposed in terms of the Headcount ratio, H, the Income gap ratio, M, and
the Gini index of the gap of the poor, G. The Headcount ratio is defined as H = H(x) = % The Income gap ratio

2 The transfer axiom states that, given other things, a pure transfer of income from a poor individual to any other individual that is richer must
increase the poverty measure.
3 See [6] and [2] for detailed definition of the above listed rank-dependent poverty measures.

175



0. Aristondo Fuzzy Sets and Systems 454 (2023) 173—-189

Table 2
Rank-dependent decompositions.

Measure Decomposition
PGR HM
S HM(1+G)
SST HM@2+ H(G—1))
T HMQ@2n+1+nH(G — 1))
n+1
HM(t—H+HG
T‘r M,TEZ
T—1
HM(1—H+ HG)
Ta _—
1-HM

1 — .
asM=Mx)=— le 0 , and the Gini index of the gap of the poor has the following form; G = G(gp) =
q b4

1
_ ' 59y ol
2612M§p 2zt j=1 |gl 81|

Then the above rank-dependent poverty measures can be decomposed as in Table 2, see [1].
In the following section we will concentrate on rank-independent poverty measures.

2.2. Rank-independent poverty measures

The rank-independent poverty measures are those indices defined in terms of the income of each individual relative
to the poverty line. That is, they do not depend on the place individuals take in the distribution. The family of poverty
measures introduced by [9], henceforth FGT family, takes the form:

1 q X o
FGT, = FGT,(x)=~ <ﬂ> a>0, )
n Z
i=1
where « is the poverty aversion. Note that for « =0 and o« = 1 we have the H and PG R measures, respectively. For
a > 2 the measure is averse to transfers of income from a poor person to a less poor one. That is, they will take into
account the inequality among the poor. Hence, this family could be decomposed in terms of incidence, intensity and
inequality among the gap of the poor for every o > 2, see [3]. The inequality family used in this decomposition is the
Generalized Entropy family measured for the gaps of the poor. It is defined as follows:

1 z 8lil )
Ga=GEa(gp)=mZ<< ) —1) for a>2. 3)

i=1 Hsp

And the decomposition has the following form:
FGT, = HM® [1 +@?— oz)Ga] for a>2.

Finally, we introduce another family of poverty measures proposed by [8]. They notice that the Sen index can be
written as a combination of incidence, intensity and inequality of the gap of the poor measured by the Gini index.
Hence, they propose another poverty measure replacing the [11] inequality index with the [5] inequality measure as
follows:

1
q R
CHUa:CHUa(x)=%|:$Z(ﬂ> :| for a>1. %)

i=1 N

Aristondo [1] proposes the decomposition of this family of poverty measures using the extended part of [5] family
of inequality measures proposed by [15] for the gaps of the poor. It can be written as follows:
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RI—

q N\ T
AazAa(gp)zl—($Z<ﬁ> ) for a>1. (5)

i=1 \Msr

And this family is decomposed as:

HM
CHUD,=l for a>1.

o

3. Shapley decomposition of the poverty measures

The [19] decomposition is a technique extended from game theory to applied economics by [21] and [17]. In this
decomposition method, we need to assume an indicator, for example 7, a function that depends on some determinants.
In this paper, we will focus on three determinants, a, b and c. Hence, the indicator I will be a function of these three
parameters, that is, I (a, b, ). Now, we want to note that there are 3! = 6 ways of ordering the three determinants;

(a,b,c), (a,c,b), (b,a,c), (b,c,a), (c,a,b) and (c,b,a). (6)

The Shapley decomposition will allow us to know the marginal contributions of each determinant to the overall value
I(a, b, c). The respective marginal contributions of the determinants a, b and ¢ are defined as all the possible ways
in which each of these determinants can be eliminated taking into account that these determinants can be eliminated
first, second or third. For example, C(a) is defined as the marginal contribution of a to the function 7 (a, b, ¢). If a is
eliminated first, its contribution to the overall value of function I will be I (a, b, c) — I1(0, b, ¢). The given weight to
this possibility is 2/6 since in equation (6) we can see that there are two cases in which a appears first. If a is eliminated
second, it implies that another determinant has been eliminated first. Following equation (6) we can see that there exist
two possibilities, eliminating first b or c¢. For (b, a, c), the contribution is I (a, 0, c) — 1 (0, 0, ¢) and for (c, a, b), the
contribution is I (a, b,0) — 1 (0, b, 0). The weights for these two cases are 1/6, since it appears once. And finally, if a
is eliminated third, the other two determinants have already been eliminated. In this case, we have two cases (b, ¢, a)
and (c, b, a), which entails a weight of 2/6, and the contribution of a is I (a,0,0) — 1(0,0,0) = I (a, 0, 0). Finally
we may summarize the three cases in order to obtain the marginal contribution of determinant a, namely C(a). The
other two marginal contributions corresponding to determinants b and ¢, namely C(b) and C(c), can be similarly
computed. And finally, it is proved that I (a, b, ¢) = C(a) + C(b) + C(c) is satisfied.

In this paper we will apply this methodology to decomposable poverty measures in order to obtain the marginal
contributions of the three components of poverty to the total poverty value.

As mentioned before, all the poverty measures presented in the paper can be decomposed in the three terms of
poverty; incidence, intensity and inequality. Therefore, all the poverty measures can be written as an aggregative
function of incidence, H, intensity, M, and inequality among the poor, I, as follows:

P=fp(H M,I). 7

Then, the Shapley decomposition can be applied to the aggregation function fp and the determinants H, M and I. The
marginal contribution of incidence, intensity and inequality among the poor to the total poverty value P are denoted
as, CHp =Cp(H), CMp =Cp(M) and Clp = Cp(I), respectively. Note that we have added the suffix P to each
marginal contribution in order to differentiate the marginal contributions associated to different poverty measures.
As mentioned before, there are 3! = 6 ways of ordering the three determinants. And the marginal contributions of
the three determinants are all the possible ways of eliminating them first, second and third.
Following the methodology presented, the three marginal contributions are written as follows:

2 1
CHp=Cp(H) =2 (fp(H. M. 1)~ fpO.M. D))+ (fp(H.0.D) = fp(0.0.D)+

? g 3)
. (fr(H, M,0) = fp0.M,0)) + < (fo(H.0.0)),

CMp = Cp(M) =§ (fo(H M. D)= fo(H.0.D) + é (f2(O. M. 1) = (0.0,1))+ o
% (fr(H, M,0) = fp(H,0,0)) +% (fr0.M,0)).
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Table 3
Poverty Contributions of the Rank-dependent poverty measures.
P RCHp RCMp RCIp
1 1
PGR = = 0
2 2
s 2G+3 2G+3 G
6(G+1) 6(G+1) 3(G+1)
SST HQ2G-3)+6 H2G-3)+6 GH
6H(G—1)+12 6H(G—1)+12 3H(G—-1)+6
T 3+6n—-3nH+2nHG 3+6n—-3nH+2nHG nHG
6+ 12n+6nH(G —1) 64+ 12n+6nH(G — 1) 34+6n+3nH(G—1)
T HQ2G -3)+3t HQ2G-3)+3t HG
' 6H(G —1)+67 6H(G —1)+67 3H(G—-1)+3t
T HQ2G-3)+3 HQ2G-3)+3 HG
“ 6H(G—-1)4+6 6H(G—-1)4+6 3H(G—-1)+3

2 1
Clp=Cpl) =% (fo(H. M. 1) = fp(H.M,0)) + . (fpO. M. 1) = fp (0, M,0))+

L (500~ £r1.0.0) + 2 (£0.0.1). (10)
6 6
Then, from the Shapley definition, we have that;
fp(H,M,I)=CHp+CMp+Clp. (11)

In this paper we will compute the marginal contributions of the three components for different poverty measures.
However, in order to be able to make comparisons between indices and to provide rankings for different poverty
measures according to their marginal contributions, we will use the relative marginal contributions for each poverty
measure.

Therefore, the three relative marginal contributions of the determinants are defined by dividing the marginal con-
tributions by the global function value as follows:

CH cM CI
—  , RCMp=——— ; RCIp=— .
fr(H. M. T) fp(H.M.I) fr(H. M, D)

Then, it is straightforward to see that we have RCHp + RCMp + RCIp = 1.

Note that these three values will always be between 0 and 1. Therefore, multiplying by 100, these values could be
interpreted as the contribution percentage to the global poverty value assigned to each poverty component. The vector
of the relative marginal contributions for every poverty measure P can be written as (RCHp, RCMp, RCIp).

In the following subsection we compute the relative marginal contributions of the three poverty components for all
the poverty measures defined in section 2.

RCHp = (12)

3.1. Rank-dependent poverty measures

All the above presented rank-dependent poverty measures can be expressed as an aggregative function of H, M
and I = G, where G is the Gini index of the gap of the poor individuals as fp(H, M, G).

Proposition 1. The relative marginal contributions associated to each component for all the rank-dependent poverty
measures presented in the paper can be seen in Table 3.

Proof. See in the appendix.

It is very interesting to note that if we focus on the relative contributions of the three components, those of incidence
and intensity are exactly the same for all the rank-dependent poverty measures.
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Table 4

RCH, RCM and RCI for FGTy family.

P RCHp RCMp RCIp

FGT, 202Gy — 200Gy + 3 202Gy — 200Gy +3 (¢ — DaGy

602Gy — 600Gy + 6 602Gy —60Gy + 6 302Gy — 3Gy + 3

Table 5
RCH, RCM and RCI for CHUy family.
P RCHp RCMp RCIp
3—A 3—A A
CHUy, e o o
6 3

3.2. Rank-independent poverty measures

This section is devoted to computing the relative marginal contributions of two families of decomposable rank-
independent poverty measures, FGTy and CHU,,.

We have seen in the previous section that the F G T, family of poverty measures can be rewritten as an aggregate
measure of H, M, and I = G, thatis frgr, (H, M, Gy), where G is the Generalized Entropy family measured for
the gaps of the poor.

Proposition 2. The relative marginal contributions associated to the F G Ty, family are shown in Table 4.

Proof. See in the appendix.

With respect to the C HU,, family, it can also be rewritten as an aggregative function fcpy,(H, M, I = A,) where
the inequality measure of the poor individuals is measured by the extended Atkinson family of inequality index.

Proposition 3. The corresponding relative marginal contributions associated to the C HU, family are shown in Ta-
ble 5.

Proof. See in the appendix.

We will now try to give a ranking of the poverty measures depending on these three aspects.
4. Poverty measures rankings in terms of incidence, intensity and inequality

In this section we will rank the poverty measures in terms of their components’ relative marginal contributions. In
fact, these rankings will allow us to choose the most appropriate measures depending on the study we want to carry
out. In fact, we will be able to know to what extent the choice of one index or another will influence the results.

For this purpose we introduce some definitions.

Definition 2. A poverty measure P will have a higher (not lower) Headcount ratio contribution than a poverty measure
P’ if RCHp > (>)RCHp: and will be denoted as P >y (>=g)P’.

Definition 3. A poverty measure P will have a lower (not higher) Headcount ratio contribution than a poverty measure
P’ if RCHp < (<)RC Hp: and will be denoted as P <y (Xg)P’.

Analogously, the definitions for the income gap ratio and the inequality among the poor.

Definition 4. A poverty measure P will have a higher (not lower) Income gap ratio contribution than a poverty
measure P’ if RCMp > (>)RCMp: and will be denoted as P > (>p)P’.
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Definition 5. A poverty measure P will have a lower (not higher) Income gap ratio contribution than a poverty
measure P’ if RCMp < (<)RCM p: and will be denoted as P <y (=Xp)P’.

Definition 6. A poverty measure P will have a higher (not lower) Inequality contribution, measured by the inequality
index I, than a poverty measure P’ if RCIp > (>)RCIp/ and will be denoted as P >; (>;)P’.

Definition 7. A poverty measure P will have a lower (not higher) Inequality contribution, measured by the inequality
index I, than a poverty measure P’ if RCIp < (<)RCIp/ and will be denoted as P <; (=) P’.

4.1. Rank-dependent poverty measures

Once the contributions of the components to all the poverty indices have been computed, we will provide three
rankings for the rank-dependent poverty measures according to the incidence, intensity and inequality contributions
to the measure.

The following proposition shows the rank-dependent poverty measures previously presented ranked in terms of the
Headcount Ratio contribution.

Proposition 4. The poverty measures of S, SST, T and Ta can be ordered in terms of the Headcount Ratio’s relative
marginal contribution to the final poverty value as follows:

1
S<XgTa<ySST=T,<yT =<y PGR, if H< —,

2
1

Ta<p S=2pSST=T<uyT <y PGR, if H>§, (13)
1

Ta=p S <y SST=T =<y T <y PGR, if H=§.

Proof. See in the appendix.
The next proposition gives us a ranking for the family of 77 indices:

Proposition 5. Taking into account that T) = SST and T, 1 =T are satisfied, the T, family can be ranked in terms
of the Headcount Ratio’s relative marginal contribution for different values of t as follows;

1 1
SST=T2§HT,§HT=T2+ljHTerTS, 2<t<24— and 24 —-<r<s. (14)
n n n

Proof. See in the appendix.

Secondly, we will rank the poverty measures in terms of their sensitivity to the intensity of poverty. As mentioned,
these orderings will be exactly the same as the ones for incidence.

Proposition 6. The poverty measures of S, SST, T and T a can be ordered in terms of the Income Gap Ratio’s relative
marginal contribution to the final poverty value as follows:

1
SuTa=<y SST=1,=<yT =<y PGR, if H<§,

Ta<=y Sy SST=T=<yT =<y PGR, if H> (15)

’

N ==

Ta=y Sy SST=1=<yT =<y PGR, if H=

Proof. It is analogous to Proposition4. 0O
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The next proposition gives us a ranking for the family of 77 indices:

Proposition 7. Taking into account that T = SST and T, 1 =T are satisfied, the T; family can be ranked in terms
of the Income Gap Ratio’s relative marginal contribution for different values of t:

1 1
SST:ngMthMT:THljMTrjMTS, 2<t<2+— and 24+ —-<r<s. (16)
n n n

Proof. It is analogous to Proposition 2. 0O

Finally, we will be able to rank the poverty measures in terms of their sensitivity to the inequality among the poor
individuals.

Proposition 8. The poverty measures of S, SST, T and Ta can be ordered in terms of the inequality’s relative
marginal contribution to the final poverty value as follows:

PGR=<gT =< S8ST=Tr=<6S=gTa, if H<

)

PGR=<gT =< S8ST=T=<gTa=<gS, if H> 17

)

PGR=gT =2 S8ST=Tr=<6S=¢gTa, if H=

=N = =

Proof. See in the appendix.
The next proposition gives us a ranking for the family of 77 indices:

Proposition 9. Taking into account that T = SST and T, 1 =T are satisfied, the T, family can be ranked in terms
of the inequality’s relative marginal contribution for different values of t:

1 1
Ts 26T 26 T=T41n =26 T1 2 SST =T, 2<t<2+- and 2+ - <r<s. (18)
n n

Proof. See in the appendix.
4.2. Rank-independent poverty measures

The following propositions show the rank-independent poverty measures ranked in terms of their three contribu-
tions.

Proposition 10. The family of poverty measures FGTy can be ordered in terms of the contributions of their three
components, forVo, B e R and2 <o < B:

FGTg <y FGTy,
FGTg <y FGTy,, 19)
FGTg »g, FGT,.

Proof. See the appendix.

Proposition 11. The family of poverty measures CHU, can be ordered in terms of the contributions of their three
components, forVa, B e Rand 1 <o < B:

CHUg <y CHU,,
CHUg <y CHU,, (20)
CHUg >p, CHU,.
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Proof. See in the appendix.

Finally, we will also be able to delimit the three contributions associated to every poverty measure. The following
proposition establishes the bounds for the contributions concluding that the contributions of incidence and intensity
are equal, and always higher than that of inequality.

Proposition 12. Given a poverty measure P, the vector of contributions (RCHp, RCMp, RCIp) is always delimited
as follows:

11 11 1
RCHp, RCMp,RCI -, = -, = 0,-|. 21
( P P P)€|:3 2:|><|:3 2:|X|: 3:| (21
Proof. See in the appendix.

5. Concluding remarks

We have computed the relative marginal contributions of the three components of poverty; incidence, intensity and
inequality, to the total poverty value.

Indeed, we believe that knowing these contributions will help us to choose the most appropriate poverty measure
when measuring poverty. In the literature there are numerous poverty families that depend on a parameter whose value
varies according to the sensitivity of the measures to transfers among the poorest, i.e. the inequality of the poor.

With these rankings, we manage to rank families according to inequality’s relative marginal contribution to poverty,
and also to rank them according to the relative marginal contributions of incidence and intensity.

We would like to note that interestingly, the marginal contributions of incidence and intensity are identical for
all measures. Moreover, not only have we ranked several families, but we have also managed to rank all the rank-
dependent measures.
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Appendix A

Proof of Proposition 1. We need to compute equations (8), (9) and (10) for all the indices.

e For PGR=HM:

2 1 1 2 1
CHPGR:8(HM_0)+6(O_O)+6(HM_O)+E(O):EHM’

2 1 1 2 1
cCM =-(HM -0 -(0-0 -(HM -0 - 0)==-HM,
PGR 6( )+6( )+6( )+6() 3
2 1 1 2
Clpgr="72(HM —HM)+ = (0=0)+ 2 (0=0)+ = () =0,

Hence, the relative ones are (RCHpgr, RCMpgr, RCIpgr) =(1/2,1/2,0).
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e ForS=HM(1 + G):

CHs=%(HM(IJrG)—0)+é(0—0)+é(HM—0)+§(0)=éHM(3+2G),

CM5:%(HM(1+G)—O)+é(0—0)+é(HM—O)+%(0):éHM(3+2G),

2 1 1 2 2
Cls =2 (HM(1+G) = HM)+ = (0= 0)+ = (0—0)+ = (0) = ZHMG.

Hence, dividing the three values by S and operating, we obtain the relative ones.
3+2G 342G G

6(1+G) 6(1+G)’ 3(1 —i—G))'

e For SST=HM(H(G —1)+2):

(RCHg, RCMg, RCIs) = (

2 1 1 2 HM

CHssr =2 (HM(H(G = 1) +2) =0)+ 2 0= 0)+ 2 (HMQ — H) = 0) + = (0) = =~ (H(2G = 3) +6),
2 1 1 2 HM

CMSST=€(HM(H(G—1)+2)—0)+6(0—0)-1-8(HM(Z—H)—O)Jrg(O):T(H(2G—3)+6),

2 1 1 2 2
Clsst =2 (HM(H(G = 1) +2) = HMQ2 = H)) + £ 0= 0) + £ (0= 0) + 2 (0) = _HMG.

Hence, dividing the three values by SS7 and operating, we obtain the relative ones.

HQ2G-3)+6 HQRG-3)+6 G
6H(G—1)+12"6H(G—-1)+12"3H(G - 1) +6)'
_HMQ@n+1+nH(G—1))

(RCHgst, RCMsst, RClssT) = <

e ForT
n+1
2 (HMQn+1+nH(G — 1)) 1 1 (HMQ2n+1—nH) 2
CHy == —0)+-(0—0)+ = —0)+2(
"6 n+1 >+6( )+6( n+1 >+6()
_HM@B+6n-3nH +2nHG)
N 6(n+1) ’
2 (HMQn+1+nH(G — 1)) 1 1 (HMQn+1—nH) 2
CMyp == —0)+-0-0)+ - —0)+20
=% n+1 >+6( )+6( n+1 >+6()
_ HM@B+6n—-3nH +2nHG)
N 6(n+1) ’
2 (HMQn+14+nH(G —1) HMQ@n+1—nH)\ 1 1 2 nH*MG
Cly == - —O0=0)+=-(0-0)+2(0) ="
’ 6( n+1 n+1 >+6( )+ OO+ O =511

Hence, dividing the three values by T and operating, we obtain the relative ones.

(RCHyp,RCMy,RCIy) =
_ 34+6n—-—3nH+2nHG 3+4+6n—3nH+2nHG nHG
"\ 6+12n4+6nH(G —1)" 64+ 12n+6nH(G—1) 3+6n+3nH(G—1))

HM(t — H+ HG)

e ForTt = ]
‘E‘_
2 (HM(t — H+ HG) 1 1 ({HM(x — H) 2
H = — — — — — _— — =
CHry, 6< — 0)+6(0 O)+6< — 0)+6(0)
_ HMQ3(r — H)+2HG)
B 6(t — 1) ’
2 (HM(x — H + HG) 1 1 ({HM(t — H) 2
CMr, == —0)+-(0-0)+—(—————-0)+=(0)=
6 T—1 6 6 T—1 6

_ HMQB(r — H)+2HG)
N 6(t —1)

)
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2 (HM(t—H+ HG) HM(r—H) H>MG
Clrr=- (0 0) + - (0 0)+ - (0) —_—.
6 T—1 -1 3(r—1)
Hence, dividing the three values by Tt and operating, we obtain the relative ones.
HQ2G —-3)+3t HQ2G -3)+31t HG
RCHr:,RCMr.,RCIr;) = , )
(RCHr- I re) (6H(G— 1) +6t’ 6H(G —1)+67 3(G — 1)H+3t>
HM(1 -H+HG
For Ta = ( + ):
1-HM
2 (HM(O —-H+ HG) HM(1 — H) 2
CHr, =~ -0 0-0)+ — 0 - (0)=
Te=¢g 1—-HM ) 60O+ ( 1—-HM )+6()
_ HM@(1 —-H)+2HG)
N 6(1 — HM) ’
cM _2(HM(-H+HG) (O 0)+ HM(1 — H) 0 +2(0)_
fa= ¢ I—HM I—HM 6
_ HM@3(—-H)+2HG)
N 6(1 — HM) ’
2 (HM(1—H+HG) HM( —H) H’MG
Clrga=~— — - 0-0+-0-0+-(0) = I
Ta 6( T 7T ) 0—0)+ ( ) + () SO
Hence, dividing the three values by T'a and operating, we obtain the relative ones.

HQ2G -3 3 H2G -3 3 HG
(RCHTa,RCMTa,Rc1ra>=< (2G5 3 HEG -3+ )

6H(G —1)+6" 6H(G—1)+6 3H(G—1)+3

Proof of Proposition 2. We need to compute equations (8), (9) and (10).
We have that, FGT, = HM%(1 4 (@ — a)G):

Fuzzy Sets and Systems 454 (2023) 173—-189

CHFGTO,=%<HM0‘(1—I—(oez—o()Ga)—0)+é(0_0>+é(HMa_ )+%(O>:HM“(3+2(€04 — )Gy
CMFGTa=%(HMa(1+(a2_a)Ga)_o>+é(o_o) é(HMa 0)+ %() HM“(3+2éa ~0)Ga)
2

=) o-0) 3 0-0) 0=

Hence, dividing the three values by F'GT, and operating, we obtain the relative ones.

202 —a)Gy+3 2?2 —a)Gy+3 (@2 —0a)G
(RCHFGTas RCMFGT, RCIFGTa) = ( > = ).

6(02 — )Gy +6 6(ac2 —a)Gy +6 3?2 —a)Gy+3

Proof of Proposition 3. We need to compute equations (8), (9) and (10).

HM

We have that, CHU, = - Aa:

eten =5 (=) (0=0) 5o —0) +(0) -G
2, HM 1 1 2 HM(Aq —3

CMCHU“:5<1—Aa_°)+8<o‘0)+6(’m 0)+5(0)= 6(1(— a>)’

CICHUF%(lliAZa_HM) é(o O) ( ) %() 351‘—“&)

Hence, dividing the three values by C HU,, and operating, we obtain the relative ones.

3_A, 3—A, Ag
(RCHcpua» RCMcyyua, RCIchus) = - )

6 6 3

Proof of Proposition 4. We need to prove some statements.
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1 1 1
° SﬁHTaforH<E,TajHSforH>EandTaEHSfoeri.
We need to compute,
2G+3 (Q2G-3)H+3
6G+6 6H(G—-1)+6

Equivalently and operating,

RCHs — RCHy, =

(6G(2H — 1))

RCHg — RCHy = .
§ Ta =66 +6)(6H(G —1) + 6)

1
Since0§H§1and0§G§1,then6G+620,6H(G—1)+6ZOandthen6G(2H—1)20ifHZ§and

1
6G(2H—1)§0ifH§§.
o S<ySST
We need to prove that,
2G6+3 2GH-3H+6

RCHg — RCHgsy = - <0.
s ST =66+6 6HG-—D+12

Equivalently and operating,

12G(H — 1) <0
(6G+6)(6H(G—-1)+12) —
Since0 < H <1and0 < G <1 are satisfied, then6G+6 > 0,6 H(G—1)+12>0and 12G(H — 1) < 0. Hence,
it is proved.
o Ta=<ySST
We need to prove that,

RCHgs — RCHgst =

2G-3)H+3 2GH-3H+6

RCHy, — RCHssy = - <0.
Ta ST=6G-1)H+6 6HG-1)+12~

Equivalently and operating,

—6GH <0
(6(G-1DH+6)(6H(G—-1)+12) =
Since 0 < H <1 and 0 <G <1 are satisfied, then 6(G — 1)H+6>0,6H(G —1)+12>0and —6GH <0.
Hence, it is proved.
e SST =<y T
We need to prove that,

RCH7p, — RCHssT =

HQ2G-3)+6 HQ2G —-3)+6n+3
RCHssr — RCHy — ( )+6  nH( ) +6n+ ‘
6(G-1H+12) 6(Hn(G—-1)4+2n+1)

Equivalently and operating,

HG
<0
6((G-1HH+2)(G—1DnH+2n+1) —
Sincen > 1,0<H <1and0 < G <1 aresatisfied,then —HG <0,(G—1)H+2>0and (G—1)nH+2n+1 >
0. Hence, it is proved.

o T <y PGR
We need to prove that,

RCHgsst — RCHy = —

nHQG —3)+6n+3 1
6(Hn(G—D+2n+1) 2

RCHr — RCHpgr =
Equivalently and operating,
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HGn
<0
6((G—1DHn+2n+1) —

Sincen >1,0<H <1and 0 <G <1 are satisfied, then —HGn <0 and (G — 1)Hn 4+ 2n + 1 <0. Hence, it is
proved. O

RCHy — RCHpGr = —

Proof of Proposition 5. We need to prove 7, <g T, for 2 < r < s. Hence, we may prove that

2G —3)H +3 2G —3)H +3
( ) +r_( ) +s<0,f0r2<r<s.

RCHn—RCHL:6«G_1ﬂy+ﬂ 6((G—1DH+s) ~

Equivalently and operating

GH(r —s)
RCHr, — RCH7T, = <0 ,for 2<r <s.
62((G—DH +r)(G— 1H +5)
Since 0 < H <1 and 0 < G <1 are satisfied, then (G — 1)H +r, (G — 1)H + s > 0 and we have prof the state-
ment. O

Proof of Proposition 8. We need to prove some statements.

e PGR=gT

It is true since RC Iy > 0 and RCIpgr =0.
o T <5 88T

We need to prove,

nHG HG <0
3+6n+3nH(G—-1) 3(HG-1)+2)~

Equivalently and operating,

RCIt — RClIgsT =

HG
— <0
B+6n+3nHG—-1)(HG—-1)+2) —
Thatis true sinceq >2,0<H <land0<G <.
o SST <6 S
We need to prove,

RCIr — RClIgst =

GH G -
3(G-1)H+6 3G+3~

Equivalently and operating,

0.

RCIsst — RCIg =

2G(H —-1)
RCIsst — RCIg = <0.
3(G+1)(GH — H +2)

Thatistruesince 0 < H <1and0<G <.

o SST <5 Ta
We compute,
RCI RCIr, = GH GH <0
S5t "= 3G-1DH+6 3(G-DH+3
Equivalently and operating,
GH
RCIsst — RClIr, = 0.

—_ <
3(GH—H+1)(GH—H+2) ~

Thatis truesince0 < H <land0<G <.
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1 1
° SﬁGTaisziandTajcSifHSE.
We compute,
G GH
RCIs — RClIy, =

3G+3 3(G—-1)H+3
Equivalently and operating,

GQ2H —-1)
3G+ D(GH-H+ 1)
Since0<H <land0<G < litisproved. O

RCIs — RClIy, =

Proof of Proposition 9. We need to prove Ty <y T, for 2 < r < s. Hence, we may prove that,

HM((s — H H HM((r— H H
RCHy, — RCHy = HMG =)+ HG)  HM(0 — H) + HG)

<0 ,for 2<r<s.
s—1 r—1

Equivalently and operating,

—5)(1—H+HG
RCHy, — RCHy = (r = 9) THG) o for 2<r <,
5 G—Dr—1)

Since 0 < H <1 and 0 < G <1 are satisfied, then 1 — H + HG > 0. Hence, we have prof the statement. [

Proof of Proposition 10. For Vo, 8 € R and 2 <« < 8, we have,
202Gy — 200Gy +3 (@ — DaGy

RCHrpgr. = RCMpcr, = and RCIpgr = .
FGTa FOTe = 602G, — 6aGy + 6 FOle = 302G, — 3aGy + 3

We need to see that,

RCHFgry — RCHFGT, < 0 (analogously RCMFgry — RCMFpgr, < 0).
Operating we have,
28> = P)Gp+3 2> —a)Go +3
6(82—B)Gg+6 6(a>—a)Gy+6

(@ —a)Ga— (B —B)Gg
T 6((@2— )G+ (B2 — PG+ 1)

Equivalently, we need to prove that,

4 ¢ 4 \ 7
a2 £

i=1 \""8r i=1 \Mer

RCHFGT/g — RCHrgr, =

With respect to the inequality relative marginal contributions:
B-PGs (@ -0)Gy (@ —a)Ga— (B2 P)Gp
3(B2-B)Gpg+3  3(@?—a)Gy +3 3@ —a)Gy + D((B2 =BG+ 1)’

Hence, for RC1 FGTy — RCIFgT, > 0 we need to prove the same statement

a A\¢ 4 \ 7
s (2

i=1 \""8r i=1 \Mer

RCIpgr, — RClpGr, =

B o
Therefore, we only need to prove that Z?:] ( 8] ) > ?: | (@) forall Vo, B € R for 2 < o < B.
&p 8p
a

q [ 81

For this purpose, we will see that f(a) =) /_, is an increasing function in Va € R and a > 1.
&p

The derivative of the function with respect to a is:
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q a
/ 8li] 8[i]
fl(a) = E =] In{ —].
i=1 <“g1’> (M;;,,)

It will be proved by induction:
For a =1, we have,

q
/ 8li] 8[i]
(H = E In .
! i=1 (Mgﬂ> (“gl’>

We have obtained the Theil index which is always higher than 0.
Now, suppose that it is true for a:

Z <@> In (@) > 0.
i=1 \Msr Hep

Then, we will see that is true for a + 1:
Suppose that g[1] > g[2] > -+ = g[s] = Mg, = &ls+1]1 = *** = &lq]- Then, we have

S . a . . q . a . .

S () n() () (E)n()

=1 Hgp Hegp Mgp i=s+1 Hgp Hgp Mgy
For gi < pg,, we have

N . . N . . .
(gl ) (g, )ln( & )2( 8 ) ln< & ), sinceiglandln( &i )50.
Hep Hgp Mgy Mgy Hgp Hgp Hgp

And for g; > pg,, we have

N . . N ) . .
( & ) ( & )ln( & )z( 8i ) ln(i>, sinceizland ln( & )zO.
'u’gp /“l’gp H’gp /“l’gp 'ugp Mgp 'u’gp

Consequently;

> (A1) i (£2) - 3 (42) (42 0.

i=1

Proof of Proposition 11. This proposition is satisfied if Ag > A, for Vo, B € R and 8 > o > 1.
We will see that A, is an increasing function on «.
Suppose we have,

1< 8lil “\
=Ay=Ay(g)=1—|— s
fl@) (g) (n;j(ﬂg) )

The derivative with respect to o:

ay —L-1 a
/ L1 e : 1 [ g gi
_1(1 - 1 .

The first part is positive and the second one is also positive for Yo € R and « > 1, since it has been proved in
Proposition 10. O

Rl—

1
Proof of Proposition 12. For RC Hp; we have that RCHp < RCHpgr = 3 for every P presented in the paper. On

1 1 2G+3 G
the other hand, we need to see that RCHg > — and RCH7, > —. Note that RC Hg = + > =RClIyg
3 3 6(G+1) 6(G+1)
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HQG - H
and RCHp (2G 3)—i_3> G
“6HG—-1)+6 3HG-1+3
1 1
and RCHp + RCMp + RCHp = 1 is satisfied for every measure, then RC Hg, RCHr, > 3 And then, 3 < RCHp

= RCIr,. Hence, since RCHs = RCMg and RCH7, = RCMrp,

1 1
for every rank-dependent poverty measure P. Analogously, we have 3 <RCMp < 3 and consequently 0 < RCIp <

1
3 for the rank-dependent poverty measures.

Now, we need to prove the same for the F GT, and C HU,, families. It is very easy to see that RCHp = RCMp >
RC1), for the two families. And they are also delimited by the PG R index RCHp < RC Hpg . Hence, the proposi-
tion is proved. O
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