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“Why, anybody can have a brain. That’s a very mediocre
commodity. Every pusillanimous creature that crawls on the
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come from we have universities, seats of great learning — where
men go to become great thinkers. And when they come out,
they think deep thoughts — and with no more brains than you
have... But! They have one thing you haven’t got! A diploma!”

The Wizard to the Scarecrow (The Wizard of Oz 1939 film)
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Introduction

Group cohomology originates, along with homological algebra, from algebraic topol-
ogy and the study of cohomology groups of certain topological spaces. Given a finite
group (G, we can associate to it a classifying space BG, which satisfies that its first
homotopy group is isomorphic to GG, and its higher order homotopy groups are triv-
ial. We can then define the cohomology groups H"(G, V) of G with coefficients on
an RG-module V', where R is a commutative ring, to be the cohomology groups of
its classifying space BG, see [Hat02]. It is also possible to give a purely algebraic
definition of the cohomology groups of GG in terms of derived functors, and in fact
this is the approach that we will follow throughout this thesis.

Subsequently, the study of group cohomology has developed into a deep and vibrant
area of research in its own right. If we take the direct sum H*(G, R) of all cohomology
groups of the finite group G with coefficients on the trivial module R equipped with
the so-called cup product, we obtain a finitely generated graded-commutative ring
[Eve9l, Chapter 3]. This shows that group cohomology possesses a rich algebraic
structure that may be exploited to glean a substantial amount of information, such
as the minimal number of generators and relations in a presentation of the group. It
also has countless applications outside group theory, in areas such as number theory
and algebraic geometry, see [Guil8] and [Sil13].

An important feature of group cohomology is the fact that it admits multiple char-
acterizations, all of them contributing to giving us a fuller picture of the subject.
Indeed, cohomology can be described in terms of extensions of both modules and
groups. On the one hand, the characterization of the Ext functor in terms of exten-
sions of modules, originally due to Yoneda [Yon92], allows us to describe the elements
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of H"(G, V) as equivalence classes of extensions of RG-modules of the form

0 > V s M, s M, > R > 0.

On the other hand, it is well known that the second cohomology group H*(G, V)
classifies, up to equivalence, the group extensions of the form

0 >V s B s G > 1.

This can be generalized as in [Hol79] to higher degree cohomology groups, so that the
elements of H"(G, V) can be seen as equivalence classes of crossed extensions of the
form

0 > V s M, s My s G > 1.

Both of these characterizations of group cohomology share many of their fundamental
features. When studied side by side, they provide a much more natural, rather than
computational, description of not only the cohomology groups themselves, but also
their functorial properties, connecting homomorphisms and the cup product. Fur-
thermore, these characterizations also help us construct explicit cohomology classes
with specific properties that would otherwise be very difficult to find.

We will be most interested in mod-p cohomology rings of finite p-groups, as the
computation of cohomology rings of finite groups can actually be reduced to that
setting. Indeed, cohomology is in general easier to compute when working with coef-
ficients over a field K due to results such as the Kiinneth Formula and the Universal
Coefficient Theorem, see [Eve91, Section 2.5]. Moreover, we can use Maschke’s The-
orem [Ben91, Corollary 3.6.12] to show that the cohomology of G is trivial unless the
characteristic of K divides the order of G. It is then possible to assume that K = F,,
with p a prime factor of the order of GG, using the Universal Coefficient Theorem.
Finally, it can be shown that the mod-p cohomology of G embeds into the mod-p
cohomology of any of its Sylow p-subgroups [Bro82, Section II1.10].

In general, it is not possible to determine if two given finite groups are isomorphic
just by looking at their cohomology rings, i.e. the family of finite groups does not
possess the property of cohomological uniqueness. Indeed, if p is an odd prime and
G is a finite abelian p-group, the isomorphism type of the mod-p cohomology ring of
G only depends on the minimal number of generators of G, see [Eve91, Section 3.5].
In particular, any two non-isomorphic cyclic p-groups will have isomorphic mod-p
cohomology rings.

We may nevertheless restrict our attention to specific families of finite p-groups,
and study whether the groups in these families can be distinguished by their mod-
p cohomologies. We then ask the following questions: Is a given family of groups



cohomologically unique? And conversely, which families of groups cannot be distin-
guished cohomologically, because their cohomology rings are only finitely many up
to isomorphism? As we have already explained, the answer to the first question is
positive for the family of finite elementary abelian p-groups. On the other hand, if
we take all finite abelian p-groups of a fixed rank, then all the groups in this family
have the same mod-p cohomology ring.

In our quest to determine the cohomological uniqueness of certain families of groups,
we encounter one major challenge. In general, it is extremely difficult to compute the
cohomology ring of a given group, let alone a family of groups. In fact, there are
very few examples, outside of the ones already mentioned, of explicit computations
of cohomology rings in the literature. It is for this reason that we may choose, on a
related note, to focus our attention on computing certain invariants of the cohomology,
rather than trying to determine the full structure of the ring.

It is then interesting to study the algebraic invariants of the cohomology ring of G,
and how these relate to the group theoretic structure of G. For example, the Krull
dimension of the mod-p cohomology of G can be easily computed, thanks to a result
by Quillen [CTVZ03, Corollary 8.4.7], as the rank of a maximal elementary abelian
p-subgroup of GG. This remarkable result completely determines the Krull dimension
of the cohomology in terms of the subgroup structure of the group.

Attempts to do the same for another algebraic invariant, the depth, have so far
proven much less successful. Although closely related to the Krull dimension, the
depth is considerably harder to compute. So far, only upper [CTVZ03, Proposition
12.2.5] and lower bounds [Duf81] have been found. Nevertheless, Carlson stated in
[Car95] a conjecture characterizing the depth of the mod-p cohomology of G by look-
ing at how well said cohomology can be detected by restricting to the cohomologies
of certain subgroups of G.

The main obstacle in the study of this conjecture is that, typically, we would need to
first compute the cohomology ring and then use computational methods to determine
the depth. The lack of examples in the literature, nonetheless, makes this approach
futile for the study of the depth in infinite families of p-groups. For p odd, we consider
the pro-p group of maximal nilpotency class GG, which has a unique finite quotient G,
of order p"*! for each integer r > 2. Using the aforementioned bounds on the depth
of H*(G,,F,), we are able to determine that its value is either 1 or 2, for every r > 2.
It is now that we may employ the characterization of group cohomology in terms of
extensions. In order to compute the depth when r» < p— 2, we construct a non-trivial
cohomology class in H*(G,., F,) as a product of a Yoneda extension in H'(G,, F,) and a
crossed extension in H*(G,, F,), and prove that it restricts trivially to every subgroup
in a particular family of subgroups of GG,.. This allows us to use Carlson’s results from



[Car95] to show that the depth of H*(G,,F,) is 1 for 2 < r < p — 2, meaning that
these groups satisfy Carlson’s depth conjecture. Crucially, we are able to compute the
value of the depth without first computing the cohomology rings themselves. These
results published in [GGG22], along with others by Garaialde Ocana [Garl8], suggest
that the cohomology rings of the finite quotients of G are either identical or extremely
similar.

We now turn our attention to the matter of computing the cohomology rings them-
selves. Doing so for infinite families of groups is only possible through a detailed study
of the specific groups under consideration. Spectral sequences have proven to be an
extraordinarily powerful tool in the computation of cohomology of finite groups, and
have become one of the main techniques employed with this goal. They appear mainly
in the shape of the Lyndon-Hochschild-Serre (LHS) spectral sequence [Eve91, Section
7.2], which allows us to somehow approximate the cohomology of a group G that can
be obtained as a group extension

1 > N > G > Q) > 1

starting with the cohomologies of the quotient ) and the normal subgroup N, and re-
peatedly computing cohomology groups. The main drawback of this approach is that
it relies on the computation of certain differentials, of which we usually possess little
to no information. This problem can be solved under certain circumstances, when it
is possible to find explicit formulas that will aid us in computing said differentials.
Such is the case when G is a split extension of () by N, as shown by Charlap and
Vasquez [CV69] and later adapted by Siegel in [Sie96] to the specific case when @ is
a cyclic p-group of order p. In [GG23], we generalize this result of Siegel for when @
is a cyclic p-group of any order.

Also in [Sie96], Siegel uses his results about differentials in the computation of the
LHS spectral sequence of the Heisenberg group Heis(p) modulo p for p > 3. We
are able to follow the same argument as Siegel in order to compute the LHS spectral
sequences of the Heisenberg groups Heis(p™) modulo p" for p > 5 and n > 2, and show
that they are all isomorphic starting with the second page. This implies that, in this
infinite family of groups, only a finite number of isomorphism classes of cohomology
rings appear. The previous results have been published in [GG23].

The structure of the thesis is as follows:

In Chapter 1, we introduce the main concepts and results from homological alge-
bra that we will be using throughout this thesis. We begin by introducing chain and
cochain complexes of modules, as well as projective modules and projective resolu-
tions, which we use to define the Tor and Ext functors. Afterwards, we define the
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cohomology groups of finite groups and review some of its basic properties. We con-
struct the bar resolution of a finite group and compute the lower degree cohomology
groups with it. Then, we recall the structure of cohomology as a graded-commutative
ring given by the cup product. Furthermore, we give a detailed description of the
Bockstein homomorphisms, which we later use to classify the central extensions of
elementary abelian p-groups of rank two with cyclic kernel of order p. We conclude
the chapter with an introduction to spectral sequences, focusing in particular on the
Lyndon-Hochschild-Serre spectral sequence and its main properties.

In Chapter 2, we describe the cohomology of a finite group in terms of extensions.
First, we give the classical description of Ext using Yoneda extensions. Afterwards,
we introduce crossed extensions in order to describe cohomology groups. We then
define a product of Yoneda extensions with crossed extensions that coincides with
the usual cup product in cohomology.

In Chapter 3, we introduce the concept of depth for the mod-p cohomology ring of a
finite group and state Carlson’s depth conjecture. Afterwards, we compute the depth
of the mod-p cohomology rings of certain quotients of the pro-p group of maximal
class that, moreover, satisfy Carlson’s depth conjecture.

In Chapter 4, we state a theorem by Charlap and Vasquez regarding the compu-
tation of the second differential of the Lyndon-Hochschild-Serre spectral sequence
associated to a split extension of finite groups. Afterwards, we introduce a general-
ization of a result by Siegel that can be used to compute the differentials appearing
in the spectral sequence associated to a split extension of finite groups with cyclic
quotient of prime power order.

In Chapter 5, we compute the Lyndon-Hochschild-Serre spectral sequence of a
family of finite Heisenberg groups of prime power order, up to the infinity page. We
begin by computing the second page of the spectral sequence and its structure as an
algebra, before putting the results from the last chapter to use in the computation of
the second differential. Afterwards, we determine the third page and show that it is
at this point that the spectral sequence collapses. In so doing, we provide one of the
first infinite families of groups of prime power order whose associated LHS spectral
sequences collapse in the same page and are isomorphic. Finally, we compute the
Poincaré series of the cohomology rings.






Review of group cohomology

In this chapter, we will introduce the main concepts and results from homological
algebra that we will be using throughout this thesis. These notions are standard, and
the chapter is mainly intended as a brief introduction in order to fix notation. We
begin by introducing chain and cochain complexes of modules, as well as projective
modules and projective resolutions, which we use to define the Tor and Ext functors.
Afterwards, we define the cohomology groups of finite groups and review some of its
basic properties. We construct the bar resolution of a finite group and compute the
lower degree cohomology groups with it. Then, we recall the structure of cohomology
as a graded-commutative ring given by the cup product. Furthermore, we give a
detailed description of the Bockstein homomorphisms, which we later use to classify
the central extensions of elementary abelian p-groups of rank two with cyclic kernel
of order p. We conclude the chapter with an introduction to spectral sequences,
focusing in particular on the Lyndon-Hochschild-Serre spectral sequence and its main
properties. For a detailed overview of the concepts exposed in this chapter, see
[Bro82], [Eve9dl] and [Wei94].

1.1 BASIC HOMOLOGICAL ALGEBRA

Throughout this chapter, R will denote a commutative ring with unity. Let G be
a finite group. We consider the group algebra RG as the free R-module with basis



G with the product induced by the product in G. The group algebra RG is an
augmented R-algebra, i.e. there is an R-algebra homomorphism ¢: RG — R, called
the augmentation, which is defined by £(g) =1 for g € G.

All the modules we consider will be left modules unless otherwise stated. In general,
we will not need to make the distinction because every right RG-module V' can be
turned into a left RG-module by setting gv = vg~! for g € G and v € V.

1.1.1 CHAIN AND COCHAIN COMPLEXES

Definition 1.1. A chain complex of RG-modules is a sequence of RG-modules of the

form
On

6n+1
c—— Chiq > C), y Cpp —— -

with RG-module homomorphisms d,,: C,, — C,,_; such that 9, o 9,.1 = 0 for all
n € Z. We denote this chain complex by C,. Analogously, a cochain complex of
RG-modules is a sequence of RG-modules of the form

n n—1
) ol g 9 on <3 on—1l ...

with RG-module homomorphisms 9": C* —s C™*! such that "' o 9" = 0 for all
n € Z. We denote this cochain complex by C*.

Definition 1.2. Given a chain complex of RG-modules C,, we define for each n € Z
the n-th homology group of C, as

H,(CL) = Ker 0,

C ImOp.q

Analogously, given a cochain complex of RG-modules C*, we define the n-th coho-
mology group of C* as
Ker 0"
H"(C®*) = ———.
() Im g1

Definition 1.3. Let A, and B, be chain complexes of RG-modules. A chain mor-
phism f: Ay —> B, is a collection of RG-module homomorphisms f,: A, — B,
such that

B A
an—H O fng1=fno an-|—1

for all n € Z.

Whenever we have a chain morphism f: A, — B,, it is easy to see that it induces
an RG-module homomorphism f': H,,(As) — H,(B.).
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Definition 1.4. Given chain morphisms f,g: Ay —> B,, a chain homotopy from f
to g is a collection of RG-module homomorphisms h: A, — B, such that

Jn = gn = hn Oa;?"i_avirlohn

for every n € Z. If there is a chain homotopy from f to g, we say that f and g are
chain homotopic.

The importance of chain homotopies lies in the fact that homotopic chain maps
induce the same morphisms in homology, see [Wei94, Lemma 1.4.5].

It is possible to construct new chain complexes from old chain complexes by taking
tensor products and Hom functors. Given RG-modules V' and W, the tensor product
V ®r W is also an RG-module, with the action of G given by

g(v®w) = gv® gw

for g € G, v € Vand w € W. We can also define an RG-module structure on
Hompg(V, W) by setting
(99)(v) = gp(g~'v)

for g € G, v € V and ¢ € Homg(V,W). Now, if A, and B, are chain complexes
of RG-modules with differentials 94 and 97, respectively, we can define the chain
complex of RG-modules A, ®r B, with

and differential 0,,: (Ae ®r Be)n — (Ae @R Bae)n-1 given by
On(a®b) =04 a) @b+ (—1)"a®d>(b) (1.1)

for a € A, and b € B, with r + s = n. We can also define the chain complex of
RG-modules Homg(A,, B.) with

Hompg(As, Be)n = H Hompg(A,, Bs)

S—r=n

and differential 0,,: Hompg(A,, Bs), — Hompg(As, Be)n—1 given by

(Onf)(a) = 07 (f(a)) = (=1)"f (971 (a))

for f € Homg(A,, B;) with s —r =n and a € A,;.
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1.1.2 PROJECTIVE MODULES AND RESOLUTIONS

In this section, we will recall the concepts of projective and injective modules, after
which we introduce projective resolutions and some of their properties.

Definition 1.5. Let P be an RG-module. We say that P is projective if, given a
surjective RG-module homomorphism ¢g: V' — W, any RG-module homomorphism
f: P — W can be lifted to an RG-module homomorphism h: P — V making the
following diagram commute:

_ P
K
W

Vv > 0

It is easily checked that free modules are projective, although the converse need
not be true in general. Dual to the concept of projective module, we have that of
injective module.

Definition 1.6. Let I be an RG-module. We say that I is injective if, given an
injective RG-module homomorphism ¢g: V' — W, any RG-module homomorphism
f:V — W can be extended to an RG-module homomorphism h: W — I making
the following diagram commute:

We can now define resolutions of modules and their main properties.

Definition 1.7. Given an RG-module V| we refer to an exact sequence of the form

> Py > Py > Py >V > 0

as a resolution of V', and we denote this resolution by P, — V. We say that P, — V'
is a projective resolution if P, is a projective RG-module for every n > 0.

It is well known that every RG-module V' admits a projective resolution (see [Wei94,
Lemma 2.2.5]). The following result, which can be found in [Wei94, Theorem 2.2.6],
shows that projective resolutions are unique up to homotopy equivalence.
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Theorem 1.8 (Comparison Theorem). Let V' and W be RG-modules, P, — V' be a
chain complex of projective RG-modules and Qg — W be a resolution of W. Given
an RG-module homomorphism o: V. — W, there is a chain morphism f: Py — Qs
such that the following diagram commutes:

> Pl > PO
lfl lfo la
> Qo

>

<
J
(@)

Furthermore, f is unique up to chain homotopy.

Definition 1.9. A projective resolution X, — V' is said to be minimal if we have
that Ker0,, C JX, for all n > 0. Here, J denotes the Jacobson radical of RG, i.e.
the intersection of all maximal left ideals of RG.

Given a projective resolution P, — V and a minimal resolution X, — V', we
have that P, = X,® Q,, where (), — 0 is a projective resolution of the zero module.
Furthermore, if V' is a simple RG-module, then both X, ®rs V and Hompgg(X,, V)
have zero differential, see [Eve9l, Section 2.4].

1.1.3 EXT AND TOR FUNCTORS
We will now define the Tor and Ext functors.

Definition 1.10. Let V and W be RG-modules and P, — V be a projective
resolution. For each n > 0, we can define the n-th Tor group

Tor®G(V, W) = H, (P, @pa W).
Similarly, we define the n-th Ext group
Exty(V, W) =H" (HomRG(P., W))

We have that Tor¢(—, —) is a bifunctor covariant in both arguments, whereas
Extho(—, —) is a bifunctor contravariant in the first argument and covariant in the
second.

We will focus on studying the Ext functor. One of the main properties of Ext
is that it can be applied to short exact sequences of modules in order to obtain
long exact sequences of Ext groups. In order to state this fact more precisely, we
will introduce a new concept that will be useful in the next chapter when studying
different characterizations of Ext.

11



Definition 1.11. Let E® be a family of covariant functors E": Modrs — Ab for
n > 0 such that, given a short exact sequence of RG-modules

0 > V1 > V5 > Va > 0

we obtain a long exact sequence

S

» E' (V) —— E"(V2) —— E"(V3)
; )

b b — ) i)

such that given a morphism of short exact sequences of RG-modules of the form

0 > V) > V5 > Vs > 0

LD

\ / \ / \ /
0 % y Vi y Vi

2\
e}

we have a commutative diagram as follows:

E"(V3) —— E"H(V3)

| |

E"(V§) —— E"H(VY)

We say that (E®,§) is a cohomological é-functor, and the homomorphism § is the
connecting morphism. Furthermore, if for every injective RG-module I and integer
n > 0 we have that E"(I) = 0, then (E®,0) is a universal -functor.

If (E*,6) is a universal J-functor, given any other universal §-functor (Eg, dy) with
a natural isomorphism of functors EJ 2 E°, we have natural isomorphisms Ej = E"
of functors that commute with the connecting morphisms for all n > 0, see [Bro82,
Theorem I11.7.5].

Theorem 1.12 ([Mac63, Theorem 10.2]). For a fized RG-module B, the functor
Extha(B, —) is a universal 6-functor.

12



1.2 GROUP COHOMOLOGY

In this section, we will introduce group cohomology and some of its main properties.

Definition 1.13. Let GG be a finite group and V' be an RG-module. For every integer
n > 0 we define the n-th homology group of G with coefficients in V' by

H,(G,V) = Tor®“(R, V),
and the n-th cohomology group of G with coefficients in V' by
H"(G,V) = Extha(R,V).

Definition 1.14. Let R be a commutative ring. We say that an R-module V' is graded
if there are R-submodules V" < V for all integers n > 0 such that V = @~ V™.
The elements of V™ for some n > 0 are called homogeneous and, given v € V" \ {0},
we write degv = n and say that v has degree n.

An R-algebra A is graded if it is graded as an R-module and A" A™ C A™™™ for all
n,m > 0.

Every cohomology group H"(G, V') is actually an R-module. We can thus consider
the direct sum of cohomology groups

H*(G,V) = éH”(G, V),

which is a graded R-module. We will be particularly interested in the case when
G is a finite p-group and R = F,, and we usually refer to H*(G,F,) as the mod-p
cohomology of G.

Remark 1.15. In principle, the ring R on which we take the coefficients matters,
but as can be seen in [Eve91, Section 1], if V' is an RG-module we have isomorphisms

H"(G,V) = Extha(R,V) = Exty(Z,V).
Thus, there is no ambiguity when we write H" (G, V') without specifying the base ring.

When the ring of coefficients is a field, homology is the dual of cohomology (see
[Eve91, Section 2.5] for more details).

Theorem 1.16 (Universal Coefficient Theorems). Let G be a finite group, K be a
field and V' be a trivial KG-module. Then, there are natural isomorphisms of graded
K -vector spaces

H*(G,V) = H*(G, K) @k V = Homg (Ho(G, K), V).
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Cohomology is functorial on the group. Indeed, given a group homomorphism
a: Gy — Gy, for any RGy-module V', we can turn V' into an RGi-module with
action given by gv = a(g)v for g € G; and v € V. Thus, there is an induced graded
R-module homomorphism «o®: H*(G, V) — H*(G1,V). We will be particularly
interested in the morphisms induced by subgroup inclusions and quotient projections.
If H < G, the homomorphism ¢*: H*(G,V) — H*(H,V) induced by the inclusion
t: H — G is called the restriction from G to H, and is denoted by resqg_gy. If
N QG and @Q = G/N, the homomorphism 7*: H*(Q,V) — H*(G,V) induced by
the projection 7: G — @ is called the inflation from @) to G, and is denoted by
inQ_>Gu

Examples 1.17. (i) For finite cyclic groups, there is a particularly simple free
resolution of the trivial module. Let C),, = (o) denote the finite cyclic group
of order n > 1. Consider §,C,, = RC,e;, for any k > 0, where ¢ is the basis
element of SyC,, as a free RC),-module, and 0y : S,C,, — Sp_1C,, given by

D(er) (0 —1)eg_q1, if kis odd,
[ —_=
Rk T(0)ex_1, if k is even,

where T(0) = 1+0+---+0"t € RC,. Tt is easy to see that S,C,, — R is an
RC,,-projective resolution [Eve9l, Section 2.1]. We refer to S,C,, as the special
resolution of C,,. Using this resolution, we can easily compute the homology and
cohomology groups of C), with coefficients in any module. For any RC),-module
V and any element o € RC),, consider the a-torsion submodule

Via] ={v eV | av=0}.

Then, the cohomology groups of C,, with coefficients on V" are

(Ve —1], ifr=0,
VT
r . —[ (0)] , if r > 0 is odd,
H'(Co, V) =4 (0 — 1)V (1.2)
Ve —1] . _
—_— f .
TV if » > 0 is even

It is of particular interest to us the case when we have a cyclic group of prime
power order Cpn with n > 1, and R = F,. From (1.2), we can compute the
mod-p cohomology groups

H'(C,.,F,) =F,
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for all » > 0. Furthermore, in this case the special resolution SqCpn — F), is
minimal and satisfies the properties described at the end of Section 1.1.2, a fact
that will become useful in Section 4.

(ii) Let G be a finite group and K be a field of characteristic p, such that p does not
divide |G|. Then, the group algebra K G is semisimple by Maschke’s Theorem
(see [Ben91, Corollary 3.6.12]), and so every K G-module is projective. In par-
ticular, the trivial KG-module K has a trivial projective resolution. Therefore,
for any KG-module V', we have that H"(G,V) =0 for all n > 1.
1.2.1 BAR RESOLUTION AND LOW DIMENSIONAL COHOMOLOGY GROUPS

The problem of computing cohomology of groups is reduced to finding projective
resolutions of modules, which is not a trivial matter in general. Nevertheless, there
is a certain resolution that we can always construct, namely the bar resolution that
we will now describe.

Let B,,G be the free RG-module with basis

G" = Aol lgal | 9: € G}
and let 0,,: B,,G — B,,_1G be the RG-module homomorphism defined by

n—1
Onlgrl -+ lgn) =gnlgel -+ 1] + D _(=1)'[1] - 1gi-19igi+1gi 2] - - - gn]
i=1

+ (=1)"[g1]- - - |gn-1]-

It is possible to check that B,G — R is a free resolution of the trivial RG-module
[Eve9dl, Section 2.3], called the bar resolution of G. When applying the Hom functor
with an RG-module V', we obtain the cochain complex

C"(G,V) = Hompg(B,G,V) = {maps f: G — V}
with differential 0": C™(G,V) — C""(G, V) given by

0" florl - |gnia) =91f1g2] -+ lgna] + D (=1 flor] -+ - gi-11gigis1|gisal - - - |gn1a]
=1

gl gl

The elements of C™(G, V) are called n-cochains of G with coefficients in V. Also
denote by Z"(G,V) = Kerd™ and B"(G,V) =Imd"! for n > 1 and B*(G, M) = 0.
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The elements of Z™"(G,V) and B™(G,V) are called n-cocycles and n-coboundaries
of G with coefficients in V', respectively. Using the bar resolution to compute the
cohomology of G with coefficients on V', we obtain that

Z"(G,V)

WG Y) = Grd )

for all n > 0.
Sometimes, it is also useful to consider the normalized bar resolution of G, the chain
complex denoted by B,G with B,,G the free RG-module with basis

{[91""|gn]\gﬁélforalllgz‘gn}

and the same differential as before. We have that B,G — R is also an RG-free
resolution. Also denote by C"(G,V), Z"(G,V) and B"(G,V) the normalized n-
cochains, n-cocycles and n-coboundaries, respectively, defined analogously to the non-
normalized case.

Using the bar resolution, we can easily identify the low degree cohomology groups.
First, we have that

HY (G, V)=V ={veV|gv=uvforall g€ G},

the submodule of invariant elements. If the module of coefficients V' is trivial, we
have that
H'(G,V) = Hom(G, V).

When G is a p-group and V' = F,, a minimal generating set {g1,...,gx} C G projects
to an [F,-basis of G/GP[G, G], and we can write

H'(G,F,) = Hom (%,E& =97, -, 9%), (1.3)

where g7 : G — F), is defined by g;(¢;) = 1 and g;(g;) = 0 for j # 1.
The description of the second cohomology group is more involved. We will consider
group extensions of the form

0 s V » F s G > 1

with conjugation of V' inside F induced by the action of G. We will say that two
extensions F; and Es are equivalent, and write Fy = FEj, if there exists a group
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homomorphism f: E; — E5 making the following diagram commutative:

0 > V > B > G > 1

I

0 > V > By > G > 1

Note that, in this case, the homomorphism f must be an isomorphism. Nevertheless,
it is possible to have isomorphic extensions that are not equivalent. Define the set

XExtr(G,V)={0—V —F —G-—1}/=

of equivalence classes of extensions of G by V. Then, it can be shown that there is a
one-to-one correspondence

H*(G, M) = XExt,(G, V).

The correspondence between H?(G, V) and XExt}(G, V) can be described using the
normalized bar resolution. We will explain how to obtain an extension from a 2-
cocycle, for a description of the inverse process see [Bro82, Section IV.3]. Given a
normalized 2-cocycle p € C?(G, V), we can construct a group E, with underlying set
G x V and multiplication given by

(g,0)(h,w) = (gh,h™"v +w + (g, h))

for g,h € G and v,w € M. The group E, fits into the extension

0 >V » B, > G > 1,

and cocycles in the same cohomology class give rise to isomorphic extensions. Note
that in his book, Brown uses conjugation on the left, whereas we write conjugation
on the right, explaining why we write the factors of G x V in that order, and why we
need to take the inverse when defining the product in E,. It is possible to describe
all higher degree cohomology groups in terms of group extensions, as we will do in
Chapter 2.

1.2.2 CuP PRODUCT

The key feature of group cohomology distinguishing it from homology is the fact
that we can define a product of cohomology classes. Equipped with this product,
cohomology acquires the structure of a ring.
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Assume that A is an RG-module that is also an R-algebra, with the product in A
compatible with the action of G. Then, we have a product

H"(G, A) @ H™(G, A) — H™™(G, A)

called cup product, which for cohomology classes ¢ € H"(G, A) and ¢ € H"(G, A)
is denoted by ¢ « 1 € H"™™ (G, A), see [Eve91, Chapter 3] for the details. The cup
product turns H*(G, A) into a graded-commutative R-algebra, i.e. given homogeneous
elements ¢, € H*(G, A), we have that ¢ — ¢ = (—1)d¥de¥y _ . Furthermore,
induced morphisms in cohomology are compatible with the cup product. When R is
a noetherian ring, H*(G, R) is a finitely generated R-algebra (see [Eve9l, Corollary
7.4.6)).

Remark 1.18. Graded-commutative rings of characteristic 2 are commutative in
the classical sense. Otherwise, when the characteristic is not 2, every homogeneous
element of odd degree in a graded-commutative ring is nilpotent.

Examples 1.19. (i) When using the bar resolution, the cup product can be easily
computed. Let ¢ € Z"(G,R) and ¢ € Z*(G, R) represent two cohomology
classes in H*(G, R). Their cup product is given by

(o~ )l |grrs] = el |9 ]l graa| - - |grss)-

(ii) Let C,, = (o) be the finite cyclic group of order n > 1 and A be an RC,-module
with a compatible product over R. After having computed the cohomology
groups of C,, in Example 1.17, following [Eve91, Section 3.2] we can compute
its cohomology ring. The cup product of cohomology classes ¢ € H" (G, A) and
Y € H°(G, A), represented by elements ¢, € A, is given by

o1, if r or s is even,
g = Z (oip)(airp), if r,s are odd.
0<i<j<n

Assume that we have a cyclic group of prime power order Cy» with n > 1,
and take R = [F,. From the previous discussion, we can compute the mod-p
cohomology algebra

Fylx], if p=2andn=1,
Az) ®p, Fplyl, ifp>2o0rn>1,

H* (Cpn, Fp) = {

where degz = 1 and degy = 2. Here, A(z) denotes the exterior F,-algebra
generated by .
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In the case when the base ring is a field, it is possible to compute the cohomology
of direct products in terms of the cohomologies of the factors. See [Eve91, Section
2.5] for a more general version of the following result.

Theorem 1.20 (Kiinneth Formula). Let Gy and Gy be finite groups and K be a field.
There is a natural isomorphism of graded K -algebras

H.<G1 X GQ, K) = H.(Gl, K) XK H.(GQ, K)
We will now give some examples of mod-p cohomology rings of finite p-groups.

Examples 1.21. (i) Let G = Cpn1 X -+ x Cpnr be an abelian p-group of rank r,
and let s be the rank of G?. Using the description of the mod-p cohomology
ring of cyclic p-groups in Example 1.19(ii) and Theorem 1.20, we can see that
the mod-p cohomology ring of G is given by

H.(G]F): A(-le...yl's)®F2[y1,...,y5,$5+1,...,$r], 1fp:2,
s 4L p A(«Tla...,xr)®Fp[y1,...7yr]a 1fp>2,

with degx; =1 and degy; =2 fore=1,...,7.
(ii) In [Wei00], Weigel gave a characterization, for p odd, of the finite p-groups that

have the same mod-p cohomology algebra as a finite abelian p-group. Those
are precisely the powerful p-central p-groups with the (2-extension property.

(iii) Let Dan be the dihedral group of order 2" with n > 3. Then, its mod-2 coho-
mology ring is given by
FQ [l‘, Y, Z]
(zy)
with degx = degy = 1 and deg z = 2, see [AMO03, Theorem IV.2.7].

H*(Dyn, Fy) =

(iv) Let Qan be the generalized quaternion group of order 2" with n > 4. Then, its
mod-2 cohomology ring is given by

]FQ[I7 Y, Z]
(zy, 2% + y*)
with degx = degy = 1 and deg z = 4, see [AMO03, Theorem IV.2.11].

H.(Q2”7 FQ) -

(v) Let G = C3 x (C3 x C3) be the extraspecial 3-group of order 27 and exponent
3. The explicit mod-3 cohomology ring of G was computed by Leary in [Lea92,
Theorem 7], where he gave a presentation of H*(G, F3) as a graded-commutative
F3-algebra consisting of 9 generators subject to 23 relations.
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1.2.3 BOCKSTEIN HOMOMORPHISMS

Group cohomology is defined as an Ext functor and, as such, it possesses the ability
to turn short exact sequences of modules into long exact sequences of cohomology
groups. As a consequence of Theorem 1.12, given a finite group G and a short exact
sequence of RG-modules

0 sV ——= Vs " Vs s 0,

we obtain a long exact sequence

________________________________________________

S HY(G, V) —2 HY(G, Ve) —=— H(G, V3) j

. H™H(G, Vi) = H™HG Vo) = HYTHG,Vs) — -

where for each n > 0, the connecting homomorphism ¢: H"(G,V3) — H"(G,V}) is
obtained as follows (see [Wei94, Section 1.3]). Let P, — R be a projective resolution
of the trivial RG-module. Given a cohomology class in ¢ € H"(G, V3) represented by
a homomorphism ¢: P, — V3, we can lift it to a homomorphism ¢: P, — V5 such
that mo@ = ¢, although ¢ need not represent a cohomology class in H"(G, V3). Now,
we can define
5(p) = o d(p). (1.4)
A family of important examples of connecting homomorphisms are the Bockstein
homomorphisms. Given n > 1, consider the short exact sequence of ZG-modules

0 > IF, LA Z7)p"7 —"— Z/p"Z — 0.

This induces a long exact sequence in cohomology with connecting homomorphism
B.: H'(G,Z/p"Z) — H" (G, F,) called the n-th order Bockstein homomorphism.
If n = 1, the first Bockstein is simply refered to as the Bockstein homomorphism and
denoted by 3. Observe that 5: H'(G,F,) — H" ™ (G,F,) is defined on the elements
of H*(G,F,), and it is one of the Steenrod operations (see [CTVZ03, Chapter 7). If
n > 2, from the commutative diagram

0 —F, 2 Z/p"Z — L)p"'Z —— 0
| | [»
0 » F, —2 Z/p" T —— Z)p"Z —— 0
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we obtain that

s WG, Z)p"L) — (G, Z/p"'Z) 2= H (G, F,) — -

! ! |

. —— H'(G, Z/p"'Z) —— H'(G,Z/p"Z) —22— UG, F,) — -

and an element ¢ € Ker /3, 1 can be lifted to an element ¢ € H*(G, Z/p"Z) such that
m.(®) = ¢. In this case, we can define £,(¢) = B.(¢). Therefore, given an element
¢ € H'(G,F,), we can define inductively 3,(¢) € H(G,F,) whenever £;(¢) is well
defined for all i =1,...,n — 1 and ¢ € Ker f3,,_1, in which case we can lift ¢ to some
element ¢ € H'(G,Z/p"7Z) such that m.(¢) = ¢, and write 5,(¢) = B,(9).

The Bockstein homomorphisms allow us to give a more explicit description of the
mod-p cohomology algebra of a cyclic p-group. Indeed, write Cpn = (o) for n > 1.
We have that H'(Cyn, F,) = (z), where x = o*. It is possible to lift x to some element
i € HY(Cyn, Z/p'Z) such that mo 7 = z if and only if i < n. Therefore, 3;(x) = 0 for
alli=1,...,n—1and 3,(z) # 0. Using the bar resolution, /3,(x) can be represented
explicitly by the 2-cocycle given by

Bu(x)(0',0?) =p™(i+j—(i+j modp")).

Here, the exponents i,j € {0,...,p" — 1} should be considered integers when doing
the computations. Thus, we have that H*(Cyn,F,) = (B.(z)) and, for p > 3 and
n>1,or p=2andn > 2, we can write

H*(Cpn, Fp) = A(z) ®F, Fp[Ba(2)].
For p =2 and n = 1, the first Bockstein is given by

Bi(z) = 22

1.2.4 EXTENSIONS OF ELEMENTARY ABELIAN p-GROUPS

We will now classify the extensions of an elementary abelian p-group with kernel

[F, using the knowledge we have obtained from its mod-p cohomology algebra. For

simplicity, we will restrict our attention to elementary abelian p-groups of rank two.
Let p be an odd prime and

G=0C,xCyp=(a,b|a’ =V =a,b]=1)
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be an elementary abelian p-group of rank two. Then, if we take a*,b* € Hom(G,F,)
as in (1.3), we have that

H*(G,Fy) = (B(a®), B(b), a" = b").

We can classify the different types of extensions in XExtlle(G ,F,) up to isomorphism.
We will use multiplicative notation for the trivial F,G-module V' = C, = (¢). Con-
sider a cohomology class

= A3(a") + puB(b*) + va* — b* € H2(G,1Fp)

with A\, i, v € Fp,. As we discussed in Section 1.2.1, the extension E, has underlying
set G x V and, using multiplicative notation, the group operation is given by

(a/ilbjl, ck‘l)(aizbj27 Ck:z) — (ai1+i2bj1+j27 Ck1+k2+ap(ai1bj1,ai2bj2))
for 0 < iy,i9, 71, J2, k1, ke < p — 1. Consider the elements
a=(a,1), b= (1), ¢=(1,¢).

Firstly, it is clear that 3
& =1la, ¢l =[b,¢] = 1.

Furthermore, for 0 < i <p — 1 we can compute

0, if0<i<p-—2,
N, ifi=p—1,

go(ai, (I) - )‘B(a*)(ai7 a) = {

which allows us to show inductively that
a' = (a',1), @ =(1,c") =¢éN
We can analogously show that & = @. Finally, we have that

ab = (a,1)(b,1) = (ab, ") = (b, 1)(a,1)(1,c) = bae",

and hence [a,b] = ¢. Consequently, we can write

E,={(a,b,¢| & =[a,¢] = [b,¢] =1, a? =&, bP =&, [a,b] = &). (1.5)
There are four possible isomorphism types for the group £, depending on the values
of the parameters A, u, v € F,,. This can be seen by comparing the presentation (1.5)

to the four different isomorphism types of p-groups of order p* and exponent at most
p?, see [Burll, Section VIII.112].
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(i) A =p=v=0, then
E, = Cpx Gy x Cp=(z,y,z |2 =y’ =2 =[1,y] = [,2] = [y, 2] = 1).
(ii) f A # 0 or u# 0, and v = 0, then
B, = CpxCy=(z,y|a"” =y* =[z,y] =1).

(iii) If A = p =0 and v # 0, then

E, 20y (Cpx Cy) =,y 2|2l =y =2" =[z,2] =[y,2] =1, [z,y] = 7).
(iv) f A0 or u # 0, and v # 0, then

E,~Cyx Cp=(z,y|a? =y =1, [1,y] =)

1.3 INTRODUCTION TO SPECTRAL SEQUENCES

We will end the chapter by briefly introducing spectral sequences, which constitute
extremely powerful computational tools from homological algebra with applications
in a multitude of areas throughout mathematics. As such, their definition and initial
properties can be rather generic and abstract. For this reason, after introducing the
most important notation and terminology, we will quickly move on to discussing the
Lyndon-Hochschild-Serre spectral sequence. This specific spectral sequence is one of
the main tools for computing group cohomology, and will take center stage during
Chapters 4 and 5. For a more detailed discussion of spectral sequences, see [McCO01]
and [Eve91, Chapter 7].

Definition 1.22. We say that an R-module V' is bigraded if there are R-submodules
Vs <V for all integers r,s > 0 such that V = @r,s>0 V4. The elements of V™* for
some 7, s > 0 are called homogeneous and, given v € V"™ \ {0}, we write degv = r+s
and say that v has (total) degree r + s.

An R-algebra A is bigraded if it is bigraded as an R-module and we have that
Ars AT C AT for all v s, 8" > 0.

Definition 1.23. A (first quadrant) (cohomological) spectral sequence is a family of
bigraded R-modules {(Ey,dg) | k > 0} where dy: Ep® — Ej 77! satisfies that
drody = 0, and such that Ey,; = H*(Ey,d) for all £ > 0. For each k > 0, we say
that Fj is the k-th page of the spectral sequence and dy is the k-th differential.
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We will usually omit the differentials, and simply write E instead of {(Ej,dy)} for
the spectral sequence. Our spectral sequence FE is concentrated in the first quadrant,
i.e. E° # 0 only if r,s > 0. Thus, for each r, s > 0 there is some k, s > 0 such that
E° = Ey”° forall k > k.. We will write E* = E,”° and say that E. is the infinity
page of E. Furthermore, we will say that E collapses if there is some ky > 0 such
that di = 0 for all £ > 0, in which case Ey, = E.

Definition 1.24. Let H® be a graded R-module. We say that the spectral sequence
E converges to H® if there is a filtration of graded R-submodules FFH® of H® with

for all n > 0, such that
E&s — FTHT+S/FT+1H7'+S (16)

for all r,s > 0. We write
By = H"™.

In general terms, the fact that the spectral sequence E converges to H® means that
the infinity page F., is the graded object associated to some filtration of H®. The
philosophy of working with spectral sequences is that we want to compute a certain
object which is hard to compute, and we find a spectral sequence whose second page
is easy to compute, and that converges to the object in which we are interested. This
is nonetheless notoriously difficult, for two main reasons. Firstly, we usually have no
information on the differentials, nor how to compute them, making it a considerable
challenge to obtain the infinity page. Even after we have solved this problem, there
is still a lifting problem (going from the graded object to the filtered one) stemming
from (1.6). In principle, we might have multiple non-isomorphic filtered modules
whose associated graded object is the same. Nonetheless, if we are working over a
field K, this problem disappears, and we can completely recover the graded K-vector
space H® from the infinity page with

r
n ~v r,n—r
=@
r=0

for every n > 0.

1.3.1 LyNDON-HOCHSCHILD-SERRE SPECTRAL SEQUENCE

We are interested in computing group cohomology and, therefore, we will focus on the
Lyndon-Hochschild-Serre spectral sequence, which helps us compute the cohomology
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of a group that can be obtained as an extension. See [Eve9l, Section 7.2] for a detailed
exposition. Let

1 » N > G > Q ! (1.7)
be an extension of finite groups.

Theorem 1.25. There is a spectral sequence associated to the extension (1.7) of the
form

Ey® = FEy*(G) =H" (Q,H*(N,V)) = H'™(G,V).

The spectral sequence in Theorem 1.25 is called the Lyndon-Hochschild-Serre spec-
tral sequence (LHS spectral sequence for short) of the extension (1.8). Even though
we tend to start at the second page, the zeroth and first pages of E¥ can be identified
as follows. Let Y, — R be a projective RQ-resolution and P, — R be a projective
RG-resolution. Then, we have that

Ey* = Hompg (Y,, Hompn (Ps, V),
E7* = Hompg (Y., H(N,V)). (1.8)

Assume that V' is a noetherian R-module. Then, F}, is a noetherian R-module for all
k > 2 [Eve9l, Lemma 7.4.3]. Furthermore, the spectral sequence E always collapses
[Eve9dl, Lemma 7.4.4].

When taking coefficients on the trivial module, the LHS spectral sequence not only
preserves the structure as an R-module of H*(G, R), but also the cup product. Indeed,
for every k > 2, the page E}, is a bigraded R-algebra, the differential dj satisfies that

dip(zy) = di(2)y + (—1)*8"z dj(y)

for all homogeneous z,y € Ej, and the product on Ej,; is induced by the one on
E). This in turn induces a product on E,, that coincides with the one coming from
the filtration on the ring H*(G, R), which also preserves the product. Moreover, the
product EQS@E;’S/ — EQ*’“””S' on the second page is given by ¢’ = (—=1)"%p < ¢,
where -« denotes the ordinary cup product in cohomology.

As mentioned earlier, if K is a field, we can recover the graded K-vector space
H*(G, K) from just F. It is in general not possible to compute the cup product on
H*(G, K) just from the spectral sequence, without additional information. Neverthe-
less if K is a finite field, then the ring structure of H*(G, K) is determined by that of
E. within a finite number of possibilities [Car05, Theorem 2.1].

We will focus on the problem of computing the differentials in the LHS spectral
sequence in Chapters 4 and 5, where we will see some results that give us explicit
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ways to compute the second differential of some specific types of group extensions.
Nonetheless, we will finish by mentioning some general properties of the LHS spectral
sequence that can be exploited to compute the differentials of some specific elements.
The differential dy': Ey" — E7° can be computed explicitly from the class of the
extension (1.7), see [Eve9l, Lemma 7.3.1] for details. In particular, if the extension is
split then dg’l = 0. Another property that will be useful when computing differentials
is the fact that the LHS spectral sequence is functorial, in the following sense: given
a morphism of group extensions of the form

1 S y G4 > ()1

L

1 > Ny > Go > (D9 > 1

~
—_

and an RGy-module V', for every k > 2 there are induced homomorphisms of bi-
graded R-algebras Ej(G2) — Ei(G1) that commute with the differentials. These
homomorphisms coincide with the corresponding induced morphisms on cohomology.
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Cohomology via extensions

In this chapter, we will describe the cohomology of a finite group in terms of exten-
sions. First, we will give the classical description of Ext using Yoneda extensions.
Afterwards, we will introduce crossed extensions in order to describe cohomology
groups. We will then combine both concepts by defining a product of Yoneda exten-
sions with crossed extensions that coincides with the usual cup product in cohomol-
ogy. For a more detailed account of these topics, we refer to [Mac63, Chapter I11] and
[Niw92] for information about Yoneda extensions; and [Hol79], [Hue80] and [Niw92]
for a discussion of crossed extensions.

2.1 YONEDA EXTENSIONS

Let G be a finite group and R be a commutative ring with unity. In this section,
we will describe the classical characterization of the Ext functor using extensions of
modules, originaly due to Yoneda [Yon92].

Definition 2.1. Let V and W be RG-modules. For every integer n > 1, a Yoneda
n-fold extension ¢ of W by V is an exact sequence of RG-modules of the form

p: 0 y V > M, y M, > W > 0.

We can define an equivalence relation between Yoneda extensions as follows. Let V'
and W be RG-modules and n > 1 be an integer. Given two n-fold Yoneda extensions
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p and ¢ of W by V, we write ¢ = ¢’ if there is morphism of Yoneda n-fold
extensions ¢ — ¢’ of the following form:

p: 0 v s M, s M, s W > 0
¢ 0 >V > M), > M > W > 0

More generally, we say that ¢ is equivalent to ¢, and write ¢ = ¢/, if there is a chain
of Yoneda n-fold extensions of W by V' and morphisms of the form

O = P = Py = 0 = P, = P, = .

It is not difficult to see that this does indeed define an equivalence relation on the set
of Yoneda n-fold extensions of W by V', and the set of all Yoneda n-fold extensions

of W by V up to equivalence will be denoted by YExtph, (W, V).
In fact, the equivalence between two extensions can be described in a simpler way.

Proposition 2.2. Let V and W be RG-modules and n > 1 be an integer. Given two
Yoneda n-fold extensions ¢ and ¢ of V' by W, we have that ¢ = ¢ if and only if
there is a Yoneda n-fold extension p1 of V by W such that ¢ <— ¢1 — ¢'.

Proof. We only need to show that given Yoneda n-fold extensions ¢, ¢, ¢", @1, po of
W by V such that ¢ <= ¢ = ¢’ and ¢ <= ¢y = ", there is another
Yoneda n-fold extension 3 of W by V such that ¢ < ¢35 = ¢”. Suppose then
that we have p <— ¢ = ¢’ and ¢/ <= ¢y = ", which is summarised in
the following commutative diagram:

0 s Vs M, s M, —2 W > 0
T T

0 y V2 X, 5 y X, 2 W > 0
Hn M1

0 » V. —/"3 N, > y Ny —— W > 0
T T

0 sV "5 Y, 5 y Y, — 2 W > 0
Un vy

0 y Vs L, > y L, — 5 W > 0
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Consider, for each i = 1,...,n, the RG-module
Zi = {(xi,y:) € Xi @Yy | puss) = mi(yi) }

Then, can write the following commutative diagram:

0 N N s M, —2 5 W > 0
Pn &

0 N Vi NP s 7 —2 s W > 0
P |

0 S > L, oo y L —5 W > 0

We have thus constructed a Yoneda n-fold extension ¢3 of W by V' with morphisms
© = o3 = ¢". O

Remark 2.3. It is well known that YExtp. (W, V) = Exth(W, V), but we will use
the notation YExt to emphasize that we are considering the description of Ext in
terms of Yoneda extensions.

We can see that YExtge(—, —) is functorial on both components. Let V', V', W and
W' be RG-modules and n > 1 be an integer. Consider the n-fold Yoneda extension
¢ € YExtho(W, V) represented by

14 pP1 PO
0 sV —= M, > Mo > M, s W > 0.

On the one hand, given an RG-module homomorphism «: V — V', we say that
¢ € YExtho (W, V') is a pushout of ¢ via « if there is a morphism ¢ — ¢’ of the
following form:

p: 0 » V > M, s M, > W > 0
o' 0 > V! > M) > My > W > 0

We can always construct the pushout a,p € YExt}o(W, V') represented by the ex-
tension

0 >V’ > NV s M,_1

~

> M, > W > 0,
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where

M, x V'
{0, () [ve V)
On the other hand, given an RG-module homomorphism ¢: W/ — W, we say
that ¢' € YExtRo (W', V) is a pullback of ¢ via ( if there is a morphism ¢ — ¢ of
the following form:

N =

w: 0 >V > M) > M| > W/ > 0
| |k
¢ 0 > V > M, > M > W > 0

We can always take the pullback (*¢ € YExtph, (W', V) represented by the extension

0 > V > M, > Mo > N > W/ > 0,

where

N ={(z,w") € My x W' | po(z) = ((w')}.

Pushouts and pullbacks always exist as we have already mentioned, and are unique
up to equivalence of extensions, see [Mac63, Lemmas 1.2 and 1.4, and Section IIL.5].
Therefore, given a: V. — V', we can define a morphism a,: YExth (W, V) —
YExt%. (W, V') via the pushout construction. Analogously, given (: W/ — W,
there is a morphism ¢*: YExtyo(W,V) — YExtho (W', V) defined via the pullback
construction.

Additionally, given RG-modules V' and W, the set YExt}:.(W,V) can be given
the structure of an abelian group for every n > 1. Suppose that we have two n-fold
Yoneda extensions ¢, ¢’ € YExtpo(W, V). Then, we can construct its direct product
o x ¢ € YExtho (W x W,V x V) in the obvious way. Now, consider the diagonal
homomorphism Ay : W — W x W defined by

Ay (w) = (w,w)
for b € W, and the codiagonal homomorphism Vy : V x V. — V defined by
Vi (v1,v2) = v1 + vg
for vy, v9 € V. We define the Baer sum of ¢ and ¢ to be the Yoneda extension
p+¢ = (Vv)(Aw) (¢ x ¢') € YExtho (W, V).
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Equipped with the Baer sum, the set YExt%,(W,V) acquires the structure of an
abelian group for every n > 1 [Mac63, Theorem 5.3]. Furthermore, the zero element
0 € YExtho(W, V) is the Yoneda extension

0 s V s Vx W s W > 0

for n =1, and

0 s V s V > 0 s () s W s W > 0

forn > 1. If ¢ € YExt}(W, V) is the Yoneda extension

0 sV s M, 2N M, s M, —2 W > 0,
then its opposite —p € YExth(W, V) is the extension
0 s Vo M, N M, S y M, —2 W > 0.

Theorem 2.4 ([Mac63, Theorem 6.4]). Let V' and W be RG-modules. Then, for
every n > 1 there is a group isomorphism Extpho(W,V) = YExtho(W,V) that is
natural in both V and W.

Remark 2.5. We can describe the isomorphism V: Ext}. (W, V) — YExtph (W, V)
explicitly. Let P, — W be a projective resolution of W, and consider the RG-module

P

Q, = Kerd, =~ Imo,. (2.1)

An element ¢ € Extl (W, V) can thus be represented by an RG-module homomor-
phism &: Q, — V. Consider the n-fold Yoneda extension ¢ € YExtph.(W,Q,)
represented by

0 > Q) > Po_1 o > Py > W > 0. (2.2)

Then, we define ¥(§) = &.(v).

We can use Theorem 2.4 to give an alternative characterization of the cohomology
of a finite group.

Corollary 2.6. Let G be a finite group and V be an RG-module. Then, for every
n > 1 there is a group isomorphism H"(G,V) = YExt}o(R, V) that is natural in V.
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As an example, we can describe explicitly how to construct the 1-fold Yoneda
extension in YExt}(R, R) associated to a cohomology class in H'(G, R).

Example 2.7. Let G be a finite group, and take p € H'(G, R) = Hom(G, R). Let
U: Extpg(R, R) — YExtho(R, R) be the isomorphism in Remark 2.5. The 1-fold
Yoneda extension W(¢) is of the form

0 > yR > My » xR > 0, (2.3)

where x and y are the R-basis elements in the corresponding modules. As an R-
module, M is free of rank two, and we can write M; = xR ©r yR. In order to
determine the structure of M; as an RG-module, the only thing left to do is to
compute the action of G on z,y € M;. Because G acts trivial on both xR = M, /yR
and yR < M, the action of g € G on M, is given by

g-r=x+Xy, g-y=y

with A € R. Now, consider the bar resolution B,G — R as defined in Section 1.2.1.
Then, Py = RG and the RG-module ; defined as in (2.1) is nothing more than the
augmentation ideal (G — 1)RG < RG. Thus, the pushout of the extension (2.2) by
@ is given by the following diagram:

0 s y RG ——

lw ode

R
0 > yR > M > TR > 0

From this, we can easily deduce that A = ¢(g), and so the action of g € G on M, is
given by
grrv=x+¢(9y, g-y=y.
We will now see how to define a product of Yoneda extensions. Let V', W and U

be RG-modules and n,m > 1. Take ¢ € YExth (W,V) and ¢’ € YExtph. (U, W).
Then, if ¢ € YExtho (W, V) is of the form

0 >V > N, A > W > 0

and ¢" € YExty, (U, W) is of the form
0 > W y M, y M, y U > 0,

we define their Yoneda product ¢ — ¢' € YExth&™ (U, V) as the extension

O—V-—>N,— - — N — M, — - — M —U—0.
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Proposition 2.8. Let V, W and U be RG-modules and n,m > 1. Then, the Yoneda
product gives a bilinear pairing

YExt7.(W, V) @ YExt7o (U, W) —— YExt:Em(U, V).

In particular, given an RG-module V' then YExt},(V,V) has the structure of a
graded ring with unity when equipped with the Yoneda product.

Remark 2.9. It is easy to see that any Yoneda n-fold extension can be decomposed
in a unique way as a Yoneda product of n Yoneda 1-fold extensions.

We thus have two different products defined on H*(G, R), the Yoneda product and
the cup product. These two products are actually the same, see [Ben91, Proposition
3.2.1].

Theorem 2.10. Let G be a finite group and n,m > 1. Then, the Yoneda product
YExt}ho(R, R) ® YExto(R, R) —— YExtHe" (R, R)
coincides with the cup product
H"(G,R) ® H"(G, R) —— H"™™(G, R).

Moreover, for a fixed RG-module W, the Yoneda product turns YExty.(W, —)
into a d-functor, where the connecting homomorphism associated to a short exact
sequence is nothing more than multiplying by said short exact sequence on the left
[Mac63, Theorem 9.1].

2.2 (CROSSED EXTENSIONS

In Section 1.2.1, we saw how to identify the elements of the second cohomology group
as group extensions. In this section, we will see how to generalize this characteriza-
tion for higher degree cohomology groups, using the concept of crossed extensions.
We remark that most of the properties and constructions of crossed extensions are
analogues to those of Yoneda extensions.

Definition 2.11. Let M; and M, be groups with M; acting on Ms. A crossed mod-
ule is an Mi-invariant group homomorphism p: My — M satisfying the following
properties:
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(i) ply2)xe = xé’?_l for all x9,ys € M, and
(ii) p(xize) = ,o(xg)”““f1 for all 1 € M, and zy € M,.

Definition 2.12. Let G be a finite group, V be an RG-module and n > 2 be an
integer. A crossed n-fold extension of G by V is an exact sequence of groups v of the
form

¥: 0 s VL M, s My, —2 M, y G > 1,
satisfying the following conditions:
(i) p1: My — M is a crossed module,
(ii) M; is an RG-module for every i = 3,...,n, and
(iii) p; is an RG-module homomorphism for every i = 2,...,n.

A crossed 1-fold extension of G by V is a group extension

Y: 0 y V > M > G y 1.

Example 2.13. Let G be a finite group with center Z(G) and group of automorphisms
Aut(G). If we denote by Out(G) the quotient of Aut(G) by the subgroup Inn(G) of
inner automorphismes, i.e. the automorphisms induced by conjugation by elements of
G. Then, we have a crossed 2-fold extension of Out(G) by Z(G) of the form

1 — Z(G) > G > Aut(G) —— Out(G) —— 1.

We can define an equivalence relation between crossed extensions as for Yoneda
extensions. Firstly, a morphism of crossed n-fold extensions is a morphism of exact
sequences of groups

0 > V > M, > > My > M, > G > 1
lfnJrl lfn lf2 J/fl lfo
0 > V! > M > > M, > M > G > 1

such that f; is an RG-module homomorphism for every i = 3,...,n+ 1, and f; and
fo are compatible with the actions of M; and M| on M, and M), respectively. Now,
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let 1) and 1 be crossed n-fold extensions of G by V. If we have a morphism of crossed
extensions ¢ —» ¢’ of the form

2\
N

Y: 0 > V > M, > My > G > 1

I

(N >V > M) > My > G > 1

we write /' = ¢’. In general, we say that v is equivalent to v’, and write ¥ = ¢/,
if there is a chain of crossed n-fold extensions of G by V' and morphisms of the form

Y = Y =y = = Y = Y = Y

This defines an equivalence relation. We will denote by XExt:(G, V') the set of all
crossed n-fold extensions of G by V up to equivalence.

For the case n = 2, we can use the following characterization of equivalent crossed
extensions.

Proposition 2.14 ([Hol79, Lemma 2.5]). Let G be a finite group and V be an RG-
module. Then, two crossed 2-fold extensions of G by V' of the form

P 0 sV -2 My, 2 M, 2 G > 1
0 sV 25 Ny — 5 N, 2 @ > 1

are equivalent if and only if there exists a group X fitting into a commutative diagram
of the form

1 1

N

M, — 2 M,

S
YN A
\NQ/
e N

1 1

satisfying the following properties:
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(a) —12: V — Ny is given by (—m2)(a) = »(—a) fora €V,
(b) the diagonals are short exact sequences,

(¢) propa(V) = pa(Mz) N pa(Na), and
(d) conjugation in X coincides with the actions of both My on My and Ny on Ns.

Remark 2.15. The previous theorem can be generalized for crossed n-fold extensions
with n > 2, see [Hol79, Lemma 3.3]. The proof of these results can be used to prove
an analogue of Proposition 2.2 for crossed extensions.

Proposition 2.16. Let G be a finite group, V be an RG-module and n > 2 be
an integer. Then, every element in XExt}(G, V) can be represented by a crossed
extension of the form

Y: 0 >V > M, > M, > M, s G y 1,
with My abelian.

Analogous to the case of Yoneda extensions, XExtg(—, —) is functorial on both
components. Let G and G’ be finite groups, V and V’ be RG-modules and n > 1 be
an integer. Consider the n-fold crossed extension ¢ € XExtiz(G, V') represented by

p p0
0 >V —— M, > M, > G > 1.

On the one hand, given an RG-module homomorphism «: V — V'  we say that
Y € XExth(G, V') is a pushout of ¢ via « if there is a morphism ¢» — ¢’ of the
following form:

0 s G

> M
> M|

s G > 1

—
~
—_

» V > M,
]
0 > V'’ M’

We can always construct the pushout o,y € XExt,(G, V') represented by the exten-
sion

0
0 sy V7 y N » M,_1 y M, —25 G 1,

where




with the action of M,, on V' being the one induced by pg if n = 1, or trivial otherwise.

On the other hand, given a group homomorphism (: G' — G, we say that ¢’ €
XExth(G', V) is a pullback of 1 via ¢ if there is a morphism 1p — 9’ of the following
form:

0 > V > M) > M > G > 1
| Lk
0 >V > M, » My y G > 1

We can always take the pullback (*1 € XExt%(G', V) represented by the extension

0 sV s M, s M, s N s G > 1,

where
N ={(z,9) € Mi x G" | po(x) = ((g")}-

As for Yoneda extensions, pushouts and pullbacks of crossed extensions are unique,
see [Hol79, Proposition 4.1]. Therefore, given a: V' — V', we can define a morphism
a,: XExth(G, V) — XExty(G, V') via the pushout construction. Analogously,
given (: G’ — @G, there is a morphism (*: XExt%(G,V) — XExty(G', V) defined
via the pullback construction.

Given an RG-module V', the set XExtp,(G, V) can be given the structure of an
abelian group for every n > 1.

Suppose that we have two crossed extensions v, 1" € XExt%(G, V). Then, we can
construct its direct product ¢ x ¢’ € XExti(G x G,V x V) in the obvious way. Now,
consider the diagonal homomorphism Ag: G — G X G defined by

Aclg) = (9,9)
for g € G, and the codiagonal homomorphism Vy : V' x V — V defined by
Vi (v1,v2) = v1 + g
for (vy,v9) € V x V. We define the Baer sum of 1) and ¢’ to be the crossed extension
AU = (Vv)u(Aa) (v x o) € XExti(G, V).

Equipped with the Baer sum, the set XExt’;(G, V') acquires the structure of an abelian
group for every n > 1 [Hol79]. The zero element 0 € XExt%(G,V) is the crossed
extension

0 > V s G XV s G s 1
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for n =1, and

0 >V >V > 0 o > 0 > G > G > 1
for n > 1. If ¢ € XExtz(G, V) is the crossed extension

0 s Vo M, N M, s M, —2 G > 1,
then its opposite —1 € XExt}(G, V) is the extension

0 sV 2 M, N M, s M, —2 G s 1.

Combining Theorem 2.4 with [Hol79, Theorem 4.5|, we finally obtain that the
cohomology of a finite group can be expressed in terms of both Yoneda and crossed
extensions.

Theorem 2.17. Let G be a finite group. For every RG-module V' and every integer
n > 1, there are group isomorphisms

H"™(G, V) =2 YExtHEH (R, V) =2 XExth (G, V)

that are natural in both G and V.

2.3 PRODUCT OF YONEDA EXTENSIONS AND CROSSED EXTENSIONS

We proceed now to define the analogous to the Yoneda product of two Yoneda exten-
sions, this time for a Yoneda extension with a crossed extension.

Definition 2.18. Let G be a finite group, V and W be RG-modules and n,m > 1
be integers. Given a Yoneda n-fold extension ¢ € YExth,(V, W) represented by

0 > W > N, > Nq % > 0,

and a crossed m-fold extension ¢ € XExt} (G, V') represented by

0 > V > M, > My > G > 1,
we define their Yoneda product ¢ — 1 as the extension

0 > W > N, > Ny > M,, > M, y G > 1.
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Remark 2.19. It can be readily checked that the Yoneda product gives a well defined
bilinear pairing

—: YExthe(V, W) @ XExt} (G, V) —— XExtE™(G, W)

by following the analogous proofs for the Yoneda product of two Yoneda extensions,
compare [Mac63, Section II1.5] and [Hol79].

In order to show that the Yoneda product of Yoneda extensions with crossed ex-
tensions coincides with the usual cup product, we will use the universality of Ext as
a d-functor.

For a fixed finite group G, we have that the functor XExty(G, —) is a universal
d-functor with connecting homomorphism given by the Yoneda product, and starting
with XExt(G, —) = Extho(R, —) [Hol79, Section 4]. Then, we apply Theorem 1.12
to obtain that

(XExty(G, =), ) = (Extyi (R, —),8) = (YExt3 (R, —),~ ).

Because both Yoneda products coincide with the connecting homomorphism, they
must be the same, see also Remark 2.9.

Theorem 2.20. Let G be a finite group, V and W be RG-modules, and n,m > 1.
Then, the Yoneda product

YExt}o(V, W) @ XExt} (G, V) —— XExti™(G, W)
coincides with the Yoneda product
YExt}ho(V,W) @ YExth(R,V) —— YExtjZa™ (R, W).

Remark 2.21. In [Con85], Conrad defines an explicit correspondence between crossed
extensions and Yoneda extensions. In fact, starting with a crossed n-fold extension
¢ € XExty(G, V) written in the form of Proposition 2.16, he is able to construct a
(n + 1)-fold Yoneda extension Y () € YExt%5' (R, V) in such a way that the map

T: XExth(G,V) — YExtEE (R, V)

thus defined is an isomorphism for all n > 2. It is possible to use this isomorphism
to give an alternative proof of Theorem 2.20, sidestepping the use of the machinery
of §-functors. Indeed, this is the approach taken in [GGG22, Section 3.2].
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Carlson’s depth conjecture

In order to better understand the mod-p cohomology ring of a finite group G, we
can study its algebraic invariants, such as the Krull dimension or its more exotic
cousin, the depth. It is well known, from a result by Quillen, that the Krull dimen-
sion of the mod-p cohomology ring of G is simply the largest rank of an elementary
abelian p-subgroup of G. As such, the Krull dimension is completely determined by
the subgroup structure of the group G, and its computation does not require any
prior knowledge of the cohomology ring. The same cannot be said of the depth, the
computation of which usually requires determining the structure of the cohomology
ring beforehand. The lack of examples of computations of such rings in the literature
has thus proved a huge hurdle to the study of this invariant. While it is true that
some partial results exist bounding its value, so far no complete characterization of
the depth has been found. In [Car95], Carlson stated a conjecture that links the
computation of the depth of the cohomology ring of G to its detection by certain
families of subgroups of GG. So far, the conjecture remains open. In this chapter, we
will introduce the concept of depth for the mod-p cohomology ring of a finite group
and state Carlson’s depth conjecture. Afterwards, we will compute the depth of the
mod-p cohomology rings of certain quotients of the pro-p group of maximal class that,
moreover, satisfy Carlson’s depth conjecture, using techniques from Chapter 2 and
without first computing the cohomology rings. This chapter is based on [GGG22].
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3.1 DEPTH DETECTION IN COHOMOLOGY

In this section, we will give some background on the depth of mod-p cohomology
rings of finite groups and introduce Carlson’s depth conjecture. For a more thorough
introduction to the topic, see [CTVZ03, Chapter 12]. Let G be a finite group, n > 1 be
an integer and zy, ..., z, € H*(G,F,) \ H*(G,F,). We say that x1,...,m, is a reqular
sequence if the element x; is not a zero divisor in H*(G, F,) and, for every i = 2,...,n,
the element z; is not a zero divisor in the quotient H*(G,F,)/(z1,...,2z;—1) H*(G,F,).

Definition 3.1. The depth of H*(G,F,), denoted by depth H*(G, F,), is the maximal
length of a regular sequence of elements of H*(G,F,).

The computation of the depth of the graded-commutative ring can be reduced to
the computation of the depth of a (classical) commutative ring, so that all the classical
results about depth from commutative algebra hold (see for example [Eis95, Chapters
17 and 18]) and, in particular, every regular sequence can be extended to a regular
sequence of maximal length and the depth is well defined. Indeed, for p = 2 the ring
H*(G, Fy) is commutative, so we can assume that p > 2. It is not difficult to see that,
in Definition 3.1, we can consider only sequences of homogeneous elements. Now,
since every element of odd degree is nilpotent, our regular sequences will consist only
of elements of even degree, and so

depth H*(G, F,)) = depth @ H* (G, F,).
r=0

As we have already mentioned, the depth is related to the Krull dimension, but
while the Krull dimension can be computed simply by studying the structure of the
group, the same cannot be said about the depth, which is considerably more difficult
to compute. In general, this can only be achieved by first computing the cohomology
ring explicitly. Let us state Quillen’s classical result giving us the value of the Krull
dimension of the mod-p cohomology of a finite group, the proof of which can be found

in [CTVZ03, Corollary 8.4.7].

Theorem 3.2 (Quillen). Let G be a finite group and denote by r =1k, G the largest
integer such that G has an elementary abelian p-subgroup of rank r. Then, we have
that

dimH*(G,F,) =r.

We will now see some examples of the value of the depth of the mod-p cohomology
rings of the p-groups in Example 1.21, and compare it to the Krull dimension.
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Examples 3.3. (i) Let G be an abelian p-group with rk, G = r. Then, its mod-p

(i)

(iii)

(iv)

cohomology is given by

Az, .. xs) @ Folyr, ... yy], ifp=2
Az, ...,2) @F, [y, ...,y ], ifp>2,

H*(G,F,) = {

where s = rky G2. It is clear that y;,...,¥, is a maximal regular sequence in
H*(G,F,), and so depthH*(G,F,) = r, which is equal to dimH*(G,F,) = r.

Let Don be the dihedral group of order 2™ with n > 3. Then, its mod-2 coho-
mology ring is given by

H.(DQn,Fz) ==

with degz = degy = 1 and deg z = 2. We can see that z constitutes a maximal
regular sequence, and so depth H*(Dan, Fy) = 1, whereas dim H*(Dan, Fy) = 2.

Let QQon be the generalized quaternion group of order 2" with n > 4. Then, its
mod-2 cohomology ring is given by

F2[$7y72]

H*(Q2n, F2) = 2.7 + )

with degx = degy = 1 and degz = 4. We can see that z constitutes a
maximal regular sequence, and so depth H*(Qan,F2) = 1, which is equal to
dim H.(an,]Fg) =1.

Let G = C3 x (C3 x C3) be the extraspecial 3-group of order 27 and exponent
3. It is known (compare [Lea92] and [Min01]) that depth H*(G, F3) = 2, which
is equal to dim H*(G, F3) = 2.

We will now state some results that give upper and lower bounds on the value of
the depth of a mod-p cohomology ring of a finite group G. First, recall that a prime
ideal p € H*(G,F,) is an associated prime of H*(G,F),) if it is the annihilator of some
¢ € H*(G,F,), i.e. it is of the form

p={veH(G,F,) |- v=0}

The set of all associated primes of H*(G,F,) is denoted by AssH*(G,F,). We can
obtain an upper bound on the depth as follows (see [CTVZ03, Proposition 12.2.5]).
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Proposition 3.4. Let G be a finite group and p € AssH*(G,F,). Then, the following
inequality holds:
depthH*(G, F,) < dimH*(G,F,)/p.

In particular, we have that
depthH*(G,F,) < dimH*(G,F,).
There is also a lower bound on the depth, obtained by Duflot in [Duf81].

Proposition 3.5. Let G be a finite group such that p divides |G|. Given a Sylow
p-subgroup S < G with center Z(S) < S, we have that

1 <1k, Z(S) < depthH*(G,F,).

In order to state Carlson’s depth conjecture, we need to introduce the concept of
detection in cohomology.

Definition 3.6. Let G be a finite group and let H be a collection of subgroups of G.
We say that H*(G,F,) is detected by H if

ﬂ Kerresqg_,g = 0.
HeM

The computation of the depth is intimately linked to detection on certain families
of subgroups. Given a finite group G and a subgroup E < G, let Cg(E) denote the
centralizer of £/ in GG. For s > 1, define the following:

Hs(G) = { Ce(E) | E is an elementary abelian p-subgroup of G, rk, E = s},
wa(G) = min { dim H*(G,F,)/p | p € AssH*(G,F,)},
wa(G) = max {s > 1 | H*(G,F,) is detected by H,(G)}.

Theorem 3.7 ([Car95, Theorem 2.3]). Let G be a finite group. Then, the following
inequalities hold:
depthH* (G, F,) < wa(G) < wy(G).

In fact, in the same article, Carlson conjectured that the previous inequalities are
actually equalities.

Conjecture 3.8 (Carlson). Let G be a finite group. Then, we have that
depth H*(G,F,) = w,(G) = wa(G).
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Remark 3.9. The equality w,(G) = wq(G) always holds. This follows from combin-
ing Theorem 3.7 with [Car95, Remark 3.5(a)].

A particular case of Conjecture 3.8 was proven by Green in [Gre03, Theorem 0.1],
and Theorem 3.7 was generalized in the context of compact Lie groups (see [Kuh13,
Theorem 2.30] and [Kuh07, Theorem 2.13]) and saturated fusion systems (see [Hea20,
Theorem 4.16]).

3.2 FINITE p-GROUPS OF MOD-p COHOMOLOGY DEPTH AT MOST 2

In this section, we will introduce the family of p-groups under study and provide an
initial bound on the depth of their mod-p cohomology. Let p be an odd prime number,
let Z, denote the ring of p-adic integers and let ¢ be a primitive p-th root of unity.
Consider the cyclotomic extension Z,[¢] of degree p — 1 and note that its additive
group is isomorphic to Z2~!. The cyclic group C, = (o) acts (on the right) on Z,[(]
via multiplication by (, i.e., for any x € Z,, the action is given as 27 = (x. Using the
ordered basis 1,(,..., (P % in Z,[(] = Zgil, this action is given by multiplication by
the matrix

0O 1 0 0
0O 0 1 0
o o0 0 ... 1
-1 -1 -1 ... —1

We form the semidirect product S = C, x Zg_l, which is the unique pro-p group of
maximal nilpotency class. Note that this is the analogue of the infinite dihedral pro-2
group for the p odd case. Moreover, S is a uniserial p-adic space group with cyclic
point group C,, (compare [LMO02, Section 7.4]). We write [z,; 0] = [z, 0,.%., o] for the
iterated group commutator and v for the k-th term of the lower central series. Set
Ny = Z,[¢] and define, for each integer ¢ > 1, the subgroup

Ni = (¢ = 1)'Zy[¢] = [Noyi 0] = 7i41(S5).

These are all the Cp-invariant subgroups of Ny, and all successive quotients satisfy

that
N o Zp[(]

Nigi (C=1)Z[¢]
Hence, | Ny : N;| = p* for every i > 0. For each integer r > 0, consider the quotient
No/N, = Z,[C]/(¢ — 1)"Z,[¢]. Since the subgroups N, are Cj-invariant, we can form

12

c,.
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the semidirect product

N,
G, = C, X FO (3.1)

For each integer r with 1 < r < p, we can choose a minimal generating set for
Ny/N, as follows. Consider the elements

aw=1+N,, a=(C-D+N, ..., a,=(C-1"" +N,

Using multiplicative notation, we obtain that

N r
ﬁz(@l,...,aQ%CpX---XCp,

and thus,
NO ~ r
GTZCPIXF:CPIX(CPX---XCP),
generated by the elements o, a4, ..., a, satisfying the following relations:
o o’ =dl =la;,a5] =[a,,0)=1foralli=1,...;,rand j=1,...,r — 1,
e laj,0] =aj forallj=1,....r—1.

The finite p-group G, has size p"*! and exponent p. Note that in particular, Gy is the
extraspecial group of size p® and exponent p. In general, if we write r = (p—1)-n+m
with n,m > 0 integers such that m < p—1, then G, can be described as a semidirect
product

No

G, = Cp X (Cpnr1 X X Cynsr X Cpn X P07 X Cpn) = € X N

where Ny/N, is the maximal abelian p-subgroup of G,.. Hence, if r > p — 1, then G,
has size p"*! and exponent bigger than p.

We can easily bound the depth of the mod-p cohomology of GG, using the results
from Section 3.1.

Proposition 3.10. For every integer r > 1, the following inequalities hold:
1 < depthH*(G,,F,) < 2.

Proof. The inequality 1 < depthH*(G,,F,) holds by Proposition 3.5. Let us prove
that H*(G,,F,) < 2. First, suppose that p = 3. Then, for every r > 1, we have that

tk,(G,) =2 =dim H*(G,,F,),
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and by Proposition 3.4, we conclude that depth H*(G,,F,) < 2.

Now, suppose that p > 5. It can be readily checked that, for any r > 1, every
elementary abelian p-subgroup E of G, with rk,(E) = 3 satisfies that £ < Ny/N,,
and the centralizer is Cg, (E) = Ny/N,. Therefore, for every such E, its centralizer
Cg, (E) is contained in the maximal subgroup Ny/N, of G, and the cohomology
class 0* € H'(G,,F,) restricts to zero on every Cg, (E). Hence, by Theorem 3.4, we
conclude that depth H*(G,,F,) < 3. O

3.3 FINITE p-GROUPS OF DEPTH ONE MOD-p COHOMOLOGY

Until the end of Section 3.3, we assume that p > 3 is a prime number, that r is an
arbitrary but fixed integer satisfying 1 < r < p — 1, and that G, is the finite p-group
described in (3.1). The aim of this section is to prove that depthH*(G,,F,) = 1.
To show the result, we construct a non-trivial mod-p cohomology class in H*(G,,F,)
that restricts trivially to the mod-p cohomologies of the centralizers of all rank 2
elementary abelian subgroups of G,.. Then, wy(G,) = 1 and Theorem 3.7 yields that
depthH*(G,,F,) = 1.

We begin by constructing a cohomology class 6, € H*(G,,F,) that is a cup product
of a Yoneda 1-fold extension and a crossed 1-fold extension. We will use multiplicative
notation and write C, instead of IF, when seen as a subgroup rather than as a module.

We start by defining a cohomology class in H'(G,,F,) = Hom(G,,F,). To that
aim, consider the homomorphism ¢*: G, — F,. Following Example 2.7, the class
o* € H'(G,,F,) can be represented by the Yoneda extension

1 —— Cp=(ayp2) — C, x Cy, —— Cp = (ay41) — 1,

where the action of G, on C, x C, = (4,11, ar42) is described by

9 _ a*(9) 9  _
for g € G, set aj,, = arp10,5°, @l o= a4

We continue by defining a crossed 1-fold extension 1, € H*(G,,F,) as follows. Let

Ny Ny Ny
A X >
Nyy1 Ny N1

be the alternating bilinear map satisfying
A(@r_1,a,) = ar41 and A (a;,a5) =0, for all ¢ < j with (4, 5) # (r — 1, 7).
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Now, define (Ny/N,11)a, to be the group with underlying set Ny /N,y and with group
operation given by

T Ay = 2yd(z, )"/

for z,y € No/Nyy1.

Remark 3.11. The group (No/N,y1),, is an extension of the elementary abelian
group Ny/N, of rank r by C, that, by following Section 1.2.4, can be identified with
the extension class a’_; « a* € H*(Ny/N,,F,). Consequently, we can write

(No/Nys1)a, = (a1, ..., ar41)

with the generators subject to the following relations:

o af = laj,a5] = la;,a,41) = 1, for every i = 1,...,r +1, j = 1,...,r and
k=1,...,r—2, and

® [ar—h ar] = Qpy1-

Finally, define the p-group G, = Cp % (No/Ny41)a, of size ]@T] = p"*2 and exponent
p. Let n, € H2(GT,FP) be the cohomology class represented by the crossed 1-fold
extension

1 — Cp = (a,4+1) y G, > Gy > 1. (3.2)

Then, we define the cohomology class 0, = o* < 5, € H*(G,,F »), which is represented
by the crossed 2-fold extension

~
—_

1 > Cp » Cp x Cp yes > G (3.3)
After constructing 6., we need to show that it is not trivial.

Proposition 3.12. The cohomology class 0, constructed in (3.3) is non-trivial.

Proof. Assume by contradiction that 6, = 0. Then, by Proposition 2.14 there exists
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a group X such that the following diagram commutes:

1 —— s —— 1
1 1
We have that X = (7,a4,...,a,42) with elements 7,a;,...,a,41,0,42 € X that
satisfy
Uy = p(a,40), V(@) =0 and v(a;) =a;foralli=1,...;r+1,

and we have that Z(X) = (a@,42) and 7.(X) = (@, @r11, @r12). Consider the normal
subgroup
Y = <ar717 Qpy Qpy1, C_Lr+2> g X7

which fits into the following commutative diagram:

42) —

—~

S
3

Ar—1, Ay, +1>

S
3

(ar_1,a,) — 1

NS
SN,/
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Then, we have that Z(Y) = (@,41, Gr12), and moreover,
0,V 7(X)] = [%(X),%(X)] =1 and [(X),5,Y] = [Z4(Y), Y] = 1.

Therefore, the Three Subgroup Lemma (see [Rob96, 5.1.10]) leads us to the conclusion
that [Y, ¥ (X), (ﬂ = 1. Nevertheless, using that [a,_1, a,] = G,11, we can show that

Y, (X),0] = [2(Y),6] = Z(X) #1,
which gives a contradiction. Hence, we have that 6, # 0. [l

Now that we know that 6, # 0, we show that for every elementary abelian subgroup
E of G, of p-rank rk, E = 2, the image of 0, via the restriction map,

m&bxmﬁc,iH%GmFg-—»}ﬁ(CGJE%FQ,

is trivial, i.e., resc. (p)—»a, 0 = 0. This will imply that the cohomology class 0, is
not detected by Ha(G,).

Proposition 3.13. Let £ < G, be an elementary abelian subgroup with rk, £ = 2.
Then, resc,, (p)y—a, Or = 0. Consequently, we(G) = 1.

Proof. We can distinguish two types of elementary abelian subgroups £ < G,., either
E <{ay,...,a,) or E £ {ay,...,a,). Assume first that £ < (ay,...,a,). Then, we
have that Cg, (E) = (a1, ...,a,) and resc, (5, 0° = 0. Therefore, we obtain that

rescg, (B)—a, O = (tescy (p)—a, 0°) ~ (vesc, (m)—a, M) = 0.

Assume now that E £ (ay,...,a,). Then, E = (b,a,) with b = ox for some
x € {ay,...,a,_1), and Cq, (F) = E. Moreover, rescg, (E)—G, N 18 represented by the
extension that is obtained by taking the pullback of 7, via the inclusion ¥ — G,,
as illustrated in the following diagram:

1 —— {(ap41) — E= (b, ay, ary1) > B > 1
1 —— (a;41) > (A}r > Gy > 1

Observe that E = C, x (C, x C,) is the extraspecial group of order p* and exponent
p. Hence, resc, (p)-a, - 18 represented by the extension

1 —— Cy=(a,1) — E=C,x (C, x C)) — C, x C, = (b,a,) — 1.
(3.4)
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Consider ay,b* € Hom(G,,F,). As discussed in Section 1.2.4, the extension class
of (3.4) coincides with the cup product b* « af, and so rescg, (B)=G, e = 0* ~ a;.
Consequently, we obtain that

* * *
resc, (B)—»G, Or = (tescy (B)=a, 0°) ~ b~ ay =0,

as the product of any three elements of degree one is trivial in H*(E, [F,). In particular,
this means that H*(G,, F,) is not detected by Hs(G,), and so wy(G,) = 1. O

We are finally ready to compute the depth of the mod-p cohomology ring of G, for
1<r<p-1.

Theorem 3.14. Let p > 3 be a prime number, let r be an integer with 1 <r < p—1
and let G, be given as in (3.1). Then, depthH*(G,,F,) = wq(G,) = 1.

Proof. By Proposition 3.10, we know that 1 < depth H*(G,,F,), and Proposition 3.13
yields that wy(G) = 1. Then, by Theorem 3.7, we conclude that

depthH*(G,,F,) = wq(G,) = 1.

3.4 (CONCLUSION AND FURTHER WORK

We have managed to compute the depth of the cohomology rings H*(G,,F,) for
1 <r < p—2 without first computing the rings themselves.

In particular, by Proposition 3.10 we obtain that, for p > 3 and » > p — 1, the
inequality depth H*(G,,F,) < 2 holds. We observed that if we mimic the construction
of the mod-p cohomology class 6, in (3.3) for such p-groups, it is no longer true that
its restriction in the mod-p cohomology of the centralizer of all elementary abelian
subgroups of GG, of rank 2 vanishes. Moreover, for the p = 3 and r» = 2 case, G5 is the
extraspecial 3-group of order 27 and exponent 3, and it is known that the depth of
its mod-3 cohomology ring is 2 (compare [Lea92] and [Min01]). We believe that this
phenomena will occur with more generality and we propose the following conjecture.

Conjecture 3.15. Let p be an odd prime, let » > p — 1 be an integer, and let

Ny
GT:CPKF’,‘

be as in (3.1). Then H*(G,,F,) has depth 2.
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The above conjecture is known to be true for the particular cases where p = 3 and
r =2 or r = 3. In these two cases the mod-p cohomology rings have been calculated
using computational tools (see [Kinl5]). Another argument supporting the validity
of the conjecture is that, for a fixed prime p and r > p — 1, the groups G, have
isomorphic mod-p cohomology groups; not as rings, but as [F,-modules (see [Garl8]).
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Computing differentials in spectral
sequences

One of the most powerful tools for computing the cohomology of a group is the
Lyndon-Hochschild-Serre spectral sequence, which allows us to compute the cohomol-
ogy of a group in terms of the cohomologies of its normal subgroups and quotients.
The main difficulty in using spectral sequences lies in the fact that there are no general
methods for computing the differentials that appear. In this chapter, we will state
a theorem by Charlap and Vasquez [CV69] regarding the computation of the second
differential of the Lyndon-Hochschild-Serre (LHS) spectral sequence associated to a
split extension of finite groups. Afterwards, we will introduce a generalization of a
result by Siegel [Sie96, Corollary 2] that can be used to compute the differentials ap-
pearing in the spectral sequence associated to a split extension of finite groups with
cyclic quotient of prime power order. This chapter is based on [GG23].

4.1 A FORMULA FOR THE SECOND DIFFERENTIAL OF A SPLIT EXTENSION

Consider the extension of groups

1 s N

~
@
~

QO
~
—_
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and its LHS spectral sequence £ = FE(G). From the properties in Section 1.3.1,
for each k > 2 it is only necessary to compute the differential of a finite number of
elements of Ej, namely the generators of E, as an R-algebra. However, there are
no general methods for computing these differentials. In this section, we will state
a theorem by Charlap and Vasquez [CV69] regarding the computation of the second
differential of the LHS spectral sequence associated to a split extension of finite groups
and then provide a generalization of [Sie96, Corollary 2| for split extensions of cyclic
p-groups of any order.

We start by introducing the necessary definitions and notation to state the afore-
mentioned result by Charlap and Vasquez. Let p denote an odd prime number and
assume that G = Q) X N is a split extension of () by the finite group N and let V' be
an [F,G-module with trivial N-action.

Let X, — F, be a projective F,G-resolution, let B,() — F, be the F,Q-bar
resolution from Section 1.2.1 and let P, — F, be the minimal [F, N-resolution. Note
that H*(N,V) = Homg,y(F,, V) due to the resolution being minimal, as noted in
Section 1.1.3. Then, we can identify the zeroth and first pages of the LHS spectral
sequence F = F(G) associated to the split extension of () by N following (1.8) as

EO = HomeQ (Bon HomeN(Xu V))a
By = Homg, g (B.Q, Homg, n(Fe, V). (4.1)

For each g € @, we write P¢ for the IF,/N-complex with underlying [F,-complex P,
and N-action given by

1

for he N and z € P,, set h-z=h? x.

It is clear that P — [, is a projective [F, N-resolution for every g € ). Also,
recall that, for i > 0, we write Homg, y(P,, P¢); to denote ]2, Homg,n (P, Py.;).
Then, for each g,¢" € @ the Comparison Theorem guarantees (see [Ben91, Theorem
2.4.2 | and subsequent remark) the existence of maps A(g) € Homg,y(P,, PY)o and
Ul(g,g') € Homp, n(PW, P#9'); satisfying the following conditions:

(i) 0o A(g) —A(g) o0 =0and co A(g) —e =0, and

(ii) Do U(g,9') + Ulg,9') 0 9 = Algg') — Alg) o Alg').

Theorem 4.1 ([Sie96, Theorem 1]). Let A and U be as above. Let r > 0,s > 1 and
suppose that ¢ € E3° is represented by f € Hompy,q(B,Q, Homg, n(Ps, V). Then,
do(C) is represented by (—1)"Day(f), where

Do(f)[g1] -+ [gr+2) = 91920 flgs| -+ |gr12) 0 Ulgz ', gi7t).
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4.2 COMPARING RESOLUTIONS FOR CYCLIC GROUPS

Although the previous result is for a split extension of a general finite group @, it
requires the use of the F,Q-bar resolution of F,. In [Sie96], the previous result was
extended for the minimal resolution of a cyclic group () of size p. We generalise
Siegel’s result to the case where QQ = Cp» is a cyclic p-group of size p”, with n > 1.

In order to use Theorem 4.1 for this situation, we need explicit chain maps between
the bar resolution B,() — F,, and the special resolution SeQQ — T, that we defined
in Example 1.17. We will abuse notation and denote the differentials of both reso-
lutions in the same way, as the notation of the elements to which we are applying
them makes it clear which differential we are using at each moment. Let us recall the
definitions of the differentials of both resolutions. For k > 0, the differential of the
special resolution 0y : §,QQ — S,_1 Q) is given by

o—1)ep_y, if kis odd,
ak(ek):{( )kl

T(o)eg_1, if k is even,

and the differential of the bar resolution O : BrQ) — Bi_1Q is given by
k-1
Oulo™ |-+ 10™] =0 (o] o] + 3 (=10 |+ oot [g2] o
7j=1
+(=1)f[o" -

We will now define a pair of chain maps between the special and bar resolutions
resolutions. These maps were originally defined by Siegel in [Sie96] for n = 1.

o]

Proposition 4.2. The F,Q-module homomorphism 0: BsQ) — S.Q) defined by

9[] = €0,
e[ail] = Til(a>61>

Bl |- -« |oio*] = {% if injo1 +ip; 2 p" for all 1 < j <k,

0, otherwise,
11 1
o . - Joimnt] = | 2 ant = Tul@emrn, iyt gy 2 9" for all 12 <
0, otherwise,
for k> 1and 0 <iy,..., 09,11 < p", is a chain map.
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Proof. Let us show that € is a chain map. To that aim, we need to prove, for all
k > 1, the equalities

(8 o —0o 8)(BQkQ> = (a of—0o 8)(ng+1Q) =0.

We will begin by showing that (0 06 — 0 0 0)(Bg, Q) = 0. Observe that, for every
1 <j <k —1such that i9; + 7941 > p" and 4941 + 2542 > p", we have that

(i9j +i9j41 mod p") +igjyo = doj +igjy1 — D" +igjpe = 95 + (lgj41 +i2j42 mod p"),
and thus
Olo™ |- - - |otiitt|g2i2| ... |g2] = Qo™ ] - - - |o"2 gt T2 | L | gtk (4.2)

Also note that, by definition, if there is some 1 <[ < k — 1 such that ig; +ig1 < p",
then
Olo™|- - |o™2 |- ‘gla‘ﬂjﬂ‘ ce]ot*] =0, (4.3)

for every 2l + 2 < j < 2k — 1. Likewise, the existence of some 1 < m < k such that
Tom—1 + tom < P implies that

Ol |- - gl g2 .. |g"2k] = 0, (4.4)

for every 1 < j < 2m — 3.
In order to show that 0 o 8(BgyQ) = 0 o I(BayQ), we need to distinguish four
different cases:

(i) There are a smallest 1 < [ < k — 1 such that iy + 941 < p", and a largest
1 < m < k such that is,,_1 + 19, < p™.

On the one hand, we can easily see that
Do bl o] = 0.
On the other hand, for m > [ + 1, it is clear that
0odlo"|- - |o"*] = 0.
Furthermore, (4.3) and (4.4) yield that, for 2 <m <1+ 1,

2[+1
oo |--|o™] = Y (=1)0[c" |- || o], (4.5)

j=2m—2
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If 2 <m <, using (4.2), the expression (4.5) is reduced to

!
0o 0lo 11’ |ngk] — Z (9{011| L |O.’L'2t+’L'2t+1| o |0-i2k]

t=m—1
— g[gil‘ .. ’Ui2t+1+i2t+2‘ o |0i2k])
= Qo] - - || L g2k
=0l o g
O[] g
Ol o
2 (0

Likewise, if m = [ 4 1 we obtain that

6o a[ai1| e |0z‘2k] - g[ai1| .. |O.i2mf2+i2m71| L |o_i2k]
— 0[0i1| <o |0'i2m*1+i2m| ... |Oi2k]
=T (0)ear—1 — Tiy (0)ear—1
= 0.

Finally, if m = 1 then

20+1

9001 --19] = 0(0 0%+ Jo]) 4 3Ol o fot [

— Q(Uil [gi2’ .. |012k]) _ (9[ 11+12’ .. |gi2k]
9[011| o ‘Ui2z+i2z+1’ - |Ji2k]
_ 9[0i1| . |O-i21+1+i21+2| . |0-i2k]

= 0" T}, (0)ean—1 — Tiyyiy(0) €1 + T, (0)eap—1 — 0
=0.

(ii) There is a largest 1 < m < k such that ig,,—1 + G2, < ", but ig; + igjy1 > p"
for every 1 < j < k — 1. On the one hand, we can easily see that

Do bl o] = 0.
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On the other hand, for m > 1, using (4.2) and (4.4) we obtain that

2k—1
0ol |+-lo] = 30 (1Bl o o] 4 6o o
j=2m—2
— 9[0’i1| . |O-7;27n72+i27n71’ . |O-i2k]
_ Q[Jh’ . |0-7:2mfl+i2m| . |O.i2k] 4 9[0-2'1| . |0-i2k71]
=0—T; (0)ea—1 + T, (0)ear—1
=0.

Likewise, for m = 1, (4.2) and (4.4) yield that

0o 8[011‘ o ’0_1'%] _ 9(0_1'1 [O,i2| R ‘Uizk]) _ 9[0i1+i2’ - ‘o’i%] + Q[Gil‘ - |0"L'2k—1}
= 0'i1T’i2 (0')621671 - T’i1+i2 (0>62k*1 + ﬂl (0>62k71 —0
= 0.

(iii) There is a smallest 1 <1 < k — 1 such that iy + i1 < p", but ig;_q +iy; > p"
for every 1 < j < k. On the one hand, we can easily see that

doflo™|---|o"*] = T(0)ep_1.
On the other hand, (4.2) and (4.3) yield that

20+1

6000 |-+ o] = B(o™ (0] -+ |0™]) + 3 (~1)7lo™ |+ o] [
=1

— 9(0.1'1[01'2’ L. ‘O'i%]) _ (9[0'i1+i2’ . |0i2k]
4 9[0i1| o ‘ai2z+i2z+1’ . |Ui2k]
_ Q[Ui1| o |Ui21+1+7521+2| S ‘g@ék]

= 0" T, (0)ean—1 — Tiypi—pn (0)ean—1 + Tiy (0)eap 1 — 0
= T(U)ezkfy

(iv) For every 1 < j < k, we have that i9;_1 +1i2; > p", and for every 1 < j' < k—1,
we have that iy;0 + 92541 > p". On the one hand, we can easily see that

doblo"|---|o"] = T(o)egp-1.
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On the other hand, (4.2) yields that
00010 - o] = 00" [0 - ")
2k
+ Z(_l)j9[0i1| oottt
j=1
+ 000" o

= 0" Ty, (0)ean1 — Tiyvin—pr(0)ear1 + 0+ Ty (0)ep
= T(U)GQk_l-

Now, we will see that (000 —6000)(Bax1Q) = 0. Observe that, for every 1 < j <k
such that i9; +i9;41 > p™ and i9;_1 + 19; > p", we have that

(igj—1+1i2; mod p")+igjqy1 = dgj_1 +i9; — " +igjp1 = t9j-1+ (izj +i241 mod p"),
and thus
g[aily . ‘0i2j71+i2j‘gi2j+1’ - ‘0i2k+1} — g[gil‘ - ’Uizjfl |0i2j+izj+1‘ - ’Ui2k+1]' (4.6)
Also note that, if there is some 1 <[ < k such that o + ig 1 < p", then
O™ |- - - ol g™ gt ] = 0, (4.7)

for every 1 < 5 < 2] — 2. Likewise, the existence of some 1 < m < k such that
Tom—1 + tom < P implies that

Olo™ |- |o™2m |- [glithr| .. |glnt] = 0, (4.8)

for every 2m + 1 < j < 2k.
In order to show that 0 o 8(Bax11Q) = 0 0 O(Bax1+1Q), we need to distinguish four
different cases:

(i) There are a largest 1 < [ < k such that iy +ig 1 < p", and asmallest 1 < m < k
such that i9,,_1 4+ 72, < p". On the one hand, we can easily see that

Do bl |o'+1] = 0.
On the other hand, for m < [ it is clear that
0odo"|---|o"+1] = 0.
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Furthermore, (4.7) and (4.8) yield that, for m > [,

2m
0000 -0 = Y (=1)Y0[0" |- |l o], (4.9)

j=21—1

If m > [, using using (4.6), the expression (4.9) is reduced to

00 Do |-+ |01 = =0 |-+ o ]
o B I
— Qo] - |glrmrtEm || gk
+ 9[0i1| .. |gi2m+i2m+1| .. |gi2k+1]
=0+ ey —e +0
=0.

Likewise, if m = [ we obtain that
0o 8[0-7;1’ . |0.i2k+1] — _9[0i1| .. ‘0i2m—1+i2m’ - |Ji2k+1]
+ 9[011‘ . ’O.i2m+i2m+1‘ .. ’0i2k+1]
= 0.
(ii) There is a largest 1 <1 < k such that iy + iy41 < p™, but ig;_1 + ig; > p” for
every 1 < 7 < k. On the one hand, we can easily see that
dof[c"|---|o"+1] = 0.
On the other hand, (4.6) and (4.7) yield that

2k
000" |-+l = 3 (<170l |-+ [o ] ] — g7 o
j=21—1
_ _9[0i1| . |0.i21—1+i2l| e |gi2k+1]
+ 9[0i1| L. |ai21+i21+1’ ... |0’i2k+1] — Q[Oil‘ < ’Ui%]
=0+ eg — €9

=0.

(ili) There is a smallest 1 < m < k such that ig,,_1 + iz, < p", but igj + igj41 > p"
for every 1 < j < k. On the one hand, we can easily see that

0o b[o"| - |o"=+] = (0™ — D)ex.
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On the other hand, (4.6) and (4.8) yield that
00000"+ o] = 0(o" ol o)
+ Z 19 z1| ’O—ij+ij+l| .. ‘amH]
— 9(0.11[ 12| . ‘0-12k+1]) _ (9[0.1'1| . |O-i2m71+i2m‘ o ’0i2k+1]
+ 9[0i1| e |gi2m+i2m+1| . |gi2k+1]
= o'legy, — g, + 0
= (O'il - 1)62k.

(iv) For every 1 < j <k, we have that iy;_1 +i9; > p" and ia; + ig;41 > p™. On the
one hand, we can easily see that

doflo"| - |o"+1] = (0" — D)eyy.
On the other hand, (4.6) yields that
6o a[gil‘ - ’0i2k+1] _ 6( il[ 1'2’ e |O-i2k+1])

+Z L R e B

0ot o]
=0"ey +0 — egp
= (0" — 1)eg.

Finally, we can easily check that (€06 —¢)(ep) = 0 and (0o — 600 )(e;) =0
allowing us to conclude that # is a chain map. O

Proposition 4.3. The F,Q-module homomorphism 1n: SeQ) — B,Q defined by

77(60) = Hv
n(e1) = [o],
n(ear) = "ol -~ |o™ o],

for k> 1, is a chain map.
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Proof. Let us show that 7 is a chain map. To that aim, we need to prove, for all
k > 1, the equalities

(ao n—mo a)<82kQ> - (807] - noc9)(82k+1Q) =0.

We will first show that (0on—mn00)(eg) =0 for k£ > 1. On the one hand, because

the initial sum covers all possible exponents 0 < ¢y,...,7, < p", it is easy to see that
k—1 k—1
ORI B e R S D S S ol EP e h Lo Rt
0<iy ..y <p™ j=1 0<i1,ennyin<p™ j=1
S elet = 3 ool
0<i1,..0,b, <P™ 0<01,..0,0 <p™

and so we have that

vonfen) =0 3 lolol--la"lo])

0<i1,.., ik <p™

. (ai1[0|0i2|--'|0ik|0]

0<iy,...,i5<p"

k—1
= Y lo - olo g o o] — [0 [o]o ]
j=1

k—1
# Yo" lolalo o]+l o] + [0 -+ ol
j=1

= ) d"olo®]-|o™|o].

0<i1,...,i,<p™

On the other hand,

pt—1
1o d(ex) = 77( Z Ui@Qk—l)

1=0

= Y dolo]--|olo™ o],

0<4,i1,.. )Tk —1 <P™

Therefore, (0 on —nod)(exy) = 0.
Now, we will show that (0 on —mno d)(ews1) = 0 for £ > 1. On the one hand,
because the initial sum covers all possible exponents 0 < iy,...,7; < p", it is easy to
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see that

k-1 k—1
ST Ylolet ol e et = 3D S el oo o o [0,
0<i1yeeyip <p™ j=1 0<i1,eeyip<p™ j=1
Yo lotloletel = Y 0" folo™ o],
0<iy,..., i <p™ 0<in,..., i <p™

and so we have that

donfen)=0( 3 lola|-++lala" o]

0<i,.sigp<p™

= % (ol lolo - lala] - o ool
0<i1 0y <p™
k
=S folo"|- - [olo 1[0 o] - o]o™]
7j=2
k—1
£ 3 Yolo|- - [olo"* o1 |o] - - o]o™]
7j=1
+www~wwﬂ—www~mw0
=S (ol olo®|- o™ [o] — [0t olo®|---|o*[o])

0<i1,..0,2 <p™
= Y. (o=Do"olo®|--|0"0].
0<41,...,05, <p™

On the other hand,
10 d(eas1) =n((o — ea)
=(@-1) > "] |ofo"o].

0<iy,..yigp<p™

Therefore, (9 on —mnod)(exyys1) = 0.
Finally, we can easily check that (¢ on —¢€)(ey) = 0 and (0on —mnod)(e;) =0,
allowing us to conclude that 7 is a chain map. [

4.3 APPLICATION TO SPLIT EXTENSIONS WITH CYCLIC QUOTIENT

Let Q = Cp» with n > 1 an integer, and G = ) X N be a semidirect product of () by
a finite group N. Under these hypotheses, if we consider the special F,Q-resolution
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S.Q) — F, the first page of the LHS spectral sequence of the extension

1 > N > G > Q) > 1
can be identified with
E, = Homg, g (S.Q, Homp, n (P, V))
Furthermore, since S,Q = F,(Q), we have, for r,s > 0, that
E7® = Homg, n(Ps, V).

Using the chain maps # and 7 in Proposition 4.2 and Proposition 4.3, we can prove
the following generalization of a theorem by Siegel [Sie96, Corollary 2].

Theorem 4.4. Let a: Py —» P,"_1 be an F,N-chain map commuting with the aug-
mentation, and 7 € Homg n(Ps, Pa)1 such that O + 79 = 1 — o', Suppose that
¢ € Ey® withr > 0,5 > 1 is represented by f € Homg, (P, V). Then, dy(Q) is
represented by (—1)"f o T.

Proof. The proof of this result can be done by following that of [Sie96, Corollary
2], using the chain maps from Proposition 4.2 and Proposition 4.3, and writing p"
instead of p where appropriate. [
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A spectral sequence for Heisenberg groups

Computing the cohomology ring of a group explicitly is generally a daunting task,
and it is for this reason that not many examples of computations of such rings for
individual groups, let alone families of groups, exist in the literature. It is interesting
to know which types of graded rings can occur as cohomology rings of finite groups
and how many of them are distinct (compare [Car05], [DGG17], [Sym21]). In this
chapter, we will compute the Lyndon-Hochschild-Serre (LHS) spectral sequence of a
family of finite Heisenberg groups of prime power order, up to the infinity page. We
will begin by computing the second page of the spectral sequence and its structure as
an algebra, before putting the results from the last chapter to use in the computation
of the second differential. Afterwards, we will determine the third page and show that
it is at this point that the spectral sequence collapses. In so doing, we provide one of
the first infinite families of groups of prime power order whose associated LHS spectral
sequences collapse in the same page and are isomorphic. Finally, we will compute the
Poincaré series of the cohomology rings. This chapter is based on [GG23].

5.1 HEISENBERG GROUPS OF PRIME POWER ORDER
Throughout, let n > 1 be an integer. We write
G = Heis(p") = Cpn X (Cpn X Cpn)
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for the Heisenberg group modulo p". Note that G is just a finite quotient of the
infinite Heisenberg group G = Z x (Z x Z). We set N = Cyn X Cpn = (a,b) and
Q) = Cpn = (o). Then, we have that

G=QxN = {o,a,b| o =a" =" =[0,b] = [a,b] =1, [0,a] = D).

Note that the element o € @ acts (on the right) on N via a” = ab and b” = b.
The cohomology ring of N with coefficients in [F), is

H*(N,Fp) = A(z1,51) @, Fplaa, o] = Az, y1) @ Fplwa, 2],
with |z;| = |y;| = ¢, for i = 1,2. We can take
T =a’, v =0,
T2 = Bul@1), Y2 = Bulyn).
The (left) action of o on H*(V,F,) can be shown to be given by
oc-ry =11, O0-y =21+ Y, (5.1)
0-To =T, O Yo=2To+ Y.

We will denote by F the LHS spectral sequence associated to the split extension

1 » N > G X9 > 1, (5.2)

which takes the form
Ey* =H" (Q,H*(N,F,)) = H'"(G,F,),

for r,s > 0.

5.2 DESCRIPTION OF THE SECOND PAGE OF THE SPECTRAL SEQUENCE

We follow the notation in the previous section and unless otherwise stated, we addi-
tionally assume until the end of the chapter that n > 2. We compute the cohomology
groups Ey® as in (1.2). Take T(0) = >7 ' ¢ € F,N and, as n > 2, it can be readily
checked that, for all ¢ € H*(N,F,), the identities o - ¢ = ¢ and T'(0) - ¢ = 0 hold.
Indeed, that o - ¢ = ¢ follows from the description of the action of ¢ in (5.1), and
this can in turn be used to compute

=11 po1 | pr—1-1p—1 ' (pn—l _ 1) p—1 '
Tle)p= D D o™ p= 3 D o p=p"""g—) otp=0.
k=0 =0 k=0 =0 =
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The second page of the spectral sequence then takes the following form:

H*(N, IFP)Q if r is even,
E'r’,s — H" H:(N.F o~ s
2 (Q, (I, p)) H (N’F‘p) , if r is odd.
(U - 1) -H (NaIFP)
Let now
p—1 p—1
c2p = Haz Y2 = H(ZIQ +12) € H#(N, Fp),
i=0 i=0

and observe that the element zy, is invariant under the action of o. Furthermore, if
we write

W = Ay, p1] @ (zhyb [ i >0, 0<j<p),

we, if r is even,
D’I”,. — W
2 m, if ris Odd,
we have that H*(N,F,) = F,[29,] ® W, and so
F,[20p] @ W€, if r is even,
EY® =T, [z, ® Dy = W . (5.3)
pl~zp FP[ZQP] (29 m, if r is odd.

Consequently, it suffices to study the structure of D5 so that the structure of Fy may
be determined.

5.2.1 STRUCTURE AS A VECTOR SPACE

The first step will be determining a basis of the F,-vector space Dy for each r,s > 0.

Proposition 5.1.
(i) For s >0, the basis elements of (W*)? are the following:

s || (W#)@
011
1 T1

~ i i—1
202> 2 || 2y, T1Y1T4

20 +1>3 || zyal, (190 — rao)wh !
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(ii) For s > 1, the basis elements of (o — 1)W?* are the following:

s (c—1)Ws
11 1
2 >2 | adyb, withj>1, 0<k<p—2, j+k=i
azlylx%yg,withjzl, 0<EkE<p—-2, j+k+1=1
2 +1>3 || madyh, withj>1, 0<k<p—2, j+k=i
oyl with j>2, 0<k<p-3, j+k=i
xlylg + kylzz:gyg_l, withl <k<p-1, k=1
miwhyy ! — Ty with j >0, j4p—1=i

(iii) For s > 0, the basis elements of W* /(o — 1)W* are the following:

s || W¢/(oc — 1)
011
Ll
20> 2 ( Y1)y, withe=0,1, 0<k<p—-1, e+k=i
(T )Fadbyt !, withe =0,1, j>1, e+j+p—1=i
2% +1>3 | 2yl Yk, withe=0,1, 0<k<p—1, k=i
syitalyp ! withe=0,1, j>1, j+p—1=i

Proof. The proof follows verbatim that of [Sie96, Proposition 3].

Using this result, we can write a table with the basis elements of Dy”:
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2 +1>2p+1 || xyah, (xryo — ras)as ™t | aqpal P8t yal P!
2 > 2p Thy Ty sy Yy wy s
20 +1<2p—11| x12% (192 — y1$2)$§_1 :Tyé, yl—yé
2 < 2p—2 Th, Tyt Ty v
1 1 Y1
0 1 1
s Dy = (W#)@ Dy =W /(o — HW?

Figure 5.1: Basis of Dy”° for r,s > 0, with j > 0.

5.2.2 STRUCTURE AS AN ALGEBRA

Following Example 1.17 and Section 1.3.1 (see also [Sie96, Section 4]), we describe
the structure of £, as a bigraded F,-algebra. For r,s,7’,s" > 0, let ¢ € H*(N,F,) and

¢' € H¥(N,F,) represent the elements ¢ € Ey® and ¢ € E;‘“S’, respectively. Then,
their product in Ej is the element ¢@’ € E57 " with

0~ ¢, if r or 7’ is even,
r's = =1 __ _— .
(—1)"pg = E ot~ ol ifrand r are odd.
0<i<j<pr

Lemma 5.2. Let ¢ € Ey* and ¢ € E5** be as above with r and v odd. Then,
¢p = 0.

Proof. For simplicity, write

el
|
—

To(o) =0, andfork>1, Ti(o) =Y o'

i

I
=)

In particular, we have that T'(0) = Tyn(0). Furthermore, note that, for 0 <i <p—1
and k& > 1, using that o” - o =  we obtain that

oo =o' and Tipk(0) - =Ti(0) - o+ kT,(0) - .
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Then, we compute

p"—1
Y dpwd =) Tio)peal ¢
0<i<j<p™ 7=0

<z:_ -‘rkp >'90v0-j'90/
(Z )+/€T())-¢vajw'

M“M

7=0
p—1 n—1
n— n—1\P —1 j
=3 (e T 0 ) et o
j=0
As a consequence, @' = 0 in FEs. [
In what follows, we fix the following notation:
A\ =z € EYY, Ao = x5 € B,
_ 0,2 _ 0,3 _ 0,2p
vy =1y € By, vy = T1Ys — Y102 € 57, Vop = Zop € By,
n=1ekE" 72 =1 1e By°, (5.4)

for 1 <i<p, 2 = Y1Ys GEMZl
for1<i<p-—1, Hoit1 = Yb EEzl’m-

Proposition 5.3. Multiplication by the elements vy, v2, Ao induces vector space ho-
momorphisms as follows:

(i) Multiplication -vo,: Ey* — Ey*t® is injective for all r,s > 0.
(ii) Multiplication -y Ey° — E3 ™% is an isomorphism for allr,s > 0.
(iii) Multiplication -\y: Dy® — D5*% is an isomorphism for all s > 2p — 1.

Proof. The first claim follows from Equation (5.3). Using the identifications in Propo-
sition 5.1, note that multiplication by ~, = 1 is simply the identity homomorphism
and so, the second item holds. The last statement is clear by the description of the
bases in Proposition 5.1 O

Using the previous results, we can deduce the structure of the second page F as a
graded-commutative [F)-algebra.
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Theorem 5.4.

(i) The graded-commutative F,-algebra structure of the zeroth column is given by
the following tensor product:

]Fp[)\b )\27 Vo, 1/3]

E()’. — IF 1% ® '
2 p[Vap] (V2, A\, Va3, A3 + Aavs)

(it) Forr =0,1 and s > 0, the basis elements of Dy are the following:

2i4+1>20+1 || My, Al | NP g, MG P gy
2i>2p || Ay, Al | NS Pgp, NS P gy
3<2i+1<2p || ML, A g Pst1,  Aipls
3<2i<2p || Ay, A 'we Pst1,  Aipls
1 A H2
0 1 g
s Dy* Dy*

For r > 2 and s > 0, we have that Dy* = D;"‘?’SVQ.
(iii) We can write By = F,[v9,] @ Dy. Furthermore, Ey is generated by the elements

A1, Ag, Vo, U3, Vops V1, V25 25« - - 5 U2p-

Proof. The first statement can be obtained as in [Sie96, Corollary 4 (iii)] and the
remaining assertions follow from Propositions 5.1 and 5.3. [

We encapsulate the previous result in the following table:
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2p || |vop| NS o, Vo1 Mflop  Aoflop—1 | Vapz  Ay)e A5 gy

2p— 1| MY MNP Hop | Aifhop—1 M e A sy

2p — 2 PUERID Vol A ALy, B2

P 2 2 2 H2p—1 1H42p—2 2 2 o V272
4 A% Aala A1fty )\%72 AalaYo

3 Ao A1t vavs AAaa
2 A jta AoYa Voo
! M
: !
1

0

2

Figure 5.2: Basis elements of Fy” for 0 <r <2 and 0 < s < 2p, with the F,-algebra
generators highlighted.

Remark 5.5. In [Sie96, Corollary 4], using notation analogous to ours, Siegel obtains
that the F,-algebra generators of Ey(Heis(p)) are

A1, A2, Vo, U3, Vop, V1,72, W2y - - -y H2p—3.

5.3 INDIRECT SECOND DIFFERENTIAL COMPUTATIONS

In this section, we use restriction, inflation and the norm maps to determine some of
the bigraded IF,-algebra generators of Ey that survive to the infinity page Fo.

Proposition 5.6. The elements A\, Ay, Vo, Vap, V1, V2, f2, f13 sSurvive to Fo,.

Proof. 1t is clear that v1,v2 € E4. Since the extension (5.2) splits, the image of the
second differential on E2"0 is trivial. Consequently, \i, o € F.

For \, € Ey? = H*(N,F,)?, consider the map 7: H'(G,Z/p"Z) — H'(G,F,)
and let \, € HYG,Z/p"Z) be such that w(\;) = M. It can be readily checked
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that \; = resg_n o 7(A;). Furthermore, let gY: H'(N,F,) — H?(N,F,) denotes
the n-th Bockstein homomorphism on the cohomology of N. Then, we have that
Ao = BN(\;) and thus,

/\2 = (BT]LV oresg—snN © 7T)()\1) = IresgsN © 67?()\1)
This yields that Ay € Im(resg_,y) = E%2 .

For vy, consider the inflation homomorphism infyeisp)—c: E2(Heis(p)) — Es. In
particular, for 7, € E9”(Heis(p)) defined analogously to v, (see [Sie96, Corollary 4],
where Siegel uses ), we have that v, = infyeisp)—(%2). By [Sie96, Theorem 5|, we
have that 7, € E.(Heis(p)), and since the inflation map commutes with differentials,
we conclude that vy € E..

For ps, consider the subgroup H = Q x (C}. x Cpn) of G. The action of o on

H*(CE. x Cpn, ) = A(wy, §1) @ Fplws, o]

can be computed in the same way as the action on H*(N,F,) to obtain that it is
trivial, and so

Ey(H)=H*(Q.F,) ® H'(an x Cpn, ) = Ex(H).
The restriction homomorphism resg_,i: Ey — Fo(H) then sends ps = g2 to

resgp(p3) = gov1 # 0.

Furthermore, da(u3) € (127y2) and resg_s g (toy2) = 717172 # 0. Nevertheless, we have
that da(g271) = 0 and, as a consequence, do(ps) = 0. Hence, pus € F..

Finally, we will study the generator vy,. The subgroup M = C}. x N of G is
normal, and so we have that M\G/N = G/MN = G/M. For k > 0 even, let
Nuoe: HY(M,F,) — H*(G,F,) be the Evens norm map as defined in [Eve9l,
Section 6.1]. Applying the properties in [Eve91, Theorem 6.1.1], we obtain, for any
¢ € H*(N,F,) with k& > 0 even, that

resg N (NM—>G(S0)) = H NN—>N(reSM—>N(g ) 90)) = H resy—n (g - )

geG/M geG/M

= H g - resyn(p).

geG/M

Moreover, since the action of o on H*(N,F,) = A(Z1,71) ® F,[T2, ¥a] is once again
trivial, we have that

Ey(M) =H*(C).,Fp) @ H*(N,F,,) = E(M),
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and we can write yo = resy;,ny(72). Therefore,

Vop = Zop = H g Yz = resgsnN (NM—>G@2))
g€Cp

and we deduce that 15, € E.

5.4 DIRECT SECOND DIFFERENTIAL COMPUTATIONS

In this section, we explicitly compute the image of the second differential on the
remaining bigraded [F,-algebra generators of F,. To that aim, we employ Theorem
4.4 following the same strategy as Siegel in the proof of [Sie96, Theorem 5].

The problem of computing ds is reduced to finding appropriate maps a and 7
satisfying the hypotheses in Theorem 4.4. We start by defining such maps.

Denote by P, — F, and P, — T, the special resolutions of [, as a module
over F,(a) and F,(b), respectively. Both of these resolutions are minimal. For each
k > 0, let e} and e be the basis elements of P, and P/, respectively. We can then
write P}, = F,(a)e}, and P} = F,(bje}, and so P, = P, ® P, — F, is the minimal
projective F,, N-resolution of IF,. If we set

, e_.®el if0<j<i,
¢i = I ~7 = (5.5)
0, otherwise,
then, for each k > 0, the elements ef, ... e constitute a basis of P, as an F,N-

module. Using the duality H*(V,F,) = Homg, (He(N,F,)) from Theorem 1.16 and
the fact that Ho(N,F,) = P, ®r,n~ Fp is a quotient of P, via the canonical map
Py — P, ®p,n I, with a slight abuse of notation we can identify the elements of
H*(N,F,) as follows:

for ila Z'Q)jlan Z 07 xilly{lx?y%é = ( ;111]21]—2"_2Z2+2]2)* (56)
Consider the elements p, x € F,N given by
pn_l
p= D a¥. w=3 (i+1ad,
0<j<i<pn i=0



and define the maps a € Homg, y (P, Pf’_l)o and 7 € Homg, n(Fs, P, )1 as the homo-
morphisms that for 0 < j < i < p” satisfy the following equalities:

a(egj) = Z ( ) (egk - pegk-}—l)v T(ng) = —(] + 1)/436%]--:12,

J<k<i

) = 3 (§)edin rlefh) =~ + DR
j<k<i M

a(e ™) = ) ( ) (bedi™ + eaith), T(e3F) = —(j + 1)edit3,
J<k<i

e = 3 (§)edit ) =~ + et
J<k<i

We will now prove that these maps satisfy the hypotheses in Theorem 4.4.
The first step is proving that « is a chain map, for which we will make use of the
following result.

Lemma 5.7. Let €} be as in (5.5).

(i) The following identities hold:

p(b—1) = bT(ab) — T(a), pla—1) =T(b) - T(ab),
plab—1) =T(b) — T(a), kla—1)==T(a).

(ii) The differential of the element e;'- is as follows:

d(e3;) = Tla)eq; " +T(b)eq;"t,  Aleqpiy) = (a— eyt — (b— e,
O(ex™) = (a—1)eq; — T(b)e;_y, O(edihy) = Tla)eqjy + (b— 1)ey;.
Proof. (i) We give the proof of the first identity, as all the others follow similarly.
We can compute

n—1

p(b—1) = Z Zai(zﬂ‘“ — V) = ’ a' (b — 1) = bT'(ab) — T(a).

=
|

—
-~
=
|

Mi
o
I
=)
-
Il
o

(ii) Once again, we prove the first identity. Using the definition of the differential
of a tensor product in (1.1) and the differential in Examples 1.17(i), we can
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compute

8(6/21‘72]‘) ® 6/2/]' + 6/21‘72; ® 8(%;)
(a)eéz 2j—1 ® egj + T(b)ezi—2j & 6/2,j—1
(a)esi™ + T(b)esi .

0(e35)

T
T

Proposition 5.8. The map « is a chain map, i.e. doa —aod = 0.

Proof. We will use Lemma 5.7 during the computations. We need to consider four

cases:

(i) Let us show that (9o a — a0 d)(e3;) = 0. On the one hand,

9o af 623 < ) (e3), — Pezk+1)
71<k<i
k i i— i—
< )+ p(b— 1))6§k Ly T(b)egk_l1 — pla — 1)€gk+11>
jrzi M
k: 71— YA T
( ) D + TS + (Tl - T0)ih)
jrzi M
(k) (bT (ab Jesn '+ T(ab)engrll)
j<h<i M

2 07 O
k

— )(bT (ab)ey, "+ T(ab)esi ) + > (._ 1) T(b)esi .
i<hei j<hri<i M

On the other hand,
oo 8(€2j) oz(T(a)egz Ly T(b)egé 11)

-3 (’?)T(ab)(begg b2+ Y (j._l)T(b)e%Zfl

J<k<i J J<k<i

k 1 % k i—
=Y <j>T(ab)(begk e+ Y <j - 1>T(b)e§k+11.
J<k<i ] }

Therefore, (0o a — a0 d)(e3;) = 0.
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(ii) Let us show that (0o a —aod)(e3’,;) =0. On the one hand,

; k
@O@(egﬁl): Z (j)a(be%-i-l)
j<k<i
k 3 13
- Z (j)(b(a 1)e§k+11 b(b—1)e~ 1).
j<k<i

On the other hand,

aod(esy) = a((a— ey — (b—1)ey; )

k i— i— i—
<]) 62k+11 —(b— 1>(b€§k L4 €§k+11))

Therefore, (00 o — a0 d)(e35,,) = 0.

I/\

sy
\\_,/

Degit — b(b — ez ).

I/\
I/\

(iii) Let us show that (DJoa —ao 8)(63;“) = 0. On the one hand,

k 2i+1 2141
O(beg; ™ + exy'y)

doa(ezt!) = (
71<k<i

71<k<i (]

~ <.

)
)

( a—1)+(b—1))es, — bT(b)es;,_, + T(a )62k+1)

k
- ¥ ()@= i+ r@d)
J<k<i
- Z (k{rl)T(b)egiﬂ
J<k+1<i J

7



On the other hand,

~—

ao (9(6%2-“) = a((a -1 e% — T(b)e%_l)
@ -0 - X ([ e,

) — 1
F<k+1<i J

o

IN

ol
. I2
VR <:—‘\
N~

k i i
= j ((ab - 1)e§k + T(“)%kﬂ)
J<k<i
k k ‘
— T(b)e2:
k % 2
= i ((ab — ey, + T(a)€2k+1)
J<k<i

- Z ( - >T(b)€§k+1-
J<k+1<i J
Therefore, (0o o — a0 d)(e35™) = 0.

(iv) Let us show that (Qoa —ao 6)(63;111) = 0. On the one hand,

‘ k ,
Doa(ditl) = 3 ( j)a<e§;:;a>

- Z <I;) (T<a)632+1 +(b— 1)632)
=2 @ (6T (ab) = plb = 1)) Biry + (b= 1)et ).

On the other hand,
aod(edith) = a(T(a)edi,y + (b— 1)e3)

= ¥ (5) ramin + 0 - pi)

j<hei M

Therefore, (0o o — a0 d)(e35}7) = 0.
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We are left to prove that the identity o7 +700 = 1 — o holds. In order to do
that, we first list the identities that will be used throughout the proof.

Lemma 5.9.

(i) We have that

pr—1

> 7Y = kT (D)
r=0

(ii) For anyi,j > 0 and m > 1, we have that
(N (k i (1
(1) () = Zee ()
2. W) T
j<k<I<i j
Proof. (i) If p does not divide 7 + 1, then T'(b™!) = T'(b). Otherwise, i +1 =0 in

F,. Note that
pa’ _ Z aibriJrj

0<j<i<p™
for every r > 0. Hence,

p"—1 ph—1 4 pr—1 p"—1 3
Yl = 3 S Y XS
r=0 i=0 j= i=0 j=0

p"—1

=Y (i+1)a'T(b) = &T(b).
i=0

(ii) Using standard identities of binomial coefficients, we compute

=-S5 ()0

S () S () Sl

=Jj

Proposition 5.10. The maps a and T satisfy the identity DoT +700 =1 — o*".
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Proof. We will use Lemma 5.7 during the computations. We need to consider four
cases:

(i) Let us show that (9 o7 +700)(e3;) = (1 — a#")(e3}). First, we will compute
(0074 700)(e3:). On the one hand,

dot(ess) =0(— (j+1)re3ity)
=—(j+1r(a— 1)€2j+2 +(j + 1),.;T(b)e§;fl
=+ DT(a)e3jys + (G + DT (b)esi.
On the other hand,
m00(e3;) = m(T(a)es;™ + T(B)e57h)
= —(j + DT (a)e3s s — jT(b)ress,, -

As a consequence,
(o1 +T100)(e3)) = KT (b)eds ;.

Now, we compute (0 o7+ 70 d)(e3;). Applying a repeatedly to e3’, we obtain

that
o (633) = Z m*~ ( ><€2k ZP br€22+1>
J<k<i

for any 1 < m < p". Therefore,

o 62; Z pn(k ])( ) - “T(b)62k+1) = egz - “T(b)eg;Jm
I1<k<i

and thus (o7 + 7o a)(egj) (1- 04pn>(€%;)

(ii) Let us show that (607’—}—7’08)(62j+1) (I—a?")(e3%,,). First, we will compute
(DoT+700d)(e35,,). On the one hand,

dor(e) =0(— (7 + Deijis)
—(j + )T (a)ess — (5 + 1) (b~ 1)ed) .
On the other hand,

(o D3~ (- D3
—(j+1)(a = Dres s+ (G +1)(b—1)eqy
=(Jj+ 1)T(a)e§;+3 + (G +1)(b - 1)e§;+2.

ro (el )
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(iii)

AS a consequence,
(QoT+To0 8)(62]+1) 0.

Now, applying «a repeatedly to 62} 41, We obtain that
21 k—j k hme 24
o (623+1) Z m Cok+1-
J<k<i J

Therefore,

n(k—j) " 23 2¢
eQJH E p" < ) Cok+1 = C25415

71<k<i

and thus (o7 + 7o a)<€%§'+1) =(1-ar )(65§+1)

Let us show that (QoT+ 70 8)(633“) (1— ozpn)(egfrl) First, we will compute
(o7 +700)(e3:™"). On the one hand,

O(— (j +1)e2it?)
—(j + DT(a)esis — (G + DT(b)esth.

Jo T(egzﬂ)

On the other hand,
To0(e3;) = 7((a —1)e; — T(b)e3;_y)
—(j + )(a = Drexity + 5T(b)esih
= (j + DT (a)eq;is + JT(D)esstt-
As a consequence,
(@01 +T700)(e35) = —=T(b)esith.

21—4—1

Now, applying «a repeatedly to e5:" ", we obtain that

-k
a (eg;ﬂ-l) _ Z mk—]( )(bm 2i+1 + Zbr 32—:_11>
J<k<i J
Therefore,
e%;ﬂ Z p n(k—j) ( ) " 22+1+T(b) 324;11) 2’+1+T(b) 3;111’

7<k<i

and thus (D o7 +7009)(e5") = (1 —a?)(e3).
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(iv) Let us show that (QoT+ 70 8)(e§;i11) =(1- ozpn)(egéfl). First, we will compute

doT+700)(eXt!). On the one hand,
2j+1

do(ehi) = (= (j+ Dreyyis)
= —(+ a - Dregith + (G + 10 - Vet

=+ 1T (a)esi s + (j + 1) (b — 1)resits.
On the other hand,
Fod(efi) = r(T(@)edis + (b—1)e3)
= —(j + DT (a)eq;is — (5 + 1)(b — Dreq .

As a consequence,
(QoT+To0 0)(6%}111) = 0.

Now, applying o repeatedly to e3'%}, we obtain that

m( 2i+1\ __ k—j 2i+1
«a (€2j+1) = E m (j Cokt1-
J<k<i

Therefore,

p 2i+1Y\ __ n(k—j) 2i+1 241
« (€2j+1) = E p j €okt1 = €25+1>

and thus (0o 7 +709)(e3/t}) ") (esith).

I
—~
[S—Y

I

)
bS]

]

We can now combine Proposition 5.8 and Proposition 5.10 into the following result.

Lemma 5.11. The maps o and 7 defined as before satisfy 0 oa —aod = 0 and

doT—71700=1—0a”".

Using Theorem 4.4 and the maps a and 7 in Lemma 5.11, we can now compute
the second differential of the remaining bigraded [F,-algebra generators. We will need
to use the explicit definition of the generators in (5.2.2) and the duality between

H*(N,F,) and H,(N,F,) in (5.6).

Proposition 5.12. The second differential of the elements piy, . . .
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(i) For 2 <i < p, we have that
d2(u2i) = —(i - 1)>\1M2z’72’)/2-
(i) For2 <i<p—1, we have that
da(pi2it1) = —iAipai-172.

Proof. Consider figiys = y1ys € Ey*™ with 1 < ¢ < p — 1, which, by (5.6), is

represented by the map f: P11 — F, with f = (egzﬁ) We can easily compute

f o7 to obtain that, for 0 < j < k < p", we have that
(for)ez;™) =0, (for)(ezfi) =0, (for)(e3;)=0,

—i, ifk=dand j =1i—1,
(fOT)(esz) {0

otherwise.
Hence, —(f o 7) = i(e2!_,)*, which represents —i\;jipiv2 = iz1y195 . Consequently,

d2(ﬂ2¢+2) = —i)\1/i2¢’72-

Take now pg;q = y_g E1 2 with 2 < i < p — 1, which is represented by the map
[ Py — F, with f = (622) We compute f o7 to obtain that

(for)(ezf) =0, (for)esjpn) =0, (for)(e3fiy) =0,

(F o 7)) = {;z ifhk=i—1landj=i—1,

otherwise.

Hence, —(f o 7) = i(e5i"3)*, which represents —i\;jip; 172 = ix1y5 . Consequently,

do(poir1) = —iA1fi2i—170-

The proof of the next result is verbatim to the previous one.
Proposition 5.13. The second differential of the element vs is trivial.

Proof. Consider v3 = x1y; — 1122 € Ey° which, by (5.6), is represented by the map
f: Py — F, with f = (e3)* — (e3)*. We can easily compute f o7 = 0, and so
dQ(Vg) =0. OJ
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5.5 THIRD PAGE OF THE SPECTRAL SEQUENCE

Using the results in Sections 5.3 and 5.4, we can now determine the bigraded F,-vector
space Ej. First, write D3 = E3/(vs,), and define the elements

for 4 < ‘ < 2p + 17 Wi = _>\1,ui71 € E217i717

1,2p+1
Wapra = Aafap € By,
Sopr1 = Aaflop—1 € Ey?.

One can easily verify that these elements have trivial second differential, and so they
are in fact elements of F5. For example, we can compute

da(wapsa) = da(Aaptny) = da(Xa) gty + Ao da(piny) = M Xapiap—2 = T1312295 > = 0.

Proposition 5.14. Multiplication by the elements vap,v2, A2 induces vector space
homomorphisms as follows:

(i) Multiplication -vy,: Ey® — Ey*t* is injective for all r,s > 0. As a conse-
quence, E3 =T[5, ® Ds.

(ii) Multiplication -yo: Ey° —s E5 ™% is surjective for all r,s > 0, and an isomor-
phism for allr # 1, as is -7yy: Dé’s — Dg’s for s >2p—1.

(i) Multiplication -My: Dy* — D5*%? is an isomorphism for all s > 2p.

Proof. The proofs of (i) and (ii) are based on the proof of [Sie96, Corollary 6].

We start with the first statement. For r,s > 0, let ¢ € E5® be such that da(p) = 0,
and suppose that @uy, is a trivial element in Es, i.e. there exists ¢ € Ey >"t*! such
that @uy, = da(1h). Then, since (v5,)Nda(E5\ (1,)) = 0, there exists v € Fy~>*™ such
that ¢ = vr,. Consequently, @ry, = da(v)vy, and, because -vy,: Ey® — Ey*T is
injective (see Proposition 5.3(i)), we have that ¢ = ds(v), i.e. ¢ =0 in FEj.

For the next claim, we first show that multiplication by 7, is surjective. Take
¢ € Ey™° with r,5 > 0 such that dy(¢) = 0. By Proposition 5.3(ii), there is some
Y € Ey° such that ¢ = 1)y, in Ey. Then, we have that day(1)y2 = d2(¢) = 0 and,
because the product -y, : Ej %1 — B! ig injective, we deduce that dy(1)) = 0,
i.e. Y survives to F3 and ¢ = ¢y, in Ej.

We will now study the injectivity of the multiplication by 72. Let ¢ € Ey*® with
7 # 1 ors>2p—1such that dy() = 0. Suppose that there exists ¢ € Ey*" such
that @y, = d2(¢)) and we want to deduce that ¢ = 0. If r = 0, or if ¢ € Dy® with
s > 2p — 1, then dy(¢) = 0, and by the injectivity of -yo: Ey® — E5T™* we obtain
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that ¢ = 0. Otherwise, if r > 2 we have that ¢ = vy, with v € E >*"". Hence,
s = da (V)2 and, because -yo: Ey® — E5 ™% is injective, we have that ¢ = da(v),
ie. ¢ =0in Ej.

Now, let us show that multiplication by ), is surjective for s > 2p. Take ¢ € Ey*
with s > 2p such that da(p) = 0. By Proposition 5.3(iii), there is some ¢ € E3*
such that ¢ = 1Ay in E,. Then, we have that ds(¢)A\s = da(p) = 0 and, because
the product -\o: By >*7" — E;T**! is injective, we deduce that dy(1)) = 0, i.e. v
survives to E3 and ¢ = ¢y in Ej.

Finally, we show that multiplication by A is injective for s > 2p. Let ¢ € Ey*® with
g > 2p such that dy(p) = 0. Suppose that pXy = dy(%) for some ¢ € E; >*". Then,
as (Ao) Nda(Fy \ (\y)) = 0, there exists v € Ey~>*"' such that ¢ = v,. Therefore,
Ao = do(v) Ay and, because -\y: Ey® — E7*? is injective, we have that ¢ = da(v),
ie. ¢ =0in Ej.

[

We can now fully determine the structure of the bigraded F,-vector space Es.
Theorem 5.15.

(i) For r > 0 even, we have that Ey* = Ey*. For r > 5 odd, we have that
Dy® = Dy **y,. Forr =1,3, the basis elements of Dy® are the following:

2i+1>20+1 || NP Wy, N Pwgpin | A5 P wapya, A Pwap o
20> 2p || A5 Pwapin, Ay opir | As TwapriVa, Ay Papi17a
2p—1 Wap Wap2
6<s<2p—2 Wst1 0
5) We 0
4 al3 0
3 A3 0
2 U3 372
1 o 272
0 T Y172
5 Dy* Dy*

Additionally, if p > 5 we have that wg = %,ugl/g, and so D?l)’5 = (usvs).
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(it) We can write E3 = Fp[vo,] ® Ds. Furthermore, for p = 3, the third page Ej is
generated by the elements

A17)\27y271/371/67’}/17’}/27,1/627,1/637(JJ67('“}77('L}87€77
and for p > 5, by the elements

)\17 )\27 Vo, V3, Vap, V1,725 M2, 43, W7, -+« , W2p 42, £2p+1'

Proof. We can deduce from Theorem 5.4 that Fy® = (w,y,) for 3 < s < 2p — 1.
Nevertheless, we can easily compute

3
—wy = A3, —Ws = [iaV3, SWe = Hss.
For example, using Proposition 5.1(ii) we obtain that z1y3 = —27172¥3, and so
_ 5 09— 3 3
pavs = Yo - (T1Y2 — Y1) = Yrlays — T1Y5 = o1z = _§>‘1H5 — pwe
Everything else follows from Propositions 5.12 and 5.14. [

5.6 TO INFINITY AND BEYOND

Our objective in this section is to show that if p > 5 the spectral sequence E collapses
at the third page, i.e. F3 = FE.. In order to achieve our goal, we will define two
group automorphisms that will help us show that all the differentials starting with
ds are trivial. Let u € U(Z/p"Z) be a generator, i.e. u?" =1 =1 but u’ # 1 for
any 1 <i<p"t(p—1). For 0 <i,j,k < p"— 1, we define the group automorphisms
. G—Gand ¥V: G — G by

d(o*a't’) = o"*a'b™, and V(c*a't) = aFa" b,

Because ®(N),¥(N) < N, for every m > 2, there are induced automorphisms
¢o*: E,, — FE,, and V*: E,, — FE,,. These automorphisms act on the genera-
tors of D3 by multiplying each of them by a power of u as described in the following
table:

Ni | Vi| Ve | Vs | M2i | Moiyl | Wi | Waitl §2p+1

O 1 |wu | u| w|u ] | | ottt uP

ui ui ui-l—l uP
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Proposition 5.16. For p > 5, the element {op1 € E3 survives to Ey.

Proof. Assume by induction that, for m > 3, &1 € E,,, and we will show that
&opt1 € Eppy1. Consider first the case m = 25 + 1 with 7 > 1. We have that

daji1(Eopi1) = 1A 73+ 1225 Tpg (5.7)
with ¢1,ty € F,. Applying ¥, we obtain that
uP g (Eaps1) = P I NI o tguP TN Ty
and, equating coefficients with those in (5.7), we get the conditions
{t1(1 —wi) =0,
to(1 — w1 = 0.

From these, we deduce that ¢t; =0 for all 7 > 1, and to =0 for all j > 1. If j =1,
applying @ to (5.7) we deduce that to(1 —uP~3) = 0 and ¢, = 0 for p > 5. Therefore,
Eopt1 € By survives to Eojyo.

If m = 25 with j > 2, the only case in which the differential might be non-trivial
is 7 = p. We have that

dop(op1) = thavy
with ¢ € F,. Applying ®, we obtain that

uP dgy(Eopir) = tuP 2o,

which implies that ¢(1 — u?) = 0, and so ¢ = 0. Therefore, &y,11 € Fo; survives to
Eaji1. L

Remark 5.17. For p = 3, following the proof of Proposition 5.16, we are only able
to show that d3(&7) = tAavays for some ¢t € F,,. If ¢t = 0, then E3 = E,,. Otherwise,
the spectral sequence does not collapse until at least the fourth page. This stands in
contrast with [Sie96, Theorem 5|, where it is shown that Ey(Heis(3)) = E(Heis(3)).

Proposition 5.18. For p > 3, the element v3 € E3 survives to F.

Proof. Observe that, for some t € F,,, we have that d3(v3) = tusye € (u2y2). Applying
® we obtain that ®(d3(r3)) = tulugys. Then, t(u? — 1)ugye = 0 implies that ¢ = 0,
as desired. O

Proposition 5.19. For p > 3, the elements we,wr, . .., wopr2 € By survive to E.
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Proof. The proof for the elements wy, . .., wop1o € E3 with any p > 3, and for we with

p = 3, is analogous to the proof of Proposition 5.16, and can be done following the

proof of [Sie96, Theorem 7]. For p > 5, the element wg = %Vg,ug also survives to F,

for degree reasons. [
Therefore, Propositions 5.16, 5.18 and 5.19 prove the following result.

Theorem 5.20. Let n > 2 and let p > 5. Then, the LHS spectral sequence E
associated to G collapses in the third page, i.e. E3 = F.

Remark 5.21. For p > 5, combining our result with [Sie96, Theorem 7], we obtain
that FE3(Heis(p")) = E(Heis(p™)) for all n > 1.

5.7 POINCARE SERIES

In this section, we will compute the Poincaré series of H*(G, F,), i.e. the power series

P(t) =Y (dimH¥G))t" = > "(dim EZF )",

Let Do = Es/{19p) = D3, which is the subring of E, generated by all the generators
except for vy,. Given that Ey = F,[n,] ® Dw, in order to obtain the Poincaré series
of E, we only need to compute the Poincaré series of D, and multiply it by the
Poincaré series of IF,[v,]. For k > 0, write

k

Dt = @ D7 sothat dim DY = Z dim D7FT
r+s=k r=0

Then, the Poincaré series of D, is given by the power series

o0

Pp(t) =) (dim D )t*,
k=0

and so we first need to obtain the values dim D’;O for each k > 0. Note that, for every

r,s > 0, the number dim D7 is computed in Theorem 5.15. Indeed, for ¢ > 0, we

have that
dim D { Cteso dim D3>* { s .

2, if s > 2p, 2, ifs>2,
1, ifs=0,1,2,2p—1,
dim D*+35 = {0, if3<s<2p—2,

2, if s > 2p.
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This information can be showcased in the following table:

2p+1 (1222|2222

2p (|22 ]2|2(2]2]|2
2p—=11{ 21121 ]2|1]|2
2p—212,112(0]2]|0]|2

011]2]3|14]5|6

Figure 5.3: Dimension of D2’ for 0 <r <6 and 0 < s < 2p+ 1.

Lemma 5.22. For k > 0, we have that

k1, ifk=0,1,
D L if k=23,
" Yk +3, if4 <k <2p,

2k —2p+3, ifk>2p+1.

Proof. The values dim D* for 0 < k < 3 can be easily computed from the table in
Figure 5.3. Let 4 < k < 2p and write k = 20+ ¢ with ¢ = 0, 1. Then, we can compute

k—3
> dimDp T =2(i—24¢e) =k —4+e,
r=2

dim D22 =2 —¢.

Therefore, we obtain that

k—3
dim DY, = dim DI+ dim DE > + 5= (k—4+e)+ (2—¢) +5=k+3.

r=2
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Let now k& > 2p 4+ 1 and write k = 2i + ¢ with ¢ = 0,1. Then, we can compute the
following values:

k—2p

> dimDyF T =2(k—2p+1) =2k —4p+2, dim DT =1 4 ¢
r=0

k-3
: rk—r
E dim D7

dim D% =2 — ¢
r=k—2p+2
Therefore, we obtain that
k—2p
dim DfO = Z dim DC’;’ok*T + dim Dﬁg2p+1’2p*1
r=0
k—3
+ ) dim D+ dim D 4+ 2
r=k—2p+2
=2k—4p+2)+2p—-4)+Q+e)+(2—2)+2
=2k —2p+ 3.
]
As a result, we can compute the Poincaré series of H*(G,F,).
Theorem 5.23. The Poincaré series of H*(G,F,) is
1 t2 _ t3 t4 _ t5 t2p+1
P(t) = + + +
(1 —1¢)2(1 —t?r)
Proof. Using Lemma 5.22, we can compute the Poincaré series for D, as follows
Pp(t) =) (dim DE)t*
k=0
2p 00
L+ 2t + 487+ 565+ > (k+3)tF + Y (2k —2p+ 3)t*
k=4 k=2p+1
L+ =3+t — 5+ 2!
- -0
Therefore, because En, = Fylva,] ® Do, we have that
Pt) Pp(t) 148> =>4t —t° ¢!
C1-tr) (1—1)2(1 — %)
O
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5.8 (CONCLUSION AND FURTHER WORK

As a consequence of Theorem 5.20, we obtain that, for a prime number p > 5, the
LHS spectral sequences E of GG are isomorphic from the second page on as bigraded
[F,-algebras. We have not, however, determined the ring structure of H®*(Heis(p"), F,).
Now, as we discussed in Section 1.3.1, by [Car05, Theorem 2.1], there are finitely many
liftings of E(Heis(p™)) to the cohomology ring H®(Heis(p™),F,). This in particular
yields the following result.

Corollary 5.24. Let p > 5 be a prime number. Then, there are only finitely
many isomorphism types of graded-commutative IFy-algebras in the infinite collection
{H"(Heis(p"), F,) | n > 1}.

The above result is in slight analogy with the previously obtained results in the
area [Car05], [DGG17], [DGG18], [GG19], [Sym21]. Let G(—) denote an affine group
scheme over a ring. For example, the Heisenberg group G = 7Zx (Z x7Z) and the group
G are obtained by applying such a functor G(—) to Z and to Z/p"Z, respectively. The
presentations of the cohomology rings of such groups are intrinsically hard to obtain.
For instance, in [Qui72], Quillen described the cohomology rings of the general linear
groups GL, (L) over a field L of characteristic p with coefficients in a field K of
characteristic coprime to p and with trivial GL, (L)-action. However, the case where
L and K have the same characteristic is widely open. Based on Corollary 5.24, we
state the following conjecture.

Conjecture 5.25. Let p be a prime number and let G(—) be an affine group scheme
over the p-adic integers Z,. Then, there exists a natural number f = f(p,G) that
depends only on p and on G such that, for each p and for all n > f, the graded-
commutative F,-algebras H*(G(Z,/p"Z,),F,) are isomorphic, where I, has trivial
G(Z,/p"Z,)-action.

The first reason to support the previous conjecture is that the Quillen categories
of the groups G(Z,/p"Z,) are isomorphic, equivalently H*(G(Z,/p"Z,),F,) are F-
isomorphic (see [Qui7la], [Qui71b]). Secondly, observe that for each n > 2, there is
an extension

G' (Zyp/P"Lp) — G(Zy/[p"Zyp) — G(Zy/PLy),

where G'(Z,/p"Z,) denotes the first congruence subgroup of G(Z,/p"Z,). It is known
that G*(Z,/p"Z,) is a powerful p-central group with the Q-extension property and
thus, for every n > 2, the graded-commutative F,-algebras H*(G*(Z,/p"Z,),F,) are
isomorphic [Wei00]. Moreover, the actions of G(Z,/pZ,) on H*(G'(Z,/p"Z,),F,)

91



are isomorphic, in the sense of [DGG17, Definition 5.5]. In turn, the second pages
Ey(G(Z,/p"Z,)) are isomorphic as bigraded F,-algebras. Therefore, based on [DGG17,
Conjecture 6.1], we would expect that the above conjecture holds by taking f to be
equal to 2.
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Resumen en castellano

La cohomologia de grupos surge, junto con el algebra homoldgica, de la topologia
algebraica y el estudio de los grupos de cohomologia de ciertos espacios topolégicos.
Dado un grupo finito G, podemos asociarle un espacio clasificador BG, el cual satis-
face que su primer grupo de homotopia es isomorfo a GG, y sus grupos de homotopia de
6rdenes superiores son triviales. Podemos definir los grupos de cohomologia H" (G, V)
de G con coeficientes en un RG-médulo V', donde R es un anillo conmutativo, como
los grupos de cohomologia de su espacio clasificador BG, véase [Hat02]. También es
posible dar una definicién puramente algebraica de los grupos de cohomologia de G
en términos de functores derivados, y de hecho este es enfoque que seguiremos a lo
largo de esta tesis.

Posteriormente, el estudio de la cohomologia de grupos se ha convertido en un
area de investigacion importante por derecho propio. Si tomamos la suma directa
H*(G, R) de todos los grupos de cohomologia del grupo finito G' con coeficientes en
el modulo trivial R equipada con el asi llamado producto cup, obtenemos un anillo
conmutativo-graduado finitamente generado [Eve91, Capitulo 3]. Esto demuestra
que la cohomologia de grupos posee una rica estructura algebraica que puede ser
explotada para obtener una gran cantidad de informacion, como el nimero minimo de
generadores y relaciones en una presentacion del grupo. También tiene innumerables
aplicaciones fuera de la teoria de grupos, en areas como la teoria de niimeros y la
geometria algebraica, véanse [Guil8| y [Sil13].

Una caracteristica importante de la cohomologia de grupos es que admite multi-
ples caracterizaciones, las cuales contribuyen a darnos una vision més completa de
la materia. De hecho, la cohomologia puede describirse en términos de extensiones
tanto de médulos como de grupos. Por un lado, la caracterizacion del functor Ext en
términos de extensiones de médulos, debida originalmente a Yoneda [Yon92], nos per-
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mite describir los elementos de H"(G, V') como clases de equivalencia de extensiones
de RG-moddulos de la forma

0 > V > M, > My > R > 0.

~

Por otra parte, es bien sabido que el segundo grupo de cohomologia H*(G, V) clasifica,
salvo equivalencia, las extensiones de grupos de la forma

0 s V s B s G s 1.

Esto puede generalizarse, tal y como se hace en [Hol79], a grupos de cohomologia de
grado superior, de modo que los elementos de H" (G, V') puedan verse como clases de
equivalencia de extensiones cruzadas de la forma

~
—_

0 >V > M, y M, > G

Estas dos caracterizaciones de la cohomologia de grupos comparten muchas de sus
caracteristicas fundamentales. Cuando se estudian una junto a la otra, proporcionan
una descripcion mucho mas natural, aunque menos computacional, no solo de los
propios grupos de cohomologia, sino también de sus propiedades functoriales, homo-
morfismos conectores y el producto cup. Ademas, estas caracterizaciones también nos
ayudan a construir explicitamente clases de cohomologia con propiedades especificas
que, de otro modo, serian muy dificiles de encontrar.

Nos interesaran sobre todo los anillos de cohomologia médulo p de p-grupos finitos,
ya que el calculo de los anillos de cohomologia de grupos finitos puede reducirse a
ese caso. De hecho, la cohomologia es en general mas facil de calcular cuando se
trabaja con coeficientes sobre un cuerpo K debido a resultados como la férmula de
Kinneth y el teorema de coeficientes universales, véase [Eve91, Seccién 2.5]. Ademas,
podemos utilizar el teorema de Maschke [Ben91, Corolario 3.6.12] para demostrar que
la cohomologia de G es trivial siempre que la caracteristica de K no divida el orden de
G. Entonces, es posible suponer que K = [, siendo p un factor primo del orden de G,
utilizando el teorema de coeficientes universales. Por tltimo, puede demostrarse que
la cohomologia médulo p de G se embebe en la cohomologia médulo p de cualquiera
de sus p-subgrupos de Sylow [Bro82, Seccién I11.10].

En general, no es posible determinar si dos grupos finitos dados son isomorfos
simplemente mirando a sus anillos de cohomologia, es decir, la familia de grupos finitos
no posee la propiedad de unicidad cohomoldgica. En efecto, si p es un primo impar
y GG es un p-grupo abeliano finito, el tipo de isomorfismo del anillo de cohomologia
moédulo p de G depende tinicamente del niimero minimo de generadores de G, véase
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[Eve9dl, Seccién 3.5]. En particular, dos p-grupos ciclicos no isomorfos cualesquiera
tienen anillos de cohomologia médulo p isomorfos.

No obstante, podemos restringir nuestra atencion a familias especificas de p-grupos
finitos y estudiar si los grupos de estas familias pueden ser distinguidos por sus co-
homologias modulo p. Nos planteamos entonces las siguientes preguntas: ;Es una
familia dada de grupos cohomoldgicamente tinica? Y por el contrario, ;qué familias
de grupos no pueden distinguirse cohomoldgicamente, porque sélo tienen un nimero
finito de anillos de cohomologia salvo isomorfismo? Como ya hemos explicado, la
respuesta a la primera pregunta es afirmativa para la familia de p-grupos abelianos
elementales finitos. Por otra parte, si tomamos todos los p-grupos abelianos finitos
de un cierto rango, entonces todos los grupos de esta familia tienen el mismo anillo
de cohomologia modulo p.

En nuestros intentos de determinar la unicidad cohomoldgica de ciertas familias
de grupos, nos encontramos con un reto importante. En general, es extremadamente
dificil calcular el anillo de cohomologia de un grupo dado, no hablemos ya de una
familia de grupos. De hecho, hay muy pocos ejemplos, aparte de los ya mencionados,
de célculos explicitos de anillos de cohomologia en la literatura. Es por esta razén
que podemos optar por centrar nuestra atencién en el calculo de ciertos invariantes
de la cohomologia, en lugar de tratar de determinar la estructura completa del anillo.

Asi, es interesante estudiar los invariantes algebraicos del anillo de cohomologia de
GG, y como se relacionan con la estructura de grupo de GG. Por ejemplo, la dimension
de Krull de la cohomologia médulo p de G se puede calcular facilmente, gracias a
un resultado de Quillen [CTVZ03, Corolario 8.4.7], como el rango de cualquier p-
subgrupo abeliano elemental maximal de G. Este importante resultado determina
completamente la dimension de Krull de la cohomologia en términos de la estructura
de los subgrupos del grupo.

Los intentos de hacer lo mismo con otro invariante algebraico, la profundidad, han
sido hasta ahora mucho menos exitosos. A pesar de estar estrechamente relacionada
con la dimensién de Krull, la profundidad es considerablemente més dificil de calcular.
Hasta ahora, s6lo se han encontrado cotas superiores [CTVZ03, Proposicion 12.2.5]
e inferiores [Duf81]. No obstante, Carlson enuncié en [Car95] una conjetura que
caracteriza la profundidad de la cohomologia modulo p de G en términos de lo bien
que puede detectarse dicha cohomologia al restringir a las cohomologias de ciertos
subgrupos de G.

El principal obstéculo en el estudio de esta conjetura es que, normalmente, nece-
sitarfamos calcular primero el anillo de cohomologia y luego utilizar métodos com-
putacionales para determinar la profundidad. La falta de ejemplos en la literatura,
sin embargo, hace que este enfoque sea intutil para el estudio de la profundidad en
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familias infinitas de p-grupos. Para p impar, consideramos el grupo pro-p de clase
de nilpotencia maxima G, que tiene un tnico cociente finito G, de orden p"™! para
cada entero r > 2. Utilizando las cotas antes mencionados para la profundidad de
H*(G,,F,), somos capaces de determinar que su valor es 1 o 2, para cada r > 2. Es
ahora cuando podemos emplear la caracterizaciéon de la cohomologia de grupos en
términos de extensiones. Para calcular la profundidad cuando r < p — 2, construimos
una clase de cohomologfa no trivial en H*(G,,F,) como producto de una extensién
de Yoneda en H'(G,,F,) y una extensién cruzada en H*(G,,F,), y demostramos que
su restriccion es trivial en cada subgrupo de una cierta familia de subgrupos de G,.
Esto nos permite utilizar los resultados de Carlson en [Car95] para demostrar que la
profundidad de H*(G,,F,) es 1 para 2 < r < p — 2, lo cual significa que estos grupos
satisfacen la conjetura de profundidad de Carlson. Y lo que es mas importante, hemos
sido capaces de calcular el valor de la profundidad sin tener que calcular primero los
anillos de cohomologia. Estos resultados publicados en [GGG22], junto con otros de
Garaialde Ocana [Garl8], sugieren que los anillos de cohomologia de los cocientes
finitos de GG son idénticos o extremadamente similares.

Pasamos ahora a centrarnos en el calculo de los anillos de cohomologia en si. Hacerlo
para familias infinitas de grupos sélo es posible a través de un estudio detallado
de los grupos especificos considerados. Las sucesiones espectrales han demostrado
ser una herramienta extraordinariamente poderosa en el cdlculo de la cohomologia
de grupos finitos, y se han convertido en una de las principales técnicas empleadas
con este objetivo. Aparecen principalmente en la forma de la sucesion espectral de
Lyndon-Hochschild-Serre (LHS) [Eve91, Seccién 7.2], que nos permite en cierto modo
aproximar la cohomologia de un grupo G que puede obtenerse como una extension
de grupos

1 > N > G > Q) > 1

partiendo de las cohomologias del cociente () y del subgrupo normal N, y calculando
repetidamente grupos de cohomologia. El principal inconveniente de este enfoque es
que depende del calculo de ciertas diferenciales, de las cuales normalmente poseemos
poca o ninguna informacién. Este problema puede resolverse en determinadas cir-
cunstancias, en las cuales es posible encontrar formulas explicitas que nos ayudan
a calcular dichas diferenciales. Tal es el caso cuando G es una extension escindida
de @ por N, como demostraron Charlap y Vasquez [CV69] y posteriormente adapt6
Siegel en [Sie96] al caso concreto cuando @ es un p-grupo ciclico de orden p. En
[GG23], generalizamos este resultado de Siegel para cuando ) es un p-grupo ciclico
de cualquier orden.

También en [Sie96], Siegel utiliza sus resultados sobre diferenciales en el célculo
de la sucesion espectral LHS del grupo de Heisenberg Heis(p) médulo p para p > 3.
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Podemos seguir el mismo argumento que Siegel para calcular las sucesiones espectrales
LHS de los grupos de Heisenberg Heis(p") médulo p™ para p > 5y n > 2, y demostrar
que son todas isomorfas empezando por la segunda pagina. Esto implica que, en esta
familia infinita de grupos, sélo aparece un nimero finito de clases de isomorfismo de
anillos de cohomologia. Los resultados anteriores han sido publicados en [GG23].

La estructura de la tesis es la siguiente:

En el capitulo 1, introducimos los conceptos y resultados principales de algebra
homolégica que usaremos a lo largo de esta tesis. Comenzamos introduciendo comple-
jos de cadenas y cocadenas de modulos, asi como modulos proyectivos y resoluciones
proyectivas, las cuales usamos para definir los functores Tor y Ext. A continuacion,
definimos los grupos de cohomologia de grupos finitos y revisamos algunas de sus
propiedades basicas. Construimos la resolucién barra de un grupo finito y calculamos
con ella los grupos de cohomologia de bajo grado. Después, recordamos la estruc-
tura de la cohomologia como anillo conmutativo-graduado dada por el producto cup.
Ademas, damos una descripcién detallada de los homomorfismos de Bockstein, los
cuales empleamos a continuacion para clasificar las extensiones centrales de p-grupos
abelianos elementales de rango dos con ntcleo ciclico de orden p. Concluimos el capi-
tulo con una introduccién a las sucesiones espectrales, centrandonos en particular en
la sucesion espectral de Lyndon-Hochschild-Serre y sus propiedades principales.

En el capitulo 2, describimos la cohomologia de un grupo finito en términos de
extensiones. En primer lugar, damos la descripcion clasica de Ext usando extensiones
de Yoneda. Seguidamente, introducimos las extensiones cruzadas para describir gru-
pos de cohomologia. Después, definimos un producto de extensiones de Yoneda con
extensiones cruzadas que coincide con el producto cup usual en cohomologia.

En el capitulo 3, introducimos el concepto de profundidad para el anillo de coho-
mologia médulo p de un grupo finito y formulamos la conjetura de profundidad de
Carlson. A continuacion, calculamos la profundidad de los anillos de cohomologia mo-
dulo p de ciertos cocientes del grupo pro-p de clase maximal que, ademaés, satisfacen
la conjetura de profundidad de Carlson.

En el capitulo 4, formulamos un teorema de Charlap y Vasquez sobre el calculo de
la segunda diferencial de la sucesion espectral de Lyndon-Hochschild-Serre asociada a
una extension escindida de grupos finitos. Después, introducimos una generalizacion
de un resultado de Siegel que puede ser utilizado para calcular las diferenciales que
aparecen en la sucesion espectral asociada a una sucesion escindida de grupos finitos
con cociente ciclico de orden potencia prima.

En el capitulo 5, calculamos la sucesion espectral de Lyndon-Hochschild-Serre de
una familia de grupos de Heisenberg finitos de orden potencia prima, hasta obtener
la pagina del infinito. Comenzamos calculando la segunda péagina de la sucesion
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espectral y su estructura como &lgebra, antes de poner en uso los resultados del
capitulo anterior para calcular la segunda diferencial. Después, determinamos la
tercera pagina y mostramos que es en este punto cuando la sucesion espectral colapsa.
De este modo, proporcionamos una de las primeras familias infinitas de p-grupos cuyas
sucesiones espectrales de Lyndon-Hochschild-Serre colapsan en la misma pagina y son
isomorfas. Finalmente, calculamos la serie de Poincaré de los anillos de cohomologia.
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