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of our general approach. The model we consider is not exactly
solvable and the particular results obtained are new.
© 2021 The Author(s). Published by Elsevier Inc. This is an open
access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The limit i — 0 of Planck’s constant refers in mathematics to the semi-classical analysis, a well-
developed and matured research field [ 1-6]. In physics, quantum systems are, in some cases, related
to classical counterparts with fi appearing as a small deformation parameter, like, for instance, in
Weyl's quantization. See, e.g., [7, Chapter 13]. This is the common understanding’ of the relationship
between quantum and classical mechanics, which is formally seen as a limit case? of quantum
mechanics, even if there exist physical features (such as the spin of quantum particles) which do
not have a clear classical counterpart.

Nevertheless, classical mechanics does not only show up in the limit i — 0, but also in quantum
systems with mean-field interactions, as explained in the present paper. Theoretical physicists are
of course aware of this fact. See, e.g., [11] . This can be traced back, at least, down to the seminal
paper [12], by Hepp and Lieb who made explicit, for the first time in 1973, the existence of Poisson
brackets in some (commutative) algebra of functions, related to a classical effective dynamics.
This research line was further developed by many other authors, at least until the nineties. See,
e.g., [13-32].

We focus here on Béna’s approach, referring to his impressive series of papers, starting in 1975
with [13]. Based on his decisive progresses [17,19-21] on permutation-invariant quantum-spin
systems with mean-field interactions, Béna presents a full-fledged abstract theory® in 1991 [25]
and later in a mature textbook published in 2000 (revised in 2012) [34], named by him “extended
quantum mechanics”. See also his new book [35] on the subject, published in 2020.

Following [34, Section 1.1-a], Béna’s original motivation was to “understand connections be-
tween quantum and classical mechanics more satisfactorily than via the limit i — 0.” His major
conceptual contribution is to highlight the appearance of classical mechanics without necessarily
the complete suppression of the quantum world, offering a general formal mathematical framework
to understand physical phenomena with macroscopic quantum coherence.

Béna’s view point is different from recent approaches of theoretical physics like [36-41] (see
also references therein), which propose a general formalism to get a consistent description of inter-
actions between classical and quantum systems, having in mind chemical reactions, decoherence
or the quantum measurement theory. The approaches [36-41] (see also references therein) refer to

T At least in many textbooks on quantum mechanics. See for instance [7, Section 12.4.2, end of the 4th paragraph
of page 178]. In fact, the nowadays usual correspondence principle (which is, by the way, not precisely the original
principle that Bohr had in mind [8, Section 4.2]) says that the classical world can appear for large quantum numbers via
a statistical interpretation of quantum mechanics. Nonetheless, this does not necessarily mean that one has to perform
the limit i — 0, as Bohr himself stressed. Quoting [9, p. 313]: “Edward M. Purcell informed me that Niels Bohr made a
similar comment during a visit to the Physics Department at Harvard University in 1961. The place was Purcell’s office
where Purcell and others had taken Bohr for a few minutes of rest. They were in the midst of a general discussion when
Bohr commented: People say that classical mechanics is the limit of quantum mechanics when h goes to zero. Then, Purcell
recalled, Bohr shook his finger and walked to the blackboard on which he wrote e?/hc. As he made three strokes under
h, Bohr turned around and said, you see h is in the denominator. ” A picture of the blackboard can be found in [9, p.
313]. See also [8,10] and references therein for an exhaustive discussions on relations between classical and quantum
mechanics.

2 This limit case h — 0 corresponds in fact to the so-called semiclassical mechanics, referring to “putting quantum
flesh on classical bones” [8, Section 5.1].

3 The construction given in the recent paper [33] for a Hamiltonian flow associated with Schrédinger’s dynamics of
one quantum particle corresponds to a particular case of Béna’s theory. However, the author of [33] does not seem to
be aware of Béna’s works.
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quantum-classical hybrid theories for which the classical space exists by definition, in a ad hoc way,
because of measuring instruments for instance. By contrast, in B6na’s view point, the classical world
emerges intrinsically from macroscopic quantum systems, like in [42]. This is also similar to [43],
which is however a much more elementary example® referring to the Ehrenfest dynamics.

In [44] we revisit Béna’s conceptual lines, but propose a new method to mathematically
implement them, with a much broader domain of applicability than his original version [34] (see
also [10,35,45] and references therein). In fact, similar to B6na, who constructs a general abstract
theory [34] based on previous progress [17,19-21] on permutation-invariant quantum-spin systems
with mean-field interactions, we also base our abstract theory [44] on our own (completely new)
results [46-48] on the dynamical properties of (possibly non-permutation-invariant) quantum
lattice systems with mean-field interactions. Our approach gives, in the infinite volume limit, an
explicit representation of the full dynamics of such systems as entangled classical and quantum
short-range dynamics. In particular, in contrast to Bona’'s one, we highlight the relation between the
phase space of the corresponding classical dynamics and the state space of the non-commutative
algebra where the quantum short-range dynamics meanwhile runs, making meanwhile explicit the
central role played by self-consistency. Our viewpoint is meanwhile different from recent rigorous
studies within the C*-algebraic approach to the classical limit in the context of mean-field quantum
theories, like [49,50], which refer rather to semi-classical analysis.

The general theory can be found in [44], which is a rather long mathematical paper (72 pages).
The aim of the current paper is thus to illustrate, in a simple manner, the entanglement of classical
and quantum short-range dynamics, as well as important aspects our the general approach. This is
done via the so-called strong-coupling BCS-Hubbard model, which serves here as a paradigm. From
a technical viewpoint, the dynamical properties of this model are easy to study, albeit non-trivial,
the model being not exactly solvable. From the physical point of view, this model is also interesting
because it highlights the possible thermodynamic impact of the (screened) Coulomb repulsion on
(s-wave) superconductivity, in the strong-coupling approximation. Its behavior at thermodynamical
equilibrium is already rigorously known [51], but not its infinite volume dynamics. In fact, note
that [52] is merely a concise introduction to this problem and the particular results presented
here are new. The precise definition of the model and all its dynamical properties are explained in
Section 2. The entanglement of classical and quantum (short-range) dynamics in this prototypical
model is then made explicit in Section 3.

For convenience of the reader interested in the mathematical results [46,47] on the macroscopic
dynamics of fermion and quantum-spin systems with mean-field interactions, we provide an
appendix, since [46,47] are altogether about 126 pages long. Appendix A explains [46,47] in
concise, albeit mathematically precise, terms. In Appendix A.4, note that we formulate the results
in the special context of permutation-invariant models, making the link with the strong-coupling
BCS-Hubbard model and previous results on permutation-invariant quantum-spin systems. Ap-
pendix A.4 contains new material that cannot be found in our previous papers [46-48,51,52] on
the subject.

Remark 1. In all the paper, we focus on lattice-fermion systems, but all the results and discussions
can be translated to quantum-spin systems via obvious modifications.

2. The strong-coupling BCS-hubbard model
2.1. Presentation of the model

The dynamics of the (reduced) BCS Hamiltonian can be explicitly computed by means of [46,47],
but we prefer to consider here a BCS-type model including the Hubbard interaction. In fact, it
is a much richer new example while the BCS Hamiltonian was already been extensively studied

4t corresponds to a quantum systems with two species of particles in an extreme mass ratio limit: one species
becomes, in this limit, infinitely more massive than the other one. In this limit, the massive species, like nuclei, becomes
classical while the other one, like electrons, stays quantum.

3



J.-B. Bru and W. de Siqueira Pedra Annals of Physics 434 (2021) 168643

in the literature, via various approaches. Observe, in particular, that the (usual, reduced) strong-
coupling BCS model is exactly solvable, whereas its extension considered here is not. We call this
new model the strong-coupling BCS-Hubbard Hamiltonian. Its equilibrium states were rigorously
studied in [51], in order to understand the possible thermodynamic impact of the Coulomb repulsion
on (s-wave) superconductivity. An interesting outcome of [51] is a mathematically rigorous proof
of the existence of a superconductor-Mott insulator phase transition for the strong-coupling BCS-
Hubbard Hamiltonian, like in cuprates, which must be doped in order to avoid the insulating (Mott)
phase and become superconductors.

The results of [51] refer to an exact study of the phase diagram of the strong-coupling BCS-
Hubbard model, whose Hamiltonian is defined in any cubic box A; := {Z N [—L, L]} (d € N) of
volume |A;|, L € Ny, by

)4
H; = Z hy — A Z ay 4Gy | Gy |Gy ¢ (1)

XeAp X, yeEAL
for real parameters i, h € R and A, y > 0, where, for all x € 74,
hx = ZA.nqunx,L — M (Tlx,T + nm) —h (nva - nx,i) . (2)

Recall that the operator ay (ays) creates (annihilates) a fermion with spin s € {1, ]} at lattice
position x € Z¢, d = 1, 2, 3, ..., whereas Nys = 0y (ys is the particle number operator at position
x and spin s. They are linear operators acting on the fermion Fock space F,,, where

Fym A CAH 2 g ®

forany A € Z%and d € N.

The first term of the right-hand side of (2) represents the (screened) Coulomb repulsion as in the
celebrated Hubbard model. The second term corresponds to the strong-coupling limit of the kinetic
energy, also called “atomic limit” in the Hubbard model community, the real parameter u being
the so-called chemical potential. The third term is the interaction between spins and the external
magnetic field h.

The last term in (1) is the (homogeneous) BCS interaction written in the position space (see,
e.g., [51, Eq. (1.3)]). The long-range character of this interaction is apparent for it is an infinite-range
hopping term (for fermion pairs). In fact, it is a mean-field interaction, since

1 1
T X e = 3 | o Y da | e

X,yeAL YeEAL XeEAL

This is a simple example of the far more general case studied in [46,47]. It is however a non-trivial
and a very interesting mean-field model since, even when © = h = A = 0, the Hamiltonian
H; qualitatively displays most of basic properties of real conventional type I superconductors.
See, e.g. [53, Chapter VII, Section 4]. Note that the precise mediators leading to the effective
BCS interaction are not relevant here, i.e., they could be phonons, as in conventional type I
superconductors, or anything else.

2.2. Approximating Hamiltonians

The thermodynamic impact of the Coulomb repulsion on s-wave superconductors is analyzed
in [51], via a rigorous study of equilibrium and ground states of the strong-coupling BCS-Hubbard
Hamiltonian: At any Ly € Ny and inverse temperature 8 > 0, for any linear operator A acting on

4
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the fermion Fock space5 F ALy (3), we prove that
lim o® (A) = w (A), (4)
L—o0

where, for L € Ny,

e*ﬂHL
o () = Tracer, ((-) ) (5)

Tracer, (e=FM:)

is the Gibbs states associated with H;, while w is an explicitly given (infinite volume) equilibrium
state, defined as being a (global, space-homogeneous) minimizer of the free energy density (i.e., free
energy per unit volume). See [51, Section 6.2] for more details.

An important point in such an analysis is the study of an associate variational problem over
complex numbers: By the so-called approximating Hamiltonian method [54-56], one defines an
approximation of the Hamiltonian, which is, in the case of the strong-coupling BCS-Hubbard
Hamiltonian, the c-dependent Hamiltonian

H; (c) = Z {he — v (ca} ,a} | +Cay axr)} (6)

XeAL

where ¢ € C. The main advantage of using this c-dependent Hamiltonian, in comparison with Hy, is
the fact that it is a sum of shifts of the same on-site operator. For an appropriate choice of (order)
parameter ¢ € C, it leads to the exact pressure of the strong-coupling BCS-Hubbard model, in the
limit L — oo: At inverse temperature S > 0,

lim p[H,] = sup {—y|c|2 + lim p[H; (c)]} (7)
L—o0 ceC L—o0
with p[H] being the pressure

p[H] =

1
InTracez, (e ), B >0,
B 1ALl w (€
associated with any Hamiltonian H acting on the fermion Fock space F,,. In fact, the (exact)
Gibbs state " converges® to a convex combination of the thermodynamic limit L — oo of the
(approximating) Gibbs state w(-?) defined by

e~ AHL®)
o) () = Tracer, | () ’ Y

Trace}-AL (e*ﬂHL(O))

the complex number ?» € C being a solution to the variational problem (7).
Since y > 0, this can heuristically be seen from the inequality

v 1Al e + Hy (©) = He = (¢ = VIALE) (0 — ViAdle) = 0.

where

1
0= —— Qy, | Oy, (9)
¢|AL|Z e

XEAL

5 For any finite subset A < 79 the (finite-dimensional) C*-algebra B(F,) of linear operators acting on the
antisymmetric Fock space F, is *-isomorphic to the CAR (unital) C*-algebra ¢/, generated by anticommuting elements
{@y.s}xea.ses, Which are identified with annihilation operators acting on F,, associated to the canonical basis of CA*{1:¥},
Therefore, by identifying the generators {dys}xeana’ ses in two such C*-algebras ¢/, and Uy, {B(Fa)}aczd, |aj<o0 1S @ DEL
of C*-algebras with respect to inclusion (of finite subsets of Z9).

6 In the sense of (4), or, in the mathematical jargon, in the weak* topology.

5
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(¢§) annihilates (creates) one Cooper pair within the condensate, i.e., in the zero-mode for fermion
pairs. This suggests the (rigorously proven) fact [51, Theorem 3.1] that

|0|2 = lim M

10
L-oo  |Af] (10)

for any’ € C solution to the variational problem (7). The parameter |d|? is the condensate density
of Cooper pairs and so, » # 0 corresponds to the existence of a superconducting phase, which is
shown to exist for sufficiently large y > 0. See also [51, Figs. 1,2,3].

2.3. Dynamical problem

As is usual, a Hamiltonian like the strong-coupling BCS-Hubbard Hamiltonian drives a dynamics
in the Heisenberg picture of quantum mechanics: The corresponding time-evolution is, for L € Ny,
a continuous group (tt(L))rE]R of automorphisms of the algebra B(F,, ) of linear operators acting on
the fermion Fock space F,, (see (3)), defined by

7(A) = el pe it (11)

forany A € B(F,,) and t € R. The generator® of this time evolution is the linear operator §; defined
on B(Fy,) by

81 (A) = i[HL, A] := i (H;A — AH,)..

If y = 0 then, for any time t € R and linear operator A acting on the fermion Fock space Far,
(3)v LO € NO,

limyo0 70 (A) = 7 (A)

limy_.o0 81 (A) = i[Hy,. Al. (12)

because H;|,—¢ is the sum of on-site terms. In particular, (12) uniquely defines an infinite volume
dynamics in this case. Nonetheless, as soon as y > 0, the thermodynamic limit (12) of the
mean-field dynamics does not exist in general (even along subsequences).

One can try to approximate r[“) by ‘L'[(L’C). where

Tt(L'C)(A) .— @itHL(©) ga—itHL(©) (13)
for any L € Ny, A € B(F,,) and some complex number ¢ € C. In this case, the linear operator

8. () =1i[HL (c), ] (14)

on B(Fy,) is the generator of the dynamics (rt(L‘C))tE]R. In this case, since local Hamiltonians (6) are
sums of on-site terms, foranyc € C,t e R, [ € Ngand A € ]:Alo'

limioo 7 () = 7 (A),
llmL_>oo SL,C (A) = I[Hlo(c)s A]7

like in the case y = 0 with (12). In other words, there is an infinite volume dynamics for such
approximating interactions.

A natural choice for ¢ € C would be a solution to the variational problem (7), but what about
if the solution is not unique? Observe, moreover, that the variational problem (7) depends on the
temperature whereas the time evolution (11) does not!

The validity of the approximation with respect to the primordial dynamics was an open question
that Thirring and Wehrl [57,58] solve in 1967 for the special case Hy|,—=n=0, Which is an exactly
solvable permutation-invariant model for any y € R. An attempt to generalize Thirring and Wehrl's
results to a general class of fermionic models, including the BCS theory, has been done in 1978 [59],

(15)

7 This implies that any solution d to the variational problem (7) must have the same absolute value.
8 That is, 7M(A) = exp (it8y).
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but at the cost of technical assumptions that are difficult to verify in practice. This research direction
has been strongly developed by many authors until 1992, see [13-32] . All these papers study
dynamical properties of permutation-invariant quantum-spin systems with mean-field interactions.
Our results [46,47], summarized in Appendix A, represent a significant generalization of such
previous results to possibly non-permutation-invariant lattice-fermion or quantum-spin systems. In
order to illustrate how our results [46,47] are used to control the infinite volume dynamics of mean-
field Hamiltonians, we now come back to our pedagogical example, that is, the strong-coupling
BCS-Hubbard model.

2.4. Dynamical self-consistency

Instead of considering the Heisenberg picture, let us consider the Schroédinger picture of quantum
mechanics. In this case, recall that, at fixed L € Ny, a (finite volume) state p") is a positive and
normalized functional acting on the algebra B(F,,) of linear operators on the fermion Fock space
Fa,. By finite dimensionality of F,,,

,O(L) () = Trace}-AL (() d(L)) ,

for a uniquely defined positive operator d) e B(F 4, ) satisfying Trace;AL(d(“) = 1 and named the

density matrix of p"). Compare with (5) and (8). See also Appendix A.2.1. At L € Ny, the expectation
of any A € B(F,,) at time t € R is, as usual, equal to

o (A) = Trace, (eMAeMdD) . (16)

Le., the time evolution of any finite volume state is

o = p® ot teR, (17)
which corresponds to a time-dependent density matrix equal to d([L) = r(_Lt)(d(L)). Compare with (77).
The thermodynamic limit of (16) for periodic states can be explicitly computed, as explained in
Appendix A.3.2. It refers to a non-autonomous state-dependent dynamics related to self-consistency:
By (3) with A = Ay = {0}, recall that

Foy = [\ CO10 = ¢ (18)

is the fermion Fock space associated with the lattice site (0, ...,0) € Z¢ and so, B (F) can be

identified with the algebra Mat(4, C) of complex 4 x 4 matrices, in some orthonormal basis®. For
any continuous family w = (w;)ier Of states acting on B (f{o}), we define the (infinite volume)

non-autonomous dynamics (rt(f‘;))sﬁtek by the Dyson-Phillips series'?

t tk—1
fgg));:1+2/ dfl"'/ dty 6% o ---08%1, (19)
N

keN vS

where
87 = Lan;lo 5L,p(a0,¢ao_i) “) (20)

is the generator of the infinite volume dynamics associated with the approximating Hamiltonian
Hi(c) for ¢ = p(ap1ao,,). See (6) and (15). Note that the precise definition of the generator §° -
both acting on the CAR algebra ¢/ of the infinite lattice - is not necessary here to understand the
action of the mappings (19)-(20) on local elements A € B’(]—‘ALO ), Ly € Ny, since in this case

87 (A) = i[Hiy(p(ao 1 ao.,)), Al,
9 For instance, (1,0, 0,0) is the vacuum; (0, 1,0, 0) and (0,0, 1,0) correspond to one fermion with spin 4 and |,

respectively; (0, 0, 0, 1) refers to two fermions with opposite spins.
10 That is, r') is a time-ordered exponential.
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thanks to Equation of (15). In particular,
77 (B(]:A,_O )) CB(Fs,). LN

Observe that the particular value p(ap +ap,;) € C, which is taken here for the complex parameter
¢, is reminiscent of (9)-(10).
Now, by (75) and (101), for any fixed initial (even) state po on B (F(g)) at t = 0, there is a unique
family (w(t; po));cr Of On-site states acting on B (F(g)) such that
w(t; po) = po © ‘L'fg‘;m) , teR. (21)

This is a self-consistency equation on a finite-dimensional space, by (18).
2.5. Infinite volume dynamics for product states

For simplicity, at initial time t = 0, take a finite volume product'! state ® A, P associated with
a fixed even'? state p on B (f{o}). An example of finite volume product states is given by the
approximating Gibbs states (8). Then, in this case, as explained in Appendix A4, for any t € R,
the thermodynamic limit

pr(A) = lim (®4,0) 07" (A) (22)

of the expectation of any linear operator A € B(F, ALO) for Ly € Ny exists and corresponds to the

time-dependent product!? state

pe = (®210) 0 75 = @uwl(t; o). (23)
where @(-; p) is defined by (21). In other words, for any time t € R, the limit state is in this case
completely determined by its restriction to the single lattice site (0, ..., 0) € Z‘. Below, we give

the explicit time evolution of the most important physical quantities related to this model, in this
situation:

Proposition 2 (Infinite Volume Dynamics). One has the following assertions:
(i) Electron density:

d(p) == p (no,+ +no,;) = pi—o (N1 + 1o,y ) = p¢ (Mo.r + Ny ) € [0, 2].
(ii) Magnetization density:

m(p) = p (nos —no,y) = peo (Mo.4 — no,¢) = pt (Tlm —ng) €[—1,1].
(iii) Coulomb correlation density:

w(p) = p (no,Tno,i) = Pt=0 (no,¢no,¢) = Pt (n0,¢”0,¢) € [0, 1].
(iv) Cooper-field and condensate densities:

ot (ao,iao.T) — K(p)ei(W(ﬂ)Jr(?(p))

with
v(p):=2(u—2A)+y(1—d(p)
and k(p) € [0, 1], 6(p) € [—7, 7) such that, at initial time, p (ao,yao,1) = /k(p)e).

11 The product state p*) is well-defined by p®(a, (A1) - - ax, (An)) = p(A1)- - - p(Ay) for all Ay, ..., A, € B(F)) and all
X1y eens Xn € Ap such that x; # x; for i # j, where ocx](Aj) €B (.F‘X],) is the x;-translated copy of A; for all j € {1,..., n}.
See (43) and (95)-(96) for more details.

12 Even means that the expectation value of any odd monomials in {aj , do s}se(+.) With respect to the on-site state p
is zero. Even states are the physically relevant ones.

13 por any even state p on B (]—‘(0)), ®yap is a state acting on the CAR algebra of the infinite lattice, which includes all
B(Fa, ) L € No. The restriction of ®;4p to B(F,,) is of course equal to ®4, p.

8
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Proof. Recall that [A, B] := AB—BA is the commutator of A and B and, for any s € {1, |}, ns := a}as
is the spin-s particle number operator on the lattice site O (with “0” being omitted in the notation for
simplicity). We now prove Assertions (i)-(iv): By the canonical anti-commutation relations (CAR),
for any s € {1, |},

[dh (p) . ns] = v (p (a,ay) aia} — p (a}a}) ayay)
with dh (p) defined from (2) by
dh (p) == ho — v (aya}p (ayar) + p (a}a}) ayay) . (24)
By (23), (i)-(ii) straightforwardly follow. (iii) is a direct consequence of the following computation:
[dh(p),mn, ] = yaiaip (a,ar) — yp (aia}) a,ay.
To obtain (iv), observe that
[dh(p).ayar] =2 —2)a,a; — yp (ayar) (ny + 1y — 1),
using again the CAR. Then, by combining this with (i), one computes that the function 3 =
pt (ao,,a0,1), t € R, satisfies the elementary ODE
Bz () =1 ()3 (p) . 30(p) =p(ayay) .
from which (iv) directly follows. =

In the special case A = 0, i.e., without the Hubbard interaction, Proposition 2 reproduces the
results of [20, Section A] on the strong-coupling BCS model, written in that paper as a permutation-
invariant quantum-spin model. Observe also that x(p) := | P (a WT) |2 is the Cooper-pair-condensate
density, which, in this situation, stays constant for all times, by Proposition 2 (iv).

Proposition 2 leads to the exact dynamics of the considered physical system prepared in a
product state at initial time, driven by the strong-coupling BCS-Hubbard Hamiltonian, in the
infinite volume limit. This set of states is still restrictive and our results [44,46,47], summarized
in Appendix A, go far beyond this simple case, by allowing us to consider general periodic states as
initial states, in contrast with all previous results on lattice-fermion or quantum-spin systems with
mean-field interactions.

2.6. From product to periodic states as initial states
The strong-coupling BCS-Hubbard model is clearly permutation-invariant.'* First, take a

permutation-invariant'° state p as initial state. As is explained in Appendix A.4.2, any permutation-
invariant state can be written (or approximated, to be more precise) as a convex combination

of product states (cf. the Stgrmer theorem). Thus, let pq,..., pn be n € N product states and
uq,...,u, €[0,1] such thatu; +---4+u, =1, and
n
p= Z ujpj - (25)
j=1

At fixed L € Np, we take the restriction p® of p to B(Fy,,), which is thus a finite volume
permutation-invariant state, like the Gibbs state (5) associated with the strong-coupling
BCS-Hubbard model. Then, in this case, we infer from (22)-(23) that, for any time t € R,

L—o00

n
tim o o7 = uwpory (26)
j=1

14 It is invariant under the transformation Pr @ Gys B> Ggys With x € Z¢ and s € {4, |}, for all bijective mappings
7 : 2% — 7% which leave all but finitely many elements invariant. See Appendix A.4.1.

15 Le., pop, = p for all bijective mappings 7 : Z¢ — Z¢ which leave all but finitely many elements invariant. See (93).
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where by a slight abuse of notation, ®(-; p) = @(-; p|g( (Fop))- Note that all limits on states refer to
the weak* topology, basically corresponding to apply all states of (26) on fixed elements of B(F,,),
L € Ny, to perform the limit.

For general permutation-invariant states, one has to replace the finite sum (25) by an integral
with respect to a probability measure 1, on the set Eg of product states in order to generalize (26):
Formally, for any time t € R,

im p% ot = [ port Mau, (7). (27)
L—o00 Eg ’
See, e.g., (103) for more details. As a consequence, by combining Proposition 2 with such a decom-
position of permutation-invariant states into product states, we obtain all dynamical properties of
the strong-coupling BCS-Hubbard model, in any permutation-invariant initial state.

For instance, taking the state (25) and combining (26) with Proposition 2 applied to the product
states pj, j € {1, ..., n}, we obtain the Cooper-field and condensate densities:

Pt (0.4 0.1) Z”J V(e @), (28)

In particular, the Cooper-pair-condensate density defined by «(p¢) = ] Pr (a ¢aT)‘2 at time t € R
is not anymore necessarily constant and can have a complicated, highly non-trivial, time evolution,
in particular when p is not a finite sum like (25), but only the barycenter of a general probability
measure on the set of product states, see (27). Physically speaking, Eq. (28) expresses an interference
phenomenon on the Cooper-field densities in each pure state p; forj e {1,...,n}.

The permutation-invariant case already applies to the (weak*) limit «(® of the Gibbs state
»™(5) which is proven to exist as a permutation-invariant state »(>) because, by [51, Theorem
6.5], away from the superconducting critical point, it is formally given by

1 e i0
W™ — 7/ @) dg (29)
27 0

with {0 = re?, 9 e [0, 2]} being all solutions to the variational problem (7) and where the product
state w(®? is the thermodynamic limit L — oo of the Gibbs state o (-) defined by (8). In this
case, by [51, Theorem 6.4 and previous discussions],

o) (@a) =re’ =2, 0 €[0,2n], (30)

and if one has a superconducting phase, i.e.,, r > 0, then, by [51, Eq. (3.3) and Theorem 6.4 (i)], one
always has the equality

w(OO,rel'g) (nl + nT) =1 + 2)/71 (M _ )») (31)

for all 6 € [0, 2xr]. In fact, any equilibrium state is a state in the closed convex hull of {w(w*’e'e), 0 e
[0, 27r1}. Egs. (30)=(31) imply that, for any equilibrium state w, like »{®, the frequency v(w), defined
in Proposition 2 (iv), vanishes, i.e., v(w) = 0. Hence, in this case, by Proposition 2, all densities are
constant in time for any equilibrium state. The same property is also true at the superconducting
critical point, by [51, Theorem 6.5 (ii)]. This is of course coherent with the well-known stationarity
of equilibrium states. For more details on equilibrium states of mean-field models, see [48].

The results presented above could still have been deduced from Béna’s ones, as it is done in [20,
Section A] for the strong-coupling BCS model, for H;|;—p—o to be precise. Of course, in this case, one
has to represent the lattice-fermion systems as a permutation-invariant quantum-spin system and
a permutation-invariant state would again be required as initial state.

Using [46,47] one can easily extend this study of the strong-coupling BCS-Hubbard model to
a much larger class of initial states: In fact, product states are only a particular case of so-called
ergodic translation-invariant'S states and if the initial finite volume state p® is the restriction to

16 Le., it is invariant, for any x € Z%, under the transformation Qys > dyyys, Y € 74, s € {4, |}. See Section A.2.3.
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B(F4,) of an extreme or, equivalently, ergodic translation-invariant state!”, then Eq. (103) also tells
us that, for any time ¢ € R,

nggc p(L) ° Tt(L) =po th,vo(cp)

(in the weak* sense, as before), where, again by a slight abuse of notation, w(-; p) = w(-; plg(;(o))).
What is more, since

o5 (B (Fioy) < B(For) -

because (6) is a sum of on-site terms, the time evolution of the electron, magnetization, Coulomb
correlation, Cooper-pair-condensate and the Cooper-field densities can directly be deduced from
Proposition 2, for extreme (ergodic), translation-invariant, initial states. Similar to (25)-(26), these
quantities can be derived for general translation-invariant states, by using their decompositions (72)
in terms of extreme (or ergodic) translation-invariant states.

All these outcomes can be extended to the case of general periodic initial states, via straightfor-
ward modifications: for any (¢4, ..., £4) € N¢ and initial (¢1, . . ., £4)- periodic'® state p, replace in
all the above discussions on translation-invariant initial states terms like p (a ¢a¢) = p (ao, ¢a04¢) by

1
m Z 1Y (ax’lax,/r) . (32)

d x=(X1,....Xq), X;€{0,....4;—1}

Cf. (73)-(74). This goes far beyond all previous studies on lattice-fermion or quantum-spin systems
with mean-field interactions.

3. Entanglement of classical and quantum dynamics

Quoting [8, p. 106], the “research in semiclassical mechanics, and especially in the subfield of
quantum chaos, has revealed that the relationship between classical and quantum mechanics is
much more subtle and intricate than the simple statement i — 0 might lead us believe.” In this
section, we explicitly show an intricate combination of classical and quantum dynamics in mean-
field systems. In order to illustrate this fact in a simple manner, we again use our pedagogical
example, that is, the strong-coupling BCS-Hubbard model. We start by describing the classical part
of the dynamics.

3.1. Emergence'® of Classical Mechanics

In the previous sections we rigorously derive the infinite volume dynamics of the BCS-Hubbard
model, which is a model comprising mean-field interactions, and now one may ask how a classical
dynamics appears in this scope. To unveil it, first observe from Proposition 2 that we recover the
equation of a symmetric rotor: Fix an even on-site state p. For any t € R, define the 3D vector
(821(t), $25(t), £25(t)) by

P (a0, a0,1) = 21(t) + i825(t)

and

250 =2(u—2+y (1—p(nos+noy)). (33)

17 This state acts on the CAR algebra v of the lattice. See (38).
18 gee Appendix A.2.3 for more details.

19 1 physics, “emergence” may refer to different concepts, one possible meaning of this term being the very opposite
of the so-called “reduction”. For more details, see, e.g., [60, Beginning of Chap. 10]. Here, with “emergence” we simply
mean the process of appearance. Note however that the theory of entangled classical and quantum mechanics, described
in this section, could be seen as an example of asymptotically emergent theory, in the sense of [60, Definition 10.1].
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Then, this time-dependent 3D vector satisfies, for any time t € R, the following system of ODEs:
() =—-231) 82 () ,
§2;(t) = 825 (6) 21 () (34)
25(t)=0.

It describes the time evolution of the angular momentum of a symmetric rotor in classical mechan-

ics. This is not accidental.

As a matter of fact, the equation governing the (infinite volume) mean-field dynamics can be
written in terms of Poisson brackets, i.e., as some Liouville’s equation of classical mechanics: In the
algebraic approach to classical mechanics [7, Chapter 12], it is natural to consider real- or complex-
valued functions on a phase space P. Because of the self-consistency equation (21), we thus define
a classical algebra of observables to be the real part of the (commutative C*-)algebra C(P; C) of
continuous functions on the space P = E{T)] of all even states acting on B(Fjq,). The self-consistency

equation leads to a group?’ (V;);cr of automorphisms of C(?; C) defined by
[Vif1(p) == Ff (w(t; p)) (35)

for any state p € P, function f € C(P; C) and time t € R. The equation governing this dynamics
can be written in terms of Poisson brackets:

Poisson bracket. Similar to (81), for any n € N, Ay, ..., Ay € B(Fg)) and g € C! (R", C), we define
the function I'; € C(P; C) by
Iy (p) =g A),...,p(An), pEP.

A polynomial function in C(P; C) is a function f of the form I for some polynomial g of n € N
variables. Similar to (82), for such a function and any p € P, define

n

DFg (p) = Z (AJ —p (AJ) 18(}—(0))) axjg (10 (Al) yeees P (An)) .
j=1

Note that DIy (p) € B(Foy). This definition comes from a notion of convex derivative introduced by
us, as explained in [44, Section 3.4]. Then, for all functions of the form I}, and I'y with g € C! (R", C)
and h € C' (R™, C) (n, m € N), we define the continuous function {Fh, Fg} € C(P; C) by

{1 Iy} (0) = p (i[D13 (0) , DI ()])

for any p € P. This defines a Poisson bracket on the space of all (local) polynomial functions on P.
See [44, Proposition 3.11] for a general proof.

Liouville’s equation. The classical Hamiltonian h € C(P; C) related to the strong-coupling BCS-
Hubbard model is a polynomial in C(P; C) defined in a very natural way by

2
hip):=ph) —y|p(qa)]". peP,
with h = hg defined by (2) for x = 0, the 0 indices of operators acting on Fjo, having been omitted
for notational simplicity. It leads to a state-dependent Hamiltonian equal to
* ok k% 2
Dh(p) = h—y (aid}p (a,ay) + p (aja]}) ayap) + (27|/’ (aap)|"=p (h)> 1570 (36)

for any p € P. Compare with (24). Then, we can rigorously derive Liouville’s equation (see, e.g., [61,
Proposition 10.2.3]) for any polynomial f in C(P; C):

Ve (f) =Ve ((h, f) ={h, Vi(f)}, teR. (37)

See Eq. (104). Liouville’s equation is written here on a finite-dimensional phase space and can easily
be studied analytically. Its solution at fixed initial state gives access to all dynamical properties

20 The fact it is a group is not that obvious, a priori. See [44, Proposition 4.4] for a general proof.
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of product states driven by the strong-coupling BCS-Hubbard model in the thermodynamic limit.
In particular, it is straightforward to check the validity of Proposition 2 from this equation: (i)
Vi (d) = d; (i) Ve (m) = m; (iii) Ve (W) = w; (iv) Vi Go) = 3 with 3:(p) == pr (a0,ya0,1) for
pePandt eR.
The time evolution V; (p,) of the non-affine polynomials
2 1 x _x\2 . s x x)\2
pa(p) = |p (aya4)|" = 4—n(p (0,01 + @ja})” + p (i ay —idja})”)",  peP,

for any integer n > 1 can be obtained by using (37). In particular, for n = 1, since the (convex)
derivative of p; at p € P equals

Dp; (p) = a;a;p (aya4) + p (@ia}) a0y — 2 |p (a,05) [ 1z

one directly recovers from Liouville’s equation, combined with the CAR and (36), that the Cooper-
pair-condensate density is static. Compare with Proposition 2 (iv). Moreover, by considering
complex-valued polynomials g in the space

[y eR:X¥+y <1} xR2@—-D-y.2—-2+y]

of (£21, £25, £23)-coordinates one can recover the classical dynamics of a symmetric rotor, as stated
in (34). In fact, one can write a(nother) Liouville’s equation on a convenient reduced (or effective)
phase space. The real and imaginary parts of p (a ¢a¢) (Cooper-field densities), respectively £2; and
£2,, and the shifted particle density £23(33) represent three physical quantities that can be seen as
macroscopic in the fermionic system under consideration. See, e.g., (10).

To conclude this subsection, recall that the classical dynamics presented above has the space
P = E(T)} of all even states acting on B(Fjp) as phase space, i.e., this dynamics is defined on
C(P; C). Taking a broader perspective, a classical dynamics can also be defined on C(Ey; C), with
Ej7 being the space of permutation-invariant states on ¢/, the CAR algebra of the infinite lattice. For
more details, see Appendix A.4. In this case, the classical dynamics constructed on C(Ej; i) can
be pushed forward, through the restriction mapping E; — P, from C(Ej; C) to C(P; C). For an
even more general definition of classical dynamics, which can be extended to periodic states, see
Appendix A.3.3.

3.2. Classical versus quantum pictures

For product states at initial time, in the case of the strong-coupling BCS-Hubbard model, it is
natural to restrict the quantum observables to the algebra B(Fjq,) of linear operators on the fermion
Fock space Figy. This keeps things simple. In this case, for any even state p on B(]—‘(og ), we can
define a non-autonomous quantum dynamics by the continuous evolution?! family (th(';p )))S e
of automorphisms of B(F), defined by (19) for @ = w(-; p). The physical relevance of this
dynamics comes from Egs. (23). Therefore, for initial product states and on on-site observables,
the mean-field dynamics can be seen either as a classical one on C(P; C) or as a non-autonomous
quantum dynamics on B(Fq,). The classical dynamics uniquely defines the quantum dynamics and
conversely.

For initial states that are not product states, the situation is more involved, but also much more
interesting, since interference phenomena on macroscopic quantities may take place. See, e.g., (28).

Let us consider general permutation-invariant states (i.e., not necessarily product states) as initial
states. In this case, the quantum world refers to all local observables of the infinite lattice and we
thus have to consider the CAR C*-algebra

u 2| JB(Fa) 2 B(Fo), (38)

LeN

w(-3p))

7 — .[r(z-'('iﬂ)) ° .[t(f:'(':/l

21 ¢ satisfies the reverse cocycle property: r[( " for any s, r,t € R.
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which is the C*-algebra generated by all finite volume quantum observables for fermions in the
lattice. See Appendix A.1.1. This algebra corresponds to what we call the “primordial” quantum
algebra in our general abstract setting, introduced in [44]

Still in relation to the terminology we introduce in [44], the secondary quantum algebra corre-
sponds here to the C*-algebra C(Ej; /) of all continuous ¢/-valued functions on the space E; of
permutation-invariant states on ¢/. This is nothing else?? than the following tensor product:

CEq;U)=C(Eq; C)U. (39)

Having in mind that a classical dynamics can be defined on C(Ej;; C), this is similar to quantum-
classical hybrid theories of theoretical physics, described for instance in [36-41]. With this definition
we naturally have the inclusions ¢/ € C(Ez; U) and C(Ep; C) € C(Ep; U), by identifying elements
of ¢/ with constant functions and elements of C(E;; C) with functions whose values are scalar
multiples of the unit of the primordial algebra u1.

The quantum (short-range) dynamics on the secondary quantum algebra C(E; U) refers to the
continuous evolution?> family (Tts)s.ter Of x-automorphisms?* of C(Ep; i) defined by

[T (O] (o) =17 (f (),  p€En,

for any function f € C(Ep;U) and time t € R, where, again by a slight abuse of notation,
w(-; p)=@(-; ply ;(0))). This state-dependent dynamics lets every element of the classical algebra
C(Er; C) invariant, i.e.,, T; (f) = f for any classical function f € C(Ej; C). In other words, the
classical algebra C(Ej; C) is a subalgebra of the so-called fix point algebra of the family (%;);cr of
s-automorphisms of C(Ej; U).

The physical relevance of the above mathematical structure comes from the fact that, for each
time t € R, permutation-invariant state p € E; and any element A € &/ C C(Ef7; U),

Jim oz () = / poty” Adu, (p) =p o @A),

Eg
by Eq. (27), where in the last equality p is seen as a state of C(Ej;; ¢/) via the definition

o= [ 50 @), ()

for any f € C(Eg; U). See [47, Theorem 4.3] for the general mathematical statement. The classical
part of the full mean-field dynamics explicitly appears in the time evolution of product states p € Eg
(cf. the Stermer theorem) and is related to a Liouville’s equation in the classical (i.e., commutative)
algebra of continuous functions C(P; C), as explained in the previous subsection.

In the theoretical framework we present here, the classical and quantum worlds are intrinsically
interdependent, in the following manner:

e The quantum (short-range) dynamics on C(E;; /) yields a well-defined classical dynamics on
C(P; C), by restriction on product states.

e Conversely, the classical dynamics on C(P; C) uniquely defines a quantum (short-range)
dynamics on C(Ep; U).

This is a mathematical fact proven for general quantum systems in [44, Sections 4.2-4.3 and 5.2].

On the one hand, the classical world, represented by the commutative (sub)algebra C(Ej; C), is
embedded in the quantum world, as mathematically expressed by the above inclusion C(Ej; C) C
C(Er7; U). On the other hand, our theory entangles the quantum and classical worlds through self-
consistency. As a result, (effective) non-autonomous short-range dynamics can emerge. Seeing
both entangled worlds, quantum and classical, as “two sides of the same coin” looks like an

22 Up to an isomorphism. See [44, Section 1] for very general mathematical arguments proving that fact.
23 it satisfies the reverse cocycle property: ;s = %, 50 %, for any s,r,t € R.

24 The mathematical fact that it is a continuous evolution family of automorphisms is not obvious, a priori. The proof
uses that Ej is a metrizable weak*-compact space, by separability of ¢/. See [44, Lemma 5.2] for a general proof.
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oxymoron, but there is no contradiction there, for everything refers to a primordial quantum world
mathematically encoded in the structure of ¢/. For instance, the phase space P and state space Ep
are imprints left by ¢/ 2 B(Fg)) in the classical world, see (39).

Note that if &/ was a commutative algebra, the corresponding Poisson bracket and, hence, the
dynamics would have been trivial. Observe also that, if the primordial algebra would be B(Fg)),
instead of ¢, then all the above construction would be still relevant for the case of initial states
being product states. In this situation, the introduction of the secondary quantum algebra is
superfluous to derive the mean-field dynamics, whereas it becomes essential when the initial state
is permutation-invariant, but not a product state.

All the above construction can be extended to periodic states and general lattice-fermion or
quantum spin systems. For more details, see Appendix A.3.4.

4. Conclusions

The dynamics of the strong-coupling BCS-Hubbard model has been exactly derived, in the
infinite volume limit. It explicitly determines, among other things, the dynamical impact of the
(screened) Coulomb repulsion on (s-wave) superconductivity. For non-pure phases, we also prove
that the Cooper-pair-condensate density is not anymore necessarily constant in time and can have
a complicated time evolution, as a consequence of interference phenomena.

Much more importantly, this model illustrates the general behavior of mean-field dynamics at
infinite volume, as rigorously explained in Appendix A. We demonstrate via this example that a
classical mechanics does not only appear in the limit i — 0, as explained for instance in [10,11]. This
was already observed by various mathematical physicists. In particular, B6na’s major conceptual
contribution [34] is to highlight the emergence of classical mechanics without necessarily the
disappearance of the quantum world. However, we propose here a new method to mathematically
implement it, with a broader domain of applicability than Béna’s original version [34] (see also [10,
35,45] and references therein). For detailed explanations, see [44, Section 3].

In contrast with all previous approaches, including those of theoretical physics (see, e.g., [11,36-
42] ), in ours the classical and quantum worlds are entangled, with backreaction® (that is,
feedbacks), as expected. Differently from Béna’'s setting, our perspective has the advantage to
highlight inherent self-consistency aspects, which are absolutely not exploited in [34], as well as
in quantum-classical hybrid theories of physics described, for instance, in [36-43].

Remark that the theoretical construction presented here is not useful when the macroscopic%®
time evolution in the Heisenberg picture is not state-dependent, as in quantum lattice systems with
short-range interactions. Nevertheless, quantum many-body systems in the continuum are expected
to have, in general, only a state-dependent Heisenberg dynamics, as explained for instance in [64,
Section 6.3]. Additionally, we show that such a mathematical framework is generally imperative to
describe the macroscopic dynamics of quantum many-body systems with mean-field interactions,
because of the necessity of coupled quantum-classical evolution equations, implementing self-
consistency when long-range order take place. The phenomenological aspects of quantum dynamics
in presence of mean-field interactions discussed here and that are highlighted by our original
approach to this problem, are very likely not restricted to mean-field case only, but should also
appear in presence of interactions that are sufficiently long-range®’ to yield non-vanishing®®

25 We do not mean here the so-called quantum backreaction, commonly used in physics, which refers to the backreaction
effect of quantum fluctuations on the classical degrees of freedom. Note further that the phase spaces we consider are,
generally, much more complex than those related to the position and momentum of simple classical particles.

26 “Macroscopic” can still mean short (even atomic) length scales. For lattice systems, it should quantitatively be
measured in terms of lattice units (l.u.), which is typically a few angstr 6ms. For instance, a length L ~ 1000 refers
to a few hundreds of nanometers, only. One thousand is a priori a large number, but everything depends of course on the
rate of convergence of microscopic dynamics in the thermodynamic limit L — oo. In general, this may be an exponential
rate (with respect to the volume |A;|), similar to what is proven in [62,63] for electric current densities in non-interacting
lattice fermions with disorder.

27 In fact, the existence of long-range order in quantum systems with sufficiently long-range interactions can be
mathematically proven by using the celebrated Bishop-Phelps theorem.

8 Ina given representation of the observable algebra, which is fixed by the initial state.
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background fields, in the spirit of the Higgs mechanism of quantum field theory. We therefore think
that our mathematical framework for long-range dynamics, outlined here by means of a pedagogical
explicit example, opens new theoretical perspectives?? in the understanding of the classical word
within the quantum one.
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Appendix A. Mathematical foundations

The entanglement of classical and quantum short-range dynamics in mean-field systems refers to
results obtained in [46,47] on the dynamics of quantum lattice systems with mean-field interactions.
They are far more general than previous ones because the invariance under permutations of lattice
sites is not required anymore:

o The short-range part of the corresponding Hamiltonian is very general since only a sufficiently
strong polynomial decay of its interactions and a translation invariance are necessary.

e The mean-field part is also very general, being an infinite sum (over n) of mean-field terms
of order n € N. In fact, even for permutation-invariant systems, the class of mean-field
interactions we are able to handle is much larger than what was previously studied.

o The initial state is only required to be periodic. By [46, Proposition 2.3], observe that the set
of all such initial states is dense within the set of all even states, the physically relevant ones.

The papers [46,47] are altogether about 126 pages long. Therefore, the aim of the appendix
is to present, in a concise way, their key points, being meanwhile mathematically rigorous. Note,
however, that the contents of Appendix A.4 are new and cannot be found in [46-48,51,52].

29 Even after a few centuries, the Newtonian gravitational constant is still not accurately known, in comparison with
all other fundamental constants. See [65] for an account of recent experiment. It is also very difficult to detect gravity
at scales below micrometers, still a macroscopic scale as compared with atomic ones. On the other hand, interference
phenomena for gravitational waves appear (2017 Nobel Prize in Physics). Gravitation looks like a macroscopic background
(Higgs-like) field (cf. Bogoliubov approximation), similar to the Cooper-field densities in the strong-coupling BCS-Hubbard
model on which classical mechanics applies.
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A.1. C*-Algebraic setting

A.1.1. CAR algebra of lattices ,
Let Z¢ be the d-dimensional cubic lattice and Pr C 2% the set of all non-empty finite subsets of
74. In order to define the thermodynamic limit, for simplicity, we use cubic boxes

A ={ZN[-LL}, LeNy. (40)

Let S be a fixed (once and for all) finite set (of orthonormal spin modes). For any A € PfU{Zd}, Ua
is the universal unital C*-algebra®? generated by the elements {ay s}xe A.ses satisfying the canonical
anti-commutation relations (CAR): for any x,y € Z¢ and s, t € S,

* *
Qx,sAy ¢ + Qy t0xs = 0, ax,say.t + ay.tax,s = Ss,tfsx,y]u (41)

Here, &y is the Kronecker delta, that is, the function of two variables defined by §;; = 1if k = |
and & ; = 0 otherwise. By identifying the generators {ax s}xc ana’.ses Of both C*-algebras ¢/, and U4/,
{ta} ,_,ze is @ net of C*-algebras with respect to inclusion: For all pairs of subsets A, A’ € Z% with

A C A, one has iy, C Z,{A/.31 Note that we use the notation &/ = U4« and define

Up = U Uy, (42)

APy

which is a dense normed x-subalgebra of ¢. In particular, ¢/ is separable, since, for every finite
region A € Py, U, has finite dimension. Elements of 24, are called local elements. The (real) Banach
subspace of all self-adjoint elements of ¢/ is denoted by ¢/® ¢ u.

Translations are represented by a group homomorphism x +— «y from Z? to the group of
s-automorphisms of ¢, which is uniquely defined by the condition

ax(ay‘s) =0Oyixs, Y€ Zd, s€S. (43)

The mapping x — a4 is used below to define symmetry groups of states as well as translation-
invariant interactions of lattice-fermion systems.

The results presented in the current paper also hold true in the context of quantum-spin systems,
but we focus on lattice-fermion systems which are, from a technical point of view, slightly more
difficult. In fact, the additional difficulty in Fermi systems is that, for any disjoint AV, A®) € Py
and elements B; € U, ), B, € U,2), the commutator

[B1, B;] .= B1B; — B,B;

may be non-zero, in general. For instance, the CAR (41) trivially yield [ax s, a, (] = 2aysay # O for
any x,y € £and s, t € S, (x,5) # (y, t). Because of the CAR (41), the commutation property of
disjoint lattice regions is satisfied for all even elements, which are defined as follows: The condition

o(ays) = —axs, xe A, seSs, (44)
defines a unique *-automorphism o of the C*-algebra ¢/. The subspace
Ut =Acu:A=o(A)} (45)
is the C*-subalgebra of so-called even elements of . Then, for any disjoint AV, A®) € P,
[B1,B;] =0, ByeumnNu", By eypm.
This last condition is the expression of the principle of locality in quantum field theory. Using

well-known constructions,>? the C*-algebra i/, generated by anticommuting elements, can be

30 34, = B(C?™*) is equivalent to the algebra of 214%S! x 214xS| complex matrices, when 4 € Py.

31 In fact, strictly speaking, there is a canonical injective x-homomorphism ¢/, — u/, (identifying generators) that
allows one to see u/, as being a C*-subalgebra of ¢4,/.

32 More precisely, the so-called sector theory of quantum field theory.
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recovered from ¢4 ". As a consequence, the C*-algebra &/ should thus be seen as more fundamental
than ¢ in physics. In fact, & corresponds in this context to the so-called local field algebra. See,
e.g., [66, Sections 4.8 and 6].

The principle of locality of quantum field theory, usually invoked to see the algebra ¢/ as being
more fundamental than &/, does not prevent us from considering mean-field interactions as possibly
fundamental interactions, as explained in [47, Section 1]. The choice of 24" only refers to the fact that
measurable physical quantities (observables) are local. By contrast, the full energy of lattice-fermion
systems with short-range and mean-field interactions are generally inaccessible to measurements,
in infinite volume. In fact, the mean-field part yields possibly non-vanishing (effective) background
fields, in the spirit of the Higgs mechanism of quantum field theory, in a given representation of
the observable algebra, which is fixed by the initial state.

A.1.2. Short-range interactions

A (complex) interaction is a mapping ® : P — U* such that &, € U, for all A € Ps. The set
of all interactions can be naturally endowed with the structure of a complex vector space. By using
the norm

1D Al
@l = sup Z Fxy)' (46)
XYeZ! pep; Ao y) ¥

where, given some fixed parameters €, ¢ > 0, for any x, y € Z¢,
F(x,y) = e (1 4 [x =y, (47)

We then define a separable Banach space W of short-range interactions, which are, by definition,
those interactions that have finite norm. Here, |- — | stands for the Euclidean metric. The particular
choice of function (47) defining the norm (46) is made only for simplicity and a much more general
class of space decays could be considered, as discussed in [46, Section 3.1]. We use in the sequel
three important properties of short-range interactions:

(i) Self-adjointness: There is a natural involution @ +— @* = (¢Z)Aepf defined on the Banach
space W of short-range interactions. Self-adjoint interactions are, by definition, interactions &
satisfying @ = @*. The (real) Banach subspace of all self-adjoint short-range interactions is denoted
by W& ¢ W, similar to «® ¢ .

(ii) Translation invariance: By definition, the interaction @ is translation-invariant if

Ppix =0ax (Py), X € Zd, A € Py,
where
A+x={y+xez’:ye A},

Here, {ox},czd 1s the family of (translation) s-automorphisms of ¢/ defined by (43). We then denote
by Wy ¢ W the (separable) Banach subspace of translation-invariant, short-range interactions on
74,

(iii) Finite range: For any R € [0, oo), we define the closed subspace

wh = {(D eW; : @, =0 for A € Py such that ma)j{lx—yl} > R} (48)
X,y€

of finite-range, translation-invariant interactions. For R = 0, we obtain the space Wy = W° of
permutation-invariant interactions described in Appendix A.4.

Short-range interactions define sequences of local (complex) energy elements: For any & € W
and L € Ny,

UP =) @aeus U, (49)
ACAL

where we recall that A; := {Z N (—L, L)}¢ is the cubic box used to define the thermodynamic limit
(see (40)). The energy elements U?, L € N, refer to an extensive quantity since their norm are
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proportional to the volume of the region they correspond to: In fact, for any L € Ny and @ € W,

Ju? |, <cladioly. (50)
where
- < Q. (51)
ZZ 1+ |x|)“+€

Moreover, for any self-adjoint interaction ® € W¥, U? € u* (ie, U? = (UP)*),L € Ny, is a
sequence of local Hamiltonians.

Each local Hamiltonian associated with @ € WF leads to a local dynamics on the full C*-algebra
U via the group (rfL’q)))teR of x-automorphisms of ¢/ defined by

7" PA) = U A Acu. (52)
It is the continuous group which is the solution to the evolution equation

veeR: 9t =" os?,
where r(L ®) = 1, is the identity mapping on U. Here, at each L € Ny and & € W¥, §? is defined

onu by
87(A)=i[UP Al =i(UPA—AUP)

for any A € u. This corresponds to a quantum dynamics in the Heisenberg picture. Note that, for
every L € Ny and @ € WR, 82” is a so-called symmetric derivation which belongs to the Banach
space B(U) of bounded operators acting on the C*-algebra U, see, e.g., [46, Section 3.3].

More generally, for possibly time-dependent interactions, the (generally non-autonomous) local
dynamics is defined, for any continuous function ¥ € C(R; WR) and L € Ny, as the unique

(fundamental) solution (z, SW )s ter iN the Banach space B(i/) to the (finite volume) non-autonomous

evolution equation>?

vs,teR:  9rsY =5 ol (53)
with ‘L'(L ¥) = = 1. The solution to (53) can be explicitly written as a Dyson-Phillips series: For any
s,t €R,

" =1+ Z/ dt; - - / dtes) @ oo 087, (54)

keN

By [67, Corollary 5.2], in the thermodynamic limit L — oo, for any ¥ € C(R; WR), the group
(Tt(f;w )s.ter, L € N, strongly converges, at any fixed s, ¢, to a strongly continuous two-parameter
family (tt“f’s)s,reR of x-automorphisms of ¢/:

fim @A) =2 @), Aeu stek. (55)

In other words, (time-dependent) self-adjoint interactions lead to an infinite volume (possibly
non-autonomous) dynamics on the CAR algebra of the lattice.

A.1.3. Mean-field models
We start with some preliminary definitions: Let S be the unit sphere of Wy. For any n € N and
signed Borel measure of finite variation a on the Cartesian product S" (endowed with its product

33 Let % be some Hilbert space and (H;)icgr some continuous family of bounded Hamiltonians acting on #. The
corresponding Schrodinger equation with i = 1 reads id;¢; = H;¢; and so, ¢ = U;sps with U being the solution
to 9 U;s = H;U;,. Then, in the Heisenberg picture, the time-evolution of any (bounded) observable B acting on # at
initial time t =s € R is By = 75 (Bs) = U (BsU; 5 for s, t € R, which yields 9,7, s = s 0 8 with & (A) = i[H;, A].
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topology), we define the signed Borel measure (of finite variation) a* to be the pushforward of a
through the self-homeomorphism

(W) s (MY ) e st (56)

of S". A finite signed Borel measure a on S" is, by definition, self-adjoint whenever a* = a. For any
n € N, the real Banach space of self-adjoint signed Borel measures a of finite variation on S" with
the norm of total variation

lallsem = lal(S"),  neN,

is denoted by S(S"). We define a norm for sequences a = (ay)nen Of finite signed Borel measures
ap, € S(S") as follows:

lalls = nC" " lanllgen) . @ = (anlners € S, (57)
neN

where the constant C > 0 is defined by (51). The sequences which are finite in this norm form a
(real) Banach space that we denote by S.
The (separable) Banach space of mean-field models is then defined by

M=WExS (58)
with the norm of M being defined from (46) and (57) by
Imllag = 1Pl + llalls, m:=(P,a) € M. (59)

The spaces WF and S are seen as subspaces of M. In particular, @ = (®,0) € M for @ € WE,
Using the subspace WR of finite-range interactions defined by (48) for R € [0, oo), we introduce
the subspace

8% = U {(an)neN €S:VneN, |ag(S") = lal((SN WR)n)} . (60)
Re[0,00)

Long-range dynamics are studied for models in the following two subspaces
M= =W x 8%, MY = (W nwy) x 8%, (61)

Clearly, W* € M™ € M and (W* N Wy) € MP € M™.
Similar to self-adjoint short-range interactions, each mean-field model leads to a sequence of
local Hamiltonians: For any L € Ng and m € M,

1 m m
ur=Up + 7/U"” U a (de ™ de™ 62
P e Y Fen ) (52
neN

with U? and U} “ been defined by (49). Note that UM = (U")* and straightforward estimates yield
the upper bound

lurl, < ClAdlimlg, — LeNo, (63)

Compare with (50).
Similar to (52), each model m € M leads to finite volume dynamics defined, for any L € Ny, by

o(A) = AT, Acu. (64)

In contrast with short range interactions (see (55)), for any fixed A € & and t € R, the
thermodynamic limit L — oo of rt(L"")(A) does not necessarily exist in the C*-algebra ¢/. However,
by [47, Theorem 4.3], for any m € M3, it converges in the o-weak topology within some
representation of ¢/. This is reminiscent of the fact that the energy-density observable UL‘I’ /1ALl
does not converge in i, as L — oo, but its expectation value with respect to any periodic state

does. See Appendix A.3 for more details.
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A.2. State spaces

A.2.1. Finite volume state space
For any (non-empty) finite subset A C 79, ie, A € Py, let U, be the dual space of the local
C*-algebra U,. For every A € Py, we denote by

Ex:={pa€Uy:pa =0, pa1)=1} (65)

the space of all states on /4. For all A € P, the space E, is a norm-compact convex subset of the
dual space i/} and, for any p, € E4, there is a unique, positive, trace-one operator d, € B(Fy,)
satisfying

pa(A) = Trace;AL (d4A), A €Uy, (66)

named the density matrix of p,. In fact, E, is affinely equivalent to the set of all states on the
algebra of 2!41XIS! x 2141xISI complex matrices. The structure of states for infinite systems is more
subtle, as demonstrated in [44,68].

Note that the physically relevant finite volume states p,, A € Py, are even, i.e., ps 0 0|y, = P4
with o]y, being the restriction to ¢/, of the unique x-automorphism o of ¢/ satisfying (44). It means
that p, vanishes on all odd monomials in {ay s, @ s}xca.ses. For any A € Py, we define

Ej = {pAeEA:pA OG|UA=pA}§EA (67)

as being the space of all finite volume even states.

A.2.2. Infinite volume state spaces
For the infinite system, let ¢/* = U;d be the dual space of ¢/ = Uq. In contrast with ¢4, A € Py,

U has infinite dimension and the natural topology on /* is the weak* topology>* (and not the norm
topology). Thus, the topology of ¢/* considered here is always the weak* topology and, in this case,
u* is a locally convex space, by [69, Theorem 3.10].

Similar to (65), the state space on ¢/ is defined by

E=Eu:={peu*:p>0, p(r)=1}. (68)

It is a metrizable, convex and compact subset of ¢/*, by [69, Theorems 3.15 and 3.16]. It is also the
state space of the classical dynamics we define in [44]. By the Krein—-Milman theorem [69, Theorem
3.23], E is the closure of the convex hull of the (non-empty) set of its extreme points, which are
meanwhile dense in E, by [46, Eq. (13)].

As explained below Eq. (45), recall that the C*-algebra ¢+ should be considered as more
fundamental than ¢/ in physics, because of the principle of locality in quantum field theory. As a
consequence, states on the C*-algebra ¢/* should be seen as being the physically relevant ones. The
set of states on &™ is canonically identified with the metrizable, convex and compact set of even
states defined by

E'=E={pecu:p=0, p(1)=1, poo =p}, (69)

o being the unique x-automorphism of ¢/ satisfying (44). This space and the full state space, E,
are equivalent convex topological spaces, i.e., there is an affine homeomorphism between them. In
particular, E™ is the closure of the convex hull of the (non-empty) set of its extreme points, which
are dense in E™. See [46, Proposition 2.1] and its proof.

Note that the spaces E and E™, having a dense set of extreme points - i.e., having a dense extreme
boundary - has a much more peculiar structure than the finite volume state space E, for A € P;.
At first glance, it may look very strange for a non-expert on convex analysis, but it should not be
that surprising: For instance, the unit ball of any infinite-dimensional Hilbert space has clearly a
dense extreme boundary in the weak topology. In fact, the existence of convex compact sets with

34 Recall that the weak* topology of ©/* is the coarsest topology on ¢/* that makes the mapping p — p (A) continuous
for every A € u. See [69, Sections 3.8, 3.10, 3.14] for more details.
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dense extreme boundary is not an accident in infinite-dimensional spaces, but rather generic, in
the topological sense. This has been first proven [70] in 1959 for convex norm-compact sets within
a separable Banach space. Recently, in [44, Section 2.3] and more generally in [68], the property
of having dense extreme boundary is proven to be generic for weak*-compact convex sets within
the dual space of an infinite-dimensional topological space. As a matter of fact, all state spaces
of infinite volume systems one is going to encounter in the current paper have a dense extreme
boundary, except the set of permutation-invariant states described in Appendix A.4, because these
can be reduced to states of finite-dimensional matrix algebras, via de Finetti-type results.

A.2.3. Periodic state spaces .
Consider the subgroups (Zg, +)C (Z% +), £ € N, where

Zd:=Z1Zx---><€dZ.

At fixed ¢ € N¢, a state p € E satisfying p oy = p for all x € Zg is called Zd-lnvarlant on U or

Z-penodlc Ay bemg the unique * -automorphism of ¢/ satisfying (43) Translatlon invariant states
refer to (1, ..., 1)-periodic states. For any £ € N¢, let

EZ::{peE:poax:p forallxezg} (70)

be the space of Z-periodic states. By [71, Lemma 1.8], periodic states are always even and, by [46,
Proposition 2.3], the set of all periodic states

E, = UEZ CE* (71)
fend
is dense in the space E* of even states.

For each ¢ € N9, E; is metrizable, convex and compact and, by the Krein-Milman theorem [69,
Theorem 3.23], it is the closure of the convex hull of the (non-empty) set &; of its extreme points,
which is a Gs subset of E; (in particular it is Borel measurable). In fact, by [71, Theorem 1.9] (which
uses the Choquet theorem [72, p. 14]), for any p € Ej, there is a unique probability measure w, on
E; with support in &; such that®

o= [ 50 ”

The set &; can be characterized by an ergodicity property of states, see [71, Theorem 1.16]. Moreover,
&; is dense in Ej, by [71, Corollary 4.6]. In other words, like the sets E and E™, E; has dense extreme
boundary for any ¢ € N¢.

A.3. Long-range dynamics

A.3.1. Self-consistency equations

Generically, as already discussed in the main part of the paper, mean-field dynamics in infinite
volume are intricate combinations of a classical and quantum dynamics. Similar to [44, Theorem
4.1], both dynamics are related the existence of a solution to a (dynamical) self- con51stency equation.
In order to present such equations we need some preliminary definitions: For £ € N%, m = (&, a) €
M and p € E, we define the approximating (self-adjoint, short-range) interaction ®(™#) e WR by

n

P(mr) —<p+2/ (e, de™) Y e ™ T plegnp), (73)

neN m=1 je{1,...,n},j#m

35 The integral in (72) means that p € E; is the (unique) barycenter of the normalized positive Borel regular measure
1, on E;. See, e.g,, [71, Definition 10.15, Theorem 10.16, and also Lemma 10.17].
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where

1 ?,
i = g > 2 T (74)

x=(x1,....Xq), Xi€{0,....¢;—1} A€Py, A>x

Recall meanwhile that M™® = WR x 8%, see (60)-(61). Then, by [46, Theorem 6.5], for any
m € M, there is a unique continuous>® mapping @™ from R to the space of automorphisms>’ (or
self-homeomorphisms) of E such that

w" (t; p)_portwo( m, teR, p€E, (75)

with ™" e C(R; WR), p € E, defined by
wmO () = @MmP G e R, (76)

( q/( P))

and where the strongly continuous two-parameter family s.ter 1S the strong limit, at any
(L,w(m0)y

fixed s, t € R, of the local dynamics (; ; )s.ter defined by (53) for ¢ = ¢(™P see (55)and [67,
Corollary 5.2]. Eq. (75) is named here the (dynamical) self-consistency equation.

A.3.2. Quantum part of mean-field dynamics

Recall that any model m € M leads to f1n1te volume dynamics (z; (L. m))[eR, L € Ny, defined by
(64). Therefore, at L € Ny, the time-evolution (pt )[E]R of any finite volume state pM) € E,, is given
by

o = p® o g™, (77)
The corresponding time-dependent density matrix is d([” = r(fgm)(d(”). Eq. (77) refers to the
Schrodinger picture of quantum mechanics.

As already mentioned, for any fixed A € ¢/ and t € R, the thermodynamic limit L — oo of
r[(L m)( A) does not necessarily exist in ¢/, but the limit L — oo of p[ ) can still make sense: Fix once
and for all a translation-invariant model m € M3, see (61). Take ¢ e N and recall that E; is the
space of A periodic states defined by (70), whose set of extreme points is denoted &;. Recall also
(72), i.e., that, for any p € Ej;, there is a unique probability measure (., on E; with support in &
such that

o= [ b du(3).
[

From the fact that the set &; is characterized by an ergodicity property (see [71, Theorem 1.16]),
one can prove that, for any A € U,

H > m ~ ~ A ( p)
fim o @) = [ @ (15) @) du, (7) =f o™ W) du, (3).  (79)
S .
where w™ is the solution to the self-consistency equation (75) See [47, Proposition 4.2, Theorem
4.3]. Using in particular, for any L € Ny, the restriction p® := p|uA of a state p € E; to Uy, then

(78) can also be seen as the thermodynamic limit L — oo of the expectation value ,0 ( ) of any
local element A € Uy, the time-dependent state ,o ) been defined by (77)

Eq. (78) means in fact that the thermodynamic limit L — oo of r[ )(A) exists in the GNS
representation>8 (?—Lp, T, .QP) of U/ associated with the initial state p. More precisely, one obtains

36 We endow the set C (E; E) of continuous functions from E to itself with the topology of uniform convergence. See [46,
Eq. (100)] for more details.

37 Le., elements of C (E; E) with continuous inverse.

38 Recall that H, is an Hilbert space, 7, : t — B(H,) is a representation of ¢/ and £2, € #,, is a cyclic vector for
T, (U).

23



J.-B. Bru and W. de Siqueira Pedra Annals of Physics 434 (2021) 168643

a dynamics (T");cr defined by

Tf o m, (A) = lim 7, o ™M@y,  Aecu,

on the (von Neumann) subalgebra 7,(¢/)" of the algebra B (Hp) of bounded operators on the Hilbert
space H,. The above limit has to be understood in the o -weak topology within B(#,) (and in many
cases one could even prove strong convergence). This refers to the quantum part of the mean-field
dynamics (in some representation), which is generally non-autonomous, although the primordial
local dynamics is autonomous.

A.3.3. Classical part of mean-field dynamics

For any ¢ e N, the infinite volume mean- ﬁeld dynamics of A periodic states, as given by (78),
involves the knowledge of a continuous flow> on &;. Seeing &; or E; = & as a (classical) phase
space, it becomes natural to study the classical Hamiltonian dynamics associated with this flow, as
is usual in classical mechanics. Note that, for a (possibly non-translation-invariant) model m € M,
forany t € R, w™ (t; -) preserves the space E™ of even states defined by (69), but not necessarily E;.
If m € MP° then, for any ¢ e N, the flow lets the sets &; and E; invariant. See (87). Here, we adopt a
broader perspectlve by taking the full state space E, defined by (68), because the classical dynamics
described below can be easily pushed forward, through the restriction map, from C(E; C) to C(E*; C)
for general m € M, and also to C(E;; C) for any £ € N¢, when m € MG is translatlon invariant.

Note that C(E; C), C(E*; C) and C(E;; C), endowed with the point-wise operations and complex
conjugation as well as the supremum norm, are unital commutative C*-algebras. For any model
m € M, the mapping w™, the solution to the self-consistency equation (75), yields a family
(V")ter of x-automorphisms on C(E; C) defined by

Ve () =fow™(t), feC(E;C), teR. (79)

It is a Feller group: (V" );cr is a strongly continuous group of x-automorphisms of C(E; C), which is
obviously positivity preserving and has operator norm equal to one. See [46, Proposition 6.8]. When
restricted to the dense subspace E, C E*(71) of all periodic states, the ones we are interested in (cf.
(78)), for any translation-invariant model m € M?°, the one-parameter group (V{");cr is generated
by a Poissonian symmetric derivation:

(i) Local polynomials: Elements of the C*-algebra ¢/ naturally define continuous and affine
functions A € C(E; C) by

A(p)=p@A), peE Acu.

This is the well-known Gelfand transform. Recall that ¢4y is the normed *-algebra of local elements
of ¢ defined by (42). We denote by
P:=C[{A: A € Up}] C C(E; C) (80)

the subspace of (local) polynomials in the elements of {;\ : A € Up}, with complex coefficients.
(ii) Poisson structure: For any n € N, Ay, ..., A, € Y and g € C! (R", C) we define the function
I’y € C(E; C) by

Ig(p) =g(p@A).....p(A)), peE. (81)

Functions of this type are known in the literature as cylindrical functions. For such a function and
any p € E, define

n

DIy (p) =Y (A= p (4) 1) 48 (0 (A1), ., p (Aw) (82)

=1

39 That is, the continuous mapping w™ from R to the space of automorphisms (or self-homeomorphisms) of E defined
by (75).
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for any p € E. This definition comes from a notion, introduced by us, of a convex weak*-continuous

Gateaux derivative, as explained in [46, Section 5.2]. Then, foranyn, m € N, Ay, ...,An, By, ...,Bn €

U, g € C'(R",C) and h € C' (R™, C), we define the continuous function {I, Fg} e C(E; ) by
{Ih. I} (p) == p (i[DI} (p) . DI (0)]) (83)

for any p € E, where Aq,...,A, € U and By, ..., B, respectively determine I and I}, via (81).

This defines a Poisson bracket on the space P of all (local) polynomial functlons acting on E. By
construction, for any {enNd,

{Thlg+. Tgle+ } == {1, T} e+
{Fh|Ez»Fg|Ez} = {Fhng}|E2 (84)
{Ihle;s Tgle;} = {Th T} le;

also define a Poisson bracket on polynomials of C(E™; C), C(E;; C) and C(&;; C), respectively. This
definition can be extended to the space

9 =C'(E;C) CC(E;C)

of continuously differentiable functions. See [46, Section 5.2] and [44, Section 3] for a more detailed
construction of such Poisson structures.

(iii) Liouville’s equation: Local classical energy functions [46, Definition 6.9] associated with
m € M are defined, for any L € Ny, by

=02+ ) 1/ U UM, (e, de ). (85)
o Al gn
Note that hf* € C! (E; C). Compare with the local Hamiltonian U™ defined by (62). Then, by [46,
Corollary 6.12] , for each translation-invariant model m € M$°, any time t € R and all local
polynomials f € P, one has V*(f) € CY(E; C) and

(VP () = VP (nggo {h‘“,f}) = Jim {h}", V(")) (86)

where all limits have to be understood point-wise on the dense subspace E, C E* of all periodic
states. We thus obtain the usual (autonomous) dynamics of classical mechanics written in terms of
Poisson brackets. See, e.g., [61, Proposition 10.2.3]. This corresponds to Liouville’s equation.

By [46, p. 34, e.g,, Eq. (114)], observe additionally that, for any m € M° and ¢ € N¢, the flow
preserves the sets ET, E; and &;, i.e.,

@™ (:EY) cE

teR
teR
Uw" (&) ce
teR

Therefore, V/"; can be seen as a mapping from C(E™; C), C(E;; C) or C(&;; C) to itself:

VEFle) = (VO )le+
Vit (flg;) = (Vg (88)
Vm(fls«) % f)|s~
forany t € R, f € C(E;C), m € MJ° and 7 e N By using the Poisson brackets (84) Liouville’s
equation (86) can be written on C(E+ C), C(Ez; C) or C(&; C) for any m € M{° and { e N

Remark 3. The mathematically rigorous derivation of Liouville’s equation (86) is non-trivial and
results from Lieb-Robinson bounds for multi-commutators [67], first derived in 2017.
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A.3.4. Entanglement of quantum and classical dynamics

In the thermodynamic limit, the “primordial” algebra is the separable unital C*-algebra ¢/, gen-
erated by fermionic annihilation and creation operators satisfying the canonical anti-commutation
relations, as explained in Appendix A.1.1. Fix once and for all m € M. Let K = E, E* or E; = &
for some £ € N% which is, in each case, a metrizable, convex (weak*-) compact subset of the dual
space U*.

(i) Classical dynamics. The classical (i.e.,, commutative) unital C*-algebra is the algebra C (K; C)
of continuous and complex-valued functions on K. The mapping @™, the solution to the self-
consistency equation (75), yields a strongly continuous group (V{")ier of *-automorphisms of
C (K; C), satisfying Liouville’s equation as previously explained.

(ii) Quantum dynamics. Similar to quantum-classical hybrid theories of theoretical physics, de-
scribed for instance in [36-41], consider now a secondary quantum algebra C(K; C) ® U, which is
nothing else (up to isomorphism) than the C*-algebra C(K, ¢/) of all (weak*) continuous ¢/-valued
functions on states. By [46, Proposition 6.2] and (87), the mapping w™ from R to the space of
automorphisms (or self-homeomorphisms) of K leads to a (state-dependent) quantum dynamics
T = (T )eer ON

CK,Uy=CcK;C)Uu,

via the strongly continuous, state-dependent two-parameter family (rt‘f’s(m’”) )s.cer With &™) de-
fined by (76):

m (m,p)
[T O] =1%" ¢ () . peK,
for any function f € C(K, ) and time t € R.

(iii) Quantum-classical dynamical entanglement. By following arguments of [44, End of Sec-
tion 5.2], any (state-dependent) quantum dynamics on C(K, /) letting every single element of
C(K; C1) € C(K, u) invariant yields a classical dynamics, which, in the case of ", is exactly (V" )cr.
More interestingly, as we remark in [44, Section 4.2], each classical Hamiltonian, i.e., a continuously
differentiable function of C(K; R), leads to a state-dependent quantum dynamics. If the classical
Hamiltonian equals (85) then the limit quantum dynamics, when L — oo, is precisely ™. In
other words, one can recover the classical dynamics from the quantum one, and vice versa. The
classical and quantum systems are completely interdependent, i.e., entangled. This view point is
very different from the common understanding®® of the relation between quantum and classical
mechanics, which is widely seen as a limiting case of quantum mechanics, even if there exist
physical features (such as the spin of quantum particles) which do not have a clear classical
counterpart.

The physical relevance of the mathematical framework we present here comes from the fact that
it is able to encode the infinite volume dynamics of very general mean-field models, for initial states
which are only required to be periodic in space. In fact, the classical part of the mean-field dynamics
explicitly appears in the time evolution of extreme periodic states in (78), while the quantum part
corresponds to the last integral over extreme states of (78). The fact that the initial state must
be a periodic state does not represent a serious constraint since any initial even state p can be
approximated by a periodic state constructed*! from its restriction p|y 4, T Uy, for sufficiently large
I € Ny. See, e.g., [46, Proof of Proposition 2.3]. Since | € Ny is arbitrarily large, hence there is no
real physical restriction in assuming that the initial state is a periodic one, noting that the physical
states of fermion systems are always even*?.

40 At Jeast in many textbooks on quantum mechanics. See for instance [7, Section 12.4.2, end of the 4th paragraph of
page 178].

41 Thig is possible because of [73, Theorem 11.2].

42 If the initial state is not even, we cannot a priori construct a periodic state from its restriction p[, for any A € 7.
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A.4. Permutation-invariant lattice fermi systems

A.4.1. Permutation-invariant mean-field models
Recall that Wy; := WP is the space of permutation-invariant (or on-site) interactions, defined
by Eq. (48) for R = 0. Define

Mp = (W Nnwp) x s°. (89)

We name it the space of permutation-invariant mean-field models, because all associated local
Hamiltonians are invariant under permutations: Let IT be the set of all bijective mappings from
Z% to itself which leave all but finitely many elements invariant. It is a group with respect to the
composition of mappings. The condition

Pr @ Oxs > Or(x)s, XE€E 748 ses, (90)

defines a group homomorphism 7 + p, from IT to the group of x-automorphisms of the C*-
algebra . Then, for any m € My and L € Ny, the local Hamiltonian U" defined by (62) is
permutation-invariant, that is,

px (U") = U, well, m(A) = A; (91)

An example of permutation-invariant model is given by the strong-coupling BCS-Hubbard model:
Fix S = {1, |}. Let @M W8S <y NWR be defined by

@f?}lbb =—u (nm + nm) —h (nm — nm) + 2knmnm

S = a0y
for x € 7% and @/ := 0 =: WBS otherwise. Let a®® € SO be defined, for all Borel subset B C S,
by

a®S (B) = —y1[¥*° € B]. (92)
for some y > 0, with 1[-] being the indicator function>. Then,

mo = (@Hubb’ ClBCS) € My
is the strong-coupling BCS-Hubbard model since, in this case, the local Hamiltonian UZ“ 0 is equal to
the strong-coupling BCS-Hubbard Hamiltonian H; defined by (1).
A.4.2. Permutation-invariant state space

The set of all permutation-invariant states is defined by

En ={p€E:p=pop, forall m € IT}, (93)
p, being the unique x-automorphism of ¢/ satisfying (90). Obviously,

EnC () E CE.

feNd

Furthermore, E7 is metrizable, convex and compact and, by [71, Theorem 5.3], for any p € Ep, there

is a unique probability measure 1, on E with support in the (non-empty) set £ of its extreme
points such that

p=LH@dup (3). (94)

The set &7 can be characterized by a version of the Stgrmer theorem for permutation-invariant
states on the C*-algebra /. This theorem is a non-commutative version of the celebrated de Finetti
theorem of (classical) probability theory. It is proven in the case of quantum-spin systems in [74]

43 4 [p] = 1 if the proposition p holds true and 1[p] = 0 otherwise.
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and for the fermion algebra ¢/ in [51, Lemmata 6.6-6.8]. It asserts that extreme permutation-
invariant states p € &y are product states defined as follows: First recall that the space EJ of
finite volume even states is defined by (67) for any A € Py. Then, via [73, Theorem 11.2], for any
0o € E{O}, there is a unique even state

p = ®gipo € E (95)
satisfying

pletx, (A1) - - - oy, (An)) = po(A1) - - - po(An) (96)
for all Ay...A, € Uy and all xq,...,x, € Z9 such that x; # x; for i # j. Recall that oy, x € Z¢,

defined by (43), are the x-automorphisms of ¢/ that represent translations. The set of all states of
the form (95), called product states, is denoted by Eg. It is nothing else but the set £; of extreme
points of Ep, i.e.,

Eg = 1. (97)

This identity refers to the Stermer theorem, see, e.g., [71 Theorem 5.2].
Since product states are particular extreme states** of E; for any £ € N4, it follows from (97)
that

tn=Es S )& (98)

feNd
and the set E; C E; is thus a closed metrizable face® of E;. For a more thorough exposition on this
subject, see [71, Sectlon 5.1]. By (97), the extreme boundary & of Ej is also closed and, in contrast
with E, Et and E; for any ¢ € NY &7 is not a dense subset of E;7. This is not surprising since states

of &7 = Eg are 1n one-to-one correspondence with even states on the finite-dimensional C*-algebra
Uio)-

A.4.3. Quantum part of permutation-invariant mean-field dynamics

Fix once and for all m € Mpy. If p € E; = E; 1), ie, it is translation-invariant, then the
approximating interaction (73) satisfies
) = ™) €y AWk (99)

and the infinite volume dynamics constructed from this interaction, as defined by (55), preserves
the local C*-algebra ¢/, for any A € Pr. By (53)-(55) and (75)-(76), it also follows that

U®" t:En) CEn B

teR (100)
Uw" (t:Es) CEs CEn
teR
(compare with (87)) and, for any A € Py, t € R and translation-invariant state p € E; 2 Epg,
wm (t7 10) |MA: w.m (t;pll/{/\)h/{AEEj{ (101)

with E} being the space of finite volume even states defined by (67) for any A € 7.
If the initial state p € E; is permutation-invariant, then, by (78), (94) and (98), there is a unique
probability measure 1, on E with support in €7 = Eg such that, for any A € U,

Jim p ot m™ (A) :/ @™ (t; ) (A) du, (p) :/ por™ () d, (P) (102)
—00 Eg E

®

44 By [71, Theorem 5.2], all product states are strongly mixing, which means [71, Eq. (1.10)]. They are, in particular,
strongly clustering and thus ergodic with respect to any sub-groups (Zd +) € (z4, +), where ¢ € N, By [71, Theorem

1.16], all product states belong to &; for any feN

5 A face F of a convex set K is defined to be a subset of K with the property that, if p = X101+ -+ + Appon € F with
Plyeees pn €K, Aq, ..., A €(0,1)and Ay +---+ A, =1, then py, ..., pn €F.

28



J.-B. Bru and W. de Siqueira Pedra Annals of Physics 434 (2021) 168643

with w™ being the solution to the self-consistency equation (75). In particular, by (100), the
time-evolution of a permutation-invariant state is uniquely determined by its restriction to the
finite-dimensional subalgebra o, (dimension 225).

If the initial state p € E; O Ep is translation-invariant, then Eq. (78) restricted to the
finite-dimensional C*-algebra /4 with A € P reads*®

im oo™ &) = [ @ () ) du, (7) (103)
L—o00 EX

forany A € U,. For each fixed A e P, this gives now a family of equations on the finite-dimensional
algebra ¢/, (dimension 2%4!*5l), These equations completely determine the time-evolution of a

translation-invariant initial states.
For any ‘- -periodic state p € E; (Z e NY), the approximating interaction (73) also belongs to
Wy N WE. The only difference w1th respect to translation-invariant states is that the on-site state
Plug, in (99) has to be replaced with the finite volume state ’O|”Zz where, for (= (81, ..., 4q) € N,

Zp={(x1,....x) € 2% : x, € {0,.... 4 — 1}}.

Compare, as an example, with (32). Hence, if the initial state is periodic then Eq. (78) leads again
to a family of equations on the finite-dimensional algebra 4, (dimension 2241%5!) for each A € P
such that*’ A D Z;. These equations again determine the time-evolution of a periodic initial state.

A.4.4. Classical part of permutation-invariant mean-field dynamics

Fix again once and for all m € Mp. By (100), the strongly continuous group (V{")ier Of *-
automorphisms defined by (79) can be restricted to the unital C*-algebra C(Eg; C) of continuous
functions on the compact space Eg of product states. See also [44, Section 5.4 with B = Ug].
Without any risk of confusion, we denote the restriction of (V;*);cr to Eg again by (V" )ier.

Using (95)-(97) we 1dent1fy Eg with the space E of on-site even states and see now (V{")rer
as acting on the algebra C(E;} 10> C). Similar to (80), the set of polynomials in this space of functions
is denoted by

Pjo) = C[{A|E$):A € Ujo)}] S C(Efy: C).

Local classical energy functions [46, Definition 6.9] on i4;oy are defined by h{| Ef)’ where, by (49) and
(85),

hy = &, )+Zf D g, (e, .. dw™).

neN

Then, for any time t € R and polynomials f € Pyg), Liouville’s equation (86) restricted to the algebra
C(E{J{)}; C) equals

XV (F) = Vi (thg, 1) = {hg., V"(H)} (104)
where, foranyn,me N, A, ...,An €U, B1,...,Bncid,g € CL(R",C) and h € C! (R™, C),
{Fh|L{(o)a Fg|Z/{(0,} = {Fha Fg}lll{o)e C(E{E}, (C) (105)

defines again a Poisson bracket, which can be extended to the space C 1(5;{)]; C) of continuously
differentiable functions. Similar to (102), Liouville’s equation (104) is now written on the finite-
dimensional algebra /g, (dimension 2251y and completely determines a continuous flow on the
compact space Eg of product states.

46 Note that W, in (78) is a probability measure on E; € E™, but since the restriction mapping p — ply, is continuous
for any A € Py, p, can be pushed forward to a probability measure on E, which we also denote 1.

47 The restriction A D 2Z; can also be easily understood by seeing Z—periodic states as a translation-invariant state on
the CAR C*-algebra with new spin set 2; x S.
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