
Control sequences
for Nitrogen-Vacancy centers
in the high frequency regime

Carlos Munuera Javaloy

Supervised by

Dr. Jorge Casanova

Departamento de Química Física
Facultad de Ciencia y Tecnología

Universidad del País Vasco

May 2024

(cc) 2024 Carlos Munuera Javaloy (cc by 4.0)



This document is a PhD thesis developed during the period from October 2019
to May 2024 at the University of the Basque Country.

Bilbao, May 2024

This document was generated with the 2015 LATEX distribution.
The LATEX template is adapted from a template by Iagoba Apellaniz.

https://gitlab.com/iagobaapellaniz/PhD-Thesis


A mis padres, a mi hermana y a mi abuela.





Well, this little maneuver’s gonna cost us 51 years!

Joseph Cooper, film "Interstellar"





Contents

Abstract i

Resumen iii

Acknowledgements ix

List of Publications xi

Abbreviations and conventions xiii

1 Introduction 1
1.1 What you will find in this thesis . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Fundamentals of the NV 5
2.1 Control sequences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.1.1 ODMR . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.1.2 Spin echo . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.1.3 The CPMG sequence . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2 The high-frequency problem . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.3 Fundamentals of microscale NMR . . . . . . . . . . . . . . . . . . . . . . . 13

3 High-frequency signal detection 15
3.1 Modified modulation function . . . . . . . . . . . . . . . . . . . . . . . . . . 16
3.2 General driving Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . 17



3.3 State reparametrization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.4 Signal coupling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.5 Ansatz . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.6 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

4 Electron-spin labels 25
4.1 System Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
4.2 Approximate model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
4.3 Sequence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
4.4 Numerical simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
4.5 Bayesian inference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

5 Dangling bonds 35
5.1 Dual-channel protocol . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
5.2 Polarization transfer to an external nucleus . . . . . . . . . . . . . . . . . 38
5.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

6 Amplitude Encoded Radio Induced Signal 47
6.1 The protocol . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
6.2 Signal produced . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
6.3 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
6.4 Robustness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

7 High-field NMR in Dipolarly-Coupled Samples 59
7.1 RF modulation of nuclear spins . . . . . . . . . . . . . . . . . . . . . . . . . 61
7.2 Harvesting nuclear spin parameters with the NV ensemble . . . . . . . . 63

7.2.1 Geometrical interpretation of the phase accumulation . . . . . . . 63
7.2.2 Sensing MW pulse sequence . . . . . . . . . . . . . . . . . . . . . 66

7.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

8 Conclusions and perspectives 71

Appendices 75

A Additional details for STA-based shaped pulses 77
A.1 Error cancelation condition . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

B Additional details for nitroxide coupling sensing 79
B.1 Details about the system Hamiltonian . . . . . . . . . . . . . . . . . . . . . 79
B.2 Details about the nitroxide simplified model . . . . . . . . . . . . . . . . . 80

B.2.1 Simplified dynamics of a nitroxide label hosting 14N . . . . . . . 81
B.2.2 Simplified dynamics of a nitroxide label hosting 15N . . . . . . . 85

B.3 Dissipative model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
B.4 Molecular tumbling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
B.5 Inference model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87



B.6 Inference of the distance between nitroxide electron-spin labels . . . . . 89

C Additional details for AERIS 91
C.1 Radio field intensity estimation . . . . . . . . . . . . . . . . . . . . . . . . 91

D Additional details for dipolarly-coupled samples 93
D.1 Nuclear spin dynamics under RF drivings . . . . . . . . . . . . . . . . . . 93
D.2 Accumulated Phase . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
D.3 Analytical expression . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

Bibliography 99





Abstract

In recent years, the field of quantum sensing has garnered increasing attention due
to its potential to revolutionize various scientific and technological domains. Among
the different quantum sensors, the nitrogen-vacancy (NV) color center in diamond
stands out for its ease of use, ability to be read out and initialized with a laser,
and long coherence times even at room temperature. Over the past years, numerous
quantum control sequences have been developed to successfully deploy NV sensors
in diverse situations, such as measuring nearby spin clusters, classical AC signals,
and static magnetic fields. However, the NV center faces limitations when coupling
to high frequency signals. More specifically, as the frequency of the target signal
increases, stronger driving fields over NVs are needed, ultimately reaching the limits
of current experimental capabilities.

In this thesis, we propose several protocols to address this high-frequency problem
in different scenarios.

We start by applying Shortcuts to Adiabaticity (STA) methods to improve previ-
ous designs, creating robust pulses that tailor the interaction between the NV center
and AC signals, effectively replicating the dynamics of instantaneous pulses.

Next, we focus on the interaction between an NV center and other electron spins.
This is a scenario where high frequency Larmor precession is ubiquitous due to the
large gyromagnetic ratio of the electron. In this context, we utilize the natural ZZ in-
teractions of the system, which commute with the Larmor precession terms, avoiding
the need to compensate for fast rotations through external controls. Specifically, we
incorporate a Double Electron-Electron Resonance (DEER) sequence to detect the
coupling between two electron labels using a single NV center, providing substantial
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numerical evidence to support this possibility.
We then explore the application of surface electrons to hyperpolarize the nuclear

spins of a sample placed on top of the diamond. We design a sequence that can simul-
taneously transfer polarization from the NV center to the surface electron and from
the surface electron to the sample. We demonstrate that this mechanism increases
the polarization transfer efficiency due to the strong dipolar interaction between the
NV center and the electron an the proximity of the latter (note this is at the diamond
surface) with target nuclei.

Next, we address the high-frequency problem in NV-based nuclear magnetic res-
onance (NMR) spectroscopy by proposing a sequence that induces a slow signal
parallel to the external magnetic field using RF drivings resonant with the nuclear
spin sample. The frequency of this signal depends only on the Rabi frequency of the
radio frequency (RF) field. This is a tunable quantity, thus easily trackable by an NV
center-based sensor when the Rabi is calibrated to tens of kHz. By generating the
signal in discrete intervals and ensuring that the magnetization vector returns to its
original position, we create distinct free evolution and measurement windows. This
approach maps target quantities such as chemical shifts of the sample into the sig-
nal amplitude. Applying a discrete Fourier transform to the resulting measurements
yields the sample’s energy shifts.

Finally, we revisit this approach from a different perspective. This time, target
parameters are encoded in the phase and amplitude of the induced signal. This can
be achieved by applying a detuned RF, which generates a detectable signal that can
be inspected via continuous measurements. In addition, the introduced RF driving
takes the form of a Lee-Goldburg 4 sequence, that effectively removes dipole-dipole
couplings. This driving generates a complex NMR signal due to its cyclic phase
changes. Thus, we have developed a geometric frame that enables to design a pulsed
protocol on the NV center to measure with optimal resolution.

ii



Resumen

L os recientes avances tecnológicos, como el desarrollo de dispositivos capaces de
controlar con exactitud los campos de radio y microondas, los láseres y los dis-

positivos criogénicos, nos han permitido manipular las propiedades cuánticas de la
materia con una precisión sin precedentes. Este nivel de control se puede ejercer
en diversas plataformas, incluyendo los circuitos superconductores, los puntos cuán-
ticos semiconductores, los iones atrapados y los átomos de Rydberg. Todas estas
plataformas pueden ser controladas sin destruir la coherencia cuántica, al menos
durante cierto tiempo. Estos avances han desencadenado una carrera mundial con
vistas al desarrollo de la nueva ola de tecnologías cuánticas. Entre ellas destacan la
computación cuántica y las comunicaciones cuánticas que, a causa de su potencial
impacto en el futuro, han acaparado la atención tanto de los medios de comunicación
como de los inversores.

Sin embargo, otro ámbito de la tecnología cuántica que está adquiriendo un re-
conocimiento cada vez mayor son los sensores cuánticos. A pesar de ser menos
conocidos que las otras dos áreas ya mencionadas, los sensores cuánticos están de-
mostrando aplicaciones prácticas, aprovechándose de la sensibilidad intrínseca de
los sistemas cuánticos a perturbaciones externas, como fuerzas, rotaciones o campos
magnéticos. Este enfoque permite trazar un camino para el desarrollo de dispositivos
que demuestran una sensibilidad inigualable, con frecuencia a escalas nanométricas.
De este modo, estos dispositivos no sólo alcanzan, y a veces superan, la sensibilidad
de los mejores sensores clásicos (como los SQUID para medir campos magnéticos),
sino que también se espera que, en algunos casos, escalen con el límite de Heisenberg.
Por lo tanto, se concibe la posibilidad de que su precisión mejore con el número de
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medidas en vez de con su raíz cuadrada. Todo ello supone una serie de avances que
ofrecen, como consecuencia, la creación de herramientas que impulsan el progreso
en un amplio espectro de campos, como la ciencia de los materiales, las imágenes
biomédicas y la geología.

En lo que se refiere a los sensores cuánticos, éstos se valen de fenómenos cuánticos
como la superposición y el entrelazamiento para detectar magnitudes físicas. Además,
estos sensores ofrecen la ventaja de que las mediciones se basan en constantes físi-
cas fundamentales, lo que implica que se reduzca significativamente la necesidad de
calibrarlos con respecto a su contrapartida clásica. Asimismo, los sensores cuánticos
tienen aplicaciones prometedoras en una amplia gama de campos como, por ejem-
plo, los magnetómetros de alta sensibilidad, los radares avanzados, los detectores de
ondas gravitacionales y la neuroimagen.

En cuanto a las diversas plataformas que se pueden utilizar para la detección
cuántica, se incluyen tales como sistemas de espines, circuitos superconductores,
iones atrapados y vapores atómicos. Entre estas plataformas, el centro de nitrógeno
vacante (NV) en el diamante es una opción particularmente popular, debido a su
tamaño atómico y a que puede mantener su coherencia a temperatura ambiente.
Esta tesis se centra en el centro NV y su función como detector de campo magnético.

El centro NV es un defecto de color en la red del diamante, caracterizado por la
sustitución de dos carbonos adyacentes por un átomo de nitrógeno y una vacante. El
estado fundamental del centro NV puede manipularse con precisión usando campos de
microondas. Además, la fluorescencia del NV es dependiente del estado de su espín, lo
que pemite la lectura y la inicialización del estado cuántico del NV empleando un láser
verde y registrando su fluorescencia. Este hecho nos permite un control coherente
y preciso, además de una medición sencilla de su estado cuántico. Asimismo, otro
rasgo a resaltar son sus excepcionales tiempos de coherencia, con T1 del orden de
milisegundos y T2 de cientos de microsegundos en NVs individuales. No obstante, lo
más destacable es que estos tiempos de coherencia se mantienen incluso a temperatura
ambiente, haciendo del NV un dispositivo especialmente atractivo para aplicaciones
relacionadas con la detección cuántica. A su vez, el diamante, conocido por sus
propiedades tales como su resistencia, estabilidad y biocompatibilidad, ofrece un
medio excelente para el sensor cuántico de NV dada sus características, aumentando
de manera significativa su utilidad en diversas aplicaciones. Entre dichas aplicaciones
nos encontramos, por ejemplo, ante los sensores de campo magnético en yunques
de diamante, que son utilizados para experimentos de alta presión; en los agentes
de contraste para aplicaciones de resonancia magnética y en los sensores cuánticos
intracelulares.

Predominantemente utilizados para la detección de campos magnéticos, los cen-
tros NV también han demostrado otros usos como sensores de temperatura, pre-
sión y campos eléctricos. Por ello, los NVs pueden usarse en aplicaciones diversas:
desde servir como sensores de campo magnético en puntas de microscopios de fuerza
atómica y sondas para resonancia magnética nuclear (RMN), hasta actuar como
medios para la hiperpolarización. Además, algunos dispositivos basados en NV han
llegado a comercializarse. Ejemplos de ello lo constituyen las sondas de diamante
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basadas en NVs, que se utilizan para la obtención de imágenes de campos magnéti-
cos con resolución nanométrica, como es el caso de Quantilever de Qnami y las puntas
QS de QZabre.

La exploración de los centros NV como sistema cuántico único comenzó en 1997,
cuando Gruber et al. demostraron por primera vez resonancia magnética detectada
ópticamente (ODMR) en un único centro NV. Años más tarde, en 2008, Maze et al. y
Balasubramanian et al., demostraron de forma independiente la detección de campos
magnéticos haciendo uso de centros NV individuales, desplazando así el diálogo en
torno a los NVs de qubits con vistas al procesamiento de información cuántica a
sensores cuánticos prometedores.

Desde su surgimiento, la gama de aplicaciones de los centros NV se ha expandido
rápidamente. En 2011, Dolde et al. se encargaron de introducir la detección de
campos eléctricos con centros NV, ampliando aún más el conjunto de magnitudes
físicas medibles. En 2013, Kucsko et al. lograron la detección de temperatura uti-
lizando centros NV. En este trabajo, realizaron termometría dentro de una única
célula viva empleando nanodiamantes. Tan solo un año después, en 2014, Doherty
et al. demostraron el uso de la ODMR para medir altas presiones en yunques de
diamante.

Recientemente, en 2015, Shi et al. consiguieron realizar la detección de una sola
molécula marcada con una etiqueta de espín electrónico haciendo uso de un solo cen-
tro NV. Mientras tanto, Staudacher et al. llevaron a cabo las primeras mediciones
de protones estadísticamente polarizados en la superficie del diamante, para lo que
se sirvieron de un protocolo de espectroscopia de correlación. En 2018, Glenn et al.
lograron un hito con la primera demostración de RMN de alta resolución utilizando
centros NV a través de un protocolo de muestreo continuo. En años posteriores,
mejoraron el experimento empleando técnicas clásicas de hiperpolarización para au-
mentar la sensibilidad del método. También en 2018, I. Schwartz et al. desarrollaron
y demostraron la secuencia PulsePol, mejorando así el potencial de los centros NV
como fuentes de hiperpolarización.

Los logros en el terreno experimental que han sido mencionados, fueron com-
plementados con avances a nivel teórico, que han introducido nuevas secuencias y
profundizado nuestra comprensión de la física de los centros NV. Sin embargo, to-
davía quedan pendientes grandes retos por superar para poder explotar plenamente
el potencial de los centros NV como sensores cuánticos. En este sentido, un reto
notable es la cota en las frecuencias de AC máximas que pueden medir los centros
NV, normalmente restringidas a unos 40 MHz debido a la limitación en la potencia
de los controles que pueden aplicarse sobre los NV. Este límite de frecuencia difi-
culta considerablemente aplicaciones como la RMN basada en NVs, donde el uso de
campos magnéticos potentes es deseable para aumentar la polarización y mejorar la
resolución de los desplazamientos químicos. Sin embargo, el uso de grandes campos
magnéticos conlleva a la generación señales de Larmor de alta frecuencia, a las que
el NV no puede acoplarse. Superar este límite de frecuencia, al que nos referiremos
como el problema de la alta frecuencia, es el objetivo central de esta tesis.

Por lo tanto, en esta tesis investigamos esquemas de control en centros NV para
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poder abordar el problema de la alta frecuencia en aplicaciones de nanoescala y mi-
croescala. Esta exploración abarca múltiples protocolos y aplicaciones, mejorando
potencialmente las capacidades de detección cuántica tanto en centros NV individ-
uales como en conjuntos de NVs.

La tesis se estructura en siete capítulos, siendo el primero de ellos la introducción.
En lo que se refiere al capítulo 2, introducimos los conceptos fundamentales y

las herramientas matemáticas relacionadas con el centro NV que suponen un factor
esencial para comprender el resto de la presente tesis. De este modo, comenzamos
examinando la estructura energética del Hamiltoniano del estado fundamental elec-
trónico del centro NV. A continuación, discutimos los fundamentos del control de
los centros NV mediante campos de microondas externos, centrándonos en técnicas
como el eco de espín y la secuencia Carr-Purcell-Meiboom-Gill (CPMG). Dicho pro-
ceso se sigue mediante el esbozo de los retos técnicos relacionados con las secuencias
de control en presencia de blancos (tanto señales clásicas como espines individuales)
de alta frecuencia, detallando así sus implicaciones y sentando las bases para las
soluciones desarrolladas en esta tesis. En la parte final del capítulo 2, introducimos
los fundamentos de la espectroscopia de RMN basada en NV, a la que dedicaremos
los últimos capítulos.

En cuanto al capítulo 3, desarrollamos una técnica que se sirve de la conformación
de pulso para mitigar la pérdida de sensibilidad en escenarios en los que no se puede
ignorar la anchura del pulso. Asimismo, presentamos un método basado en Shortcuts
to Adiabaticity (STA) que compensa eficazmente el efecto de la anchura de pulso
finita y, además, produce pulsos robustos.

A continuación, en el capítulo 4, abordamos el problema de las altas frecuencias
centrándonos en las interacciones ZZ entre los centros NV y los espines objetivo,
puesto que estas interacciones no se suprimen por las altas frecuencias de Larmor.
En este capítulo, exploramos el escenario de medir el acoplamiento entre dos eti-
quetas electrónicas unidas a una molécula en la superficie de un diamante a través
de un solo centro NV. Para ello, proponemos el uso de una secuencia tipo Double
electron-electron resonance (DEER), e investigamos modelos analíticos, regímenes de
parámetros y el uso de inferencia Bayesiana. Este enfoque podría ayudar a dilucidar
la estructura y la dinámica molecular, proporcionando un método para investigar
comportamientos bioquímicos complejos.

En el capítulo 5, continuamos explorando la interacción ZZ y desarrollamos un
protocolo para transferir la polarización desde el centro NV a un espín de electrón en
la superficie, que posteriormente puede utilizarse para polarizar los espines de una
muestra. Esta secuencia requiere el control tanto del centro NV como del electrón
de superficie para crear una dinámica de flip-flop efectiva. Al incorporar ecos de
espín para mejorar la robustez de la secuencia, se transforma en una PulsePol de
doble canal, conocida por su resistencia a los errores de control. El proceso habil-
itado por esta secuencia—específicamente, la transferencia de polarización mediada
por un electrón de superficie—podría mejorar significativamente la transferencia de
polarización a la superficie en la Polarización Nuclear Dinámica (DNP) basada en el
centro NV.
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En el capítulo 6, utilizamos la interacción ZZ en el ámbito de la RMN a mi-
croescala. Para ello, introducimos una nueva secuencia que recibe el nombre de
Amplitude Encoded Radio Induced Signal (AERIS). Dicha secuencia sirve para cod-
ificar los desplazamientos de la frecuencia objetivo, causados por los desplazamientos
químicos y los acoplamientos J en una muestra, en la amplitud de una oscilación
controlada de la magnetización nuclear. Esta técnica facilita la RMN a microescala
basada en NV a campos magnéticos arbitrariamente altos, accediendo así a un rég-
imen experimental crítico. De esta manera, detallamos el desarrollo de esta secuen-
cia y evaluamos su eficacia mediante simulaciones en un experimento de RMN de
hidrógeno con etanol. Cabe resaltar que este enfoque no solo demuestra la versatili-
dad de la interacción ZZ, sino que también amplía las aplicaciones potenciales de la
tecnología de RMN basada en NV.

Por otra parte, en el capítulo 7, ampliamos la aplicación de la RMN basada en
la interacción ZZ incorporando la secuencia Lee-Goldburg 4 (LG4) sobre la muestra
estudiada. La secuencia LG4 ofrece buenos resultados en relación a la eliminación
de las interacciones homonucleares dipolo-dipolo, lo que es crucial para extraer in-
formación de muestras en estado sólido o de movimiento lento. Utilizaremos la señal
longitudinal emitida por la muestra para desarrollar un protocolo que funciona a
campos magnéticos arbitrariamente altos, contando con el apoyo de un marco ge-
ométrico que ayuda a identificar los tiempos de pulso adecuados para un contraste
óptimo.

El capítulo final se dedica a resumir las conclusiones de la tesis. Le siguen los
apéndices complementarios correspondientes y la bibliografía que ha sido utilizada.
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conventions

We use the following abbreviations throughout the thesis

AERIS Amplitude Encoded Radio Induced Signal

DD Dynamical Decoupling

DEER Double Electron-Electron Resonance

DFT Discrete Fourier transform

DNP Dynamical Nuclear Polarization

ESR Electron Spin Resonance

LG Lee-Goldburg

NMR Nuclear Magnetic Resonance

NV Nitrogen-Vacancy

ODMR Optically Detected Magnetic Resonance

STA Shortcuts To Adiabaticity

RWA Rotating Wave Approximation

Every Hamiltonian in this thesis is divided by ~.
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1 INTRODUCTION

1 Introduction

R ecent advancements in classical technology, such as precise control of radio and
microwave fields, lasers, and cryogenic devices, allow us to manipulate the quan-

tum properties of matter with unprecedented precision [1, 2]. This level of control
extends across diverse systems such as superconducting circuits [3], semiconductor
quantum dots [4], trapped ions [5], and Rydberg atoms [6] among several others.
These advances have triggered a global race to develop the new wave of quantum
technologies where quantum computing and quantum communications stand out,
capturing significant media attention and investment due to their huge potential
impact in the future.

However, another domain within quantum technology that is gaining increased
recognition is quantum sensing. Although less well-known than the other two areas,
quantum sensing is demonstrating practical applications by leveraging the intrinsic
sensitivity of quantum systems to external disturbances, such as forces, rotations, or
environmental magnetic fields [7]. This approach is paving the way for the devel-
opment of devices with unmatched sensitivity. These devices not only achieve, and
sometimes surpass, the sensitivity of the best classical sensors, such as superconduct-
ing quantum interference devices (SQUIDs) [8] for measuring magnetic fields, but
are also expected, in some cases, to reach Heisenberg-limited measurements. These
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advancements are creating invaluable tools that are driving progress across a broad
spectrum of fields, including material science, biomedical imaging, and geology [7].

Quantum sensing employs quantum phenomena such as superposition and entan-
glement to detect physical quantities. Additionally, this method offers the advantage
of basing measurements on fundamental physical constants, significantly reducing
the need for calibration of classical devices. Quantum sensors have promising ap-
plications across a wide range of fields, such as highly sensitive magnetometers [8],
advanced radars [9], gravitational wave detectors [10], and neuroimaging [11].

Various platforms can be utilized for quantum sensing, including spin systems
[12], superconducting circuits [8], trapped ions [13], and atomic vapors [14]. Among
these, the nitrogen-vacancy (NV) center in diamond [15, 16] is a particularly popular
choice as it is an atomic-size detector that can be operated at room temperature.
The NV center and its role as a magnetic field detector is the focus of this thesis.

The NV center is a color defect in the diamond lattice, characterized by the sub-
stitution of two adjacent carbons by a nitrogen atom and a vacancy, see Fig. 2.1(a).
The NV center can be precisely manipulated and probed with microwave and laser
fields, enabling accurate coherent control and readout of its quantum state. Its ex-
ceptional coherence times–T1 on the order of milliseconds and T2 of hundreds of
microseconds–maintained even at room temperature, make the NV a particularly
advantageous device for quantum sensing applications. Furthermore, the host di-
amond matrix, renowned for its strength, stability, and biocompatibility, offers an
excellent medium for the NV quantum sensor, enhancing its utility across various
applications, such as magnetic field sensors in diamond anvils for high-pressure ex-
periments [17], contrast agents for magnetic resonance imaging (MRI) applications
[18], and intracellular quantum sensors [19].

Predominantly utilized for magnetic field detection, NV centers have also demon-
strated other uses as sensors of temperature [19], strain [17], and electric fields [20].
Thus, their potential applications are diverse, ranging from serving as magnetic tip
sensors [21] and probes for nuclear magnetic resonance (NMR) [22] to acting as medi-
ums for hyperpolarization [23]. In addition, some NV-based devices reached commer-
cialization. Examples of these are NV-based diamond probes for imaging magnetic
fields at nanoscale resolution at, e.g., Qnami’s Quantilever [24] and QZabre’s QS Tips
[25].

The exploration of NV centers as a unique quantum system began in 1997 when
Gruber et al. [26] first demonstrated optically detected magnetic resonance (ODMR)
in a single NV center. In 2008, Maze et al. [27] and Balasubramanian et al. [28],
independently demonstrated detection of magnetic fields using single NV centers,
shifting the dialogue around NVs from qubits for quantum information processing to
quantum sensors.

The range of NV center applications quickly broadened. In 2011, Dolde et al. [20]
introduced electric field sensing with NV centers, further expanding the set of target
physical magnitudes. Kucsko et al. in 2013 [19] achieved temperature sensing using
NV centers, performing thermometry within a single living cell using nanodiamonds.
In 2014, Doherty et al. [17] demonstrated high-pressure ODMR in diamond anvils.
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1 INTRODUCTION

More recently, in 2015, Shi et al. [29] performed detection of a single molecule
tagged with an electron-spin label using a single NV center, while Staudacher et
al. [30] performed the first measurements of statistically-polarized protons on the
diamond surface utilizing a correlation spectroscopy protocol. In 2018, Glenn et
al. [22] achieved a milestone with the first demonstration of high-resolution NMR
using NV centers through a continuous sampling protocol. In subsequent years,
they enhanced the experiment by employing hyperpolarization techniques to increase
the method’s sensitivity [31, 32]. Also in 2018, I. Schwartz et al. [33] developed
and demonstrated the PulsePol sequence, improving the potential of NV centers as
hyperpolarization sources.

These experimental achievements have been complemented by theoretical ad-
vancements, which have introduced new sequences and deepened our understanding
of the physics of NV centers. However, significant challenges remain to fully exploit
the potential of NV centers as quantum sensors. A significant one is the limitation
on the maximum AC frequencies NV centers can measure, typically capped at ap-
proximately 40 MHz due to the limitation of driving rates over NVs. This frequency
limit significantly hinders applications such as NV-based NMR, where large mag-
netic fields–desirable for increasing polarization and enhancing chemical shifts–result
in fast-rotating Larmor signals. Overcoming this frequency limit, which we will refer
to as the high-frequency problem, is the central focus of this thesis.

1.1 What you will find in this thesis

In this thesis, we investigate control schemes in NV centers to address the high-
frequency problem for nanoscale and microscale applications. This exploration spans
multiple protocols and applications, potentially enhancing quantum sensing capabil-
ities in both single NV centers and in NV ensembles.

The thesis is structured into seven chapters, with the first chapter being the
introduction.

In Chapter 2, we introduce the fundamental concepts and mathematical tools re-
lated to the NV center that are essential for understanding the rest of the thesis. We
begin by examining the energy structure of the electronic ground state Hamiltonian
of the NV center. Next, we discuss the basics of controlling NV centers using external
microwave driving fields, with a focus on techniques such as the spin echo and the
Carr-Purcell-Meiboom-Gill (CPMG) sequence. We continue by outlining the techni-
cal challenges related to control sequences in the presence of high-frequency targets,
detailing their implications and setting the stage for the solutions developed in this
thesis. In the final part of Chapter 2, we introduce the fundamentals of NV-based
NMR spectroscopy to which we will dedicate the final chapters.

In Chapter 3, we develop a technique using pulse shaping to mitigate the loss of
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sensitivity in scenarios where pulse width cannot be ignored. We present a method
based on Shortcuts to Adiabaticity (STA) that effectively compensate for the effect
of finite pulse width while, in addition, leads to robust pulses.

In Chapter 4, we tackle the high-frequency problem by focusing on the ZZ inter-
actions between NV centers and target spins, as these interactions are not suppressed
by high Larmor frequencies. In this chapter, we explore the scenario of measuring
the coupling between two electronic labels attached to a molecule on the surface
of a diamond via an NV center. This approach could help to elucidate molecular
structure and dynamics, providing a method for investigating biochemical behaviors.

In Chapter 5, we continue exploring the ZZ interaction and develop a protocol to
transfer polarization from the NV center to an electron spin on the surface, which can
subsequently be used to polarize a nuclear sample. This sequence requires control
over both the NV center and the surface electron to create effective flip-flop dynamics.
By incorporating spin echoes to enhance the robustness of the sequence, it transforms
into a double-channel PulsePol, renowned for its resilience against control errors. The
process enabled by this sequence—specifically, the polarization transfer mediated by
a surface electron—could significantly enhance polarization transfer to the surface in
NV center-based Dynamic Nuclear Polarization (DNP).

In Chapter 6, we utilize the ZZ interaction within the realm of microscale NMR.
We introduce a novel sequence, termed Amplitude-Encoded Radio-Induced-Signal
(AERIS), which encodes target frequency shifts, caused by chemical shifts and J-
couplings in a sample, into the amplitude of a controlled oscillation of the sample
nuclei. This technique facilitates microscale NV-based NMR at arbitrarily high mag-
netic fields, thereby accessing a critical experimental regime. We detail the devel-
opment of this sequence and evaluate its efficacy through simulation in an ethanol
proton NMR experiment. This approach not only demonstrates the versatility of
the ZZ interaction but also expands the potential applications of NV-based NMR
technology.

In Chapter 7, we expand on the application of ZZ interaction-based NMR by
incorporating the Lee-Goldburg 4 (LG4) over a target sample. The LG4 sequence
is effective in removing homonuclear dipole-dipole interactions, a crucial factor in
extracting information from solid-state or slowly moving samples. In this chapter
we develop a protocol to perform NV-based NMR in dipolarly coupled samples at
arbitrarily high magnetic fields, supported by a geometric framework that helps to
identify the right pulse timings for optimal contrast.

The final chapter is dedicated to summarizing the conclusions of the thesis. This
is followed by complementary appendices and the bibliography.
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2 FUNDAMENTALS OF THE NV

2 Fundamentals of the NV

T he NV center is a defect in diamond characterized by a nitrogen atom adjacent
to a vacancy, as shown in Figure 2.1(a). The NV can exist in three charge states:

positive, neutral, and negative. The negatively charged state is the most extensively
studied since its fluorescence is directly linked to its spin state [16]. In this thesis, we
will focus on this negatively charged state which we will denote simply as the NV.

At room temperature, the NV center can be approximated to an 8-level energy
system, as depicted in Figure 2.1(b) [16]. The energy structure features a triplet
ground state, designated as 3A2, and a triplet excited state, identified as 3E, together
with a singlet metastable state comprising two intermediate levels, 1A1 and 1E. The
transition between the 3A2 and 3E states is radiative, with a zero-phonon line at 637
nm. This transition is spin-conserving and exhibits high brightness and exceptional
photostability, even under off-resonant excitation. In experiments conducted at room
temperature, a 532 nm green laser is utilized to excite the NV, leveraging the presence
of phonon sidebands. Fluorescence is subsequently collected in the 600-850 nm range,
enabling experimentalists to effectively filter out reflected green laser light.

The zero-field splitting, D, between the ms = ±1 and ms = 0 states originates
from electronic spin-spin interaction and is sensitive to changes in temperature, pres-
sure, and electric field. For the electronic ground state 3A2, the zero-field splitting
is approximately 2.87 GHz, and for the excited state 3E, it is around 1.42 GHz [15].
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Figure 2.1: (a) Diamond unit cell containing an NV color center. Red spin represent a 14N
isotope while, in yellow, we have the vacancy. Other spins can also appear in the structure,
such as a 13C nucleus, depicted in orange. (b) Simplified energy levels of the NV center,
illustrating both the radiative transitions (colored arrows) and the non-radiative transitions
(in black) to the metastable state.

The degeneracy of the ms = ±1 states can be lifted by Zeeman splitting when an
external magnetic field is applied along the NV center’s crystallographic axis, which
is defined by the vector from the vacancy to the nitrogen nucleus. This sensitivity of
the ms = ±1 levels to an external magnetic field is the primary mechanism employed
for magnetic field sensing.

In the excited state 3E, the ms = ±1 states have a significant chance to decay
non-radiatively via the singlet state, subsequently transitioning to the 3A2 ms = 0
state. Conversely, the excited ms = 0 state primarily decays through the radiative
transition. This difference in decay pathways facilitates the reinitialization of the NV
center to the ms = 0 state. Moreover, it creates an optical contrast of about 30%
between states ms = 0 and ms = ±1 for single NVs, providing a simple mechanism
for spin state readout through fluorescence.

We now outline the general strategy for magnetometry to be employed throughout
this thesis. Optical initialization and readout are scheduled at the beginning and
end of each protocol, respectively. Each designed sensing sequence will be executed
exclusively in the NV electronic ground state through coherent manipulation of the
ms = 0,−1, 1 hyperfine levels. These are characterized by a T1 relaxation time of
the order of milliseconds at room temperature and a coherence time T2 of several
hundreds of microseconds in pure crystals [16].

In the following section, we explore the fundamental principles of coherent control
and the underlying Hamiltonians.

6



2 FUNDAMENTALS OF THE NV

2.1 Control sequences

Coherent control of the NV center (more specifically of the ms = 0,−1, 1 levels)
is fundamental in any sensing sequence. This is achieved by applying customized
microwave (MW) radiation patterns that induce transitions among the ms = 0,−1, 1
levels in the NV. These transformations modify the NV center dynamics to encode a
targeted physical quantity (e.g., a magnetic field) onto the NV spin state at the end
of the sequence. A prevalent strategy for addressing the quantum control challenge
in NV centers is dynamical decoupling [34]. This method enables to couple the NV to
the target while simultaneously protects the NV against control errors and external
disturbances.

To lay the groundwork for this discussion, we introduce the Hamiltonian hat
describes the NV center under the influence of an external magnetic field, Bz, aligned
with the crystallographic axis ẑ:

H0 = DS2
z − γeBzSz, (2.1)

whereD ≈ (2π)×2.87 GHz is the zero-field splitting, Sµ∈x,y,z denotes spin-1 matrices,
and γe ≈ (2π)×28.025 GHz/T is the electron’s gyromagnetic ratio. As stated in the
previous section, this external magnetic field is introduced to lift the degeneracy
between the ms = ±1 states, allowing us to individually target the transitions 0↔ 1
and 0↔ −1.

To coherently control the NV, we apply a microwave field that interacts with the
NV center via the Zeeman effect such that the resulting Hamiltonian is:

H = H0 + |γe|BdSx cos(ωt− φ), (2.2)

where Bd is the amplitude of the driving field, ω its frequency, and φ its phase. In
order to analyze this Hamiltonian, it is standard to employ an interaction picture
transformation with respect to H0, yielding:

HI = Ω(|1〉〈0|eip+t + | − 1〉〈0|eip−t + H.c.) cos(ωt+ φ), (2.3)

where Ω = |γe|Bd/
√

2, p± = D ± |γe|Bz, and H.c. denotes the Hermitian conjugate
terms. To explore the NV dynamics under resonant driving, we tune the frequency
ω to match one of the transition frequencies, for instance ω = p+, leading to:

HI =Ω
2
[
|1〉〈0|ei2p+t+iφ + | − 1〉〈0|ei(p−+p+)t+iφ

+ |1〉〈0|eiφ + | − 1〉〈0|ei(p−−p+)t+iφ + H.c.
]
.

(2.4)

The rotating wave approximation (RWA) is applied to average out terms oscillating
much faster than their magnitude. For example, terms like Ω

2 |1〉〈0|e
i2p+t+iφ can be
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2.1 Control sequences

neglected if 2p+ >> Ω
2 . This approximation is valid for all non-resonant terms in

the previous equation, as every oscillating frequency significantly exceeds Ω. Conse-
quently, we reach the simplified Hamiltonian:

H = Ω
2
(
|0〉〈1|e−iφ + |1〉〈0|eiφ

)
. (2.5)

Note that this effective Hamiltonian does not involve the | − 1〉 state. By limiting
our analysis to driving frequencies resonant with only one of the transitions, we can
effectively operate within a two-dimensional subspace spanned by {|0〉, |1〉}. This
simplification is appropriate for the scope of this thesis, and from here on, we will
often use the Pauli spin- 1

2 matrices to describe NV Hamiltonians. Note that the same
procedure can be applied if the driving is resonant with the 0↔ −1 transition.

This Hamiltonian illustrates the effective two-level system dynamics under a res-
onant driving, displaying coherent transitions between the |0〉 and |1〉 states. Such
a mechanism, where state transfer is induced by resonant driving, can be effectively
utilized as a basic sensing sequence in ODMR [35], see next section.

2.1.1 ODMR

ODMR applied to NV centers represents a special case of electron spin resonance
(ESR) that utilizes fluorescence for detection of the NV spin state. This feature
facilitates the acquisition of electron resonance spectra from individual NV spins,
a capability unique to a limited number of systems [16], such as other solid-state
defects [36, 37] and certain organic molecules [38].

In ODMR experiments, laser and microwave (MW) radiation is directed to the
NV center while its fluorescence is monitored. Sweeping the MW radiation frequency
produces a spectrum with a noticeable decrease in fluorescence indicating the NV
center departure from the ms = 0 state, see Fig. 2.2. In the presence of an external
magnetic field, the spectrum displays two fluorescence dips corresponding to the
0 → 1 and 0 → −1 transitions. The separation between these transitions, equal to
2γeBz, offers a direct measure of the magnetic field at the NV center’s location.

Due the relative simplicity of the experiment, the ODMR has been widely utilized
to measure static magnetic fields across diverse studies such as vector magnetic field
sensing [39, 40], wide-field imaging of bacteria [41], and tip magnetometry [21, 42].
Additionally, the average resonance frequency (dashed line in Fig. 2.2) reveals shifts
in the zero-field splitting, providing information about changes in electric fields [20],
temperature [19], and strain [17] at the NV location.

Despite its utility, the scope and sensitivity of ODMR has limitations. More
sophisticated methods have been inherited from classic NMR, and involve the appli-
cation of stroboscopic MW driving composed of short, intense MW radiation bursts,
known as pulses. Pulses are less error prone than soft continuous drivings, and allow
us to think in terms of discrete transformations that modify the free Hamiltonian.
Furthermore, pulsing techniques allow the implementation of dynamical decoupling,
enhancing system robustness against noise and errors.
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2.6 2.7 2.8 2.9 3 3.1
Driving frequency 109

0.8

0.85

0.9

0.95

1
P 0

Driving frequency (GHz)

γeBz γeBz

Figure 2.2: Simulated ODMR experiment depicting the two characteristic dips correspond-
ing for a magnetic field Bz = 44 G. Each point is obtained by computing the survival
probability P0 of an initial state |0〉 after being driven for 200 oscillations of the correspond-
ing frequency.

2.1.2 Spin echo

The most frequently utilized pulses in control sequences are the π and π/2 pulses.
These pulses, with durations defined as tπ = π

Ω and tπ
2

= π
2Ω respectively, serve as the

building blocks for NV quantum state manipulation. The propagators corresponding
to these operations are defined as follows:

Uφ,π = e−i
Ω
2 σφtπ = −iσφ, Uφ,π2 = e

−iΩ
2 σφtπ2 = I− iσφ√

2
, (2.6)

with σφ =
(
|0〉〈1|e−iφ + |1〉〈0|eiφ

)
. In the Bloch sphere representation, these pulses

effectuate rotations around axes determined by the phase φ. The π/2 pulse is pri-
marily employed to create the initial NV superposition state (e.g., from |0〉 to |+〉).
Additionally, it is used to convert the relative phase accumulated between states |0〉
and |1〉 during the experiment back into a measurable NV population difference. On
the other hand, the π pulse inverts the spin state about an specific axis and is the
basic component for refocusing noise in dynamical decoupling techniques, the spin
echo method being the simplest example.

The spin echo sequence [43] begins with a π/2 pulse, creating a coherent super-
position state. The spin is then allowed to evolve freely for a time period τ , during
which external noise introduces dephasing. Then, a π pulse is applied, which effec-
tively reverses the impact of static and slow-varying noises. This inversion leads the
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Figure 2.3: (a) Spin-echo sequence illustrating the initialization and readout π/2 pulses
(depicted in blue) along with the refocusing π pulse (shown in red). (b) A single block
of a CPMG sequence. The modulation function F (t) considering instantaneous pulses is
depicted below. (c) Simulated spectrum of a CPMG sequence sensing an external signal
with an amplitude of Γ/2 = (2π) × 1.2 KHz and a signal frequency ωs = 100 KHz. The
survival probability of an initial state |0〉 is computed with respect to the free time τ for ten
consecutive blocks. The dips corresponding to the first three harmonics (k = 1, 3, 5) can be
seen.

spins to rephase, rewinding the decoherence process after an additional period τ . At
this point, another π/2 pulse may be introduced, setting the NV for the final optical
measurement, see Fig. 2.3 (a). This refocusing technique can significantly extend the
coherence time by up to two orders of magnitude, increasing T ∗2 from around 1 µs to
T2 of several hundred µs in some cases for both single NV centers and NV ensembles
[44, 45]. We remark that the spin echo proves particularly beneficial in NV ensembles
by counteracting the effects of inhomogeneous fields. Since the spin echo makes the
system insensitive to DC magnetic fields, it is predominantly utilized for AC signal
detection [27].

The spin echo mechanism makes the NV sensitive to frequencies that align with
the refocusing interval. We study this process in the next section where, in addition,
we explore a more advanced sequence that consists of multiple nested spin echoes.

2.1.3 The CPMG sequence

To understand the effect of a spin echo train, consider an example where the NV
center is subjected to an external AC signal along the ẑ axis, which we aim to detect.
The free Hamiltonian of the NV center in an interaction picture with respect to
H0 = DS2

z − γeBzSz is described by:

H = Γ
2 σz cos(ωst+ ϕ), (2.7)

where Γ = Bs|γe| represents the interaction strength, Bs is the amplitude of the
signal, ωs its frequency, and ϕ its initial phase. In scenarios where the interaction
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strength Γ is significantly smaller than the signal frequency, thus holding the RWA,
the signal’s influence on NV dynamics becomes negligible, making it undetectable.

A spin echo train, specifically tuned to resonance with ωs, circumvents this issue
and enables signal detection by synchronizing the NV center with the targeted sig-
nal. A classic example is the CPMG [46, 47] pulse sequence. This sequence starts
with an initial π/2 pulse applied along the y axis, placing the NV in an initial su-
perposition state |ψ0〉 = |+〉. This is followed by a succession of π pulses applied
along the x axis, each spaced by a free time τ . This series of pulses systematically
accumulates a relative phase θ on the NV state as |ψt〉 =

(
|0〉eiθ + |1〉

)
/
√

2. The
sequence concludes with a final π/2 pulse, translating the accumulated phase into
observable state population changes, see Fig. 2.3 (b). The Hamiltonian including the
controls and setting (with ϕ = 0) is

H = Γ
2 σz cos (ωst) + Ω(t)σφ2 . (2.8)

In a rotating frame with respect to the control term Ω(t)σφ2 we get

HI(t) = Γ
2U
†
0σzU0 cos (ωst) (2.9)

where U0 = e
−i
∫ t

0
Ω(t′)σx2 dt′ is the propagator of the control term. Assuming instan-

taneous pulses, we can rewrite the previous Hamiltonian as

HI(t) = F (t)Γ
2 σz cos (ωst), (2.10)

where F (t) is the so called modulation function, which is valued +1(−1) after an even
(odd) number of pulses, see Fig. 2.3 (b). The modulation function can be decomposed
via Fourier series leading to

F (t) =
∞∑
k=1

4(−1) k−1
2

πk
cos (kωmt) for odd index k, (2.11)

where ωm = 2π/T with T = 2τ being the period of the CPMG sequence. We refer to
the index k as harmonics. Resonance occurs whenever ωmk matches the frequency of
the signal ωs. This condition reveals the presence of a resonance for each harmonic k,
see Fig. 2.3 (c). Choosing a resonant harmonic k and applying the RWA, we obtain
the effective Hamiltonian

HI = fk
4 Γσz, (2.12)

where the coefficient fk = 4(−1)
k−1

2

πk modulates the interaction strength between the
NV center and the signal based on the selected harmonic. We can extend this analysis,
generalizing to an arbitrary initial signal phase ϕ. In that case, Hamiltonian (2.12)
is modified to

HI = fk
4 Γσz cos (ϕ), (2.13)
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Figure 2.4: A depiction of a single block of a CPMG sequence, with its corresponding
modulation function F (t) accounting for finite-width pulses.

demonstrating sensitivity of the method to the initial phase of the signal, which will
be relevant for the last section of this chapter.

The CPMG sequence is one of the simplest pulse trains in a broader family of
sequences. More sophisticated pulse trains, such as the widely utilized XY4 and
XY8 sequences [48, 49], select the phase of each delivered π pulse in a manner that
allows the sequence to self-correct pulse errors, significantly enhancing robustness.
The sensing mechanism of these advanced sequences follows the same derivation as
presented in this section.

2.2 The high-frequency problem

The AC sensing mechanism of the CPMG sequence highlights the challenge of cou-
pling to high-frequency targets. One harmonic of the sequence must match the
frequency of the external AC signal for the NV to accumulate phase. Considering
the pulse duration tπ, the free evolution adjusts to τ ′ = τ − tπ/2. At sufficiently high
frequencies, in particular when tπ/2 > τ , the pulses overlap, making the sequence
ineffective. This overlap sets an upper frequency limit for the first harmonic equal
to the pulse strength, around 50 MHz. To circumvent this limitation, one potential
strategy is to select a higher harmonic. This choice effectively extends τ , though it
simultaneously diminishes the interaction strength, as indicated by the coefficient fk.

Another subtler issue arises when the pulse width tπ is comparable to the period
of the signal, even before reaching the limit of pulses overlapping [50]. When this
happens, the modulation function is no longer a square wave (see Fig. 2.4), and its
Fourier series must be recalculated. The new coupling strength modulation factor

12



2 FUNDAMENTALS OF THE NV

Bext

Figure 2.5: Illustration of the experimental setup, showing a liquid sample positioned on
top the diamond crystal. The external magnetic field (depicted by green arrows) is aligned
with the NV ensemble crystallographic axis.

fk scales inversely with the square of the ratio between the pulse duration and the
Larmor period, which can significantly reduce the coupling to the signal. In the
following chapters, we will explore several approaches to address these problems,
ensuring robust and effective control over NV centers in various experimental settings.

2.3 Fundamentals of microscale NMR

NV-based NMR applications are significantly affected by the high-frequency problem.
Operating in a high-field regime, thus under large Larmor frequencies, offers several
advantages such as enhanced spectral clarity, increased resolution due to the linear
dependence of chemical shifts on the external magnetic field’s strength, and stronger
signals resulting from enhanced thermal polarization. The final two chapters of this
thesis are dedicated to addressing the high-frequency problem in NV-based NMR
spectroscopy. This section will explore the fundamental concepts of microscale NMR.

Consider a sample containing 1H spins described by the Zeeman Hamiltonian:

H = −γHBzIz, (2.14)

where γH ≈ 2π × 42.58 MHz/T is the hydrogen gyromagnetic ratio, and Iz = σz/2
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is the nuclear spin operator. The initial state of the nuclei in thermal equilibrium at
room temperature is given by the mixed state [51]:

ρ ≈ 1
2 I + 1

2BIz, (2.15)

where I is the identity operator, and B = ~γHBz
kBT

with kB the Boltzmann constant
and T the temperature. This formula highlights how increasing the magnetic field
Bz enhances the polarization P = 〈0|ρ|0〉 − 〈1|ρ|1〉 = 1

2B of the sample. In a typical
NMR experiment, a π/2 pulse resonant with the nuclear spins is applied to tilt the
magnetization into the orthogonal plane. This manipulation shifts the polarization
of the nuclei, allowing their subsequent evolution under Hamiltonian (2.14) to be
observed. As the spins precess about the magnetic field direction at a frequency of
γHBz, their collective motion generates a detectable RF signal, analogous to classical
gyroscopic precession. This RF signal, produced by the transverse magnetization,
is detected and then Fourier-transformed to identify the constituent frequencies. In
this simple model, the only spectral peak would correspond to the Larmor frequency.
However, real-world scenarios reveal a more complex spectrum influenced by several
phenomena, including chemical shifts and J-couplings. Analyzing these (chemical
shifts and J-couplings) provides information about the molecular structure of the
sample.

In NV-based NMR spectroscopy, traditional detection probes (or coils) are re-
placed with a diamond containing an ensemble of NV centers. The liquid sample is
placed directly above the diamond surface (see Fig. 2.5), allowing the RF signal to be
detected by the NV centers using, for instance, a sequence such as the CPMG or the
XY4 [30]. However, the spectral linewidth in these measurements is influenced by the
duration of the measurement, this is ∆f ∝ 1

t , as dictated by the Fourier transform.
This measurement duration is inherently limited by the NV centers’ T2 relaxation
time. This imposes a resolution limit on the order of tens of kHz, insufficient for
many NMR applications that require better spectral resolution.

To enhance resolution, heterodyne techniques are employed [22, 52, 53]. The
simplest example of the latter is the continuous application of a CPMG sequence.
These echo pulse trains are sensitive to both the amplitude and the phase of the
signal as depicted in Eq. (2.13). By tuning the CPMG sequence close to resonance,
each successive block measures the signal’s phase at the beginning of that block. By
chaining several such blocks together, the signal’s phase is sampled at multiple points.
After applying a Fourier transform to these phase data, the spectrum is reconstructed.
This approach allows resolution to be governed not by the NV coherence time but
by that of the signal. In liquid 1H NMR with NVs, the application of heterodyne
techniques translates into linewidths on the order of 1 Hz, improving performance
with respect to using a single CPMG sequence by several orders of magnitude.
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3 HIGH-FREQUENCY SIGNAL DETECTION

3 High-frequency signal
detection

I n this chapter, we develop a technique originally introduced by Casanova et al. in
Ref. [50], which combines high harmonics with shaped pulses to create sequences

able to operate at high frequencies. Furthermore, we demonstrate that the incor-
poration of quantum control techniques based on Shortcuts to Adiabaticity (STA)
leads to a significant enhancement of the pulse robustness to errors. This improve-
ment is achieved through a reparametrization of the NV quantum state into Bloch
sphere angles and a geometrical phase. By deriving the equations of motion for these
parameters and introducing an appropriate ansatz, we optimize the pulse resilience
against detuning and control errors. This chapter contains the work developed in
Ref. [54].

Section 3.1 examines the impact of pulse width on the filter function and its
effect on the coupling between the NV center and the target signal. In Section 3.2,
we introduce a generalized driving Hamiltonian to facilitate pulse shaping. Following
this, Section 3.3 details the parametrization of the NV state and the derivation of
the corresponding equations of motion. Section 3.4 adapts the solution proposed by
Casanova et al. to our new parametrization, and Section 3.5 presents our proposed
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ansatz for pulse shaping. Finally, Section 3.6 provides numerical results supporting
the effectiveness of our STA-based pulses.

3.1 Modified modulation function

In this section, we explore the impact of finite-width pulses on the modulation func-
tion F (t). Analyzing F (t) through its Fourier series reveals various frequency compo-
nents, which also indicates those with which the sequence can interact. The coupling
strength between the NV center and a target signal is proportional to the Fourier
coefficient of the corresponding resonant harmonic fk. The explicit expression of the
coefficient fk is

fk = 2
T

[∫ t1

0
cos(kωmt)dt+

∫ t2

t1

F (t) cos(kωmt)dt−

−
∫ t3

t2

cos(kωmt)dt+
∫ t4

t3

F (t) cos(kωmt)dt+

+
∫ T

t4

cos(kωmt)dt
]
,

(3.1)

where ωm = 2π/T with T the period of the employed sequence, and t2−t1 = t4−t3 ≡
tπ. With instantaneous pulses where tπ = 0, one finds |fk| = | 4

πk | for odd k. However,
when the pulse width tπ becomes significant, the coefficient modifies to

fk(α) = 4(−1)(k+1)/2 cos (απ)
(4α2 − 1)kπ , (3.2)

with α = ktπ/T denoting the ratio of pulse width to the signal period. The α−2 de-
pendency, substantially diminishes the coefficient’s magnitude as α increases, making
the sequence ineffective. To address this challenge, as proposed in Casanova et al. [50],
one can employ a shaped pulse to tailor F (t) such that∫ t2

t1

F (t) cos(kωmt)dt =
∫ t4

t3

F (t) cos(kωmt)dt = 0, (3.3)

which eliminates the contribution of F (t) during the pulses.
Under these conditions, the coefficient becomes

fk = 2
T

[∫ t1

0
cos(kωmt)dt−

∫ t3

t2

cos(kωmt)dt+

+
∫ T

t4

cos(kωmt)dt
]

= 4
kπ

sin
(
kπ

T

)
cos
(
kπ

T
tπ

)
.

(3.4)
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tπ = λT/k
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Figure 3.1: Modulation funciton F (t) corresponding to a π pulse generated using our method
(blue line) and the distribution of times for π pulses. The areas in which the pulses are
being applied are displayed in yellow.

With this expression, the coefficient for instantaneous pulses |fk| = 4
kπ is recovered

whenever tπ = λT
k , where λ is an integer.

The rest of the chapter deals with a new design for the modulation function and
corresponding pulse shapes to improve the robustness of the previous method.

3.2 General driving Hamiltonian

In order to have enough flexibility for pulse shaping, we will increase the degrees of
freedom in our driving Hamiltonian (2.2)

H = DS2
z + |γe|BzSz + |γe|BdSx cos [ωt+ ∆(t)− φ] , (3.5)

where an extra time-dependent phase ∆(t) has been added. Going to an interaction
picture with respect to H0 = DS2

z + |γe|BzSz, and setting the driving frequency to
ω = D + |γe|Bz we reach the following Hamiltonian after applying the RWA

H = Ω
2

{
|0〉〈1|ei[∆(t)−φ] + |1〉〈0|e−i[∆(t)−φ]

}
. (3.6)

Next we add and subtract the term δ(t)
2 σz, where σz ≡ (|0〉〈0| − |1〉〈1|) and δ(t) is

defined such that ∆(t) =
∫ t

0 δ(t
′)dt′. Going to an interaction picture with respect to

H0 = − δ(t)2 σz, we reach our final control Hamiltonian:

Hc = Ω(t)
2 σφ + δ(t)

2 σz. (3.7)

This driving Hamiltonian includes controls over the amplitude Ω(t), the phase φ
and the detuning δ(t) of the MW field. The full Hamiltonian combines the control
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in Eq. (3.7) with the target Hamiltonian HT—which represent an external classical
signal—as shown below

H = HT + Ω(t)
2 σφ + δ(t)

2 σz. (3.8)

3.3 State reparametrization

To design the pulses, we start by parametrizing the NV spin state evolution during
a pulse as [55]

|φ(t)〉 =
[
cos
(
θ

2

)
ei
β
2 |0〉+ sin

(
θ

2

)
e−i

β
2 |1〉

]
eiγ , (3.9)

with θ ≡ θ(t) and β ≡ β(t) being the polar and azimuthal angles on the Bloch sphere,
and γ ≡ γ(t) a geometric phase. When inserting Eq. (3.9) into the time-dependent
Schrödinger equation governed by the control Hamiltonian (3.7), we get the following
auxiliary equations

θ̇ = Ω(t) sin(β), (3.10)
β̇ = θ̇ cot(θ) cot(β)− δ(t), (3.11)
γ̇ = −θ̇ cot(β)/(2 sin(θ)). (3.12)

For the sake of simplicity, in the previous equations we have particularized to the case
σφ = σx, but the formalism is equally applicable to σφ. Equations (3.10, 3.11, 3.12)
connect the Rabi frequency Ω(t) and the detuning δ(t) with the θ and β angles. Note
that, similar expressions to Eqs. (3.10, 3.11, 3.12) can be derived from a dynamical
invariant [56, 57].

To achieve a π pulse, e.g. from |0〉 at t = 0 to |1〉 at t = tπ, the state described
by Eq (3.9) must satisfy the following boundary conditions

θ(0) = 0, θ(tπ) = π. (3.13)

A possible parametrisation for θ and β is: θ = πt/tπ and β = π/2 leading to
Ω(t) = π/tπ and δ(t) = 0. This simple trajectory corresponds to a top-hat pulse.
On the other hand, we note that there exists much freedom to tailor the functions θ
and β. This flexibility allows for the design of pulse sequences that not only enable
coupling with rapidly precessing nuclei but also exhibit robustness against control
errors.
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3.4 Signal coupling

To adapt the coupling condition in Eq. (3.3) to our state parametrization, we revisit
the original appearance of the modulation function in Eq. (2.9) and Eq. (2.10) to
derive

F (t) = 〈0|U†0σzU0|0〉, (3.14)

with U0 = T̂ e
−i
∫ tπ
t0

Hc(t′)dt′ . Assuming that |0〉 = |φ(0)〉 and substituting from
Eq. (3.9), we obtain:

F (t) = 〈φ(0)|U†0σzU0|φ(0)〉 = 〈φ(t)|σz|φ(t)〉 = cos (θ). (3.15)

To achieve the same coupling as in the case of instantaneous pulses, we substitute
Eq. (3.15) into the previous coupling condition

∫ tπ
t0
F (t) cos(kωmt)dt = 0 which leads

to ∫ tπ

0
cos(θ) cos(kωmt)dt = 0. (3.16)

Hence, Eq. (3.16) establishes the first requirement for the θ function. From now on
we will refer to this equation as the coupling condition.

Further constraints have to be imposed in the dynamics of |φ(t)〉 to cancel control
errors during the pulse. Typically, these errors are: (i) Deviations in the Rabi fre-
quency, i.e. Ω(t)→ Ω(t)(1 + ξΩ), as a consequence of MW power variations denoted
by ξΩ. And, (ii), errors in the δ(t) function (i.e. δ(t) → δ(t) + ξδ) with ξδ being a
frequency offset that appears owing to, e.g., undetermined stress conditions in the
diamond and/or because of nearby electronic impurities leading to NV energy shifts.

We use perturbation theory over |φ(t)〉 during the π pulse, and calculate the
transition probability P (tπ) of having an NV spin-flip driven by an imperfect π pulse
(up to second order in ξΩ and ξδ).

This reads P (tπ) ≈ 1− 1
4

∣∣∣∫ tπ0 dtei2γ
(
ξ∆ sin(θ)− i2ξΩθ̇ sin2(θ)

)∣∣∣2. See Appendix A.1
for more details regarding the derivation of P (tπ). In this manner, the second req-
uisite for θ and γ is the error cancelation condition that eliminates control errors
during the NV spin-flip. This reads∣∣∣∣∫ tπ

0
dtei2γ

(
ξ∆ sin(θ)− i2ξΩθ̇ sin2(θ)

)∣∣∣∣ = 0. (3.17)

Once we get expressions for θ and γ (and consequently to β as Eq. (3.11) re-
lates β with θ and γ) one can find the control parameters Ω(t) and δ(t) by solving
Eqs. (3.10, 3.11).
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3.5 Ansatz

In order to interpolate a function for θ, we use an ansatz inspired by the Blackman
function [58]. This is

θ(t) = α0 + α1 cos
(
π

tπ
t

)
+ α sin

(
2πλ
tπ

t

)
, (3.18)

where λ is a free tunable parameter that regulates the π pulse length as tπ = λT/k,
see Appendix A. In addition, α0, α1, and α are parameters that we adjust to hold the
previously commented conditions. In particular, when the boundaries in Eq. (3.13)
are applied to θ(t), we get α0 = −α1 = π/2, while the additional parameter α will
be selected to fulfill the coupling condition in Eq. (3.16).

Now, we pose the following ansatz for γ(t)

γ(t) = θ + η1 sin(2θ) + η2 sin(4θ), (3.19)

that introduces two additional free parameters η1 and η2. The expression for γ(t)
can be combined with Eq. (3.12) leading to

β = cos−1

(
−2M sin(θ)√

1 + 4M2 sin2(θ)

)
, (3.20)

where M = 1 + 2η1 cos(2θ) + 4η2 cos(4θ). We will use η1 and η2 to achieve Eq. (3.17)
over some reasonable error interval. In this manner, undesired NV transitions caused
by errors in the Rabi frequency and detuning get cancelled up to second order.

3.6 Numerical results

We demonstrate the performance of our method with numerical simulations in Nanoscale
NMR escenarios. In particular, we have computed the evolution of an NV under an
XY8 sequence in the presence of a nearby 13C nuclear spin, as well as under the
influence of a classical electromagnetic wave modelling a 1H nuclear spin cluster. In
both cases we consider a strong magnetic field Bz = 3 T [59], which leads to high-
frequency Larmor precession of approximately 32 MHz and 128 MHz, respectively.
We compare the obtained Nanoscale NMR spectra in situations involving: Standard
top-hat π pulses, extended π pulses that follow the scheme in [50], and π pulses
designed with our method.
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⌦(t)

<latexit sha1_base64="LrX3F4Z/f2f+obdQ61Uc8V7Zvh8=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxwQ2ZMSTqjujGnZjIj4EJ6ZQLNLQzk7ZjQia8hK6MuvNxfAHfxoKzUPCsvt5zmtxzg1hwbVz3y8mtrK6tb+Q3C1vbO7t7xf2Dpo4SxbDBIhGpdkA1Ch5iw3AjsB0rpDIQ2ArG1zO/9YhK8yi8N5MYfUmHIR9wRo0dPXRvJQ5p2Zz2iiW34s5FlsHLoASZ6r3iZ7cfsURiaJigWnc8NzZ+SpXhTOC00E00xpSN6RA7FkMqUfvpfOEpORlEipgRkvn7dzalUuuJDGxGUjPSi95s+J/XSczgwk95GCcGQ2Yj1hskgpiIzHqTPlfIjJhYoExxuyVhI6ooM/Y6BVvfWyy7DM2ziletXN5VS7Wr7BB5OIJjKIMH51CDG6hDAxhIeIY3eHeE8+S8OK8/0ZyT/TmEP3I+vgHpe41/</latexit>

�(t)

<latexit sha1_base64="mJrL+LaOOMPsW+tv3URn5/Khdk0=">AAAB6nicbZDNSgMxFIUz/tb6V3XpJliEuikzUlB3RTcuK9gfaYeSSe+0ocnMkNwRytCX0JWoOx/HF/BtTOsstPWsvtxzAvfcIJHCoOt+OSura+sbm4Wt4vbO7t5+6eCwZeJUc2jyWMa6EzADUkTQRIESOokGpgIJ7WB8M/Pbj6CNiKN7nCTgKzaMRCg4Qzt66A1AIqvgWb9UdqvuXHQZvBzKJFejX/rsDWKeKoiQS2ZM13MT9DOmUXAJ02IvNZAwPmZD6FqMmALjZ/OFp/Q0jDXFEdD5+3c2Y8qYiQpsRjEcmUVvNvzP66YYXvqZiJIUIeI2Yr0wlRRjOutNB0IDRzmxwLgWdkvKR0wzjvY6RVvfWyy7DK3zqlerXt3VyvXr/BAFckxOSIV45ILUyS1pkCbhRJFn8kbeHek8OS/O6090xcn/HJE/cj6+ARuCjaA=</latexit>

30

<latexit sha1_base64="FhRMwJ7kzvJrkibg0Wb/m4GCJ0Q=">AAAB5HicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJFtRdQRcuK9oLtKFMpift0MmFmYlQQt9AV6LufCJfwLdxErPQ1n/1zfn/gfMfLxZcadv+skorq2vrG+XNytb2zu5edf+go6JEMmyzSESy51GFgofY1lwL7MUSaeAJ7HrT68zvPqJUPAof9CxGN6DjkPucUW1G9+d2ZVit2XU7F1kGp4AaFGoNq5+DUcSSAEPNBFWq79ixdlMqNWcC55VBojCmbErH2DcY0gCVm+arzsmJH0miJ0jy9+9sSgOlZoFnMgHVE7XoZcP/vH6i/Us35WGcaAyZiRjPTwTREckakxGXyLSYGaBMcrMlYRMqKdPmLll9Z7HsMnTO6k6jfnXXqDVvikOU4QiO4RQcuIAm3EIL2sBgDM/wBu+Wbz1ZL9brT7RkFX8O4Y+sj28ZrIqo</latexit>

20

<latexit sha1_base64="d9r8GeBEdIRSV6gtzOKOwpW8x8c=">AAAB5HicbZDLSsNAFIZP6q3WW9Wlm8EiuCpJKai7gi5cVrQXaEOZTE/aoZMLMxOhhL6BrkTd+US+gG/jJGahrf/qm/P/A+c/Xiy40rb9ZZXW1jc2t8rblZ3dvf2D6uFRV0WJZNhhkYhk36MKBQ+xo7kW2I8l0sAT2PNm15nfe0SpeBQ+6HmMbkAnIfc5o9qM7ht2ZVSt2XU7F1kFp4AaFGqPqp/DccSSAEPNBFVq4NixdlMqNWcCF5VhojCmbEYnODAY0gCVm+arLsiZH0mip0jy9+9sSgOl5oFnMgHVU7XsZcP/vEGi/Us35WGcaAyZiRjPTwTREckakzGXyLSYG6BMcrMlYVMqKdPmLll9Z7nsKnQbdadZv7pr1lo3xSHKcAKncA4OXEALbqENHWAwgWd4g3fLt56sF+v1J1qyij/H8EfWxzcYLIqn</latexit>

10

<latexit sha1_base64="x9WkAJ3CeIZsJNAHDh7ignscrPY=">AAAB5HicbZDNSsNAFIVv6l+tf1WXbgaL4KokIqi7gi5cVrQ/0IYymd60Q2eSMDMRSugb6ErUnU/kC/g2TmoW2npW39xzBu65QSK4Nq775ZRWVtfWN8qbla3tnd296v5BW8epYthisYhVN6AaBY+wZbgR2E0UUhkI7AST69zvPKLSPI4ezDRBX9JRxEPOqLGje8+tDKo1t+7ORZbBK6AGhZqD6md/GLNUYmSYoFr3PDcxfkaV4UzgrNJPNSaUTegIexYjKlH72XzVGTkJY0XMGMn8/TubUan1VAY2I6kZ60UvH/7n9VITXvoZj5LUYMRsxHphKoiJSd6YDLlCZsTUAmWK2y0JG1NFmbF3yet7i2WXoX1W987rV3fntcZNcYgyHMExnIIHF9CAW2hCCxiM4Bne4N0JnSfnxXn9iZac4s8h/JHz8Q0WrIqm</latexit>

0

<latexit sha1_base64="Ry0VZPjlXp8N2UK7uN8W47ZnKBY=">AAAB43icbZDNSsNAFIVv6l+tf1WXbgaL4KokIqi7gi5cVrE/0IYymd60QyeZMDMRSugT6ErUnW/kC/g2TmoW2npW39xzBu65QSK4Nq775ZRWVtfWN8qbla3tnd296v5BW8tUMWwxKaTqBlSj4DG2DDcCu4lCGgUCO8HkOvc7j6g0l/GDmSboR3QU85Azauzo3q0MqjW37s5FlsEroAaFmoPqZ38oWRphbJigWvc8NzF+RpXhTOCs0k81JpRN6Ah7FmMaofaz+aYzchJKRcwYyfz9O5vRSOtpFNhMRM1YL3r58D+vl5rw0s94nKQGY2Yj1gtTQYwkeWEy5AqZEVMLlClutyRsTBVlxp4lr+8tll2G9lndO69f3Z3XGjfFIcpwBMdwCh5cQANuoQktYBDCM7zBu4POk/PivP5ES07x5xD+yPn4Bqg9ims=</latexit>

�10

<latexit sha1_base64="GOPNOkL8CjRAOyrqkvkTRCH9nQo=">AAAB5XicbZDNSsNAFIVv6l+tf1WXbgaL4MaSSEHdFXThsoK1hTaUyfSmGTr5YeZGKKWPoCtRd76QL+DbmNQstPWsvrnnDNxzvURJQ7b9ZZVWVtfWN8qbla3tnd296v7Bg4lTLbAtYhXrrscNKhlhmyQp7CYaeegp7Hjj69zvPKI2Mo7uaZKgG/JRJH0pOOWjM8euDKo1u27PxZbBKaAGhVqD6md/GIs0xIiE4sb0HDshd8o1SaFwVumnBhMuxnyEvQwjHqJxp/NdZ+zEjzWjANn8/Ts75aExk9DLMiGnwCx6+fA/r5eSf+lOZZSkhJHIIpnnp4pRzPLKbCg1ClKTDLjQMtuSiYBrLig7TF7fWSy7DA/ndadRv7pr1Jo3xSHKcATHcAoOXEATbqEFbRAQwDO8wbs1sp6sF+v1J1qyij+H8EfWxzd/O4rd</latexit>

�20

<latexit sha1_base64="/l602F5mYcc9oUkv5dW13I0on9Q=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuLEkpaDuCrpwWcFeoA1lMj1phk4uzEyEEvoIuhJ15wv5Ar6Nk5qFtv6rb87/D5z/eIngStv2l1VaW9/Y3CpvV3Z29/YPqodHXRWnkmGHxSKWfY8qFDzCjuZaYD+RSENPYM+b3uR+7xGl4nH0oGcJuiGdRNznjOp8dNGwK6Nqza7bC5FVcAqoQaH2qPo5HMcsDTHSTFClBo6daDejUnMmcF4ZpgoTyqZ0ggODEQ1Rudli1zk582NJdIBk8f6dzWio1Cz0TCakOlDLXj78zxuk2r9yMx4lqcaImYjx/FQQHZO8MhlziUyLmQHKJDdbEhZQSZk2h8nrO8tlV6HbqDvN+vV9s9a6LQ5RhhM4hXNw4BJacAdt6ACDAJ7hDd6tifVkvVivP9GSVfw5hj+yPr4BgLuK3g==</latexit>

�30

<latexit sha1_base64="gsbwWAKfXhdtUgeg9fg6W0CN8xY=">AAAB5XicbZDNSsNAFIVv6l+tf1WXbgaL4MaSaEHdFXThsoL9gTaUyfSmGTrJhJmJUEIfQVei7nwhX8C3MalZaOtZfXPPGbjnerHg2tj2l1VaWV1b3yhvVra2d3b3qvsHHS0TxbDNpJCq51GNgkfYNtwI7MUKaegJ7HqTm9zvPqLSXEYPZhqjG9JxxH3OqMlHZxd2ZVit2XV7LrIMTgE1KNQaVj8HI8mSECPDBNW679ixcVOqDGcCZ5VBojGmbELH2M8woiFqN53vOiMnvlTEBEjm79/ZlIZaT0Mvy4TUBHrRy4f/ef3E+FduyqM4MRixLJJ5fiKIkSSvTEZcITNimgFlimdbEhZQRZnJDpPXdxbLLkPnvO406tf3jVrztjhEGY7gGE7BgUtowh20oA0MAniGN3i3xtaT9WK9/kRLVvHnEP7I+vgGgjuK3w==</latexit>

2.142 2.1422 2.1424 2.1426 2.1428 2.143
106

0.585

0.59

0.595

0.6

0.605

0.61

0.615

0.62

2.1422

<latexit sha1_base64="Vwztw3XAij/FFa0FQoHUnMXUf8s=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYwTwgWcLspDcZM/tgZlYIS/5BT6Le/B5/wL9xdt2DJtapuqsausqLBVfatr+s0tr6xuZWebuys7u3f1A9POqqKJEMOywSkex7VKHgIXY01wL7sUQaeAJ73uwm03uPKBWPwns9j9EN6CTkPmdUm1WvUXeajUZlVK3ZdTsHWSVOQWpQoD2qfg7HEUsCDDUTVKmBY8faTanUnAlcVIaJwpiyGZ3gwNCQBqjcNH93Qc78SBI9RZLPv70pDZSaB57xBFRP1bKWLf/TBon2L92Uh3GiMWTGYjQ/EURHJEtNxlwi02JuCGWSmy8Jm1JJmTbdZPGd5bCrpJuVVb+6a9Za10URZTiBUzgHBy6gBbfQhg4wmMEzvMG79WA9WS/W64+1ZBU3x/AH1sc315uLlA==</latexit>

2.1426

<latexit sha1_base64="MLKzHBTUotNiY4/7PVqXEXjtnDo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJQb0RvXjERB4JbMjs0Asjs4/MzJqQDf+gJ6Pe/B5/wL9xFvegYJ2qu6qTrvJiwZW27S+rsLa+sblV3C7t7O7tH5QPjzoqSiTDNotEJHseVSh4iG3NtcBeLJEGnsCuN73J9O4jSsWj8F7PYnQDOg65zxnVZtWtVZ16rVEalit21V6ArBInJxXI0RqWPwejiCUBhpoJqlTfsWPtplRqzgTOS4NEYUzZlI6xb2hIA1Ruunh3Ts78SBI9QbKYf3tTGig1CzzjCaieqGUtW/6n9RPtX7opD+NEY8iMxWh+IoiOSJaajLhEpsXMEMokN18SNqGSMm26yeI7y2FXSScrq3p1V680r/MiinACp3AODlxAE26hBW1gMIVneIN368F6sl6s1x9rwcpvjuEPrI9v3ZeLmA==</latexit>

2.1430

<latexit sha1_base64="41pGHpQwhzE/Uam6tcX+RybuIWY=">AAAB6HicbVC7TsNAEFyHVwivACXNiQiJKrIhEtBF0FAGiTykxIrOl3Vy5PzQ3RkpsvIPUCGg43v4Af6Gs3EBCVPN7sxKO+PFgitt219WaWV1bX2jvFnZ2t7Z3avuH3RUlEiGbRaJSPY8qlDwENuaa4G9WCINPIFdb3qT6d1HlIpH4b2exegGdBxynzOqzap7Vnca53ZlWK3ZdTsHWSZOQWpQoDWsfg5GEUsCDDUTVKm+Y8faTanUnAmcVwaJwpiyKR1j39CQBqjcNH93Tk78SBI9QZLPv70pDZSaBZ7xBFRP1KKWLf/T+on2L92Uh3GiMWTGYjQ/EURHJEtNRlwi02JmCGWSmy8Jm1BJmTbdZPGdxbDLpJOVVb+6a9Sa10URZTiCYzgFBy6gCbfQgjYwmMIzvMG79WA9WS/W64+1ZBU3h/AH1sc31h2Lkw==</latexit>

0.62

<latexit sha1_base64="5DUPWZ/fp/moayML5SSIvXJtw78=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuApJKV52BV24rGAv0IYymZ40QycXZiZCKX0EXYm684V8Ad/GSc1CW//VN+f/B85//FRwpR3nyyqtrW9sbpW3Kzu7e/sH1cOjjkoyybDNEpHInk8VCh5jW3MtsJdKpJEvsOtPbnK/+4hS8SR+0NMUvYiOYx5wRnU+cuyL+rBac2xnIbIKbgE1KNQaVj8Ho4RlEcaaCapU33VS7c2o1JwJnFcGmcKUsgkdY99gTCNU3myx65ycBYkkOkSyeP/Ozmik1DTyTSaiOlTLXj78z+tnOrjyZjxOM40xMxHjBZkgOiF5ZTLiEpkWUwOUSW62JCykkjJtDlMx9d3lsqvQqdtuw76+b9Sat8UhynACp3AOLlxCE+6gBW1gEMIzvMG7NbaerBfr9Sdasoo/x/BH1sc3w+iLCw==</latexit>

0.61

<latexit sha1_base64="jfKtS9O7P6nGtKILgv95XaoI5IQ=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJiJddQRcuK9gLtKFMpifN0MmFmYlQQh9BV6LufCFfwLdxUrPQ1n/1zfn/gfMfPxVcacf5siorq2vrG9XN2tb2zu5eff+go5JMMmyzRCSy51OFgsfY1lwL7KUSaeQL7PqTm8LvPqJUPIkf9DRFL6LjmAecUV2MHPvCHdYbju3MRZbBLaEBpVrD+udglLAswlgzQZXqu06qvZxKzZnAWW2QKUwpm9Ax9g3GNELl5fNdZ+QkSCTRIZL5+3c2p5FS08g3mYjqUC16xfA/r5/p4MrLeZxmGmNmIsYLMkF0QorKZMQlMi2mBiiT3GxJWEglZdocpmbqu4tll6FzZrvn9vX9eaN5Wx6iCkdwDKfgwiU04Q5a0AYGITzDG7xbY+vJerFef6IVq/xzCH9kfXwDwmqLCg==</latexit>

0.60

<latexit sha1_base64="S6SUhh2ndXdlltFU9E6f/cdRXeU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJiJddQRcuK9gLtKFMpifN0MmFmYlQQh9BV6LufCFfwLdxUrPQ1n/1zfn/gfMfPxVcacf5siorq2vrG9XN2tb2zu5eff+go5JMMmyzRCSy51OFgsfY1lwL7KUSaeQL7PqTm8LvPqJUPIkf9DRFL6LjmAecUV2MHPvCGdYbju3MRZbBLaEBpVrD+udglLAswlgzQZXqu06qvZxKzZnAWW2QKUwpm9Ax9g3GNELl5fNdZ+QkSCTRIZL5+3c2p5FS08g3mYjqUC16xfA/r5/p4MrLeZxmGmNmIsYLMkF0QorKZMQlMi2mBiiT3GxJWEglZdocpmbqu4tll6FzZrvn9vX9eaN5Wx6iCkdwDKfgwiU04Q5a0AYGITzDG7xbY+vJerFef6IVq/xzCH9kfXwDwOyLCQ==</latexit>

0.59

<latexit sha1_base64="KssaMJo0vPvcd87Ih87dF31rQTw=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJVLS7gi5cVrAXaEOZTE+aoZMLMxOhlD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/fiq40o7zZZXW1jc2t8rblZ3dvf2D6uFRRyWZZNhmiUhkz6cKBY+xrbkW2Esl0sgX2PUnN7nffUSpeBI/6GmKXkTHMQ84ozofOfZlY1itObazEFkFt4AaFGoNq5+DUcKyCGPNBFWq7zqp9mZUas4EziuDTGFK2YSOsW8wphEqb7bYdU7OgkQSHSJZvH9nZzRSahr5JhNRHaplLx/+5/UzHVx7Mx6nmcaYmYjxgkwQnZC8MhlxiUyLqQHKJDdbEhZSSZk2h6mY+u5y2VXoXNhu3W7c12vN2+IQZTiBUzgHF66gCXfQgjYwCOEZ3uDdGltP1ov1+hMtWcWfY/gj6+MbzNuLEQ==</latexit>

2.142 2.1422 2.1424 2.1426 2.1428 2.143
106

0.965

0.97

0.975

0.98

0.985

0.99

0.995
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<latexit sha1_base64="sRAtLk7u/9tIbdHZ0S3l+yTLMvY=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIqi7gC5cJmAekAyhp1OTNOl50F0jhJAf0JWoOz/JH/Bv7MRZaOJdna57G+pWkCppyHW/nMLa+sbmVnG7tLO7t39QPjxqmSTTApsiUYnuBNygkjE2SZLCTqqRR4HCdjC+nfvtR9RGJvEDTVL0Iz6MZSgFJztqeP1yxa26C7FV8HKoQK56v/zZGyQiizAmobgxXc9NyZ9yTVIonJV6mcGUizEfYtdizCM0/nSx6IydhYlmNEK2eP/OTnlkzCQKbCbiNDLL3nz4n9fNKLz2pzJOM8JY2Ij1wkwxSti8LxtIjYLUxAIXWtotmRhxzQXZq5RsfW+57Cq0LqreZfWmcVmp3eWHKMIJnMI5eHAFNbiHOjRBAMIzvMG7M3CenBfn9SdacPI/x/BHzsc3dcGKWA==</latexit>

0.99

<latexit sha1_base64="w7y8Ux7hq1HDuO2LytpWEpP1Cfs=">AAAB5nicbZDNSsNAFIVv6l+tf1WXbgaL4CokImh3BV24rGDaQhvKZHrTDJ38MDMRSukr6ErUnQ/kC/g2TmoW2npW39xzBu65QSa40o7zZVXW1jc2t6rbtZ3dvf2D+uFRR6W5ZOixVKSyF1CFgifoaa4F9jKJNA4EdoPJTeF3H1EqniYPepqhH9NxwkPOqDYjz7Gbzdqw3nBsZyGyCm4JDSjVHtY/B6OU5TEmmgmqVN91Mu3PqNScCZzXBrnCjLIJHWPfYEJjVP5sseycnIWpJDpCsnj/zs5orNQ0DkwmpjpSy14x/M/r5zq89mc8yXKNCTMR44W5IDolRWcy4hKZFlMDlElutiQsopIybS5T1HeXy65C58J2L+3m/WWjdVseogoncArn4MIVtOAO2uABAw7P8AbvVmQ9WS/W60+0YpV/juGPrI9vB4aLKQ==</latexit>

0.98

<latexit sha1_base64="PPA3YhsZSg9lK53ABFVtlYsevr0=">AAAB5nicbZDNSsNAFIVv6l+tf1WXbgaL4CokUrDdFXThsoJpC20ok+lNM3Tyw8xEKKGvoCtRdz6QL+DbmNQstPWsvrnnDNxzvURwpS3ry6hsbG5t71R3a3v7B4dH9eOTnopTydBhsYjlwKMKBY/Q0VwLHCQSaegJ7Huzm8LvP6JUPI4e9DxBN6TTiPucUZ2PHMtst2rjesMyraXIOtglNKBUd1z/HE1iloYYaSaoUkPbSrSbUak5E7iojVKFCWUzOsVhjhENUbnZctkFufBjSXSAZPn+nc1oqNQ89PJMSHWgVr1i+J83TLXfcjMeJanGiOWR3PNTQXRMis5kwiUyLeY5UCZ5viVhAZWU6fwyRX17tew69K5Mu2m275uNzm15iCqcwTlcgg3X0IE76IIDDDg8wxu8G4HxZLwYrz/RilH+OYU/Mj6+AQYHiyg=</latexit>

0.97

<latexit sha1_base64="LF1BEa9A/PaAFOlff4mccxF1Dx4=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJFGp3RTcuK9gLtKFMpifN0MmFmYlQQh9BV6LufCFfwLdxWrPQ1n/1zfn/gfMfPxVcacf5skobm1vbO+Xdyt7+weFR9fikq5JMMuywRCSy71OFgsfY0VwL7KcSaeQL7PnT24Xfe0SpeBI/6FmKXkQnMQ84o3oxcuxmY1StObazFFkHt4AaFGqPqp/DccKyCGPNBFVq4Dqp9nIqNWcC55VhpjClbEonODAY0wiVly93nZOLIJFEh0iW79/ZnEZKzSLfZCKqQ7XqLYb/eYNMB9dezuM00xgzEzFekAmiE7KoTMZcItNiZoAyyc2WhIVUUqbNYSqmvrtadh26V7Zbt5v39VrrpjhEGc7gHC7BhQa04A7a0AEGITzDG7xbE+vJerFef6Ilq/hzCn9kfXwDz0GLEQ==</latexit>

2.1422

<latexit sha1_base64="Vwztw3XAij/FFa0FQoHUnMXUf8s=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYwTwgWcLspDcZM/tgZlYIS/5BT6Le/B5/wL9xdt2DJtapuqsausqLBVfatr+s0tr6xuZWebuys7u3f1A9POqqKJEMOywSkex7VKHgIXY01wL7sUQaeAJ73uwm03uPKBWPwns9j9EN6CTkPmdUm1WvUXeajUZlVK3ZdTsHWSVOQWpQoD2qfg7HEUsCDDUTVKmBY8faTanUnAlcVIaJwpiyGZ3gwNCQBqjcNH93Qc78SBI9RZLPv70pDZSaB57xBFRP1bKWLf/TBon2L92Uh3GiMWTGYjQ/EURHJEtNxlwi02JuCGWSmy8Jm1JJmTbdZPGd5bCrpJuVVb+6a9Za10URZTiBUzgHBy6gBbfQhg4wmMEzvMG79WA9WS/W64+1ZBU3x/AH1sc315uLlA==</latexit>

2.1426

<latexit sha1_base64="MLKzHBTUotNiY4/7PVqXEXjtnDo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJQb0RvXjERB4JbMjs0Asjs4/MzJqQDf+gJ6Pe/B5/wL9xFvegYJ2qu6qTrvJiwZW27S+rsLa+sblV3C7t7O7tH5QPjzoqSiTDNotEJHseVSh4iG3NtcBeLJEGnsCuN73J9O4jSsWj8F7PYnQDOg65zxnVZtWtVZ16rVEalit21V6ArBInJxXI0RqWPwejiCUBhpoJqlTfsWPtplRqzgTOS4NEYUzZlI6xb2hIA1Ruunh3Ts78SBI9QbKYf3tTGig1CzzjCaieqGUtW/6n9RPtX7opD+NEY8iMxWh+IoiOSJaajLhEpsXMEMokN18SNqGSMm26yeI7y2FXSScrq3p1V680r/MiinACp3AODlxAE26hBW1gMIVneIN368F6sl6s1x9rwcpvjuEPrI9v3ZeLmA==</latexit>

2.1430

<latexit sha1_base64="41pGHpQwhzE/Uam6tcX+RybuIWY=">AAAB6HicbVC7TsNAEFyHVwivACXNiQiJKrIhEtBF0FAGiTykxIrOl3Vy5PzQ3RkpsvIPUCGg43v4Af6Gs3EBCVPN7sxKO+PFgitt219WaWV1bX2jvFnZ2t7Z3avuH3RUlEiGbRaJSPY8qlDwENuaa4G9WCINPIFdb3qT6d1HlIpH4b2exegGdBxynzOqzap7Vnca53ZlWK3ZdTsHWSZOQWpQoDWsfg5GEUsCDDUTVKm+Y8faTanUnAmcVwaJwpiyKR1j39CQBqjcNH93Tk78SBI9QZLPv70pDZSaBZ7xBFRP1KKWLf/T+on2L92Uh3GiMWTGYjQ/EURHJEtNRlwi02JmCGWSmy8Jm1BJmTbdZPGdxbDLpJOVVb+6a9Sa10URZTiCYzgFBy6gCbfQgjYwmMIzvMG79WA9WS/W64+1ZBU3h/AH1sc31h2Lkw==</latexit>

13C

<latexit sha1_base64="sMuWS8aUmxutr/n6eoCxbxfa/WE=">AAAB63icdVDLTgIxFO3gC/GFunTTSExcTaaCCjsiG5eYyCPCSDqlAw1tZ9J2TMiEr9CVUXf+jT/g31hGTNToWZ17zrnJPTeIOdPG896d3NLyyupafr2wsbm1vVPc3WvrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0wac79zR5Vmkbw205j6Ao8kCxnBxko3tykqz/pKwMagWPLcUw/VzjzouV6GjFRRGUG0UEpggeag+NYfRiQRVBrCsdY95MXGT7EyjHA6K/QTTWNMJnhEe5ZKLKj20+ziGTwKIwXNmMJs/p5NsdB6KgKbEdiM9W9vLv7l9RITVv2UyTgxVBIbsV6YcGgiOC8Oh0xRYvjUEkwUs1dCMsYKE2PfU7D1vzrC/0n7xEUVt3ZVKdUvFo/IgwNwCI4BAuegDi5BE7QAARI8gGfw4gjn3nl0nj6jOWexsw9+wHn9ALZWjfk=</latexit>

Bz = 3 T

<latexit sha1_base64="Z8iv/czo22iQgyV6vc2DUrUv5y4=">AAAB9HicdVDLSsNAFJ3UV62vVJduBovgKiS2arsQSt24rNAXNCFMppN26OTBzKRSQ/9EV6Lu/BJ/wL9xGiOo6Fmde865cO/xYkaFNM13rbCyura+UdwsbW3v7O7p5f2eiBKOSRdHLOIDDwnCaEi6kkpGBjEnKPAY6XvTq6XfnxEuaBR25DwmToDGIfUpRlJJrl5uuXfwElahDVObB7CzcPWKaZyZVuPchKZhZshI3apa0MqVCsjRdvU3exThJCChxAwJMbTMWDop4pJiRhYlOxEkRniKxmSoaIgCIpw0O30Bj/2IQzkhMJu/Z1MUCDEPPJUJkJyI395S/MsbJtKvOykN40SSEKuI8vyEQRnBZQNwRDnBks0VQZhTdSXEE8QRlqqnknr/60f4P+mdGlbNaNzUKs1WXkQRHIIjcAIscAGa4Bq0QRdgcAsewDN40WbavfaoPX1GC1q+cwB+QHv9ANOhkCY=</latexit>

h�
x
i

<latexit sha1_base64="Vle+ifyegB/j7hXCQMvAhYlIRoo=">AAAB+3icbVDNSsNAGNzUv1r/ol4EL4tF8FQSKai3ohePFWwtNCFstl/TpbtJ2N2IJdSX0ZOoN9/CF/Bt3MYctHVOszOz8M2EKWdKO86XVVlaXlldq67XNja3tnfs3b2uSjJJoUMTnsheSBRwFkNHM82hl0ogIuRwF46vZv7dPUjFkvhWT1LwBYliNmSUaCMF9oHHSRxxwJ5ikSDBA/ZkIQR23Wk4BfAicUtSRyXagf3pDRKaCYg15USpvuuk2s+J1IxymNa8TEFK6JhE0Dc0JgKUnxcNpvh4mEisR4CL9+9sToRSExGajCB6pOa9mfif18/08NzPWZxmGmJqIsYbZhzrBM+GwAMmgWo+MYRQycyVmI6IJFSbuWqmvjtfdpF0Txtus3Fx06y3LsshqugQHaET5KIz1ELXqI06iKJH9Ize0Ls1tZ6sF+v1J1qxyj/76A+sj28JgZRk</latexit> h�
x
i

<latexit sha1_base64="Vle+ifyegB/j7hXCQMvAhYlIRoo=">AAAB+3icbVDNSsNAGNzUv1r/ol4EL4tF8FQSKai3ohePFWwtNCFstl/TpbtJ2N2IJdSX0ZOoN9/CF/Bt3MYctHVOszOz8M2EKWdKO86XVVlaXlldq67XNja3tnfs3b2uSjJJoUMTnsheSBRwFkNHM82hl0ogIuRwF46vZv7dPUjFkvhWT1LwBYliNmSUaCMF9oHHSRxxwJ5ikSDBA/ZkIQR23Wk4BfAicUtSRyXagf3pDRKaCYg15USpvuuk2s+J1IxymNa8TEFK6JhE0Dc0JgKUnxcNpvh4mEisR4CL9+9sToRSExGajCB6pOa9mfif18/08NzPWZxmGmJqIsYbZhzrBM+GwAMmgWo+MYRQycyVmI6IJFSbuWqmvjtfdpF0Txtus3Fx06y3LsshqugQHaET5KIz1ELXqI06iKJH9Ize0Ls1tZ6sF+v1J1qxyj/76A+sj28JgZRk</latexit>

F
re

q
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Z
)

<latexit sha1_base64="i809uY3I7YRtsEMuQdvyybbjvZs=">AAAB+HicdVDLSgNBEJz1bXxFxZOXwSDEy7K7rq+bKIgXQcEYMQlhduwkg7MPZ3rFuORf9CTqze/wB/wbJ3EFFa1TdVU1dFeQSKHRcd6toeGR0bHxicnC1PTM7FxxfuFMx6niUOGxjNV5wDRIEUEFBUo4TxSwMJBQDa72+371BpQWcXSK3QQaIWtHoiU4QyM1i0t1hFtUYXag4Nqm5aPDi7UebRZLju17rrfuUsd2BugTd9P3NqibKyWS47hZfKtfxjwNIUIumdY110mwkTGFgkvoFeqphoTxK9aGmqERC0E3ssH5PbraihXFDtDB/D2bsVDrbhiYTMiwo397ffEvr5Zia7uRiShJESJuIsZrpZJiTPst0EuhgKPsGsK4EuZKyjtMMY6mq4J5/+tH+j8582zXt3dO/NLuXl7EBFkmK6RMXLJFdskhOSYVwklGHsgzebHurHvr0Xr6jA5Z+c4i+QHr9QPDw5Jx</latexit>

0.02

<latexit sha1_base64="GjqsZe+yH3A9NJZU4cI+p+SqgsI=">AAAB5XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGQPQW9OIxgnlAsoTZSW92yOyDmVkhLPkEPYl684f8Af/G2bgHTaxLV3dVQ1d7ieBK2/aXVdrY3NreKe9W9vYPDo+qxyc9FaeSYZfFIpYDjyoUPMKu5lrgIJFIQ09g35vd5nr/EaXicfSg5wm6IZ1G3OeM6nxk1+3GuFozZQmyTpyC1KBAZ1z9HE1iloYYaSaoUkPHTrSbUak5E7iojFKFCWUzOsWhoRENUbnZ8tYFufBjSXSAZNn/9mY0VGoeesYTUh2oVS0f/qcNU+1fuRmPklRjxIzFaH4qiI5JHplMuESmxdwQyiQ3VxIWUEmZNo+pmPjOath10mvUnWb9+r5Za98UjyjDGZzDJTjQgjbcQQe6wCCAZ3iDd2tqPVkv1uuPtWQVO6fwB9bHN7pUiwM=</latexit>

0.2

<latexit sha1_base64="VV9tVb/+S+uWNGsyRxyOQu5Peg0=">AAAB5HicbZDLSsNAFIZP6q3WW9Wlm8EiuApJKai7ohuXFe0F2lAm05N26OTCzEQooW+gK1F3PpEv4Ns4jVlo67/65vz/wPmPnwiutON8WaW19Y3NrfJ2ZWd3b/+genjUUXEqGbZZLGLZ86lCwSNsa64F9hKJNPQFdv3pzcLvPqJUPI4e9CxBL6TjiAecUW1G945dH1Zrju3kIqvgFlCDQq1h9XMwilkaYqSZoEr1XSfRXkal5kzgvDJIFSaUTekY+wYjGqLysnzVOTkLYkn0BEn+/p3NaKjULPRNJqR6opa9xfA/r5/q4NLLeJSkGiNmIsYLUkF0TBaNyYhLZFrMDFAmudmSsAmVlGlzl4qp7y6XXYVO3XYb9tVdo9a8Lg5RhhM4hXNw4QKacAstaAODMTzDG7xbgfVkvVivP9GSVfw5hj+yPr4BTUSKyQ==</latexit>

0.08

<latexit sha1_base64="LHWZOrkNvGXzsdc0pfJePoI9dBQ=">AAAB5XicbVDLSgNBEOyNrxhfUY9eBoPgKexKIPEW9OIxgnlAsoTZSW92yOyDmVkhLPkEPYl684f8Af/G2bgHTaxLV3dVQ1d7ieBK2/aXVdrY3NreKe9W9vYPDo+qxyc9FaeSYZfFIpYDjyoUPMKu5lrgIJFIQ09g35vd5nr/EaXicfSg5wm6IZ1G3OeM6nxk1+3WuFozZQmyTpyC1KBAZ1z9HE1iloYYaSaoUkPHTrSbUak5E7iojFKFCWUzOsWhoRENUbnZ8tYFufBjSXSAZNn/9mY0VGoeesYTUh2oVS0f/qcNU+233IxHSaoxYsZiND8VRMckj0wmXCLTYm4IZZKbKwkLqKRMm8dUTHxnNew66V3VnUb9+r5Ra98UjyjDGZzDJTjQhDbcQQe6wCCAZ3iDd2tqPVkv1uuPtWQVO6fwB9bHN8NIiwk=</latexit>

0.14

<latexit sha1_base64="sTAJQ+RGJAc1aJrIhnPqvN/aS5I=">AAAB5XicbVDLSsNAFL2pr1pfVZduBovgqiRSUHdFNy4r2Ae0oUymN83QyYOZiVBCP0FXou78IX/Av3ESs9DWszr3nnPhnuMlgitt219WZW19Y3Orul3b2d3bP6gfHvVUnEqGXRaLWA48qlDwCLuaa4GDRCINPYF9b3ab6/1HlIrH0YOeJ+iGdBpxnzOq85XddFrjesNu2gXIKnFK0oASnXH9czSJWRpipJmgSg0dO9FuRqXmTOCiNkoVJpTN6BSHhkY0ROVmxa8LcubHkugASTH/9mY0VGoeesYTUh2oZS1f/qcNU+1fuRmPklRjxIzFaH4qiI5JHplMuESmxdwQyiQ3XxIWUEmZNsXUTHxnOewq6V2YpprX961G+6YsogoncArn4MAltOEOOtAFBgE8wxu8W1PryXqxXn+sFau8OYY/sD6+Ab7PiwY=</latexit>
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⌦(t)

<latexit sha1_base64="LrX3F4Z/f2f+obdQ61Uc8V7Zvh8=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxwQ2ZMSTqjujGnZjIj4EJ6ZQLNLQzk7ZjQia8hK6MuvNxfAHfxoKzUPCsvt5zmtxzg1hwbVz3y8mtrK6tb+Q3C1vbO7t7xf2Dpo4SxbDBIhGpdkA1Ch5iw3AjsB0rpDIQ2ArG1zO/9YhK8yi8N5MYfUmHIR9wRo0dPXRvJQ5p2Zz2iiW34s5FlsHLoASZ6r3iZ7cfsURiaJigWnc8NzZ+SpXhTOC00E00xpSN6RA7FkMqUfvpfOEpORlEipgRkvn7dzalUuuJDGxGUjPSi95s+J/XSczgwk95GCcGQ2Yj1hskgpiIzHqTPlfIjJhYoExxuyVhI6ooM/Y6BVvfWyy7DM2ziletXN5VS7Wr7BB5OIJjKIMH51CDG6hDAxhIeIY3eHeE8+S8OK8/0ZyT/TmEP3I+vgHpe41/</latexit>

�(t)

<latexit sha1_base64="mJrL+LaOOMPsW+tv3URn5/Khdk0=">AAAB6nicbZDNSgMxFIUz/tb6V3XpJliEuikzUlB3RTcuK9gfaYeSSe+0ocnMkNwRytCX0JWoOx/HF/BtTOsstPWsvtxzAvfcIJHCoOt+OSura+sbm4Wt4vbO7t5+6eCwZeJUc2jyWMa6EzADUkTQRIESOokGpgIJ7WB8M/Pbj6CNiKN7nCTgKzaMRCg4Qzt66A1AIqvgWb9UdqvuXHQZvBzKJFejX/rsDWKeKoiQS2ZM13MT9DOmUXAJ02IvNZAwPmZD6FqMmALjZ/OFp/Q0jDXFEdD5+3c2Y8qYiQpsRjEcmUVvNvzP66YYXvqZiJIUIeI2Yr0wlRRjOutNB0IDRzmxwLgWdkvKR0wzjvY6RVvfWyy7DK3zqlerXt3VyvXr/BAFckxOSIV45ILUyS1pkCbhRJFn8kbeHek8OS/O6090xcn/HJE/cj6+ARuCjaA=</latexit>

40

<latexit sha1_base64="Bn3mBfERdh+zFFJTeCCd6hqdDV0=">AAAB43icbZDLSgNBEEVrfMb4irp00xgEV2FGAuouoAuXUcwDkiH0dGqSJj0PumuEEPIFuhJ15x/5A/6NnTgLTbyr03VvQ90KUiUNue6Xs7K6tr6xWdgqbu/s7u2XDg6bJsm0wIZIVKLbATeoZIwNkqSwnWrkUaCwFYyuZ37rEbWRSfxA4xT9iA9iGUrByY7uq26vVHYr7lxsGbwcypCr3it9dvuJyCKMSShuTMdzU/InXJMUCqfFbmYw5WLEB9ixGPMIjT+Zbzplp2GiGQ2Rzd+/sxMeGTOOApuJOA3Nojcb/ud1Mgov/YmM04wwFjZivTBTjBI2K8z6UqMgNbbAhZZ2SyaGXHNB9ixFW99bLLsMzfOKV61c3VXLtZv8EAU4hhM4Aw8uoAa3UIcGCAjhGd7g3UHnyXlxXn+iK07+5wj+yPn4BubtipU=</latexit>

20

<latexit sha1_base64="BSQ0e7BzhvW4yhBUuSSx6KEQ3XQ=">AAAB43icbZDLSgMxFIZP6q3WW9Wlm2ARXJWZUlB3BV24rGIv0A4lk55pQzMXkoxQhj6BrkTd+Ua+gG9jWmehrf/qy/n/wPmPn0ihjeN8kcLa+sbmVnG7tLO7t39QPjxq6zhVHFs8lrHq+kyjFBG2jDASu4lCFvoSO/7keu53HlFpEUcPZpqgF7JRJALBmbGj+5ozKFecqrMQXQU3hwrkag7Kn/1hzNMQI8Ml07rnOonxMqaM4BJnpX6qMWF8wkbYsxixELWXLTad0bMgVtSMkS7ev7MZC7Wehr7NhMyM9bI3H/7n9VITXHqZiJLUYMRtxHpBKqmJ6bwwHQqF3MipBcaVsFtSPmaKcWPPUrL13eWyq9CuVd169equXmnc5Icowgmcwjm4cAENuIUmtIBDAM/wBu8EyRN5Ia8/0QLJ/xzDH5GPb+PvipM=</latexit>

0

<latexit sha1_base64="vMrbnnaLXz2xfBlUlANmsnnoFuE=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIqi7gC5cJmAekAyhp1OTNOl50F0jhJAf0JWoOz/JH/Bv7MRZaOJdna57G+pWkCppyHW/nMLa+sbmVnG7tLO7t39QPjxqmSTTApsiUYnuBNygkjE2SZLCTqqRR4HCdjC+nfvtR9RGJvEDTVL0Iz6MZSgFJztquP1yxa26C7FV8HKoQK56v/zZGyQiizAmobgxXc9NyZ9yTVIonJV6mcGUizEfYtdizCM0/nSx6IydhYlmNEK2eP/OTnlkzCQKbCbiNDLL3nz4n9fNKLz2pzJOM8JY2Ij1wkwxSti8LxtIjYLUxAIXWtotmRhxzQXZq5RsfW+57Cq0LqreZfWmcVmp3eWHKMIJnMI5eHAFNbiHOjRBAMIzvMG7M3CenBfn9SdacPI/x/BHzsc3dEOKVw==</latexit>

�20

<latexit sha1_base64="zIdgbVsh88pBscGJ9SfMmzPU4eM=">AAAB5HicbZDNSgMxFIXv+FvrX9Wlm2AR3FhmSkHdFXThsqL9gXYomfROG5qZDElGKEPfQFei7nwiX8C3Ma2z0Naz+nLPCdxzg0RwbVz3y1lZXVvf2CxsFbd3dvf2SweHLS1TxbDJpJCqE1CNgsfYNNwI7CQKaRQIbAfj65nffkSluYwfzCRBP6LDmIecUWNH9+dVt18quxV3LrIMXg5lyNXolz57A8nSCGPDBNW667mJ8TOqDGcCp8VeqjGhbEyH2LUY0wi1n81XnZLTUCpiRkjm79/ZjEZaT6LAZiJqRnrRmw3/87qpCS/9jMdJajBmNmK9MBXESDJrTAZcITNiYoEyxe2WhI2ooszYuxRtfW+x7DK0qhWvVrm6q5XrN/khCnAMJ3AGHlxAHW6hAU1gMIRneIN3J3SenBfn9Se64uR/juCPnI9vTF6Kyg==</latexit>

�40

<latexit sha1_base64="xR5Ndjs2CPpHEbo7FtXPtWiTHj4=">AAAB5HicbZDLSgMxFIZP6q3WW9Wlm2AR3FhmpKDuCrpwWdFeoB1KJj3ThmYuJBmhDH0DXYm684l8Ad/GtM5CW//Vl/P/gfMfP5FCG8f5IoWV1bX1jeJmaWt7Z3evvH/Q0nGqODZ5LGPV8ZlGKSJsGmEkdhKFLPQltv3x9cxvP6LSIo4ezCRBL2TDSASCM2NH92c1p1+uOFVnLroMbg4VyNXolz97g5inIUaGS6Z113US42VMGcElTku9VGPC+JgNsWsxYiFqL5uvOqUnQayoGSGdv39nMxZqPQl9mwmZGelFbzb8z+umJrj0MhElqcGI24j1glRSE9NZYzoQCrmREwuMK2G3pHzEFOPG3qVk67uLZZehdV51a9Wru1qlfpMfoghHcAyn4MIF1OEWGtAEDkN4hjd4JwF5Ii/k9SdaIPmfQ/gj8vENT1yKzA==</latexit>

2.8384 2.83845 2.8385 2.83855 2.8386
106

0.2

0.22

0.24

0.26

0.28

0.3

0.32

0.34

0.36

0.38

2.8384

<latexit sha1_base64="ywo6KQIJWPKs+fyUyFpUPaA2+z4=">AAAB53icbVDLTgJBEOzxifhCPXqZSEw8kV0lEW8kevCIiTwS2JDZoRdGZh+ZmTUhG75BT0a9+T/+gH/jgHtQsE7VXdVJV/mJFNo4zhdZWV1b39gsbBW3d3b39ksHhy0dp4pjk8cyVh2faZQiwqYRRmInUchCX2LbH1/P9PYjKi3i6N5MEvRCNoxEIDgzdtU6r9QuatV+qexUnDnoMnFzUoYcjX7pszeIeRpiZLhkWnddJzFexpQRXOK02Es1JoyP2RC7lkYsRO1l82+n9DSIFTUjpPP5tzdjodaT0LeekJmRXtRmy/+0bmqCmpeJKEkNRtxarBakkpqYzkLTgVDIjZxYwrgS9kvKR0wxbmw1RRvfXQy7TGxXbrVydVct12/yIgpwDCdwBi5cQh1uoQFN4PAAz/AG70SQJ/JCXn+sKyS/OYI/IB/fuDWLkA==</latexit>

2.8385

<latexit sha1_base64="/zpBB+IzT/TuDIeMZOjMGkJzHwc=">AAAB53icbVDLTgJBEOzFF+IL9ehlIjHxRHYVI95I9OARE3kksCGzQy+MzD4yM2tCNnyDnox683/8Af/GWdyDgnWq7qpOusqLBVfatr+swsrq2vpGcbO0tb2zu1feP2irKJEMWywSkex6VKHgIbY01wK7sUQaeAI73uQ60zuPKBWPwns9jdEN6CjkPmdUm1X7rFo/r18MyhW7as9BlomTkwrkaA7Kn/1hxJIAQ80EVarn2LF2Uyo1ZwJnpX6iMKZsQkfYMzSkASo3nX87Iyd+JIkeI5nPv70pDZSaBp7xBFSP1aKWLf/Teon2627KwzjRGDJjMZqfCKIjkoUmQy6RaTE1hDLJzZeEjamkTJtqSia+sxh2mZiunFr16q5WadzkRRThCI7hFBy4hAbcQhNawOABnuEN3i1uPVkv1uuPtWDlN4fwB9bHN7mzi5E=</latexit>

2.8386

<latexit sha1_base64="7YLB27EywmDtBZ70E0tjMyB6ooo=">AAAB53icbVDLTgJBEOzFF+IL9ehlIjHxRHaVKN5I9OARE3kksCGzQy+MzD4yM2tCNnyDnox683/8Af/GWdyDgnWq7qpOusqLBVfatr+swsrq2vpGcbO0tb2zu1feP2irKJEMWywSkex6VKHgIbY01wK7sUQaeAI73uQ60zuPKBWPwns9jdEN6CjkPmdUm1X7rFo/r18MyhW7as9BlomTkwrkaA7Kn/1hxJIAQ80EVarn2LF2Uyo1ZwJnpX6iMKZsQkfYMzSkASo3nX87Iyd+JIkeI5nPv70pDZSaBp7xBFSP1aKWLf/Teon2627KwzjRGDJjMZqfCKIjkoUmQy6RaTE1hDLJzZeEjamkTJtqSia+sxh2mZiunFr16q5WadzkRRThCI7hFBy4hAbcQhNawOABnuEN3i1uPVkv1uuPtWDlN4fwB9bHN7sxi5I=</latexit>

0.38

<latexit sha1_base64="Zbz6wy63eyIkygS3aXwTwalzalA=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJFqy7gi5cVrAXaEOZTE+aoZMLMxOhlD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/fiq40o7zZZXW1jc2t8rblZ3dvf2D6uFRRyWZZNhmiUhkz6cKBY+xrbkW2Esl0sgX2PUnN7nffUSpeBI/6GmKXkTHMQ84ozofOfZlY1itObazEFkFt4AaFGoNq5+DUcKyCGPNBFWq7zqp9mZUas4EziuDTGFK2YSOsW8wphEqb7bYdU7OgkQSHSJZvH9nZzRSahr5JhNRHaplLx/+5/UzHTS8GY/TTGPMTMR4QSaITkhemYy4RKbF1ABlkpstCQuppEybw1RMfXe57Cp0Lmy3bl/f12vN2+IQZTiBUzgHF66gCXfQgjYwCOEZ3uDdGltP1ov1+hMtWcWfY/gj6+MbyF+LDg==</latexit>

0.34

<latexit sha1_base64="Z/LsYu6jp7cvMYR0tXq1yI/aOzQ=">AAAB5XicbZDNSsNAFIVv6l+tf1WXbgaL4CokWlB3BV24rGBtoQ1lMr1phk5+mJkIJfQRdCXqzhfyBXwbJzULbT2rb+45A/dcPxVcacf5siorq2vrG9XN2tb2zu5eff/gQSWZZNhhiUhkz6cKBY+xo7kW2Esl0sgX2PUn14XffUSpeBLf62mKXkTHMQ84o7oYOfZ5c1hvOLYzF1kGt4QGlGoP65+DUcKyCGPNBFWq7zqp9nIqNWcCZ7VBpjClbELH2DcY0wiVl893nZGTIJFEh0jm79/ZnEZKTSPfZCKqQ7XoFcP/vH6mg0sv53GaaYyZiRgvyATRCSkqkxGXyLSYGqBMcrMlYSGVlGlzmJqp7y6WXYaHM9tt2ld3zUbrpjxEFY7gGE7BhQtowS20oQMMQniGN3i3xtaT9WK9/kQrVvnnEP7I+vgGwmeLCg==</latexit>

0.30

<latexit sha1_base64="mnTqK5QXf5lVfyMrehVJPxz+SrE=">AAAB5XicbZDNSsNAFIVv6l+tf1WXbgaL4CokWlB3BV24rGBtoQ1lMr1phk5+mJkIJfQRdCXqzhfyBXwbJzULbT2rb+45A/dcPxVcacf5siorq2vrG9XN2tb2zu5eff/gQSWZZNhhiUhkz6cKBY+xo7kW2Esl0sgX2PUn14XffUSpeBLf62mKXkTHMQ84o7oYOfa5M6w3HNuZiyyDW0IDSrWH9c/BKGFZhLFmgirVd51UezmVmjOBs9ogU5hSNqFj7BuMaYTKy+e7zshJkEiiQyTz9+9sTiOlppFvMhHVoVr0iuF/Xj/TwaWX8zjNNMbMRIwXZILohBSVyYhLZFpMDVAmudmSsJBKyrQ5TM3UdxfLLsPDme027au7ZqN1Ux6iCkdwDKfgwgW04Bba0AEGITzDG7xbY+vJerFef6IVq/xzCH9kfXwDvG+LBg==</latexit>

0.26

<latexit sha1_base64="2A2Qhi/Na2/pSoMOcYcuM/ep/0I=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuApJKV52BV24rGAv0IYymZ40QycXZiZCKX0EXYm684V8Ad/GSc1CW//VN+f/B85//FRwpR3nyyqtrW9sbpW3Kzu7e/sH1cOjjkoyybDNEpHInk8VCh5jW3MtsJdKpJEvsOtPbnK/+4hS8SR+0NMUvYiOYx5wRnU+cuz6xbBac2xnIbIKbgE1KNQaVj8Ho4RlEcaaCapU33VS7c2o1JwJnFcGmcKUsgkdY99gTCNU3myx65ycBYkkOkSyeP/Ozmik1DTyTSaiOlTLXj78z+tnOrjyZjxOM40xMxHjBZkgOiF5ZTLiEpkWUwOUSW62JCykkjJtDlMx9d3lsqvQqdtuw76+b9Sat8UhynACp3AOLlxCE+6gBW1gEMIzvMG7NbaerBfr9Sdasoo/x/BH1sc3w+SLCw==</latexit>

0.22

<latexit sha1_base64="Rmwbaoh/dBWelIFumYmu6qGtWjE=">AAAB5XicbZDNSsNAFIVv6l+tf1WXbgaL4CokpaDuCrpwWcHWQhvKZHrTDJ38MDMRSugj6ErUnS/kC/g2TmoW2npW39xzBu65fiq40o7zZVXW1jc2t6rbtZ3dvf2D+uFRTyWZZNhliUhk36cKBY+xq7kW2E8l0sgX+OBPrwv/4RGl4kl8r2cpehGdxDzgjOpi5NjN5qjecGxnIbIKbgkNKNUZ1T+H44RlEcaaCarUwHVS7eVUas4EzmvDTGFK2ZROcGAwphEqL1/sOidnQSKJDpEs3r+zOY2UmkW+yURUh2rZK4b/eYNMB5dezuM00xgzEzFekAmiE1JUJmMukWkxM0CZ5GZLwkIqKdPmMDVT310uuwq9pu227Ku7VqN9Ux6iCidwCufgwgW04RY60AUGITzDG7xbE+vJerFef6IVq/xzDH9kfXwDveyLBw==</latexit>

2.8384 2.83845 2.8385 2.83855 2.8386
106

0.94

0.95

0.96

0.97

0.98

0.99

1

Bz = 3 T

<latexit sha1_base64="Z8iv/czo22iQgyV6vc2DUrUv5y4=">AAAB9HicdVDLSsNAFJ3UV62vVJduBovgKiS2arsQSt24rNAXNCFMppN26OTBzKRSQ/9EV6Lu/BJ/wL9xGiOo6Fmde865cO/xYkaFNM13rbCyura+UdwsbW3v7O7p5f2eiBKOSRdHLOIDDwnCaEi6kkpGBjEnKPAY6XvTq6XfnxEuaBR25DwmToDGIfUpRlJJrl5uuXfwElahDVObB7CzcPWKaZyZVuPchKZhZshI3apa0MqVCsjRdvU3exThJCChxAwJMbTMWDop4pJiRhYlOxEkRniKxmSoaIgCIpw0O30Bj/2IQzkhMJu/Z1MUCDEPPJUJkJyI395S/MsbJtKvOykN40SSEKuI8vyEQRnBZQNwRDnBks0VQZhTdSXEE8QRlqqnknr/60f4P+mdGlbNaNzUKs1WXkQRHIIjcAIscAGa4Bq0QRdgcAsewDN40WbavfaoPX1GC1q+cwB+QHv9ANOhkCY=</latexit>

1H

<latexit sha1_base64="xOYBQhzwt9mM+4I9fHmTyv4P/8g=">AAAB6HicdVBLTsMwFHT4lvIrsGRjUSGximwo0O4q2HRZJPqR2lA5rtOa2klkO0hV1DvACgE7zsMFuA1uCBIgmNW8mXnSm+fHgmuD0LuzsLi0vLJaWCuub2xubZd2dts6ShRlLRqJSHV9opngIWsZbgTrxooR6QvW8SeXc79zx5TmUXhtpjHzJBmFPOCUGCt1bnBfSdgYlMrIPUW4doYgclGGjFTxCYY4V8ogR3NQeusPI5pIFhoqiNY9jGLjpUQZTgWbFfuJZjGhEzJiPUtDIpn20uzcGTwMIgXNmMFs/p5NidR6Kn2bkcSM9W9vLv7l9RITVL2Uh3FiWEhtxHpBIqCJ4Lw1HHLFqBFTSwhV3F4J6ZgoQo39TdHW/+oI/yftYxdX3NpVpVy/yB9RAPvgABwBDM5BHTRAE7QABRPwAJ7Bi3Pr3DuPztNndMHJd/bADzivH4fJjLU=</latexit>

1

<latexit sha1_base64="sRAtLk7u/9tIbdHZ0S3l+yTLMvY=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIqi7gC5cJmAekAyhp1OTNOl50F0jhJAf0JWoOz/JH/Bv7MRZaOJdna57G+pWkCppyHW/nMLa+sbmVnG7tLO7t39QPjxqmSTTApsiUYnuBNygkjE2SZLCTqqRR4HCdjC+nfvtR9RGJvEDTVL0Iz6MZSgFJztqeP1yxa26C7FV8HKoQK56v/zZGyQiizAmobgxXc9NyZ9yTVIonJV6mcGUizEfYtdizCM0/nSx6IydhYlmNEK2eP/OTnlkzCQKbCbiNDLL3nz4n9fNKLz2pzJOM8JY2Ij1wkwxSti8LxtIjYLUxAIXWtotmRhxzQXZq5RsfW+57Cq0LqreZfWmcVmp3eWHKMIJnMI5eHAFNbiHOjRBAMIzvMG7M3CenBfn9SdacPI/x/BHzsc3dcGKWA==</latexit>

2.8384

<latexit sha1_base64="ywo6KQIJWPKs+fyUyFpUPaA2+z4=">AAAB53icbVDLTgJBEOzxifhCPXqZSEw8kV0lEW8kevCIiTwS2JDZoRdGZh+ZmTUhG75BT0a9+T/+gH/jgHtQsE7VXdVJV/mJFNo4zhdZWV1b39gsbBW3d3b39ksHhy0dp4pjk8cyVh2faZQiwqYRRmInUchCX2LbH1/P9PYjKi3i6N5MEvRCNoxEIDgzdtU6r9QuatV+qexUnDnoMnFzUoYcjX7pszeIeRpiZLhkWnddJzFexpQRXOK02Es1JoyP2RC7lkYsRO1l82+n9DSIFTUjpPP5tzdjodaT0LeekJmRXtRmy/+0bmqCmpeJKEkNRtxarBakkpqYzkLTgVDIjZxYwrgS9kvKR0wxbmw1RRvfXQy7TGxXbrVydVct12/yIgpwDCdwBi5cQh1uoQFN4PAAz/AG70SQJ/JCXn+sKyS/OYI/IB/fuDWLkA==</latexit>

2.8385

<latexit sha1_base64="/zpBB+IzT/TuDIeMZOjMGkJzHwc=">AAAB53icbVDLTgJBEOzFF+IL9ehlIjHxRHYVI95I9OARE3kksCGzQy+MzD4yM2tCNnyDnox683/8Af/GWdyDgnWq7qpOusqLBVfatr+swsrq2vpGcbO0tb2zu1feP2irKJEMWywSkex6VKHgIbY01wK7sUQaeAI73uQ60zuPKBWPwns9jdEN6CjkPmdUm1X7rFo/r18MyhW7as9BlomTkwrkaA7Kn/1hxJIAQ80EVarn2LF2Uyo1ZwJnpX6iMKZsQkfYMzSkASo3nX87Iyd+JIkeI5nPv70pDZSaBp7xBFSP1aKWLf/Teon2627KwzjRGDJjMZqfCKIjkoUmQy6RaTE1hDLJzZeEjamkTJtqSia+sxh2mZiunFr16q5WadzkRRThCI7hFBy4hAbcQhNawOABnuEN3i1uPVkv1uuPtWDlN4fwB9bHN7mzi5E=</latexit>

2.8386

<latexit sha1_base64="7YLB27EywmDtBZ70E0tjMyB6ooo=">AAAB53icbVDLTgJBEOzFF+IL9ehlIjHxRHaVKN5I9OARE3kksCGzQy+MzD4yM2tCNnyDnox683/8Af/GWdyDgnWq7qpOusqLBVfatr+swsrq2vpGcbO0tb2zu1feP2irKJEMWywSkex6VKHgIbY01wK7sUQaeAI73uQ60zuPKBWPwns9jdEN6CjkPmdUm1X7rFo/r18MyhW7as9BlomTkwrkaA7Kn/1hxJIAQ80EVarn2LF2Uyo1ZwJnpX6iMKZsQkfYMzSkASo3nX87Iyd+JIkeI5nPv70pDZSaBp7xBFSP1aKWLf/Teon2627KwzjRGDJjMZqfCKIjkoUmQy6RaTE1hDLJzZeEjamkTJtqSia+sxh2mZiunFr16q5WadzkRRThCI7hFBy4hAbcQhNawOABnuEN3i1uPVkv1uuPtWDlN4fwB9bHN7sxi5I=</latexit>

0.98

<latexit sha1_base64="h/2gK/h4EPcn+pU17K3FncJacTY=">AAAB5XicbVDJSgNBFHwTtxi3qEcvjUHwNMxIwOQWEMRjBLNAMoSezptMk56F7h4hhIA/oCdRb/6QP+Df2JPkoIl1qldVh1flp4Ir7TjfVmFjc2t7p7hb2ts/ODwqH5+0VZJJhi2WiER2fapQ8BhbmmuB3VQijXyBHX98k/udR5SKJ/GDnqToRXQU84AzqnPJseu1Qbni2M4cZJ24S1KBJZqD8ld/mLAswlgzQZXquU6qvSmVmjOBs1I/U5hSNqYj7Bka0wiVN53/OiMXQSKJDpHM79/ZKY2UmkS+yURUh2rVy8X/vF6mg5o35XGaaYyZiRgvyATRCckrkyGXyLSYGEKZ5OZLwkIqKdNmmJKp766WXSftK9ut2vX7aqVx+7QYoghncA6X4MI1NOAOmtACBiG8wDt8WCPr2Xq13hbRgrUc7xT+wPr8Affzi5Y=</latexit>

0.96

<latexit sha1_base64="ZgHXOqcXGdNW6U/MCVclkg3GmwI=">AAAB5XicbVDJSgNBFHwTtxi3qEcvjUHwNMxIUHMLCOIxglkgGUJP503SpGehu0cIQ8Af0JOoN3/IH/Bv7Ely0MQ61auqw6vyE8GVdpxvq7C2vrG5Vdwu7ezu7R+UD49aKk4lwyaLRSw7PlUoeIRNzbXATiKRhr7Atj++yf32I0rF4+hBTxL0QjqMeMAZ1bnk2LXLfrni2M4MZJW4C1KBBRr98ldvELM0xEgzQZXquk6ivYxKzZnAaamXKkwoG9Mhdg2NaIjKy2a/TslZEEuiR0hm9+9sRkOlJqFvMiHVI7Xs5eJ/XjfVwbWX8ShJNUbMRIwXpILomOSVyYBLZFpMDKFMcvMlYSMqKdNmmJKp7y6XXSWtC9ut2rX7aqV++zQfoggncArn4MIV1OEOGtAEBiN4gXf4sIbWs/Vqvc2jBWsx3jH8gfX5A/T3i5Q=</latexit>

0.94

<latexit sha1_base64="AGqIEXxkyWQupzWi9n3CxcGjmuI=">AAAB5XicbVDLSsNAFL3xWeur6tLNYBFchUQK2l1BEJcV7APaUCbTm2bo5MHMRCih4A/oStSdP+QP+DdO2i609azOPecs7jl+KrjSjvNtra1vbG5tl3bKu3v7B4eVo+O2SjLJsMUSkciuTxUKHmNLcy2wm0qkkS+w449vCr/ziFLxJH7QkxS9iI5iHnBGdSE5dr02qFQd25mBrBJ3QaqwQHNQ+eoPE5ZFGGsmqFI910m1l1OpORM4LfczhSllYzrCnqExjVB5+ezXKTkPEkl0iGR2/87mNFJqEvkmE1EdqmWvEP/zepkOrr2cx2mmMWYmYrwgE0QnpKhMhlwi02JiCGWSmy8JC6mkTJthyqa+u1x2lbQvbbdm1+9r1cbt03yIEpzCGVyAC1fQgDtoQgsYhPAC7/Bhjaxn69V6m0fXrMV4J/AH1ucP8fuLkg==</latexit>

h�
x
i

<latexit sha1_base64="Vle+ifyegB/j7hXCQMvAhYlIRoo=">AAAB+3icbVDNSsNAGNzUv1r/ol4EL4tF8FQSKai3ohePFWwtNCFstl/TpbtJ2N2IJdSX0ZOoN9/CF/Bt3MYctHVOszOz8M2EKWdKO86XVVlaXlldq67XNja3tnfs3b2uSjJJoUMTnsheSBRwFkNHM82hl0ogIuRwF46vZv7dPUjFkvhWT1LwBYliNmSUaCMF9oHHSRxxwJ5ikSDBA/ZkIQR23Wk4BfAicUtSRyXagf3pDRKaCYg15USpvuuk2s+J1IxymNa8TEFK6JhE0Dc0JgKUnxcNpvh4mEisR4CL9+9sToRSExGajCB6pOa9mfif18/08NzPWZxmGmJqIsYbZhzrBM+GwAMmgWo+MYRQycyVmI6IJFSbuWqmvjtfdpF0Txtus3Fx06y3LsshqugQHaET5KIz1ELXqI06iKJH9Ize0Ls1tZ6sF+v1J1qxyj/76A+sj28JgZRk</latexit> h�
x
i

<latexit sha1_base64="Vle+ifyegB/j7hXCQMvAhYlIRoo=">AAAB+3icbVDNSsNAGNzUv1r/ol4EL4tF8FQSKai3ohePFWwtNCFstl/TpbtJ2N2IJdSX0ZOoN9/CF/Bt3MYctHVOszOz8M2EKWdKO86XVVlaXlldq67XNja3tnfs3b2uSjJJoUMTnsheSBRwFkNHM82hl0ogIuRwF46vZv7dPUjFkvhWT1LwBYliNmSUaCMF9oHHSRxxwJ5ikSDBA/ZkIQR23Wk4BfAicUtSRyXagf3pDRKaCYg15USpvuuk2s+J1IxymNa8TEFK6JhE0Dc0JgKUnxcNpvh4mEisR4CL9+9sToRSExGajCB6pOa9mfif18/08NzPWZxmGmJqIsYbZhzrBM+GwAMmgWo+MYRQycyVmI6IJFSbuWqmvjtfdpF0Txtus3Fx06y3LsshqugQHaET5KIz1ELXqI06iKJH9Ize0Ls1tZ6sF+v1J1qxyj/76A+sj28JgZRk</latexit>

1/T (MHz)

<latexit sha1_base64="kyVXygIWTRJHv6ry4wMClPit6cs=">AAAB9nicdVDLTgJBEJz1ifhCOXqZSEzwgruIrxvRCxcTTHglQMjs0MCE2Udmeg244Vf0ZNSbH+IP+DcOiIkarVN1VXXSXW4ohUbbfrcWFpeWV1YTa8n1jc2t7dTObk0HkeJQ5YEMVMNlGqTwoYoCJTRCBcxzJdTd4dXUr9+C0iLwKzgOoe2xvi96gjM0UieVdo4qLZptIYxQefF16W5y2Ell7Fwh7+SPHWrn7BmmxDkt5E+oM1cyZI5yJ/XW6gY88sBHLpnWTccOsR0zhYJLmCRbkYaQ8SHrQ9NQn3mg2/Hs+Ak96AWK4gDobP6ejZmn9dhzTcZjONC/van4l9eMsHfejoUfRgg+NxHj9SJJMaDTDmhXKOAox4YwroS5kvIBU4yjaSpp3v/6kf5PavmcU8hd3BQyxct5EQmyR/ZJljjkjBRJiZRJlXAyJg/kmbxYI+veerSePqML1nwnTX7Aev0AXZORsQ==</latexit>

1/T (MHz)

<latexit sha1_base64="kyVXygIWTRJHv6ry4wMClPit6cs=">AAAB9nicdVDLTgJBEJz1ifhCOXqZSEzwgruIrxvRCxcTTHglQMjs0MCE2Udmeg244Vf0ZNSbH+IP+DcOiIkarVN1VXXSXW4ohUbbfrcWFpeWV1YTa8n1jc2t7dTObk0HkeJQ5YEMVMNlGqTwoYoCJTRCBcxzJdTd4dXUr9+C0iLwKzgOoe2xvi96gjM0UieVdo4qLZptIYxQefF16W5y2Ell7Fwh7+SPHWrn7BmmxDkt5E+oM1cyZI5yJ/XW6gY88sBHLpnWTccOsR0zhYJLmCRbkYaQ8SHrQ9NQn3mg2/Hs+Ak96AWK4gDobP6ejZmn9dhzTcZjONC/van4l9eMsHfejoUfRgg+NxHj9SJJMaDTDmhXKOAox4YwroS5kvIBU4yjaSpp3v/6kf5PavmcU8hd3BQyxct5EQmyR/ZJljjkjBRJiZRJlXAyJg/kmbxYI+veerSePqML1nwnTX7Aev0AXZORsQ==</latexit>

F
re

q
.

(M
H

Z
)

<latexit sha1_base64="i809uY3I7YRtsEMuQdvyybbjvZs=">AAAB+HicdVDLSgNBEJz1bXxFxZOXwSDEy7K7rq+bKIgXQcEYMQlhduwkg7MPZ3rFuORf9CTqze/wB/wbJ3EFFa1TdVU1dFeQSKHRcd6toeGR0bHxicnC1PTM7FxxfuFMx6niUOGxjNV5wDRIEUEFBUo4TxSwMJBQDa72+371BpQWcXSK3QQaIWtHoiU4QyM1i0t1hFtUYXag4Nqm5aPDi7UebRZLju17rrfuUsd2BugTd9P3NqibKyWS47hZfKtfxjwNIUIumdY110mwkTGFgkvoFeqphoTxK9aGmqERC0E3ssH5PbraihXFDtDB/D2bsVDrbhiYTMiwo397ffEvr5Zia7uRiShJESJuIsZrpZJiTPst0EuhgKPsGsK4EuZKyjtMMY6mq4J5/+tH+j8582zXt3dO/NLuXl7EBFkmK6RMXLJFdskhOSYVwklGHsgzebHurHvr0Xr6jA5Z+c4i+QHr9QPDw5Jx</latexit>

t (µs)

<latexit sha1_base64="1JidDcgKuzOON7KHdErU71T1UnI=">AAAB63icdVDJTsMwFHTKVspW4MjFokIqlygpYbtVcOFYJLqIJqoc12mt2k5kO0hV1K+AEwJu/A0/wN/glCABgjnNm5knvXlhwqjSjvNulRYWl5ZXyquVtfWNza3q9k5HxanEpI1jFsteiBRhVJC2ppqRXiIJ4iEj3XBymfvdOyIVjcWNniYk4GgkaEQx0ka61T6s+zyF6nBQrTm213AbRy50bGeOnLgnXuMYuoVSAwVag+qbP4xxyonQmCGl+q6T6CBDUlPMyKzip4okCE/QiPQNFYgTFWTzi2fwIIol1GMC5/P3bIa4UlMemgxHeqx+e7n4l9dPdXQWZFQkqSYCm4jxopRBHcO8OBxSSbBmU0MQltRcCfEYSYS1eU/F1P/qCP8nnYbtevb5tVdrXhSPKIM9sA/qwAWnoAmuQAu0AQYCPIBn8GJx6956tJ4+oyWr2NkFP2C9fgBHmo2w</latexit>

0.02

<latexit sha1_base64="GjqsZe+yH3A9NJZU4cI+p+SqgsI=">AAAB5XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGQPQW9OIxgnlAsoTZSW92yOyDmVkhLPkEPYl684f8Af/G2bgHTaxLV3dVQ1d7ieBK2/aXVdrY3NreKe9W9vYPDo+qxyc9FaeSYZfFIpYDjyoUPMKu5lrgIJFIQ09g35vd5nr/EaXicfSg5wm6IZ1G3OeM6nxk1+3GuFozZQmyTpyC1KBAZ1z9HE1iloYYaSaoUkPHTrSbUak5E7iojFKFCWUzOsWhoRENUbnZ8tYFufBjSXSAZNn/9mY0VGoeesYTUh2oVS0f/qcNU+1fuRmPklRjxIzFaH4qiI5JHplMuESmxdwQyiQ3VxIWUEmZNo+pmPjOath10mvUnWb9+r5Za98UjyjDGZzDJTjQgjbcQQe6wCCAZ3iDd2tqPVkv1uuPtWQVO6fwB9bHN7pUiwM=</latexit>
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Figure 3.2: Distinct Nanoscale NMR scenarios at a strong magnetic field Bz = 3 T involving
a 13C nucleus. In (a) we show the Nanoscale NMR spectrum, i.e. the 〈σx〉 of the NV, in three
different situations: Solid-blue curve corresponds to an ideal case involving instantaneous
π pulses. The squares represent the spectrum obtained with our method, while circles uses
standard top-hat pulses. In all cases we have repeated the XY8 sequence 102 times. This
implies that 816 π pulses have been employed leading to a final sequence time ≈ 0.19 ms. In
(b) we show the controls Ω(t) (dark curve) and δ(t) (clear curve) used in (a) for computing
the spectrum including squares. Note Ω(t) and δ(t) are in units of frequency, while the π
pulse induced by these controls has a duration ≈ 0.22 µs. (c) Obtained spectrum with the
extended π pulses in Ref. [50].

The results are presented in Fig. 3.2. In (a) we show the computed spectra
(encoded in the expectation value 〈σx〉 of the NV center) of a problem involving an
NV coupled to a nearby 13C nucleus (adding the term HT = −γNBzIz+Sz ~A·~I to the
system Hamiltonian (3.8)). The nucleus is at a distance of 1.1 nm from the NV, such
that its hyperfine vector ~A = (2π) × [−4.81,−8.331,−26.744] KHz. The solid-blue
line corresponds to the spectrum that would appear if instantaneous pulses (this is
π pulses with infinite MW energy) were delivered to the system. In addition, this
solid-blue line has been obtained without introducing control errors, representing an
idealized experimental scenario. The spectrum represented by the squares in Fig. 3.2
(a) has been calculated by using our method. The particular values for the control
parameters Ω(t) and δ(t) are shown in Fig. 3.2 (b), and have led to a π pulse of length
tπ = 0.21 µs. A detuning error of ξδ = (2π) × 1 MHz, as well as a Rabi frequency
deviation of ξΩ = 0.5% are included in our numerical simulations.

Even in these conditions involving significant errors, the spectrum produced by
our method (squares) overlaps well with the ideal one (solid-blue). On the other
hand, the spectrum represented by circles in Fig. 3.2 (a) has been computed with
standard top-hat π pulses with a Rabi frequency (Ωth) that equals the maximum of
Ω(t) in our method, see Fig. 3.2 (b). More specifically, this is Ωth ≈ (2π)×30 MHz. It
is noteworthy to mention that the spectral contrast achieved by top-hat pulses (this
is the peak depth of the spectrum with circles) is significantly lower than the one
achieved by our method, which demonstrates the better performance of the latter.
In Fig. 3.2 (c) we show the spectrum computed with the extended pulses in Ref. [50]
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3.6 Numerical results

which include the same errors on the controls (ξδ = (2π)× 1 MHz, and ξΩ = 0.5%).
Notably, the extended pulses in Ref. [50] produce a completely distorted spectrum
that does not allow to identify the resonance of the 13C. As a further comment, in
absence of control errors our method and the one in Ref. [50] lead to similar results.
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<latexit sha1_base64="jfKtS9O7P6nGtKILgv95XaoI5IQ=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJiJddQRcuK9gLtKFMpifN0MmFmYlQQh9BV6LufCFfwLdxUrPQ1n/1zfn/gfMfPxVcacf5siorq2vrG9XN2tb2zu5eff+go5JMMmyzRCSy51OFgsfY1lwL7KUSaeQL7PqTm8LvPqJUPIkf9DRFL6LjmAecUV2MHPvCHdYbju3MRZbBLaEBpVrD+udglLAswlgzQZXqu06qvZxKzZnAWW2QKUwpm9Ax9g3GNELl5fNdZ+QkSCTRIZL5+3c2p5FS08g3mYjqUC16xfA/r5/p4MrLeZxmGmNmIsYLMkF0QorKZMQlMi2mBiiT3GxJWEglZdocpmbqu4tll6FzZrvn9vX9eaN5Wx6iCkdwDKfgwiU04Q5a0AYGITzDG7xbY+vJerFef6IVq/xzCH9kfXwDwmqLCg==</latexit>

0.60

<latexit sha1_base64="S6SUhh2ndXdlltFU9E6f/cdRXeU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJiJddQRcuK9gLtKFMpifN0MmFmYlQQh9BV6LufCFfwLdxUrPQ1n/1zfn/gfMfPxVcacf5siorq2vrG9XN2tb2zu5eff+go5JMMmyzRCSy51OFgsfY1lwL7KUSaeQL7PqTm8LvPqJUPIkf9DRFL6LjmAecUV2MHPvCGdYbju3MRZbBLaEBpVrD+udglLAswlgzQZXqu06qvZxKzZnAWW2QKUwpm9Ax9g3GNELl5fNdZ+QkSCTRIZL5+3c2p5FS08g3mYjqUC16xfA/r5/p4MrLeZxmGmNmIsYLMkF0QorKZMQlMi2mBiiT3GxJWEglZdocpmbqu4tll6FzZrvn9vX9eaN5Wx6iCkdwDKfgwiU04Q5a0AYGITzDG7xbY+vJerFef6IVq/xzCH9kfXwDwOyLCQ==</latexit>

0.59

<latexit sha1_base64="KssaMJo0vPvcd87Ih87dF31rQTw=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJVLS7gi5cVrAXaEOZTE+aoZMLMxOhlD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/fiq40o7zZZXW1jc2t8rblZ3dvf2D6uFRRyWZZNhmiUhkz6cKBY+xrbkW2Esl0sgX2PUnN7nffUSpeBI/6GmKXkTHMQ84ozofOfZlY1itObazEFkFt4AaFGoNq5+DUcKyCGPNBFWq7zqp9mZUas4EziuDTGFK2YSOsW8wphEqb7bYdU7OgkQSHSJZvH9nZzRSahr5JhNRHaplLx/+5/UzHVx7Mx6nmcaYmYjxgkwQnZC8MhlxiUyLqQHKJDdbEhZSSZk2h6mY+u5y2VXoXNhu3W7c12vN2+IQZTiBUzgHF66gCXfQgjYwCOEZ3uDdGltP1ov1+hMtWcWfY/gj6+MbzNuLEQ==</latexit>

2.142 2.1422 2.1424 2.1426 2.1428 2.143
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0.99

0.995

11

<latexit sha1_base64="sRAtLk7u/9tIbdHZ0S3l+yTLMvY=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIqi7gC5cJmAekAyhp1OTNOl50F0jhJAf0JWoOz/JH/Bv7MRZaOJdna57G+pWkCppyHW/nMLa+sbmVnG7tLO7t39QPjxqmSTTApsiUYnuBNygkjE2SZLCTqqRR4HCdjC+nfvtR9RGJvEDTVL0Iz6MZSgFJztqeP1yxa26C7FV8HKoQK56v/zZGyQiizAmobgxXc9NyZ9yTVIonJV6mcGUizEfYtdizCM0/nSx6IydhYlmNEK2eP/OTnlkzCQKbCbiNDLL3nz4n9fNKLz2pzJOM8JY2Ij1wkwxSti8LxtIjYLUxAIXWtotmRhxzQXZq5RsfW+57Cq0LqreZfWmcVmp3eWHKMIJnMI5eHAFNbiHOjRBAMIzvMG7M3CenBfn9SdacPI/x/BHzsc3dcGKWA==</latexit>

0.99

<latexit sha1_base64="w7y8Ux7hq1HDuO2LytpWEpP1Cfs=">AAAB5nicbZDNSsNAFIVv6l+tf1WXbgaL4CokImh3BV24rGDaQhvKZHrTDJ38MDMRSukr6ErUnQ/kC/g2TmoW2npW39xzBu65QSa40o7zZVXW1jc2t6rbtZ3dvf2D+uFRR6W5ZOixVKSyF1CFgifoaa4F9jKJNA4EdoPJTeF3H1EqniYPepqhH9NxwkPOqDYjz7Gbzdqw3nBsZyGyCm4JDSjVHtY/B6OU5TEmmgmqVN91Mu3PqNScCZzXBrnCjLIJHWPfYEJjVP5sseycnIWpJDpCsnj/zs5orNQ0DkwmpjpSy14x/M/r5zq89mc8yXKNCTMR44W5IDolRWcy4hKZFlMDlElutiQsopIybS5T1HeXy65C58J2L+3m/WWjdVseogoncArn4MIVtOAO2uABAw7P8AbvVmQ9WS/W60+0YpV/juGPrI9vB4aLKQ==</latexit>

0.98

<latexit sha1_base64="PPA3YhsZSg9lK53ABFVtlYsevr0=">AAAB5nicbZDNSsNAFIVv6l+tf1WXbgaL4CokUrDdFXThsoJpC20ok+lNM3Tyw8xEKKGvoCtRdz6QL+DbmNQstPWsvrnnDNxzvURwpS3ry6hsbG5t71R3a3v7B4dH9eOTnopTydBhsYjlwKMKBY/Q0VwLHCQSaegJ7Huzm8LvP6JUPI4e9DxBN6TTiPucUZ2PHMtst2rjesMyraXIOtglNKBUd1z/HE1iloYYaSaoUkPbSrSbUak5E7iojVKFCWUzOsVhjhENUbnZctkFufBjSXSAZPn+nc1oqNQ89PJMSHWgVr1i+J83TLXfcjMeJanGiOWR3PNTQXRMis5kwiUyLeY5UCZ5viVhAZWU6fwyRX17tew69K5Mu2m275uNzm15iCqcwTlcgg3X0IE76IIDDDg8wxu8G4HxZLwYrz/RilH+OYU/Mj6+AQYHiyg=</latexit>

0.97

<latexit sha1_base64="LF1BEa9A/PaAFOlff4mccxF1Dx4=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJFGp3RTcuK9gLtKFMpifN0MmFmYlQQh9BV6LufCFfwLdxWrPQ1n/1zfn/gfMfPxVcacf5skobm1vbO+Xdyt7+weFR9fikq5JMMuywRCSy71OFgsfY0VwL7KcSaeQL7PnT24Xfe0SpeBI/6FmKXkQnMQ84o3oxcuxmY1StObazFFkHt4AaFGqPqp/DccKyCGPNBFVq4Dqp9nIqNWcC55VhpjClbEonODAY0wiVly93nZOLIJFEh0iW79/ZnEZKzSLfZCKqQ7XqLYb/eYNMB9dezuM00xgzEzFekAmiE7KoTMZcItNiZoAyyc2WhIVUUqbNYSqmvrtadh26V7Zbt5v39VrrpjhEGc7gHC7BhQa04A7a0AEGITzDG7xbE+vJerFef6Ilq/hzCn9kfXwDz0GLEQ==</latexit>

2.1422

<latexit sha1_base64="Vwztw3XAij/FFa0FQoHUnMXUf8s=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYwTwgWcLspDcZM/tgZlYIS/5BT6Le/B5/wL9xdt2DJtapuqsausqLBVfatr+s0tr6xuZWebuys7u3f1A9POqqKJEMOywSkex7VKHgIXY01wL7sUQaeAJ73uwm03uPKBWPwns9j9EN6CTkPmdUm1WvUXeajUZlVK3ZdTsHWSVOQWpQoD2qfg7HEUsCDDUTVKmBY8faTanUnAlcVIaJwpiyGZ3gwNCQBqjcNH93Qc78SBI9RZLPv70pDZSaB57xBFRP1bKWLf/TBon2L92Uh3GiMWTGYjQ/EURHJEtNxlwi02JuCGWSmy8Jm1JJmTbdZPGd5bCrpJuVVb+6a9Za10URZTiBUzgHBy6gBbfQhg4wmMEzvMG79WA9WS/W64+1ZBU3x/AH1sc315uLlA==</latexit>

2.1426

<latexit sha1_base64="MLKzHBTUotNiY4/7PVqXEXjtnDo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJQb0RvXjERB4JbMjs0Asjs4/MzJqQDf+gJ6Pe/B5/wL9xFvegYJ2qu6qTrvJiwZW27S+rsLa+sblV3C7t7O7tH5QPjzoqSiTDNotEJHseVSh4iG3NtcBeLJEGnsCuN73J9O4jSsWj8F7PYnQDOg65zxnVZtWtVZ16rVEalit21V6ArBInJxXI0RqWPwejiCUBhpoJqlTfsWPtplRqzgTOS4NEYUzZlI6xb2hIA1Ruunh3Ts78SBI9QbKYf3tTGig1CzzjCaieqGUtW/6n9RPtX7opD+NEY8iMxWh+IoiOSJaajLhEpsXMEMokN18SNqGSMm26yeI7y2FXSScrq3p1V680r/MiinACp3AODlxAE26hBW1gMIVneIN368F6sl6s1x9rwcpvjuEPrI9v3ZeLmA==</latexit>

2.1430

<latexit sha1_base64="41pGHpQwhzE/Uam6tcX+RybuIWY=">AAAB6HicbVC7TsNAEFyHVwivACXNiQiJKrIhEtBF0FAGiTykxIrOl3Vy5PzQ3RkpsvIPUCGg43v4Af6Gs3EBCVPN7sxKO+PFgitt219WaWV1bX2jvFnZ2t7Z3avuH3RUlEiGbRaJSPY8qlDwENuaa4G9WCINPIFdb3qT6d1HlIpH4b2exegGdBxynzOqzap7Vnca53ZlWK3ZdTsHWSZOQWpQoDWsfg5GEUsCDDUTVKm+Y8faTanUnAmcVwaJwpiyKR1j39CQBqjcNH93Tk78SBI9QZLPv70pDZSaBZ7xBFRP1KKWLf/T+on2L92Uh3GiMWTGYjQ/EURHJEtNRlwi02JmCGWSmy8Jm1BJmTbdZPGdxbDLpJOVVb+6a9Sa10URZTiCYzgFBy6gCbfQgjYwmMIzvMG79WA9WS/W64+1ZBU3h/AH1sc31h2Lkw==</latexit>

13C

<latexit sha1_base64="sMuWS8aUmxutr/n6eoCxbxfa/WE=">AAAB63icdVDLTgIxFO3gC/GFunTTSExcTaaCCjsiG5eYyCPCSDqlAw1tZ9J2TMiEr9CVUXf+jT/g31hGTNToWZ17zrnJPTeIOdPG896d3NLyyupafr2wsbm1vVPc3WvrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0wac79zR5Vmkbw205j6Ao8kCxnBxko3tykqz/pKwMagWPLcUw/VzjzouV6GjFRRGUG0UEpggeag+NYfRiQRVBrCsdY95MXGT7EyjHA6K/QTTWNMJnhEe5ZKLKj20+ziGTwKIwXNmMJs/p5NsdB6KgKbEdiM9W9vLv7l9RITVv2UyTgxVBIbsV6YcGgiOC8Oh0xRYvjUEkwUs1dCMsYKE2PfU7D1vzrC/0n7xEUVt3ZVKdUvFo/IgwNwCI4BAuegDi5BE7QAARI8gGfw4gjn3nl0nj6jOWexsw9+wHn9ALZWjfk=</latexit>

Bz = 3 T

<latexit sha1_base64="Z8iv/czo22iQgyV6vc2DUrUv5y4=">AAAB9HicdVDLSsNAFJ3UV62vVJduBovgKiS2arsQSt24rNAXNCFMppN26OTBzKRSQ/9EV6Lu/BJ/wL9xGiOo6Fmde865cO/xYkaFNM13rbCyura+UdwsbW3v7O7p5f2eiBKOSRdHLOIDDwnCaEi6kkpGBjEnKPAY6XvTq6XfnxEuaBR25DwmToDGIfUpRlJJrl5uuXfwElahDVObB7CzcPWKaZyZVuPchKZhZshI3apa0MqVCsjRdvU3exThJCChxAwJMbTMWDop4pJiRhYlOxEkRniKxmSoaIgCIpw0O30Bj/2IQzkhMJu/Z1MUCDEPPJUJkJyI395S/MsbJtKvOykN40SSEKuI8vyEQRnBZQNwRDnBks0VQZhTdSXEE8QRlqqnknr/60f4P+mdGlbNaNzUKs1WXkQRHIIjcAIscAGa4Bq0QRdgcAsewDN40WbavfaoPX1GC1q+cwB+QHv9ANOhkCY=</latexit>

h�
x
i

<latexit sha1_base64="Vle+ifyegB/j7hXCQMvAhYlIRoo=">AAAB+3icbVDNSsNAGNzUv1r/ol4EL4tF8FQSKai3ohePFWwtNCFstl/TpbtJ2N2IJdSX0ZOoN9/CF/Bt3MYctHVOszOz8M2EKWdKO86XVVlaXlldq67XNja3tnfs3b2uSjJJoUMTnsheSBRwFkNHM82hl0ogIuRwF46vZv7dPUjFkvhWT1LwBYliNmSUaCMF9oHHSRxxwJ5ikSDBA/ZkIQR23Wk4BfAicUtSRyXagf3pDRKaCYg15USpvuuk2s+J1IxymNa8TEFK6JhE0Dc0JgKUnxcNpvh4mEisR4CL9+9sToRSExGajCB6pOa9mfif18/08NzPWZxmGmJqIsYbZhzrBM+GwAMmgWo+MYRQycyVmI6IJFSbuWqmvjtfdpF0Txtus3Fx06y3LsshqugQHaET5KIz1ELXqI06iKJH9Ize0Ls1tZ6sF+v1J1qxyj/76A+sj28JgZRk</latexit> h�
x
i

<latexit sha1_base64="Vle+ifyegB/j7hXCQMvAhYlIRoo=">AAAB+3icbVDNSsNAGNzUv1r/ol4EL4tF8FQSKai3ohePFWwtNCFstl/TpbtJ2N2IJdSX0ZOoN9/CF/Bt3MYctHVOszOz8M2EKWdKO86XVVlaXlldq67XNja3tnfs3b2uSjJJoUMTnsheSBRwFkNHM82hl0ogIuRwF46vZv7dPUjFkvhWT1LwBYliNmSUaCMF9oHHSRxxwJ5ikSDBA/ZkIQR23Wk4BfAicUtSRyXagf3pDRKaCYg15USpvuuk2s+J1IxymNa8TEFK6JhE0Dc0JgKUnxcNpvh4mEisR4CL9+9sToRSExGajCB6pOa9mfif18/08NzPWZxmGmJqIsYbZhzrBM+GwAMmgWo+MYRQycyVmI6IJFSbuWqmvjtfdpF0Txtus3Fx06y3LsshqugQHaET5KIz1ELXqI06iKJH9Ize0Ls1tZ6sF+v1J1qxyj/76A+sj28JgZRk</latexit>

F
re

q
.

(M
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Z
)

<latexit sha1_base64="i809uY3I7YRtsEMuQdvyybbjvZs=">AAAB+HicdVDLSgNBEJz1bXxFxZOXwSDEy7K7rq+bKIgXQcEYMQlhduwkg7MPZ3rFuORf9CTqze/wB/wbJ3EFFa1TdVU1dFeQSKHRcd6toeGR0bHxicnC1PTM7FxxfuFMx6niUOGxjNV5wDRIEUEFBUo4TxSwMJBQDa72+371BpQWcXSK3QQaIWtHoiU4QyM1i0t1hFtUYXag4Nqm5aPDi7UebRZLju17rrfuUsd2BugTd9P3NqibKyWS47hZfKtfxjwNIUIumdY110mwkTGFgkvoFeqphoTxK9aGmqERC0E3ssH5PbraihXFDtDB/D2bsVDrbhiYTMiwo397ffEvr5Zia7uRiShJESJuIsZrpZJiTPst0EuhgKPsGsK4EuZKyjtMMY6mq4J5/+tH+j8582zXt3dO/NLuXl7EBFkmK6RMXLJFdskhOSYVwklGHsgzebHurHvr0Xr6jA5Z+c4i+QHr9QPDw5Jx</latexit>

0.02

<latexit sha1_base64="GjqsZe+yH3A9NJZU4cI+p+SqgsI=">AAAB5XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGQPQW9OIxgnlAsoTZSW92yOyDmVkhLPkEPYl684f8Af/G2bgHTaxLV3dVQ1d7ieBK2/aXVdrY3NreKe9W9vYPDo+qxyc9FaeSYZfFIpYDjyoUPMKu5lrgIJFIQ09g35vd5nr/EaXicfSg5wm6IZ1G3OeM6nxk1+3GuFozZQmyTpyC1KBAZ1z9HE1iloYYaSaoUkPHTrSbUak5E7iojFKFCWUzOsWhoRENUbnZ8tYFufBjSXSAZNn/9mY0VGoeesYTUh2oVS0f/qcNU+1fuRmPklRjxIzFaH4qiI5JHplMuESmxdwQyiQ3VxIWUEmZNo+pmPjOath10mvUnWb9+r5Za98UjyjDGZzDJTjQgjbcQQe6wCCAZ3iDd2tqPVkv1uuPtWQVO6fwB9bHN7pUiwM=</latexit>

0.2

<latexit sha1_base64="VV9tVb/+S+uWNGsyRxyOQu5Peg0=">AAAB5HicbZDLSsNAFIZP6q3WW9Wlm8EiuApJKai7ohuXFe0F2lAm05N26OTCzEQooW+gK1F3PpEv4Ns4jVlo67/65vz/wPmPnwiutON8WaW19Y3NrfJ2ZWd3b/+genjUUXEqGbZZLGLZ86lCwSNsa64F9hKJNPQFdv3pzcLvPqJUPI4e9CxBL6TjiAecUW1G945dH1Zrju3kIqvgFlCDQq1h9XMwilkaYqSZoEr1XSfRXkal5kzgvDJIFSaUTekY+wYjGqLysnzVOTkLYkn0BEn+/p3NaKjULPRNJqR6opa9xfA/r5/q4NLLeJSkGiNmIsYLUkF0TBaNyYhLZFrMDFAmudmSsAmVlGlzl4qp7y6XXYVO3XYb9tVdo9a8Lg5RhhM4hXNw4QKacAstaAODMTzDG7xbgfVkvVivP9GSVfw5hj+yPr4BTUSKyQ==</latexit>

0.08

<latexit sha1_base64="LHWZOrkNvGXzsdc0pfJePoI9dBQ=">AAAB5XicbVDLSgNBEOyNrxhfUY9eBoPgKexKIPEW9OIxgnlAsoTZSW92yOyDmVkhLPkEPYl684f8Af/G2bgHTaxLV3dVQ1d7ieBK2/aXVdrY3NreKe9W9vYPDo+qxyc9FaeSYZfFIpYDjyoUPMKu5lrgIJFIQ09g35vd5nr/EaXicfSg5wm6IZ1G3OeM6nxk1+3WuFozZQmyTpyC1KBAZ1z9HE1iloYYaSaoUkPHTrSbUak5E7iojFKFCWUzOsWhoRENUbnZ8tYFufBjSXSAZNn/9mY0VGoeesYTUh2oVS0f/qcNU+233IxHSaoxYsZiND8VRMckj0wmXCLTYm4IZZKbKwkLqKRMm8dUTHxnNew66V3VnUb9+r5Ra98UjyjDGZzDJTjQhDbcQQe6wCCAZ3iDd2tqPVkv1uuPtWQVO6fwB9bHN8NIiwk=</latexit>

0.14

<latexit sha1_base64="sTAJQ+RGJAc1aJrIhnPqvN/aS5I=">AAAB5XicbVDLSsNAFL2pr1pfVZduBovgqiRSUHdFNy4r2Ae0oUymN83QyYOZiVBCP0FXou78IX/Av3ESs9DWszr3nnPhnuMlgitt219WZW19Y3Orul3b2d3bP6gfHvVUnEqGXRaLWA48qlDwCLuaa4GDRCINPYF9b3ab6/1HlIrH0YOeJ+iGdBpxnzOq85XddFrjesNu2gXIKnFK0oASnXH9czSJWRpipJmgSg0dO9FuRqXmTOCiNkoVJpTN6BSHhkY0ROVmxa8LcubHkugASTH/9mY0VGoeesYTUh2oZS1f/qcNU+1fuRmPklRjxIzFaH4qiI5JHplMuESmxdwQyiQ3XxIWUEmZNsXUTHxnOewq6V2YpprX961G+6YsogoncArn4MAltOEOOtAFBgE8wxu8W1PryXqxXn+sFau8OYY/sD6+Ab7PiwY=</latexit>
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⌦(t)

<latexit sha1_base64="LrX3F4Z/f2f+obdQ61Uc8V7Zvh8=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxwQ2ZMSTqjujGnZjIj4EJ6ZQLNLQzk7ZjQia8hK6MuvNxfAHfxoKzUPCsvt5zmtxzg1hwbVz3y8mtrK6tb+Q3C1vbO7t7xf2Dpo4SxbDBIhGpdkA1Ch5iw3AjsB0rpDIQ2ArG1zO/9YhK8yi8N5MYfUmHIR9wRo0dPXRvJQ5p2Zz2iiW34s5FlsHLoASZ6r3iZ7cfsURiaJigWnc8NzZ+SpXhTOC00E00xpSN6RA7FkMqUfvpfOEpORlEipgRkvn7dzalUuuJDGxGUjPSi95s+J/XSczgwk95GCcGQ2Yj1hskgpiIzHqTPlfIjJhYoExxuyVhI6ooM/Y6BVvfWyy7DM2ziletXN5VS7Wr7BB5OIJjKIMH51CDG6hDAxhIeIY3eHeE8+S8OK8/0ZyT/TmEP3I+vgHpe41/</latexit>

�(t)

<latexit sha1_base64="mJrL+LaOOMPsW+tv3URn5/Khdk0=">AAAB6nicbZDNSgMxFIUz/tb6V3XpJliEuikzUlB3RTcuK9gfaYeSSe+0ocnMkNwRytCX0JWoOx/HF/BtTOsstPWsvtxzAvfcIJHCoOt+OSura+sbm4Wt4vbO7t5+6eCwZeJUc2jyWMa6EzADUkTQRIESOokGpgIJ7WB8M/Pbj6CNiKN7nCTgKzaMRCg4Qzt66A1AIqvgWb9UdqvuXHQZvBzKJFejX/rsDWKeKoiQS2ZM13MT9DOmUXAJ02IvNZAwPmZD6FqMmALjZ/OFp/Q0jDXFEdD5+3c2Y8qYiQpsRjEcmUVvNvzP66YYXvqZiJIUIeI2Yr0wlRRjOutNB0IDRzmxwLgWdkvKR0wzjvY6RVvfWyy7DK3zqlerXt3VyvXr/BAFckxOSIV45ILUyS1pkCbhRJFn8kbeHek8OS/O6090xcn/HJE/cj6+ARuCjaA=</latexit>

40

<latexit sha1_base64="Bn3mBfERdh+zFFJTeCCd6hqdDV0=">AAAB43icbZDLSgNBEEVrfMb4irp00xgEV2FGAuouoAuXUcwDkiH0dGqSJj0PumuEEPIFuhJ15x/5A/6NnTgLTbyr03VvQ90KUiUNue6Xs7K6tr6xWdgqbu/s7u2XDg6bJsm0wIZIVKLbATeoZIwNkqSwnWrkUaCwFYyuZ37rEbWRSfxA4xT9iA9iGUrByY7uq26vVHYr7lxsGbwcypCr3it9dvuJyCKMSShuTMdzU/InXJMUCqfFbmYw5WLEB9ixGPMIjT+Zbzplp2GiGQ2Rzd+/sxMeGTOOApuJOA3Nojcb/ud1Mgov/YmM04wwFjZivTBTjBI2K8z6UqMgNbbAhZZ2SyaGXHNB9ixFW99bLLsMzfOKV61c3VXLtZv8EAU4hhM4Aw8uoAa3UIcGCAjhGd7g3UHnyXlxXn+iK07+5wj+yPn4BubtipU=</latexit>

20

<latexit sha1_base64="BSQ0e7BzhvW4yhBUuSSx6KEQ3XQ=">AAAB43icbZDLSgMxFIZP6q3WW9Wlm2ARXJWZUlB3BV24rGIv0A4lk55pQzMXkoxQhj6BrkTd+Ua+gG9jWmehrf/qy/n/wPmPn0ihjeN8kcLa+sbmVnG7tLO7t39QPjxq6zhVHFs8lrHq+kyjFBG2jDASu4lCFvoSO/7keu53HlFpEUcPZpqgF7JRJALBmbGj+5ozKFecqrMQXQU3hwrkag7Kn/1hzNMQI8Ml07rnOonxMqaM4BJnpX6qMWF8wkbYsxixELWXLTad0bMgVtSMkS7ev7MZC7Wehr7NhMyM9bI3H/7n9VITXHqZiJLUYMRtxHpBKqmJ6bwwHQqF3MipBcaVsFtSPmaKcWPPUrL13eWyq9CuVd169equXmnc5Icowgmcwjm4cAENuIUmtIBDAM/wBu8EyRN5Ia8/0QLJ/xzDH5GPb+PvipM=</latexit>

0

<latexit sha1_base64="vMrbnnaLXz2xfBlUlANmsnnoFuE=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIqi7gC5cJmAekAyhp1OTNOl50F0jhJAf0JWoOz/JH/Bv7MRZaOJdna57G+pWkCppyHW/nMLa+sbmVnG7tLO7t39QPjxqmSTTApsiUYnuBNygkjE2SZLCTqqRR4HCdjC+nfvtR9RGJvEDTVL0Iz6MZSgFJztquP1yxa26C7FV8HKoQK56v/zZGyQiizAmobgxXc9NyZ9yTVIonJV6mcGUizEfYtdizCM0/nSx6IydhYlmNEK2eP/OTnlkzCQKbCbiNDLL3nz4n9fNKLz2pzJOM8JY2Ij1wkwxSti8LxtIjYLUxAIXWtotmRhxzQXZq5RsfW+57Cq0LqreZfWmcVmp3eWHKMIJnMI5eHAFNbiHOjRBAMIzvMG7M3CenBfn9SdacPI/x/BHzsc3dEOKVw==</latexit>

�20

<latexit sha1_base64="zIdgbVsh88pBscGJ9SfMmzPU4eM=">AAAB5HicbZDNSgMxFIXv+FvrX9Wlm2AR3FhmSkHdFXThsqL9gXYomfROG5qZDElGKEPfQFei7nwiX8C3Ma2z0Naz+nLPCdxzg0RwbVz3y1lZXVvf2CxsFbd3dvf2SweHLS1TxbDJpJCqE1CNgsfYNNwI7CQKaRQIbAfj65nffkSluYwfzCRBP6LDmIecUWNH9+dVt18quxV3LrIMXg5lyNXolz57A8nSCGPDBNW667mJ8TOqDGcCp8VeqjGhbEyH2LUY0wi1n81XnZLTUCpiRkjm79/ZjEZaT6LAZiJqRnrRmw3/87qpCS/9jMdJajBmNmK9MBXESDJrTAZcITNiYoEyxe2WhI2ooszYuxRtfW+x7DK0qhWvVrm6q5XrN/khCnAMJ3AGHlxAHW6hAU1gMIRneIN3J3SenBfn9Se64uR/juCPnI9vTF6Kyg==</latexit>

�40

<latexit sha1_base64="xR5Ndjs2CPpHEbo7FtXPtWiTHj4=">AAAB5HicbZDLSgMxFIZP6q3WW9Wlm2AR3FhmpKDuCrpwWdFeoB1KJj3ThmYuJBmhDH0DXYm684l8Ad/GtM5CW//Vl/P/gfMfP5FCG8f5IoWV1bX1jeJmaWt7Z3evvH/Q0nGqODZ5LGPV8ZlGKSJsGmEkdhKFLPQltv3x9cxvP6LSIo4ezCRBL2TDSASCM2NH92c1p1+uOFVnLroMbg4VyNXolz97g5inIUaGS6Z113US42VMGcElTku9VGPC+JgNsWsxYiFqL5uvOqUnQayoGSGdv39nMxZqPQl9mwmZGelFbzb8z+umJrj0MhElqcGI24j1glRSE9NZYzoQCrmREwuMK2G3pHzEFOPG3qVk67uLZZehdV51a9Wru1qlfpMfoghHcAyn4MIF1OEWGtAEDkN4hjd4JwF5Ii/k9SdaIPmfQ/gj8vENT1yKzA==</latexit>

2.8384 2.83845 2.8385 2.83855 2.8386
106

0.2

0.22

0.24

0.26

0.28

0.3

0.32

0.34

0.36

0.38

2.8384

<latexit sha1_base64="ywo6KQIJWPKs+fyUyFpUPaA2+z4=">AAAB53icbVDLTgJBEOzxifhCPXqZSEw8kV0lEW8kevCIiTwS2JDZoRdGZh+ZmTUhG75BT0a9+T/+gH/jgHtQsE7VXdVJV/mJFNo4zhdZWV1b39gsbBW3d3b39ksHhy0dp4pjk8cyVh2faZQiwqYRRmInUchCX2LbH1/P9PYjKi3i6N5MEvRCNoxEIDgzdtU6r9QuatV+qexUnDnoMnFzUoYcjX7pszeIeRpiZLhkWnddJzFexpQRXOK02Es1JoyP2RC7lkYsRO1l82+n9DSIFTUjpPP5tzdjodaT0LeekJmRXtRmy/+0bmqCmpeJKEkNRtxarBakkpqYzkLTgVDIjZxYwrgS9kvKR0wxbmw1RRvfXQy7TGxXbrVydVct12/yIgpwDCdwBi5cQh1uoQFN4PAAz/AG70SQJ/JCXn+sKyS/OYI/IB/fuDWLkA==</latexit>

2.8385

<latexit sha1_base64="/zpBB+IzT/TuDIeMZOjMGkJzHwc=">AAAB53icbVDLTgJBEOzFF+IL9ehlIjHxRHYVI95I9OARE3kksCGzQy+MzD4yM2tCNnyDnox683/8Af/GWdyDgnWq7qpOusqLBVfatr+swsrq2vpGcbO0tb2zu1feP2irKJEMWywSkex6VKHgIbY01wK7sUQaeAI73uQ60zuPKBWPwns9jdEN6CjkPmdUm1X7rFo/r18MyhW7as9BlomTkwrkaA7Kn/1hxJIAQ80EVarn2LF2Uyo1ZwJnpX6iMKZsQkfYMzSkASo3nX87Iyd+JIkeI5nPv70pDZSaBp7xBFSP1aKWLf/Teon2627KwzjRGDJjMZqfCKIjkoUmQy6RaTE1hDLJzZeEjamkTJtqSia+sxh2mZiunFr16q5WadzkRRThCI7hFBy4hAbcQhNawOABnuEN3i1uPVkv1uuPtWDlN4fwB9bHN7mzi5E=</latexit>

2.8386

<latexit sha1_base64="7YLB27EywmDtBZ70E0tjMyB6ooo=">AAAB53icbVDLTgJBEOzFF+IL9ehlIjHxRHaVKN5I9OARE3kksCGzQy+MzD4yM2tCNnyDnox683/8Af/GWdyDgnWq7qpOusqLBVfatr+swsrq2vpGcbO0tb2zu1feP2irKJEMWywSkex6VKHgIbY01wK7sUQaeAI73uQ60zuPKBWPwns9jdEN6CjkPmdUm1X7rFo/r18MyhW7as9BlomTkwrkaA7Kn/1hxJIAQ80EVarn2LF2Uyo1ZwJnpX6iMKZsQkfYMzSkASo3nX87Iyd+JIkeI5nPv70pDZSaBp7xBFSP1aKWLf/Teon2627KwzjRGDJjMZqfCKIjkoUmQy6RaTE1hDLJzZeEjamkTJtqSia+sxh2mZiunFr16q5WadzkRRThCI7hFBy4hAbcQhNawOABnuEN3i1uPVkv1uuPtWDlN4fwB9bHN7sxi5I=</latexit>

0.38

<latexit sha1_base64="Zbz6wy63eyIkygS3aXwTwalzalA=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJFqy7gi5cVrAXaEOZTE+aoZMLMxOhlD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/fiq40o7zZZXW1jc2t8rblZ3dvf2D6uFRRyWZZNhmiUhkz6cKBY+xrbkW2Esl0sgX2PUnN7nffUSpeBI/6GmKXkTHMQ84ozofOfZlY1itObazEFkFt4AaFGoNq5+DUcKyCGPNBFWq7zqp9mZUas4EziuDTGFK2YSOsW8wphEqb7bYdU7OgkQSHSJZvH9nZzRSahr5JhNRHaplLx/+5/UzHTS8GY/TTGPMTMR4QSaITkhemYy4RKbF1ABlkpstCQuppEybw1RMfXe57Cp0Lmy3bl/f12vN2+IQZTiBUzgHF66gCXfQgjYwCOEZ3uDdGltP1ov1+hMtWcWfY/gj6+MbyF+LDg==</latexit>

0.34

<latexit sha1_base64="Z/LsYu6jp7cvMYR0tXq1yI/aOzQ=">AAAB5XicbZDNSsNAFIVv6l+tf1WXbgaL4CokWlB3BV24rGBtoQ1lMr1phk5+mJkIJfQRdCXqzhfyBXwbJzULbT2rb+45A/dcPxVcacf5siorq2vrG9XN2tb2zu5eff/gQSWZZNhhiUhkz6cKBY+xo7kW2Esl0sgX2PUn14XffUSpeBLf62mKXkTHMQ84o7oYOfZ5c1hvOLYzF1kGt4QGlGoP65+DUcKyCGPNBFWq7zqp9nIqNWcCZ7VBpjClbELH2DcY0wiVl893nZGTIJFEh0jm79/ZnEZKTSPfZCKqQ7XoFcP/vH6mg0sv53GaaYyZiRgvyATRCSkqkxGXyLSYGqBMcrMlYSGVlGlzmJqp7y6WXYaHM9tt2ld3zUbrpjxEFY7gGE7BhQtowS20oQMMQniGN3i3xtaT9WK9/kQrVvnnEP7I+vgGwmeLCg==</latexit>

0.30

<latexit sha1_base64="mnTqK5QXf5lVfyMrehVJPxz+SrE=">AAAB5XicbZDNSsNAFIVv6l+tf1WXbgaL4CokWlB3BV24rGBtoQ1lMr1phk5+mJkIJfQRdCXqzhfyBXwbJzULbT2rb+45A/dcPxVcacf5siorq2vrG9XN2tb2zu5eff/gQSWZZNhhiUhkz6cKBY+xo7kW2Esl0sgX2PUn14XffUSpeBLf62mKXkTHMQ84o7oYOfa5M6w3HNuZiyyDW0IDSrWH9c/BKGFZhLFmgirVd51UezmVmjOBs9ogU5hSNqFj7BuMaYTKy+e7zshJkEiiQyTz9+9sTiOlppFvMhHVoVr0iuF/Xj/TwaWX8zjNNMbMRIwXZILohBSVyYhLZFpMDVAmudmSsJBKyrQ5TM3UdxfLLsPDme027au7ZqN1Ux6iCkdwDKfgwgW04Bba0AEGITzDG7xbY+vJerFef6IVq/xzCH9kfXwDvG+LBg==</latexit>

0.26

<latexit sha1_base64="2A2Qhi/Na2/pSoMOcYcuM/ep/0I=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuApJKV52BV24rGAv0IYymZ40QycXZiZCKX0EXYm684V8Ad/GSc1CW//VN+f/B85//FRwpR3nyyqtrW9sbpW3Kzu7e/sH1cOjjkoyybDNEpHInk8VCh5jW3MtsJdKpJEvsOtPbnK/+4hS8SR+0NMUvYiOYx5wRnU+cuz6xbBac2xnIbIKbgE1KNQaVj8Ho4RlEcaaCapU33VS7c2o1JwJnFcGmcKUsgkdY99gTCNU3myx65ycBYkkOkSyeP/Ozmik1DTyTSaiOlTLXj78z+tnOrjyZjxOM40xMxHjBZkgOiF5ZTLiEpkWUwOUSW62JCykkjJtDlMx9d3lsqvQqdtuw76+b9Sat8UhynACp3AOLlxCE+6gBW1gEMIzvMG7NbaerBfr9Sdasoo/x/BH1sc3w+SLCw==</latexit>

0.22

<latexit sha1_base64="Rmwbaoh/dBWelIFumYmu6qGtWjE=">AAAB5XicbZDNSsNAFIVv6l+tf1WXbgaL4CokpaDuCrpwWcHWQhvKZHrTDJ38MDMRSugj6ErUnS/kC/g2TmoW2npW39xzBu65fiq40o7zZVXW1jc2t6rbtZ3dvf2D+uFRTyWZZNhliUhk36cKBY+xq7kW2E8l0sgX+OBPrwv/4RGl4kl8r2cpehGdxDzgjOpi5NjN5qjecGxnIbIKbgkNKNUZ1T+H44RlEcaaCarUwHVS7eVUas4EzmvDTGFK2ZROcGAwphEqL1/sOidnQSKJDpEs3r+zOY2UmkW+yURUh2rZK4b/eYNMB5dezuM00xgzEzFekAmiE1JUJmMukWkxM0CZ5GZLwkIqKdPmMDVT310uuwq9pu227Ku7VqN9Ux6iCidwCufgwgW04RY60AUGITzDG7xbE+vJerFef6IVq/xzDH9kfXwDveyLBw==</latexit>

2.8384 2.83845 2.8385 2.83855 2.8386
106
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0.96
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0.99

1

Bz = 3 T

<latexit sha1_base64="Z8iv/czo22iQgyV6vc2DUrUv5y4=">AAAB9HicdVDLSsNAFJ3UV62vVJduBovgKiS2arsQSt24rNAXNCFMppN26OTBzKRSQ/9EV6Lu/BJ/wL9xGiOo6Fmde865cO/xYkaFNM13rbCyura+UdwsbW3v7O7p5f2eiBKOSRdHLOIDDwnCaEi6kkpGBjEnKPAY6XvTq6XfnxEuaBR25DwmToDGIfUpRlJJrl5uuXfwElahDVObB7CzcPWKaZyZVuPchKZhZshI3apa0MqVCsjRdvU3exThJCChxAwJMbTMWDop4pJiRhYlOxEkRniKxmSoaIgCIpw0O30Bj/2IQzkhMJu/Z1MUCDEPPJUJkJyI395S/MsbJtKvOykN40SSEKuI8vyEQRnBZQNwRDnBks0VQZhTdSXEE8QRlqqnknr/60f4P+mdGlbNaNzUKs1WXkQRHIIjcAIscAGa4Bq0QRdgcAsewDN40WbavfaoPX1GC1q+cwB+QHv9ANOhkCY=</latexit>

1H

<latexit sha1_base64="xOYBQhzwt9mM+4I9fHmTyv4P/8g=">AAAB6HicdVBLTsMwFHT4lvIrsGRjUSGximwo0O4q2HRZJPqR2lA5rtOa2klkO0hV1DvACgE7zsMFuA1uCBIgmNW8mXnSm+fHgmuD0LuzsLi0vLJaWCuub2xubZd2dts6ShRlLRqJSHV9opngIWsZbgTrxooR6QvW8SeXc79zx5TmUXhtpjHzJBmFPOCUGCt1bnBfSdgYlMrIPUW4doYgclGGjFTxCYY4V8ogR3NQeusPI5pIFhoqiNY9jGLjpUQZTgWbFfuJZjGhEzJiPUtDIpn20uzcGTwMIgXNmMFs/p5NidR6Kn2bkcSM9W9vLv7l9RITVL2Uh3FiWEhtxHpBIqCJ4Lw1HHLFqBFTSwhV3F4J6ZgoQo39TdHW/+oI/yftYxdX3NpVpVy/yB9RAPvgABwBDM5BHTRAE7QABRPwAJ7Bi3Pr3DuPztNndMHJd/bADzivH4fJjLU=</latexit>

1

<latexit sha1_base64="sRAtLk7u/9tIbdHZ0S3l+yTLMvY=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIqi7gC5cJmAekAyhp1OTNOl50F0jhJAf0JWoOz/JH/Bv7MRZaOJdna57G+pWkCppyHW/nMLa+sbmVnG7tLO7t39QPjxqmSTTApsiUYnuBNygkjE2SZLCTqqRR4HCdjC+nfvtR9RGJvEDTVL0Iz6MZSgFJztqeP1yxa26C7FV8HKoQK56v/zZGyQiizAmobgxXc9NyZ9yTVIonJV6mcGUizEfYtdizCM0/nSx6IydhYlmNEK2eP/OTnlkzCQKbCbiNDLL3nz4n9fNKLz2pzJOM8JY2Ij1wkwxSti8LxtIjYLUxAIXWtotmRhxzQXZq5RsfW+57Cq0LqreZfWmcVmp3eWHKMIJnMI5eHAFNbiHOjRBAMIzvMG7M3CenBfn9SdacPI/x/BHzsc3dcGKWA==</latexit>

2.8384

<latexit sha1_base64="ywo6KQIJWPKs+fyUyFpUPaA2+z4=">AAAB53icbVDLTgJBEOzxifhCPXqZSEw8kV0lEW8kevCIiTwS2JDZoRdGZh+ZmTUhG75BT0a9+T/+gH/jgHtQsE7VXdVJV/mJFNo4zhdZWV1b39gsbBW3d3b39ksHhy0dp4pjk8cyVh2faZQiwqYRRmInUchCX2LbH1/P9PYjKi3i6N5MEvRCNoxEIDgzdtU6r9QuatV+qexUnDnoMnFzUoYcjX7pszeIeRpiZLhkWnddJzFexpQRXOK02Es1JoyP2RC7lkYsRO1l82+n9DSIFTUjpPP5tzdjodaT0LeekJmRXtRmy/+0bmqCmpeJKEkNRtxarBakkpqYzkLTgVDIjZxYwrgS9kvKR0wxbmw1RRvfXQy7TGxXbrVydVct12/yIgpwDCdwBi5cQh1uoQFN4PAAz/AG70SQJ/JCXn+sKyS/OYI/IB/fuDWLkA==</latexit>

2.8385

<latexit sha1_base64="/zpBB+IzT/TuDIeMZOjMGkJzHwc=">AAAB53icbVDLTgJBEOzFF+IL9ehlIjHxRHYVI95I9OARE3kksCGzQy+MzD4yM2tCNnyDnox683/8Af/GWdyDgnWq7qpOusqLBVfatr+swsrq2vpGcbO0tb2zu1feP2irKJEMWywSkex6VKHgIbY01wK7sUQaeAI73uQ60zuPKBWPwns9jdEN6CjkPmdUm1X7rFo/r18MyhW7as9BlomTkwrkaA7Kn/1hxJIAQ80EVarn2LF2Uyo1ZwJnpX6iMKZsQkfYMzSkASo3nX87Iyd+JIkeI5nPv70pDZSaBp7xBFSP1aKWLf/Teon2627KwzjRGDJjMZqfCKIjkoUmQy6RaTE1hDLJzZeEjamkTJtqSia+sxh2mZiunFr16q5WadzkRRThCI7hFBy4hAbcQhNawOABnuEN3i1uPVkv1uuPtWDlN4fwB9bHN7mzi5E=</latexit>

2.8386

<latexit sha1_base64="7YLB27EywmDtBZ70E0tjMyB6ooo=">AAAB53icbVDLTgJBEOzFF+IL9ehlIjHxRHaVKN5I9OARE3kksCGzQy+MzD4yM2tCNnyDnox683/8Af/GWdyDgnWq7qpOusqLBVfatr+swsrq2vpGcbO0tb2zu1feP2irKJEMWywSkex6VKHgIbY01wK7sUQaeAI73uQ60zuPKBWPwns9jdEN6CjkPmdUm1X7rFo/r18MyhW7as9BlomTkwrkaA7Kn/1hxJIAQ80EVarn2LF2Uyo1ZwJnpX6iMKZsQkfYMzSkASo3nX87Iyd+JIkeI5nPv70pDZSaBp7xBFSP1aKWLf/Teon2627KwzjRGDJjMZqfCKIjkoUmQy6RaTE1hDLJzZeEjamkTJtqSia+sxh2mZiunFr16q5WadzkRRThCI7hFBy4hAbcQhNawOABnuEN3i1uPVkv1uuPtWDlN4fwB9bHN7sxi5I=</latexit>

0.98

<latexit sha1_base64="h/2gK/h4EPcn+pU17K3FncJacTY=">AAAB5XicbVDJSgNBFHwTtxi3qEcvjUHwNMxIwOQWEMRjBLNAMoSezptMk56F7h4hhIA/oCdRb/6QP+Df2JPkoIl1qldVh1flp4Ir7TjfVmFjc2t7p7hb2ts/ODwqH5+0VZJJhi2WiER2fapQ8BhbmmuB3VQijXyBHX98k/udR5SKJ/GDnqToRXQU84AzqnPJseu1Qbni2M4cZJ24S1KBJZqD8ld/mLAswlgzQZXquU6qvSmVmjOBs1I/U5hSNqYj7Bka0wiVN53/OiMXQSKJDpHM79/ZKY2UmkS+yURUh2rVy8X/vF6mg5o35XGaaYyZiRgvyATRCckrkyGXyLSYGEKZ5OZLwkIqKdNmmJKp766WXSftK9ut2vX7aqVx+7QYoghncA6X4MI1NOAOmtACBiG8wDt8WCPr2Xq13hbRgrUc7xT+wPr8Affzi5Y=</latexit>

0.96

<latexit sha1_base64="ZgHXOqcXGdNW6U/MCVclkg3GmwI=">AAAB5XicbVDJSgNBFHwTtxi3qEcvjUHwNMxIUHMLCOIxglkgGUJP503SpGehu0cIQ8Af0JOoN3/IH/Bv7Ely0MQ61auqw6vyE8GVdpxvq7C2vrG5Vdwu7ezu7R+UD49aKk4lwyaLRSw7PlUoeIRNzbXATiKRhr7Atj++yf32I0rF4+hBTxL0QjqMeMAZ1bnk2LXLfrni2M4MZJW4C1KBBRr98ldvELM0xEgzQZXquk6ivYxKzZnAaamXKkwoG9Mhdg2NaIjKy2a/TslZEEuiR0hm9+9sRkOlJqFvMiHVI7Xs5eJ/XjfVwbWX8ShJNUbMRIwXpILomOSVyYBLZFpMDKFMcvMlYSMqKdNmmJKp7y6XXSWtC9ut2rX7aqV++zQfoggncArn4MIV1OEOGtAEBiN4gXf4sIbWs/Vqvc2jBWsx3jH8gfX5A/T3i5Q=</latexit>

0.94
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Figure 3.3: Analogous to Fig. 3.2 but interacting with a cluster of 1H nuclei. (b) Controls
used for finding the spectrum (squares) in (a), in this case leading to a π pulse duration of
≈ 0.17 µs. (c) Spectrum obtained with the extended π pulses. We repeat the XY8 sequence
102 times, which leads to a final sequence time ≈ 0.14 ms.

In Fig. 3.3 (a) we present the spectra that result of averaging the response of sev-
eral NVs, each of them with a different detuning error, whilst they are all coupled to
the same classical electromagnetic wave. Thus, we add to the system Hamiltonian the
termHT = ΓSz cos(ωst), where we employ Γ = (2π)×28 kHz in the simulations. This
scenario describes, for instance, an NV ensemble used as a detector for a 1H spin clus-
ter out of the diamond sample [59]. As in the previous case, the ideal solid-blue curve
in Fig. 3.3 (a) has been obtained by delivering instantaneous π pulses, and in absence
of control errors. In the same figure, the squares represent the signal obtained with
our method, i.e. by using the controls in Fig. 3.3 (b) and averaging the responses of
of 10 NVs where the detuning error has been randomly taken from a Gaussian distri-
bution centered at ξδ = 0 and with a width of 1 MHz. More specifically, we have used
the following values ξδ = (2π)× [0.5376, 1.8338,−2.2588, 0.8622, 0.3188,−1.3076,
− 0.4336, 0.3426,−2.7784, 2.1694] MHz, while the Rabi frequency deviation is ξΩ =
1% for all cases.

One can observe that this average spectrum fully overlaps with the ideal NV
response, which demonstrates the good performance of our method. The circles in
Fig. 3.3 (a) denotes the signal obtained with top-hat π pulses with a Rabi frequency
Ωth = (2π) × 40 MHz, i.e. equal to the maximum amplitude of Ω(t) in Fig. 3.3
(b). Again, the signal-contrast produced by standard top-hat π pulses is much lower
than the one achieved by our method which further confirm the advantages of the
latter. Finally, in Fig. 3.3 (c) we plot the average signal obtained with the π pulses in
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3 HIGH-FREQUENCY SIGNAL DETECTION

Ref. [50], and for the same errors in Fig. 3.3 (a). We can observe that the spectrum
in Fig. 3.3 (c) cannot offer any information regarding the scanned sample while, with
our method, we can clearly observe a resonance peak that meets the ideal response
leading to reliable identification.

In this chapter, we have explored how integrating Shortcuts to Adiabaticity (STA)
techniques into the design of π pulses enhances the performance of control sequences
for detecting high-frequency signals. This flexible approach enables the design of
pulse shapes that not only improve coupling to the target signal but also offer robust-
ness against detuning and Rabi frequency errors. We demonstrate the effectiveness
of our technique for two scenarios at a high magnetic field of B = 3 T.
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4 ELECTRON-SPIN LABELS

4 Electron-spin labels

A straightforward strategy to address challenges associated with high frequencies
involves the use of ZZ-type interactions. These are interaction terms in the

Hamiltonian that contain only spin operators in the ẑ direction (i.e. in the direction of
the externally applied magnetic field). These interactions commute with the Larmor
terms, thereby eliminating the need for strong control drivings to compensate for
frequency mismatches. This method, for instance, is employed in Double-Electron-
Electron Resonance (DEER) [60], where a dual control scheme effectively manages
these interactions to measure distances between spin labels in macroscopic samples.

Elucidating molecular structure and dynamics through Electron Spin Resonance
(ESR) by tagging specific sites with electron radicals is crucial for studying complex
biomolecules. Traditional methods, however, require large sample sizes and high pu-
rity, rendering them ineffective for investigating individual molecules. In contrast,
single NV centers can interact directly with electron tags within a single molecule,
overcoming these limitations. This capability has already been demonstrated with
the detection of a single nitroxide electron-spin label attached to a protein using
an NV center [29]. Attaching multiple nitroxides to a single target macromolecule
could enable the exploration of distances and potentially reveal insights into inter-
nal dynamics at room temperature using an NV center. However, this approach
faces challenges as spin labels’ resonance frequencies and interaction strengths are
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4.1 System Hamiltonian

highly dependent on their orientation relative to the external magnetic field. Iden-
tifying these parameters is further complicated by inevitable molecular motion and
environmental noise impacting both the NV and the electron-spin labels.

In this chapter, we conduct a theoretical analysis suggesting that a DEER-like
pulse sequence, when applied to a single pair of electron-spin labels and a shallow
NV, can detect single-molecule conformational transitions at room temperature by
selecting the appropriate control and magnetic field values. Additionally, we develop
a model that enables us to estimate not only the coupling but also the distance
between labels using Bayesian inference. Interestingly, we find that the minor residual
effect of tumbling, rather than being detrimental, actually facilitates the extraction
of the distance between labels. The content of this chapter corresponds to the work
developed in Ref. [61].

The organization of this chapter is as follows: In Section 4.1, we introduce the
system Hamiltonian. In Section 4.2, we derive an approximate model to better
understand the system’s dynamics and prepare it for Bayesian analysis. Section 4.3
details the employed pulse sequence. Section 4.4 discusses the results of our numerical
simulations. Finally, Section 4.5 describes the Bayesian analysis performed on these
results

4.1 System Hamiltonian

The Hamiltonian of the NV, the two nitroxide electron-spin labels, and the microwave
(MW) and radiofrequency (RF) driving fields reads

H =1
2 (I + σz)

(
~A1 · ~J1 + ~A2 · ~J2

)
+Hn1 +Hn2 + g12

[
Jz1J

z
2 −

1
4
(
J+

1 J
−
2 + J−1 J

+
2
)]

+ ΩMW

2 σx + 2ΩRF (Jx1 + Jx2 ) cos(ωRFt).

(4.1)

Here, σz is the Pauli z operator for the NV two-level system and ~Ji are spin-1/2
operators for each label (i = 1, 2). The Hamiltonian of the ith nitroxide label is Hni

and the coupling of each label to the NV is mediated by the vectors ~Ai. Moreover,
J±i = Jxi ± iJ

y
i are electron-spin ladder operators and g12 is the coupling constant

between labels. The last line in Eq. (4.1) describes a MW field resonant with the
NV, leading to the term ΩMW

2 σx in a suitable interaction picture. In addition, an RF
field of frequency ωRF and Rabi frequency ΩRF excites the electronic resonances of
the nitroxide labels. Equation (4.1) is derived in Appendix B.1 and a sketch of the
system is presented in Fig. 4.1(a).
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Figure 4.1: (a) A protein with two attached labels is near a diamond surface that contains a
shallow NV. (b) Nitroxide molecule including the electron spin (yellow). The principal axes
are shown in red, while the laboratory frame is shown in black. The azimuth θ (the angle
between the z principal axis and the z laboratory axis) determines the energy-transition
branches of the label. (c) MW and RF driving scheme. This includes initialization and
readout with laser and microwave pulses, two free evolution stages of duration τfree, 2N + 1
MW π-pulses on the NV, and a simultaneous RF π-pulse on the labels.

The term Hni models each nitroxide label as [62, 63]

Hni = µBB
z ẑ · Ci · ~Ji + γNB

zIzi + ~Ii ·Qi · ~Ii + ~Ji ·Gi · ~Ii, (4.2)

where µB is the Bohr magneton, Bz is a magnetic field applied along the z axis,
γN is the nuclear gyromagnetic ratio equal to 2π × 3.077 kHz/mT for 14N and to
2π × −4.316 kHz/mT for 15N, ~Ii is the nuclear spin operator for the ith nitroxide
label, and Ci, Qi, and Gi are respectively the Landé, quadrupolar, and electron-
nucleus interaction tensors [63]. We note that ~Ii is a spin-1 (spin-1/2) operator when
describing a 14N (15N) nuclear spin. The components of the Ci, Qi, and Gi tensors
in a general reference frame depend on the frame’s relative orientation with respect
to the principal axes of the nitroxide, see Fig. 4.1(b).

In the principal frame, Ci, Qi, and Gi are diagonal [63]. In particular, the
Landé tensor in the principal frame is C(P )

i = diag (Cx, Cy, Cz), with Cx ≈ Cy ≈
2.007 ≡ C⊥ and Cz ≈ 2.002 ≡ C‖. The quadrupolar tensor for 14N is Q(P )

i =
diag (Qx, Qy, Qz), with Qx ≈ 2π × 1.26 MHz, Qy ≈ 2π × 0.53 MHz, and Qz ≈
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4.2 Approximate model

2π ×−1.79 MHz. The quadrupolar tensor vanishes for 15N. Finally, the tensor that
mediates electron-nucleus interactions in each nitroxide is G(P )

i = diag (Gx, Gy, Gz),
where Gx ≈ Gy ≈ 2π × 14.7 MHz ≡ G⊥ and Gz ≈ 2π × 101.4 MHz ≡ G‖ for 14N,
while Gx ≈ Gy ≈ 2π × 27 MHz ≡ G⊥ and Gz ≈ 2π × 141 MHz ≡ G‖ for 15N [63].

4.2 Approximate model

We obtain approximate nitroxide transition frequencies via a perturbative treatment
of the nuclear degrees of freedom in Eq. (4.2), see Appendix B.2. For a nitroxide
hosting 14N, we find

Hni ≈
[
Ei1|1̃〉〈1̃|i + Ei0|0̃〉〈0̃|i + Ei−1| − 1̃〉〈−1̃|i

]
Jzi . (4.3)

The three energy-transition branches exhibit transition energies given by

Ei1,−1 = µBB
zC(θi)±

1√
2

√[
(G‖)2 − (G⊥)2

]
cos(2θi) + (G⊥)2 + (G‖)2,

Ei0 = µBB
zC(θi) + 1

2µBBzC(θi)
2(G⊥G‖)2 +

[
(G⊥)4 − (G⊥G‖)2] sin2(θi)

(G⊥)2 sin2(θi) + (G‖)2 cos2(θi)
.

Here, θi is the azimuth angle between the applied magnetic field and the principal
z axis of the nitroxide [see Fig. 4.1(b)], C(θi) = 1

2 [(C‖ − C⊥) cos(2θi) + C⊥ + C‖],
and |1̃〉i, |0̃〉i, and | − 1̃〉i are the states of the ith nitroxide nucleus dressed by the
hyperfine interaction with the nitroxide electron, see Appendix B.2.1 for a detailed
derivation. Similarly, for a nitroxide hosting 15N, we find

Hni ≈
[
Ei1/2|1̃/2〉〈1̃/2|i + Ei−1/2| − 1̃/2〉〈−1̃/2|i

]
Jzi . (4.4)

There are now two energy-transition branches with transition energies given by (see
Appendix B.2.2).

Ei1/2,−1/2 = µBB
zC(θi)±

1
2
√

2

√
(G⊥)2 + (G‖)2 +

[
(G‖)2 − (G⊥)2

]
cos(2θi). (4.5)

Fig. 4.2(a) compares the energy-transition branches in Eqs. (4.3) and (4.4) (dashed
lines) with numerical diagonalization of Eq. (4.2) (solid lines). Note that since we
will target the Ei0 branch for label detection, we have further developed its functional
form to include second-order corrections in the electron-nitrogen coupling. Fig. 4.2(a)
focuses on a single nitroxide (the index i = 1 is removed for clarity) and shows that
our expression for E0 is in excellent agreement with numerical diagonalization. The
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4 ELECTRON-SPIN LABELS
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Figure 4.2: (a) Energy-transition branches of an electron spin label at Bz = 30 mT for 14N
(15N). Solid black (grey) lines show the transition energies as a function of the azimuth θ
obtained via numerical diagonalization of Eq. (4.2). Dashed black (grey) lines correspond to
E1,0,−1 in Eq. (4.3) [E1/2,−1/2 in Eq. (4.4)]. The vertical line highlights the case θi = 30◦,
with red dots indicating the transition energies relevant in the following plots. (b) NV
spectrum 〈σx〉NV as a function of the RF frequency applied near E1

0 . The spectrum was
obtained by unitary propagation of Eq. (4.1) with Hni given by Eq. (4.2) (black line) and
by Ei0Jzi (grey circles). The first nitroxide has azimuth θ1 = 30◦ while the second nitroxide
has azimuth θ2 = 91.7◦. The splitting of the peaks is induced by the inter-label coupling
g12 ≈ 2π × 1 MHz. The positions of the resonances are indicated by the dashed red lines.
In (c, d), shaded areas show the average NV spectra 〈σx〉NV in the presence of tumbling
of the first (near-resonant) nitroxide. Tumbling was mimicked by averaging over a random
azimuth following a Gaussian distribution centered at the equilibrium value θ1,eq = 30◦.
The orientation of the other nitroxide was kept fixed for simplicity. The standard deviation
was chosen to be σθ = 6.25◦. In (c), we observe that tumbling leads to a loss of contrast and
to signal broadening near E1

0 . Nevertheless, the spectrum still shows two clearly separated
peaks. For comparison, the case without tumbling in (b) is superimposed (black line). (d)
Average NV spectrum 〈σx〉NV near E1

1 . Here, the energy splitting cannot be resolved due
to nitroxide tumbling. Also note that tumbling severely reduces contrast. For that reason,
the spectrum in the absence of tumbling has much higher contrast and is not shown.

inter-label coupling leads to an additional splitting ∝ g12 of the energy-transition
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branches in Eqs. (4.3, 4.4). This term typically simplifies as

g12

[
Jz1J

z
2 −

1
4
(
J+

1 J
−
2 + J−1 J

+
2
)]
−→ g12J

z
1J

z
2 , (4.6)

since labels with different orientations have different resonance frequencies, thus elim-
inating the flip-flop contribution. Note that while this simplification is frequently
valid when using two 14N, it is guaranteed to be valid when using nitroxides host-
ing different nitrogen isotopes since E0 (for 14N) differs from E1/2,−1/2 (for 15N)
for any value of the azimuth (see Fig. 4.2(a)]) For 14N, the available resonances
of, e.g., the first label are then determined by the modified nitroxide Hamiltonian
H ′n1

= Hn1 + g12J
z
1J

z
2

H ′n1
=
[
E1

1 |1̃〉〈1̃|1 + E1
0 |0̃〉〈0̃|1 + E1

−1| − 1̃〉〈−1̃|1
]
Jz1 + g12J

z
1J

z
2

=
∑

q=1,0,−1

[(
E1
q + g12

2

)
|q̃e〉〈q̃e|+

(
E1
q −

g12

2

)
|q̃g〉〈q̃g|

]
Jz1 .

(4.7)

That is, any energy-transition branch E1
q (corresponding to the |q̃〉 nuclear state of

the first nitroxide) splits as

E1
q −→

(
E1
q + g12

2 , E1
q −

g12

2

)
(4.8)

depending on the electronic state |e〉, |g〉 of the second nitroxide. Appendix B.2.1
includes a complete energy diagram of an electron spin in a nitroxide.

4.3 Sequence

Our DEER protocol simultaneously delivers MW and RF pulses to detect energy
shifts in the NV spectrum due to inter-label coupling. The sequence contains two
free-evolution stages of duration τfree separated by a driving stage (see Fig. 4.1(c)).
The NV is prepared in |+〉 and the nitroxides are assumed to be in a fully ther-
malized state. During free evolution, the NV accumulates a phase due to the term
σz
(
~A1 · ~J1 + ~A2 · ~J2

)
in Eq. (4.1). This term can be approximated as σz (Az1Jz1 +Az2J

z
2 )

in the RWA since the Jx,yi contributions are suppressed by the large electronic preces-
sion frequencies of the nitroxides. Indeed, the energies Ei1,0,−1 reach several hundreds
of MHz even for moderate values of Bz (we use Bz = 30 mT in our simulations). By
contrast, the NV-label coupling takes values of hundreds of kHz for typical NV-label
distances of several nanometers.

During MW/RF irradiation, the NV undergoes an overall flip σz → −σz via
2N + 1 contiguous π-pulses arising from the same continuous MW drive. At the
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4 ELECTRON-SPIN LABELS

same time, a single weaker RF π-pulse on the labels induces Jzi → −Jzi if it is near-
resonant with an electronic transition (i.e., with Ei1,0,−1 for 14N or with Ei1/2,−1/2 for
15N).

The simultaneous flipping of the NV and spin label ensures a constructive and
coherent accumulation of the NV phase during free evolution. Meanwhile, the use
of 2N + 1 π-pulses on the NV ensures that the Rabi frequencies of the two drives
are well separated, which effectively averages out spurious NV-label interactions dur-
ing irradiation. Consequently, scanning the RF frequency near nitroxide transitions
yields clean resonance peaks in the NV response. As long as ΩRF < g12, the reso-
nance peaks are split by g12. Fig. 4.2(b) shows the NV spectrum (the expectation
value of σx) associated with the transitions |0g〉|g〉 ↔ |0e〉|g〉 and |0g〉|e〉 ↔ |0e〉|e〉.
Each resonance is split by ∼ g12 as expected. The solid black line in Fig. 4.2(b) was
obtained by numerically propagating Eq. (4.1) with Hni given by Eq. (4.2), while
grey circles were obtained assuming the simplified Hni in Eq. (4.3). The two spectra
are in excellent agreement. Simulations in Fig. 4.2(b) assume Bz = 30 mT, which
is in the range of values that ensure the stability of the Ei0 energy-transition branch
as discussed in the next paragraph. Moreover, the parameters of the pulse sequence
are τfree = 1.3 µs, ΩRF = 2π × 250 kHz, and ΩMW = 31× ΩRF, for a total sequence
time of 4.6 µs. In addition, the labels are separated from the NV by the distances
d1 ≈ 6.9 nm and d2 ≈ 7.3 nm, leading to ~A1 ≈ 2π × (128,−132,−223) kHz and
~A2 ≈ 2π×(−22,−16,−264) kHz, while the distance between labels is d12 ≈ 3.26 nm.

The expressions for the energy-transition branches in Eqs. (4.3, 4.4) reveal a
dependence on the azimuth angle, i.e., Eiq ≡ Eiq(θi). Consequently, unavoidable
protein motion during the irradiation stage leads to a distortion in the spectrum
and to a difficult interpretation of the signal. However, it is important to note the
distinct nature of the Ei0 branch, which shows a much weaker dependence on θi than
Ei1,−1. This makes the Ei0 branch particularly well suited for robust detection of
the energy splitting [see Figs. 4.2(c,d)]. To maximize the robustness, we chose the
magnetic field to be large enough to energetically suppress the effect of the anisotropic
hyperfine interaction, but small enough that the anisotropy of the Landé tensor does
not become significant, see Appendix B.2.1.

4.4 Numerical simulations

We now illustrate our method in realistic ambient conditions including decoher-
ence leading to NV dephasing with decoherence time T2 = 20 µs (for a 4 nm NV
depth [29]), electron-spin label relaxation with T1 = 4 µs [29], and molecular tum-
bling. The dissipative model used in this section is described in Appendix B.3. and
captures the main decoherence mechanisms identified in Ref. [29]. Note that for the
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4.5 Bayesian inference

specific protocol considered here, decoherence mainly manifests as a reduced line
contrast and not as an increased linewidth. This is because we keep the sequence
duration fixed and sweep ωRF to find the resonances, as opposed to varying the se-
quence length at fixed ωRF to observe an echo signal. The molecular tumbling is
modelled as a random rigid rotation of both nitroxides around an axis parallel to the
laboratory x axis, see Appendix B.4. Our simulations use a rotation angle δ that is
Gaussian-distributed with standard deviation σδ = 6.25◦. This is somewhat smaller
but comparable to the fluctuations observed in Ref. [29]. Note that immobilizing pro-
teins in more rigid matrices [64, 65] or attaching them to the diamond surface [66]
through multiple rigid covalent bonds could further reduce tumbling.

The resulting tumbling-averaged spectra 〈σx〉NV are shown in Figs. 4.3 (a,b,c).
The parameters τfree, ΩMW, ΩRF, and ~Ai are the same as in Fig. 4.2. The details of
the equilibrium nitroxide configurations are given in Appendix B.4. In Fig. 4.3(a),
the labels are separated by d12 ≈ 3.26 nm and the inter-label coupling is g12 ≈ 2π×1
MHz. When the frequency of the RF field is set close to E1

0 , we clearly identify two
resonance peaks in spite of tumbling. We have verified that the two resonances are
still visible even if we choose σδ to be four times larger. Since g12 ∝ d−3

12 , a change in
the relative position of the labels significantly modifies the observed spectrum. This
is shown in Fig. 4.3(b) where the second label was displaced such that d12 ≈ 4.03 nm,
leading to the disappearance of the splitting. This change in the spectrum certifies
a change in the relative position between labels and, by extension, a conformational
change in the host molecule.

So far, all simulations were performed for nitroxides hosting 14N and having
distinct transition energies. If both nitroxides have similar transition energies (e.g.,
due to similar azimuths), the spectra of the two nitroxides overlap and the inter-
label flip-flop terms cannot be neglected. This complicates the interpretation of the
spectrum. As shown in Fig. 4.3(c), this problem is avoided by using distinct 14N
and 15N isotopes in each nitroxide. In this case, the E0 branch of the 14N nitroxide
never overlaps with the branches of the 15N nitroxide and flip-flop terms can be
safely neglected. As a result, the interpretation of the spectrum is much simpler.
We emphasize that the purpose of using such “orthogonal labels” is not merely to
resolve their distinct spectral signatures [67]: rather, it is to simplify the form of the
inter-label interaction itself for all label orientations.

4.5 Bayesian inference

Finally, we show how to infer the inter-label distance d12 under realistic ambient
conditions. We first simulate the experimental acquisition of 〈σx〉NV. The simulated
dataset has the form X = {X1, . . . , XM}, where Xj is an experimental estimate
of the probability of measuring σx = +1 after Nm measurements at RF frequency
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Figure 4.3: (a) Simulated average NV spectrum 〈σx〉NV. Two resonance peaks due to g12

are observed. (b) Similar to (a) but with lower g12. (c) Simulated average spectrum 〈σx〉NV
for overlapping label resonances with two 14N isotopes (blue shaded area) and with distinct
14N and 15N isotopes (grey shaded area). (d) Marginal distribution L(d12|X) of the inter-
label distance for simulated data acquisition using the spectrum shown in (a). The “true”
value of the distance and its posterior expectation, 3.26 nm and 3.54(25) nm, are indicated
with vertical lines. The error is the standard deviation of the marginal posterior.

ωRF,j . Second, we use a simplified model to efficiently extract information from X.
The model captures the relevant features of the tumbling-averaged spectrum S(ωRF).
More precisely, we derive the approximate expression

S(ωRF, θ, β) = S0 −
∑
s=+,−

Cs
[

ΩRF

Ωs(ωRF, θ, β)

]2
sin2

[
π

2
Ωs(ωRF, θ, β)

ΩRF

]
, (4.9)

for a specific nitroxide azimuth θ and a specific angle β between the magnetic field and
the line joining the nitroxides. Here, Ω2

±(ωRF, θ, β) = Ω2
RF+[ωRF − E0(θ)± g12(β)/2]2

and S0 and C± are parameters that adjust the baseline and contrast, respectively
(see Appendix B.5). Moreover, E0(θ) is the 14N energy-transition branch, while
g12(β) ∝ d−3

12 (1 − 3 cos2 β) is the inter-label coupling. Both θ and β depend on the
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tumbling angle δ. Averaging S[ωRF, θ(δ), β(δ)] over a Gaussian distribution for δ
gives the tumbling-averaged spectrum S(ωRF). Assuming that the baseline S0 is
known, our model contains eight free parameters denoted by V, see Appendix B.5.
These include d12 and the unknown standard deviation σδ of the tumbling. It must
be emphasized that the light tumbling dependence of the E0 branch enables the
determination of the inter-label distance.

Indeed, a simple measurement of the line splitting g12 ∝ d−3
12 (1− 3 cos2 β) cannot

give independent access to the distance d12 and the angle β. This is because β
is unknown a priori. However, light tumbling fluctuations allow the NV to probe
different geometric configurations of the nitroxides. This results in a small distortion
of the line shape that yields information beyond that contained in the splitting g12.
This in turn enables the independent extraction of the distance d12 and of the angle
β. With the help of our model, we can therefore obtain the posterior probability
of the parameters V using Markov Chain Monte Carlo sampling [68]. Assuming a
uniform prior for V, the posterior probability for V is

L(V|X) =
∏

j=1,M
e−[Xj−(S(ωRF,j)+1)/2]2/2σ2

m/
√

2πσ2
m. (4.10)

Here, the noise variance σ2
m ≈

(
1− 〈σx〉

2
NV

)
/4Nm is assumed to be approximately

constant and known. In Fig. 4.3(d) we show the resulting marginal L(d12|X) of d12 for
a dataset X simulated from the spectrum shown in Fig. 4.3(a). Here, X was obtained
by taking Nm = 2× 104 ideal measurements for each of M = 25 frequencies ranging
from ωRF/2π = 839 to 843 MHz (we estimate that the same accuracy is achieved
with Nm ≈ 5 × 105 for imperfect NV detection efficiency [69], see Appendix B.6).
The expectation of the marginal posterior is d12 = 3.54(25) nm, close to the “real”
value 3.26 nm (see Fig. 4.3(d)).

Our results open many interesting avenues for future investigation. In particular,
it would be of great interest to extend our scheme to molecules with more than two
attached spin labels. This would yield a stronger NV response, leading to a more
detailed observation of conformational changes as well as to an enhancement in the
range of inter-label distances to be estimated. The scheme could also be improved
through the use of multiple NVs to better triangulate the label positions. In addition,
our analytical understanding of the NV response could enable fast Bayesian infer-
ence of molecular dynamical properties. Our findings open up new possibilities for
using magnetic resonance tools to observe the conformational dynamics of individual
proteins.
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5 Dangling bonds

A fundamental aspect in NMR protocols is the level of spin polarization within
the sample, as the strength of the NMR signal (thus, the sensitivity of each

NMR protocol) is proportional to this factor. However, at room temperature –and
even under large magnetic fields of 3 T– the nuclear spin polarization is weak (typ-
ically about 10−5). Dynamical nuclear polarization (DNP) protocols address this
issue by transferring the high polarization of electron spins—due to their gyromag-
netic ratio being, typically, three orders of magnitude larger than that of nuclei, see
Eq. (2.15)—to nuclear spins in the sample, thus significantly enhancing the NMR
signal strength.

The NV center in diamond is a promising polarization source for DNP applica-
tions due to its easy polarization above 90% at room temperature via green laser
irradiation [70]. Distributing NV polarization among 13C nuclei within the diamond
lattice has already been achieved [23], while transferring this polarization out of the
diamond present numerous challenges. Among these, the physical distance between
the NV centers and the external spins substantially slows the polarization transfer,
and electron spins on the diamond surface can interfere with the polarization process.

In this chapter, we propose a protocol that addresses both challenges by utiliz-
ing surface electrons as polarization repeaters. This method enhances polarization
transfer to surface spins, referred to as dangling bonds, by leveraging the significantly
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Figure 5.1: Outline of the protocol. (a) The NV center transfers its polarization via an in-
termediary electron located at the diamond surface. (b) Diagram of the MW pulse sequence
applied to both the NV and the electron spin for the polarization transfer. (c) Comparison
between the traditional PulsePol method and our approach. In the latter, the electron co-
herently interacts with both the NV and adjacent nuclear spins to facilitate the polarization
process. Utilizing the electron as a mediator enables faster transfer due to larger coupling,
leading to accelerated protocol execution.

larger gyromagnetic ratio of electrons. Traditional polarization protocols, such as
PulsePol [33], struggle to transfer polarization to target spins with high-frequency
Larmor precession because of the high-frequency problem, limiting their ability to
polarize electrons even at moderate magnetic fields. To overcome these limitations,
we have developed a sequence that effectively utilizes ZZ-interactions to facilitate
polarization transfer. The content of this chapter is based on the work published in
Ref. [71].

The organization of this chapter is as follows: In Section 5.1, we analyze the
dynamics of the protocol. Section 5.2 explores the simultaneous transfer of polar-
ization from NVs to dangling bonds to nuclear spins. Finally, Section 7.3 presents a
numerical analysis of the method performance.

5.1 Dual-channel protocol

We examine the Hamiltonian for an NV center interacting with a surface electron
spin, both subject to external MW drivings. Under the assumption of a ZZ-type
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5 DANGLING BONDS

dipolar interaction, as simplified by the RWA, the Hamiltonian is

HT = DS2
z − γeBSz − γeBJz +AzSzJz +HD, (5.1)

where Az represents the coupling strength, Ji is the ith electron spin operator and
HD are the drivings. In a rotating frame with respect to H0 = DS2

z−γeBSz−γeBJz
and assuming resonant drivings, the Hamiltonian becomes

HT = Az
2 (σzJz + Jz) + Ω1(t)σφ2 + Ω2(t)Jφ, (5.2)

where the | − 1〉〈−1| term is omitted from the NV subspace, applying the transfor-
mation Sz → (σz+I)

2 , with σz representing a Pauli operator acting on the reduced
subspace. This exclusion is justified as the | − 1〉 state does not get populated, given
that the driving detuning is assumed to be several orders of magnitude greater than
the driving strength, effectively suppressing it through the RWA. In this Hamilto-
nian, Ω1(t) and Ω2(t) are the time-dependent Rabi frequencies of the MW driving
fields acting on the NV center and the surface electron spin, respectively. Our po-
larization protocol converts the ZZ interaction described in Eq. (5.1) into a flip-flop
interaction, comprising the sum of σxJx and σyJy interactions. This is implemented
by a sequence block executed simultaneously on both the NV center and the electron,
as illustrated in Fig. 5.1(b). The sequence is specified by[(π

2

)
Y

(π)−X
(π

2

)
Y

(π
2

)
X

(π)Y
(π

2

)
X

]2
, (5.3)

where (φ)±X,Y represents φ-pulses around the x/y axes, with the pulse duration set
by t′1,2 = φ/Ω1,2. Importantly, and unlike the PulsePol sequence applied solely to one
component, the interval between pulses here is entirely flexible (τ/4 in Fig. 5.1(b)),
allowing for an arbitrary free evolution time of both the NV and the electron. Our
sequence is organized into two sections. In each section, π/2-pulses are simultaneously
applied to both the NV and the electron, converting the ZZ-interaction into either
an XX or a YY interaction. A π-pulse, placed in the middle of each block, eliminates
the Az

2 Jz component from Hamiltonian (5.2) and compensates for other detuning
effects that arise during free evolution, such as strain or static noise. Consequently,
the evolution under Hamiltonian (5.2) can be reformulated as detailed in Section S2
of the Supplementary Material.

Useq = exp
(
−i τ2

Az
2 σxJx

)
exp

(
−i τ2

Az
2 σyJy

)
, (5.4)

where τ denotes the duration of one sequence cycle. When only one NV center
and one electron are present, or if τ is significantly small compared to 1/Az (i.e.,
τ � 1/Az), the evolution of the system simplifies to:

Useq = exp
[
−i τ2

Az
2 (σxJx + σyJy)

]
. (5.5)
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5.2 Polarization transfer to an external nucleus

In a configuration where the NV starts polarized in the |0〉 state and the electron
is in a thermal state, the polarization P after a sequence is determined by:

P (τ) = Tr
[
Useqρ(0)U†seq2Jz

]
= − sin2

(
Azτ

4

)
. (5.6)

Here, polarization P is calculated as P = p↑ − p↓, where p↑ and p↓ represent the
probabilities of the electron spin being in the | ↑〉e and | ↓〉e states, respectively.
These states are the eigenstates of the Jz operator.

5.2 Polarization transfer to an external nucleus

The polarization transfer method outlined in the previous section is effective for any
target particle, regardless of its Larmor frequency. This method is robust, as we will
see in the next section, while obviating the need for specific resonance conditions
in the interpulse spacing. This flexibility allows for the timing to be adjusted such
that the surface electron spin couples with the nuclear spin, facilitating a two-stage
polarization process. This protocol is depicted in Figure 5.1. Due to its location
on the diamond surface, the electron exhibits stronger coupling with external nuclei
compared to an NV center embedded within the diamond lattice. The incorporation
of flexible pulse spacing from the previous protocol, combined with the PulsePol
resonance condition, enables simultaneous spin state transfers from the NV center to
the electron and from the electron to the external nucleus in a single application of
our sequence. This results in an improved polarization transfer rate, outperforming
direct transfers from the NV center to the external nucleus.

The system under consideration is depicted in Fig.5.1(a). The governing Hamil-
tonian including the Zeeman term for the nucleus and the dipole coupling between
the electron and the nucleus is:

HT = DS2
z − γeBSz − γeBJz + γnBIz + (5.7)

+AzSzJz + Jz ~G · ~I +HD.

Here, ~I represents the spin– 1
2 operator of the external nucleus, γn is the gyromag-

netic factor of the nucleus, and G is the coupling vector describing the interaction
between the electron and the nucleus. The interaction between the NV center and
the nucleus is omitted due to the substantially larger coupling between the electron
and the nucleus, given their closer proximity. In particular, if we assume the nucleus
is located 1 nm from the electron and 4 nm from the NV center, the interaction
between the nucleus and the electron would be 64 times stronger than that between
the nucleus and the NV center, given the same relative orientation. The drivings
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HD are applied over the electron and the NV, as in the previous case. Choosing the
condition

τ = nπ

γnB
, (5.8)

where n is an odd number, we get an effective flip-flop dynamics between the electron
and the nucleus (Hflip−flop ∝ JxIx + JyIy). Given that the gyromagnetic ratio of
nuclei is relatively smaller than that of electron spins, the condition set in Eq. (5.8)
can be fulfilled even under moderate magnetic field strengths. This is because the
Larmor frequency of nuclei is much lower than that of electrons. For instance, in the
case of hydrogen, the Larmor frequency is approximately 600 times less than that of
an electron at the same magnetic field, resulting in a much longer precession period.
In contrast, for electrons, the precession period would be extremely short, making
it difficult to satisfy the condition under similar magnetic field strengths due to the
rapid oscillations. To accommodate the finite duration of the sequence pulses, it is
necessary to adjust the free evolution time tfree within the sequence. For simplicity,
we assume that the driving pulses over NV and dangling bond share the same Rabi
frequency, Ω1 = Ω2 ≡ Ω,

tfree = τ − 2 πΩ − 4 π

2Ω = τ − 4 πΩ . (5.9)

In a frame rotating with respect toH0 = DS2
z−γeBSz−γeBJz+γnBIz, and omitting

fast-rotating terms, the effective Hamiltonian under the condition τ � 1/Az, and
Eqs. (5.8, 5.9) [33] is given by:

Heff = Az
4 (σxJx + σyJy) + αG⊥

2 (JxIx + JyIy) , (5.10)

where α < 1 is a coefficient defined by the filter function produced by the PulsePol
sequence [33] and the coupling term G⊥ is expressed as:

G⊥ = 3~µ0γeγn

4π|~r′|3
(sin Θ cos Θ), (5.11)

with ~r′ representing the position vector of the nucleus relative to the electron, and
Θ the angle between this vector and the magnetic field. The optimal resonance
condition occurs at n = 3, yielding α ≈ 0.72. The shortest resonance (n = 1) results
in α ≈ 0.37, for more details see the Supplementary Material of Ref. [33]. Under
these dynamics, assuming the NV is initially polarized and both the electron and the
nucleus start in thermal states, the polarization of the nucleus P ′ after a sequence
evolves as:

P ′(τ) = Tr
[
e−iHeffτρ(0)eiHeffτ2Iz

]
= 4A2

z (αG⊥)2[
A2
z + (αG⊥)2

]2 sin4


√
A2
z + (αG⊥)2

8 τ

 . (5.12)
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5.2 Polarization transfer to an external nucleus

The final polarization state of a nucleus, whether it is in the | ↑〉n or | ↓〉n state (the
eigenstates of the Iz operator), is determined by the harmonic n selected. At the
same time, the electron’s polarization (Pe−) oscillates as described by:

Pe−(τ) = Tr
[
e−iHeffτρ(0)eiHeffτ2Jz

]
= − A2

z

A2
z + (αG⊥)2 sin2


√
A2
z + (αG⊥)2

4 τ

 . (5.13)

As the nucleus reaches maximum polarization, the electron returns to an unpo-
larized state. The efficiency of polarization transfer, as detailed in Equation (5.12), is
maximized when the interaction strength between the NV and the electron matches
that between the electron and the nucleus, scaled by the constant α. If an electron
is positioned directly above the NV at a distance |~r| such that the angle is (θ = 0),
optimal polarization transfer occurs when a nucleus is situated at a distance |~r′| from
the electron, calculated as

|~r′| ≈
(

3αγn
4γe

)1/3
|~r|, (5.14)

where the Θ-dependent term has been averaged over all possible orientations. This
distance formula becomes critical if, for example, the interpulse spacing is set so
that n = 1 in Eq. (5.8), corresponding to α ≈ 0.37. Under these parameters, and
assuming the polarization is transferred from an NV positioned 3.5 nm below the
surface to a hydrogen nucleus, the protocol reaches its peak effectiveness if the nucleus
is about 2.6 Å away from the electron. In an organic sample with a proton density
of approximately 50 nm−3 (i.e., similar to water), typically two protons are found
within a semisphere of radius 2.6 Å around the bond.

Using the electron as an intermediary offers a significant advantage due to its
substantially higher gyromagnetic ratio, which is 628 times greater than that of
hydrogen. This higher gyromagnetic ratio, along with the electron’s proximity to the
surface, results in coupling constants Az and G⊥ that are significantly larger—by
two to three orders of magnitude—than those observed between the NV center and
the nucleus in comparable setups (illustrated in Fig. 5.1(c)). This proximity and
increased coupling strength allow for a much quicker polarization buildup using the
intermediate electron compared to direct polarization transfers from the NV to the
nucleus. Moreover, while surface electrons can cause decoherence in the standard
PulsePol approach, in our sequence, these electrons are coherently managed. This
could to enhanced efficiency and sensitivity in experimental applications.
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5 DANGLING BONDS

Figure 5.2: Robustness simulations of the double-channel PulsePol. (a) Polarization transfer
to a single electron spin under perfect conditions (black dashed line) and under pulse errors
(orange crosses) that include a detuning error ∆NV = (2π)2.5 MHz in the driving field of the
NV and Rabi frequency errors Ωerror = (2π)1.2 MHz in both driving fields. The NV-electron
coupling is Az = (2π)0.4 MHz and the Rabi frequency Ω = (2π)20 MHz. (b) Polarization
transfer to a 1H nucleus using an electron as mediator under perfect conditions (black
dashed line) and under the same pulse errors and parameters as in (a) (green triangles).
The NV-electron and the electron-nuclear couplings are Az = αG⊥ = (2π)0.1MHz. (c-d)
For the same parameters as (a-b), maximum polarization transfer versus ∆NV and Ωerror.

5.3 Results

To illustrate the performance of our method, we consider a scenario in which an NV
center interacts with a single electron. In this setting, if the system maintains perfect
coherence, polarization transfer between the electron and the NV occurs according
to Eq.(5.6), with the rate constrained only by the strength of their magnetic dipole-
dipole interaction.

For the polarization method to be effective, robustness is essential [72], as the
protocols must withstand errors in the driving fields. These errors include resonance
offsets due to varying strain conditions across NV centers, which alter the zero-field
splitting parameter D, and amplitude fluctuations in each pulse. The former is
modeled via a detuning term (∆NV

2 σz) in Hamiltonian (5.1), while the latter leads
to deviations in the Rabi frequency (Ω̃ = Ω + Ωerror), where Ω denotes the Rabi
frequency that produces ideal. Such errors induce rotations that deviate from the
intended π or π/2 pulses.

Figure 5.2(a) displays numerical simulations of polarization, measured by 〈2Jz〉,
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achieved by a surface electron using our proposed method near an initially fully
polarized NV spin. The simulations include the presence of errors and are contrasted
with the ideal transfer (represented by a dashed line) as described in Eq. (5.6). Both
Rabi frequencies, Ω1 and Ω2, are set to the same value Ω, affecting both channels
equally when errors are present. The chosen parameters are detailed in the caption
of Fig. 5.2. As expected from the intrinsic PulsePol structure of our sequence, these
errors minimally impact the polarization transfer. In particular, the electron achieves
95% of the total polarization, although the duration is about 14% longer than that
of the error-free sequence.

In Figure 5.2(c), we validate the resilience of our protocol by demonstrating po-
larization transfer across different values of ∆NV and Ωerror. Importantly, effective
polarization transfer is still possible over a broad spectrum of errors. However, as
shown in Figs. 5.2(b) and 5.2(d), involving the electron as a mediator in the polar-
ization process introduces additional complexities. This element makes the process
more sensitive to errors, where minor deviations in driving strength or frequency may
impair the sequence’s efficacy. Figure 5.2(b) shows that, even under the same error
conditions as previously described, the sequence retains about 90% of its effective-
ness, with only a 6% reduction in speed.

The results in Figure 5.2(d) illustrate that despite increased sensitivity, the se-
quence remains effective for a wide range of detunings and even with imperfect pulses,
affirming the robustness of our sequence for direct polarization transfer to a target
spin and emphasizing the need for meticulous control of experimental parameters
when aiming to polarize additional nuclear spins using the first target electron spin
as the mediator.

To further explore the role of the electron as a mediator for transferring polar-
ization beyond the diamond lattice, we consider a scenario with just one electron
and multiple target spins, given that the nuclear density in the target area greatly
exceeds the density of surface dangling bonds. In a system composed of an NV, an
electron, and multiple target spins, polarization transfer still proceeds according to
Eq. (5.12), with the following modification

A2
z + (αG⊥)2 7→ A2

z + (αG0)2
, (5.15)

where

G2
0 =

nuclei∑
i

(
G

(i)
⊥

)2
. (5.16)

Given that only one excitation from the NV is distributed among a group of nu-
clear spins, frequent reinitialization of the NV is necessary to build up polarization,
requiring the protocol to be executed repeatedly. To optimize the polarization trans-
fer rate, the sequence should be performed N times before the NV is reinitialized,
allowing each nucleus to achieve its maximum potential polarization. Notably, con-
tinuously optically driving the NV spin into its |0〉 state could induce a quantum
Zeno-like effect, effectively slowing down the polarization rate. After completing N
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Figure 5.3: Theoretical overview of NV-electron-nuclei polarization transfer mechanism for
the case in which all elements are treated as discrete entities. Symbols represent polarization
of each element at the end of a double-channel PulsePol sequence. (a) Dynamical simulation
of one NV, an electron and 3 target 1H nuclei. Dashed lines denote the analytical expression
given by Eq. (5.19). The NV and electron interact with a coupling Az = (2π)0.9 MHz, while
the nuclei interact with the electron with couplings G⊥ = (2π)1 MHz, (2π)0.6 MHz and
(2π)0.4 MHz. The magnetic field is set to 430 G and the pulses are considered to be ideal
and instantaneous. The interpulse spacing corresponds to n = 3, and the NV is re-initialized
every 8 sequences. (b) Dynamical simulation of one NV, an electron and a target 1H nucleus
(first nucleus of the previous simulation) with decoherence. The relaxation and coherence
times are T1 = 1 ms, T2 = 10 µs, T e

−
1 = 30 µs, T e

−
2 = 1 µs, Tn1 = 1 s, Tn2 = 1 ms. In this

simulation, we assume that the NV is 80% polarized in the |0〉 state. The green dashed line
represents the polarization acquired in a fully decoherence-free environment. The inter-pulse
spacing corresponds to n = 3, and the NV is re-initialized every 7 sequences.
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cycles, each with a duration of T = 2Nτ—where τ represents the duration of a single
sequence—each nucleus can reach its highest possible level of polarization.

P (i)(t+ T ) = P (i)(t) +
[
1− P (i)(t)

]
Tui(T ), (5.17)

where ui(T ) is the cooling rate of nucleus i, defined according to Eq. (5.12) as

ui(T ) =
4A2

z

(
αG

(i)
⊥

)2

T
[
A2
z + (αG0)2

]2 sin4


√
A2
z + (αG0)2

8 T

 . (5.18)

Treating Eq. (5.17) as a differential equation, for T sufficiently small compared
to the cooling rate, the polarization buildup can be approximated by an exponential,

P (i)(t) ≈ P (i)(0) +
[
1− P (i)(0)

] [
1− e−ui(T )t

]
. (5.19)

The outcomes of a simulated implementation of the sequence in a system consist-
ing of an NV, an electron, and three nuclei are illustrated in Fig.5.3(a). The y-axis of
this figure shows the mean z-component of the spin for each particle (〈Sz〉, 〈Jz〉, and
〈I(i)
z 〉 for the NV, the electron, and the nuclei, respectively). During the polarization

transfer process, the three target nuclei display varying polarization rates, which are
influenced by their individual dipole-dipole interactions with the electron. The aver-
age dynamics of each nucleus are effectively captured by Eq.(5.19), and are indicated
by the dashed lines in the figure. As the nuclei reach their peak polarization levels,
the NV center is reinitialized to the |0〉 state through optical pumping. The marked
decreases in the NV’s dynamics at specific intervals (such as around 2 µs, 4 µs, and
6 µs) result from these optical pumping events.

The previous description does not consider the relaxation rates of the target nu-
clei, the interactions between nuclei that could lead to polarization diffusion through-
out the sample, or the decoherence rates of the NV or electron. In fact, a major
challenge of this protocol is the short coherence time of the electron, on the order
of 1 µs. To account for the effects of decoherence, Fig. 5.3(b) presents a numerical
simulation of the dynamics involving an NV center, an electron, and a nuclear spin,
incorporating typical relaxation and dephasing rates through a master equation

dρ

dt
= −i [H, ρ] +

∑
j

Γj
(

2JjρJ†j − J
†
j Jjρ− ρJ

†
j Jj

)
, (5.20)

where H is the system Hamiltonian describing the coherent interaction, while Jj are
so-called jump operators (each of which with associated rate Γj > 0) which describes
irreversible processes such as excitations which are lost to the large environment never
to come back to the system. In particular, we use J1 = 2Jz, J2 = 2Jx, J3 = σNVz ,
J4 = σNVx , J5 = 2Iz, and J6 = 2Ix, with associated rates Γ1 = 30 µs, Γ2 = 1 µs,
Γ3 = 1 ms, Γ4 = 10 µs, Γ5 = 1 s, and Γ6 = 1 ms.
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The green dashed line in Fig. 5.3(b) indicates that the polarization achieved
under ideal, decoherence-free conditions is significantly greater than that obtained
under typical decoherence rates. Nonetheless, despite the presence of decoherence,
our sequence still facilitates markedly better polarization transfer compared to the
direct application of the single-channel PulsePol sequence to a nucleus with specific
coupling alignments. Notably, the direct approach, characterized by NV-to-nucleus
couplings in the range of kHz, results in polarization transfer times on the order of
milliseconds. Therefore, within the simulation’s timeframe, which spans just a few
microseconds, the polarization achieved by the nucleus is considered negligible.

The protocol presented could significantly enhance polarization transfer from NV
centers to external nuclear spins using dangling bond mediators. The study intro-
duces a double-channel PulsePol sequence that effectively addresses high Larmor
frequency challenges in polarization transfer. This method utilizes surface electron
spins as mediators, enabling stronger interactions and faster polarization processes
compared to direct methods. Additionally, the robustness of this sequence against
control errors and its ability to operate without matching resonance conditions make
it particularly advantageous. The results demonstrate an improvement in polariza-
tion transfer efficiency, offering a promising approach for enhancing NMR sensitivity
and expanding its applicability in various scientific and medical fields.
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6 Amplitude Encoded
Radio Induced Signal

T he integration of NV centers into NMR spectroscopy promises to enhance spa-
tial resolution while significantly reducing the scanned sample volume. This ad-

vancement is particularly valuable for NMR analysis of mass-limited samples, with
applications in areas such as surface coatings, single cells, and tissues. In traditional
NMR spectroscopy, resonant RF pulses are applied to a sample, triggering signals
through Larmor precession, which can then be analyzed to obtain information about
molecular structure and dynamics.

For NV centers to be competitive in NMR spectroscopy, they must achieve signal
detection with resolutions that exceed their coherence times. Recent advancements
have led to protocols using NV probes that achieve sub-Hertz resolution in controlled
signal measurements [53, 52]. These pioneering approaches have also enabled the
detection of J-couplings and chemical shifts at low magnetic fields scenarios when
applied to micron-sized samples [22, 31, 32].

Achieving micro-scale NMR at high static magnetic fields is particularly beneficial
as it enhances sensor responses, enabling the study of low-density samples and the
detection of structural information such as chemical shifts and J-couplings. However,
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Figure 6.1: The setup consists on a picoliter sample placed on a diamond. This contains an
NV ensemble as the sensor of the magnetic signal generated by the analyte. The protons of
the studied molecule emit a signal that depends on their local environment, thus carrying
structural information.

micron-scale NMR has been limited to low-field scenarios due to the challenges of
coupling quantum sensors to high-frequency nuclear signals.

To address this, we have developed a protocol—the Amplitude Encoded Radio
Induced Signal (AERIS)—which leverages the ZZ interaction to overcome this limi-
tation. In the context of NMR, AERIS interacts with the sample and with the NV-
based sensor to achieve high resolution while maintaining sensitivity. Specifically,
by appropriately combining RF and microwave radiation patterns, AERIS induces
a forced nuclear signal that bridges the interaction between quantum sensors and
rapidly precessing nuclear spins. Additionally, since the sensor is only active during
the scanning of the forced signal, the AERIS protocol can extend beyond the coher-
ence time of the quantum sensor, achieving a spectral resolution limited only by the
properties of the nuclear sample. Thus, our AERIS protocol unlocks the high-field
regime in micro-scale NMR spectroscopy.

The content of this chapter is based on the work published in Ref. [73]. This
chapter is organized as follows: In Section 6.1, we present an analysis of the protocol
and discuss the underlying intuition. In Section 6.2 we analyze the signal produced
by the sample. Section 6.3 details a simulation of the protocol applied to an ethanol
sample.
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6.1 The protocol

State of the art NV-based AC field magnetometry targets the oscillating signal pro-
duced by precessing nuclear spins, whose frequency is proportional to the local field
felt by the nuclei. On the one hand, this relation allows to acquire information on
the molecular environment of the nuclei by unraveling the spectral composition of
the signal. On the other hand, when the sample is exposed to a large magnetic field,
it leads to signals that oscillate too fast to be traced by the NV. Here we target a
deliberately manufactured signal that carries the spectroscopic information of the
studied sample encoded in its amplitude rather than in its frequency.

We consider a thermally polarized sample placed on top of an NV-ensemble-based-
sensor and in the presence of a large external magnetic field Bext, see Fig. (6.1). The
external magnetic field should exceed 1 T, as experiments with lower fields can be
performed using standard heterodyne sequences [53, 52, 22]. The sample contain
a certain type of molecule with nuclear spins in different locations of its structure.
Hereafter we use subindex k (or superindex when required by the notation) to indicate
the different precession frequencies produced by distinct local magnetic fields. This
scenario is similar to those reported in [22, 31, 32] with the critical difference of the
magnitude of Bext, which in our case is chosen to be 2.1 T.

Following [51] we describe the spins of our sample via the nuclear magnetization
M = (Mx,My,Mz). This is a time-dependent vector proportional to the sample
average nuclear magnetic moment. Its behavior during an RF pulse of intensity Ω
in a frame that rotates with the frequency of the RF driving (ω) is described by the
Bloch equations

d

dt

 Mx

My

Mz

 =

 −1/T ∗2 −δ Ω sinφ
δ −1/T ∗2 −Ω cosφ

−Ω sinφ Ω cosφ −1/T1

 Mx

My

Mz

+

 0
0

1/T1

 , (6.1)

where φ is the phase of the RF field, and T1 (T ∗2 ) is the nuclear relaxation (dephasing)
rate. The detuning δ = ωL − ω between the RF pulse frequency and the Larmor
precession rate ωL depends on the local magnetic field at the nuclear spin site, which
differs from Bext. Hence, the sample comprises k different precession frequencies ω kL
leading to k detunings δk.

Our AERIS protocol comprises two parts. The first one creates a detectable signal
by exploiting the dynamics in Eq. (6.1). This is achieved with an RF triggering pulse
on the sample followed by an alternation among free precession periods and induced
rotations as shown in Fig. (6.2). The second part consists on probing the produced
signal with NV sensors that acquire a phase determined by its amplitude, gathering in
their spin state information about the spectral composition of the signal and allowing
to determine the local magnetic environment around nuclear spins.

More in detail: An RF pulse along the X axis (i.e. φ = 0) of duration π/(2Ω), see
Eq. (6.1), tilts the initial thermal polarization of the sample,M = (0, 0, 1) (note that
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Figure 6.2: Custom signal production and measurement. a) An initial RF π/2 pulse
brings the sample thermal polarization to the orthogonal plane and triggers the AERIS
protocol consisting on free precessions and induced rotations stages. For a time τ each
magnetization vector Mk(t) precess according to the local field at the position of the nuclear
spin. The phase covered by each Mk(t) –this is φk = δkτ– is encoded in the amplitude of
the oscillating field generated via controlled rotations of these vectors. b) (First panel) RF
control sequence with interleaved free precessions. (Second panel) Sample emitted fields.
These have different amplitudes due to the distinct projections of each rotating Mk(t) on
the Z axis. The depicted case shows three Bi fields as a consequence of the splitting among
three magnetization vectors that spin at rates δ1, δ2, and δ3. (Third panel) MW pattern –in
our case an XY4 sequence– on each NV devised to capture the induced signal. Note that
the NVs remain inactive during the long free precession stages of the sample, providing our
protocol with increased spectral resolution regardless of the sensor coherence time. Prior
to the MW sequence, the NV ensemble is initialized in |+〉 while once its state encodes the
desired information it is optically readout in the σy basis.

M provides the direction of the thermal polarization when it is a unit vector, and it
attenuates the polarization amount as T1 and T ∗2 diminish its modulus) to the per-
pendicular plane and triggers off the protocol. Once the pulse is turned off, i.e. Ω = 0
in Eq. (6.1), the nuclear spins precess around the external field at a rate determined
by the local magnetic field at their respective locations. Similar to a clock mechanism
that rotates the needles representing hours, minutes, and seconds at different speeds,
the free precession stage of fixed duration τ splits the magnetization vector M(t)
in components Mk(t) = (sin(δk t),− cos(δkt), 0). Recall, δk is the detuning between
the driving frequency and the kth precession frequency in the sample. Crucially, the
NV sensor remains inactive at this stage, thus τ could be significantly larger than
NV coherence times leading to a high spectral resolution ultimately limited by the
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coherence of the nuclear sample.
A long RF pulse then continuously rotates the magnetization components at

a speed ∝ Ω around an axis on the xy-plane determined by φ, as described by
Eq. (6.1). The projection of the resulting field in the NV axis sets a target field
B(t) with two key features. Firstly, it oscillates with frequency Ω � ωL (note that,
at large magnetic fields, this relation is naturally achieved for realistic Rabi fre-
quencies). This is a parameter that can be tuned such that B(t) oscillations can
be tracked by the NV ensemble regardless of the magnetic field value acting on
the sample. Secondly, B(t) comprises the radio signals produced by each rotating
Mk(t) = (sin(δkτ),− cos(δkτ) cos(Ωt),− cos(δkτ) sin(Ωt)), thus it contains the foot-
print of each nuclear environment (encoded in the distinct δk shifts). Note that, for
the sake of simplicity in the presentation, we do not account for potential deviations
in the rotation axes caused by each δk shift. However, these are included in our
numerical analysis. For more details see Section (6.2).

After N complete rotations of the magnetization vectors, thus after N periods of
B(t), the RF rotation pulse is switched off and the sample advances to the next free
precession stage in which eachMk(t) continues to dephase. This sequence is iterated
leading to an oscillation in the amplitudes of the signals emitted during successive
induced rotation stages, whose spectrum relates directly to the various ω kL in the
sample.

The radio signal Bn(t) produced during the nth induced rotation stage is captured
by the NVs in the ensemble such that each NV evolves according to

H = −γeBn(t)σz2 + ΩMW(t)σφ2 . (6.2)

Here γe is the electronic gyromagnetic factor, σ are the Pauli operators of the NV
two-level system, and the target signal Bn(t) is expressed in Section (6.2). The
control field ΩMW(t) is synchronized with the rotation pulse over nuclear spins, see
Fig. (6.2), leading to an XY4 control sequence that allows the sensor to capture a
phase determined by (i) The amplitude of the radio signal stemming from the sample,
and (ii) The length of the RF pulse. This information is gathered by reading the
state of the sensor, with an expected result for the nth phase acquisition stage of

〈σy〉n = 2γetm
π

∑
k

bk cos(δknτ), (6.3)

where bk is the initial magnetic field amplitude on the NV site produced by the kth
spectral component, see Section (6.2) for further details.

Thus, subsequent detections provide a stroboscopic record of the oscillating am-
plitudes, see Fig. (6.4) (a), whose Fourier spectrum relates to the frequency shifts of
nuclei at different sites of the sample molecule.

Let us recall that the NV ensemble sensor is only active during phase acquisition
(i.e. while the dynamical decoupling sequence is active), and after that, it is opti-
cally readout and reinitialized. Therefore, the duration of our protocol, and thus its
spectral resolution, gets over the cap imposed by the coherence of the sensor, being
only limited by the coherence of the nuclear fields.
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6.2 Signal produced

In this section, we study the signal strength and the phase accumulated by the NV.
After the triggering pulse with φ = 0, the magnetization reads M = (0,−1, 0).
This is the initial configuration for the first free precession stage (of fixed duration
τ) that splits the magnetization in different components Mk such that the initial
configuration for the kth spectral component at the nth phase acquisition stage reads
M = (sin(δknτ),− cos(δknτ), 0). This is obtained from the Bloch equations with
Ω = 0.

Now, the evolution of the magnetization during the nth phase acquisition stage
reads

M n
k (t) =

 1 0 0
0 cos(Ωt) − sin(Ωt)
0 sin(Ωt) cos(Ωt)

 sin(δk nτ)
− cos(δk nτ)

0


=

 sin(δk nτ)
− cos(δk nτ) cos(Ωt)
− cos(δk nτ) sin(Ωt)

 .

(6.4)

Notice that the Bloch equations in Eq. (6.1), and therefore the solutions obtained
from them, describe the dynamics in a frame that rotates around the external field
at the RF driving frequency ω. For the sake of simplicity in the presentation, the
solution in Eq. (6.4) assumes no decoherence (i.e. T1, T

∗
2 →∞) and perfect resonance

(not taking into account the natural δk shifts during the driving).
In our case, the effect of the δk shifts on the rotation speed is, to first order, a

factor of approximately δ2
k

2Ω2 ≈ 2 × 10−5, which is negligible and has no significant
impact on the results. If necessary (i.e., in case of facing more severe energy shifts)
a modified sequence, as outlined in Section 6.4, can be used to further correct this
error.

The interaction between the signal produced by the rotatingM n
k (t) and the sen-

sor in a rotating frame w.r.t. the NV electronic-spin ground-state triplet is contained
in the Bn(t) =

∑
k B

n
k (t) term of Eq. (6.2), such that

Bnk (t) = ~2γ2
Nµ0ρkBext
16πkBT

M n
k (t)

∫ [
gx(r), gy(r), f(r)

]
dV, (6.5)

where µ0 is the vacuum permeability, ρk the density of spins with the kth precession
frequency, γN is the nuclear gyromagnetic factor, T is the temperature of the sample,
kB is the Boltzmann constant, and Bext is the external magnetic field. The geometric
functions gx,y(r) and f(r) read

f(r) = 1
r3 (3r2

z − 1) and gx,y(r) = 1
r3 (3rzrx,y), (6.6)
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Figure 6.3: Geometric factors f =
∫
f(~r)dV (red line) and g =

∫
gx(~r)dV (blue line) as

a function of the NV orientation with respect to the diamond surface. The orientations
corresponding to the (111) (tilt= 0) and (100) (tilt= arccos 1√

3 ) diamond cuts are marked
with dashed lines.

with r̂ = (rx, ry, rz) being the unitary vector joining the NV and dV , while r rep-
resents their relative distance. The expression in (6.5) (which can be derived from
a microscopic description of a system involving NVs and nuclear spins [74]) is valid
provided that the external magnetic field Bext is greater than the coupling strength,
which allows ignore the backaction of the sensor in the sample [75]. As we are in a
large field regime, this condition is met.

As we are interested in the ẑ component of M n
k (t), as it doesn’t oscillate with

the Larmor frequency, we need the geometric factor f =
∫
f(~r)dV to be non-zero. In

Fig. 6.3, we can observe that for the widespread (100) diamond cut this number goes
to zero. For this reason, the protocol is optimal at the (111) diamond cut, where the
term is maximized. Although less common, this cut is receiving increased attention
as diamonds grown in this orientation have all the NV centers aligned in the same
direction, increasing fluorescence contrast [76].

The MW control implements an XY4 dynamical decoupling sequence that mod-
ulates the interaction between target and sensor leading to

H = γeσz
π

∑
k

bk cos(δknτ), (6.7)

where bk = ~2γ2
Nµ0ρkfBext
16πkBT .

The NV is initialized in the |+〉 = 1√
2 (|1〉+ |0〉) state, then evolves during tm,
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Figure 6.4: Measurements and spectrum obtained by considering δk =
−{342.45, 335.55, 328.65, 321.75, 234.9, 117.6, 110.7, 103.8} Hz, and magnetic field am-
plitudes bk = {106, 320, 320, 106, 426, 320, 640, 320} pT along the Z axis of a generic NV in
the ensemble. (a) Simulated stroboscopic record collected by measuring 〈σy〉 on the NV
as a function of the cumulated precession time, after interacting with the ethanol sample
(inset). The three sites of the ethanol molecule with different chemical shifts are indicated
with distinct colors. (b) Fourier transform of the measurement record (blue solid line)
showing peaks in the expected values. Each peak group has its origin site/chemical shift
indicated with an arrow of the corresponding color. Inset, the central peak was fitted to a
Lorentzian function that exhibits a full width at half maximum (FWHM) of 1.62 Hz.

and it is finally measured such that (in the small angle regime)

〈σy〉n = 2γetm
π

∑
k

bk cos(δknτ). (6.8)

On the other hand, an RF trigger pulse with φ = π/2 leads to Mk = (1, 0, 0),
which yields a splitting of the k spectral components during the free precession stages
described by Mk = (cos(δknτ), sin(δknτ), 0). For the same dynamical decoupling
control sequence over NVs, we find

〈σy〉n = 2γetm
π

∑
k

bk sin(δknτ). (6.9)

6.3 Numerical results

We illustrate the AERIS protocol by simulating the evolution of 8 magnetization
vectors taken from the ethanol [C2H6O] spectrum [51] in a scenario that comprises
a magnetic field of 2.1 T, while the RF driving frequency ω is set to (2π) × 90 MHz,
which is assumed to be the origin of the chemical shift scale (this is the resonance
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Figure 6.5: Spectra comparison for the AERIS sequence with perfect RF controls (black
dotted line) and in the presence of OU noise (green solid line) with (a) σ = 0.24% and
τ = 1ms and (b) σ = 2%, τ = 0.5ms and an amplitude shift of 1%. Both spectra were
obtained averaging 200 realizations.

frequency of TMS [51]). Each δk detuning is obtained by considering the three
chemical shifts of 3.66, 2.6, and 1.19 ppm, as well as a J-coupling of 6.9 Hz between
the CH3 and the CH2 groups of ethanol [51], see caption in Fig. (6.4). The average
field amplitude over each NV in the ensemble is estimated to≈ 2.56 nT, by taking into
account the proton concentration of ethanol, the geometric factor

∫
f(r)dV for the

(111) cut, the temperature and the external magnetic field of 2.1 T, see Appendix C.1
for further details. This field amplitude is distributed in different bk according to the
ethanol spectral structure, see caption in Fig. (6.4) and Appendix C.1. We find
the radio signal emitted by the sample by numerically solving the Bloch equations
during RF irradiation (i.e. at the induced rotation stages). The free precession
time is selected as τ = 1 ms, and the induced rotation stage has a duration of 40
µs (corresponding approximately to 2 full rotations of the magnetization vectors)
while the NV ensemble is controlled with an XY4 sequence. Furthermore, we use
ΩMW = (2π)× 20 MHz, ΩRF = (2π)× 50 KHz, and sample coherence times T1 = 2
s and T ∗2 = 0.2 s. This process is repeated 1500 times, leading to the stroboscopic
record of Fig. (6.4) (a) which follows Eq. (6.3).

We run again the protocol by employing an initial π/2 pulse over the Y axis
leading to the sinusoidal version Eq. (6.9).

6.4 Robustness

For the sake of simplicity in the description of the AERIS method, the previous
simulations consider perfect controls. We consider now the effect of errors in the
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Figure 6.6: (a) Schematics of the modified AERIS sequence. Two rotations are performed
in opposite directions with the RF control, giving raise to a detectable magnetic signal with
a π phase change in the middle which is measured with two concatenated spin echoes. (b)
Spectra comparison for the AERIS sequence with perfect controls (black dotted line) and
with σ = 2%, τ = 0.5ms and an amplitude shift of 1% for AERIS (green solid line) and the
modified version (orange solid line). (c) FWHM with respect of the relative OU error with
τ = 1ms and no constant amplitude shift for AERIS (green line) and the modified version
(orange line). The minimum FWHM possible given the nuclear T ∗2 is represented as a grey
line.

RF control, which could be potentially detrimental for the sequence as the nuclear
signal coherence has to be maintained throughout the protocol. The control error is
modeled as an Ornstein-Uhlenbeck [77, 78] process

εΩ(t+ ∆t) = εΩ(t)e−∆t/τ + σN(t) (6.10)

where τ is the correlation time of the noise, N(t) is a normally distributed random
variable, and σ is the relative amplitude of the fluctuations. For standard expected
experimental errors [79, 80], the obtained spectrum overlaps with the case without
control errors, see Fig. 6.5 (a).

Finally, both measurement records in Eqs. (6.3, 6.9) are combined and converted,
via discrete Fourier transform, into the spectrum in Fig. (6.4) (b). There we demon-
strate that the AERIS method leads in the studied case to Lorentzian peaks with
a FWHM ≈ 1.62 Hz (limited by the sample T ∗2 ) thus sufficient to detect the posed
chemical shifts and J couplings.

However, in the presence of more severe noise and Rabi amplitude shifts (e.g.
due to misscalibration) AERIS gives raise to distorted spectra as can be seen in
Fig. 6.5 (b). A direct modification of the default sequence leads to a significant
improvement on robustness. The alternative sequence is equivalent to the original one
but changes the irradiation and NV measurement stages with the scheme represented
in Fig. 6.6 (a). The modified version employs a change of sign in the middle of the
RF irradiation such that the error accumulated in the first half is the opposite to
the one accumulated in the second half leading to cancellation. The XY-4 sequence
over the NV is substituted with two π pulses in order to accumulate phase from the
new magnetic signal. The new version recovers the ideal spectrum in the severe noise
example, see Fig. 6.6 (b).
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Finally, in Fig. 6.6 (c), we show a comparison of the expected Full Width at Half
Maximum (FWHM) of the central spectral peak for AERIS and the modified version
with respect to the error amplitude. The modified version recovers a FWHM close
to the minimum possible given the nuclear T ∗2 for the considered error range. AERIS
has motivated further developments on its robustness, see Daly et al. [81].

In summary, we have devised an NMR signal detection protocol that attains
chemical shift level resolution from micron-sized samples while being suitable for
large magnetic fields. Our approach relies on the production of a custom field that
resonates with dynamically decoupled NV sensors used to extract spectral informa-
tion from the sample. Actual experiments may require several repetitions to average
out the impact of shot noise or inaccurate control sequences. Nevertheless the de-
mand for higher spectral resolution is less stringent at large fields, as chemical shifts
increase and J-couplings become clearer. Besides, polarization rates increase, lead-
ing to stronger signals that provide measurements with higher contrast. Both effects
contribute to decreasing the required number of repetitions, or, conversely, making
small concentration samples adequate to our protocol, which sets the utility of NV
sensors for realistic chemical analysis.
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7 High-field NMR in
Dipolarly-Coupled Samples

A n important limitation of state-of-the-art NV-NMR spectroscopy is caused by
the strong dipolar coupling among target nuclei, which results in intricate spec-

tra that challenge data interpretation. This becomes especially critical in solid-state
material research, where homonuclear dipole-dipole interactions hinder subtler cou-
plings (heteronuclear interactions are less challenging as they can be eliminated by
driving only one of the species). The NMR community has dedicated significant ef-
forts to mitigate the impact of dipolar interactions [82], and today solid-state NMR
spectroscopy is extensively used in distinct research areas: In pharmaceutics it char-
acterizes active pharmaceutical ingredients (APIs) and their interaction with excipi-
ents (inactive substances added to a drug that serve various purposes such as binding
or preserving the API) [83, 84, 85], among many other applications (see [86] for an
extensive review on the topic). In epidemiology, it provides key insights of the struc-
ture of molecules related with diseases as present in our societies as Alzeimer [87]. In
energy storage research is used to characterize the local structure of solid materials
used in batteries and fuel cells [88].
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Figure 7.1: (a) Relative positions of axisA (clear-blue), Ā (dark-blue), B (clear-magenta), B̄
(dark-magenta). The motion of the magnetization inbetween LG4 blocks (AĀB̄B) is shown
in purple. This evolution is described as a rotation in the plane (in yellow) perpendicular
to the C axis in accordance with the effective Hamiltonian in Eq. (7.4) for a single δ∗i . (b)
(Top) Magnetization rotations during each of the four RF drivings. (Bottom) Projection of
the magnetization onto ẑ as it rotates during a full LG4 block. This projection determines
the magnetic signal for the NV ensemble sensor.

These areas, along with many others, would largely benefit form sensors able to
produce narrower spectral lines from smaller solid-state samples. NV-NMR spec-
troscopy emerges as the prominent technique to access samples in the microscale
regime, however, it remains limited to the liquid state scenario where the dipole-
dipole interactions get naturally averaged out due to fast molecular motion, leaving
a plethora of relevant applications out of its range of action.

In this chapter, we develop a protocol that overcomes these limitations and enables
high resolution NV-NMR spectroscopy of ordered samples with strong homonuclear
dipolar coupling at elevated external magnetic fields, allowing to take advantage from
the higher polarization rates and larger chemical shifts. Our protocol delivers RF
and MW synchronized with measurements on an NV ensemble magnetometer. The
RF channel drives the sample with a twofold purpose. On the one hand it effectively
decouples the target nuclear spins, diminishing the effect of strong homonuclear cou-
plings in the recorded spectra, and enabling the obtention of nuclear energy shifts.
Remarkably, the decoupling benefits from increasing RF intensities could be specially
effective in the small volume regime, where current RF antennas have reported nu-
clear spin rotation velocities within the range of tens to hundreds of kHz [89, 90]. On
the other hand, the RF bridges the interaction among NV sensors and fast rotating
nuclear spin by generating a slow-frequency NMR signal trackable by the NV sen-
sor. Simultaneously, the MW channel delivers a tailored pulse sequence to the NV
ensemble enabling the detection of the magnetic field emitted by the driven sample.
This sequence is interspersed with measurements of the sensor’s state to construct
the spectra in a heterodyne frame [22, 52, 53] leading to a spectrum only limited by
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the nuclear sample coherence.
The content of this chapter is based on the on the work in Ref. [91]. This chapter

is organized as follows: In Section 7.1, we analyze the effective dynamics of a nuclear
sample being driven by RF fields triggering an LG4 sequence. In Section 7.2, we
develop a geometric interpretation of the measurement process with the NV and use
it to find the optimal pulse timings for maximum resolution. Finally, in Section 7.3
we simulate the sequence on a five-spin system, showcasing its effectiveness.

7.1 RF modulation of nuclear spins

Lee and Goldburg (LG) showed in a seminal paper [92] that an off-resonant continu-
ous RF field cancels, up to first order, the contribution to the nuclear spin dynamics
of homonuclear dipole-dipole interactions if the LG condition ∆ = ±Ω/

√
2 holds.

Here, ∆ = ωL − ωd is the detuning between the carrier frequency of the RF driving
field (ωd) and the Larmor precession of the spins (ωL), and Ω is the Rabi frequency
of the RF driving. Subjecting a spin ensemble to an off-resonant RF field leads to
collective nuclear spin rotations along an axis tilted with respect to ẑ (the direction
of the static magnetic field). More specifically, the tilted axis –in the following P–
has a component ∆√

Ω2+∆2 along ẑ, while its projection on the orthogonal xy plane is
Ω√

Ω2+∆2 .
Further developments have built upon the original LG sequence demonstrating

the ability to remove higher order contributions of the dipole-dipole interaction, thus
leading to even narrower spectral lines. Prominent examples are the frequency-
switched (FSLG) [93] and phase-modulated (PMLG) [94] versions of the original LG
sequence. Our protocol incorporates the advanced LG4 sequence [95] over nuclei,
which exhibits remarkable decoupling rates and enhanced robustness against RF
control errors. The LG4 consists on concatenated blocks of four consecutive off-
resonant RF drivings, all complying with the LG condition, leading to rotations
along four different axes. This is, the rotation axis P alternates among A, Ā, B̄ and
B, whose relative positions are illustrated in Fig. 7.1 (a). Note that, at each block,
nuclear spins undergo two sets of complementary rotations along axis pointing in
opposite directions (A, Ā and B, B̄).

The nuclear spin Hamiltonian during each individual rotation of the LG4 sequence
reads (see Appendix D.1)

H =
N∑
i=1

(
±δi√

3
+ Ω̄

)
IiP , (7.1)

where δi is the target nuclear shift of the ith spin (its sign depends on the direction
of the rotation, positive value “ + δi” is assigned to rotations along A and B, and

61



7.1 RF modulation of nuclear spins

the negative value “− δi” to rotation along Ā and B̄), Ω̄ =
√

∆2 + Ω2 is the effective
Rabi frequency, and the spin operator IiP takes one of the following forms

IiA =
(
ΩIix sinα+ ΩIiy cosα+ ∆Iiz

)
/Ω̄,

Ii
Ā

= −IiA,
IiB =

(
−ΩIix sinα+ ΩIiy cosα+ ∆Iiz

)
/Ω̄,

Ii
B̄

= −IiB . (7.2)

According to the LG4 scheme [95], the phase of the driving is set to α = 55◦ to
minimize the line-width of the resonances.

Note that in Eq. (7.1) we assume that the internuclear interaction Hamiltonian

Hnn =
∑N
i>j

µ0γ
2
n~

4πr3
i,j

[
~Ii ·~Ij−3(~Ij · r̂i,k)(~Ij · r̂i,j)

]
can be neglected due to the introduced

decoupling sequence. This assumption simplifies the subsequent analysis. However,
Hnn will be taken into account in the numerical model in Sec. 7.3.

In the remainder of this section, we analyze the signal emitted by the sample
subjected to the RF decoupling fields and develop analytical expressions for the
target energy shifts.

The magnetic field that originates from the sample during the nuclear spin rota-
tion produced by each RF field of the LG4 follows the general form

s(t) = Γ cos (Ω̄t+ φ) + b. (7.3)

Hereafter, we often refer to s(t) as the signal, as it constitutes the target field for the
NV ensemble sensor. In fact, its amplitude Γ, phase φ, and static bias b depend on
the configuration of the nuclear spin ensemble and thereby on the δi energy shifts
(see Appendix D.3), so detecting and properly reading s(t) enables to unravel the
desired information.

Consequently, the LG4 meets a twofold goal. Namely: (i) It results in a nu-
clear spin dynamics with minimal effect from the dipole-dipole interaction (see Ap-
pendix D.1 for the full derivation of the Hamiltonian in Eq. (7.1)), enabling the
identification of the weaker but interesting δi shifts. (ii) It induces a tunable rotation
speed in the sample (∝ Ω̄, see Eq. (7.3)), facilitating the interaction between nuclear
spins and the NV ensemble sensor even at high external magnetic fields. Regarding
point (ii), it is important to note that without using RF drivings on the sample,
standard techniques based on imprinting in the NVs a rotation speed comparable to
the nuclear Larmor frequency would necessitate the application of unrealistic MW
fields. For context, in a magnetic field of approximately 2.35 Tesla, hydrogen spins
rotate at a speed of (2π)× 100 MHz, producing a signal hardly trackable by an NV
ensemble sensor operating with conventional methods. [22, 31, 32].

Now, we examine the effects of RF decoupling fields in greater detail. Each
RF driving (leading to the rotations along A, Ā, B, B̄) is applied for an interval
T = 1/Ω̄. Consequently, the total signal emitted by the sample is a composite of
distinct sinusoidal functions, condensed in Eq. (7.3), each persisting for a duration
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T . Figure 7.1 (b) presents an illustrative example of s(t) by showing the rotation
of a single magnetization vector (associated with a specific δi) around axes A, Ā, B
and B̄.

Interestingly, with this RF control, the nuclear spins governed by Eq. (7.1) would
perform a complete turn at each RF driving, constantly returning to their initial
configuration if it were not for the δi shifts. These shifts slightly alter the nuclear
spin state (i.e., the sample magnetization), thus imprinting a slower motion within
the sample. More specifically, the sample magnetization at the end of each LG4 block
is determined by a set of energy shifts δ∗j (distinct from δi) according to the effective
Hamiltonian (for details see Appendix D.1):

Heff =
∑
i

δ∗i I
i
C , (7.4)

where IiC is a spin operator along an axis C that bisects A and B, see Fig. 7.1 (a),
while

δ∗i = δi

√
1 + 2 cos2 α

3 . (7.5)

In summary, this section demonstrates that each LG4 block alters the sample
magnetization ~M through rotations along the C axis, as depicted in Fig. 7.1 (a).
Moreover, we elucidate the mechanism governing the evolution of ~M through the
effective Hamiltonian outlined in Eq.(7.4), while Eq. (7.5) establishes analytical ex-
pressions connecting the rates of the effective rotations, δ∗i , with the target nuclear
shifts δi.

In the next section we outline the protocol to monitor this effective precessions
with the NV ensemble sensor and extract the desired δi energies from its recordings.

7.2 Harvesting nuclear spin parameters with the NV ensem-
ble

7.2.1 Geometrical interpretation of the phase accumulation

The target magnetic field over the NV ensemble sensor is a concatenation of the
sinusoidal signals in Eq. (7.3) (see lower panel in Fig. 7.1(b)). A particular RF
field at the kth LG4 block (note that, the accumulative character of the rotations
imposed by Eq. (7.4) make it crucial to identify the number of the block from now
on), produces a nuclear spin rotation around a certain axis (A, Ā, B or B̄) where
the amplitude Γk of the resulting signal sk(t) = Γk cos (Ω̄t+ φk) + bk is directly
proportional to ~M⊥k (i.e., to the magnetization component which is orthogonal to
the rotation axis –A, Ā, B or B̄– at the start of each RF driving), and the phase φk

63
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corresponds to the angle between ~M⊥k and ẑ⊥. The latter is the component of ẑ that
lies on the plane perpendicular to the rotation axis. See the lower panel in Fig. 7.2
(a) and Appendix D.3 for more details.

We now use this geometric description to analyze the phase accumulated by each
NV in the ensemble sensor when subjected to a generic pulse sequence. For this
analysis, we choose a standard Carr-Purcell-Meiboom-Gill (CPMG) sequence [46, 47].
In order to keep the discussion accessible, we focus on the signal produced by the
nuclear spins rotating around A and limit ourselves to an scenario involving a single
effective energy shift, δ∗i . Note, however, that the following results and the consequent
conclusions are valid for signals produced by nuclear spins rotating around axes B,
Ā and B̄ and in situations involving multiple shifts.

The phase accumulated by an NV center interacting with the signal sk(t) and
subjected to the CPMG sequence reads (see Appendix D.2)

Φ = 4|γe|
Ω̄

Γk cos (φk). (7.6)

Hence, the phase accumulated by each NV is proportional to the projection of ~M⊥k
onto ẑ⊥, or, in other words, to the quantity Γk cos (φk). The lower panel of Figure 7.2
(a) provides a clarifying (probably most needed) graphic explanation.

With this description in mind we can summarize the phase acquisition stage
as follows: The response of the NV centers to the signal emitted by the sample
is determined by the initial sample magnetization. As the protocol advances, the
magnetization vector precesses around C with an angular velocity δ∗i as described by
Eq. (7.4). In the orthogonal plane with respect to A, this precession translates into
an elliptical motion of the vector ~M⊥k , shown as a yellow ellipse in Fig. 7.2 (a). Thus,
the projection of ~M⊥k onto the ẑ⊥ axis, and consequently the phase accumulated by
the NV in successive blocks of the LG4, follow a sinusoidal function with frequency
δ∗i . The resulting expected value of the σz operator of each NV in the ensemble at
the kth LG4 block (after applying a final π/2 pulse to transform accumulated phase
into populations), generalized to every δ∗i , reads:

〈σz〉k ≈ 3D0
∑
i

ρi cos
(

4δ∗i k
Ω̄

+ ν0

)
, (7.7)

where ρi is the spin density of the ith nucleus, D0 is detemined by the pulse sequence
and ν0 depends on both the pulse sequence and the initial nuclear state. A formal
derivation of (7.7) as well as further details can be found in Appendix D.3. The 0
subindex in Eq. (7.7) indicate that all parameters correspond to the reference CPMG
sequence (note that, in the next section we derive an improved sequence). Thus, the
NV response enclosed in Eq. (7.7) consists on a sum of sinusoidal functions that
encode the different δ∗i which can be then extracted via standard Fourier transform.
Finally, δi targets can be obtained via a direct application of Eq. (7.5).
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Figure 7.2: (a) Illustration of a CPMG pulse block (upper panel) and its geometric inter-
pretation (lower panel). This panel shows a projection of the sphere in Fig. 7.1 (b) viewed in
a direction parallel to axis A. This view facilitates the representation of the projections onto
the plane perpendicular to A of (i) The magnetization vector, denoted as ~M⊥k , and (ii) The
ẑ axis, referred to as ẑ⊥. In addition, it shows the trajectory followed by a magnetization
vector during a rotation around A (purple circle) and after successive LG4 blocks (yellow
ellipse). (b) Upper panel, pulse block of our tailored sequence where the initial π pulse is
delivered at a time t1. With this control, the phase accumulation of the NV is proportional
to the projection of ~M⊥k onto l̂ (shown in red), an axis tilted away from ẑ⊥ and aligned with
the major axis of the yellow ellipse for optimal contrast. (c) Evolution of the projection
of ~M⊥k onto axis ẑ⊥ (red) and onto axis l̂ (blue). The amplitude of the projection onto l̂,
resulting from the sequence in panel (b), reaches the maximum value of 1. As the phase
accumulated by the NV is directly proportional to this projection, the timing of the pulses
in (b) ensures the maximum phase accumulation amplitude.
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Figure 7.3: (Top) General layout of our protocol containing the RF control over nuclear
spins and the MW pulse sequence on the NV ensemble. The magnetic field emitted by the
nuclei as a consequence of the RF rotations is depicted in light purple. As time progresses,
this field changes its shape, which changes the phase accumulated by the NV, while MW
pulses keep always the same structure. (Bottom) Evolution of the expected results for the
measurement over the NVs as the experiments progresses, showing a sinusoidal pattern with
frequency δ∗. In the presence of additional shifts, the measurement outcomes evolve as a
sum of sinusoidal components with corresponding frequencies δ∗i , which can be extracted
through Fourier transform analysis.

7.2.2 Sensing MW pulse sequence

With the geometrical understating developed in the previous section, now we present
a tailored MW sequence to optimally detect the target δi shifts. This sequence retains
a CPMG-like structure composed by two π pulses spaced by T/2 to mitigates noise
effects, T being the CPMG block length. Nonetheless, we adjust the timing of the
pulses, see Fig. 7.2 (b), in particular the time at which the first pulse is applied (t1
hereafter). Consequently, the phase accumulated by each NV in the ensemble sensor
(recall that we are focusing on the signal produced by the nuclear spins rotating
around A) reads

Φ = 4Γk|γe|
Ω̄

cos (φk − ϕ). (7.8)

In our geometrical framework, adjusting the timing of the pulses results in an accu-
mulated phase proportional to the projection of ~M⊥k onto an axis l̂, which is tilted
at an angle ϕ = π

2 − Ω̄t1 relative to ẑ⊥ (see Fig. 7.2 (b)).
The ability to pivot the axis in which ~M⊥k gets projected (note this can be done

by selecting distinct values for t1 since ϕ = π
2 − Ω̄t1) allows us to design a pulse

sequence that maximizes contrast in the recorded spectra. From block to block, ~M⊥k
evolves following an ellipse, therefore, we design the pulse sequence so that the phase
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7 HIGH-FIELD NMR IN DIPOLARLY-COUPLED SAMPLES

accumulated by each NV is proportional to the projection of ~M⊥k into the major
axis of the elipse. By doing so, the projecting axis and the direction that contains
the extreme points of the elliptic path of ~M⊥k match, thereby yielding the maximum
amplitude in the oscillation of Φ in successive blocks, see Fig. 7.2 (b). In particular,
this is achieved by setting ϕ = arccos

√
3 cosα√

2+cos 2α , which determines the timing of the
pulses as t1,A ≈ 0.14T for optimal detection of the signal produced by the nuclear
spins rotating around A. Repeating the same analysis for the signals produced by
nuclear spin rotations around Ā and B̄ we find t1,Ā = T

2 − t1,A and t1,B̄ = t1,A.
Summing up, our tailored MW pulse sequence is separated in blocks. Each block

contains two π pulses specifically timed to optimally detect the signal produced by
the corresponding RF field. To maintain synchrony between the two control channels
(MW and RF) and to avoid turning off the nuclear decoupling field, the sensor is
measured and reinitialized while the RF field is on. Figure 7.3 shows the general
layout of our protocol, including the drivings over the sample and the sensor, and
showing the evolution of the expected outcomes in successive measurements, which
read

〈σz〉k ≈ 3Dopt
∑
i

ρi cos
(

4δ∗i k
Ω̄

+ νopt

)
, (7.9)

where Dopt ≈ 1.1D0 (i.e., with the tailored MW sequence the contrast increases a
10%) and νopt = 0 which corresponds to a initial sample magnetization oriented along
the axis perpendicular to the A and B axes, achieved by a RF pulse that triggers the
protocol. Finally, we access the effective frequencies δ∗i by Fourier transforming the
recorded data and obtain the target δi shifts from Eq. (7.5).

7.3 Results

We test our protocol by simulating its implementation to detect the chemical shifts
of hydrogen nuclear spins in ethanol molecules (C2H6O) at high external magnetic
field. Although ethanol typically exists as a liquid, we employ its solid configuration
as an example of an ordered sample with strong homonuclear dipole-dipole couplings.
In particular, ethanol molecules exhibit dipolar couplings of up to 17 kHz (the proton
attached to the oxygen shows limited dipole interaction with the rest of the system
so we exclude it from the simulations). High external fields improve nuclear magnetic
resonance procedures, not only because it yields higher polarization rates, but also
because it enhances the weaker, and thus harder to detect, energy shifts. Here we
consider B0 = 2.1 T and chemical shifts of 3.66 ppm and 1.19 ppm, resulting in shifts
of approximately 327 Hz and 106 Hz, respectively.

Our numerical simulation unfolds in two phases. First we find the target magnetic
signal by simulating the evolution of the nuclear spin sample subjected to the LG4
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Figure 7.4: Spectra obtained from three simulations with RF Rabi frequencies of (2π)×100
kHz (yellow line), (2π)×150 kHz (blue line), and (2π)×200 kHz (red line). Vertical dashed
gray lines indicate the expected resonances, i.e. the two δ∗i , of approximately 140 Hz and
45 Hz. For comparison, a spectrum obtained with AERIS is depicted (black line), using
an RF Rabi frequency of (2π)×150 KHz. In all simulations, the nuclear sample starts in a
thermal state corresponding to a temperature of T=300 K in an external magnetic field of
2.1 T. The sample evolves for a total time of 0.5 s.

decoupling sequence. The approximate Hamiltonian in Eq. (7.1) facilitates a deeper
understanding of the nuclear dynamics and in particular the development of the
geometrical interpretation that has set the ground for the design of our protocol.
Our simulations, however, make use of the exact nuclear spin Hamiltonian, which
reads

H(t) =
N=5∑
i=1

{
−γhδiB0I

i
z + [Ω + η(t)] Iiφ + ∆Iiz

}
+

+
N=5∑
i>j=1

− µ0~γ2
n

8π|rij |3
(
3rijz − 1

) [
3IizIjz − ~Ii · ~Ij

]
,

(7.10)

where δi is the target nuclear shift of the ith hydrogen atom and η(t) is the driving
noise modeled with an Ornstein-Uhlenbeck process with a 1 ms correlation time and
0.24% amplitude.

We assume the sample starting in a completely mixed state. A triggering RF pulse
sets the desired initial state ρ(0), a thermal state oriented along the axis perpendicular
to A and B. From there, the evolution of the nuclear density matrix is simulated
using a master equation that includes T ∗2 = 0.2 s relaxation,

ρ̇ = −i [H, ρ] + 1
2T ∗2

N=5∑
j=1

(
4IjzρIjz − ρ

)
, (7.11)
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leading to a signal computed as

s(t) = γh~µ0σhf

4π Tr
[
ρ(t)Īz

]
, (7.12)

where σh = 5.2× 1028m−3 is the number density of hydrogen spins for ethanol, and
f ≈ 4.1 is a geometric factor that relates the sample magnetization and the magnetic
field in the NV location, see Refs. [22, 73] and Section 6.2 for further details.

In the second phase, we simulate the evolution of the NV ensemble interacting
with s(t) and subjected to the sensing MW pulse sequence of our protocol. The
Hamiltonian that governs the dynamics of each NV centers reads

H = γes(t)
σz
2 + C(t)σz2 + ΩNV(t)σφ

2 , (7.13)

with ΩNV(t) the control Rabi frequency, and C(t)σz2 describing potential RF-induced
crosstalk on the NVs. Following the protocol devised in this work, they interact
with the signals produced by the nuclear spin rotations around axis A, Ā and B̄ and
accumulate a phase determined by the state of the sample magnetization. During the
time that corresponds to the delivery of the RF field over the sample, we transform
the accumulated phase into a population difference with a π/2 pulse and simulate the
measurement, after which the sensor is reinitialized and we simulate the detection
of the signal produced by the next LG4 block. Finally, a Fourier transform of the
measurements provides the spectra displayed in Fig. 7.4, which proves the ability of
our protocol to access the chemical shifts of the molecule.

Figure 7.4 shows three different experiments with increasing RF intensities. As
expected, stronger RF drivings lead to clearer spectra, less distorted by spurious
peaks. In particular we simulate RF drivings with Rabi frequencies of (2π)×100 kHz,
(2π)×150 kHz, and (2π)×200 kHz, all attainable values by state of the art antennas
[89, 90], and set the Rabi frequency of the MW control at 20 MHz in all cases. As
intended, our method leads to resonance peaks centered in δ∗i from which one can
extract the target nuclear shifts δi using Eq. (7.5). For comparison, we include
the results of a fourth simulation using AERIS [73], which does not incorporate any
dipolar coupling suppression technique. In this case, the obtained spectra (black-
curve) is distorted as a consequence of the strong nuclear dipolar couplings.

In summary, we have designed a protocol that combines LG4 sequences and a
tailored NV pulse train to identify chemical shifts in the presence of dipole-dipole
interactions. The RF field introduced serves two key purposes: (i) decoupling nu-
clear spins and (ii) generating a nuclear signal oscillating at a moderate frequency
that can be measured by the NVs, allowing the protocol to work at high magnetic
fields. By incorporating a tailored MW sequence on the NV for signal detection, we
achieve effective retrieval of chemical shifts. Finally, the accuracy of our method is
ultimately limited by the nuclear sample decoherence, thus surpassing the limitations
imposed by NVs dephasing and thermalization. Our findings pave the way for the
advancement of microscale NMR techniques and broaden their application in diverse
fields, such as materials science, chemistry, and biology.
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8 Conclusions and perspectives

I n this thesis, we present the quantum control schemes we have developed to
overcome the high-frequency problem in distinct scenarios. Specifically, the high-

frequency problem refers to the maximum frequency of an AC signal that the NV
center can detect. This limitation arises from driving power constraints, which result
in finite-width pulses that create a non-ideal modulation function and, consequently, a
significant loss of coupling which seriously affects the sensitivity of NV-based sensors.
In extreme cases, pulses can overlap, rendering the protocol completely ineffective.

According to Daly et al. [81], measuring the proton signal in a magnetic field of
1 T would require pulses of approximately 500 MHz to remain in the instantaneous
pulse regime, which is extremely challenging from a technical point of view. Moreover,
such high-power driving could damage biological samples, limiting the technique’s
utility.

Our first approach is to apply Shortcuts to Adiabaticity (STA) to improve the
robustness of the technique proposed by Casanova et al. in Ref. [50]. In this approach,
shaped pulses are designed to modify the modulation function to recover the coupling
factor of the instantaneous pulse case. Specifically, STA allows us to reparameterize
the problem using the angles traced by the trajectories of the NV state on the Bloch
sphere. This flexible parameterization accommodates different conditions with ease.
We propose an ansatz for the pulse shape inspired by the Blackman function and
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optimize the parameters through numerical methods. The application of STA has
proven to be highly effective, significantly increasing the robustness of the technique.

This first technique is promising for applications where the signal cannot be ma-
nipulated,such as in detection of electrical currents in integrated circuits. However,
it necessitates the use of high harmonics to accommodate long shaped pulses, which
inevitably leads to a loss of coupling.

In magnetic resonance related applications, we have control over the system that
generates the target signal. If that is the case, we can manipulate the target system
to address the high-frequency problem. Specifically, we can couple to target systems
through the ZZ interaction, which commutes with the Larmor terms, thus eliminating
the need to compensate for high frequencies.

We use this ZZ interaction to couple the NV center to electron spin labels, which
exhibit high Larmor frequencies even at moderate magnetic fields due to their large
gyromagnetic ratio. Specifically, we propose utilizing a single shallow NV center
to measure the coupling between two nitroxide-based electron labels attached to a
single molecule. After developing an analytical model of the system, we find that
around 30 mT, the nitroxide Hamiltonian becomes especially insensitive to orienta-
tion changes. In addition, we show that using labels with different nitrogen isotopes,
14N and 15N , proved beneficial as it avoids spectral peak overlap.

We perform a detailed numerical analysis in the 30 mT regime and find that the
coupling could be inferred by applying a DEER sequence. Our simulations provide
numerical evidence that the coupling between nitroxides could be detected under re-
alistic conditions. This finding has potential applications in detecting conformational
changes in biological molecules.

Subsequently, we develop a simplified model of the system dynamics that can be
computed fast, enabling Bayesian analysis of the simulated experiments. This anal-
ysis successfully identifies the coupling between nitroxides and reveals that residual
tumbling effects in the system facilitates the extraction of distance information be-
tween the nitroxides.

The next work presented in this thesis shifts focus from nitroxide labels to electron
spins on the surface of diamonds, exploring their potential to improve polarization
transfer. Despite the high frequency associated with these electron spins, we effec-
tively tailor the existing ZZ interaction into a flip-flop Hamiltonian using rotations
over both the NV center and the surface electron. We then incorporate π pulses to
refocus noise, leading to the development of a double PulsePol structure, renowned
for its robust properties. This enables us to simultaneously transfer polarization
from the surface electron spin to external nuclei by executing a PulsePol sequence
between them while simultaneously transferring polarization from the NV center to
the surface electron. This work has sparked further developments, see for instance
Ref. [96]. Utilizing surface electron spins increases the couplings within the system,
accelerating polarization transfer. Moreover, we are able to coherently manipulate
these electron spins, transforming them from noise sources into active elements in
the polarization transfer process.

In the final part of this thesis, we address the high-frequency problem in NV-
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based NMR spectroscopy. This field is one of the most promising applications for NV
centers due to the potential gains in sensitivity and spatial resolution. However, NV-
based NMR spectroscopy is significantly impacted by the high-frequency problem,
as large magnetic fields are necessary to achieve sufficient chemical shift resolution,
increase polarization, and obtain clearer spectra.

To overcome this challenge, we develop a sequence named Amplitude-Encoded
Radio Induced Signal (AERIS). By using RF controls, AERIS maps the relevant shifts
into a slow signal in the longitudinal magnetization of the sample. The frequency of
this induced slow signal depends only on the Rabi frequency of the applied RF, which
can be chosen within an optimal range for NV measurement. This approach offers a
solution to the high-frequency problem in NV-based NMR spectroscopy, potentially
facilitating the development of a new generation of NMR devices. This work has
sparked interest in the NV community and has been expanded upon in other works
[97, 81] while the experimental group of Prof. Dominik Bucher is planning to adapt
AERIS in their setup. Furthermore, it is part of the roadmap of the QUENCH
Research and Innovation Action European project.

The approach of encoding the desired shifts in a crafted signal in the longitudinal
magnetization can be extended to other encodings in the, e.g., phase, frequency, am-
plitude, or in combinations of these parameters. Various protocols can be developed
to address the high-frequency problem, each with different strengths and trade-offs.
In the final part of this thesis, we develop a protocol that encodes information in both
the phase and amplitude of the signal. We use a detuned RF driving, selected to
match the Lee-Goldburg condition, which decouples the dipolar interactions within
the sample while generating a signal that can be measured by the NV at arbitrarily
high fields. Specifically, we apply a Lee-Goldburg 4 (LG4) sequence to the sample
and develop a geometric framework to understand and optimize the pulse sequence
on the NV center. This protocol provides a way to perform NV-based solid-state
NMR at large magnetic fields.

The protocols presented in this thesis are flexible and open to various improve-
ments and modifications. For instance, in the two protocols for NV-based NMR
spectroscopy, phase adjustments could be made to enhance robustness. Another in-
teresting path for future research is entangling the NV centers to increase sensitivity,
both at the nanoscale and the microscale.

Throughout this thesis, we have significantly deepened our understanding of the
high-frequency problem in NV centers. We have explored and developed various
quantum control sequences to confront and circumvent this limitation. It is our
believe that the sequences presented here represent a significant step forward in
expanding the applications of NV-based quantum sensors.
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APP. A ADDITIONAL DETAILS REGARDING STA PULSES

A Additional details for STA-based shaped
pulses

A.1 Error cancelation condition

Here we show the derivation of the approximate transition probability in the presence
of errors. We start from the control Hamiltonian including errors. This is

Hc +Hε = Ω(t)(1 + ξΩ)
2 σφ + δ(t) + ξδ

2 σz. (A.1)

Now we move to a rotating frame w.r.t. the control. This leads to

HI = U†0 (t)HεU0(t), (A.2)

where U0(t) = T̂ exp
{[
−i
∫ t
t0

Ω(s)
2 σφ + σz

δ(s)
2 ds

]}
is the control Hamiltonian propa-

gator. We can expand now the interaction picture propagator using Dyson series

UI(tπ, 0) = I− i
∫ tπ

0
dtHI(t)−

∫ tπ

0
dt

∫ t

0
dt′HI(t)HI(t′) + ... (A.3)
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A.1 Error cancelation condition

t If we now write HI(t) as in Eq. (A.2), and multiply the previous expression by
|φ(0)〉 we get (up to the second order)

|φ(tπ)〉I ≈ |φ0(0)〉 − i
∫ tπ

0
dtHI(t)|φ0(0)〉I−

−
∫ tπ

0
dt

∫ t

0
dt′HI(t)HI(t′)|φ0(0)〉I ,

(A.4)

where |·〉I represents the state in the interaction picture, while |φ0(t)〉 is the state
evolved without errors.

Now we apply U0(tπ, 0) to |φ(tπ)〉I and find

|φ(tπ)〉 ≈ |φ0(tπ)〉 − i
∫ tπ

0
dtU0(tπ, t)Hε|φ0(t)〉−

−
∫ tπ

0
dt

∫ t

0
dt′U0(tπ, t)HεU0(t, t′)Hε|φ0(t′)〉.

(A.5)

At this point we make use of the relation U0(tf , 0) = |φ0(tf )〉〈φ0(0)|+|φ⊥0 (tf )〉〈φ⊥0 (0)|,
where |φ⊥0 (t)〉 =

[
sin
(
θ
2
)
ei
β
2 |1〉 − cos

(
θ
2
)
e−i

β
2 |0〉

]
e−iγ is the orthogonal state to

|φ(t)〉 =
[
cos
(
θ
2
)
ei
β
2 |1〉+ sin

(
θ
2
)
e−i

β
2 |0〉

]
eiγ . Writing the full expression of Hε and

using the identity
∫ b
a
dx
∫ x
a
dyf(x, y) = 1

2
∫ b
a
dx
∫ b
a
dyf(x, y) if f(x, y) = f(y, x) in the

integration range, we can obtain that the probability to find |φ0(tπ)〉 at the end of
the pulse up to order two, i.e. P (tπ) = |〈φ0(tπ)|φ(tπ)〉|2, is

P (tπ) ≈ 1−
∣∣∣∣∫ tπ

0
dt〈φ⊥0 (t)|

(
ξδ
2 σz + Ω ξΩ

2 σφ

)
|φ0(t)〉

∣∣∣∣2 . (A.6)

Finally, using expression (4) we get the error cancelation condition

P (tπ) ≈ 1−
∣∣∣∣∫ tπ

0
dt
ei2γ(t)

2
(
ξδ sin(θ)− i2ξΩθ̇ sin2(θ)

)∣∣∣∣2 . (A.7)
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B Additional details for nitroxide coupling
sensing

B.1 Details about the system Hamiltonian

In the following, we derive Eq. (1) of the main text. We start with the Hamiltonian
for a driven NV center interacting with two driven nitroxide electron-spin labels. The
full Hamiltonian is

H =D (Sz)2 +Bz|γe|Sz +Hn1 +Hn2 +
∑
i=1,2

HNV−ni

+Hee +
√

2ΩMWS
x cos(ωMWt) + 2ΩRF (Jx1 + Jx2 ) cos(ωRFt).

(B.1)

Here, D = 2π × 2.87 GHz is the zero-field splitting of the NV center, |γe| = 2π × 28

MHz/mT is the electron gyromagnetic ratio, HNV−ni = µ0γ
2
e~

4πd3
i

[
~S · ~Ji −

3(~S·~ri)( ~Ji·~ri)
d2
i

]
is the dipolar interaction between the NV and the ith label electron, and Hee =
µ0γ

2
e~

4πd3
12

[
~J1 · ~J2 −

3( ~J1·~r12)( ~J2·~r12)
d2

12

]
is the dipolar interaction between label electrons.

In these equations, ~ri is the vector joining the NV with the ith label, ~r12 = ~r1−~r2 is
the relative vector that connects the two labels, di = |~ri|, and d12 = |~r12|. The last
two terms on the right hand side of Eq. (B.1) are the MW and RF driving terms,
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respectively. We move to the interaction picture with respect to H0 = D (Sz)2 +
|γe|BzSz = ω+|1〉〈1| + ω−| − 1〉〈−1|, with ω± = D ± |γe|Bz. In addition, we set
the MW field on resonance with the 0 ↔ 1 NV transition (ωMW = ω+). In the
interaction picture, the Hamiltonian takes the form

HI =Hn1 +Hn2 + Sz
(
~A1 · ~J1 + ~A2 · ~J2

)
+Hee

+ΩMW

2 (|0〉〈1|+ |1〉〈0|) + 2ΩRF (Jx1 + Jx2 ) cos(ωRFt).
(B.2)

Note that we substituted HNV−ni → Sz ~Ai · ~Ji, with ~Ai = µ0γ
2
e~

4πd3
i

[
ẑ − 3rzi ~ri

d2
i

]
. This is

justifiable since the strength of the interaction between the NV and labels is much
smaller than the transition energies of the NV. Therefore, the terms proportional to
Sx,y can be neglected in the RWA.

We initialize the NV in the ms = 1, 0 manifold. Moreover, the Hamiltonian does
not contain terms that can significantly populate the ms = −1 subspace. Conse-
quently, we can project the Hamiltonian on the ms = 1, 0 manifold and treat the NV
as a two-level system. The resulting Hamiltonian is

HI =Hn1 +Hn2 + I + σz

2

(
~A1 · ~J1 + ~A2 · ~J2

)
+Hee + ΩMW

2 σx + 2ΩRF (Jx1 + Jx2 ) cos(ωRFt),
(B.3)

where I = |1〉〈1|+ |0〉〈0|, σz = |1〉〈1| − |0〉〈0|, and σx = |1〉〈0|+ |0〉〈1|.
The next approximation consists in removing the counter-rotating terms in Hee.

These are terms of the form J+
1 J

+
2 and J−1 J

−
2 that precess under the externally

applied magnetic field Bz. They can be neglected in the RWA since the strength
of the coupling between label electrons is much smaller than their Zeeman energy.
Under this assumption, Hee simplifies to

Hee ≈
µ0γ

2
e~

4πd3
12

[
1− 3

(
rz12
d12

)2
] [
Jz1J

z
2 −

1
4
(
J+

1 J
−
2 + J−1 J

+
2
)]
, (B.4)

with J±i = Jxi ± iJ
y
i and g12 = µ0γ

2
e~

4πd3
12

[
1− 3

(
rz12
d12

)2
]
. Combining the above approxi-

mations leads to Eq. (1) of the main text.

B.2 Details about the nitroxide simplified model

In this section, we develop a simplified model of electron-nucleus dynamics within
each nitroxide label. Our approach is based on a perturbative treatment of the
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nitroxide nuclear degrees of freedom that are orthogonal to the z direction, i.e., the
direction of the external magnetic field. We first introduce the rotation matrices used
to relate the laboratory axes and the nitroxide principal axes, namely,

Ry(θ) =

 cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ

 , Rz(ϕ) =

cosϕ − sinϕ 0
sinϕ cosϕ 0

0 0 1

 . (B.5)

The two frames are related via the combined rotation R(θ, ϕ) = Rz(ϕ)Ry(θ). In
particular, a tensor O(P ) defined with respect to the nitroxide principal axes takes
the form O = R(θ, ϕ)O(P )R(θ, ϕ)ᵀ in the laboratory frame. For instance, consider
the nitroxide Hamiltonians [Eq. (2) of the main text]. In the present analysis, we
ignore the quadrupolar and nuclear Larmor terms since they are small and do not
contribute significantly to the dynamics. The validity of this last assumption was
confirmed by our detailed numerical simulations. With this assumption, the nitroxide
Hamiltonians expressed in the laboratory frame become

Hni ≈µBBz ẑ · Ci · ~Ji + ~Ji ·Gi · ~Ii = µBB
z ẑ ·R(θi, ϕi)C(P )

i R(θi, ϕi)ᵀ · ~Ji
+ ~Ji ·R(θi, ϕi)G(P )

i R(θi, ϕi)ᵀ · ~Ii.
(B.6)

Due to the symmetry of the C(P )
i and G(P )

i tensors (Cx ≈ Cy ≈ 2.007 and Gx ≈
Gy ≈ 2π × 14 MHz) we can set ϕi = 0 without loss of generality. We find

Hni =µBB
z

2 (C‖ − C⊥) sin(2θi)Jxi + µBB
z

2

[
(C‖ − C⊥) cos(2θi) + C⊥ + C‖

]
Jzi

+ G‖ −G⊥

2 sin(2θi)Jzi Ixi +
(
G‖ +G⊥

2 + G‖ −G⊥

2 cos(2θi)
)
Jzi I

z
i

+G⊥Jyi I
y
i +

(
G‖ +G⊥

2 − G‖ −G⊥

2 cos(2θi)
)
Jxi I

x
i

+ G‖ −G⊥

2 sin(2θi)Jxi Izi .
(B.7)

B.2.1 Simplified dynamics of a nitroxide label hosting 14N

As a first approximation, we keep only the terms proportional to Jzi in Eq. (B.7) .
This is a reasonable first approximation since the hyperfine interaction is typically
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smaller than the electronic Zeeman energy. The resulting Hamiltonian is

Hdiag = µBB
z

2

[
(C‖ − C⊥) cos(2θi) + C⊥ + C‖

]
Jzi

+
(
G‖ +G⊥

2 + G‖ −G⊥

2 cos(2θi)
)
Jzi I

z
i + G‖ −G⊥

2 sin(2θi)Jzi Ixi

= µBB
zC(θi)Jzi

+
[(

G⊥ +G‖

2 + G‖ −G⊥

2 cos(2θi)
)
Izi + G‖ −G⊥

2 sin(2θi)Ixi
]
Jzi ,

(B.8)

where C(θ) = 1
2
[
(C‖ − C⊥) cos(2θ) + C⊥ + C‖

]
. To find the shifts on Jzi associated

to specific nuclear spin states, we diagonalize the term(
G⊥ +G‖

2 + G‖ −G⊥

2 cos(2θi)
)
Izi + G‖ −G⊥

2 sin(2θi)Ixi . (B.9)

Since 14N is a spin-1 particle, diagonalization leads to three nuclear eigenstates |0̃〉,
|1̃〉, and | − 1̃〉 . The states have eigenenergies

ωi0 = 0,

ωi1 = 1√
2

√[
(G‖)2 − (G⊥)2

]
cos(2θi) + (G⊥)2 + (G‖)2,

ωi−1 = − 1√
2

√[
(G‖)2 − (G⊥)2

]
cos(2θi) + (G⊥)2 + (G‖)2.

(B.10)

Thus, our leading approximation for the nitroxide Hamiltonian is

Hni ≈
[
Ei1|1̃〉〈1̃|+ Ei0|0̃〉〈0̃|+ Ei−1| − 1̃〉〈−1̃|

]
Jzi , (B.11)

where

Ei0 = µBB
zC(θi),

Ei1 = µBB
zC(θi) + 1√

2

√[
(G‖)2 − (G⊥)2

]
cos(2θi) + (G⊥)2 + (G‖)2,

Ei−1 = µBB
zC(θi)−

1√
2

√[
(G‖)2 − (G⊥)2

]
cos(2θi) + (G⊥)2 + (G‖)2.

(B.12)

The above expressions reveal the existence of three energy-transition branches. There
is one central branch with energy µBBzC(θi). The other two branches are shifted
from the central branch by ±

∣∣∣ 1√
2

√[
(G‖)2 − (G⊥)2

]
cos(2θi) + (G⊥)2 + (G‖)2

∣∣∣. A
full energy diagram is given in Fig. B.1. Note that for moderate magnetic fields, Ei0
depends much more weakly than Ei1,−1 on the nitroxide azimuth θi since the Landé
tensor is almost isotropic, C‖ ' C⊥, while the hyperfine tensor is strongly anisotropic,
G‖ 6= G⊥. Thus, the central branch is particularly important since it can be robust
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Figure B.1: Energy diagram of a nitroxide label hosting a 14N. A magnetic field Bz is applied
along the laboratory z axis, leading to a Landé splitting of the electronic states (blue panel).
The hyperfine coupling between the label electron and the nitrogen then splits the energy
levels (green panel). Finally, each level is further split in two by the coupling between label
electrons (yellow panel). The red arrows in the yellow panel indicate the transitions targeted
by our protocol.

against molecular tumbling (i.e., robust against changes in θi). Note, however, that
the dependence of Ei0 on θi due to the small anistropy of the Landé tensor can become
significant if the magnetic field becomes too large. At low magnetic fields, the above
approximation starts to break down. We now investigate the leading correction to
the central branch Ei0 due to the hyperfine interaction in that regime. This correction
arises from the nondiagonal terms in Eq. (B.7), i.e., the terms proportional to Jx,yi .
We first rewrite the nondiagonal terms in Eq. (B.7) as

V = αiJ
x
i + βiJ

y
i , (B.13)

where

αi =
(
G⊥ cos2(θi) +G‖ sin2(θi)

)
Ix +

(
G‖ −G⊥

)
Iz cos(θi) sin(θi),

βi = G⊥Iy.
(B.14)
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B.2 Details about the nitroxide simplified model
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Figure B.2: (Top panels) Energy-transition branches of a nitroxide as a function of its
azimuth angle θ for B = 3, 30 and 300 mT (left to right). Solid black (grey) lines correspond
to a nitroxide hosting 14N (15N). All branches are obtained by diagonalizing Eq. (2) of the
main text. (Bottom panels) Numerical simulation of the average NV spectrum 〈σx〉NV for
the same magnetic fields as in the top panels. All simulations are performed by unitary
propagation of Eq. (1) of the main text and using the full nitroxide Hamiltonian, Eq. (2).
We show the spectrum for an equilibrium azimuth θeq = 30◦ (black lines) and the spectra
averaged over a Gaussian distribution of angles centered at θeq and with standard deviation
σθ = 6.25◦ (shaded areas). At intermediate magnetic fields, the spectrum is resilient to
tumbling due to a weak dependence of the central branch E0 on θ.

We find the second-order correction due to V by performing operator perturbation
theory. More precisely, we move to a rotating frame with respect to µBBzC(θi)Jzi
and find the effective contribution of V by keeping time-independent terms in its
Dyson series (expanded up to second order). This leads to an effective interaction
(αi−iβi)(αi+iβi)

2µBBzC(θi) Jzi . Projecting this expression onto the |0̃〉 subspace gives the leading
correction to Ei0,

1
2µBBzC(θi)

2(G⊥G‖)2 +
[
(G⊥)4 − (G⊥G‖)2] sin2(θi)

(G⊥)2 sin2(θi) + (G‖)2 cos2(θi)
. (B.15)

This expression shows that the anisotropy of the hyperfine tensor can lead to a
strong dependence of Ei0 on θi when the magnetic field becomes small enough to
be comparable to the hyperfine coupling. From the above arguments, we therefore
expect that there exists an optimum magnetic field strength where the central branch
is most robust to variations in the azimuth θi. This is illustrated in Fig. B.2.

In summary, we write the nitroxide Hamiltonian as

Hni ≈
[
Ei1|1̃〉〈1̃|i + Ei0|0̃〉〈0̃|i + Ei−1| − 1̃〉〈−1̃|i

]
Jzi , (B.16)
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with

Ei0 = µBB
zC(θi) + 1

2µBBzC(θi)
2(G⊥G‖)2 +

[
(G⊥)4 − (G⊥G‖)2] sin2(θi)

(G⊥)2 sin2(θi) + (G‖)2 cos2(θi)
,

Ei1 = µBB
zC(θi) + 1√

2

√[
(G‖)2 − (G⊥)2

]
cos(2θi) + (G⊥)2 + (G‖)2,

Ei−1 = µBB
zC(θi)−

1√
2

√[
(G‖)2 − (G⊥)2

]
cos(2θi) + (G⊥)2 + (G‖)2.

B.2.2 Simplified dynamics of a nitroxide label hosting 15N

For a 15N, (i.e., a spin-1/2 particle) the diagonalization of Eq. (B.9) yields two
nitrogen eigenstates |1̃/2〉 and | − 1̃/2〉 with eigenergies

Ei1/2,−1/2 = µBB
zC(θi)±

√
(G⊥)2 + (G‖)2 +

[
(G‖)2 − (G⊥)2

]
cos(2θi)

2
√

2
. (B.17)

B.3 Dissipative model

Our detailed numerical simulations account for decoherence in ambient conditions
using a Lindblad master equation of the form

ρ̇ =− i [H, ρ] + 1
2T2

(σzρσz − ρ)

+
∑
i=1,2

[
Γ(n̄+ 1)

(
J−i ρJ

+
i −

1
2J

+
i J
−
i ρ−

1
2ρJ

+
i J
−
i

)

+ Γn̄
(
J+
i ρJ

−
i −

1
2J
−
i J

+
i ρ−

1
2ρJ

−
i J

+
i

)]
.

(B.18)

Here, T2 = 20 µs is the NV coherence time for an NV depth of 4 nm [29], Γ ≈ 2π×2.68
Hz is the relaxation rate of the label electrons, and n̄ = 1/ [exp (~γeBz/kBT )− 1] is
the thermal occupation of a bosonic thermal bath of temperature T that generates
electronic transitions. For the magnetic field Bz = 30 mT and the temperature
T = 300 K used in our simulations, this corresponds to an electronic relaxation time
T1 = 1/ [(2n̄+ 1)Γ] ≈ 4 µs [29]. The coherent part of the evolution in the presence
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of driving is described by the Hamiltonian

H =ΩMW

2 σx + g12

[
Jz1J

z
2 −

1
4
(
J+

1 J
−
2 + J−1 J

+
2
)]

+
∑
i=1,2

[
1
2 (I + σz) ~Ai · ~Ji + µBB

z ẑ · Ci · ~Ji + γNB
zIzi

+~Ii ·Qi · ~Ii + ~Ji ·Gi · ~Ii + 2ΩRFJ
x
i cos(ωRFt)

]
.

(B.19)

The above model was previously used to accurately describe the experimental results
of Ref. [29].

B.4 Molecular tumbling

Figure B.3 depicts the effect of molecular tumbling on the orientations and positions
of the nitroxides before rotation and after rotation. For all simulations, the molecule
rotates around an axis that is parallel to the laboratory x axis and that contains the
point ~r0 = (3, 0, 6) nm. For the simulations of Fig. 3(a,d), the equilibrium positions of
the two nitroxides are ~r1,eq = (−2.10, 2.17, 6.24) nm and ~r2,eq = (0.4, 0.3, 7.3) nm and
their equilibrium orientations are (θ1,eq, ϕ1,eq) = (11.46,−91.67)◦ and (θ2,eq, ϕ2,eq) =
(91.67, 154.70)◦. For the simulation of Fig. 3(b), the equilibrium positions are ~r1,eq =
(−2.10, 2.17, 6.24) nm and ~r2,eq = (0.89, 0.39, 8.27) nm and the equilibrium orienta-
tions are (θ1,eq, ϕ1,eq) = (11.46,−91.67)◦ and (θ2,eq, ϕ2,eq) = (91.67, 154.70)◦. For
the simulation of Fig. 3(c), the equilibrium positions are ~r1,eq = (−2.10, 2.17, 6.24)
nm and ~r2,eq = (0.4, 0.3, 7.3) nm and the equilibrium orientations are (θ1,eq, ϕ1,eq) =
(63.03,−91.67)◦ and (θ2,eq, ϕ2,eq) = (51.57, 154.70)◦. All positions are measured
with respect to an origin located at the NV center. The average spectrum 〈σx〉NV
is obtained by averaging spectra assuming that the rotation angle δ follows a Gaus-
sian distribution with zero mean and standard deviation 6.25◦. Finally, note that
the molecular tumbling has a correlation time of ∼1 ms for typical proteins at room
temperature [29]. Since the NV signal must be averaged over several seconds, all
tumbling configurations are averaged over in the course of the experiment
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x x
Figure B.3: Starting from an initial configuration (left), the molecule is slightly rotated
around an axis parallel to the laboratory x axis (right). In the right panel, the transparent
image shows the initial configuration for better comparison.

B.5 Inference model

In this section, we motivate the expression used for Bayesian parameter inference in
the main text. We make the following simplifying assumptions:

1. The system is simplified to a single NV interacting with a single target nitroxide
(14N) with orientation (θ, ϕ). The only role of the other nitroxide is to introduce
an energy shift ±g12(β)/2 on the target nitroxide depending on its state. Here,
g12(β) ∝ d−3

12 (1 − 3 cos2 β) is the dipole-dipole coupling and β is the angle
between the magnetic field and the vector ~r12 joining the nitroxides.

2. The longitudinal coupling az between the NV and target nitroxide stays ap-
proximately constant during molecular tumbling. This is a reasonable approx-
imation for small molecular tumbling angles.

3. The driving frequency ωRF is close to resonance with the E0(θ) energy-transition
branch of the target nitroxide and far off resonance with the other branches.
Therefore, non-trivial evolution of the target nitroxide occurs only for nuclear
eigenstate |0̃〉.

4. The π-pulse on the NV is simply described by the action of the operator −iσx,
i.e., the interaction between the NV and label electrons during irradiation can
be neglected.

With these assumptions, the Hamiltonian of the target nitroxide during free evo-
lution is Hfree,± =

{[
E0(θ)− ωRF ± g12(β)

2

]
Jz + az

2 σ
zJz
}
⊗ |0̃〉〈0̃| . Similarly, the
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Hamiltonian of the target nitroxide during irradiation is

Hpulse,± =
{[
E0(θ)− ωRF ±

g12(β)
2

]
Jz + ΩRFJ

x

}
⊗ |0̃〉〈0̃|. (B.20)

In these expressions, the index ± labels the states of the other nitroxide electron.
For coherent dynamics, these Hamiltonians yield the propagator

U± = e−iHfree,±τfreee
−iHpulse,±

π
ΩRF (−iσx)e−iHfree,±τfree . (B.21)

We assume an initial state ρ = |+〉〈+| ⊗ I
2 ⊗

I
3 , i.e., the target nitroxide is in a

fully mixed state. We also assume that the other nitroxide is in a fully mixed state
so that the evolutions U± have equal probability. With these initial conditions, we
find that the spectrum S(ωRF, θ, β) = 〈σx〉NV has the form

S(ωRF, θ, β) ≈
∑
s=+,−

1
2Tr

(
UsρU

†
sσ

x
)

= S0 −
∑
s=+,−

Cs
[

ΩRF

Ωs(ωRF, θ, β)

]2
sin2

[
π

2
Ωs(ωRF, θ, β)

ΩRF

]
,

(B.22)

where Ω2
±(ωRF, θ, β) = Ω2

RF + [ωRF − E0(θ)± g12(β)/2]2, S0 = 1, and
Cs = 1

6 sin2
(
azτfree

2

)
.

For a fixed value of τfree, we expect the main effect of dissipation to be two-fold.
First, NV decoherence can modify the baseline NV response S0 when the drive is
off-resonant. Second, NV decoherence and relaxation of the nitroxide electrons can
reduce the contrast Cs in a way that may depend on s = ±. Therefore, we leave S0,
C+, and C− as adjustable parameters for the dissipative model. In the presence of
molecular tumbling, the average spectrum S(ωRF) is obtained by averaging Eq. (B.22)
over a suitable distribution of the tumbling angle δ, with the angles θ and β both
depending on δ. For tumbling by an angle δ around an axis parallel to the laboratory
x axis (see Fig. B.3), the azimuth angle θ of the target nitroxide is related to δ by

θ(δ) = arccos [cos(δ) cos(θeq) + sin(δ) sin(θeq) sin(ϕeq)] , (B.23)

where (θeq, ϕeq) is the equilibrium orientation of the target nitroxide. Moreover,
the dependence of the angle β on the tumbling angle δ is described by the ex-
pression cos2[β(δ)] = A2

β cos2(δ + φβ), where Aβ and φβ are parameters captur-
ing the orientation of ~r12 in the x − y plane. Using these relations, the aver-
age spectrum S(ωRF) is obtained by numerically averaging S[ωRF, θ(δ), β(δ)] over
δ assuming that δ is Gaussian-distributed with unknown standard deviation σδ.
When trying to infer d12, there are nine adjustable parameters in total. We as-
sume that S0 is calibrated and known. The remaining eight adjustable parameters
are V = {C+, C−, θeq, ϕeq, Aβ , φβ , d12, σδ}.
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B.6 Inference of the distance between nitroxide electron-spin
labels

We now describe how to infer system parameters from the simplified model discussed
in App. B.5. We first simulate the acquisition of experimental data from a spectrum
obtained numerically using Eq. (B.19). Here, we use the spectrum of Fig. 3(a) in
the main text. The data has the form X = {X1, . . . , XM}, where Xj is an estimate
of the probability P+ =

(
1 + 〈σx〉NV

)
/2 of the NV occupying the +1 eigenstate

of σx when the target nitroxide is driven at frequency ωRF,j . Assuming ideal NV
measurements, the simulated values of Xj are drawn independently from a Binomial
distribution, Xj ∼ B(Nm,P+)/Nm. Fig. B.4(a) shows an example simulated dataset
X. The “true” spectrum P+ =

(
1 + 〈σx〉NV

)
/2 and the approximate spectrum

P+ =
(
1 + S(ωRF)

)
/2 are also shown for comparison.

The values of θeq, ϕeq, Aβ , φβ , d12 and σδ used to plot the approximate spectrum
are the same as for the “true” spectrum, while the contrasts C± and baseline S0
are adjusted to fit the “true” spectrum. The two spectra are in good agreement,
suggesting that our simplified model can be safely used to infer the system param-
eters V. To infer the parameters, we assume that Xj is Gaussian distributed with
mean

(
1 + S(ωRF,j)

)
/2 and variance σ2

m =
(
1− S(ωRF,j)2) /4Nm. The Gaussian

approximation is justifiable when the number Nm of measurements per frequency
is large. Since S ≈ 0.34 at all frequencies for the spectrum of Fig. 3(a), we fix σ2

m

to a constant value σ2
m ≈ 0.22/Nm. In addition, we assume a uniform prior for V.

The posterior distribution L(V|X) is then sampled using a standard Metropolis al-
gorithm [68]. Fig. B.4(b) shows an example Markov chain for the parameters d12,
C+, and C− (the contrasts C± are multiplied by a factor 10 for easier viewing). The
resulting marginal posterior for d12 is shown in Fig. 4(d) of the main text. For ref-
erence, the marginal posterior of |g12| is also shown in Fig. B.4(c). The posteriors
were obtained by discarding the first 104 steps as a burn-in phase. The Metropolis
acceptance rate was ∼ 30%.

When the measurements are not ideal, preparation of the NV in the mS = 0
state (mapped to σx = +1) leads to a photon detection with probability p � 1,
while preparation of the NV in the mS = ±1 state (mapped to σx = −1) leads to no
photon detection. Under these assumptions, we estimate that the measurement noise
variance scales as σ2

m ≈ (1 + S)/2pNm [98]. For S ≈ 0.34 and for an experimentally
achievable ground state detection efficiency p ≈ 0.12 [69], this gives σ2

m ≈ 5.6/Nm.
Comparing with the ideal case, we find that the same variance as for ideal measure-
ments is achieved with approximately 25 times more measurements. In the present
case, this would require Nm ≈ 5 × 105 non-ideal measurements per RF frequency.
The execution time of the sequence (4.6 µs), plus measurement and reinitialization
(∼ 3 µs) and some additional time to assure reliable thermalization of the labels
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Figure B.4: (a) Simulated experimental dataset X (red points). The dataset contains
M = 25 frequencies ωRF,j swept across the target nitroxide resonance, with Nm =
2 × 104 ideal measurements for each frequency. The error bars are given by σm =√(

1− S2
)
/4Nm ≈

√
0.22/Nm. The “true” spectrum

(
〈σx〉NV + 1

)
/2 (solid line) and

the simplified model
(
S(ωRF) + 1

)
/2 (dashed line) are also shown (see text for details

about the used parameters). (b) Metropolis Markov chain for the parameters C± (red and
blue) and d12 (grey). The contrasts C± are dimensionless and are multiplied by 10 for
easier viewing. The distance d12 is measured in nm. (c) Marginal posterior L(|g12||X)
obtained from the Markov chain by combining the parameters d12, Aβ , and φβ according
to g12 =

(
µ0γ

2
e~/4πd3

12
) (

1− 3A2
β cos2 φβ

)
. All samples before Ns = 104 were discarded.

The expectation value is |g12|/2π = 1.010(41) MHz, in good agreement with the ideal value
|g12|/2π = 1 MHz. The error is given by the standard deviation of the marginal posterior.

(∼ 3T1) leads to a total time of ∼ 20 µs per shot. Assuming M = 25 inspected
frequencies and Nm ≈ 5× 105, the experiment would require 250 s to be completed.
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C Additional details for AERIS

C.1 Radio field intensity estimation

In this section, we estimate the radio signal amplitude for the example in the main
text. We numerically compute the geometrical factor f =

∫
f(r)dV for different

hemispheres while we consider the NV axis perpendicular to the diamond surface.
This leads to an asymptotical value of f ∼ 4.1. Note that half of the asymptotic value
is reached for integration hemispheres with a radius of 2-3 times the depth of the
NV, which leads to detectable signals even for picoliter volume samples. Considering
a pure ethanol sample with a density of 789 kg m−3 and a molar mass of 46 g mol−1,
we obtain a proton density of ρ = 6.2 × 1028 m−3. With this into consideration, the
total amplitude obtained in a 2.1 T external field at room temperature is b ∼ 2.56
nT. Finally, we can distribute this amplitude throughout the ethanol spectral peaks
according to the following rules: b/3 (signal produced by 2 out of 6 hydrogens of the
molecule) distributed in four peaks with ratios 1:3:3:1, a single peak of b/6, and b/2
(signal produced by 3 out of 6 hydrogens of the molecule) distributed in three peaks
with ratio 1:2:1, to obtain

bk ∈ {106, 320, 320, 106, 426, 320, 640, 320} pT. (C.1)
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D Additional details for dipolarly-coupled
samples

D.1 Nuclear spin dynamics under RF drivings

Under an RF field (that will rotate nuclei around the A, Ā,B, or B̄ axes) the nuclear
spin Hamiltonian including dipole-dipole terms among nuclear spins reads

H =
∑
i

[
γnBzI

i
z + δjI

i
z + 2ΩIix sin (ωdt− α)

]
+
∑
i>j

µ0γ
2
n~

4πr3
i,j

[
~Ii · ~Ij − 3(~Ii · r̂i,j)(~Ij · r̂i,j)

]
,

(D.1)

where ri,j is the distance between each pair of nuclei (r̂i,j its a unitary vector such that
~ri,j = ri,j r̂i,j), γN is the nuclear gyromagnetic ratio, µ0 is the vacuum permeability,
~Ii =

(
Iix, I

i
y, I

i
z

)
are the nuclear spin operators for the ith spin, Ω and ωd are the Rabi

and carrier frequencies of the radio-frequency (RF), α is a tunable phase of the RF,
and δi represents the deviation (i.e. the energy shift) of the ith nuclear spin from the
Larmor precession rate ωL = γnBz owing to its particular magnetic environment.
The accurate determination of δj is the target of the sensing protocol introduced
here.
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In a rotating frame w.r.t. (ωL −∆)
∑
i I
i
z, and under the secular approximation

of the dipole-dipole term that eliminates fast rotating terms by invoking the rotating
wave approximation, Eq. (D.1) simplifies to

H =
∑
i

[
(∆ + δi)Iiz + ΩIiα

]
+
∑
i>j

µ0γ
2
n~

4πr3
i,j

[
1− 3

(
ri,jz
)2] [

IizI
j
z −

1
2(IiαIjα + Iiα⊥I

j
α⊥

)
]
.

(D.2)

where Iiα =
(
Iix sinα+ Iiy cosα

)
, and Iiα

⊥ =
(
Iix cosα− Iiy sinα

)
.

Introducing a new spin basis, defined by rotating the original axes around α⊥,

IjP = cos (θ)Ijz + sin (θ)Ijα,
IjQ = cos (θ)Ijα − sin (θ)Ijz ,

Ij
Q⊥

= Ij
α⊥
, (D.3)

and defining the rotation angle through cos θ = ∆√
Ω2+∆2 , and sin θ = Ω√

Ω2+∆2 , allows
to rewrite the sample Hamiltonian as

H = Ω̄
∑
i

IiP +
∑
i

δi[cos (θ)IiP − sin (θ)IiQ]

+
∑
i>j

µ0γ
2
n~

4πr3
i,j

[
1− 3(rzi,j)2]{ cos2 (θ)IiP I

j
P + sin2 (θ)IiQI

j
Q − cos(θ) sin(θ)(IiP I

j
Q + IiQI

j
P )

− 1
2

[
cos2 (θ)IiQI

j
Q + sin2 (θ)IiP I

j
P + cos(θ) sin(θ)(IiP I

j
Q + IiQI

j
P ) + IiQ⊥I

j
Q⊥

]}
,

(D.4)
where the effective rotation rate around IP reads Ω̄ =

√
∆2 + Ω2. Finally, many

terms can be neglected by a secular approximation with respect to Ω̄
∑
i I
i
P . The

remaining terms in the dipolar interaction disappear magically when the angle that
defines the change of basis in Eq. (D.3) satisfies cos(θ) = ±1/

√
3, or, equivalently,

when the Lee-Goldburg condition ∆ = ±Ω/
√

2 is met, leading to

H =
N∑
i=1

(
±δi√

3
+ Ω̄

)
IiP , (D.5)

where ±δj/
√

3 are the parallel components of the shifts with respect to the ef-
fective rotation axis P, and its sign is the same as the sign of ∆. Note that any
combination of Ω and ∆ that complies with the Lee-Goldburg condition produces
the described decoupling effect. In particular, for a given intensity of the RF field,
this can be detuned from the top and from the bottom with respect to the Larmor.
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Moreover, the previous derivation is valid for any phase α of the RF field. This free-
dom has been exploited to develop more elaborated control schemes that concatenate
various RF fields, such as the LG4 sequence implemented in our protocol.

In the LG4 sequence, each driving axis is applied during a time T = 2π/Ω̄ fol-
lowing the order A, Ā, B̄, and B (see main text). In order to obtain the effective
dynamics of a full LG4 block, we write the explicit propagator

ULG4 =UBUB̄UĀUA = e
−i
∑N

i=1

(
δi√

3
+Ω̄
)
IiBT e

−i
∑N

i=1

(
− δi√

3
+Ω̄
)
Ii
B̄
T

· e−i
∑N

i=1

(
− δi√

3
+Ω̄
)
Ii
Ā
T
e
−i
∑N

i=1

(
δi√

3
+Ω̄
)
IiAT .

(D.6)

In every propagator, we can do the following change

e
−i
∑N

i=1

(
± δi√

3
+Ω̄
)
IiPT = e

−i
∑N

i=1
± δi√

3
IiPT e−i

∑N

i=1
Ω̄IiPT = e

−i
∑N

i=1
± δi√

3
IiPT , (D.7)

where we used that e−i
∑N

i=1
Ω̄IiPT = e−i

∑N

i=1
2πIiP = I. Assuming that Ω̄ >> ± δi√

3 ,
we can Trotterize the LG4 propagator to obtain

e
−i
∑N

i=1

(
δi√

3
IiB−

δi√
3
Ii
B̄
− δi√

3
Ii
Ā

+ δi√
3
IiA

)
T
. (D.8)

Finally, substituting the expression for each axis operator of Eq. (7.2), obtain the
propagator

e
−i
∑N

i=1

[
δi√
3Ω̄ (ΩIiy cosα+∆Iiz)

]
4T
. (D.9)

From this expression, we reach the final effective Hamiltonian (7.4) after rearranging
the terms

Heff =
∑
i

δ∗i I
i
C , (D.10)

where IiC =
√

2Iiy cosα+Iiz√
2 cos2 α+1 and δ∗i = δi

√
1+2 cos2 α

3 .

D.2 Accumulated Phase

As stated in the main text, the signals received by the NV adhere to a general
form Eq.(7.3). When a two pulse CPMG sequence is applied on the NV sensor (see
Fig.(7.1)) with π pulses applied at times t1 and t2, the phase accumulated by the
NV at stage k is:

Φk =
∫ t1

0

[
|γe|Γk cos

(
Ω̄t+ φk

)
+ bk

]
dt−

∫ t2

t1

[
|γe|Γk cos

(
Ω̄t+ φk

)
+ bk

]
dt

+
∫ T

t2

[
|γe|Γk cos

(
Ω̄t+ φk

)
+ bk

]
dt,

(D.11)
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where we choose the separation of both pulses to be T
2 , which ensures the cancel-

lation of the static b0 term

Φk = 2|γe|Γk
Ω̄

[
sin (Ω̄t1 + φk)− sin (Ω̄t2 + φk)

]
= 4|γe|Γk

Ω̄
cos (φk − ϕ), (D.12)

with ϕ = π
2 − Ω̄t1.

As the sample evolves under the LG4 sequence, the amplitude Γk and phase φk of
the NMR signal evolve, see Fig. (7.2) (a, b). If the signal gets projected about some
axis, e.g. Γk cosφk, the variation of this projection is a simple sinusoidal function
(see Fig. (7.2) (c)) which is exactly what we need in order to extract the information
using a discrete Fourier transform. This result can be understood geometrically, see
main text.

Once we choose a projection angle axis, we can compute the adequate timing for
the CPMG sequence as

ϕ = ϕopt → ϕopt = π

2 − Ω̄t1 → t1 = π

2Ω̄
− ϕopt

Ω̄
. (D.13)

For optimal pulse positions, we select the angle matching the major axis of the
ellipse. This axis is orthogonal to both Â and Ĉ, i.e.,

(
0,− 1√

2+cos 2α ,
√

2 cosα√
2+cos 2α

)
.

Then, the angle θA is measured with respect to the orthogonal component of ẑ
concerning Â. This angle is:

ϕopt = arccos
√

3 cosα√
2 + cos 2α

. (D.14)

D.3 Analytical expression

Here we provide details of the derivation of the analytical expression for the expected
value of the measurements performed with the NV. Our starting point is the fact
that the NV will couple to a signal proportional to the ẑ component of the sample
magnetization.

Focusing on the kth driving stage around Â, we can describe the expected signal
as:

s ∝ M̂(t) · ẑ = M̂(t)
(
ẑ⊥ sin θLG + Â cos θLG

)
, (D.15)

where M̂(t) is the magnetization vector and the ẑ axis was split in the parallel and
perpendicular components with respect to axis Â, and θLG = arccos 1√

3 is the magic
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angle. We can describe the time dependency of the magnetization during the driving
stage A by employing the Rodrigues’ rotation formula as

M̂(t) = M̂k cos Ω̄t+
(
Â× M̂k

)
sin Ω̄t+ Â

(
Â · M̂k

) (
1− cos Ω̄t

)
, (D.16)

where M̂k is the magnetization vector at the beginning of the kth sequence. Substi-
tuting in Eq. (D.15), we get

s ∝
[
M̂k · ẑ⊥ cos Ω̄t+

(
Â× M̂k

)
· ẑ⊥ sin Ω̄t

]
sin θLG + Â · M̂k cos θLG. (D.17)

We can now split the magnetization vector into its parallel and perpendicular com-
ponents with respect to Â as M̂k =

(
~M
‖
k + ~M⊥k

)
. With this we reach expression

s ∝ | ~M⊥k | sin θLG cos
(
Ω̄t+ φ

)
+ | ~M‖k | cos θLG, (D.18)

where φ is the angle between ~M⊥k and ẑ⊥. Notice how this expression exactly matches
the shape of Eq.(7.3) in the main text.

Substituting in Eq. (7.8), we obtain

Φ ∝ −4γe sin θLG

Ω̄
| ~M⊥k | cos (φ− ϕ) = −4γe sin θLG

Ω̄
M̂k · l̂ (D.19)

with l̂ a vector perpendicular to Â and tilted ϕ with respect to ẑ⊥.
We can now generalize to all the driving stages by describing the precession motion

of the initial magnetization vectors employing Rodrigues’ formula once again

M̂k =M̂0 cos
(

4δ∗i k
Ω̄

)
+
(
Ĉ × M̂0

)
sin
(

4δ∗i k
Ω̄

)
+ Ĉ

(
Ĉ · M̂0

)[
1− cos

(
4δ∗i k

Ω̄

)]
.

(D.20)

Starting with an initial magnetization M̂0 in the orthogonal plane with respect to Ĉ
and an angle µ with respect to x̂ (which resides in this plane), and including factors
for the signal amplitude, we obtain the formula for the accumulated phase

Φk = Dϕρi cos
(

4δ∗i k
Ω̄

+ µ− βϕ
)
, (D.21)

whereDϕ = −γe~2γ2
hµ0f sin (θLG)

8Ω̄π2kBT

√(
cosϕ sinα√

3 − cosα sinϕ
)2

+ (√3 cosα cosϕ+sinα sinϕ)2

2+cos (2α) ,
ρi is the spin density of the ith nucleus, and
βϕ = arctan 3(√3 cosα cosϕ+sinα sinϕ)√

2+cos (2α)(√3 cosϕ sinα−3 cosα sinϕ) . Here, f is a geometric factor that re-

lates the sample geometry with the signal amplitude in the NV site (see Section 6.2),
kB is the Boltzmann constant, and T is the temperature. See [22, 73] for further

97



D.3 Analytical expression

details on the signal amplitude expression. It can be checked that ϕopt does indeed
maximize Dϕ. The total accumulated phase of the three drivings A, Ā, B is simply
3Φk, provided that νϕ = µ−βϕ is the same in the three stages, which in our case we
choose to add up to 0.

Finally, to consider all effective chemical shifts δ∗i it suffices to sum all the contri-
butions. Assuming a small angle Φk, the final formula for the expected value of σz
is

〈σz〉k ≈ 3Dϕ

∑
i

[
ρi cos

(
4δ∗i k

Ω̄
+ νϕ

)]
, (D.22)

which gives us the desired spectrum upon Fourier transform.
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