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Abstract

This paper investigates some properties of cyclic fuzzy maps in metric spaces. The
convergence of distances as well as that of sequences being generated as iterates
defined by a class of contractive cyclic fuzzy mapping to fuzzy best proximity points
of (non-necessarily intersecting adjacent subsets) of the cyclic disposal is studied. An
extension is given for the case when the images of the points of a class of contractive
cyclic fuzzy mappings restricted to a particular subset of the cyclic disposal are
allowed to lie either in the same subset or in its next adjacent one.

Keywords: fixed and best proximity points; fuzzy cyclic contractive maps; cyclic
fuzzy contraction and fuzzy sets

1 Introduction

Fixed point theory has received much attention in the last decades with a rapidly increas-
ing number of related theorems on nonexpansive and on contractive mappings, variational
inequalities, optimization efc. Variants and extensions have also been considered in the
frameworks of probabilistic metric spaces and multivalued mappings. The wide variety of
problems of cyclic and proximal contractions has also received much attention in the last
years.

Fixed point theory has also proved to be an important tool for the study of relevant prob-
lems in science and engineering concerning local and global stability, asymptotic stability,
stabilization, convergence of trajectories and sequences to equilibrium points [1-3], dy-
namics switching in dynamic systems and in differential/difference equations, etc. In par-
ticular, the equilibrium problems associated with switching processes in dynamic systems
[1-4] are sometimes related to cyclic mappings where the cyclic disposal contains either
trajectory solutions or sequences which commute to adjacent subsets being appropriately
defined. Cyclic mappings, related contractive properties, and best proximity points have
been widely studied in metric spaces in both the deterministic [5-10] and the probabilistic
frameworks, see, for instance, [11-14], as well the related proximal-type problems, see, for
instance, [15, 16] and references therein.

The concept of fuzzy contractions was proposed in [17] and has been revisited later
on in [18-21] including the study the common fixed points and compatibility problems
in fuzzy metric spaces, [22-28]. In particular the paper by Azam and Beg [22] is very
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illustrative and well worked out on a set of proved properties associated with a very general
fuzzy contractive condition. On the other hand, a fuzzy theory related to the more general
intuitionistic fuzzy metric spaces is also being developed. See, for instance, [29, 30] and
references therein. See also the recent references [31, 32].

The main objective of this paper is the study of contractive fuzzy cyclic multivalued
mappings and the convergence properties of sequences constructed via such maps to fuzzy
best proximity points and fuzzy fixed points. It is assumed that the subsets defining the
cyclic disposal do not necessarily intersect. Some extended results are given for the more
general case when the cyclic map can have an image within its domain instead of on its

adjacent subset of the cyclic disposal.

1.1 Notation
n={1,2,...,n);
Zy., Z,, and Z are the sets of nonnegative integers, positive integers, and integers,
respectively;
Ro.:, R,, and R are the sets of nonnegative real numbers, positive real numbers, and

real numbers, respectively.

2 Some preliminaries

Let (X,d) be a metric space, with X nonempty, and let CB(X) be the set of all nonempty
closed bounded subsets of X. For A, B € CB(X), let the Pompeiu-Hausdorff metric (a more
appropriate name because of historical reasons than the simpler name ‘Hausdorff metric’
- see the discussion in [33]) H on CB(X) be given by

H(A, B) = max (sup d(a, B), iup d(h,A))
acA €B

for any A, B € CB(X), where d(x, A) = inf)c4 d(x,y). A fuzzy set A in X is a function from X
to [0,1] whose grade of membership of x in A is the function-value A(x). The «-level set
of A is denoted by [A], defined by

Al ={reX:Aw) =} X ifae(0,1],

[Alo = {xeX:A(x)>0} cX,

where B denotes the closure of B. Let F(X) be the collection of all fuzzy sets in a metric
space (X,d). For A,B € F(X), A C B means A(x) < B(x), Vx € X. Note also that if« € [8,1]
and B € (0,1], then [A], € [A]g. If there exists & € [0,1] such that [A],, [B], € CB(X), then
define

«(A,B) = inf  d(x,y), D,s(A,B) = H([Al,, [Bls),
pAB) = inf o dxy),  Dupld,B) = H({Alu [Bs)

Doz (ArB) = Dotot(ArB) = H([A]ou [B]Ol)

for a, B € [0,1]. Note that D,g(A,B) # Dg(A,B), in general, if A # B, while D,g(A,B) =
Dg,(B,A), and max(Dyg(A, B), Dgo(A,B)) > Dy(A,B) if a € [B,1] and B € [0,1]. If [A],,
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[B], € CB(X), Ya € [0,1], then

[J(A,B)Z sup Pa(A,B), ;ioo(A»B) = Ssup Daﬂ(ArB)’
ael0,1] a,Be(0,1]

doo(A:B) = sup Da(A:B);
a€l0,1]

so that

dso(A,B)= sup H([Alu,[Blg) > deo(A,B) = sup H([Alu, [Bla).
a,B€[0,1] ael0,1]

The notation p(x, A) means p({x}, A) and a fuzzy set A in a metric linear space V is said
to be an approximate quantity if [A], is compact and convex in V for each o € [0,1] and
sup,.y Ax) = 1.

The collection of all the approximate quantities in a metric linear space X is denoted by
W(X). T: X — F(Y) is a fuzzy mapping from an arbitrary set X to F(Y), which is a fuzzy
subset in X x Y, and the grade of membership of y in T'(x) is T'(x)(y).

The notation f : X|Y — Z means that the domain of the function f from X to Z is re-
stricted to the subset Y of X.

The next definition characterizes p-cyclic fuzzy mapping in an appropriate way to es-
tablish some results of this paper.

Definition 1 Let p(> 2) € Z, and let X; be nonempty subsets of a nonempty abstract
set X, Vi € p, and let d be a metric on X. A mapping T : | J,_; X; = F(|J,; X;) is said to be
a p-cyclic fuzzy mapping from (U, Xi to F(U,¢; Xi) if

(@) T: Uiy XilX; = F(X1); ¥j € p.

(b) There is a(x) € (0,1] such that the «e(x)-level set [Tx]y () € CB(Xi11); Vx € X, Vi € p.

iep iep

iep

The above definition is understood under the cyclic constraint X,,,; = Xj, and in general
with X,,,,; = X; for any i € p and any n € Z,,, so that X; = X; if j = i(mod p).

Now, given the sets X, Vi € p, the «-level sets in F(X;) are [A], = {x € X, : A(x) > o},
where A(x) is the grade of membership of x € X; in A € F(X;) for any i € p. Note that
for any given i € p, z; € X; and a(z;) € (0,1], [TZi]a@) = {x € Xin : Tzi(x) > a(z;)} € Xi1 is
the a(z;)-level set of Tz; which consists of points in Xj,; of guaranteed membership grade
not being less than a(z;). If T': | J;; Xi — F({U,; X)) is a p-cyclic fuzzy mapping, since
[TZi)a(;) is nonempty, there exists z;,1 € [TZi]a(;) S Xiv1 such that [7Zi1]ae,,,) = {* € Xiro
Tzi1(x) > a(zi41)} C Xiyo is also a nonempty set for some «(z;,1) € (0,1] which is contained
in the set [T%z;]y() = [T(T2:)]a(z) for some a(z;41) € (0,1]. Then, by recursion, there is a
sequence {z;,;} C Uiq3 X; satisfying

Zivp € [TZHp—l]a(sz,l) c-.-C [Tp_lzi+1]a(zi+l) - [szi]cx(zi) - Xz’
for some set of real values a(z) € (0,1]; j = i,i + 1,...,i + p — 1; Vi € p. The subsequent
definition characterizes a-fuzzy best proximity points of some subset X; of p-cyclic fuzzy

mappings.
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Definition2 Let T':(J;.; Xi > F({U,;; X:) beap(> 2) € Z, -cyclic fuzzy mapping. For any
given i € p, a point z; € X; is said to be an «(z;)-fuzzy best proximity point of X; through

T for some o(z;) € (0,1] if d(z;, [TZi)o) = Dia(z) = infxex, d(%, [Tx]a).

iep

Remark 3 Note that D; = d(X;, X;,1) < Djy( for any x € X;, Vi € p. Note also that if
there is z; € X; such that d(z;, [TZi]a(,)) = Di = d(X;, Xin1) for some i € p then there is
Zis1 € [TZi)az;) € Xia such that d(z;,z;,1) = D;, since then D; = Djy(;). Thus, zi,; € Xin
(then z;,; € X;4 if Xj41 is closed) is a best proximity point of X;,; to X;. Also, z; € X; is
a best proximity point of X; to X;;; and an «(z;)-best which is also an «/(z;)-fuzzy best
proximity point of X; through 7.

The next result relies on the fact that «-fuzzy best proximity points through cyclic self-
mappings of adjacent subsets of the cyclic disposal which are not best proximity points
can have a mutual distance exceeding the «-fuzzy best proximity distance D;,.

The subsequent result is concerned with the existence of a set of coincident best prox-
imity points and «-fuzzy best proximity points each one at each of the subsets of the cyclic

disposal of the fuzzy cyclic mapping.

Proposition 4 The following properties hold:
W IfT: UieﬁXi — F(UieﬁX,») is a p(> 2)-cyclic fuzzy mapping such that X; and X;,, are
closed with the constraints

sup (d(x, [Tz)o) :x € )_(i+2) <D; =d(X;, Xi41) < Diy1 = d(Xis1, Xivo)
«e(0,1]

for some given i € p and z; € X; is an a(z;)-fuzzy best proximity point of X; through T for
some a(z;) € (0,1], which is also a best proximity point of X; to X;,1 for the given i € p. Then

d(zirzin1) = d(2i> [TZilatz) = d([T2Zi]a(Zi), [TZila(z) = D

for some z;,1 € [1Zi]a(z;) S Xinn wWhich is an a(z;,.1)-fuzzy fixed point of X;,1 through T and

a best proximity point of X, to Xi,o.
(ii) Assume that T : Uieri — F(Ul.q-?

closed, D; = D, Vi € p and there is some z; € X; which is an «(z;)-fuzzy best proximity point

Xi) is a p(> 2)-cyclic fuzzy mapping with X; being

of X; through T for some a(z;) € (0,1], which is also a best proximity point of X; to X;.1 for

some given i € p. Then there exists a sequence of points:

. . 2, . j+np,,. "
Zivjnp € [th+1+np—1]a(zz'+;+np-1) - [T Zt+1+np—2]a(zi+,+,,p,2) SR [T Z‘]a(z,') < Xisjy

Vj € p, VYn € Zy,, which satisfy the distance constraints:

d(zi+j+np—1; Zi+j+np) = d(zi+j+np—lx [Tzi+j+np—1]a(zi+j+np,1))

— d([T/+np+k+lzi] , [T/+np+l<zi]a(Zi+k)) =D; VYjepVnkeZ,

o(Zjrk+1)

which are best proximity points of X;.; to Xi.j.1 and o(zi.j.np)-fuizzy best proximity points
through T for some real values o(z.j.np) € (0,11, Vj € p, VY, k € Zy,.
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Proof It follows that d(z;, [1z;]o) = D; = Dju(;) since z; € X; is an a(z;)-fuzzy best proximity
point of X; through T which is also a best proximity point of X; to X;,; since [7Zi]a(;) € Xin
is closed.

Note that, for a(z;1) > «(z;), one gets

[Tzin)aG) = {Z € Xivo : Tzi1(2) = Ol(Zi+1)}

c [Tzzi]a(zi) ={z € Xin2: T?2i(2) = ae(21)}.

Note also that d([Tzzi]a(zi), [TZi]a(z)) = d(Xii1,Xis2) = Dju1 and then proceed by contra-
diction by assuming that the above inequality is strict. Therefore, and since [TZ;]q(;) is
closed, there is z;,1 € [TZila(z) © Xiv1 such that [TZi1]a(;,,) € [T%2ia(z) S Xivo for some

a(zi41) € (0,1] so that the following contradiction to the hypothesis D; < D;,; for the given
i € p is obtained since D; > sup,,c( 1)(d(x, [1z]a) : x € Xipo):

Dia(zy) = Di = d(zi» zis1) = d(2i [Tzl a(z)

> d([Tzi]a(Zi)’ [TZiJrl]a(ZHl)) > d([Tzi]a(zl')! [TZZi]a(Zi)) > Di+11
and then D; > D;,;, which is impossible. Thus, d([T?zila), [TZi)atz) = Dis1 > Di =
d(zi,zi1). Since [TZilatzy)r [T%2ilazy) [T2ilaz;) and X, are closed, if D; = Dy, ziy1 €
[7Zi]a(z) S Xis1 is a best proximity point of Xj,; to X, and an a(z;,1)-fuzzy best proximity
point of X;,; through T since

d(Zi+1, [Tzi+l]a(zi+1)) = d([TZZi]a(zi), [Tzi]a(zi)) = d(zi41,2i12) = Din
for some z;,2 € [1Zi1]a(z,,) S [T2z,»]a(zi) C Xiio, since [1Zi1]a(z,,,) is closed. Property (ii)
follows by using the recursion z;,j.,, € [Tz,r+j+,,p,1]a(zi+/mp_1) c... C [Tf*”pzi]a(zi) C Xijs
Vjep,VneZy,,and D; =D, Vi€ p. O

Note that if for some i € p, z; € X; is a best proximity point of X; to X;,; and
(Uae(O,l] [TZi]o) # ¥, then there exists z;,1 € [1Z]a(z;) C Xiv1 which is an o = a(z;) € (0,1]-
fuzzy fixed point of X;,; through T which is also a best proximity point of X;,; to X; if
D; = Diy(z;) = d(X;, Xi1) so that

D; = d(zi, [Tz)a(zy) = d(zir zi1)-

If (UgeonlTzile) = 8 and [Tz]o(# ¥) C clXi1 and D; = Dy, then D; = d(z;,[Tzi]o) =
d(z;,z:41) for some z;,1 € [Tzi]o C X;»1 which is a 0-fuzzy fixed point of X;,; through T
and also a best proximity point of X;,; to X;.

Definition5 Letp(> 2) € Z, and let X; be nonempty subsets of a nonempty abstract set X,
ieﬁXi_)F(U Xl) is
Xi to F(U Xl) if:

Vi € p, and let d be a metric on X. A composite mapping T'(= gf) : icp

said to be a decomposable p-cyclic fuzzy mapping from
(a) f : U,‘ei,Xip(j - )(j+1; Vj €Ep,
(b) g: Uiy XilX; — FOX); Vj €,
(c) thereis a(x) € (0,1] such that the a(x)-level set [Tx]y(x) € CB(Xin); Vx € X;, Vi € p.

iep iep
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The above definition is an extended definition of Definition 1. Note also that f(X;) C Xj 1,
Vi € p, and that, since T = g o f with f: ;;; XilX; > Xju1, Vj € p and g : ;¢ Xil X1 —
F(Xj.1), Vj € p, the cyclic maps T : Uieﬁ X, — F(Uieﬁ X;) are restricted to subsets of the
cyclic disposal which are of the form 7': |, Xi|Xj — F(Xj.1), ¥j € p. On the other hand,
notice that the formalism of contractive cyclic self-maps in uniformly convex Banach
spaces requires for the distances in-between any pairs of non-adjacent subsets to be iden-
tical. Thus, a fixed point, if any, is a confluent point of pairs of best proximity points in-
between all the intersecting adjacent subsets of the cyclic disposal. On the other hand,
note that the case f : Uiq—, Xi|X; — Xj,1and g : Uiq—g Xi|Xj1 = F(X;11), Vj € p, is a particu-
lar case of the more general above problem statement for the cyclic disposal. Now, given
the sets X;, Vi € p, we can define the a-level sets in F(X;) by [A], = {x € X; : A(x) > «}, and
A(x) is the grade of membership of x € X; in A € F(X;) for any i € p.

The following assumption establishes that if T'(= gf) : UieﬁXi — F(Uiep X;) is a de-
composable p-cyclic fuzzy mapping, then the 1-level set of Tx intersects with fx for any
x € Uiep Xi. Equivalently, there is at least a point y € fx such that the grade of membership
of y in Tx is unity, i.e. (Tx)y = 1, for any x € |, X;. Note that fx C X;,; and [Tx]; C X},1,
Vx € X;, Vi € p.

iep

Assumption 6 If T(=gf): Uiep X, —FU
ping, then fx € [Tx]1, Vx € U, Xi-

icp Xi) is a decomposable p-cyclic fuzzy map-

In other words, Assumption 6 says that any image of x € X; in Xj,; through f be-
longs to the 1-level set [Tx]; # #. Note that Assumption 6 implies trivially that [Tx]; # ¥,

Vx € Uiep
adjacent subsets through f which are also 1-fuzzy best proximity points through 7.

X;. Assumption 6 is relevant for identifying best proximity points in-between

Assertion7 Assumethat T':(J,; Xi > F(U,e;
ping which satisfies Assumption 6 and that x € X; for some given arbitrary i € p, such that

X;) isa decomposable p-cyclic fuzzy map-

X; is closed. Then, if x is a best proximity point of X; to X;,; through f (in the sense that
there exists y € fx such that d(x, y) = d(X, X;)) then it is an 1-fuzzy best proximity point of
X; through T.

Proof Since x € X; is a best proximity point of X; to X;,; through f and fx C [Tx];, Vx €
Uiep Xi» then there exists y € fx such that

Dy =d(x, [Tx]) <d(x,y) =d(x,fx) =d(X,X;) =D; <Dy = D;=D;.
Then x is an 1-fuzzy best proximity point of X; through T d

3 Some results on a-fuzzy best proximity points
The following result holds related to «-fuzzy best proximity points of a p-cyclic fuzzy

mapping which is contractive in the sense that it is subject to a contractive condition.

Theorem 8 Let p(> 2) € Z, and let X; be nonempty subsets of a non-empty abstract set X,
Xi —~> F(Uieiz
fuzzy mapping with X; being closed, Vi € p. Assume that the following contractive condition

Vi € p, where (X, d) is a complete metric space. Let T : | J X;) be a p-cyclic

iep
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holds:

Dot(x)a(y)([Tx]’ [T)’]) = H([Tx]a(x): [Ty]a(y))

< ald(x, [Tx]a(x)) + ﬂzd()’: [Ty]a(y)) + a?)d(x’y) + (1 - ﬂ)A; (1)

Vx € X;, Vy € Xi1, Vi € p, and some A € R, where a; > 0 for i =1,2,3 and 0 < a =

S ai<l
Then the following properties are fulfilled:
(i) Assume that the following constraints hold:

2(ay +az) +az <1,

(1-ay —aa)1 - po)

A= s
l-a
1| ai+as a, + as 2 a 172
Po == + + 4 <1
2 1—611—(12 1—611—612 l—tll—ﬂg
Then limsup,,_, o, d(xy, Xp41) < %, where X,p.j € [Txnp]a(xnp) CXii1; Ve 4for

any given initial points x, € X; and x, € X;,1 for any arbitrary i € p.

(ii) For any arbitrarily given i € p, a sequence {x,} C | J,.; Xi can be built for any given

iep
X=X € Xiry =Xy € [Txl]a(xl) - Xi+1fumllingxnp+/ € [Txnpﬁ—l]a(xnpﬂ_l) - Xi+j—1; V] € [_7; Vn e

Z.,, which fulfills:

A Xppsji2r Xnpij1) < ?j;j AXppijs1r Xnpej) + %A,
Viep—1U{0},Vne Zy,, 2)
Him Sup d(irsypejons Kupr) < A,V € p-1U{0}, 3)
N
limsup D At Xouips) < (M +1)A <00, Vjep-1U{0}, (4)
% n=Np

if IN = No| <M < oo.
(iii) If the constraint (1) holds with A = D = min;ep D; then the limit below exists:

nlggo d(x(n+l)p+j+l: x(n+l)p+j) =D, Vj Ep— 1U {0}; (5)
so that D = D;, Vi € p, for any sequences constructed as in Property (i). As a result, any
sequence {x,} C Uiei7 X; fulfilling x,,.; € [Txnp+;_1]a(x,,p+,,1) C Xij1; Vj € p, Yn € Zy,, con-
verges to a limit cycle consisting of a set of p best proximity points x; of the sets X;, i € p,
iepXi =
F(Uiep X;) for some set of values a(x}_;) € (0,1] and best proximity points of the p-cyclic
self-mapping f : U, Xi = U, Xi-

(iv) If D = 0 and the constraint holds with A = D = miny; D;, then any sequence

which are also o(x} )-fuzzy best proximity points of X through T =g o f : |

{x,} C Uiep X; fulfilling x,p.j € [Txnp+j—1]a(xnp+,-_1) C Xij-1; Vj € p, Yn € Zy,, converges to
x* e [Tx*]a(x*) - ﬂ
F(UieﬁXi)‘

iepXi Which is a unique o = a(x*)-fuzzy fixed point of T : U,’@Xi —
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Proof Take x, = x € Xj, x5 € X;,1, for any given arbitrary i € p, there exist x3 € [Tx1]o (),
%4 € [T¥2]a(xy) such that one gets from (1)

d(x3,%4) < H([Tx1]a(), [Tx2]a(xy))
< ad (%1, [Txi)ag)) + d2d (%2, [T%2)a(y)) + azd(x1,%2) + (1 — a)A
< ad(x1,%3) + ard(x2,%4) + asd(x1,x2) + (1 —a)A
< ad(x1,%2) + ard(xa, %4) + ard (x4, x3)
+ axd(xy,x3) + axd(xs, x4) + asd(x1,%2) + (1 — a)A

= (ay + az)d(x1,%2) + ard(x2,%3) + (1 —a) A,
so that

1
d(x3,%4) < —————[(a1 + a3)d(x1, %) + ard(x3,%3) + (1 - @) A].
1- a) —ay

Then one gets by proceeding recursively for n € Z,

1
d(xnp+3> xnp+4) = m [(ﬂl + ﬂg)d(xan, xnp+2) + aZd(xnp+27 xnp+3) +(1- a)A];
—d] —ar

Vne ZO+,

where xp.; € [Txnplay,,) € Xivj1; Vj € 4 for the given initial arbitrary i € p. Thus,

d(xnp+21 xnp+3) < 0 1 d(xnpﬂr xnp+2) i 0 . VneZ
= _ H +
d(xnp+3, xnp+4) 1_:1—2_6,2 1211222 d(xnp+2; xnp+3) 1_;12,2 A

0

. 1 . .
The matrix Ay = [ G ] is convergent, and then [|A¢||” — 0 as n — oo if and only
—aj-ay l-aj-ay

if its eigenvalues z; » are inside the complex open unit circle, that is, if and only if

1| a1+a a+a 2 a 12
Zp=—| ——2 4 LT3 ) ya— =2 € (-1,1),
2 1—&11—6!2 1—611—612 1—611—6!2

that is, if and only if 2(a; + a2) + a3 < 1, while the convergence abscissa of Ay is

1 ap +as ap +as 2 a, 12
Po=22== + +4 <l
2 1—6!1—612 1—611—612 1—611—612

. N
Then lim, d(xnp+3,xnp+4) = %'

%y € Xi of the sequence are arbitrary, it follows that limsup,_, . d(Xup.3,Xnpea) <
%. On the other hand, since such conditions are taken for any arbitrary i € p,
(1-a)A

limsup,,_, o, d(®n, %441) < Tar—a2)0=p0)*

since for all x € X there exists a(x) € (0,1] such that [Tx] () € CB(X) and since any x € X is

Since the initial conditions x; € X; and

Property (i) has been proved. On the other hand,

in some X; for some i € p, we have [Tx],(x) € CB(X;.1) for some i € p and some a(x) € (0,1]
for each given x € X; and any arbitrary i € p. As a result, [Tx]o(x and [Ty]y(y) are nonempty,
closed, and bounded for some existing real values a(x) € (0,1] and «(y) € (0,1]; Vx € X;,
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Vy € X1, Vi€ p. Since [Tx]o@) 2 [T¥]p) if 0 < or(x) < B(x) and [Tx] o), [T¥]pr) € CB(Xi41),
a(x) € (0,1] can be non-unique with values in (0, y;] € (0,1] for some y; € R, and x € X;
for any arbitrary i € p. If the image of the correspondence ¢ : x — «(x) (€ (0,1]) for some
x € X is such that [Tx]yx) € CB(X) is non-unique, then it is possible to choose a map-
ping m : x — a(x)(C (0,1]) from Zermelo’s axiom of choice to fix «(x) € (0,1] such that

[Tx]aw) € CB(X). Construct a sequence {x,} C |, ; X; as follows. x; = x € X; for some

ie

arbitrary i € p and some existing x; € [T%1]u(x)) sin:e [T%1]a(x,) is nonempty, closed, and
bounded for some existing «(x1) € (0,1]. Since the contractive condition (1) holds for any
x € Xi, Vy € Xi1, Vi € p, then for x; € X; it follows that there is x93 € [T¥1]g(x) € Xin
such that d(x1,%02) = d(x1, [Tx1]a(x)) < dx1,%2); Y2 € [Tx1]a@y) € Xi1s since [Tx1]o(x)
is closed, thus x¢y is an «/(x;)-fuzzy best proximity points of X; through T and, since

d(er [TxZ]a(xz)) =< H([Txl]a(xl)r [TxZ]a(xg)) for any xp € [Txl]a(xl) - Xi+1r one gets

d(%2, [ T%2)uer))
< ayd(x1, [T lugen)) + @28 (%2, [T latey)) + asd(1,50) + (1 — @) A
< ayd(xy, %00) + a2 (%2, [ T2 )atey)) + asd(1,%5) + (1 - @) A
< ayd(x1, %) + ard (%2, [ Tooltey)) + asd(xr,%5) + (1— @) A

< ayd(x1,%2) + ad (%2, [ T2 )a(ny)) + asd(x1,%2) + (1L - a) A. (6)
Then
(A - a2)d (%2, [Tx2la(xy)) < (a1 +az)d(x1,%5) + (1 —a)A
and, since [T%;]q(x,) is nonempty and closed, there is some x3 € [T%2]q(x,) € Xii1 such that
a +as l-a

ey, t3) < d oy, [ Traluten) < = o, x) + 7

A; (7)

and since [Tx;]q(x,) is nonempty and closed, at least one x3 may be chosen for which the
first inequality of (7) becomes an equality and x; is an «(x;)-fuzzy best proximity points
of X;,1 through T. Proceeding recursively, one sees for the arbitrary given i € p, Vj € p,

Vn € Zy,, that a sequence in | J;_; X; can be built fulfilling (6) for any arbitrary i € p such

iep
that x; = x € X; is chosen arbitrarily, %) € [TX1]a(x) S Xis1s--+» Xnpsj € [Txnp+i—l]a(xnp+;-1) -
Xi+j—ltxnp+j+1 € [Txnp+j]a(x,,p+j) c Xi+j¢xnp+j+2 € [Txnp+j+l]a(x,,p+j+1) - Xi+j+17-~; V] € 1_9, Vn e

Zy., and, furthermore, x, of a(x,)-fuzzy best proximity points of X through T forn € Z,.

Since, from the given hypotheses, 0 < K = 2% <1and 0 <1-K = =% <1, so that (1 -
2 a

K)D = 11—__:2A if A =D, one gets from (7) forj=p

d(x(n+1)p+j+2: x(n+1)p+j+1) = I<d(x(n+1)p+j+l» x(n+1)p+j) + (1 - I<)A
<K"Yd(xy,x1) + (1- K"Y)A,

VneZy,,¥jep-1U{0}. 8)
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Thus, one sees from (8) that (3) holds and, furthermore,

N

Z d(x(n+l)p+j+2: x(n+1)p+j+1)
n=Np

1— [((N—N0+1)p

< (N -Np +1)A - KG*Nolp
1-K»?

(A - d(xz,xl)); (9)
Vj € p—1U {0}, which leads to (4) if [N — Ny| < M < oo. Property (ii) has been proved.
On the other hand, if (1) holds with A = D = min;e; D;, then one gets from (3)

D=<Dj; =< 11;15(2? AKX (ratpsjst, X)) <D, Vj€ p—1U{0} (10)
(since D; < D = min,e; D; is impossible for any i € p) so that the limit lim,,, oo d(X(141)p+j415
Xe1)p+j) = D, Vj € p—1U {0} exists so that D = D;, Vi € p, and the sequence converges to a
limit cycle consisting of a set of p best proximity points x} of the sets X, i € p, which are
also a(x} ;)-fuzzy best proximity points of X through T for some set of values a(x} ;) €
(0,1]. Since d(X;, Xis1) = D, Vi € p, the elements of the limiting set {x} : i € p} are also
best proximity points of the corresponding sets X;, Vi € p. On the other hand, if D = 0,
and since 1imy,, oo d(X(u+1)p+j+1, Xns1)ps7) = D, ¥j € p—1 U {0}, from Property (i), we have
xf = x* € [Tx* o), Vi€ p,and B # ;5
fixed point of T': | J;.; Xi = F({U,c; X:) for some & € (0,1]. We also know the property
[Tx]p = [Tx]q for all B(< @), (< a*) € (0,1] and some a* € (0,1]. Therefore, there is a real

constant:

o =a*(x) = max(a €(0,1]: (ﬂ[Tx*]ﬁ<u>>,

iep

[Tx*]a@s) S ﬂlEﬁX,», so that x* is an «/(x*)-fuzzy

so that x* € [Tx*],+ is an a*-fuzzy fixed point of T : | J,.; X; = F(J,.; X;) which is the

iep iep

unique limit point of the built sequence.

Now, assume that there are two distinct fuzzy fixed points x* € [Tx]y, and y* € [Ty]g..
Then one gets from (1) with A =D =0, if x* € [T¥]y+) and y1 = y*(# x*) € Ulep X;, and
since the level sets are nonempty and closed, and one gets from (1), d(x*, [Tx]o(+)) =
dWy*, [Tylay+) = A =D =0, so that

d(x2,y2) = d(y2, [Tr1)a+) = D([Txt)ass [T1)at)) < asd(x*,y*) <d(x*,5)

for some x; = x5(¥2) € [Tx1]a(x) and all y5 € [Ty1]a(y,) with a(x1) = a(x*) = «* and a(y) =
a(y*) = B*. Again, one gets from (1) for some y, € [Ty*]u(+), since y1 = ¥*, [Ty1lagy) =
[Ty* 1oy is closed and x* € [Tx]o(x+),

d(x",y2) =d(x" [ Trluoy)

5max< sup d(,[Tx*]a(x*)), sup d(x,[Tyl]a(yl)))

ve[Tlagy) x€[Ta*] o)
= H([Tx*]cx(x*)' [Ty ]cx(y* )

<md(x* [Tx] )+a2d( [Ty] )+a3d( ¥*)
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= ard (y1, [Tlagy) + asd(x*,1)
= azd(x*, 1) <d(x*,5}) (11)

and a sequence {y,} can be built with initial value y; = y* which satisfies

d(x*’yml) = d(x*’ [Tyn]ot(yn))

§max< sup d(,[Tx*]a(x*)), sup d(x,[Tyn]a(yn)))
YE[Tynla(y,) 2 [Ta*] y )

< asd (Y, [Tynlagy) + asd(x*,yn)
< ad(yu, Yn1) + azd(x*,y,), VneZ,. (12)

Then one gets from (12)

d(x*;ynﬂ) < ﬂ2d(yn:yn+1) + an(x*:yn) 5 a (d(me*) + d(x*;j/n+1)) + ﬂsd(x*,yn)
<(as + a3)d (Y, x*) + a2d(x*, yui1), Vn € Zo, (13)
= d(x*;ym—l) = (1 - a2)71(52 + dS)d(ymx*)’ Vne Z0+ (14)
since a; < 1. If a; > ay then (1 — ay) Yay + a3) < 1, equivalently, 2a, + a3 < 1, since a =

ay +ay + as < 1 implies that 2a; + a3 < 1 if a; > a,. On the other hand, one also sees instead
of (12) and (14) that a sequence {x,} can be built with initial value x; = x* which satisfies

d(y*,xnﬂ) = d(y*: [Txn]a(xn)) = d(x*’ [Tyn]a(yn))
< ad (%, %p1) + azd(y*,x,), VneZ, (15)
d(x* %001) < 1 —a) Nar + az)d(x,,5*), VneZ, (16)
since a; < 1. If a; < a, then (1 — a;) ™ (a; + a3) < 1, equivalently, 2a; + a3 < 1, since a =

az+asz aj+as
l-ay ’ 1-a

(14) that d(x*,y,) — 0 as n — o0 if 2a;5 + a3 < 1. Then a sequence with initial condition

ay + a, + az < 1. Since a < 1, it follows that p = min( ) < 1. Thus, it follows from
y* converges to x*. Also, one gets from (16) d(y*,x,) — 0 as n — 0o if 2a; + a3 < 1. Then
a sequence with initial condition x* converges to y*. Then x* and y* cannot be distinct
a-fuzzy fixed points. Properties (iii)-(iv) have been proved. O

Remark 9 The uniqueness of the limiting fixed point for some «* € (0,1] of each built
sequence proved in Theorem 8(iv), which is also an a*-fuzzy fixed point of 7, follows
from the existence of the maximum «* such that x* € [Tx*],+. On the other hand, the
conclusion of Theorem 8(iv) that the distances in-between adjacent subsets are identical
is not very surprising, since it has been found to be a general property for nonexpansive

mappings for p-cyclic nonexpansive self-mappings in metric spaces (Lemma 3.3, [5]).
Remark 10 Feasible values of A in the contractive condition (1) might be, for instance,

A= doooo(xn ne Z+) = sup doo([ij]a(xj)r [ij+1]a(xj+1))
JEZ4

<supds ([ij]a(xi): [ij+l]a(xi+1))y
JEZ4
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or A replaced with the jth iteration-dependent values A; = doo([ij]a(x/), [ij+1]a(x/+1)).
From the last expression one also concludes that limsup,,_, o, @(X(r+1)p+j+2, Xpre)pej1) < A,
Vj € p —1U {0}. Both values depend only on the sequences being constructed rather than
on the metrics of the sets Xj, i € p.

Corollary 11 Assume that the contractive condition (1) of Theorem 8 holds with A =
A [Txo) < Da@at) ([Txla@), [TV]ay)) for all given x € X; and y € [Tx]a() S Xin for any
given arbitrary i € p. Then there is a (non-necessarily unique) sequence {x,} of «(x,)-fuzzy
best proximity points of X through T with first element x € X;, being subject to free choice
if card X; > 2, for any given i € p such that the sequence of distances {d(x,,x,.1)} is non-
increasing A possible choice is a constant sequence.

Proof The contractive condition (1) now becomes

Damaty) ([T¥lawy [Va) < a™ (ard (%, [Txlaw) + a2d (0, [DVa) +azd(x,y));  (17)

Vx € X;, Vy € Xi11, Vi € p,and, instead of (7), one sees for any x; € X; forany i € p, that there
exist (non-unique, in general, see the proof of Theorem 8) «(x;) € (0,1], %2 € [Tx1]a) S
Xiv1, a(og) € (0,1], and x3 € [TH2]a(xy) € Xisas since [T1]a@) and [T¥2]a(x,) are nonempty,
closed, and bounded:

aYa;y +as)
(i, x3) < d(x, [T lutey) < — ————d(w1,%) = d(x1, %), (18)
a—-ala,
so that
AXpe2r Xpe1) < AKpa1, %) < -+ <d(x, 1), VYn e Zo,, (19)
lim sup d(xn+lrxn) = d(xlyxZ) = d(xlv [Txl]a(xl)); (20)

d(x1,%2) = d(x1, [T laay)) = Diatar) = iﬂ)f( d(x, [To1]ager))

X1€A

= Da(xl)a(xz) ([Txl]a(xl)’ [Tx2]oz(x2))¢

d(xm xn+l) = d(xm [Txn]a(xn)) = Di+n—1,a(xn) = inf d(xrn [Txn]a(xn)) forne ﬁy

Xn€Xpri-1

d(x(n+1)p+j+2: x(n+1)p+j+l) = d(x(n+l)p+j+lr [Tx(n+1)p+j+1]a(x(n+1)p+j+l)): (21)

with %p4j41 € [TXnpsjlatny,.) S Xivj» Vi € p —1U{0}, Vi € Zy,, for the chosen arbitrary i € p

Fnp+j
such that {x,} is a sequence of a(x,)-fuzzy best proximity points of X through 7 with first
element x € Xj, subject to free choice if card X; > 2, for any given i € p, and the sequence

of distances {d(x,,x,,1)} is non-increasing. O

Corollary 12 A constant sequence exists which satisfies Corollary 11.
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Proof It follows since elements of the sequence {x, } can be chosen so that the first inequal-

ities of (12) and (13) are equalities for n € Z, so that d(x,, x,,1) = d(x2,%1), Vn € Z,.

O

Example 13 Let X = X; U X, and X; = {1,2,3},{1},{2}, {3} and X; = {0.6,0.7,0.8},{0.6},
{0.7},{0.8} be crisp sets and let T : X3 U X; — F(X; U X;) be a 2-cyclic fuzzy mapping
defined as follows:

3/4 ift=0.8,
T)(@)=141/2 ift=0.7, T(2)(t) =
0 ift =0.6;
3/4 ift=1,
T(0.8)(t)=131/2 ift=2, T(0.6)(¢) =
0 ift=3;
The «a-level sets are
[T1]ij2 = [T3]12 = {0.7,0.8},

Let d : X x X — Ry, be the Euclidean norm, then D = d(X;,X5) =

(T1]3/4 = [T3]3/4 = {0.8},
[T0.7]o = [T0.6]4 = {3};
[T2],
[T0.8]12 = {1,2},

a € (1/2,3/4),

={0.6}; «e(1/2,3/4),

[T0.8]3/4 = {1}.

0 ift=08,
13 ift=07,
3/4 ift=0.6;
0 ift=1,
T0.7)()={1/3 ift=2,
3/4 ift=3.

0.2. Point to image set

distances and Pompeiu- Hausdorff distances are the following:

and

d(x, [Txls) =0.2; x€({L,3},a € (1/2,3/4),
d(2,[T2],) =14; o€ (1/2,3/4),
d(0.6,[T0.6],) =d(0.7,[T0.7]4) =2.4; «
d(0.8,[T0.8]4) =0.2; « €(1/2,3/4),

H [Tz]on T)’ 1/2) H([Tx]l/Z, [Ty]a) =2.3;

H [Tz]ou TJ’ 3/4) ([Tx]3/4’ [Ty]a) =2.2;

H([T2].,[T0.8]34) =0.4; « €{1/2,3/4},

(

(

(
H([T2].,[T0.8]12) =1.4; « €{1/2,3/4},

(

(

(

H([T0.83a, [Tx]12) = 0.3; x={1,3},
H([T0.8]3/4,[Tx]3/4) =0.2; x={1,3},
H([T0.8]y2, [T&l12) =1.3; x={1,3},

€(1/2,3/4),

x=1{1,3},y €{0.6,0.7}, € {1/2,3/4},

x=1{1,3},y€{0.6,0.7},x € {1/2,3/4},
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H([T0.8]12, [Tx]34) =1.2; x={1,3}.

The contractive constraint (1) and Theorem 8 can be applied with a; = 0.8, a1 +az <1—a,.
Some sequences which converge to «-fuzzy best proximity points of X; and X, through T,

which are also best proximity points in X; of X, and conversely, are

{1,0.8 € [T1]3/4,1 € [T0.8]3/4,...},
{1,0.7 € [T1]1/2,3 € [T0.7]3/4,0.8 € [T3]3/4,1 € [T0.8]1/2,

0.8 € [T1]3/4,1 € [T0.8]374,...}.

4 Further results on «-fuzzy best proximity points under a more general
contractive condition
We now establish the following result related to a contractive condition which is more

general than (1).

Theorem 14 Let p(> 2) € Z, and let X; be nonempty subsets of a nonempty abstract set X,
Xi — F(Uleﬁ
fuzzy mapping with X; being closed, Vi € p. Assume that the following contractive condition
holds:

Vi € p, where (X, d) is a complete metric space. Let T : | J X;) be a p-cyclic

iep

H([Tx]a(x): [Ty]a(y)) < ﬂld(xr [Tx]a(x)) + ﬂzd(y» [Ty]a(y)) + asd(x»)’)

+ asd (%, [Daw)) + asd (9, [Txlaw) + 1 — @) A; (22)

Vx € X;, Vy € X1, Vi € p, and some A € R, where a; > 0 for i =1,2,3 and 0 < a =
Zil a; < 1. Then the following properties hold:

(i) For any arbitrarily given i € p, Vj € p, Vn € Zy,, and x = x1 € X;, a sequence {x,} C
Uicp Xi can be built fulfilling {x,} < U,c;
given i € p, %3 € [Tx1law) S Xis1, %3 = ¥ € Xin, and x4 € [Tx3)a(ey) S Xivo, Y1 € Zy, such
that

X; for any given initial points x, = x € X; for any

1-a)A
(1-ay-as)1-p)

lim sup | d(x,, %1) |, <
n— 00

provided that 6 = ay + ay + 2(a; + as) + as < 1, where

l1/a,+as3+as a, +as +as 2 ap +as 12
10=_ + +44 .
2 l—ﬂg—ﬂ4 1—612—614 1—612—614

(i) f A=D=D;Viep,ar=as=0,0=ay +as +as <1, then a sequence {x,} C U;c; X;

can be built with initial points x| = x € X; for any arbitrary given i € p, x5 € [Tx1]a(x;) € Xis1,
x3 =y € Xiy1, and x4 € [Tx3]a(x3) € Xiso Which satisfies

Knp+1 € [Txnp]a(xnp) - Xi Knp+2 € [Txnp+l]oz(xnp+1) - Xi+1y

Knp+3 € [Txnp+2]a(xnp+2) < X1 Xnp+a € [Txnp+2]a(x,,p+2) < X2,
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and

d(xnp+11xnp+2) — D, d(xnp+2’ xnp+3) — 0, d(xanr?n xnp+4) — D,

d(xnp+4, xnp+5) — 0,

as n— 0o.

Thus, the sequence contains a convergent subsequence to a limit cycle consisting of a
set of p best proximity points x! of the sets X;, for i € p, which are also o(x} ;)-fuzzy
best proximity points of X through T for some set of values a(x} ;) € (0,1]. If D = 0 then
the above convergent subsequence converges to a unique o = o(x*)-fuzzy fixed point of
T:Uep Xi = F(U,ep X0)-

Proof Since [Tx], and [Ty]g are nonempty and closed for some & € (0, y,] € (0,1] and 8 €
(0, ¥»] € (0,1], we can choose any points x € X; and y € [Tx]y(x) € Xis1 (then d(y, [TX] o) =
0 and d(x,y) > d(x, [Tx]a(x)). Thus, (22) becomes

Ay, [Dagy) < H((T¥aw) [TV]aw)

< ad (%, [Txla() + a2d (5, (Do) + azd(x,)

+asd(x, [TY]ag)) + (1-a)A (23)
=
A [ Da) < A - a2) [ad (% [Txla) + azd(x,y) + asd(x, [TVap)) + 1 - a)A]
<A -a) (a1 + a3)d(x,y) + asd(x, [TV]agy) + 1 - @)A]. (24)

Further assume that d(y, [Ty]a()) = d(*, [TV]a(y)) for the chosen x, y. Then one gets from
(24) the following cases:
Case (a) If y € [Tx]a(x) and d(y, [T¥]a()) = d(%, [T¥]a(y)) then

d(x [Tlay) < 1; [(@ + as)d(x9) + (1 - a)A]. (25)
—a) — ay

Case (b) Assume that y € [Tx]q ) and d(y, [T¥]a()) < d(x, [T¥]a()) so that, by using those
relations in the right-hand side of (23), one gets

d(5: [Haw) < H((T¥aw, [Haw)

< ad(x, [Txlaw) + (@2 + as)d(y, [Y]ag)) + asd(x,y) + (1 - a)A; (26)

then

Ay, (D) < A= as — as) ard(x, [Txlaw) +azd(x,y) + 1 -a)A]

< 1; [(al +az)d(x,y) + (1 - a)A]. (27)
—dy) —aa

Joint Cases (a)-(b) The combination of (25) and (27) yields, if y € [Tx]y(x)»

max(d(% [Vaey) A0 [Tlagy)) < ﬁ[(al ra)dy)+ 1-a)A]l.  (28)
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Case (c) If y ¢ [Tx]y(x) then d(y, [T¥]a() # 0, so that (28) becomes via (25) and (27) for
this case that

max (d(x, [TVlat)), 4 (7, [ Tlary))

< 1; [(a1 +as)d(x,y) + 6l5d(_)/, [Tx]a(x)) +(1- a)A], (29)
—ay —dy

which is more general than (28). Now, construct the sequence {x,} C Uiep X;witha; =x €
X; for some given i € p, xy € [T%1]a(x)) € Xiv1, %3 =¥ € Xis1, and xa € [Tx3]a(x3) € Xis2 such
that d(xy, x4) = d(%2, [ T3] a(x3)), Which exists since [Tx3]q(x,) is nonempty and closed. Thus,
one gets after using the triangle inequality d(x1,x3) < d(x1,%2) + d(x2, x3) in the right-hand

side of (29)

d(x3,%4) < max(d(x1,x4), d(x3,%4))

1
S B [(a1 + as)d(x1,x3) + asd(xa,x3) + (1 - @) A
—ay —ay

< ;[(czl +az)d(xy, %) + (a1 + as + as)d(xy,x3) + (1 - a)A]. (30)

T 1- a) —ag
One gets from (30)
d(x2,%3) 0 1 d(x1,%2) 0
[d(x x ) S ai+as aj+as+as d(x ) + 1-a A * (31)
3r 44 1-as—ay 1-as—ay 2,%3 1-as—ag

iep Xi with initial values

xj, subject to (30) for j = 1,2, 3,4 and the given arbitrary i € p, and a two-dimensional real

Proceed recursively with (31) by defining the sequence {x,} € [

vector by

v = d(xn+1:xn+2)
! d(xn+27xn+3)

:| , VnelZ,, (32)

with initial value v; = [:&13 ], and a square real 2-matrix A and a two-dimensional vector
d defined by
0 1 0
A= |: a+as a1+u3+a5i| ’ d= |: 1-a Ai| : (33)
1-as—a 1-as—a 1-as—a
2—a4 2—a4 2—a4

Then it is possible to write, in a similar way to (31),
Vol <Av,+d, Vnel,, (34)

such that for any x,.,» € X, thereis x,.,3 € [TX2]a(x,,,) € Xjs1 Withj = j(n,i) € p depending
on the given arbitrary initial i € p with x; € X; and x; € Xj,;. Thus, one gets from (34)

IVipsill < Al lVipll2 + dll2, VR € Z,4, (35)
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where ||d||; is the £;-vector norm of d and

A
4]l = sup (” iz 'MeRZ) = sup (| Aullz: p € R?) =07 (ATA)

MEN P e e
is the £, (or spectral)-matrix norm of A (which is the induced ¢,-vector norm), where
Amax(ATA) denotes the maximum/real eigenvalue of the (symmetric) matrix ATA and the

superscript T denotes matrix transposition. If A = ||A|l, € (-1,1), then A is a convergent
matrix and then [|A||; — 0 as n — oo so that

n-1
—i-1
IVisillz < All2llvallz + lIdll2 < Al 1112 + IIdIIz<Z AN~ )

i=0

o0 o0
< Al Ivall2 + lidll (Z Ay =3 ||A||§-“)
i=n

i=0

1-2" ldll2
<Mz + dlls < Ivilla +
< Anlla 15 dll2 < lIvill2 12
l-a
= [vill2 + A<oo, Vnel,. (36)

(I-az—as)1-A)

Now, note that if p € (-1,1) is the dominant eigenvalue of A, then A < |p| <1 and then,
from (36),

1-a)A
(A-ay—as)1-|pl)

lim sup || (%43, %144) ”2 < limsup [|[V1ll2 < (37)
n—00 n—-oo

From the definition of the matrix A, its eigenvalues are the roots of its characteristic poly-

af*“ﬂ _ _aatas resulting in
—ay—ay 1-az—ay

l1(ai+asz+a ay+as +as\> a +a 12
iy == 1tastds | 1tastds )  , 4tads (38)
2\ 1-ay; —ay l1—a;—ay 1-—a;—ay

and |z 2| < 1, and then A is a convergent matrix so that (37) holds, if a; + a4 + 2(a; + a3) +

nomial p(z) = 22 —

as < 1. Property (i) has been proved.
Now, assume that the sets X; fulfill the constraint D = D; = d(X;, X;;1), Vi € p, and that

the contractive condition holds with A = WD > D, or equivalently, with

1 ay +ads +ds ay +das+as 2 a) +das 172
p=|pl=2== + +4 <1
2 1—&12—&4 1—612—614 1—(12—&14

aj+az+as

But note from (38) that |p| > F—
Then, if A>D=D;,Viep,a; =a3 =0,and |z12]| <z, <1, then lim,_, o [|Vyps1ll2 = D. This

with the equality occurring if and only if 4 = a3 = 0.

implies that d(X,p.3, Xup+2) = 0 and d(Xyp.1, Xnp2) — D as n — oo from (32), since for the
definition of the real sequences {v,} and {x,}, %,y.> and x,,,3 are both in some set Xj,,
while x,,,,1 and %2, and x,,,,3 and x,,,,.4 are, respectively, in the sets X; and Xj,,, adjacent
to X;, for any given initial points x; € X; and x, € Xj,; for any arbitrary i € p. This leads
directly to the proof of Property (ii). See also the proof of Theorem 8(iii)-(iv) concerning
the convergence of the sequence to a set of a-fuzzy best proximity points and a unique
a-fixed point if D = 0. O
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Example 15 Example 13 can also easily be monitored via Theorem 14 via the modified

contractive constraint (22) with a4 = a5 = 0.

The subsequent definition extends Definition 1 in the sense that an extended p-cyclic

fuzzy mapping of domain restricted X; has its image in X; U X}, for any j € p.

Definition 16 Let p(> 2) € Z, and let X; be nonempty subsets of a nonempty abstract
iep Xi = F(,.; X;) is said to
Xi to F(UiEﬁXi) if:

set X, Vi € p, where (X, d) is a metric space. A mapping T : |_J icp
be an extended p-cyclic fuzzy mapping from (_J
(@) T:Uiep XilX; = FXG U X100 V) €,
(b) there is ar(x) € (0,1] such that the a(x)-level set [Tx]q ) € CB(X; U X;11); V& € X,

Viep.

iep

Theorem 17 Let p(> 2) € Z, and let X; be nonempty subsets of a nonempty abstract set
X with diam(X;) > D and d(X;,X;,1) = D; Vi € p, where (X, d) is a complete metric space.
Let T: ;5 Xi = F(U,ep Xi) be an extended p-cyclic fuzzy mapping with X; being closed,
Vi € p. Assume that the following point-dependent contractive constraint extended from (1)
holds:

H([Tx]a(x): [Ty]a(;l’))
= al(x,[Tx]u(x))d(x’ [Tx]a(x)) + a2(y'[Ty]a(}V))d(y’ [Ty]a(y))

+as y)d(x,y) + (1 —a)u(x,y)D; (39)

(x,

Vx € X;, Vy € Xj41, Vi € p, and some A € R, where ai, > 0 fori=1,2,3, and

0 l.f(xry) € Xi X Xi+l7

: (40)
1 U“xxy € Xi

M(x’y) =

for any given i € p. Then the following properties hold:

(i) For any arbitrarily given i € p, a sequence {x,} C | J,.; Xi can be built for any given

iep
x=x1 € Xi y =% € [Txilaqy) S Xin1 such that xpp.j € [Thnpsjlatw,,,; ) S Xisj15 Vj € Py
Vu € Zy., which fulfills

nlingo d(x(n+1)p+j+2¢ x(n+1)p+j+1) =D; VjeZy, (41)

forany q € Zo, iflim, o ([T7, fnfi ]_[IZ'; [Kjme]) = 0, where

Aljme + A3j
K = 2229 4 € Ky € Zosm € P, (42)
1 - azjme

where the integer subscripts

Ceki  kin(sk<oo)€Zo,  j(<m€Zy, mep, (43)

are, respectively, the indicator of each current iteration within the set X,,, the number of
consecutive iterations at the jth tour over the cyclic disposal in the X,, set before jumping to

Page 18 of 22
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the X1 set, the tour counter of completed tours over the cyclic disposal, and the indicator
of the current X, set for the iteration.
(ii) If Property (i) holds, then Theorem 8(iii)-(iv) hold.

Proof Define

ar1(%, [Tx]a() + a3(x,y)
1-ax(y, [TY]a))

K (%5, [T¥]a)s [TH)ap)) = (44)

Note that the contractive constraint (39)-(40) leads, in a similar way to (8) in Theorem 8,
to the following inequality:

d(x(n+1)p+q+2» x(n+1)p+q+1)

n p+i Kim S+i-1 Kjm Knsrp4i
(HHHUQWM] 1_[ 1_[[1(1'1+1 mL’ l_[ [I<n+1 5+t€]) (xl;xZ) ) +D;
j=0 m=i £=1 m=i (=1
Vn e Zo,,j € P, (45)

for some integer 0 < § < p, where 0 < IA<,,+1,m =kpmfori<m<6§+i-1,0< /A<n+1,5+i <
Kus1,5+i» M € Lo, is the last completed tour of the cyclic disposal, and

n p+i S+i-1
q= 6](1, n, 6; kOm.; . ~vknm: kn+1,6+i) = Z Zk/m + Z kn+1m + krz+1 S+ir (46)
j=0 m=i
Ajme + A3,
Ko = =22 0 € Ky € Zoyy 11 € . (47)

1—azjme

Notethatk,m<k<oo,Vmep,V]€nU{0} andk,,+1,+,<k<oof0r/€8 1U {0}
if n < co. Now, note also that kml s+ < k < 00 if 1 — 00, since the number of se-
quence tours (tour counter) through the cyclic disposal tends to infinity. It turns out that
limy,—s o0 AKX (ns1)prqe2s Xne1)pq+1) = D for any g € Zo, as n — oo if

n p+i Kim
I (nnnugmeQ o

j=0 m=i £=1

Property (i) has been proved. The proof of Property (ii) is straightforward from Property (i)
by similar arguments to those used in the proofs of Theorem 8(iii)-(iv). (|

Note that Theorem 17 does not require all the elements of the contractive sequence (42)
to be less than 1. The following result is proved for the case when the built sequences are
permanent on some of the subsets of the cyclic disposal.

Corollary 18 The following properties hold under the assumptions of Theorem 17:

(i) Theorem 17(i) still holds if there is a finite number ny of complete tours in the cyclic

Ko +1,6+i ] ;
disposal and lim,,_, oo ([ [, e [Kiug+1,8+i,]) = 0 for some integer 0 < § < p with the sequence

(x4} being permanent at {X;,s}. Then lim,,_, oo d(X(u11)p+j+2, X(ns1)p+j1) = 0; Vj € Zo,..
(i) The sequence converges to a unique o = o (x*)-fuzzy fixed point x* of T : Uler g
F(UiEﬁX,») allocated in [Tx*]g+) S Xiss-
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Proof Property (i) follows from (45) for n < ny < co and /A<y,0+1,(3+i — 00. Property (ii) fol-

ie[aXi in

a similar way to the proof of Theorem 8(iv). O

lows from Property (i) since (X, d) is complete and [Tx], ) is closed for any x € _J

Example 19 Define the linear metric space (X, d) with X being the union of closed real
intervals Xj = [-r1,—D/2], X, = [D/2, r;] subject to

r >3D/2>0, min(ry, p) > 0, max(ry, 7o) < +00,

and which have mutual and Pompeiu-Hausdorff distances d(X3,X5) = D and H(X3,X5) =
D + max(ry,r3), respectively. Consider some extended 2-cyclic fuzzy mapping T : X; U
X, — F(Xj U X,) whose restrictions of domain are to the two subsets X; and X, fulfill
T:X,UXo|X; — F(X1UX,), T: X3 UX5| X, — F(Xp). Such a map is defined in such a way
that it constructs iterative sequences which are ordered with two consecutive elements
X, %ne1 € [Tx,]1 C X7 and the next one x,,,7 € [Tx,,1]1 C X5, and which satisfies the con-

straints:

d(xnﬂrxn) =< pd(xmxrl—l) ifxn,xwrl € [Txn]l C Xl,

d(xn+27 xn+1) =< I<d(xm xn—l) + (1 _I<)D ifxn+2 € [Txn+1]1 C XZr

for n € Z, subject to K%p < 1. Note that either K or p (but not both of them) cannot be
less than unity. Since the 1-level sets are nonempty and contain the points, identified with
their associated crisp sets, we can consider F(X;) and F(X;) as approximate quantities
[22, 28], since X; and X, are compact and convex, and such crisp sets, equivalently as
points, obtained from a maximum defuzzifier [34], since there exists a compact [Tx];(#
?) C [Tx]a@ for any x € X U X, and any a(x) € (0,1]. Assume that x;,%, € X; and x3 € X3,
and then x5, € [Tx2,-1]1 C X1, %2441 € [TH20]1 C X1, Xons2 € [Th2ni1]1 C Xo; Vi € Z,, and

one gets

d(x2n+17x2n) =< (sz)nd(xl,xg) + (1 —I(")D,
AXons2s Xone1) < Kd(®op1,%2,) + (1 - K)D,

lim d(x2n+lrx2n) = lim d(x2n+2:x2n+1) =D.
n—00 n— 00

Ifx; € Xy and %y, 3 € X1, %0, € [TH2p-1]1 C X2, X241 € [T20]1 C X1, and K240 € [Tx41]1 C
X1; Vn € Z,, the same conclusion for the distance limits as above follows. In both cases,
sequences converging to the limit cycle {-3D/2,-D/2,D/2} are obtained for any initial
conditions x1,x; € Xj or x; € X3, x5 € Xj. All the sequences are not necessarily converging
to the above limit cycle, in general, unless it be assumed that T: X; U X; — F(X; U X3) is
such that [Tx]a) = [Tx]1; Vx € X3 U X;.
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