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ABSTRACT 

Energy scheduling is a promising solution to alleviate the economic and 

environmental stresses society places on the power system. Moreover, it 

provides multiple benefits to users and suppliers. Therefore, there is a lot of 

interest in the topic and many researchers are working to develop novel 

configurations that will further increase the advantages of scheduling. In this 

work, we propose a Mixed Integer Linear Programming model that will manage 

the production of several Distributed Energy Resources and the consumption of 

a number of variable and fixed loads with the help of electrical and thermal 

storage units. The main novelty of this work is the combination of the above with 

the variable heat to electricity generation of the Combined Heat and Power to 

minimize costs. The result proves the effectiveness of the scheduling in reducing 

the cost and the peak energy demands of consumers. It also shows the efficacy 

in shifting loads under variable pricing policies. All in all, this work shows the 

potential of energy scheduling in smart buildings to solve the challenges in the 

power system today and in the future.   
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1 INTRODUCTION 

The human energy demand is continuously increasing [1] and studies [1], [2] 

predict this trend to continue for the next decades. This means that the already 

scarce fossil fuels will be unable to meet the forecasted demand [3], [4]. 

Moreover, the use of these non-renewable energies is affecting the global climate 

and is risking our way of life on earth as it is known today. Therefore, governments 

are taking measures to make a transition to a more environmentally friendly 

system [5], [6].  

Many of these actions affect the three main energy consuming sectors: 

households, industry and transport which together consume 82% of the total 

energy used in the UK [7]. This means that their shift from fossil fuels to electricity 

to reduce carbon emissions, will have a huge impact. The shift of the electricity 

generation sector to renewables will also enhance the effect on the environment.  

These improvements face difficult challenges such as the dramatic increase in 

electricity demand [2], as well as the pressure on renewable energies. To achieve 

these aims, more renewable plants will have to be built, which will increase the 

energy price significantly. Also, in order to meet the electricity demand, the 

electric system is oversized due to the unpredictable nature of the power plants, 

[4], [8], [9], further increasing electricity prices and complicating the management 

for electricity operators [10].   

To prevent higher energy bills, it is important to reduce the peak electricity 

demand, and thus, the amount of new constructed power plants. This can be 

done by distributing households’ concentrated energy needs [11], [12]. There are 

several ways to move the energy demand in households: from penalised energy 

consumption in periods where demand is highest, to giving incentives to 

customers who allow the distribution companies to schedule their energy needs 

[13]. This last method also helps electric network operators to manage the 

electrical system.  

Furthermore, Distributed Energy Resources (DERs) which can be installed in 

dwellings [14] can also reduce the need for big power plants. It can help the switch 
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to renewables and improve the efficiency by reducing the amount of grid 

transportation losses [15], [14], [16]. 

Household space heating is another large contributor of carbon emissions. The 

heating for a particular household depends heavily on the location and the habits 

of the users [17], but overall, the energy used for space heating in the UK is much 

bigger than the electricity demand [18]. As a result, big energy savings can be 

achieved by improving the house’s insulation [19]. Further energy savings can be 

achieved by using heat pumps, which are electrically driven devices that reach 

very high efficiencies [20] and could help shift the heating, based on fossil fuels, 

to electricity. However, this would increase electricity demand even more, hence 

electricity prices would go up. Combined Heat and Power (CHP) units (internal 

and external combustion engines and fuel cells) on the other hand, are the best 

systems as the have very high efficiency, reaching values of up to 90%, and they 

generate electricity as well as, so they can also help reduce the need for new 

power plants. Moreover, CHP units are more effective in reducing Green House 

Gas (GHG) emissions than all the current electricity and heat generation supply 

installations together.   

Further peak demand reductions and energy savings can be achieved by 

electrically interconnecting several houses [11], [17] or sharing heat as well [21]. 

By doing this, the groups of houses are able to become more independent as 

they generate and consume energy within the group. This configuration also 

reduces losses, as the transportation distance of the heat and electricity is very 

short.     

Some of the measures mentioned above such as load shifting, DERs installation, 

heat generation with CHP units, and house connections can be optimized with a 

scheduler in order to reduce cost and become more efficient. Therefore, in this 

paper, the energy scheduling for a single and a group of houses electrically 

interconnected will be analysed to demonstrate the potential of this method. The 

Mixed Integer Linear Programing (MILP) model will contain a CHP unit that will 

satisfy the heat demand and will help, together with a Photovoltaic (PV) panel, 

with the electric needs. Moreover, variable and fixed electrical loads are included 
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to check the effectiveness of the scheduler at distributing the loads. The system 

will also contain heat and electricity storage units for regulation.  

To focus the project, an aim and objectives have been defined. The general aim 

for this thesis is: 

 To analyse the effectiveness of scheduling in reducing electric peak 

demand, energy costs and finding the best CHP working mode. 

In order to achieve this, the following objectives were set: 

 Design a model which can schedule energy production and consumption 

to reduce energy costs. 

 Carry out research to obtain realistic data which is then applied to the case 

studies. 

 Analyse a case study of a single house comparing variable heat to 

electricity ratio of generation as well as different pricing schemes. 

 Analyse a case study of a group of four buildings electrically 

interconnected compared to ones which are isolated. 

 Evaluate the case studies to conclude which scenario is most effective at 

reducing energy costs.  

 

 

  





 

5 

2 LITERATURE REVIEW 

The energy scheduling model proposed in this work requires a grid that enables 

the bidirectional flow of power and information without compromising the 

reliability of the network. These characteristics together with DERs are common 

features in the current smart grids, but further improvements such as enhanced 

reliability, self-healing capabilities and efficient energy management are 

prospective characteristics for the future smart grids [22]. The need to reduce the 

carbon footprint with more DERs, particularly renewables and reduce the electric-

peak loads with demand side management (DSM), requires new energy 

management systems (EMS). [23] Summarises aspects that will influence the 

development of future EMS.   

Some works such as [24], [25] have developed multi-agent systems that are able 

to work in islanded modes in order to improve the reliability of the network. [24], 

analyses a multi-agent system that is able to disconnect the microgrid from the 

traditional grid in less than half a period. Moreover, once working in islanded 

mode, the microgrid manages critical loads (loads that cannot be disconnected) 

and non-critical loads with the DERs in order to control the voltage, power and 

current. Besides, the work gives a software base alternative to the hardware 

based zonal protection allowing more flexible redefinition of zonal boundaries by 

fly. Another paper, [25], proposes another scheduling model which optimizes the 

cost with three steps. First, satisfies the internal demand, second, finds the best 

bids to export energy to the market and finally schedules the microgrid taking into 

account the internal demand and the sales. The model bases the result on the 

ability to predict the market prices. Although both works apply their case to the 

power network, the model can be scaled down to be applicable to smart buildings, 

as in [26].   

Scheduling in smart building has the potential to reduce costs for customers and 

distributors, therefore, it is the main driver to research this topic. [27] uses a 

scheduling algorithm which changes the power mode of the appliances under 

real-time pricing, which allows the model to cut costs by 25.6% on average. [28] 

uses variable frequency drive as well as capacity-limited storage to cut down 
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costs 41% compared to a traditional scheduling scheme. [29] uses a self-learning 

software, based on the usage patterns of the inhabitants of the smart building, 

which schedules the appliances without any action of the users. This last paper, 

proves the profitability of the algorithm by reporting savings of 10.92% in a single 

house compared with the case that does not schedule the loads.   

Peak reduction is also another important feature of the scheduling technique. To 

do this, the scheduler distributes the loads during the time. This feature might 

become even more important once electric cars double the electric demand of 

the houses [11]. [30] uses Cyber-Physical Energy Systems (CPES), which are 

integrated embedded processing devices that control the smart home appliances. 

This, enables the loads to be controlled automatically. However, the controllability 

of the loads depends on their nature (fixed on time, variable power, preemptive, 

etc). It is important to keep in mind that the nature of the loads will affect the 

computational time of the problem [11]. The same author proposes a heuristic 

scheduling algorithm aiming to reduce the peak load. The results show a 23.1% 

reduction on the peak load of a single building compared to the earliest starting 

time. This benefit increases further as the amount of loads increases. Moreover, 

the paper compares the peak reduction when several houses are put together 

without any global scheduler that would manage the different houses. The result 

shows a decrease of up to 16% on the total peak demand. [31] also proves peak 

demand reduction by proposing a scheduling problem with CHP, Boiler, thermal 

and electrical storage and DERs.     

The environmental effect is also present in some scheduling works, however, 

having focus only in the environment and forgetting the costs is not realistic, 

hence, most of the cases use a multi-objective function. [32] proposes MILP to 

minimise the costs as well as the CO2 emissions where the resulted Pareto 

curves state the trade-off between the economic and the environment goals. The 

model also analyses the effect of different pricing methods such as Real Time 

Pricing (RTP) and Critical Peak Pricing (CPP). The result shows the effectivity of 

the method by distributing the loads under the price schemes that charge the 

peak demands.  
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DERs also play a key role in the reduction of the demand as well as diversifying 

the cost for further power capacity installation [16]. This paper analyses the 

benefits of the DERs from several points of view and evaluates different network 

operation systems with their respective influence in the future of the network.  

One system that can strongly affect the DERs of the network are the CHP units. 

The UK government is committed to help this technology due to their flexibility, 

efficiency and reliability by assisting them with the Feed In Tariff (FIT). [33] 

analyses a system with CHP and storage units and compares them with a system 

with only a boiler, showing the effectivity of this technology. [34] also proves the 

effectivity of a CHP systems by reducing up to 30% houses’ electrical demand, 

cutting the cost to a quarter and reducing the emissions of CO2, NOx and SO2. 

A more recent work, [21] proposes a novel configuration of a network of houses 

with shared heat between them, which increases the generation of electricity from 

the CHP units. This, reduces the amount of imported electricity, thus, the cost. 

Other works analyse the combined effect of the storage with different CHP 

technologies, proving the non-linear relation between the storage capacity and 

the thermal power of the prime mover. It also proves that the increase of the 

storage reduces the total purchase of electricity because the CHP unit works 

more time, reducing the cost. As stated by [35], CHP units generate heat as a by-

product of the generated electricity, however, when the electricity is required, the 

heat is not required and vice versa. This lack of heat and electricity 

synchronisation, makes storing energy a wise choice. However, energy storage 

has losses that decrease the efficiency of the system. As a result, detailed focus 

needs to be addressed to them to make the system optimal.   

Although many of the tasks of a building can be predicted and therefore 

scheduled, there are some other tasks which are randomly activated (lights, TV, 

etc.). Similarly, the electricity prices or the generation of certain DERs have an 

unknown variability in their output. These uncertainties can have a severe effect 

in the outcome of the problem. As a result, many researches have presented 

works to account for those unpredictable effects. [28] introduces in their 

algorithms an energy consumption adaptation variable, which is used to model 
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the stochastic energy consumption patterns for various household appliances. 

The paper also introduces another parameter, the trip rate, which is a user 

defined parameter that accounts for the probability that a house goes over its 

contracted power, and thus, cuts the power. [36] on the other hand, deals with 

the uncertainty by developing a rolling horizon, which updates the results for the 

unexpected events. [37] focuses only on the price uncertainty from the point of 

view of the customer. The case studies studied in that paper show that statistical 

information about future prices can be highly beneficial. Moreover, having high 

power and short time tasks increases further the economic savings.  

The literature review shows how much work has been done in the energy 

scheduling and management of either buildings or smart grids. Special focus has 

been drawn to the reduction of the cost and peak demand. However, the 

environmental effect of the scheduling is not so thorough. 

DERs are also a well-researched topic, with special focus on CHP system. There 

are different types which have advantages and disadvantages depending on the 

application, but there is not a lot of investigation about CHP systems that are able 

to change the heat to electricity ratio generation. Other DERs such as wind mills 

or solar panels are also included in some of the works, but there is not so detailed 

research on the effect of the variability of the output of these systems.  

The information found from literature on heat demand is based on previous 

surveys which were carried out, however to the best of my knowledge there are 

very few works done which introduce the heat transfer coefficient and the outside 

and inside temperatures of the building.  

All in all, the present work proposes a model which takes into account the heat-

transfer coefficients of the houses to generate a heat demand satisfied by a CHP 

unit working in two different working modes. The second working mode, is not 

common in the literature and uses a variable heat to electricity ratio generation 

This work also integrates the heat and electricity demand combined scheduling 

which is not so common in the literature and schedules .    
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3 PROBLEM STATEMENT 

This paper proposes a network of houses, interconnected electrically between 

each other and to the power grid in order to buy and sell electricity. In Figure one, 

the used model structure for the case studies is shown:   

 

Figure 1: Structure of the energy structure of the house 

The houses produce heat from the CHP and the boiler and store this heat in two 

different tanks which satisfy the house heat demand. Moreover, the dwellings 

generate electricity with the CHP and the PV panels. This electricity will be used 

by the appliances, stored in batteries or given to the microgrid shared between 

the houses of the model. When the electricity in the microgrid cannot be 

consumed, then, this energy will be sold to the power grid.  

Further details about the reasons to build such model are specified in Appendix 

A. 
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4 MATHEMATICAL MODEL DESCRIPTION 

The CHP system has been modelled to account for its heat and electricity 

generation limits. Besides, losses for the start-up and shut-down have also been 

modelled. The CHP has two working modes that have been introduced in the 

model.  

The other heat generator system, the boiler, also has limits and have been 

introduced mathematically.  

The thermal demand is composed by the thermal losses of the generation and 

storage units, the thermal losses from the difference between the inner and outer 

temperatures of the house, the ventilation rate, the house temperature change 

for each time interval, the heat generated by the people and the appliances in the 

house and the domestic hot water demand.  

Similarly, the electricity demand is composed by the schedulable and non-

schedulable loads, the electricity sent to the batteries, microgrid and the power 

network and the losses in the charge/discharge of the batteries.  

The schedulable appliances can only be used once each day and cannot stop 

working once they have started. They have an earliest time to start operating and 

the latest to finish. In that time period, the smart house will decide the best 

moment to activate the load.   

The detailed mathematical model and the input data are specified in Appendix B.    
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5 CASE STUDIES 

5.1 Case Study 1: Single home 

In the first case study, the effect of the variable and fixed heat to electricity ratio 

generation and the different pricing policies will be analysed for a single home. 

5.1.1 Fix heat to electricity ratio vs Variable heat to electricity ratio 

generation 

In this study, a single house with a CHP unit that has a fixed heat to electricity 

ratio equal to six will be compared to a CHP with a variable heat to electricity ratio 

from 3.2 to 6.0.  

5.1.1.1 Results 

In the Figure two, the electricity balance for the case with fixed heat to electricity 

ratio:  

 

Figure 2: Electricity balance for the case with fixed heat to electricity ratio 
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In the following graph, the electricity balance for the case with variable heat to 

electricity ratio is shown:  

 

 

Figure 3: Electricity balance for the case with variable heat to electricity ratio 

The Figure three shows how the model with variable heat to electricity ratio is 

able to produce more electricity due to its capacity to lower the value of this ratio. 

Therefore, more electricity is generated enabling the system to better regulate 

the produced energy using the batteries. This means that the electricity 

purchased for the case with fixed heat to electricity ratio amounts to 17.96kWh 

while the variable ratio purchased 12.33kWh.  

In total, the system with the fixed parameter produces 6.54 kWh of electricity with 

the CHP, whereas, with the variable parameter it produces 12.5 kWh. This is 

possible because the parameter stays constant at 3.2 during the whole 

simulation. As a result, the cost for the second case is cheaper by £1.97 pounds, 

compared to the other case which is £2.70 pounds.  
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Another interesting feature of the model is the amount of energy sold. In both 

cases it is zero, because the amount of generated electricity is very small 

compared to the demand which is 26.98kWh. Besides, the selling price for the 

electricity is very low: £0.0486 per kWh. As a result, it is always more convenient 

to use that energy in the appliances or to store it in the battery.  

Focusing on the battery, it can be seen that it is only charged when the electricity 

demand is below the amount supplied supply. Therefore, only in a few cases is 

the battery is charged. However, when the heat to electricity coefficient is 

variable, the amount of energy produced is higher, thus, the probability of the 

supply exceeding the demand is higher. This is the reason why more energy flow 

can be seen in the batteries in Figure three.  

Regarding heat balance, the system is able to satisfy the demand of the house 

as it has a maximum heat generation of 12kW when the maximum heat demand 

is lower. Besides, the system has heat storage units that can supply extra heat if 

the heat generation units are not working or when the units cannot generate as 

much energy due to their capacity. This is why only one heat generation unit 

(Boiler or CHP) is able to satisfy the heat demand. Moreover, the CHP is more 

efficient and the FIT of the government awards each kWh of generated electricity 

with £0.1345 [38]. Hence, the boiler is never in operation.  

For the heat storage units, it is important to realize how the Domestic Heat Water 

(DHW) tank’s average specific heat is greater than the Heat Storage Tank (HST). 

This is because of the geometry of the tank, which enables the DHW storage unit 

to have fewer losses than the HST when the temperatures of both tanks are the 

same. This can be seen in Figure 4:  
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Figure 4: Heat limitation 

Finally, when the HST gets to its maximum capacity, the CHP needs to stop, 

because the heat cannot be discarded, so the system is limited by the heat 

demand and its storage units. This is seen in the Figure four. When the heat to 

electricity coefficient is fixed, in order to reduce the amount of generated heat, 

the amount of electricity produced must be reduced as well. However, when the 

coefficient is variable, the produced heat can stay at its minimum (3.2kW) and the 

electricity production can still be maintained at its maximum (1kW). Therefore, 

the case with variable heat to electricity ratio is able to produce more electricity 

while producing less heat, obtaining lower costs.  
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5.1.1.2 Discussion 

As stated before, the low heat to electricity demand of the houses compared to 

the higher heat to electricity generation of the CHP leads to the model not being 

optimised, but it ensures that the heat demand will at any moment be satisfied. 

Besides, the electricity can always be purchased from the grid. In the Figure five, 

the heat generated from the CHP and heat requirements from the house are 

shown. It can be seen that when the CHP is working, the unit is always able to 

supply more heat than the amount required at any time.  

Low gas prices compared to electricity leads to a system that is prone to heat 

losses in order to achieve maximum cost effectiveness. The current system is 

prone to produce heat energy losses because the price for gas is very cheap 

compared with the electricity one. In the present case study, the gas price for the 

CHP is £0.025 per kWh and the electricity price is £0.1558 per kWh. Taking into 

account that the fixed heat to electricity ratio produces one kWh of electricity for 

every six kWh of heat, this means that producing one kWh with the CHP costs 

£0.15, which is lower than the price of the electricity. This means that even for 
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someone who doesn’t need heat, it is cheaper to produce electricity with the CHP 

than buying it. Finally, the government benefits these systems with FIT by paying 

them £0,1345 for every kWh of electricity produced. This will increase the benefit 

of discarding heat, which is self-defeating because the government is trying to 

increase the efficiency of the energy production system.  

Figure six shows that, the temperature of the house is always 0.5ºC higher than 

the target temperature because the house will have more thermal losses, thus, it 

will have to produce more with the CHP, generating more electricity and reducing 

the cost.   

 

Figure 6: Temperature deviation in the house 
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5.1.2.1 Results 

As proven before, the HST and the low heat demand are the limitations of the 

system to improve the cost of the operations, therefore, it is interesting to see 

how they behave together with the CHP units, which are the ones in charge of 

filling them. This can be seen in Figure seven. 

 

Figure 7: CHP and Heat Storage relation 
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price, the average purchased electricity cost is more expensive than in the 

Economy 7 price scheme, making the losses of the electric storage more costly.  

Regarding the performance of the battery, it can be seen how the case with two 

price zones discharges the battery until the price decreases, and it starts 

charging. This is because the system tries to avoid purchasing energy from the 

grid when it is most expensive. However, there are some particular cases where 

the battery is charged. As explained before, these cases happen when the 

generation units produce more energy than the demand and the cost of the losses 

of storing electricity are less than purchasing that stored energy from the grid, 

when it is required. The charging of the battery at the end is just a process to 

leave the battery at the same state as it was at the beginning of the day. This can 

be seen in Figure eight.  

 

Figure 8: Electric battery performance 
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Figure 9: Load sensitivity to price 

 

5.1.2.2 Discussion 
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5.2 Case Study 2: Four houses 

In the second case study, the effect of sharing and not sharing electricity among 

a group of 4 houses will be analysed. The four houses included in the model have 

been explained in the Appendix B.1.4 Input Data.  

5.2.1 Electricity sharing vs Isolated 

In this study, 4 isolated houses will be compared with 4 houses which share 

electricity for free when each house has an excess of electricity.  

5.2.1.1 Results 

In the case where the four houses are isolated from each other, the battery usage 

of each of the houses is greater compared to the houses which are 

interconnected between each other, because the excess electricity that in the 

isolated case goes to the battery, can instead go to another house. This way, the 

case with electrical connexions between the houses uses the battery a lot less. 

The reason why the model prefers to share electricity is because the smart grid 

is more efficient than the batteries, so less losses are produced. In Figure ten, 

the sum of the stored energy in the batteries of the houses is displayed:   

 

Figure 10: Electric battery performance 

The peak electricity demand of the group of buildings is also reduced in the case 
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when fixed power consumption is lowest and power generation is highest. 

Because the houses are very similar, this occurs at the same time for all four 

houses, when they are isolated. However, when the electricity is shared, the four 

cooker ovens will be distributed in order to generate the minimum peak between 

the 4 houses. This is why the peak demand is reduced 

The comparison between the two demands is shown in the Figure 11:  

 

Figure 11: Electricity demand 

Finally, this distribution of the loads reduces the peak purchase of electricity, 

which is lower for the case where electricity is shared, as seen in Figure 12:  

 

Figure 12: Electricity bought from the grid 
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Moreover, because the electricity peak is lower, the DERs are able to supply a 

greater percentage of the demand, therefore, reducing the total amount of 

purchased electricity. For the case with no electricity sharing, the amount of 

purchased electricity is 53.4kWh whereas for the case with electricity sharing it is 

48.34kWh.  

There is one more difference between the two cases: the amount of generated 

electricity with the CHP unit which is higher for the case with shared electricity at 

49.5kWh compared to no electricity sharing, at 45.5kWh. The reason for this is 

the cost to store or share the excess electricity of each of the houses. While the 

isolated houses have to store the energy in the batteries, the houses with 

electricity sharing can give the electricity to the microgrid between the four houses 

with higher efficiency and at no cost. So when the isolated houses stop the CHP 

because of the cost that storing electricity incurs, the other case can still produce 

electricity because sharing the electricity in the microgrid has a lower cost.  

5.2.1.2 Discussion 

This second case study proves that it is more profitable to share electricity 

between houses than isolating them. This profitability is not only better for the 

household owners who save 8.33% of the costs, but for the network operators 

and the distributors as well. The distributors will have to pay less for the electricity 

that they purchase from the wholesale market due to the reduction of the peak 

demand. Moreover, having lower peaks will put fewer constrains on the power 

grid, resulting in more options for the network operators, thus, easing their work. 

Sharing electricity, however, creates some issues. In reality, the house 

appliances will not be exactly the same. This will make the demand of some 

buildings bigger than others. If the DERs are not the same either, there might be 

cases in which one house will have oversized DERs, so it will give electricity for 

free. This would be unfair and it would cause the house-owners to always install 

fewer DERs than required. To prevent this, a price should be applied to the 

electricity shared in the microgrid. This price should also be cheaper than the 

price offered by the suppliers, otherwise buildings would always prefer the 

electricity from the power grid, making the system more complex and instable.  
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6 CONCLUSION 

The designed model shows a clear limitation on the heat balance which prevents 

the CHP from working more time, thus, to generate more electricity and reduce 

the cost. This issue can be solved by changing the CHP system to a model with 

a much lower heat to electricity ratio, such as, a fuel cell. It can also be solved by 

reducing the electricity demand, but this is not feasible, since in the last decade 

the electricity demand has gone up. Finally, the last option is to increase the heat 

demand, which is the least efficient one, but also the less costly. It only requires 

opening a window. This situation is generated because of the difference in price 

between electricity and gas. The FIT of the government can further increase this 

effect.   

The DERs help to significantly reduce the electricity demand of the household, 

reducing the need to purchase electricity by around a 50%. This means that even 

if the electricity demand rises in the future, this measurement can prevent huge 

installations of new power plants. If these systems become quite popular quickly, 

they can even help in the closing of most polluting coal plants, significantly 

reducing carbon emissions. Besides, there is no extra gas consumption, because 

the CHP is a heat demand driven appliance, meaning, it will only work when the 

heat demand requires it to.  

Looking into the future, this reduction in electricity consumption of households 

could be used to provide electricity to the automotive sector which is being 

electrified. This change, which could cause the electricity consumption to 

skyrocket, would be significantly reduced, avoiding huge investments in new 

power plants.   

The variable price scheme has proven that it can help in shifting loads from the 

peak demands to the valleys, flattening the electricity demand, therefore, 

avoiding the use of utilities that only supply power during peaks. This would make 

the electrical system more efficient. Moreover, this measure would benefit 

customers with lower bills as well as the suppliers with lower costs and reduced 

peaks.  
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With scheduling, consumers are able to better control some of their loads and 

benefit by consuming when their CHP or PV generates. This scheduling can be 

taken one step further if the batteries take a more active role. In this new 

approach, the batteries would supply energy for the non-schedulable loads, such 

as lights, TV, etc. and the forecasted errors in the PV’s electricity generation. 

When the house is able to schedule with a very high confidence, the energy 

required from the power grid can be scheduled in advanced avoiding the need 

for costly peak reserve power plants. Besides, houses will be able to group 

together and become their own suppliers, obtaining much lower energy prices. 

This is possible with arrangements such as the UK’s License Lite [39]. 

Based on the built model, further work can be carried out by including 

uncertainties in the PV’s electricity generation, prices and carried out the non-

schedulable loads. This will make the model more realistic. Besides, a statistical 

prediction can be added to forecast the previously mentioned uncertainties that 

can be updated with a rolling horizon. With this, the uncertainty in the energy 

consumption of buildings could be mitigated.  
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APPENDICES 

Appendix A JUSTIFICATION OF THE SYSTEMS 

INTRODUCED IN THE MODEL STRUCTURE 

In the following section, the justification for the selection of each of the systems 

in the model will be explained:  

 PV Panel: Solar energy is an unlimited energy resource that will play a 

very important role in the future. Besides, the manufacturing price 

reduction is making this system more economical and it is also very 

simple to install and maintain. Therefore, it is ideal for household 

application. It also sets the base for further analysis of the model that 

might want to add uncertainty in the energy production. The economic 

support of the government to install PV panels also indicates an increase 

in the use of this DER, thus, will make this work useful for more people.  

The type of PV panel used in the model is monocrystalline, which reports 

very high efficiencies. Besides, this materials are very stable, making the 

panels last over 20 years with very small efficiency reductions.   

 

 CHP unit: This systems are the best economic and environmental 

solution for providing heat to a household. The FIT of the UK government 

makes them very attractive economically and the high efficiencies that 

they obtain due to the combination of heat and electricity generation 

make them very environmental as well.  There are several types of CHP 

units, which report several power ranges, heat to electricity ratio and 

other characteristics. However, for home application the external 

combustion Stirling engine is the best solution. This is because the heat 

to electricity ratio in the average UK houses is similar to the one of the 
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Stirling engine. Besides, the power that it creates is within the limits of 

the FIT, which is up to 2kW. 

 

 Battery Storage: Battery storage is crucial if there is excess of electricity 

at any time. Furthermore, the battery is useful as a regulator. This can 

be used for further developments of the model that aim to purchase 

electricity in a planned manner. This means, that the purchased 

electricity will always be known in advance and the battery will supply 

energy to the charges that are not planned (lights, TV…). This energy 

usage control will easy a lot network operators and can report lower 

energy prices. Therefore, the battery sets the base for further analysis. 

The electrical storage also increases the usefulness of the CHP because 

it allows the storage of electricity that otherwise would be discarded doe 

to the mismatch on the heat and electricity demand.    

 

 Heat Storage: The heat storage is a very important system that not only 

allows the reduction of the size of the heat generation unit, but it also 

increases the comfort in the house by always supplying instant heated 

water. This way, the heat generation system does not have to work every 

time there is heat demand in the house, so the unit works more 

constantly, witching on and off less frequently, thereby, increasing the 

life of the CHP unit.  

 

 Single House: The model uses one single house in the first case study 

because the optimization process is much faster. Besides, it 

experiments with measures that can be applied to either a single or a 

group of houses  
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 Group of houses: The group of houses used in the second case study 

has the aim to prove the advantage of being together, rather than 

separate.  The amount of houses used is big enough to see the 

difference between isolated and interconnected houses and small 

enough to simulate the model in a reasonable amount of time.  

 

 Boiler: The boiler is an auxiliary system that has been installed to 

prevent the system from being unable to supply the heat demand. 

However, it has been proved that it is not necessary.  

 

 Loads: The proposed loads for the model are fixed and variable on the 

time. This means that some loads can be schedulable (variable loads) 

and some others not (fixed loads). The loads that are fixed are the lights, 

a fridge and a desktop. In reality this loads cannot be scheduled because 

they are used randomly. For future works, the energy requirements of 

these loads can be supplied by the battery, avoiding buying energy to 

the grid randomly. This would decrease a lot the uncertainty in the grid. 
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Appendix B MATHEMATICAL MODEL 

In this section, the description of the equations and expressions used in the 

model are shown. The equations contain unknown variables whereas the 

expressions parameters, so are independent of the solution. The data used in 

the problem is also explained:    

B.1.1 Equations 

The following expressions have been introduced in GAMS to obtain the solution 

of the problem.  

Objective function 

In order to asses more accurately the wear of the CHP, in the start-up and the 

shut-down, a cost has been introduced to each of them. Other cost such as fuel 

consumption, comfort penalties, heat dissipated penalty, and cost of purchased 

electricity have been included as well to account for the operating costs. The 

benefits reported to the model come from the FET applied to the PV and CHP 

and from the energy sold to the power grid. The improvements introduced in 

the objective function compared to the optimization equation by Gema et al. is 

the electricity scheduling, the battery storage and PV generation. 

∑ ∑ 𝛳𝑖
𝑆𝑆𝑖𝑡

𝑡∈𝑇𝑖∈𝑙

+ ∑ ∑ 𝛳𝑖
𝐹𝐹𝑖𝑡

𝑡∈𝑇𝑖∈𝑙

+ ∑ ∑ 𝜉𝑖𝑡
𝐺𝐵𝑄𝑖𝑡

𝐺𝐵∆𝑡

𝑡∈𝑇𝑖∈𝐼

 

+ ∑ ∑ 𝜉𝑖𝑡𝑄𝑖𝑡
𝑠

𝑡∈𝑇𝑖∈𝑙

∆𝑡(𝑖𝑓 𝜌𝑂𝑝𝑡 < 2) + ∑ ∑ 𝜉𝑖𝑡

𝑡∈𝑇𝑖∈𝐼

𝜌𝑖
𝑚𝑎𝑥𝐸𝑖𝑡∆𝑡(𝑖𝑓 𝜌𝑂𝑝𝑡 = 2)  

+ ∑ ∑ 𝐶𝑜𝑚𝑓𝑃𝑒𝑛𝑖𝑡𝑇𝑑𝑒𝑣𝑖𝑡∆𝑡

𝑡∈𝑇𝑖∈𝐼

+ ∑ ∑ 𝐷𝑖𝑠𝑝𝑃𝑒𝑛𝑖

𝑡∈𝑇𝑖∈𝐼

𝑄𝑑𝑖𝑠𝑝𝑖𝑡∆𝑡 

∑ ∑ 𝜓𝑡𝐸𝑖𝑡
𝑏𝑢𝑦

∆𝑡

𝑡∈𝑇𝑖∈𝐼

− ∑ ∑ 𝑣𝑡𝐸𝑖𝑡
𝑠𝑎𝑙𝑒𝑠∆𝑡 − ∑ ∑ 𝜋𝐶𝐻𝑃𝐸𝑖𝑡∆𝑡

𝑡∈𝑇𝑖∈𝐼𝑡∈𝑇𝑖∈𝐼
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+ ∑ ∑ 𝜋𝑃𝑉𝐸_𝑃𝑉𝑖𝑡∆𝑡

𝑡∈𝑇𝑖∈𝐼

 

∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 

( B - 1 ) 

CHP constrains 

To prevent the CHP from starting-up or shutting-down more than once in the 

same time interval, some binary variables have been introduced. This constrain 

would simulate the realistic behaviour of a similar system, which would never 

start and stop very fast due to the shortened of the system lifetime as well as 

efficiency losses.  

 𝑆𝑖𝑡 − 𝐹𝑖𝑡 = 𝑋𝑖𝑡 − 𝑋𝑖𝑡−1        ∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 ( B - 2 ) 

 

 𝑆𝑖𝑡 + 𝐹𝑖𝑡  ≤ 1        ∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 ( B - 3 ) 

 

 

𝑋𝑖𝑡 ≥ ∑ 𝑆𝑖𝑡′         

𝑡

𝑡′=max[1,𝑡−𝛿𝑖𝑡
𝑜𝑛+1]

 

∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇, 𝛿𝑖𝑡
𝑜𝑛 > 1 

( B - 4 ) 

 

 

1 − 𝑋𝑖𝑡 ≥ ∑ 𝐹𝑖𝑡′         

𝑡

𝑡′=max[1,𝑡−𝛿
𝑖𝑡
𝑜𝑓𝑓

+1]

 

∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇, 𝛿𝑖𝑡
𝑜𝑓𝑓

> 1 

( B - 5 ) 
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CHP Generator 

As in any heat generation system, the heat production is not instant. Similarly, 

when the system shuts-down a residual heat is released. The generated heat 

will be stored in the HST and DHW tanks.  

 
𝑄𝑖𝑡 = 𝑄𝑖𝑡

𝑠 − ∑ 𝜆𝑖𝑘
− 𝑆𝑖𝑡−(𝑘−1) + ∑ 𝜆𝑖𝑘

+ 𝐹𝑖𝑡−(𝑘−1)

𝛼𝑖
+

𝑘=1

𝛼𝑖
−

𝑘=1

         

∀ 𝑖 ∈ 𝐼, ∀ 𝑡 ∈ 𝑇, ∀𝑘 ∈ 𝐾 

( B - 6 ) 

There are two working modes in the model for the CHP which enables to 

generate heat and electricity with different ratios: 

Operating Mode 1 

The heat to electricity ratio that the CHP produces is fixed.  

 𝑄𝑖𝑡
𝑠 = 𝜌𝑖𝐸𝑖𝑡        ∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 ( B - 7 ) 

Operating Mode 2 

The second mode of operation has variable heat to electricity ratio. This is 

produced by discarding some heat in the generation.  

 𝜌𝑖
𝑚𝑖𝑛𝐸𝑖𝑡 ≤ 𝑄𝑖𝑡

𝑠 ≤ 𝜌𝑖
𝑚𝑎𝑥𝐸𝑖𝑡        ∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 ( B - 8 ) 

The electricity produced by the CHP generator is limited by the following 

boundary:  

 휀𝑡
𝑚𝑖𝑛 ≤  𝐸𝑖𝑡 ≤ 휀𝑡

𝑚𝑎𝑥        ∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 ( B - 9 ) 

Backup Boiler 

The back-up boiler has been model as an auxiliary system than will only work 

if the CHP system is unable to meet the heat demand. The limits for the heat 

generation of the Backup Boiler have been modelled as shown:  
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 𝛾𝑖
𝑚𝑖𝑛𝑋𝑖𝑡

𝐺𝐵 ≤ 𝑄𝑖𝑡
𝐺𝐵 ≤ 𝛾𝑖

𝑚𝑎𝑥𝑋𝑖𝑡
𝐺𝐵        ∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 ( B - 10 ) 

Energy ramp between two time intervals 

Similarly to other real system, the CHP units cannot start and stop immediately, 

so a ramp constrain is introduced. 

 𝐸𝑖𝑡 − 𝐸𝑖𝑡−1 ≤ 𝑟𝑎𝑚𝑝𝑖
𝑢𝑝  ∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 ( B - 11 ) 

 𝐸𝑖𝑡−1 − 𝐸𝑖𝑡 ≤ 𝑟𝑎𝑚𝑝𝑖
𝑑𝑜𝑤𝑛  ∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 ( B - 12 ) 

Electrical balance 

The electricity produced by the household through the CHP and the PV panels 

has to match the electrical demand from the house and the battery.  

 𝐸𝑖𝑡 + 𝐸_𝑃𝑉𝑖𝑡 = 𝐸𝐷𝐸𝑀𝑖𝑡
+ 𝐸_𝐵_𝐼𝑛𝑖𝑡  ∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 ( B - 13 ) 

Similarly, the required electricity from the house, the electricity that goes out of 

the battery and the purchased electricity are used to satisfy the demand of the 

house appliances, or is sold to the power grid.  

 

𝐸𝐷𝐸𝑀𝑖𝑡
+ 𝐸_𝐵_𝑂𝑢𝑡𝑖𝑡 + 𝐸𝑖𝑡

𝑏𝑢𝑦
= 𝐷𝑒𝑚𝑎𝑛𝑑_𝐸𝑖𝑡 + 𝐸𝑖𝑡

𝑠𝑎𝑙𝑒𝑠  

∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 

( B - 14 ) 

 

Electrical storage balance 

The electricity stored in the battery is the equal to the previous storage state 

plus the electricity charged minus the electricity discharged.  

 

𝐸_𝐵𝑖𝑡 = 𝐸_𝐵𝑖𝑡−1 + 𝐸_𝐵_𝐼𝑛𝑖𝑡∆𝑡 + 𝐸_𝐵_𝑂𝑢𝑡𝑖𝑡∆𝑡       

∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 

( B - 15 ) 

Electrical storage limits 

The battery is limited by its capacity:  



 

38 

 𝛽𝑚𝑖𝑛 ≤ 𝐸_𝐵𝑖𝑡 ≤ 𝛽𝑚𝑎𝑥     ∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇    ( B - 16 ) 

The battery is also limited by the amount of the power that can give:  

 𝐸_𝐵_𝐼𝑛𝑖𝑡 ≤ 𝐶𝑚𝑖𝑛   ∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇    ( B - 17 ) 

 𝐸_𝐵_𝑂𝑢𝑡𝑖𝑡 ≤ 𝐶𝑚𝑎𝑥    ∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇     ( B - 18 ) 

 𝐸_𝐵𝑖0 = 𝐸_𝐵𝑖48  

∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 

( B - 19 ) 

 

Time window 

The time window is a binary variable which prevents a schedulable load to be 

activated more than once in one single day.  

 ∑ 𝑊𝑖𝑗𝑡 = 1

𝑡_𝑙𝑠

𝑡=𝑡_𝑒𝑠

     ∀ 𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑡 ∈ 𝑇     

( B - 20 ) 

 

Electrical demand 

The electrical demand is the sum of the constant and the schedulable demands 

for each time interval.  

 

𝐷𝑒𝑚𝑎𝑛𝑑_𝐸𝑖𝑡 = 𝐸𝑙_𝐶𝑜𝑛𝑖𝑡 + 𝐶𝑜𝑛𝑠𝑖𝑡 ∗ 𝑊𝑖𝑗𝑡    

∀ 𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑡 ∈ 𝑇 

( B - 21 ) 

Heat balance 

The heat generation systems (CHP and Backup boiler) satisfy the demanding 

heat by the DHW and the heating of the house:   

 𝑄𝑖𝑡 + 𝑄𝑖𝑡
𝐺𝐵 = 𝑄𝑖𝑡

𝐷𝐻𝑊_𝐼𝑁 + 𝑄𝑖𝑡
𝐻𝑆_𝐼𝑁        ∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 ( B - 22 ) 
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DHW tank 

The total heat stored in the tanks is the sum of the heat stored in the previous 

time slot plus the heat supplied by the heat generators minus the domestic heat 

water demand at that present time.   

 

𝐵𝑖𝑡
𝐷𝐻𝑊 = 𝐵𝑖𝑡−1

𝐷𝐻𝑊 + 𝑄𝑖𝑡
𝐷𝐻𝑊_𝐼𝑁 − 𝑄𝑖𝑡

𝐷𝐻𝑊_𝑙𝑜𝑠𝑠 − 휁𝑖𝑡
𝐷𝐻𝑊       

∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 

( B - 23 ) 

In the following formulas, the heat losses of the tank are calculated, for which 

the temperature of the tank must be known. Besides, the storage capacity is 

limited which has been calculated taking into account the maximum and 

minimum temperature of the tanks: 80ºC and 60ºC respectively:   

 
𝑄𝑖𝑡

𝐷𝐻𝑊_𝑙𝑜𝑠𝑠 = 𝑈𝑖
𝐷𝐻𝑊𝐴𝑖

𝐷𝐻𝑊(𝑇𝑖𝑡
𝐷𝐻𝑊 − 𝑇𝑖𝑡

𝐷𝐻𝑊_𝑟𝑜𝑜𝑚)       ∀ 𝑖

∈ 𝐼, 𝑡 ∈ 𝑇 

( B - 24 ) 

 

𝑇𝑖𝑡
𝐷𝐻𝑊 =

𝐵𝑖𝑡
𝐷𝐻𝑊

𝑐𝑝
𝑤𝑎𝑡𝑒𝑟𝛿𝑤𝑎𝑡𝑒𝑟𝑣𝑖

𝐷𝐻𝑊 + 𝑇𝑖
𝐷𝐻𝑊𝑚𝑖𝑛   

∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 

( B - 25 ) 

 

𝛽𝑖𝑡
𝐷𝐻𝑊𝑚𝑖𝑛 ≤ 𝐵𝑖𝑡

𝐷𝐻𝑊 ≤ 𝛽𝑖𝑡
𝐷𝐻𝑊𝑚𝑎𝑥        

 ∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 

( B - 26 ) 

 

𝐵𝑖0
𝐷𝐻𝑊 = 𝐵𝑖48

𝐷𝐻𝑊 

∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 

( B - 27 ) 

Heat storage (HS) tank 

The characteristics of the heat storage tank are calculated in the same way.  

 

𝐵𝑖𝑡
𝐻𝑆 = 𝐵𝑖𝑡−1

𝐻𝑆 − 𝑄𝑖𝑡
𝐻𝑆_𝑙𝑜𝑠𝑠 + 𝑄𝑖𝑡

𝐻𝑆_𝐼𝑁 − 𝑄𝑖𝑡
𝐻𝑆_𝑂𝑈𝑇         

∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 

( B - 28 ) 
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 𝛽𝑖𝑡
𝐻𝑆𝑚𝑖𝑛 ≤ 𝐵𝑖𝑡

𝐻𝑆 ≤ 𝛽𝑖𝑡
𝐻𝑆𝑚𝑎𝑥         ∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 ( B - 29 ) 

 𝑄𝑖𝑡
𝐻𝑆_𝑙𝑜𝑠𝑠 = 𝑈𝑖

𝐻𝑆𝐴𝑖
𝐻𝑆(𝑇𝑖𝑡

𝐻𝑆 − 𝑇𝑖𝑡
𝐻𝑆_𝑟𝑜𝑜𝑚)       ∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 ( B - 30 ) 

 

𝐵𝑖𝑡
𝐻𝑆 = 𝑐𝑝

𝑤𝑎𝑡𝑒𝑟𝛿𝑤𝑎𝑡𝑒𝑟𝑣𝑖
𝐻𝑆(𝑇𝑖𝑡

𝐻𝑆 − 𝑇𝑖
𝐻𝑆𝑚𝑖𝑛)      

  ∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 

( B - 31 ) 

 𝐵𝑖0
𝐻𝑆 = 𝐵𝑖48

𝐻𝑆  ( B - 32 ) 

Heat model of the house 

The house heat balance is composed by heat losses and gains of the house, 

the heat requirements to set the house temperature at the desired level and the 

heat supplied by the heat storage tank. There is one more term in the equation, 

called Qdisp, which simulates the action of an open window. This will only 

happen when the model cannot release heat in any other way, because its cost 

is very high.  

 

𝑄𝑖𝑡
𝐻𝑆_𝑂𝑈𝑇 + 𝑄𝑖𝑡

𝑔𝑎𝑖𝑛𝑠
= 𝑄𝑖𝑡

𝐻𝑂𝑈𝑆𝐸_𝑙𝑜𝑠𝑠 + 𝑄𝑖𝑡
∆𝑇 + 𝑄𝑑𝑖𝑠𝑝𝑖𝑡   

∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 

( B - 33 ) 

Among the heat losses, the model has introduced the ones due to the 

ventilation rates, calculated according to (SAP 2012) and the heat lost through 

the surfaces of the house. The surface includes walls, glazing, roof and floor.  

 

𝑄𝑖𝑡
𝐻𝑂𝑈𝑆𝐸_𝑙𝑜𝑠𝑠 = 𝑄𝑖𝑡

𝑓𝑎𝑏𝑟𝑖𝑐_𝑙
+ 𝑄𝑖𝑡

𝑣𝑒𝑛𝑡_𝑙        

= (∑ 𝑈𝑖
𝑛𝐴𝑖

𝑛

𝑛

+ 𝑐𝑝
𝑎𝑖𝑟𝛿𝑎𝑖𝑟𝑁𝑖𝑣𝑖

ℎ𝑜𝑢𝑠𝑒) (𝑇𝑖𝑡
ℎ𝑜𝑢𝑠𝑒 − 𝑇𝑡

𝑡𝑎𝑟𝑔𝑒𝑡
)        

∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇, 𝑛 ∈ 𝑁 

( A - 34 ) 

Similarly, heat gains are composed by the solar gains and the gains due to the 

living people of the house and the appliances.  
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𝑄𝑖𝑡
𝑔𝑎𝑖𝑛𝑠

= 𝑄𝑖𝑡
𝑠𝑜𝑙𝑎𝑟_𝑔

+ 𝑄𝑖𝑡
𝑖𝑛𝑡𝑒𝑟𝑛𝑎𝑙_𝑔

+ 𝑄𝑖𝑡
𝑓𝑎𝑏𝑟𝑖𝑐_𝑔

        

 ∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 

( A - 35 ) 

The heat requirement is the heat required to warm up or cool down the house 

in order to maintain the comfort temperature at any time.  

 

𝑄𝐷𝑇𝑖𝑡
= 𝑐𝑝

𝑎𝑖𝑟𝛿𝑎𝑖𝑟𝑣𝑖
ℎ𝑜𝑢𝑠𝑒 ∗ (𝑇𝑖𝑡

ℎ𝑜𝑢𝑠𝑒 − 𝑇𝑖𝑡−1
ℎ𝑜𝑢𝑠𝑒) 

∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 

( A - 36 ) 

Comfort penalty 

The house must be able to reach the target temperature, which is what the user 

wants. However, it might happen that the economic benefit to leave the house 

temperature a bit away from the target is very big. Therefore, an economic 

value must be introduced to the objective function that will account for this 

temperature offset.  

 

𝑇𝑡
𝑡𝑎𝑟𝑔𝑒𝑡

− 𝑇𝑖
𝑐𝑜𝑚𝑓

≤ 𝑇𝑖𝑡
ℎ𝑜𝑢𝑠𝑒 ≤ 𝑇𝑡

𝑡𝑎𝑟𝑔𝑒𝑡
+ 𝑇𝑖

𝑐𝑜𝑚𝑓
        

 ∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 

( A - 37 ) 

 

𝑇𝑑𝑒𝑣𝑖𝑡 ≥ |𝑇𝑖𝑡
ℎ𝑜𝑢𝑠𝑒 − 𝑇𝑡

𝑡𝑎𝑟𝑔𝑒𝑡
|       ∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 

 

( A - 38 ) 

Electricity share balance 

When the four houses are put together and they share electricity, other formulas 

must be added to interconnect the buildings.  

In the following formulas, all the electricity that is sent to the microgrid by each 

of the houses must be consumed by other dwellings. No energy can be stored 

in the microgird.  

 𝑇_𝑀𝑖𝑐𝑟𝑜𝐺𝑟𝑖𝑑_𝐼𝑛𝑡 − 𝑇_𝑀𝑖𝑐𝑟𝑜𝑔𝑟𝑖𝑑_𝑂𝑢𝑡𝑡 = 0   𝑡 ∈ 𝑇 ( A - 39 ) 
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𝑇_𝑀𝑖𝑐𝑟𝑜𝐺𝑟𝑖𝑑_𝐼𝑛𝑡 =  ∑ 𝑀𝑖𝑐𝑟𝑜𝐺𝑟𝑖𝑑_𝐼𝑛𝑖𝑡   

𝑖

 

∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 

( A - 40 ) 

 

𝑇_𝑀𝑖𝑐𝑟𝑜𝑔𝑟𝑖𝑑_𝑂𝑢𝑡𝑡 =  ∑ 𝑀𝑖𝑐𝑟𝑜𝐺𝑟𝑖𝑑_𝑂𝑢𝑡𝑖𝑡   

𝑖

 

∀ 𝑖 ∈ 𝐼, 𝑡 ∈ 𝑇 

( A - 41 ) 
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B.1.2 Nomenclature  

The terms used in the equations and expressions are explained in this section: 

Sets 

𝑖 ∈ 𝐼  Households 

𝑡 ∈ 𝑇  Time intervals 

𝑛 ∈ 𝑁  Surfaces of the house 

(floor, roof, glazing and wall) 

 

𝑗 ∈ 𝐽 Flexible power 

consumption task 

𝑘 ∈ 𝐾 Start-up or shutdown 

periods 

Parameters 

𝛳𝑖
𝑆  Start-up cost of CHP 

𝛳𝑖
𝐹  Shut down cost of CHP 

𝜌𝑖  Heat to electricity ratio 

(option 1) 

𝜌𝑖
𝑚𝑎𝑥  Maximum heat to 

electricity ratio (option 

2) 

𝜌𝑖
𝑚𝑖𝑛  Minimum heat to 

electricity ratio (option 

2) 

𝐷𝑖𝑠𝑝𝑃𝑒𝑛𝑖  Dispend penalty 

𝛼𝑖
−  Number of start-up 

periods of CHP 

𝛼𝑖
+  Number of shutdown 

periods of CHP 

𝑈𝑖
𝑛  Heat transfer 

coefficient of surface n 

of the i house 

𝐴𝑖
𝑛  Area of the n surface of 

the i house 

𝛾𝑖
𝑚𝑖𝑛  Back-up boiler 

minimum heat 

generation 

𝛾𝑖
𝑚𝑎𝑥  Back-up boiler 

maximum heat 

generation 

𝑟𝑎𝑚𝑝𝑖
𝑢𝑝

  Ramp up limitation for 

CHP electricity 

generation 

𝑟𝑎𝑚𝑝𝑖
𝑑𝑜𝑤𝑛  Ramp down limitation 

for CHP electricity 

generation 

𝑈𝑖
𝐷𝐻𝑊  DHW overall heat 

transfer coefficient 

𝑈𝑖
𝐻𝑆  HS overall heat transfer 

coefficient 

𝐴𝑖
𝐷𝐻𝑊    DHW surface area 

𝐴𝑖
𝐻𝑆   HS surface area 

𝑣𝑖
𝐷𝐻𝑊   DHW tank volume 

𝑣𝑖
𝐻𝑆   HS tank volume 

𝑣𝑖
ℎ𝑜𝑢𝑠𝑒   House volume 

𝑇𝑖
𝐷𝐻𝑊𝑚𝑖𝑛  Minimum temperature 

allowed inside DHW 

tank 

𝑇𝑖
𝐻𝑆𝑚𝑖𝑛  Minimum temperature 

allowed inside HST 
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𝑇𝑖
𝑐𝑜𝑚𝑓

  Temperature tolerance 

range 

𝑇𝑖
𝐻𝑆𝑚𝑎𝑥  Maximum temperature 

of the water that the HS 

tank can have 

𝑇𝑖
𝐷𝐻𝑊𝑚𝑎𝑥  Maximum temperature 

of the water that the 

DHW tank can have 

𝑁𝑖  Number of air changes 

for ventilation 

𝜓𝑡 Electricity purchase 

price 

𝑣𝑡  Tariff for electricity 

exported to micro grid 

𝜋𝐶𝐻𝑃  Tariff for electricity 

production by CHP 

𝜋𝑃𝑉  Tariff for electricity 

production by PV 

휀𝑡
𝑚𝑖𝑛  Minimum electricity 

production by CHP 

휀𝑡
𝑚𝑎𝑥  Maximum electricity 

production by CHP 

𝑇𝑡
𝑡𝑎𝑟𝑔𝑒𝑡

  Target temperature of 

the house 

𝜉𝑖𝑡
𝐺𝐵  Back-up boiler fuel cost 

𝜉𝑖𝑡   CHP fuel cost 

𝐶𝑜𝑚𝑓𝑃𝑒𝑛𝑖𝑡  Comfort penalty 

𝛿𝑖𝑡
𝑜𝑛  CHP minimum running 

period 

𝐸_𝑃𝑉𝑖𝑡  PV electricity 

production 

𝛿𝑖𝑡
𝑜𝑓𝑓

  CHP minimum 

shutdown period 

휁𝑖𝑡
𝐷𝐻𝑊  Domestic hot water 

demand 

𝛽𝑖
𝐷𝐻𝑊𝑚𝑖𝑛  Minimum DHW heat 

capacity 

𝛽𝑖
𝐷𝐻𝑊𝑚𝑎𝑥  Maximum DHW heat 

capacity 

𝛽𝑖
𝐻𝑆𝑚𝑖𝑛   Minimum HS heat 

capacity 

𝛽𝑖
𝐻𝑆𝑚𝑎𝑥  Maximum HS heat 

capacity 

𝜆𝑖𝑘
−   CHP start-up heat 

generation loss 

𝜆𝑖𝑘
+   CHP shutdown heat 

generation surplus 

𝜌𝑂𝑝𝑡  2 choices for heat to 

electricity ratio pattern 

𝑐𝑝
𝑤𝑎𝑡𝑒𝑟  Water specific heat 

capacity 

𝑐𝑝
𝑎𝑖𝑟  Air specific heat 

capacity 

𝛿𝑤𝑎𝑡𝑒𝑟   Water density 

𝛿𝑎𝑖𝑟   Air density 

Positive variables 

𝑄𝑖𝑡
𝐺𝐵  Back-up boiler heat 

production 

𝑄𝑖𝑡
𝑠   CHP real heat 

production 

𝑄𝑖𝑡  CHP heat production 

including loss or extra 

generation 
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𝑄𝑖𝑡
𝐷𝐻𝑊_𝐼𝑁   Heat supplied to DHW 

tank 

𝑄𝑖𝑡
𝐻𝑆_𝐼𝑁  Heat supplied to HS 

tank 

𝑄𝑖𝑡
𝐻𝑆_𝑂𝑈𝑇  Heat supplied by HS 

tank 

𝑄𝑖𝑡
𝐷𝐻𝑊_𝑙𝑜𝑠𝑠  DHW tank heat losses 

𝑄𝑖𝑡
𝐻𝑆_𝑙𝑜𝑠𝑠  HS tank heat losses 

𝑄𝑖𝑡
𝑔𝑎𝑖𝑛𝑠

  House heat gains 

excluding from heat 

generators 

𝑄𝑖𝑡
𝐻𝑂𝑈𝑆𝐸_𝑙𝑜𝑠𝑠  House heat loss 

𝑄𝑖𝑡
∆𝑇  Heat required to 

maintain the 

temperature inside the 

house 

𝑄𝑑𝑖𝑠𝑝𝑖𝑡  Dispend heat 

𝑄𝑖𝑡
𝑠𝑜𝑙𝑎𝑟_𝑔

  Heat gains from solar 

energy 

𝑄𝑖𝑡
𝑖𝑛𝑡𝑒𝑟𝑛𝑎𝑙_𝑔

  Heat gains from 

internal electrical use 

𝑄𝑖𝑡
𝑓𝑎𝑏𝑟𝑖𝑐_𝑔

  Heat gains from fabric 

𝑄𝑖𝑡
𝑓𝑎𝑏𝑟𝑖𝑐_𝑙

  Heat loss from fabric 

𝑄𝑖𝑡
𝑣𝑒𝑛𝑡_𝑙  Heat loss from 

ventilation 

𝐸𝑖𝑡  CHP electricity 

production 

𝐸𝐷𝐸𝑀𝑖𝑡
 Electricity required that 

it is not stored in the 

battery 

𝐸_𝐵_𝑂𝑢𝑡𝑖𝑡 Electricity discharged 

from the battery 

𝐸_𝐵_𝐼𝑛𝑖𝑡 Electricity charged to 

the battery 

𝐷𝑒𝑚𝑎𝑛𝑑_𝐸𝑖𝑡 Electric demand of the 

house appliances 

𝐸𝑙_𝐶𝑜𝑛𝑖𝑡 Electric demand of the 

house appliances 

which are not 

schedulable 

𝐶𝑜𝑛𝑠𝑖𝑡 Electric demand of the 

house appliances 

which are schedulable 

𝐸_𝐵𝑖𝑡 Battery energy level 

∆𝑡 Time interval duration 

in hours 

𝛽𝑚𝑖𝑛 Minimum stored energy 

of the battery 

𝛽𝑚𝑎𝑥 Maximum stored 

energy of the battery 

𝐶𝑚𝑖𝑛 Minimum discharge 

rate of the battery 

𝐶𝑚𝑎𝑥 Maximum discharge 

rate of the battery 

𝐵𝑖𝑡
𝐷𝐻𝑊  DHW tank heat storage 

level 

𝐵𝑖𝑡
𝐻𝑆  HS tank heat storage 

level 

𝑇𝑑𝑒𝑣𝑖𝑡  Absolute difference 

between room 
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temperature and target 

temperature 

𝑇𝑖𝑡
𝐷𝐻𝑊  DHW water 

temperature 

𝑇𝑖𝑡
𝐻𝑆   HS water temperature 

𝑇𝑖𝑡
𝐷𝐻𝑊_𝑟𝑜𝑜𝑚  Room temperature 

where DHW sits 

𝑇𝑖𝑡
𝐻𝑆_𝑟𝑜𝑜𝑚  Room temperature 

where HS sits 

𝑇𝑖𝑡
ℎ𝑜𝑢𝑠𝑒  House temperature 

𝐸𝑖𝑡
𝑏𝑢𝑦

  Electricity bought from 

the house 

𝐸𝑖𝑡
𝑠𝑎𝑙𝑒𝑠  Electricity exported to 

the power grid from 

each house 

𝑀𝑖𝑐𝑟𝑜𝐺𝑟𝑖𝑑_𝑂𝑢𝑡𝑖𝑡  Electricity 

exported to the micro 

grid from each house 

𝑀𝑖𝑐𝑟𝑜𝐺𝑟𝑖𝑑_𝐼𝑛𝑖𝑡  Electricity 

imported from the micro 

grid to each house 

𝑇_𝑀𝑖𝑐𝑟𝑜𝐺𝑟𝑖𝑑_𝑂𝑢𝑡𝑡  Total Electricity 

exported to the micro 

grid from each of the 

houses 

𝑇_𝑀𝑖𝑐𝑟𝑜𝐺𝑟𝑖𝑑_𝐼𝑛𝑡 Total Electricity 

imported from the micro 

grid to each of the 

houses 

 

Binary variables 

𝑆𝑖𝑡  1 if CHP starts up at 

time t 

𝐹𝑖𝑡  1 if CHP shuts down at 

time t 

𝑊𝑖𝑗𝑡  1 if task j is being done 

at time t 

𝑋𝑖𝑡  1 if CHP is running at 

time t 

𝑋𝑖𝑡
𝐺𝐵  1 is back-up boiler is 

running at time t 
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B.1.3 Expressions 

In this section, the mathematical formulations composed by parameters are 

shown:  

PV 

The photovoltaic generation depends not only on the irradiance of the sun, the 

area and the type of PV panel, but also in the efficiency of the systems that 

transforms the current from DC to AC. In the following case, the efficiency of the 

solar panel, the efficiency due to the outside temperatures, the efficiency of the 

inverter and cables and the efficiency of the dirt and the reflection is taken into 

account as in the following expression:  

𝐸𝑃𝑉𝑖𝑡
= 𝑟𝑎𝑑𝑡 ∗ 𝑎 ∗ 휂𝑝𝑎𝑛𝑒𝑙 ∗ 휂𝑠𝑦𝑠𝑡𝑒𝑚 ∗ 휂𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 ∗ 휂𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒𝑠 

Heat storage tank capacity 

The heat stored in the tanks is not given directly by the manufacturer as it 

depends on the temperature. Maximum and minimum temperatures are given by 

the system where the storage tanks are installed. But always within the limits of 

the manufacturer. With these temperatures, the capacity of the storage tanks is 

determined as follows:  

𝛽𝑖
𝐻𝑆𝑚𝑎𝑥 = 𝑐𝑝

𝑤𝑎𝑡𝑒𝑟𝛿𝑤𝑎𝑡𝑒𝑟𝑣𝑖(𝑇𝐻𝑆𝑚𝑎𝑥 − 𝑇𝐻𝑆𝑚𝑖𝑛)         

𝛽𝑖
𝐷𝐻𝑊𝑚𝑎𝑥 = 𝑐𝑝

𝑤𝑎𝑡𝑒𝑟𝛿𝑤𝑎𝑡𝑒𝑟𝑣𝑖(𝑇𝐷𝐻𝑊𝑚𝑎𝑥 − 𝑇𝐷𝐻𝑊𝑚𝑖𝑛) 
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B.1.4 Input data 

The values used to solved the problem are explained here:   

Ventilation rate 

It is the rate at which the air volume of the house is completely renovated. This 

value depends of the typology of the house. The whole procedure for the 

calculation of this parameter is explained in the section two of SAP 2012. 

Internal gains 

The internal gains depend on the average surface of the floor of the house, which 

is used as an estimator for the internal heat generated by the appliances and the 

people living inside. The calculations have been proceeded as in the section 5 of 

SAP 2012.  

Appliances  

In order to build a realistic model, the appliances that have been considered have 

been researched in several papers [26], [32] and reports [40], [41]. Finally, 8 

schedulable appliances and a series of non-schedulable ones have been 

selected, which are the most common in the previously mentioned references. 

The following table resumes the main characteristics of the schedulable 

appliances:   

 

 Earliest start 

time (h) 

Latest 

finishing time 

(h) 

Duration 

(h) 

Power 

consumption 

(kW) 

Dishwasher 8:00 16:30 2 1.8-0.25 

Washing 

Machine 

8:00 12:30 2 2.1-0.25 

Spin Dryer 13:00 17:30 1 2.5 
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Cooker Hob 8:00 9:30 0.5 3 

Cooker Oven 17:30 19:00 0.5 5 

Laptop 18:00 07:30 1.5 0.1 

Vacuum 

Cleaner 

9:00 17:30 0.5 1.2 

Hybrid car 18:00 07:30 3 3.5 

Table 1: Characteristics of schedulable appliances 

Target temperatures of the house and outside temperatures 

After researching usual house target temperatures in several reports, [42], [43], 

[41] the temperatures selected for the inside of house are between 20ºC and 

18ºC. The temperature will vary between those ranges depending on the 

occupancy of the house. It has been estimated that the house will be occupied in 

the following time ranges: 6:30-8:30, 14:00-15:00 and 18:00-00:00. Therefore, at 

that time the house temperature will be at 20ºC. The rest of the time 18ºC to save 

energy.  

Another parameter has been introduced, “Comfort temperature Allowance” which 

allows the target temperature to deviate. This comfort temperature allowance has 

been assigned a value of 0.5ºC.  

Outside temperatures also haven been researched through historical average 

values. The location determined for the selected temperatures is Milton Keynes 

and the month for which the temperatures have been selected is January.  

This means that the model works for average values and not for extreme 

temperatures. However, the models heat demand is oversized, so there is no risk 

to obtain low temperatures inside the house.  

DHW consumption 

The DHW needs has been taken from the following survey, [42], however, other 

sources [41], [43] have been checked to verify the correctness of this data.  
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HST and DHW tanks 

The maximum and minimum temperatures for both storage units have been 

determined by reviewing several documents: From surveys [41], [42], to 

procedures [43] and it has been determined that the most usual temperatures in 

which the storage units work are between 60ºC and 80ºC.  

Besides, the same sources give information about the sizes of the storage units, 

which have been determined as 0.45m3 for the HST and 0.12m3 for the DHW 

tank.  

Based on that volume, the dimensions of the tanks have been designed by 

assuming cylindrical tanks and with accordance to the manufacturers. Therefore, 

the HST has a height of 1.9 meters and a radius of 0.275m. On the other side, 

the DHW tank has a height of 1.2 m and a radius of 0.35m.  

The initial state of the tanks is at the middle, since this is the most probable 

capacity at which the tanks will be: 5.234kWh for the HST and 1.395kWh for the 

DHW tank.   

Another important characteristic for the heat storage tanks are the heat transfer 

coefficient. Many houses in UK do not have a proper DHW tank insulator, 

therefore, there is the option to install a jacket that will insulate better the tank. 

However, for this model, the tanks selected are brand new, so they usually have 

a good insulator. The values selected for the model are 0.01kW/m2K for the HST 

and 0.0033kW/m2K for the DHW tank.  

Electric battery characteristics 

The capacity used for the battery is the similar to the home application batteries 

that Tesla or BMW produce: 4.8kWh. There are bigger battery capacities in the 

market, but the aim of them differs from the objective of this built model. In the 
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current case, the battery regulates the electricity produced by the CHP and the 

PV panel to avoid selling electricity.  

The efficiency of the battery is 95% because there are thermal losses in the 

transformation from AC to DC and vice versa. Besides, this efficiency loss makes 

the model consider whether it should charge the battery or not, because there is 

a cost. The cost of the lost electricity.  

The charge and discharge maximum power is defined by c, the discharge rate, 

which is equivalent to the capacity of the battery. For the current case, c=0.5, the 

battery is able to discharge half of the capacity in hone hour. Batteries are 

manufactured with very variable discharge capacities, however, long life 

expectancy batteries have low discharge values. Thus, the selected value aims 

to have a long life battery.  

CHP characteristics 

The start-up of the CHP has an extra wear, which will affect the life expectancy 

of the system. Assigning a cost to this wear is very complicated as it depends on 

the number of times that the unit switches on. However, this cost will also affect 

to the number of times that the CHP unit starts. Therefore, the value of 0.01 

pounds has been assigned after running the problem several times with different 

values and deciding that the present value generates the closest CHP operation, 

to the reality.  

As any real heat generation unit cannot produce heat instantly, heat losses have 

been introduced in the model. The value of those, as in the previous case, has 

been iterative, starting with reasonable values obtained from the literature. As a 

result, 0.15kWh heat is generated once the system is not working and 0.3kWh 

heat is lost when starting the unit. 

The limits for the heat and electricity production as well as the heat to electricity 

ratio have been take from the Baxi Ecogen model. It is able to vary the heat to 

electricity ratio from 6 to 3.2, thus, can produce from 6kW to 3.2kW of heat while 

generating up to 1kW of electricity.  
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The government benefits the generation of electricity from this unit with 0.1345 

pounds per kWh energy. This benefit is supposed to stay this way until 2019 [38].  

PV formula data 

The electricity generation from the radiation of the sun goes through various 

processes where the energy is lost. Those values, after researching several 

sources has been determined as: 19% the efficiency of the PV monocrystalline 

panel, 92% the thermal efficiency, 86% the system efficiency, which include the 

AC & DC transformation, and 97% the reflection efficiency.  

The radiation values used in the model have been obtained for the location of 

Milton Keynes, for the day January 19th 2016.  

The FIT that benefits the production of the PV is of 4.25 pence per kWh. This 

value will change in the following months reducing until having a benefit of 3.55 

pence until 2019.   

Cost of electricity 

The cost of the electricity has been reviewed in the daily whole-sale market, 

however, those prices do not match the prices that the distributors offer to their 

customers. Therefore, [18] document has been used for the price. For the 

variable price however, [44] has been used.  

Cost of gas 

The price of the gas has been obtained from averaging several prices from the 

main gas suppliers offered to customers. This price: 0.0225 pounds per kWh has 

been then modified to account for the efficiency differences of the CHP and the 

boiler. This makes the cost of the CHP to be cheaper, with a cost of 0.025 pounds 

per kWh against the 0.032143 pounds per kWh of the boiler. To obtain this 

values, the gas price has been divided by the efficiency of each system. Thus, 

0.9 for the CHP and 0.7 for the boiler.  

Heat transfer coefficient of the house 
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Thermal conductivity of the house has been asses by evaluating several values 

of different documents. The average heat transfer coefficient in the UK is very 

high due to the amount of old houses that exist. However, that value, 3.15W/m2K 

[18] is very high and it is not realistic for the average houses that are built today. 

Therefore, the values according to [43] have been taken for the model. Thereby, 

the roof has 0.13 kW/m2K, the glazing 1.4 kW/m2K, the walls 0.18 kW/m2K and 

the floor 0.13 kW/m2K.  

Dimensions of the house 

Two types of houses have been selected for the present project, which are in 

accordance with the usual dimensions of the houses of UK.  

House Type A:  

 Floor: 76.2 m2 

 Roof: 76.2 m2 

Wall: 167.6 m2 

Glazing: 16.76 m2 

House Type B:  

Floor: 76.9 m2 

 Roof: 76.9 m2 

Wall: 168.37 m2 

Glazing: 16.84 m2 

 

 


