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Some notations and definitions

In this thesis we will follow the following conventions. We will denote Bg(zo) =
{r e R" : |x — x¢| < R}, sometimes we will simply write B = Bg(xy) provided
that there is no confusion. In Chapter [2| we will consider half-balls B, = B(0) N
{z eR" : z, > 0}.

We will employ the multi-index notation: if & = (o, ..., ) € N, we set
la =a1 4+ 4+ a,, al=ay! -l
The following partial order is defined for multi-indices «, § € N™:
a < pifand only if a; < f3; forany i = 1,...,n;

accordingly, a < (8 means that a < g but a # (. At some point we will need the

binomial coeflicients
(a) B al
B (o = p)BY

where «, 8 € N” with § < «a. For a function u defined in an open set in R” and
a € N™ we will use the following notation:
olely
%u = |DFul? =y~ |0sul®.

z 83:1041 . 8xnan ’
la|=k

Since we are going to study the real-analyticity of solutions to boundary-value
problems, we will need to assume some analytic regularity on the boundary of the
considered domain. To describe the analyticity of a piece of boundary Br(qy) N 02
with ¢ in 09, we assume that for each ¢ in Bg(go) N 92 we can find, after a
translation and rotation, a new coordinate system (in which ¢ = 0) and an analytic
function

¢: B, = {2 cR"! |2 <o} R =R
verifying ¢(0) = 0 and

0% 0(2)| < |a|l o™, when 2’ € B, a € N"" 1, (0.1)
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and
B,NQ = B,Nn{(z,1,) : 2" € B, x, > p(2)},

B,NoN = B,N{(2',2,) : 2" € B, x, = p(2)}.

We will say that Q is a real-analytic domain —or simply analytic— if for each
qo € 0f) there exists R > 0 such that Br(qo) NI can be described in this way.

Similarly €2 is said to be a C*! domain if p € C*'(B,) and instead of (0.1)), ¢
satisfies:

05p(x") — 03p(y)| < 072’ — /|, when 2',y" € B, for any o € N*~" with || = k.

A C%! domain is called a Lipschitz domain.

Regarding the functional spaces that we will make use of, we recall the reader the
following standard notation for Sobolev spaces of functions having weak derivatives:
given an open set 2 CR" k€ N and 1 < p < 400, we denote

[l wra) = Z | D7l oy, WEP(Q) = {u € LP(Q) : |Jullwrsy < +00},

Whr(Q) = {ue WHP(K) : for any compact K C Q},

loc
WP (Q) = closure of C5°(2) with respect to the norm of W*P(Q),

where C§°(2) is the space of smooth functions compactly supported on Q2. For p = 2
we denote H*(Q) = W*2(Q) and HF(Q) = W?(Q). When dealing with parabolic
evolutions of order 2m, if C§°(2 x (0,7")) denotes the set of smooth functions on
Q x (0,T) vanishing on 9Q x [0, T], then L*((0,T); HJ*(€2)) is the closure of C5°( x
(0,7)) with respect to the norm

1
T 2
ull 2 0:marmey ( IO dt) |
0

We denote C'([0,T]; L?(Q2)) the space of functions u : 2 x (0,T) — R such that

sup ||u(t)|| 2 < 400
0<t<T

and |lu(t)|| r2(q) depends continuously on ¢ for 0 <t < T

vi



Chapter 1

Introduction

This thesis is mainly devoted to the study of null-controllability properties from
interior and boundary measurable subsets for linear parabolic equations whose co-
efficients have some real-analytic regularity. We achieve these results by means of
duality arguments which rely on the so-called observability inequalities. The method
we employ is based on the natural unique continuation associated to real-analytic
functions; hence, the main difficulty here is proving adequate quantitative estimates
of real-analyticity for solutions to parabolic equations.

Apart from these control-theoretical results, we deal with some issues related to
L? regularity of second derivatives of solutions to non-divergence uniformly elliptic
equations with continuous coefficients. More precisely, we focus on the end-point
cases of the LP scale, proving an affirmative result in the L' case and providing
counterexamples in both the L' and BMO cases.

Some of the results contained in this thesis have been already published in [24].
In [24] we prove some real-analyticity estimates like for time independent
parabolic equations and its applications to Control Theory. In the subsequent
work [25] we extended the analyticity results to time dependent parabolic equa-
tions; consequently, we extend to more general parabolic equations many of the
control-theoretic results proved in [24]. Finally, the results on regularity of solutions
to non-divergence elliptic equations are contained in [23].

1.1 Control Theory and time irreversibility

One natural question that arises when studying the evolution of a dynamical
system is the possibility of acting on it by means of some control, that is, we may
be interested in controlling the trajectory of a system by modifying some adjustable



Chapter 1. Introduction

parameter. For instance, we can ask ourselves whether it is possible to drive a
system from a given state to another prescribed state. The theoretical framework
that studies this and other related questions is known as Control Theory.

Even though there exists a literature dealing with some control-theoretical topics
from a somewhat abstract viewpoint, in general, the knowledge of the specific char-
acteristics of a given system yields better results. In the case of dynamical systems
governed by partial differential equations, controllability problems have motivated a
great amount of research and literature; the book [14] gathers many relevant results
and methods on this vast field.

Here, we focus on the controllability of parabolic evolutions, which are modeled
after the heat equation and under appropriate assumptions enjoy many of the same
properties, among which the time irreversibility arises as an essential feature with
consequences on the kind of controllability results that can be expected to hold.

An important instance of time-irreversible behaviour shown by the heat equation
is the smoothing or reqularizing effect, which means that the heat equation can
instantaneously smooth out very rough initial data satisfying mild assumptions; we
now make more precise this fact. It is well known that the fundamental solution of
the heat equation in R™ x (0, +00) is given by the Gaussian or heat kernel

||

G(x,t) = (4nt)"2e 4 for (z,t) € R" x (0, +00), (1.1)

and allows to write down the solution of the problem

Ou—Au=0, inR" x (0,+00), (12)
u(z,0) = up(x), in R", .
as
uot) = [ Glo—ptu()dy for (@) R x (0,400 (13

For our current explanatory purposes we assume that ug is a measurable function
and there exist positive constants a, M such that

z2
luo(z)| < Me'  in R™. (1.4)

Under these assumptions it can be seen [45], p. 213, (1.25)] that the solution u given
by extends in both spatial and time variables to a function in the complex
variables z = = + 1y, x,y € R, and w = t 4+ i0, t,0 € R, which is analytic in
z and w for all complex z, w such that # < T. In particular, if the evolution
governed by the heat equation departs from a rough initial data satisfying , the
solution instantaneously becomes a complex entire function in the spatial variables



1.2. Null-controllability and observability inequalities over measurable sets

for each ¢ € (0,7). This example makes clear the strong regularizing effect of the
heat equation, which is also extensible to more general parabolic equations.

This smoothing effect has important consequences on the controllability prop-
erties of the heat equation: since this evolution tends to regularize the solution,
we cannot expect to be able to drive an arbitrary initial data towards a rough final
state. On the contrary, the adequate notion of controllability for parabolic equations
is null-controllability.

1.2 Null-controllability and observability inequal-
ities over measurable sets

We now introduce the notions of interior and boundary null-controllability for
the heat equation. In what follows {2 C R™ denotes an open bounded domain whose
boundary is assumed to have some regularity and 7" > 0 is a future fixed time. In
addition, we will consider subsets w C 2 and v C 0§2. Then, we deal with the
following two problems:

e Interior controllability: given a subset D C Q x (0,7, does there exist a
constant N = N(Q, D, T) such that for any uy € L*(2) we can find a function
f € L*(2 x (0,T)) supported on D, satisfying
[fll20) < Nlluoll L2, (1.5)
and such that the solution to
Ou— Au = fxp, in Q x (0,7,
u =0, on 082 x (0,77, (1.6)
u(z,0) = up(x), in €,

satisfies u(7T") = 07 If so, f is called an interior or distributed control.

e Boundary controllability: given a subset J C 0 x (0,7), does there
exist a constant N = N(Q, 7, T) such that for any uy € L?(2) we can find a
function g € L*(9Q x (0,T)) supported on J, satisfying

9l 27y < Nlluol 220, (1.7)

and such that the solution to

Ou—Au =0, inQ x (0,7],
u=gxs, on 02 x (0,77, (1.8)
u(,0) = uo(x), in €,

3



Chapter 1. Introduction

satisfies u(T") = 07 If so, g is called a boundary control.

As far as we know, the first affirmative answer to this kind of questions was given
by H. O. Fattorini and D. L. Russell [29] when n = 1 (See also [79]). For the case
n > 2, G. Lebeau and L. Robbiano [54] devised the so-called Lebeau-Robbiano control
strategy, which gives an explicit construction of the control when D = w x (0,7) and
J =~ x (0,T) with w and 7 open subsets. This strategy is based on an inequality
for the eigenfunctions of the Laplace operator, which is proved using local Carleman
estimates and also works for uniformly parabolic equations with time-independent
coefficients having a self-adjoint structure and some regularity. At the same time,
O. Imanuvilov [42] proved analogous results for semilinear parabolic equations with
variable coefficients also depending on time. In [42] the null-controllability results
are proved using observability inequalities, which in turn are proved by means of
global Carleman estimates.

The nowadays standard techniques used to prove null-controllability properties
for parabolic equations rely on observability inequalities. These inequalities may
take the form

1e(0) |22y < N(D, 2, T) |0l L2y, (1.9)

o)) < N(T. QD52 M2, (1.10)

for solutions to the adjoint problem

O+ Ap =0, in Q x [0,7),
=0, on 02 x [0,T), (1.11)
o(x,T) = pr(r), in Q.

If (1.9) or (1.10) holds, then we say that (1.11]) is observable over D or observable
over J. It is well known that the fact of having estimates like ((1.9) and ((1.10)) for

solutions to (|1.11f) is equivalent to the existence of interior and boundary controls
satisfying (L.5),(1.6) and (1.7),(L.8) respectively [15, [60]. This duality principle
between observability and controllability also works for general parabolic equations;
see [14, [30] for more related results and references.

We remark that the control regions considered in the observability estimates
proved in the literature are cylindrical subdomains D = wx (0,7") and J = yx(0,7T)
with w and v open subdomains. However, to prove the most general results, one
should have the greatest possible latitude when choosing the different parameters in
the control system. In this thesis we are interested in obtaining controllability results
for general parabolic equations when the control regions D and J are measurable
sets with positive Lebesgue —or surface— measure contained in € x (0,7") and
02 x (0,T) respectively.
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It is not clear whether the Carleman methods in [42] can be applied to prove
observability inequalities over measurable sets, for the Carleman method strongly
relies on the following fact [42] (See also [14] Lemma 2.68]): if w is an open subset
of , then there exists a function ¢ € C?(€) satisfying

Y >0inQ, ¥ =0o0n dQ and |[V¢)(z)| > 01in Q \ w.

The existence of such a function 1 is not known when w is merely a Lebesgue
measurable set with positive measure. Besides, the Lebeau-Robbiano strategy [54]
only works for parabolic equations with time-independent coefficients and relies
on establishing quantitative estimates of unique continuation from open sets for
solutions of elliptic equations —three spheres inequalities. Nevertheless, it seems
to be a hard problem to obtain the analogous quantitative estimates of unique
continuation from Lebesgue measurable sets with positive measure using Carleman
estimates or frequency functions. See [63, [73 88| for some partial results, which
are not good enough for the application to null-controllability from measurable sets.
For instance, in [63, Theorem 1] the following fact is proved:

Theorem 1.1. Let u € H. (B3) be a weak solution to div(AVu) = 0 in Bs, where

A is a symmetric matriz such that for some A > 0
A(x)E- € > NEP? in By for any € € R™,

and

|A(z) — A(y)| < A7z —y).

Let E C By be a Lebesgue measurable set with positive measure, then

fp, v’ dx <o <fEu2 dx) | (1.12)

fB2 u?dr f32 u? dx
where @(t) = N|logt|™® and N > 1, 6 € (0,1) are constants only depending on \,n
and %

For our purposes, the rate of vanishing of ¢ in as t tends to zero is
not enough. On the other hand, the well-known unique continuation property for
analytic functions [45, Chapter 3, §3(b)] and its quantitative counterparts, such as
the Hadarmard three-circle Theorem [13, Chapter VI, §3], can be exploited in order
to obtain an estimate of propagation of smallness from measurable sets better than
(1.12)) when u is a real-analytic function. This was done by S. Vessella in [87] to
prove an estimate like with p(t) = Ct*, « € (0,1), when the matrix A in
Theorem is constant. The method in [87] strongly depends on the analyticity

5



Chapter 1. Introduction

of harmonic functions, but also works for general elliptic equations with analytic
coefficients and, in fact, this result is a consequence of a more general result for
real-analytic functions —not necessarily solutions of elliptic equations— which was
proved in [87], too. Therefore, we will be also able to use this propagation of
smallnes from measurable sets in contexts more general than elliptic equations, such
as parabolic evolutions. We state these results in Lemma and Corollary at
the beginning of Chapter [3]

We now give a brief report of the progresses made on the null-controllability
and observability of parabolic evolutions over measurable sets. In what follows F
denotes a subset of (0,7") with positive Lebesgue measure: except for the 1997
work [68] —where the authors proved the one-sided boundary observability of the
heat equation in one space dimension over measurable sets— up to 2008 the control
regions considered in the literature were always of the type w x (0,7) or v x (0,7,
with w and v open.

Then, G. Wang showed in [90] that the heat equation is controllable from mea-
surable sets w x E, with w open and F measurable with positive measure, in all
dimensions. A remarkable characteristic of this result is that, if u is the solution to
the control system , then the obtained control f is supported in w x E, belongs
to L®(E; L*(w)) and satisfies

[ fllzoo(msr200)) < N(E,w,Q,T)||uol|r2(q),

therefore, by duality the following observability inequality holds
[0(0)||2(0) < N(E,W’Q,T)/ le (@) 2w dt, (1.13)
E

for solutions to (1.11]).

In [3] J. Apraiz and L. Escauriaza showed that second order parabolic equa-
tions with time-independent Lipschitz coefficients associated to self-adjoint elliptic
operators with local analytic coefficients in a neighborhood of a measurable set w is
controllable from w x (0,7"). In [3] the same result is proved in one space dimension
when the coefficients are merely measurable. Both [90] and [3] relied basically on
the Lebeau-Robbiano strategy [54] for the construction of control functions.

C. Zhang [92] combined the reasonings of [90] and [3] to obtain the observability
of the heat equation over arbitrary cartesian products of measurable sets w x E of
positive measure. The observability inequality proved in [92] takes the form

||90(O>||L2(Q) < N(E’w’ Q7T)||¢||L1(w><E)v (1'14>

for solutions to ([1.11)). According to the duality between observability and control-
lability, the control obtained in [92] is supported on w x E and is bounded.

6



1.2. Null-controllability and observability inequalities over measurable sets

We also mention the works [75] and [76], which showed the observability of
O — A + ¢(x,t), with ¢ a bounded function, over sets w x F with w open and
E measurable. These two works used Poon’s parabolic frequency function [7§], its
further developments in [22] and the telescoping series method [67]. We remark that
only [75] and [76] have dealt with some operators with time-dependent coefficients
and measurable control regions but only for the special case of 9; — A+ ¢(x,t), with
¢ bounded in R"*! and for control regions of the form w x E, with w C € an open
set and FE C [0,T] a measurable set.

Finally, [4] established the interior and boundary observability of the heat equa-
tion over general measurable sets D C Q x (0,7) and J C 952 x (0,7) and found
for both cases bounded controls.

In this thesis we extend some of the controllability results in [4] to higher order
parabolic equations with time dependent real-analytic coefficients with a possible
non self-adjoint structure. Some of these results have been already published in [24],
where real-analyticity estimates like were proved for solutions to parabolic
equations with time independent coefficients with a possible non self-adjoint struc-
ture, as well as its applications to Control Theory. In the subsequent work [25] we
extended the analyticity results to higher order parabolic equations with time de-
pendent coefficients; consequently, we extend many of the control-theoretic results
proved in [24].

The reasonings in [3, 4, [75, 0, 02] made it clear that in order to prove the
observability estimates over measurable sets we need to put together:

i) suitable quantitative estimates of analyticity for solutions to parabolic equa-
tions,

ii) Vessella’s estimate of propagation of smallness from measurable sets,

iii) the telescoping series method.

We now sketch how we can put these three ingredients together to prove the ob-
servability inequality for ((1.11) over a product D = w X E of two measurable sets
wCQ, EC(0,T) of positive measure. We first notice that proving (1.14]) for the

system (|1.11)) is equivalent to proving
(D) 2@y < N (B, ) [l 1oy, (1.15)

for solutions to
Ou—Au =0, inQ x (0,7],
u=0, on 02 x (0,77, (1.16)
u(@,0) = uplx), in

7



Chapter 1. Introduction

for any ug € L*(Q). Following the results in [3, 4, 24, 25], if the boundary of
00 is real-analytic (See (0.1])), then the solutions to (1.15]) satisfy the following

quantitative estimate of real-analyticity in the time and spatial variables:

There is p = p(n, 0,Q2), 0 < p <1, such that for any « € N*, p > 0, we have
10200 u(z, t)| < Pl p= 1P pl ! ||uol| L2y in Q x (0,T). (1.17)

Putting together ([1.17)), the estimate of propagation of smallness from measurable

sets (Lemma and Corollary in Chapter 3) and the energy inequality (See
(2.7) in Chapter [2), it can be seen that there exist constants N = N(Q,|w|, p),
0 =06(|w|,p), 0 € (0,1) such that

[/
N _
||u<T2>||L2<Q)g(NeT2-T1 /E ( ||u<t>||L1<w>dt) la(Tl,  (L18)
N

T1,T2)
for any two times 77 and 75 such that 0 < 77 < Ty < T < 1. Given a density point
[ € E and a number z > 1 we can find (See Lemma in Chapter [3) a monotone
decreasing sequence | < ... <lgi <l < ... <l <T such that

I = ley1 = 2(les1 — lig2), BN (Ieg1, )| > 5 (e — lrgr)-

W —

Setting To = I and T} = [, 1 in (1.18)) yields

0
N
[u(le)lL2() < (Nelk‘l’““/ [u(®)] L1 ) di) lu(lis) |20
Eﬂ(lk+1,lk)

We write the previous inequality as

N
I.—1 0 41-0
A < ettt BkAkH,

where

A= e, Be= [ @) de
Em(lk+1,lk)
and using Cauchy inequality we obtain
N
Ak < e'w et Bké"ie + 8170Ak+1,
for any ¢ > 0. Taking into account that Iy, — ly11 = 2(lgr1 — lry2), We arrive to

__ N -____ N
59Ak€ le—lkt1 _5Ak+1€ #pt1=ler2) < By

8



1.2. Null-controllability and observability inequalities over measurable sets

_ 1
The choice z = %—i}) and € = e '* 41 yields a telescoping series:
_ N0 R __Nyo
e -2 A, = Z e Wt Ay —e T2 Ay
k=1
+o0
<> Bi= / / lu(z,t)| dzdt. (1.19)
1 En(h) Jw

Finally, (1.19) and the energy inequality (2.7)) gives

Nto
()2 < lull) 2@ < e ||lullpiwxe) < Nljullpiwxs).

which is the observability estimate ({1.15]).

We remark that in the derivation of , once that the real-analyticity estimate
for solutions to has been established, the proof of @ is independent of
the considered parabolic system except for the energy estimate . As the expert
reader shall see, this is a great advantage in comparison with the methods relying
on Carleman estimates: while the proof of quantitative estimates of real-analyticity
is readily generalized for higher order parabolic equations or systems, it seems to
be a hard problem to obtain Carleman estimates for higher order problems. For
instance, only recently the null-controllability property has been obtained for fourth
order parabolic equations —with time-independent coefficients— by means of a
Lebeau-Robbiano strategy and local Carleman estimates [55]. On the other hand,
the methods based on real-analyticity estimates for solutions to parabolic equations
require real-analytic regularity on the coefficients and the boundary, which are very
strong assumptions; tipically much less regularity on the data is enough.

So far we have only discussed the interplay between real-analyticity, observability
and null-controllability; but once that the null-controllability of a parabolic system
has been established, some further questions regarding the properties of the control
arise. Here we consider the existence of time minimal and norm minimal controls;
for now we only mention the interior case. If we denote u(t;ug, f) the solution to
the controlled problem

Owu — Au = fxp, in Q x (0,7,
u=0, on 082 x (0,7,
u(z,0) = up(x), in €,

and we set

UM ={f:Qx(0,T) = R measurable : |f(z,t)| < M, a.e. in Q x (0,T)},

9
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then, for each ug € L*(Q2) \ {0} we deal with the time minimal control problem

(TP)M . TM2 inf {t>0: u(t;ug, f) =0}.

w feuM

and the norm minimal control problem
(NP)T . MTimln{HfHLoo axor)  f €L x(0,T)), u(T;uo, f _O}

In [4] it is proved the existence of bounded time minimal controls supported on mea-
surable sets D = w x (0,7) with w C Q a measurable subset of positive measure; it
is also proved the existence of norm minimal controls supported on general measur-
able subsets D with positive measure. Besides, in [4] these time and norm optimal
controls are shown to satisfy the bang-bang property, i.e., |f(z,t)] = M a.e. in D
for some constant M, and consequently, they are unique (See also [75], [76, [77, ©0]).
In Section we state results regarding the bang-bang property for some controls:
when we consider parabolic equations with time independent coefficients we have the
bang-bang property for time minimal controls supported on subsets D = w x (0,7))
with w measurable; on the other hand, when considering parabolic equations with
time dependent variable coefficients we get the bang-bang property for norm minimal
controls supported on general measurable subsets D. These results are straightfor-
ward consequences of the observability inequalities in Chapter 3]

1.3 Analyticity of parabolic evolutions

According to the discussion in the previous Section, obtaining suitable analyticity
estimates for solutions to parabolic problems is a key point in the derivation of
observability inequalities over measurable sets; consequently a major part of this
thesis is devoted to the study of space-time analyticity of solutions to parabolic
problems of the form

Ou+ (—1)"Lu =0, in  x (0,77,
u=Du=...=D"tu=0, indQx (0,77, (1.20)
u(0) = wo, in €,

with £ defined by
L= Z ao(x,t)0;.

|| <2m

The parabolicity of £ is understood in the following sense:

D ap(a,t)g” = ol¢P™, for £ €R, (z,t) € Q% [0,T).

|8|=2m

10



1.3. Analyticity of parabolic evolutions

The coefficients are real-analytic, i.e., they are assumed to satisfy for some 0 < p < 1
bounds like

1020Pag(z,t)| < o 71177 (Ja| + p)!, for all (x,t) € A x [0,T], @ € N" and p € N,
and we also assume that the boundary of € is real-analytic (See (0.1))).

As far as we understand, the best quantitative bounds that we can infer or derive
for solutions to (|1.20)) from the reasonings in [33] B4] 35, [85], 49, [51, 83, [84] are the
following:

There is 0 < p < 1, p = p(o,m,n, Q) such that for (x,t) in Q x (0,1], « € N®
and p € N,

0500 u(e, 1)] < p~ I (o] + )l B gl xqay, in T x (0,1),  (1.21)

where 2m is the order of the evolution and |a| = ag + -+ + .

A first observation regarding is that it blows up as t tends to zero, some-
thing unavoidable since it holds for arbitrary L?(Q2) initial data; however,
provides a lower bound 2/pt for the radius of convergence of the Taylor series in
the spatial variables around any point in € of the solution u(-,t) at times 0 < ¢ < 1.
This lower bound shrinks to zero as t tends to zero and does not reflect the infinite
speed of propagation of parabolic evolutions. Thus, it would be desirable to prove
a quantitative estimate of space-time analyticity which provides a positive lower
bound of the spatial radius of convergence for small values of .

Concerning this and keeping in mind the above-mentioned observability inequal-
ities over measurable sets, in [3, 4] the following quantitative estimates on the
space-time analyticity of the solutions of such parabolic evolutions were obtained for
parabolic evolutions having a self-adjoint structure and time-independent analytic
coefficients: there is 0 < p < 1 such that for (z,t) in Q x (0,1], € N* and p € N,

8, )] < Mo lol=r=r (o] + p) ol 2o, (1.22)

This was done by quantifying each step in a reasoning developed in [53], which
reduces the study of the strong unique continuation property within characteris-
tic hyperplanes for solutions of time-independent parabolic evolutions to its elliptic
counterpart. The bound shows that the space-time Taylor series expansion of
solutions converges absolutely over B,(x) x ((1 — p)t, (1 + p)t), for some 0 < p < 1,
when (z,t) is in Q x (0,1]. The later is an essential feature for its applications to
the null-controllability of parabolic evolutions over measurable sets, while is
not appropriate for such purpose [3, 4, [75] 90, 92].

In [24] we extended the analyticity estimates in [3, [4] to higher order equations
and systems with a possible non self-adjoint structure, yet having time-independent

11



Chapter 1. Introduction

coefficients; these results are contained in Section [2.1] of Chapter 2] Nevertheless,
the reasonings leading to an estimate like ([1.22)) in [24] cannot be extended to time-
dependent parabolic evolutions.

Also, in order to obtain space-time analyticity estimates for solutions to

(1.23)

Owu+ (—A)™u =0, in R" x (0,400),
u(0) = uy, in R,

one can either use upper bounds of the holomorphic extension to C" of the funda-
mental solution of higher order parabolic equations or systems with constant coef-
ficients [I8, p. 15 (15); pp. 47-48 Theorem 1.1 (3)] and Cauchy’s theorem for the
representation of derivatives of holomorphic functions as path integrals, or proceed
directly with the formula

G(z,t) = / e_QWiI'fe_t(4’T2|€‘2)md£, zeR" t>0,

for the fundamental solution of dyu + (—A)™u. The later approach requires the
following fact [40, (2.12)]: there exists a p = p(m,n), p € (0,1), such that for any
a € N™ we have

|:C|2m
la| n_ =P\ T

1
2m—1
109G, 1)] < p~ i 5w ||zt I Be ) 2 ER, t>0.

Then, differentiating the representation formula for the solution of ((1.23))

o) = [ Glo—ptju(y)dy, v B, 150,

and applying Cauchy’s inequality, we obtain that there is p = p(n,m), 0 < p < 1,
such that the solution to (1.23]) satisfies

|of n

_q_lal 1 el n
|05 u(z, t)] < p~' 2otz I w (fug|| L2 ),

when o € N”. Finally, using the equation satisfied by u we can obtain a space-time
real-analyticity estimate: there is p = p(n,m), 0 < p < 1 such that

10200 u(z, )| < p~' % P|aflmw pl ¢ P T |[ug|| oy, in R x (0, +00), (1.24)

when o € N” p € N and u solves ([1.23]). Thus, the radius of convergence of the
Taylor series expansion of u(-,t) around points in R™ is +o00 at all times ¢t > 0.
The same holds when (—A)™ is replaced by other elliptic operators or systems of

12



1.3. Analyticity of parabolic evolutions

order 2m with constant coefficients. Also, observe that (|1.22)) is somehow in between

[C21) and (T.24), since

_ ol 1 1/(2m—1)
t7om < JafltTomel/Pt , fora e N", t > 0.

With the purpose to extend the estimates of the form to time-dependent
parabolic evolutions and to apply them to its null-controllability over measurable
sets, we studied the works in the literature related to analyticity properties of so-
lutions to parabolic equations and found the following: most of the works [33] [34]
89, 351, 18] 149, 51, 83], B4] make no precise claims about lower bounds for the radius
of convergence of the spatial Taylor series of the solutions for small values of the
time-variable; the authors were likely more interested in the qualitative behavior for
fixed values of the time-variable.

If one digs into the proofs, one finds the following: [33] considers local in space
interior analytic estimates for linear parabolic equations and finds a lower bound
comparable to t. [34] is a continuation of [33] for quasi-linear parabolic equations
and contains claims but no proofs. The results are based on [33]. Of course, one can
after the rescaling of the local results in [33] for the growth of the spatial-derivatives
over By x [3,1] for solutions living in By x (0, 1], to derive the bound for the
spatial directions. [85] finds a lower bound comparable to t.

In [35, Ch. 3], Lemma 3.2 gets close to make a claim like but the proof
and claim in the cited Lemma are not correct, as the inequalities (3.5), (3.6) in
the Lemma and the last paragraph in [35, Ch. 3, §3] show when comparing them
with the following fact: an exponential factor of the form e!/?t"/*"™" in the right
hand side of is necessary and should also appear in the right hand side of the
inequality (3.6) of the Lemma, for the Gaussian kernel, G(z,t + €), t > 0, satisfies
G(iy, 2€¢) = (2¢) 2 e¥"/% and (3.5) in the Lemma independently of e > 0, but the
conclusion (3.6) in the Lemma would bound G(iy, 2¢), for y small and independently
of € > 0, by a fixed negative power of €, which is impossible. The approach in [35]
Ch. 3, Lemma 3.2], which only uses the existence of the solution over the time
interval [t/2,¢] to bound all the derivatives at time ¢, cannot see the exponential
factor and find a lower bound for the spatial radius of convergence independent of ¢.
On the contrary, the methods in [35, Ch. 3] are easily seen to imply (L.21). [49] and
[51] deal with non-linear parabolic second order evolutions and find a lower bound
comparable to t.

The works [83][84] consider linear problems and find a lower bound comparable to
tzmte, for all € > 0. Finally, [I8, p. 178, Th. 8.1 (15)] builds a holomorphic extension
in the space-variables of the fundamental solution for high-order parabolic equations
or systems. This holomorphic extension is built upon the assumptions of analyticity
of the coefficients in the spatial-variables and continuity in the time-variable. This

13



Chapter 1. Introduction

allows us to provide an alternative proof of ((1.22)) with p = 0 at points in the interior
of Q. See also [83], §6] and [84, §9] for a historical discussion.

Here, we adapt the methods in [35, Ch. 3] to derive a formal proof of valid
for all parabolic operators. To do it we use the the full time interval of existence of
the solution before time ¢, the W5™" Schauder estimate and the comparison
of each derivative 020 of a solution to (|1.20) with the “test functions”

tPe " with0 <0 <1and o = 5

over the interval [0, 1] and the inequalities

— «@ (&3 %
te 0 < o5g7F (%) , when «, 3, 6 and t > 0.

Thus, avoiding the standard truncations in [35, Ch. 3], which only lead to ([1.21).

In order to clarify the method used in this thesis to prove , we give below a
proof of the interior analyticity in the spatial variables for a solution to using a
technique which is basically the same that we apply to general parabolic equations
with real-analytic variable coefficients. Let 0 < R <1 and u be a C*(Bg(0) x (0, 1))
solution to

Ou — Au =0, in Bg x (0,1). (1.25)

We are going to prove by induction on the number |y| that there exist positive
constants M, p, 0 < p < 1, depending on n such that for any multi-index v € N,
0<r<R<1,0¢€(0,1), we have

_e 1 =l
le~*azull, < M [pp*(R—1)] " 7! llullx, (1.26)

where we denote || - ||, = || - ||z2(B,x(0,1))- In the remaining of this Section, N will
denote a universal constant only depending on the dimension n. The case |y| = 0
in the induction is trivial; therefore, given £ > 0 we only need to prove that
holds for any v € N" with |y| = k£ + 1 provided that holds for any v € N"
with |v| = k.

Since u € C*°(Bg % (0, 1)), we can differentiate in (1.25)) to check that 0Ju solves
0y (07u) — A(9]u) =0, in Bg x (0,1). (1.27)

Let n € C§°(Bgr) be a non-negative function such that n = 1in B,, n = 0 in B{_ ;
with 0 < § < R —r and such that |[Vn| < N6~ ! in B,,s\ B,. We multiply (1.27)
by 7726_2798ZU and integrate the resulting expression in Bg x (0, 1) to obtain

= / nle™ % 00u(0,00u — Adu) dx dt
BRX(O,].)

1
_ / / e (%at(agu)tdw(a;uva;u)+|va;u|2) da d,
0o JBg

14



1.3. Analyticity of parabolic evolutions

then, integration by parts yields

1
0= —/ n?e 2|00 u(x, 1) dx—/ / n?0t e 0 |87u|2dmdt
Bgr Bpr

(1.28)
/ / 27787an Vu+ n*|Vojul?] dxdt.
Br

Using Cauchy inequality, the support properties of n and the estimate |Vn| < N§~!
in B,,s\ B,, from (1.28]) we arrive to

ue*?va;uurSN[H%Ht*e*?a;uuw+<s*ue*?a;urm . (1.29)

Taking into account the estimate

_Q
t

t % e 0 “a”, when a,0 and t > 0,

we get
k+10

et =t lemRte iRt < N(k+ 1) le it
which together with ([1.29)) yield

e
N
|

e $9agull, < N (ke + 1075 + 67| e H3 00ullo s (1.30)

Now we apply the induction hypothesis (1.26)) with |y| = k to get

=l

_laltle +1\?
e i+ tN s < M [p (M 9) (R—r— 5)] [y - (1.31)

v] + 2

If we set 6 = |R|—+T2 in , then

3]l
Iﬂ+?2
v+ 1

_lal+le 1 —h
WrwuthﬁgM[w%R—ﬂ] WMMM(

bl

and using that

31yl

M+2)
vl +1 -

< o858 -] " hitul e (132

we arrive to
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Taking into account that 0 < R —r,0 < 1, we have

I+2

(Wl +1)872 + Z = < N63(R—1) " (|7 + 1),

therefore ([1.30) together with ((1.32) imply

Iv|+2
TR

- T

le~t Vo, < N [w 10

M [pod (R - >]‘ " itz

< NOHR =) (b + )M [p3 (R )] ltfulln

= oM [p03(R =) (o] + 1)l

< [prr=n]"" (8l + D!l

provided that p = p(n) is a small positive constant such that Np < 1. If v € N”
with |y| = k + 1, we can write 7 = a + ¢; for some i = 1,...,n; where a € N” with
|a| = k and e; is the i-th vector in the canonical basis of R", therefore

o] =1
le~%aull. < lle=Vorull. < M [p2(R—r)| (o + D!flulln
1 =1
=M (R =7)| Iyl ulls,
which is the desired estimate (1.26]). In turn, (1.26]) implies
0 1 =1l
103 ull25, x 0y < Mett | pB3(R—1)] " 2!l . (1.33)

for ¢t € (0, %) and 0 <7 < R < 1. In order to get a pointwise estimate we only need
to use the embedding inequality (Theorem [2.6)):

ol <Cu > 1102080l r2@nsry, (1.34)
\a|+p<[ +1}+1

for ¢ € C§°(R™). Hence, as a consequence of and we prove that there
exists a small positive constant p = p(n) such that for any v € N" the following
estimate )

O3 u(, )| < e (Rp) ™y |t r,

holds for (z,t) € Br x (0,1) when u solves ([1.25]).
2
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1.4. Elliptic regularity

Some remarks regarding this proof of the interior space analyticity of solutions
to are in order. The first one is that we have used energy methods to obtain
bounds of higher order derivatives of the solution in terms of lower order derivatives;
in Chapter 2| we will instead use L?-Schauder estimates, but apart from that, most
of the computations are essentially the same, at least for the simple case of the
heat equation. Secondly, since the heat equation is a constant coefficients equation,
differentiating in it we readily see that 0Ju also satisfies the heat equation, ((1.27));
however, if we were dealing with variable coefficients, we would have to differentiate
them and therefore 9)u would be a solution of a different equation. For instance, if
u is a solution to

Ou — Au+ c(z, t)u = 0,

then J)u solves

0 (01u) — A(OJu) + c(x, t)Ju = — Z (5) O Pedlu 2 F,.

0<B<y

In this situation, in order to obtain the estimate ((1.26)) we can proceed in a similar
way as we have handled (1.27). Now we would consider d}u as a solution to the
heat equation with a source term F’, in the right hand side. But we notice that the
derivatives of u contained in F), are of order strictly lower than «; hence, a suitably
modified induction procedure yields . Besides, a similar —but slightly more
complicated— induction argument allows us to prove the real-analyticity in both
spatial and time variables up to the boundary of the domain.

1.4 Elliptic regularity

Apart from the previous control-theoretic questions, we devote a Chapter of this
thesis to some regularity issues on linear elliptic equations. We will assume that
A(x) = (a;j(x)) is a real symmetric matrix such that there is a A > 0 verifying

MEP < A(@)e-€ < AH[E)P, forany € €R™, z€Q,

where 2 C R" is a bounded domain. We will deal with solutions of operators of the

form
n

Lu = tr(AD*u) = Z a;;(x)0;;u, (1.35)

ij=1
where the entries of the matrix A are continuous functions in 2.

We recall the reader the following regularity fact [38, Lemma 9.16]:

17



Chapter 1. Introduction

Lemma 1.2. Let p,q be such that 1 < p < q < oo and f be in LYQ). If u in
W2P(Q) wverifies Lu = f in Q, then u € W29(Q).

The previous result does not cover the case p = 1 and, as far as we know, this
case was not considered in the literature prior to our work [23]. It is our purpose
here to deal with it. We remark that Lemma [1.2]is true under the mere assumption
of the continuity of the coefficients. However, as we shall see, this mild assumption
is not enough in order to improve the integrability of the second derivatives of I/Vlicl
solutions. On the contrary, a Dini-type condition on the coefficients is sufficient for
this purpose, this will be proved in Theorem in Chapter [ The kind of Dini
continuity condition which is assumed for the coefficient matrix A has the following
form:

|A(z) — Aly)| < 0(]z — yl),

where 6 : [0,1] — [0, 1] is a non-decreasing function satisfying

t

/1 b(t) dt < 4o0. (1.36)

We notice that our result has been improved recently; in [I7] a L'—mean Dini
condition is considered instead of the pointwise Dini condition ((1.36)). There, the
authors define

o(r) = sup][ AW =T oy, Fnco :f Ay o<t
B (x B (x

rE€B3

and assume that

/1 @ir) dr < +00. (1.37)

The following example [I7] shows that condition (1.37)) is less restrictive than (1.36]):
if we let

A() = I + (= [z])7), 0< 7 < %

with A(0) = I and [ being the n x n identity matrix, then it turns out that A does

not satisfy condition ([1.36)), but (1.37]) holds.
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Chapter 2

Analytic regularity of linear
parabolic evolutions

In this chapter we give an account of the analyticity in space and time variables
of solutions to boundary value parabolic problems with L? initial data. Throughout
this chapter £ denotes the operator defined by

L= au(z,t)d, (2.1)

|a|<2m

where the coefficients of £ are bounded and satisfy a uniform parabolicity condition,
i.e., there is ¢ > 0 such that

S aala, € > lgP™, for €€ R, (1,0) € 2 x [0,7),

o =2m 1 (2.2)
Z ol Lo @x o) < 0
la|<2m
If Q C R™ is a bounded domain, we consider the problem
Ou+ (—1)"Lu =0, in Q x (0,77,
u=Du=...=D"tu=0, indQ x (0,71, (2.3)
u(0) = uy, in

with ug in L2(Q2). We assume that globally a, lies in Cl*=™9(Q x [0,7T]), when
|a| > m; for in that case we can write

Zaaxtﬁa— Z a2 ( aﬁxta) (2.4)

la[<2m laf,|8]<m
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Chapter 2. Analytic regularity of linear parabolic evolutions

with
7 Aapla, 6P > gleP™, for € €R™, (w,t) € Q x (0,7,

laf=[8]=m

> Aol @xpory < o7,

laf,|8]<m

(2.5)

for some possibly smaller ¢ > 0. Under these assumptions, let T' > 0, if vy € L*(9)
and f € L>®(Q x (0,T)) we say that u € C([0,T]; L*(2)) N L*>((0,T); H(Q)) is a
weak solution to (2.3 if

0= / udpp— Y Aap0ediude dt+ /
Qx(0,T)

lal,|8|1<m @

uop(0) d:c—l—/ feodxdt (2.6)

Qx(0,T)

for any ¢ € C®(Q x [0,T]) such that (-, t) € C°(Q) for any t € [0,7] and
o(x,T) =0 for x € Q.

We now recall the basic result on existence and uniqueness of weak solutions
that we need:

Theorem 2.1. Let Q2 be a bounded domain and assume , , , then for
each ug € L*(Q) and f € L*(2 x (0,T)) there exists a unique v € C([0,T]; L*(2)) N
L2((0,T); Hy()) satisfying (2.6). Moreover, there is a constant C = C(n, 0,Q,T)
such that the following energy estimate

OiltlfTHU(t)Hm(ﬂ) + ) 02 ullz2@xory < C [lluollzz@ + 1 l2@xory]  (27)
- || <m

holds.

Proof. This Theorem is proved in [52, Chapter 3, Theorems 2.1, 4.1, 4.2] or in [26,
Chapter §7.1.2 | when m = 1 and for parabolic operators with bounded measurable
coefficients. For the case m > 2 and when the principal coefficients in (2.5 are
bounded measurable in ¢ € (0,7") but uniformly continuous in 2 with a modulus
of continuity in the z-variable which is uniform in ¢, we notice that there exists
a constant C' = C(n, p,2) such that the following coercive estimate [35, Theorem
12.1] holds

o 1
S Auslo. 032000 002600, do 2 el Ol —Clie Ol o) (28)

e, Bl<m

a.e. t € (0,T) for any p € L*((0,T); H"(©)). The methods in [52, Chapter 3] or in
[26, §7.1.2] together with ({2.8)) yield the result. O
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In what follows we will assume that 0 < T < 1 since for large times T > 1 we
already have estimate ((1.21)).

The above assumptions on the coefficients of £ allows us to employ the W, (Qx
[0,1]) Schauder estimates when Q is a C?*™~ 1! domain [16, Theorem 6]; i.e., there
is K = K(Q, 0,m,n) > 0 such that

[0vul| L2 (2 0,1)) + Z 10ull L2x0,1)) < K [1Fll22x0,1)) + [l 220x0,1))] » (2:9)

la|<2m
when wu satisfies
Ou—+ (=1)"Lu = F, in Q x (0,1],
u=Du=...=D"lu=0, indQx (0,1],
u(0) =0, in Q.

Regarding the analytic regularity of the coefficients, we consider the following con-
ditions: Let zq in €0, there is o > 0 such that for any o € N" and p € N,

1000 ag ()| < 0" 7Ply|1p!, in QN Br(xo) x [0, 1], (2.10)
|0Pag(x,t)] < 071 Pp!, in Qx[0,1]. (2.11)
The main result in this Chapter is the next one:

Theorem 2.2. Let x5 be in Q, 0 < R < 1. Assume that £ satisfies (2.2), (2.4),

(2.5), (2.10), (2.11) and 02N Br(xo) is analytic when it is non-empty. Then, there
is p=plo,m,n), 0 < p <1, such that the inequality

o /Cm=1) _1_jal—p —|al.—
0200 u(x, )] < !PT p el R (o] 4 p)! g 20, (2.12)

holds for all « € N", p € N and (x,t) € QN Bpa(xo) x (0,1], when u solves (2.3)).

Remark 2.1. If we only assume that the coefficients of L are measurable in the

time variable and satisfy (2.10) for p = 0 and Bgr(x¢) C Q, then (2.12) holds in
Brya(xo) % (0,1] with p = 0. This follows from Remark[2.7,

If we only assume , so that some of the coefficients of L may not be globally
analytic in the time-variable over Q, the solutions of are still analytic in the
spatial variable over Br(xg) x [0, 1] with a lower bound on the radius of analyticity
independent of time but only Gevrey of class 2m in the time-variable; i.e.,

020 ula, )] < M m1-klr Rl (o] 4 2mp)! ol e-
when (x,t) € QN Brja(zo) x (0,1}, a € N* and p € N. It follows from Lemma .
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Chapter 2. Analytic regularity of linear parabolic evolutions

In Section we give a counterexample showing that solutions can fail to be
time-analytic at all points of the hyperplane Q x {to} when some of the coefficients
are not time-analytic in a proper subdomain ' x {to} C Q x {to}. Thus, the lack of
time-analyticity of the coefficients in a subset of a characteristic hyperplane t = tq
can propagate to the whole hyperplane t = .

This Chapter is organized as follows: in Section [2.1| we prove a result which is a
particular case of Theorem for 2m-th order equations and second order systems
with time-independent coefficients; in this case the proofs are based on a spectral
decomposition of the solution in terms of eigenfunctions of elliptic operators, thus
we can take advantage of the spatial analyticity of solutions to elliptic problems and
the proofs are quite simpler in comparison with the proof of Theorem in its full
generality. In Section [2.2) we prove Theorem 2.2 and the claims in Remark 2.1} the
proofs are independent of the results and proofs contained in Section 2.1} but are
more involved. In Section [2.3| we explain the counterexample mentioned in Remark
2.1l and in Section 2.4l we discuss on the relation between the results in Theorem 2.2]
and those by Eidelman in [I8].

2.1 Time-independent coefficients

We first prove an analyticity result for solutions to the following particular prob-
lem:

Ou+ (—1)"A™y = 0, in Q x (0,7),
u=Vu=---=V"lyu=0, ondx(0,T), (2.13)
u(0) = wy, in Q.

Although the proof presented here cannot be generalized to time-dependent coef-
ficients, it yields a short way to prove analyticity of solutions to simple initial-
boundary value parabolic problems. It relies on the spectral representation of the
Dirichlet Laplacian and the well-known analyticity estimates for solutions of elliptic
equations.

Theorem 2.3. Let u solve (2.13), then there is a constant p = p(g, m,n, Q) such
that for (x,t) € Q x [0,T] the following estimate holds

/(2m=1) _|,|— _
|02 u(a, t)] < /P pm IR oL pl 7P g | 2,
for any o € N" and p € N.
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2.1. Time-independent coefficients

Proof. Let {e;};>1 and {w?™};>1 be respectively the sets of L*(€2)-normalized eigen-
functions and eigenvalues for (—A)™ with zero lateral Dirichlet boundary conditions;
ie.,

J

(—1)™A™e; — wime; = 0, in Q,
ej=Ve;=---=V"le; =0, on .

Take ug = Y- aje;j, with 3., af < +oc and define

u(z,y,t) Zaj wj "e;(7)X;(y), forz € Q, yeRand t > 0,

j>1
with

e"iy, when m is odd,
(y) = (2.14)

s
ewi¥e®™  when m is even,

where ¢ = v/—1. Then, u(x,t) = u(x,0,t), solves ([2.13) with initial datum u, and

Hu(w,y,t) =Y (=1 qyw;™e ™ ej(0)X;(y), €0, yeR  (215)
Jj=1
Moreover,
(82’” + A™)(OFu(-, -, 1)) =0, in 2 x R,
Oful,-,t) = V(of ( t)) ==V u(- 1)) =0, ond2xR.

Because 0f) is analytic, the quantitative estimates on the analyticity up to the
boundary for solutions to elliptic equations with analytic coefficients and null-
Dirichlet data over nearby analytic boundaries (See [69, Ch. 5] or [46, Ch. 3]),
show that there is p = p(€2), 0 < p < 1, such that for 5 in Qand 0 < R < 1

||a§a§)u(7 ) t)HL‘x’(BR/2(:E0,O)ﬁQ><R)
1

2
<[]l p1-lol gl (7[ |afu<x,y,t>|2dxdy) C (2.16)
BR(xo,O)ﬂQXR

Because

R
/ a0 dody < [ [ 10fuly P dedy, 27
BR(xo,O)ﬁQXR —RJQ
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Chapter 2. Analytic regularity of linear parabolic evolutions

we have from (2.14), (2.15)) and the orthogonality of {e;};>1 in L*(2) that

/Q|8§’u(ac,y,t)|2dx = /Q ’ Z(—l)p a; w?mpe_tw?’mej(x)Xj(y) dx

Jj=1

_ 2 Admp —2tw2m 2 2 Amp _—2tw?™ 2w;|y|
= E a;w;" e = X (y)|]* < a;w;" e T et
i>1 i>1

4 —tw?2m —tw2m .
< max {w.mpe tw; }max{e tw; +2w3|y|} E a?.
j=1 -7 j>1

Jj=1

Next, from Stirling’s formula

2p
2
mggcx%e_zt =¢ % (2p)2p e < <¥> p?, when t>0andp>0,
x>

and the fact that

1
_42m 1\ (lyly2m—T

maxe bz +2aly] 26(2 ) (5) , whent >0, m > 1,

Tr=

we get that

2 2 ly]
/|8§’u(:c,y,t)|2dx§ <¥> pl2e2lI(
Q

This, along with (2.16]), (2.17)) and the choice of R = 1 show that

1
)7m—1 Z a?.

j>1

1/2
1o} —|a 2 P 7#
18507 u (-, -, 1) || L= (B, oo 0)nx ) < Nla|!plp™! '(—) Nt (Zﬁ) :

t -
Jjz1
In particular,
Yo% /(2m—1) — || — —
|0S0u(x, t)] < el/pt/ 21 P o Pla|!plt™P||ug | L2(q)-
O]

Remark 2.2. The last proof extends to the case m > 2 its analog for m = 1 in
[, Lemma 6]. There the authors used that the Green’s function over Q) for A — 0
with zero lateral Dirichlet conditions has Gaussian upper bounds. The later shows
that one can derive [[, Lemma 6] without knowledge of upper bounds for the Green’s
function with lateral Dirichlet conditions of the parabolic evolution. Other time-
independent parabolic evolutions associated to self-adjoint elliptic scalar operators
or systems with analytic coefficients are treated similarly.
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2.1. Time-independent coefficients

We now consider the evolutions associated with strongly coupled second order
time-independent parabolic systems with coefficients which are analytic in the spatial
variables and with a possible non self-adjoint structure, as the second order system

du—Lu=0, inQx(0,7),

u=0, on 99 x (0,T), with L = (L', ... L"), (2.18)
u(0) = uy, in

with
Lfu = 8xi(af;’(x)8xju’7) + bg”@)@xju" + (), €=1,...,¢,

and ug in L?(Q)*. Here, u denotes the vector-valued function (u',...,u%) and the

summation convention of repeated indices is understood. We assume that a:” bﬁ”

_ ER
and ¢ are analytic functions over €, i.e., there is o > 0 such that

|8;af;7(1:)| + \8}b§"(:€)| + 07 (x)| < oMMyl for all v € N® and z € Q, (2.19)

and require that the higher order terms of the system ([2.18) have a self-adjoint
structure; i.e.

asl(z) = a?f(x), forallz € Q, &Em=1,...,0, i,7=1,...,n, (2.20)

ij
together with the strong ellipticity condition
D a (@)l = 0> |G forall ¢ = (¢f) in R™ and z € Q. (2.21)
§7n7i7j 7:75

The results described below also hold when the higher order coefficients of the system
verify (2.20) and the weaker Legendre-Hadamard condition [37, p. 76],

Z af?(x)gigjﬁéﬁ" > ols|?|9]?, when ¢ € R", 0 € R, z € R", (2.22)
1,5,6:7
in place of . Recall that the Lamé system of elasticity
V- (u(z) (Vu+Vu')) + V(A(z)V - u),
with > o, p+ X >0in R”, ¢ =n and

a5 (x) = 1u(x)(0en0ij + 0in0je) + M) 0jn0¢i,

are examples of systems verifying (2.22)).

We now give a proof of Theorem for solutions to the systems (2.18)). Other
time-independent parabolic evolutions associated to possibly non self-adjoint elliptic
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Chapter 2. Analytic regularity of linear parabolic evolutions

scalar equations with analytic coefficients over (2 are treated similarly. The reasoning
requires first global bounds on the time-analyticity of the solutions, Lemma
below. Of course, there is plenty of literature on the time-analyticity of solutions to
abstract evolutions [48] (50}, (64, 86] but we give here a proof of Lemma because
it serves better our purpose.

Lemma 2.4. There is p = p(p), 0 < p <1, such that
1 -
(|0 u(t) || 2 ) + T2Vt 120 < o7 0! W0l 220,

when p >0, 0 <t <2 and u verifies (2.18)).

Proof of Lemmal[2.4 Let u solve (2.18). When uy is in C§°(€2), the solution u to

[2.18) is in C*°(Q x [0, +00)) [35]. By the local energy inequality for (2.18) there is
p = p(0) > 0 such that

sup [[u(t)||z2) < o~ |l uollr2()-
0<t<2

Multiply first the equation satisfied by 0%u,

(2.23)

P u—LoPu=0, inQ x (0, +00),
Mu =0, in 99 x (0, 4+00),

by 201297 u, after by t2*719Pu and integrate by parts over Qp = Q x (0,7),
0 < T < 2, the two resulting identities. These, standard energy methods, Holder’s

inequality together with (2.19) (2.20)) and (2.21)) imply that
TPV OPa(T) | 2y + 175107 | 2

1
S|P | 2 gr) + (0 + 1)7 [P 2P V]| 200, (2.24)

1 1 1
T2 07a(T) |2y + 177207Vl 2o S (p+ 12 [[7070l| 220 (2.25)

Thus,
||tp+1af+lu||L2(QT) <p! (p+1) ||tp6‘quLz(QT), forp >0 (2.26)

and the iteration of (2.26)) and the local energy inequality show that
[Pt 20y < 5~ 7P VT o0y, for p > 0.
This combined with (2.24) and (2.25) implies Lemma [2.4] O
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2.1. Time-independent coefficients

Theorem 2.5. Let u solve (2.18), then there exists a constant p = p(n,m, o,Q)
such that for any (z,t) € Q x (0,T) the following estimate holds

1020 u(x, t)] < et/PtpTled=P |l p! tP|luo || 20,
for any a € N" and p € N.

Proof. The first step is to show that we can realize u(x,t) and all its partial deriva-
tives with respect to time as functions with one more space variable, say x,1,
which satisfy in the (X,t) = (x,2,41,t) coordinates a time-independent parabolic
evolution associated to a self-adjoint elliptic system with analytic coefficients over
Q2 x (—1,1) x (0,400) and with zero boundary values over 092 x (—1,1) x (0, +00).
To accomplish it, consider the system S = (S Lo SZ), which acts on functions w
in C*(QxR,RY), w=(w,...,0), as

n+l ¢
Stw = Z Z Or, <d§;7(X)8xjw’7>
ij=1n=1

™~

+ [&Cnﬂ (a:nﬂcg”(:c)w”) — xnﬂc”f(x)axnﬂw"] ,

1

3
I

for £ =1,...,¢, where for &, n=1,...,¢,
afjn(x), fori,j=1,...,n,
EL&?(X) _ xn+1b§”(x), fori=n+1 j=1....n

" T b (z), fori=1,...,n, j=n+1,

M o¢y, fori=j53=n+1.
Set Qr = Q X (=R, R) and 9,Qr = 00 x (=R, R), the “lateral”boundary of Q.

From (2.20)), S is a self-adjoint system and for large M = M (p), the matrices of
coefficients dff verify one the ellipticity conditions (2.21]) or ([2.22)) with o replaced

by £ over )1 when the original coefficients afj verify respectively (2.21)) or (2.22)).
Choosing M larger if it is necessary, we may assume that

1V xeligy <~ | So-0dX < HVxelig,, (227)
1

when ¢ is in W, *(Q;) and Vx = (Va,0p,.1). Also, So(X) = Lv(z), when ¢(X) =
v(z) and for w(X,t) = d’u(x,t), p > 0, we have

ow —Sw =0, in Q; x (0,+00),
w =0, in 9,Q1 x (0,+00).
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Chapter 2. Analytic regularity of linear parabolic evolutions

The symmetry, coerciveness and compactness of the operator mapping functions f
in L*(Q,)™ into the unique solution ¢ in W,*(Q;)™ to

SSO = fa in Qla
¥ = Oa in an

[37, Prop. 2.1] gives the existence of a complete orthogonal system {e;} in L*(Q;)™

of eigenfunctions, e; = (e}, ..., er"), satisfying
Se, +wier =0, in Q,
€L = 07 in a@la
with eigenvalues 0 < w} < ...wi < .... Fix 0 < T < 1 and for (X,t) in Q; X

(£,400) consider
W1 (X, t) = Z aje*wﬂz(t*T/Q)ej (X),
Jj=1

with

a;= [ Ou(z,L)e;(X)dX. (2.28)
Q1
Clearly, wy(X, %) = J/u(x, %) in (; and by the multiplications of the equation
verified by wy, first by wy, after by 9,w; and the integration by parts of the resulting
identities over Q1 x (%, ), for % <1 < 2T, we get

HWlHL“’(%?T;LQ(Ql)) + ﬁ HvXWll‘LOO(g,QT;m(Ql))
S 1Pa(D)]| 20y + VT V(L) 20
From Lemma 2.4]
HW1||L°°(%72T§L2(Q1)) +VT HVXWIHLOO(%QT;L?(Ql)) < \/TH(]), T, p), (2.29)

with
11— _p_ 1
H(p,T,p) = p~ P! T2 woll12(), 0 < p < 1, p=p(o). (2-30)

Let wy be the solution to

8,5W2 — SWQ = 0, in Ql X (%, —|—OO)7
W2 :n(t) (afu_wl)a on an X (%7+OO)7
WQ(O) = 0, in Ql,

Where0§n§1veriﬁesn:1,f0r—oo<t§T,n:O,for%§t<—|—ooand
10| < 7. Observe that because 9fu = 0 on 9Q x (0, +o0), 9,Q1 C dQ; and wy =0
on 0Q)q, then wy = 0 on 9,Q);.
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2.1. Time-independent coefficients

The auxiliary function, v = wq — 7(t)(07u — wy) satisfies

Oyv—Sv=—(Fu—wy)dmn inQ x (T/2,+0),
v=0 on 0Q1 x (T/2,+00),
v(T/2) =0 in Q1

and clearly v =0 in @, X [%, T). In particular,
ou(zx,T) =wi (X, T) +wo(X,T), for X in Q. (2.31)
By the parabolic regularity
IVl oo (/2.2:L2(01)) + IV X VIlLoo(r2.2m22(01)) S (00 — Wl)atnny(g,zT;L?(Ql))
and from Lemma and
IVIizoe(r2,2ms22(01)) + IVx VLo r22orizz@y S Hp, T, p).
Because wy = v + n(t) (0/u — wy), we get from the latter, Lemma [2.4 and
||W2||Loo(§,2T;L2(Q1)) + ”VXW2||L<>O(§,2T;L2(Q1)) S H(p, T, p). (2.32)

By separation of variables,

Zc] wit=2De (X)), with ¢; = ; wo(X, 2T )e;(X) dX,
1

for t > 2T. From ([2.27), wi > £ and

[wa(t)| 2@y < €272 [ wo(2T) | £2(0y), when t > 2T. (2.33)
Also,
—+00 ,
_/ Swiy(t) - wy(t) dX = — . Oywo(t) - wo(t) dX = Z Cj2wj2€ 23 (t=2T),
1 1 le

for t > 2T and the last identity and (2.27]) imply that

HVXWQ(t)”LQ(Ql) < eig(tiﬂﬂ)HVXWQ(QT)HLQ(QI), when t > 27T

From ([2.32), (2.33]) and the last inequality

_Q(4_ +
Iwa ()20 + IV xwa(O) 201 S € 27 H(p, T, p) (2.34)
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Chapter 2. Analytic regularity of linear parabolic evolutions

and we may extend wy as zero for t < Z. Set

+o0 +oo
wo (X, 1) \/%/ e Mwy(X,t) dt = \/_/ e Mwy(X,t) dt,
for X in @) and p in R. From ([2.34)

IW2(i)ll 2@ + IVxWa()llz@n S Hp, T' p), for all p € R. (2.35)

Moreover,

R ) for each u € R.
Wo(X, ) =0, in 0,Q1,

For p # 0, define

{SVAVQ(X, 1) — ipWo(X, ) =0, in Q,

V2(X7 Cv:u’) = eic\/mﬁ'.Q(Xa :u)v C eR. (236>
Then,

SV2<X,<,M>+ngn(ﬂ)a§V2(X,<.,,U/) :Ou in Ql XR7
VQ(Xa gu“) =0, in @lQl x R.

As for the equation verified by vs, it is elliptic with complex coefficients and its
coefficients are independent of the (-variable. These and the fact that 0§v2 =0 on
0,Q1 x R imply by energy methods [70] (k times localized Cacciopoli’s inequalities)
that

1 L
||8é "2||L2(Q1 o1 X(—14+2E 1 ZELy) < P ||8év2||L2(Q P X (—1+

71_2jik))7

W
k_‘&h

~Yor 2 -3
for j=0,...,k—1, k> 1, and for some 0 < p < 1, p = p(p). Its iteration gives
108Vl 2 @yx(-3.4) SHp “HlIvallzz@ux -1y, for k> 1,
and from - and -
||8<V2||L2(Q%X(_%,%)) Sklp™*H(p, T, p), for k > 1. (2.37)

For ¢ in L*(Q
(2.37)

), set (C) = [, va(X, ¢, p)B(X) dX. Then, from (235), (236) and

1
2

17N i1,y S P KUH (P, T, p) 9]l 22, ), for k> 0.

Thus, 7(—%’) can be calculated via the Taylor series expansion of v around ¢ = 0
and after adding a geometric series

2

=] [ VIR pE0) dX] £ [Wll0y) HpT.p)
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2.1. Time-independent coefficients

All together,
W2 (- ) lr20,) < e VW2 H(p, T, p), when i € R. (2.38)

Define then,
Uy (X TRy (X cosh< >d ,
(X,y) \/ﬁ/ 2(X, ) y p
for (X,y) in Q1 X R, with /—in = [ e~ 751, From (2.38),

p
102 )2y < Hp, T p), for [yl < 7 (2.39)

Nl

Observe that Uy is in COO(QI x [—£,2]) and that one may derive similar bounds for
higher derivatives of Us. Also

SU, + 0°U, =0, i x (—£,8),
2T O I Qy x (=5:%) (2.40)
U, =0, m@leX( 5
and
U,(X,0) \/ﬁ/ TS99 (X, p) dp = wo (X, T), in Q1. (2.41)
Next,
—+00 )
=Y e ae;(X) cosh (wyy),
with a; as in (2.28) satisfies
SU, +92U; =0, i R
U\ (X,0) = wi (X, T), 0 Qu. EOUI=0 G XR T ) p)
U, = 0, m 8@1 X ]R,
and
sup U1 ()220 S €T 107a(F) |z S /T H(p, T, p). (2.43)

Set then, U = U; + U,. From (2.40), (2.41), (2.42) and (2.31) we have

SU + 92U =0, in Q) x (—4,%)
U:07 in 8162% X (—E
U(X,O) :an(I,T)7 in Q%a
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Chapter 2. Analytic regularity of linear parabolic evolutions

while and (| show that

sup UG, )l S /T H(p. T.p), with p=plo), 0<p< 1. (2.44)

=
AN
f
[N

Now, S + 8; is an elliptic system with analytic coefficients. This, (2.44)), the fact
that U(X,y) =0, for (X,y) = (2, 2p41,y) in 02 x (—3,3) X (=4, £) and that 0 is
analytic imply that there is p = p(0), 0 < p <1 (See [70] or [37, Ch. II]) such that

10%0TU(X, )| =@, x(—2,2y) < p~ |1l e/ H(p, T, p), for v € N**', g € N.

1

Finally, U(X,0) = d/u(x,T) in Q and Theorem follows from the latter and
2.30). 0

Remark 2.3. Observe that we did not use quantitatively the smoothness of 0S) in
the proof of Lemma (2.4) and that to get the quantitative estzmate of Theorem [2.9
over only Ba( xo) N Q x (0,T], with zo in Q and o as in , it suffices to know
that either B,(xo) C Q or that 02N B,(xo) s real—analytz’c.

2.2 Time-dependent coeflicients

Throughout this Section N denotes a constant depending on g, n, m and R. We
also denote by

-1 =1 lle2@xay), 0 =1/(2m —1) and b= (2m —1)/2m.

When dealing with local estimates in the interior of a domain we use the norm

-l = [ 223 x 0

Since there is no confusion, we use the same notation || - ||, = [| - [| 25+ x(0,1)) When
we prove local estimates near the boundary. In the later case we use multi-indices
of the form (v1,...,7,-1,0) € N” and we will write 9, instead of 9] to emphasize
that 9], does not involve derivatives with respect to the variable x,,.

In this Section we prove Theorem in its full generality. We recall that in
(1.26)), rather than directly proving pointwise estimates for the successive derivatives
of a solution, we derived estimates for the weighted L?—norms

6 ) n
He fa;uHLz(BTX(OJ)), with v e N".

Here we are going to proceed similarly; in order to obtain the necessary pointwise
space-time estimates up to the boundary of the domain, we first establish estimates
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2.2. Time-dependent coefficients

for suitable weighted L?-norms of the spatial and time derivatives of a solution to

§3]:

1.

4.

2.3). Under suitable analyticity assumptions on the coefficients such as (2.10]) or
2.11)) we prove these in several steps adapting the scheme devised in [35, Ch. 3,

Global weighted estimate of analyticity in the time variable: in Lemma [2.14
we prove an estimate of the form

2m
et ol + Y et ame T D'oful < p P (p+ Dllull,  (245)
=0

for any p > 0 when u solves (2.3). We remark that this estimate holds for

global solutions to ([2.3)), i.e., solutions satisfying boundary conditions on the
whole boundary of the domain.

Local weighted estimate of analyticity near the boundary in the tangential vari-
ables: in Lemma [2.15| we prove a local weighted estimate of real-analyticity in
the variables tangential to the boundary of a flat domain. We prove that if u
solves with Q = B} and satisfies the boundary conditions over {x, = 0},
then there is a constant p = p(0,m,n), 0 < p < 1, such that for 0 < R < %,
v € N" and p > 0 the following estimate

le™ "0 ullr < p R[N [u] 2g, (2.46)

holds. In Lemma [2.16| we state a similar estimate in the interior of a general
domain when the spatial derivatives are taken in an arbitrary direction.

Local weighted estimate of analyticity near the boundary in the tangential and
time variables: in Lemma we employ (2.45]) to improve ([2.46)), obtaining
the estimate

ltre " O ullr < p7" " (pR)™" (0 + Iy utlors (2.47)

for any v € N" and p > 0. A similar estimate holds in the interior of a domain
with spatial derivatives in any direction.

Analyticity up to the boundary in the spatial and time variables: in Lemma
we use the equation in (2.3) solved by u together with estimate (2.47)) to
obtain an estimate like (2.47]), but including derivatives in the normal direction
to {z, = 0}:

7t op okl < o7 (pR) PN+ 1 )Y o

for any v € N* p,1 > 0.
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Chapter 2. Analytic regularity of linear parabolic evolutions

Once that these estimates have been established, the pointwise estimate in Theorem
readily follows from the following Sobolev estimate [32, Ch. 6, (6.5)].

Lemma 2.6. Let k = [2] + 1. Then W**(R") C L>(R") and there is a constant
N = N(n) such that

IF @ < Y- 10 fllragn.

|| <[5]+1

Finally, in Section [2.2.6| we prove the claims in Remark regarding the fact
that local solutions to are analytic in the spatial variables and Gevrey of class
2m in the time variable with a radius of space-analyticity greater than some p,
0 < p <1, independent of time.

2.2.1 Some technical lemmas

Here we prove some weighted WQm ! regularity estimates we need in Sections

Although these estimates are elementary consequences of the standard
I/V22 ™1 Schauder estimates for parabolic equations, the choice of the weights tPe=?""
and the explicit statement of the dependence of the constants with respect to some
of the parameters is fundamental in the induction procedure that we carry out in

Sections 2.2.212.2 6]
Lemma 2.7. Let 0 < 0 < 1 and 2 be a Lipschitz domain. Then, there is N =
N(m,n,Q) such that

[#7% 2 e D*ul| 120 (01))

<N [Htp - UUHLST?)X (0,1)) Htp—i_l - UDQm ||L2(Q><(0 1))

+||tp€_9 - UHLQ(QX(O,I)) (248)

holds for allk =1,...,2m — 1, p > 0 and u in C®(Q x [0,1]).
Remark 2.4. When Q is either Bg or B, R > 0, then

k. _pi—o
Hier%ne ot DkU’HLQ(QX(O,l))

S N [Htpef&t “ thrl -6t~ "D2m

“||L2 Qx(0,1)) H u||L2(Q><(O 1))

+R[tre U||L2(Qx(o,1))], (2.49)
with N = N(m,n).
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2.2. Time-dependent coefficients

Proof. By the interpolation inequality [I, Theorems 4.14, 4.15], there is N depending
on m and () such that

2m—

k _k_
1D*u(®)l20) < N [Ju@l Foy 1D ()| Egy + [ull 2] . (250)

when 1 < k < 2m. Now, multiply (2.50) by +am =07 and Holder's inequality
over [0, 1] yields ([2.48). O

Lemma 2.8. Let u in C>®(Q x [0,1]) satisfy

Ou+ (—1)™Lu = F, in € x (0,1],
u=Du=...=D"lu=0, indQx(0,1].

Then, there is N = N(§,n, 0, m) such that

2m
||t’p+1€—9t*<’atu|| + Z Htp+ﬁ€—6t*aD2muH
=0
<N [<p k)| T | + Ht”“e’“_”FH] . (251)

holds for any 6 >0, p >0 and k > 2.
Proof. Define v = tP™1e=% "y, then v satisfies Oyv + (—1)"Lv = G in Q x (0, 1], with
G=tre " F 4 |(p+1)tPe " + a@tp_“e_etw] u. (2.52)

For t > 0 and k > 2,

Ot = %t_ae_%t_ake_g%t_a < ke 0T (2.53)
By the W2™" Schauder estimate (2.9)),
180l + |D*™ o] < N [[lo]| + [|GIl]. (2.54)

with N = N(Q,n, p,m) and (2.51)) follows from (2.54)), (2.53), (2.52) and Lemma
21 O

Lemma is a well-known estimate near the boundary. It can be found in [58]
Theorem 7.22] for m = 1. We prove it here for completeness.
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Chapter 2. Analytic regularity of linear parabolic evolutions

Lemma 2.9. Let u in C*°(B}, x [0,1]) verify

O+ (—1)™Lu = F, in B, x (0,1],
u=Du=...=D"tu=0, in{zx,=0}NnoBE x (0,1],
u(0) = 0, in Bi.

and 0 <r <r+9d < R<1. Then, there is N = N(n,0,m) such that
10ull, + [ D*™ull, < N [~ ullrrs + [|F[lr+s] - (2.55)

Proof. Let n in C§°(Bg) be such that for 0 < A < 1

() {1, in By s,
n(z) = .

0 B¢

} m ,’,,_i_%é?

and |D¥| < C,, [(1 = N)8] 7%, for k= 0,...,2m. Define v = ug, then
Ow+ ()" Lo=nF+ (=)™ > an <0‘> 92 ndlu.
|a|<2m y<a 7

By the W2™' Schauder estimate over B, x (0,T] applied to v [16, Theorem 4]

HatuHr + ”D2muHr+)\§
2m—1

1,5+ 3 (1= X)) ||D’fuur+1+,5] - (250
k=0

<N

Define the seminorms

lulps = sup [(1— @)o]* | D*ullyips, k=0,...,2m.
1e(0,1)

Estimate (2.56|) can be rewritten in terms of these seminorms as follows

2m—1
8*™|Oyully + |uloms < N [Z Jul5 + 0" || F 15 (2.57)

k=0

To eliminate the terms |ulys from the right hand side of (2.57)), recall that the
seminorms interpolate (See [I, Theorem 4.14] and [38] p. 237]); i.e., there is ¢ =
¢(n,m) such that

__k
’U‘k,é < G‘me,a + ce 2m—k HuHr+57
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2.2. Time-dependent coefficients

for any € € (0,1), so

2m—1 2m—1

__k
> Julks < 2mefulams + ¢ Y € F [[ul|s.
k=0 k=0

Choose then € < - and from (2.57)
"™ 10gully + luloms < N [llulliss + 0 | Fllr4s]
which yields ([2.55]). O

Lemma is the interior analogue of Lemma but now using [16, Theorem
2].

Lemma 2.10. Let u in C*(Bg x [0,1]) verify

O+ (=1)"Lu=F, in B x (0,1],
U(O) = O, mn BR7

and 0 <r <r+0 < R<1. Then, there is N = N(n,0,m) such that
10cull + 1D* ™ ull, < N [67* ™ [[tllrrs + [1Fllrs] -
Lemmas [2.9 and 2.8 imply Lemma [2.11]
Lemma 2.11. Let u in C*(B} x [0,1]) satisfy

ou+ (—=1)"Lu = F, in B x (0,1],
u=Du=...=D"tu=0, in{xr,=0}NnoBE x (0,1]

and 0 <r <r+6 < R <1. Then, there is N = N(n, 0, m) such that

Htpﬂe_era@tuﬂr + Htpﬂe_eraD?muHr

<N |(p+E)|[tPe™ %% |y

HOTE e s+ ([ e F s |
for0<0<1,p>0andk > 2.

Similarly, Lemmas and imply Lemma [2.12]
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Chapter 2. Analytic regularity of linear parabolic evolutions

Lemma 2.12. Let u in C*(Bg x [0, 1]) satisfy
Owu+ (=1)"Lu=F in Bgx (0,1]
and 0 <r <r+9§ < R<1. Then there is N = N(n, 0,m) such that

||tp+1€—0t—"atu||T + ||tp+1€—0t_"D2mu||T

SN |+ R)lIeF " ul s
+5—2m||tp+16—9t7‘7u||7‘+6 + ||tp+1e—9t*oF||r+6 :

holds for 0 <0 <1,p>0 and k > 2.
Lemma 2.13. Ify e N", 0 <t <s,

=

Z (5>w B|BJ1s~PHIBl8l < Ml —

B<y

Proof. Let f(z) = ¢(u), with u = (21 + -+ + 2,,) and p(u) = (1 —u)~*. Then,

g f (@) = ¢(u) = [yl "L Now let, fi(z) = f(%), gz fu(x) = t V172 f(§), and
taking z = 0, we have 2= f,(0 ) il M Now, set g(z) = fs(z) fi(x) = ¢ (u), with

1
U(u
W=y
Let |u| < t, then
400 A+oo . 400 uiJrj 400 . 1
)= Y (ufs) 3/t = 3 = =Dt Y —
=0 7=0 1,7=0 k=0 i+j=k
and
k .
YpW0) = kIt (t/s), for k> 0.
=0
Thus,
g ("o NRE
55/ (0) =00 (0) = 1t VZt/s for v € N".

From Leibniz’s rule

97
=3 (g) 5 £,(0)0” £(0)
By
= Z (7) Iy — B|!| B! s~IHIBlE=181
By b
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2.2. Time-dependent coefficients

It implies that

Z (5)'7 B|1|B|1s BB = |y |14~ |v|§|:( )

By

where dropping the term corresponding to § = 7,

ol i
Z (6>|y B (B[ sTHHBIEIBl = |1 ¢ Z (2) e

B<y =0

— Iyl vli( ) <yl |v|z< ) )l tl_vt |

ifo<t<s. O

2.2.2 Weighted global estimate of analyticity in the time
variable

We first prove an estimate related to the time-analyticity of global solutions,
which generalizes Lemma [2.4]

Lemma 2.14. Assume that L satisfies . - the coefficients of L are con-
tinuous on Q x [0,1] and 02 is C*"~V1. Then, there are M = M(p,n,m) and
p=plo,n,m), 0<p<1, such that

2m
e o | + > ([t e ™ DRl < MpP(p+ Dl|ull,  (2.58)
=0

holds for p € N, 0 <0 <1 and all solutions u to ([2.3)).

Proof. We prove (2.58)) by induction on p. For the case p = 0 of (2.58)), apply
Lemma [2.8 with £ = 2 and F' = 0. It suffices to choose M > 3N. By differentiating
([2.3), we find that d¥u, p > 1, satisfies

N+ (—1)"Lu = F, in © x (0,1],
lu=DFu=---=D"10Pu=0, ondQ x (0,1],

with

=(-nmt Y Z( )af—qaaagagu.

|a|<2m q=0
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Chapter 2. Analytic regularity of linear parabolic evolutions

Assume that (2.58)) holds up to p — 1 for some p > 1 and apply Lemma with
k=p+1 to du to obtain

2m
||tp+1€—6t*vaf+1u” + Z ||tp+ﬁ6—6t*oDlaqu
=0

<N [2p+ e F T Ul + [0 e TR | 2 4+ b

By the induction,
[tre 5T OPul| < Mp~*plJull.

From ([2.11)) and induction
. p 1ol g0 pgna
e Rl s S 30 (M)a ety e e ool

la|<2m g<p
<y Z( ) (- UM (g + 1)!u
|| <2m q<p
p e
< NMPZ( )(p—q)!q!g =
q<p q

_ Np

< MpP(p+ Y ul .

where the last inequality follows from Lemma [2.13] Adding I; and I, we get
L+ 1L <Mp™P(p+ D|u|N (p + ﬁ)

and the induction for p follows after choosing p = p(0,n, m) small. O

Remark 2.5. Observe that the exponential factor e %" can be dropped in ([2.58)
because there is no 0 on its right hand side.

2.2.3 Local weighted estimate of analyticity near the bound-
ary in the tangential variables

Next we prove spatial analyticity in directions which are locally tangent to the

boundary of Q. For this purpose we flatten locally 92 N Bgr(qo), with go € 09, by

means of the analytic change of variables

yn:xn_gp(x/% yjzxjajzl"'an_L
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2.2. Time-dependent coefficients

where ¢ is the analytic function introduced in (0.1]). The local change of variables
does not modify the local conditions satisfied by £ and without loss of generality
we may assume that a solution to (2.3)) also verifies

{8tu +(—1)"Lu =0, in B x (0,1], (2.5

wu=Du=...=D"'u=0, in{x,=0}NdBE x(0,1],

with w in C*(B} x [0,1]) and 0 < R < 1.

Lemma 2.15. Let0 <0 <1,0< % <r < R <1 and assume that L satisfies (2.10)
for p = 0 over Bf x [0,1]. Then, there are M = M(o,n,m) and p = p(o,n,m),
0 < p <1, such that for all v € N™ with v, = 0, the inequality

2m
(R —r)*™||te™""" 8,00, ul|, +Z — r)E|[tzne 0" DR |,

< M [pt" (R =n)] " lullr. (260
holds when u in C=(B}, x [0,1]) satisfies ([2.59).

Proof. We prove (2.60)) by induction on |y|. When |y| = 0, by Lemma with
k;z?,sz,(Sz%andF:O,wehave

[t~ dyul|, + [[t7m e~ Dhul|,
< N (R =) 2 e s + e ]
< N(R =) ulle < MR = 1) ul

for any M > N. Now, Lemma [2.7] implies

2m
(R =™ [[te™ " Qpull, + Y (R —1)[[tzm e~ " Dlul|, < M||ul|g, (2.61)
=0

when M > N.

Next, assume that (2.60) holds for multi-indices 7, with v, = 0 and |y| < 1,1 >0
and we show that - holds for any multi-index of the same form with |y| =1+ 1.
Differentiating (2 in the tangential variables 2’ we find that 0),u satisfies

oo u+ (-1)" LI u = F,, in B} x (0,1],
Nu=D0u=...=D" ' u=0, in{x,=0}NndB}L x (0,1],
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Chapter 2. Analytic regularity of linear parabolic evolutions

with

F,= (-1 Y Y <g>ag,‘ﬂaaaf,agu. (2.62)

|a|<2m B<y

Applying Lemma to d),u with p = 0, we get

|te=%"0,00ul|, + |[te " D* 00 ul|,

<N [Klle™ 0 Ol + 672t Dl

+||te‘9t7°Fy||r+5] 2 4L+ L. (2.63)

Estimate for I;: when 1 < |y| < 2m, choose k = 2 and 6 = (R —r)/2 in (2.63).
Also observe the bound

_ o o 5
toe " < o595 (%) , when «, 8, § and t > 0, (2.64)

which yields

7] Ht—o'

t~ame 1" < NOPI when |y| < 2m and t > 0.
Thus, we get

vl _b64—0 [v] 0,—
t 4t

”e*%t_"@Z,uHrH = |t zme 1" Ttzme 1" T ull, s

(2.65)

[ 9tfo'

< NNl |tzme=1 D|’Y|u||r+5’

when |y| < 2m. From ({2.61))

4] Gt—a

[tzme= 5" Dl 5 < M(R =) "ul g,

this, together with (2.65) shows that

4

le 5" Oulles < NM[0°(R—1)] " ulln < M [p*(R = )] [lu] aNp.

If |y| > 2m, choose k = |v|, 6 = (R —r)/|y| in (2.63) and observe that there is
a multi-index ¢, with &, = 0, 2m + |¢| = |y| and |0)u| < |D*™3%u|. Hence, from
@.64)

vt _blzlg—o

—0o 2 g
le™ B0 Al s = ¢ P "t (R O g,

2 —0
< NO=Cm=D|y2m=1|je= (1= 5) 077 p2maf s (2.66)
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2.2. Time-dependent coefficients

By induction and because R —r — 6 = WT?<R —r),

2 —0o
(R —r)2m||te” O=R1) 077 D2k y ), 1

<M [p <1 — ﬁ)% O (R 5)] —|yl+2m

X (|| = 2m)!|ul| (2.67)
1 )—(2b+1)(|v|—2m)

7]
x (|71 = 2m)!lull n
- 2m
< MN [p0*(R — )] """ (|y] = 2m))Jul .

[pgb(R . 7’)} —|yl+2m

where the last inequality is a consequence of the estimate

LN~ -2m)
<1 — ﬂ) < N, for all v € N". (2.68)
Y

Plugging ([2.67)) into (2.66) and using that |y|*™(|y| — 2m)! < N|y|!, we get

[v[=1 ot—°

I < Nl T 0l
< M [pf (R = )] 7 (1] = 2m) ! ull N
< M [p6"(R=n)] " yllull (B = )" Np.
Estimate for I: when |y| < 2m, the term can be handled like the term I in the

case |y| < 2m, but now one does not need to push inside I; the factor t"1/?™ as we
did in (2.65]). Here, from (2.61f) we get

L < M [pt"(R =) Ju|a(R — )" Np.

When || > 2m, again |87,u| < |D*"d%u|, for some £ such that 2m + |¢| = || and
¢, = 0. By induction (recall that 6 = (R—r)/|vy| was already chosen in the estimate
for I, when |y| > 2m) we get

I, < N(R- T)_Qm]'y|2mHte_etfaaz,uHrM
< N(R =)y ([te " D*™ 0% u| 45
—|y]+2m . —4m
< NM [pf°(R—7)] """ P (|y] = 2m)!|ul| p(R — 7)™
= —2m
< M [p6"(R = )] " ytullr(R —7)~*"Np.
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Chapter 2. Analytic regularity of linear parabolic evolutions

FEstimate for I3: by the induction hypothesis and Lemma [2.13
lte™ TF [ls <N Y Z( ) b8l — |l|t5 e DIl )|,y

|a|<2m B<y

< NMZ ( ) —1—|v—ﬂ\|,y — B! [p@b(R _ T)}—Iﬂ\ 81!l (R — r)_Qm

< WM = 0]l = )2 S () - it

B<y

< M [p0"(R — )] |yl (R >2mﬂ—”p.

The bounds for I, Iy and I3 imply that

1
ot ot T < M (R =) ltlulel® =) 2Np (14 -2) . 209
We can write, v = £ +¢;, for some ¢ e N” and i =1,...,n— 1, with £, = 0 and
from the induction and ({2.64])

» ICTRp YR
le=® "3 ull, < N6~ |[tzme T DAY ull,

< M [p6"(R— )] "y llulaNp. (2.70)

Finally, Lemma 2.7, (2.63), (2.69) and (2.70) imply the desired result when p =

p(o,n,m) is small. O

Remark 2.6. Lemma also holds when the coefficients of L are measurable in
the time variable and satisfy (2.10) for p = 0 over B} x[0,1]. It follows from Lemma
and [16, Theorem 4].

Lemma yields an interior estimate of spatial analyticity. It is proved as
Lemma but instead of using Lemma [2.11] one uses Lemma We omit the
proof.

Lemma 2.16. Let 0 <0 <1,0< £ <r <R <1, Bp C Q and L satisfy (2.10)
for p = 0 over Br x [0,1]. Then, there are M = M(o,n,m) and p = p(o,n,m),
0 < p <1, such that for all v € N", the inequality

2m
(R —r)*™[[te™" " 0,07ull, + Y (R —r)*|[tzm e D*oull,

k=0
< M [pf (R =r)] " [yt
holds when u in C*(Bg x [0,1]) satisfies dyu + (—1)™ Lu =0 in Br x [0,1].
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2.2. Time-dependent coefficients

Remark 2.7. Lemma[2.10 also holds when the coefficients of L are measurable in
the time vamable and satzsfy - ) for p =0 over Bg x [0,1]. This follows from the
interior W™ Schauder estimate in [16, Theorem 2] and Lemma

2.2.4 Local weighted estimate of analyticity near the bound-
ary in the tangential and time variables

Next, combining Lemmas and one can prove the following.

Lemma 2.17. Let 0 < 0 < 1, 0 < % <r < R <1 and assume that L satisfies
(2.10) and (2.11). Then there are M = M(o,n,m) and p = p(o,n,m), 0 < p <1,
such that for all v € N*, ~, =0, and p € N, the inequality

2m
(R =)t e o o ull, +Z r)E ||t em e DROP O,

< Mp? [p6"(R— )] " (o + Iyl + Dlfu]
holds when u is a solution to and (| -

Proof. We proceed by induction on p and within each p-case we proceed by induction
on |y|. The case p =0 and v € N" with ~,, = 0 follows from Lemma , whereas
the case |y| = 0 with arbitrary p > 0 follows from Lemma [2.14] Thus, we may
in what follows assume always that |y| > 1. By differentiation of (2.59), 979],u
satisfies

FHOu+ (=)L u = Fiyp), in By x (0,7],
OHu=DPu=...=D"'9u=0, on{x,=0}NdB} x (0,T],

with
Fopy = (=1)™ ) Z ( )( )ap 0, 7 a,005,00u. (2.71)
lo|<2m (q,8

<(p; v)

By Lemma applied to 0}0.,u,

||t”+1e‘9t_”8§’+18;/u||T + |‘tp+1€_0t_aD2mafa;,uHr
k=1, ¢ _ _9t—°
<N [+ RIe T Rl + 62 1 e Sl

+||tp+1€_0tfaF(v,p)||r+5] 2h+hL+D (272)
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Chapter 2. Analytic regularity of linear parabolic evolutions

Estimate for Iy: if |y] < 2m, take k = 2 and § = (R —r)/2 in (2.72)). Taking into
account that (p+ 1)! < N(p+ [v])!, (2.64) and Lemma [2.14] we obtain

L < N(p+2)|tPe 27000 ulss
[

< N(p+2)6~th Hthrﬁe*%t‘”Dlvlgfu“Hé
< Mp? [p0*(R — )] " (p + W)U Np(R — r)=2m.

In the previous chain of inequalities we used that

7+ 3 e DN OFu] |5 < M]|t7* 5w $7 D oFu

and applied Lemma [2.14] Here, recall the definition for || - || given before Lemma
214

If || > 2m, choose k = |y| and § = (R — r)/|y| in (2.72). As in Lemma
m, there is a multi-index ¢ € N" with &, = 0 such that 2m + || = |y| and
070 ,u| < |D*"0Pd%,u| and from (2.64)

_ghl=1,—0
L < N(p+ Dlitre” 50 2 ull s
_ghl=1,—0 1\2, &
= N(p+ e T e e Om) T g (2.73)
< N(p+ )Pt @ st 0 T Dot ull .

We apply the induction hypothesis and proceed as in ([2.67)) using (2.68)) to get that

2 —o
1O m) 7 D2map ok u, s
< NMp? [p0" (R = )] """ (p+ |y| = 2m + DlJull (R —r) 7" (2.74)
From
VP + ] = 2m + DIp + 1)) < N(p+ [yl + 1)L,
[E73) and (274)
1L < Mp? [p6"(R—7)] " (p+ | + DUl Np(R — )~

FEstimate for I: For |y| < 2m, we set § = (R — r)/2 and because ¢ and R < 1,
Lemma [2.14] shows that

[

Io < N(R —7) 2™ ||tP T 2m e~ %" DMOPu|, 1 5
< N(R—r)"2"Mp?(p+ 1)!||u]
< M [p6"(R— )] " o (| +p + V)![|ul| Np(R — )™
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2.2. Time-dependent coefficients

If |y| > 2m, we have already chosen § = (R — r)/|y| and there is £ € N", with
£, =0, 2m+ €| = || and |07 u| < |D*"0P%,ul. By the induction hypothesis and
taking into account that

P+ v = 2m+ DS N(p+ |y + 1),
we get
Iy < N(R — 1) 2" |y 27|71~ D205, 00|15
< N(R— )2y 2" Mp [8°(R — )] ™" 7™ (p+ |y — 2m + )l
< Mp? [ (R — )] (p+ Iy| + D[l Np(R — )2,

Estimate for I3: by the induction hypothesis on multi-indices (¢, ) < (p,7) and
Lemma for N° 1

I3 = ||tp+16_6t70F(%p)||r+5

SPIP> (C)(3) et =+ bl - 1oy

la|<2m (g
<(p,7)

|| —o
X [ 5 e DI ull 45

< NM PR =] (o4 (R = )2
) g:ﬁ) (Z) (g) (p—a+ Iy = B)Ug +[B])oPHe=Flpmall

<(p,7)
—p [ pb —[l | —om Np
< Mp? [p0*(R—7)] " (p+ |y + D!ul| (R —7) o=y
Thus,
Lt bt I < Mg [ (R =) o+ hDIINA(R - 1), (275)
and Lemma follows from (2.72), (2.75)), Lemmal[2.7)and the induction hypothesis
for (p — 1,7), when p = p(o,n,m) is small. ]

2.2.5 Analyticity up to the boundary in the spatial and time
variables

Finally, Theorem [2.2| follows from the embedding [35]

el < Cn) Y 1D¢] 12, for o € C=(Q),

lof<[2]+1
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Chapter 2. Analytic regularity of linear parabolic evolutions

the inequality
1 1
1fllzoecry < I N2y + 72 fllary, for fe CH(I),
with I an interval in R and Lemma 2.18

Lemma 2.18. Let 0 <0 <1,0< % <r < R<1 and L satisfy (2.10) and (2.11)).
Then, there are M = M (o,n,m) and p = p(o,n,m), 0 < p <1, such that

n-x!

ltre "Bl < MpPt [p8(R—)] " (p L+ Iyl + DYl (2.76)

holds when u is a solution to (2.3|) and (2.59)). Here, 0, denotes differentiation with

respect to the variable x,,.

Proof. A solution to (2.59)) satisfies
0L u+ LA u = Fipyy, in By x (0,1], (2.77)

n~x!
with

Fipiy = (=1)"" Z Z ( )( )(ﬁ)ap 00 4,01 05,0407 .

la|<2m (g.5,8)
<(p,l,7)

Because of (2.2)), agme, > 0 > 0in Q x [0, 1], and one can solve for 79,97 u
in ((2.77). Substituting into that formula [ by [ — 2m + 1, when [ > 2m, we have

07O 0 ul| < [[07 L2 0| + | Flpi—amst|]

|G2me, |

1 —2m o
+ aome, | Z HaaHLOO(QX(O,l)) 070, H@;,axu\. (2.78)
aLaglgrznTil

We prove (2.76)) by induction on the quantity 2mp+{+|vy| with M the same constant
as in Lemma If 2mp + 1+ |y| < 2m, then I < 2m and (2.64) and Lemma
show that

[ a”,uH’ < Hfﬁe—%w’“tﬁﬁe‘ﬂVv‘lt”D@f@Z’uHr
Ol 4
<SNOP (14 |y)) B [t i DOl

< NO(1+ ) (R—r) " Mp? [p6(R—1)] " (p+ |y + 1)! |ul]
P ——
< Mp [pf"(R=7)] " o+ L+ ]+ 1) [l Np?,
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2.2. Time-dependent coefficients

where the last inequality holds because
(LD o+ I+ DIS N (p+1+ ]y + 1)L

Also, (2.76]) holds when ! = 0 from Lemma [2.17] Thus, (2.76) holds, when 2mp +
I+ |v] < 2m and | < 2m, provided that p is small.

Assume now that (2.76) holds when 2mp + 1 + |y| < k, for some fixed k > 2m
and we shall prove it holds for 2mp + 1 + |y| = k + 1.

In the same way as for the case k = 2m, Lemma shows that holds,
when 2mp + 1+ |y| = k+ 1 and [ < 2m, provided that p is small. So, let us now
assume that holds for 2mp+j+|y| =k+1and j =0,...,[, for some [ > 2m
and prove that it holds for 2mp + j + |y| = k+ 1 with j = [+ 1. Let then v and p
be such that 2mp + (I + 1) + |y| = k + 1. From and because agpe, > 0, we
obtain

17" 020l
<! [Htpe_et*005+lafl—2m+lalzu||r e By oty ||T’]
to ' D aall e ItPe TR0 0L 05w,

|a|<2m
an<2m-—1

£ Hy + H, + Hs.
Estimate for Hy: the multi-indices involved in this term satisfy
2m(p+ 1)+l —2m+1+ |y =k+1

and the total number of x,, derivatives involved is less or equal than /. From the
induction hypothesis and (2.64)), we can estimate H; as follows

||tpe—Gt*"8§)+187lz—2m+1a;/lu”r

1 -0 4o _01+|’Y|—1t—a 1 al—
= ||t e mt Tt AR T g g2 gy |

< NOGCm (L e g gl ),

< N97(2m71)(l 4 |,Y|>2m71Mpfp717(172m+1) [peb(R B T,)T(lﬂmﬂ)*h\
X (p+1—2m+ |y + 3)! ||ul

< Mp—p—(l+1) [peb(R . T)}—(Hl)—lvl

< (p+ U+ Iy + 2 ul| V™

where the last inequality holds because

I+ T p+l—=2m+ Y| +3) < N@p+I1+]y]+2)!,
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Chapter 2. Analytic regularity of linear parabolic evolutions

when p + [ + |y| +2 > 2m. Thus,

H, < Mpfpf(H»l) [peb(R o T)}*(Prl)*lwl
X (p+ (L4 1) + [y + D lul| Np™ L (2.79)

Estimate for Hy: we expand this term and obtain

nev s 2 ()TT)0)

lor|<2m (4,3,8)
<(pl=2m+1,7) (2.80)

X Qflf(pfq)f(l*2m+1fj)*l'yfﬁl(p —q+l=2m+1—j+y—38
x |[t7e07 9209 95 0%ul|, .

n-x' Y

The multi-indices involved in the derivatives of u that appear in satisfy 2mq+
J+lal+18] <2mp+1+1+|y| =k+1 and we already know how to control these
derivatives by the first induction hypothesis. In fact, if we write a = (¢, a,) and
because «, is related to normal derivatives, we get

[t%=%" 9287 0P, 8% ]|,

—g—i—a —7—|8|—|a .
< Mp=rie [pf"(R— )] 77T g+ + 18]+ la + D! Jull. (281)

The sum in runs over {(q,7,8) < (p,l —2m + 1,7)} and |a| < 2m and
inside the sum (2.80), j + an, + |a| < 1+2m+1, j+ B8]+ |a] <1+ 1+ |y| and
q+j+18 <p+1—2m+|y]. Also,
(g+3+ 18+l +1)! _ (p+1+]a]+ 1)
(q+7+1800  ~ (p+l=2m+ Q)
These and show that for all such (q, j, ) and «

the—Gt ”aqa%af a;xu”r < Mp—l—2m—1 [Hb(R . 7”)] —l=1=]] p—q—j—|/3|
(p+1+4 v+ 1)!
(p+1—2m+ |7])!

(g + 7+ 18D ull. (2.82)

Plugging (2.82) into ([2.80]) yields

H2 < NMp—l—2m—1 [eb(R .

T)} —l=1-]y| (p +1+ |7| + 1)' Hu”
(p+1—2m+|y|)!

< 2 GOT0) -

(9,3,8)
<(p,l—2m+1,y)

X(p—q+l=2m+1—j5+|y—=8)qg+J+|5)!
x o~ PO (=2mH1=5)=y=F] ;=a—j Il
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2.2. Time-dependent coefficients

and Lemma [2.13| shows that the above sum is bounded by

p IRl (1 9m  1 y)E
Q —_—

The later and (2.83) imply

_ _ N
Hy < Mp= 00 [ (R = )] o (0 1)+l )l 2 (280

Estimate for Hz: the multi-indices involved in the sum run over
{a:]al <2m:a, <2m — 1},
the multi-indices involved in the derivatives of u which appear in Hj satisfy
2mp+ (I —2m+ 14 ay) + [y + || <k +1,

with a total number of z,, derivatives equal to «,, + 1 —2m + 1 < [, so we are within
previous steps of the induction process and 0 < p < 1. Accordingly, applying the
second induction hypothesis one gets

Hy < Mp» D [00p(R— )] ™7 s (p e (14 1) + ) + )Y Jul| Np. (2.85)
Now, when 2mp+ (I + 1) + |y| = k+ 1, follows from (22.79)), (2.84) and (2.85] -

When p= p(g, n,m) is chosen small.

Remark 2.8. Choosing 0 =17 in Lemma one recovers (|1.21]).

2.2.6 Analyticity in the spatial variables and Gevrey regu-
larity in the time variable of local solutions

Next we give a proof of the claim in the second paragraph in Remark We do
it only in the interior case. Lemma [2.19/holds near the boundary when the boundary
is flat as in (2.59)) and v € N with v, = 0. Then, as in Lemma , one can extend
the result to all the derivatives by showing that there are M = M(p,n,m) and
p=plo,n,m), 0 < p <1, such that

Ite™" Pl < Mp~ [p0°(R — )] "™ @mp + || + D!l

when wu satisfies ([2.59)).

Similarly to what we have done in the previous sections, in order to prove that
local solutions are analytic in the spatial variables and Gevrey of class 2m in the
time variable, we first prove the following weighted estimate.
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Chapter 2. Analytic regularity of linear parabolic evolutions

Lemma 2.19. Let 0 <0 <1,0< g <r < R<1 and L satisfy (2.10). Then there
are M = M(o,n,m) and p = p(o,n,m), 0 < p < 1, such that for any v € N* and
peN,

2m
(R =) te”" "8 ull + 3 (R = r)*jtze™"" D*Ofoyul,
k=0

—2mp—
< M [p6"(R— )] """ @mp + |y])!lullr (2.86)
holds when u in C*°(Bg % [0,1]) satisfies Opu + (—1)™Lu = 0 in Bg x [0, 1].

Proof. We prove by induction on p and then by induction on |y|. When p = 0,
is the estimate in Lemma . Assume holds up to p — 1 for some
p > 1. Then,

N Ou+ (—1)"LFDIu = F,,, in Bg x (0,1],

F% _ m+l Z Z ()( ) Qa'y ﬂaaaqaﬁaa

la|<2m (q,8)
<(»7)

Apply Lemma withp=0,k=p+|y/+1land d = (R—7r)/(p+ |y +1) to
07 07u. 1t gives,

with

[te=" P otul|, + |[te™® D™ P ul|, <

(| +p+1)*"
(R—r)%m

[v[+ —0 s
N“wwmmaﬂ%“ OO ul|+5 + [te ™0 82O ul|+ s

Hite ™" Fyplless] 2 L+ B+ I,

FEstimate for I: by induction hypothesis for p — 1 and ([2.64))

1] - 2
e O P 3P| 45 = [l Tt e O (R ¢

0P ullrvs
_p( _+r \% o
< NO2(|y] + p)P e R 7 0RO

< NO2m(|y| + p)2m M [po (R — )] "V 2m(p — 1) + ))!

L\ 6m=2)+h) )
X 1+—> lu||g(R —r)~"™
( v +p

—2mp— m—
< M [p0*(R = )] "™ " (7] + p)2m 2mip — 1) + W) lul| 2N
This and (|| +p)*"(2m(p — 1) + [y])! < N(2mp + [v])!, give

L< M [p(R — )] " @mp + ) ull e Np(R — )72,
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2.3. A counterexample

Estimate for I: by induction hypothesis for p — 1
_pt—o —2mp—
lte= " Opoqullrss < M [p0" (R —1)] """ @m(p — 1) + [y])![ull Vo

and
L < M [p"(R— )] """ @2mp + )|l sNp(R = 1)~

FEstimate for I3: by induction on (¢, 8) < (p,7y) and Lemma for N+t

[te™ " F pllrvs

PP (C)(3)e o= 0+ bl =160y

|e|<2m (¢,8
<(p, 7)

x ||t 2me="" DI 9I05ul|, s

m 2
< NM [Qb(R—T’)} —2mp— |’Y|< mp—"h/l) 0 (2m— 1p||u|| ( _,r,>—2m

(p+ 1!
> (p> (Z‘) (0= a+ [yl = |B])!(q + |B])le~ PPl pmal?l
@ M
<(py)
< MIpt#(R = 1) 2P 2mp + )l R — 1) 2L

Hence

N
L+ L+ I3 < M[pd°(R — )] 72~ 2mp + |y)||ul| g(R — T)_2mQTpp. (2.87)

Lemma, , the induction hypothesis and (2.87)) finish the proof. H

2.3 A counterexample

Here we describe a counterexample showing that solutions can fail to be time-
analytic at all points of the hyperplane 2 x {¢,} when some of the coefficients are
not time-analytic in a proper subdomain w x {to} C Q x {to}.

Let w C Q be an open set and ¢ € C§°(w), 0 < ¢ < 1, with ¢ = 1 somewhere in

w. Define )
—mh
Vo) - {%0(1‘)6 ",
0, t

IN V
l\')l»—- l\JI»—A

which is a smooth function in © x [0, 1], identically zero outside w for all times and
not time-analytic inside w x {3}.
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Chapter 2. Analytic regularity of linear parabolic evolutions

Let u be the solution to

Ou — Au+ V(x,t)u =0, in Q x (0, 1],

u =0, on 092 x (0, 1],

u(0) = up, in Q,
with ug in C§°(Q), up = 0 in Q. The strong maximum principle [58] shows that
u>01in Q x (0,1] and e"®ug coincides with u over Q x [0, 1]. If u was analytic in
the ¢ variable at some point (zo, %) with zg in €, because all the time derivatives

of u and e"®ug coincide at (zo,3), one gets e®ug(wo,t) = u(zo,t) in [0,1]. But

v = u — ePuy satisfies

o — Av <0, inQX(%,l],
v =0, on 0 x (0, 1],
v(0) =0, in €,

and the weak maximum principle implies, v < 0 in © x [1,1]. Because v attains

2
its maximum inside € x (%, 1], the strong maximum principle gives, u = e/®uq in

) x [0, 1], which is a contradiction. Thus, u fails to be analytic in the time variable
at all points in Q x {3}.

2.4 An alternative approach

In addition to the approach in Section , based on L2-Schauder estimates, there
is an alternative method to derive the estimates of interior analyticity in the spatial
variables proved in Theorem based on suitable estimates for the holomorphic
extension of the fundamental solution. To simplify we consider the case n = 1 and
assume that (—1,1) C Q.

Let P be the parabolic operator
Pu = dwu — a(x,t)0*u — b(x,t)pu — c(x,t)u, for (x,t) € R x (0, +00),
where Ra(z,t) > o, a(-,t), b(-,t) and ¢(-,t) are bounded. We recall the reader that
K(x,t;w,s) is a fundamental solution for P if

t
o(z,t) = / /K(x,t;w, s)Pp(w, s) dwds for any ¢ € C°(R x (0, +00)).
0o Jr

We show that the results in [I8, p. 178 Th. 8.1 (15)] imply Theorem [2.2] for the
interior case and the spatial directions. Following [I§], when

Pu = Ou — a(x,t)0%u — b(z,t)0u — c(x, t)u,

o4



2.4. An alternative approach

and Holder continuous over R with exponent ¢, for some 0 < § < 1, a(-,t), b(-,t)
and ¢(+,t) have bounded holomorphic extensions to

V,={2€C: Rze[-11], Sz € (-0,0)},

and Ra(z,t) > pin V, x[0,1], for all 0 < ¢ < 1, P has a global fundamental solution
K(z,t;y,s), which has holomorphic extensions in the x and y variables to V, with

p = p(e) and

[RG—w)|? | NIS(z—w)|?

K (z,t;w,8)| < N(t—s) 2e” NEa T i (2.88)

when z,w € Vs and 0 < s <t < 1. [I§] contructs and proves the analyticity of the
global fundamental solution with the parametrix method (of E. E. Levi) [56]. Let
now u be the solution to

Pu =0, in Qx (0,1],
u=0, on 0 x (0, 1],
u(0) = up, in £,

with uo in L?(Q). Let n € Cg°(—1,1) with 0 <np <1l and n=11in (—2,32) and set
v = un. Then,

Pv=F, inRx(0,1],

v(0) = nugy, in R,

with
F=- (a@in + b@xn) u — 2a0,u0,n

and

o(z,t) = / K (. 3, 0y (y)uo(y) dy + / / K(x,t:y, $)F(y, s) dyds.

From Cauchy’s integral formula and (2.88)

N|z)?

} Nl _IRz—y?
K (2,8, 5)| < —2 / (t— )72 T P A2, (2.89)
OBy (x)

pj-i-l

when —% <z < %, y € Rand 0 < s <t < 1. The inner integral in the second
integral is taken over 2 < |y| <1 and for z € (—3,1), 2 € 0B,(z) and 3 < |y| <1,
Rz —y| >3 —p, 2] < pand

Ryl | NIS2P < 1

N(t—s) t—s — 8N(t—s) (2.90)

95



Chapter 2. Analytic regularity of linear parabolic evolutions

when p is small. Also, (2.89) shows that

N
t

DK (2, t;y,0)| < Njlp e, (2.91)

when —1 <z <1 yeRand 0<t <1 From (2.89), (2.90), (2.91) and the energy
inequality, we get that for (z,¢) in (—3,3) x (0,1]

. ﬂ . s
|02u(x,t)| < Net jlp~||uol| L2(q)-
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Chapter 3

Observability inequalities

In this Chapter we prove observability inequalities for some systems whose ana-
lyticity properties have been studied in Chapter [2 In Section we prove interior
observability inequalities for higher order parabolic equations and second order sys-
tems and in Section we prove boundary observability inequalities for the same
parabolic problems. We state the observability inequalities for the forward problem
rather than the adjoint backward problem since it is equivalent for the problems
considered here.

3.1 Interior observability

Together with the analyticity estimates proved in Chapter [2], the main tool used
here to prove observability inequalities is the estimate of propagation of smallness
from measurable sets.

Lemma 3.1. Assume that f : Bogr C R" — R is a real-analytic function verifying

M|o|!
|8§f($)| S(pﬁi—)lha fOTxGBQRv CYGNTL,

for some M > 0, 0 < p < 1 and w C B% 1s a Lebesgue measurable set with
positive Lebesgue measure. Then, there are positive constants N = N(p, %) and
0=10(p, %), 0 <6 <1 such that

0
12y < NM”(][;f\dx) |
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Chapter 3. Observability inequalities

Lemma [3.1) was first derived in [87]. See also [71] and [72] for close results. The
reader can find a simpler proof of Lemma in [3, §3]. The proof there is built
with ideas from [62], [71] and [87]. We also have a global estimate of propagation of
smallness from measurable sets.

Corollary 3.2. Let Q C R"™ be a bounded domain in R™ and w be a measurable set
of positive measure. Let f be an analytic analytic function in Q satisfying

00 f(x)| < Mla|lp™®,  forzeQ, a €N,

for some M > 0, p > 0. Then, there are positive constants N = N(Q, p,|w|) and
0=0(,p,|w|), 0<8<1 such that

| flloe () < NM'? <]£|f| das)e.

In order to be able to consider control regions which are space-time measurable
sets we also need the following Lemma (See [75, Proposition 2.1] and [59, pp. 256-
257]).

Lemma 3.3. Let E C (0,T) be a Lebesgue measurable set with positive Lebesque
measure. Let | be a density point for E C (0,T). Then for each q € (0,1), there
exists a ly € (I,T) such that the monotonically decreasing sequence given by

lsr =L+ g™y — 1), m €N,

satisfies

|E N (lm+1> lm)l Z (lm - lm-l—l)'

W

3.1.1 Higher order parabolic equations

Regarding the control-theoretic results which are consequence of the analytic-
ity estimates proved in Theorem [2.2, the main contribution here is the following
observability inequality.

Theorem 3.4. Let0 < T <1, Q C R" be a bounded domain with analytic boundary,
D C Qx(0,T) be a measurable set with positive measure and L be the operator
(2.1) satisfying over Q x [0,1]. Then, there is N = N(Q,T,D, o) such that
the inequality

|u(T)[ L2 < N|ullzr(p)
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3.1. Interior observability

holds for any u satisfying

Ou+ (—1)"Lu =0, in Q0 x (0,77,
u=Du=...=D"1ly=0, indQ x (0,T], (3.1)
u(0) = uy, in £,

with ug in L*(Q).

Remark 3.1. When D = w x (0,7, the constant in Theorem is of the form
eN/THEY Sith N = N(Q, [wl, 0).

Proof. there exists a constant p = p(g, m,n) such that
|0%u(z, L) < /P 4 ) p 1 u(0)| 20y, forz € Qand0< L <T

and from Lemma [3.2]there are N = N(Q, |w|, p) and 6 = 6(%2, |w], p), 6 € (0,1), such
that

(L) || z2(0) < NlJu(L) |92 M0, with M = NeME 7 u(0)||12),  (3.2)
when w C 2 is a measurable set with positive measure. Set for each t € (0,7,
Di={xe€Q:(x,t)eD} and E={te€(0,T):|D > |D|/(2T)}.

By Fubini’s theorem, D; is measurable for a.e. t € (0,7, E is measurable in (0,7)
and xg(t)xp, () < xp(z,t) over Q x (0,7). Besides,

T
D
|p|:/ |Dt|dt:/ |Dt|dt+/ D dt < |+ 12,
0 E [0,T\E 2

|E| = |D[/(2[2]).

hence

Next, let ¢ € (0,1) be a constant to be determined later and [ be a Lebesgue point
of E. Then, from Lemma there is a monotone decreasing sequence {lx}r>1
satisfying limy, oo lp =1, Il <l < T,
lp —1
Lot — boss = q(ly — lwr)  and (g, b)) N E| > % keN. (3.3

Define
Tk = lgp1 + (I — k1) /6, k€N
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Chapter 3. Observability inequalities

From (3.2 there are N = N(,|D|,T,p) and 6 = 0(£2,|D|,T,p), 0 < 6 < 1, such
that

N 0
lu(®)lzz@) < (e ™ u(t) ooy ) N5ty (34)

when t € |1, [x] N E. Integrating the above inequality over (7, lx) N E, from Young’s
inequality and the energy estimate (2.7) for the solutions to (3.1]), we have that for
each € > 0,

u(le)] L2 < €llullir)ll 2
B N lk
55 Nty ED / xallu(®) | 2oy dt.

lks1

- N
Tl /@)

Multiplying the above inequality by e , replacing € by ¢’ and
1

Un ) /@1

finally choosing € = e U in the resulting inequality, we obtain that

___ N41-6 - Nt
e Gy (1) || 2y — e G lu(lg) || 2
Uk
<N [ el ot
let1

2m—1
Therefore, fixing ¢ in (3.3) as ¢ = ( N “’9) , we have

N+1
_ N+1-6 _ N+1-6
e U—lgy)t/Gm=1) Hu(lk-)HLQ(Q) — e Ukp1—lpp)/Gm=D Hu(lkJrl)HLQ(Q)
I (3.5)
<N | xellu®)|op,)dt.
lkt1

Summing (3.5) from k& = 1 to 400 completes the proof (the telescoping series
method). O

3.1.2 Second order parabolic equations

For second order parabolic equations a version of Theorem holds with less
global regularity assumptions on the coefficients and the boundary of 2. In partic-
ular, we consider time-dependent second order parabolic equations of the form

O — V- (A(z,t)V ) +by(x,t) - V+ V- (by(z,t) ) + c(x, 1),
satisfying

ol <A <o ' inQx[0,1],

| Va2t Al Lo (@x[o,17) + max il Lo @xj0.17) + llell e @x oy < 07, (3.6)

60



3.1. Interior observability

for some ¢ > 0. From [30, 43] and (3.6)), the observability inequality
[u(T) | 2@y < N[l 2(Bg ao) x (1) (3.7)
holds for solutions to

Owu — V- (AVu) + by - Vu+ V- (bou) + cu =0, in Q x (0,77,
u =0, on 99 x (0,77, (3.8)
u(0) = uy, in Q,

with ug in L?(2), 0 < € < 1, Bag(zo) C Q and N = N(Q, R, 9), when 9Q is C'.
Then, from Theorem , (3.7) and the telescoping series method we can prove the
following result.

Theorem 3.5. Let 0 < T < 1, D C Bgr(xy) x (0,T) be a measurable set with
positive measure, Q be a bounded CY' domain, Baop(xo) C Q, A, b;, i = 1,2 and c

also satisfy (2.10)) over Bor(xo) x[0,1] and (2.11). Then, there is N = N(2,T,D, o)
such that the inequality

[u(T)120) < Nllullr ),
holds for all ¢ satisfying

Ou—V - (AVu) =V - (bju) —boV-u+cu=0, inQx(0,T],
u =0, in 002 x (0,71,
u(0) = uyp, in Q,

for some uqy in L*(9).
Proof. We may assume that D satisfies |D| > 0| Br(x)|T and define
Dy={zxe€Q:(x,t)eD} and E={te(0,7):|D > |D|/(2T)}.

By Fubini’s theorem, D; is measurable for a.e. 0 <t < T, E is measurable in (0,7)
with |E| > ¢T'/2. Next, let ¢ € (0,1) to be determined later and 0 < ! < T be a
Lebesgue point of E. From [4, Lemma 2], there is a monotone decreasing sequence
{1, L < - <lpy1 <l <--- <l <T, such that

lk+1 — lk+2 = ( (lk - lk+1) and |E N (lk+1, lk)| Z % (lk - lk+1) s for k Z 1. (39)
Define 7, = ;11 + % (I — lpy1). From (3.7)),

luli)lz2@) < Ne™ S ull p2(n ) < (i) (3.10)
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Chapter 3. Observability inequalities

Theorem [2.2 shows that the solution u to (3.8 verifies
1070 u(w, t)| < N =teen) 2P R (1 — 4 ) P et Ju(l) 2@, (3.11)

for « € N p € N, z in Bg(xy) and 7, <t < [l;. Then, from (3.10)), (3.11)) and two
consecutive applications of Lemma [3.1], the first with respect to the time-variable
and the second with respect to the space-variables, show that

(%
[u(li)l2(e) < NeN/(lk_l’““)/ [u()ll i dt | ullie) | Lo
Eﬂ(lk+1,lk)

holds for any choice of ¢ € (0,1) and k£ > 1, with N = N(, R,p), 0 < # < 1 and
0 = 0(0). Proceeding with the telescoping series method, the later implies

61—6€—N/(lk—lk+1)||u(lk) _N/(lk—lk+1)||u(

||L2(Q) — €€ lk+1)||L2(Q)

S N ”U(t)HLl(Dt) dt, when € > 0.
EN(lg+41,lk)

Choosing € = e~/ t=t+1) and (3.9)) yield
_ Ntl1-0 _ N+1-0
e ok lu(l)]|2) — e e Ju(li) [ 2

<N lu(t)|| L1 (p,) dt, when z = Njf{ie.
Eﬂ(lk+1,lk)

The addition of the above telescoping series and the local energy inequality for
solutions to (3.8)) leads to

|u(T)| L2 < Nllullz1(py,
with N = N(Q,T,D, o). a

3.1.3 Second order parabolic systems

Concerning second order parabolic systems we prove an interior observability
inequality with possibly different measurable interior observation regions for each
component of the system but with the same projection over the time t-axis.

Theorem 3.6. Under the assumptions considered in Theorem let E C (0,7)
be a measurable, |[E| > 0 and w, C Q, n =1,...,¢, be measurable with |wy,| > wy,
n=1,....4, for some wy > 0. Then, there is N = N(Q, T, E,wy, 0) such that the
imequality

¢
(D) < N [ S [0 O)1cs
o
holds for all solutions u to (2.18)).
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3.1. Interior observability

Remark 3.2. We do not know if the sets w, x E, n =1,...,{, can be replaced by
different and more general measurable sets D, C 2 x (0,T).

Proof. From Theorem there is a constant p = p(o, m,n)
02u(z, L)| < eElall p71[u(0)]| 2y, for all z € Q, a € N™.
Hence, for each n =1,..., ¢, it holds that
0%u"(x, L)| < M|a|! p~1ol, for all a € N, z € Q, with M = el/pL||u(0)HLz(Q)e

From the propagation of smallness for real-analytic functions from measurable sets
(cf. Corollary , we get that for each n = 1,...,¢, there are N, = N, (£, wo, 0)
and 6, = 6,(Q,wy, 0), 0 < 6, < 1, such that

[% _
(L)l z2) < Nyllw (D)1, M

Let N = maxi<,<,{N,} and § = min;<,<,{6,}. Then, we get the following interpo-
lation inequality with ¢ different observations:

(L) 22 f<N(ZHu" M0y ) M
(3.12)

1-6
<N(Z||u” Meren) (VN ()] o)~

Next, let ¢ € (0,1) be a constant to be determined later and [ be a Lebesgue
point of E. Then, by Lemma there is a decreasing sequence {l,, }.,n>1 satisfying
lim,, yoo by =1, I <l < T and ({3.3)). Define as before for each m € N,

Tm — lm+1 + (lm - lm+1)/6

Then, by the energy estimate for solutions u to (2.18)),
lu(lm)|l 22y < Nu(t)||l 2@y, for all t € (T, ln), (3.13)

where N = N(p). Moreover, it follows from (3.12)) that

¢
N 0 _
[u(®) || 2y < (Neszlmﬂ Z Hu’?(t)HLl(wn)) ||u(lm+1)H1LQ(9Q)4, for 7,,, <t <.
n=1
Applying the Young inequality, we get that for each € > 0,

()| 2@y < el ulmin) 2@y + € eNelm-lm“ZHu" 122 )
n=1
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Chapter 3. Observability inequalities

for 7, <t < [,,. Integrating the above inequality over (7,,,0,) N E, we have by
(3.13) that for each € > 0,

la(lm)|l 22y < €ellallmen)ll z2)

_ N
+eleeNelmzm+1/ XEZ““" o) d.

lm+1

_ _ N
Multiplying the above inequality by e e T imi1 and replacing € by €/, we get

__ N ___ N
e~ 0e it u(l, ) || 2y < e T u(ln ) || 2 ()

Im ¢
R T S T
lm+1 n=1

1
Choosse then € = ¢ 'm~im+1 to obtain that

_ Nt16 -
e tmtmtt|lu(l )HL2 e —e mrmifu(lng) || 20
. (3.14)
<N XEZ [u" ()]t wpydt,  when m >0,
lim+1

Finally, we take ¢ = N;V“i;e. Clearly, 0 < ¢ < 1 and from (3.14)) and (3.3

__Nt1-6_ R
¢ () 2y = € T ) o

Im ¢
<N [ e Y O
l'm+1

(3.15)

Summing (3.15]) from m =1 to 400 completes the proof. H

With the same methods as for Theorem one can also get an observability
inequality for (2.18]) with observations over general measurable sets.

Theorem 3.7. Under the same assumptions in Theorem|[5.6, let D C Qx (0,T) be
a measurable set with positive measure. Then there is N = N(Q,T,D, o) > 1 such
that the inequality

[a(T)][ 20y < N/D lu(x,t)| dedt,

holds for all solutions u to (2.18]).

Remark 3.3. The constant in Theorem is of the form e™'T with N = N(Q, w, 0),
when D =w x (0,7),0<T <1 and w C Q.
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3.1. Interior observability

3.1.4 Second order weakly coupled systems

We now deal with the interior observation of only one component of two coupled
parabolic equations over a measurable set (See [91] for the case of open sets). In
particular, we consider the time-independent not completely uncoupled parabolic
System

Ou — Au+ a(x)u+b(z)v =0, in Qx (0,7),
0w — Av+c(x)u+d(z)v =0, in Qx(0,7),
u=0, v=0, on 02 x (0,7),
u(0) = ug, v(0) = vy, in Q,

(3.16)

with a, b, ¢ and d analytic in Q, b(-) # 0, somewhere in Q and with
10a(z)| + |00b(z)| + |0)c(x)| + |07d(x)| < oMLyl for all v € N® and = € Q,
for some o > 0. Then, we get the following bound.

Theorem 3.8. Let D C Q2 x (0,T) be a measurable set with positive measure. Then
there is N = N(Q,D, T, o) such that the inequality

[T z2@) + 10(T) | 2() < N/D|U(%t)|dﬂfdt7

holds for all solutions (u,v) to (3.16).

Remark 3.4. Theorem is still valid when the Laplace operator A in 18
replaced by two second elliptic operators V - (A;(x)V-), i = 1,2, with matrices A,;
real-analytic, symmetric and positive-definite over Q. Here, we must make sure that
the higher order terms of the system remain uncoupled: a diagonal principal part.
Otherwise, we do not know if such kind of observability estimates are possible. We
believe that generally they are not.

To prove Theorem we need first to prove the following Lemma.

Lemma 3.9. Let Q2 be a bounded domain in R™ and w C 2 be a measurable set with
positive Lebesgue measure. Let f be an analytic function in €2 satisfying

10%f(x)] < Ma|lp7!™, for a € N* and x € Q,

for some M >0 and 0 < p < 1. Then, there are constants N = N(Q, p, |w|,n) and
0=0(Q,p,|wl|), 0<60<1, such that

0

107 flleo () < |af! (p/N)"a"lMl_ﬁ (][]f\ dx)w, when o € N,
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Chapter 3. Observability inequalities

With this purpose, we begin with the following lemma.
Lemma 3.10. Let f:[0,1] = R be an analytic function verifying

£ 100y < Mp~™m!, when m > 0, (3.17)
or some M >0 and 0 < p <1/2. Then
f P
1Nz < (BM( + Dlp 1) HfHLoo (1), When j>0. (3.18)
Proof. We prove it by induction and we assume that (3.18)) holds for (k — 1), i.e
15D oo,y < (8M K1) "5 1||f||2'lo ©.1) (3.19)

and we show that it is valid for k. Let then x € [0,1]. For 0 < e < 1/2 take either
I =[x,x+¢]or [z — e, x|, so that always I C [0, 1]. Then,

f®(x) / fED(s)ds, for all y e I.

Integrating the above identity with respect to y over the interval I, by (3.17)) and
the arbitrariness of x in [0, 1], we obtain that

k-1, 2 _
1F P N0y < eM(k+ 1)1~ 1 + B 150, (3.20)

when £ > 1 and 0 < ¢ < 1/2. Choose now

- (2”%“)”“(071))1/2
Mk +1)lp*1)

It can be checked by (3.17) that € < 1/2. Hence, it follows from (3.20)) that
_h—1\1/2

1O o) < (8M(k+ Dt~ ) D2 .

This, together with (3.19)), leads to (3.18) and completes the proof. H

The rescaled and translated version of Lemma [3.10, together with Lemma
(in one dimension), imply the following.

Lemma 3.11. Let f be real-analytic in [a,a+L] witha inR, L > 0 and E C [a, a+L]
be a measurable set with positive measure. Assume there are constants M > 0 and
0 < p <1/2 such that

|f™(z)| < M(2pL)™™m), form >0 anda < x < a+ L.
Then, there are N = N(p, |E|/L) and 6 = 0(p,|E|/L) with 0 < § < 1, such that

6
1Pl arry < N (8(k +1)(pL)” ““*”)Ml‘fk(][\f\dx) " when k>0,
E
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3.1. Interior observability

Next, we derive the multi-dimensional analogs of Lemmas [3.10] and [3.11]

Lemma 3.12. Letn > 1 and f: Q C R" = R, with Q = [0,1] x --- x [0,1], be a
real-analytic function verifying

054+ 00 fllLo@) < Mp™PIByL- - B,), VB = (By,..., B,) €N, (3.21)

for some M >0 and 0 < p < 1/2. Then,

n

[e% [0 —|a|— 17ﬁ %
105 - 057 fllro@) < (8Mp e + 1>!) 1£13% o) (3.22)

=1

holds for each o = (av, ..., ap) € N™,

Proof. First, notice that Lemma [3.10] corresponds to Lemma [3.12] when n = 1. Let
now n > 2 and o = (ay,...,a,) bein N*. For (xy,...,2,-1) in [0,1] x --- x [0, 1],
define the function g, : [0,1] — R by

gn(-rn) £ 83?11 T aﬁ:__llf(mla e 7$n71>$n)-
It follows from ([3.21]) that

102" G| Lo (po,17) < (Ma1! sl ‘”’)ﬁn!p*ﬂ”, for all 8, > 0,
and Lemma yields that

1053 -+~ 92 fll (@)

2an

< (8Mant- -yl Z 2 o + 1)!p_°‘"_1> Jog - - a2 2 .

Tn—1

Similarly, we can show that [|0g - - - 9971 f| e (q) is less or equal than

Tn—1

"‘nl

e’ o O‘nl
107, - Ogr 3 fll 7

Tn—2

<8Ma1! el EI Y (g 1)!,0—%_1—1)

The iteration of the above arguments n times leads to the desired estimates in
(13.22)). O

The rescaled and translated versions of Lemma and of Lemma (when
Q2 is the unit ball or cube in R") and the fact that a ball in R” contains a cube of
comparable diameter and vice versa are seen to imply Lemma .

Finally, we give the proof of Theorem [3.8], where we use Lemma with k=1
and Lemma [3.9) with |a| < 2.
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Chapter 3. Observability inequalities

Proof of Theorem [3.8. Since b(-) #Z 0 in © and b is real-analytic in Q, we may
assume without loss of generality, that |b )| > 1 over some ball Br(zg) C € and
that D C Bg(zo) x (0,7). By Theorem [2.5 for z in Q and 0 < s < t,

000 u(x, t)| + 0500 v(x, t)|
< Pl pl p 1P (¢ — )P [||u(s) || 20y + [[0(8) || 2] (3.23)

for all @« € N® and p € N, with p = p(§), 0 < p < 1. Hence, we can get from (3.12)
that

[u() 2@ + [[v(D)]L20) <
o N/(t—s) -
(1, 101+ oGOl da) (N9 sz + o))
R\Z0

with N = N(Q,p,R) and 0 = 6(Q2,p, R), 0 < 6 < 1. This, together with the fact
that |b(z)| > 1 over Bgr(zo) and the first equation in (3.16)), yield that

()| 22e) + lv(®)] 20
0
< (/B ( >|“(957t>! +[Opu(z, )] + |A“(xvt)|dx> (3.24)

1-6
x (N (o)l @y + lo(s)lxen))

when 0 < s < ¢.

Next, let n € (0,1) and 0 < ¢; < to. Also, assume that £ C (0,7") is a measurable
set Wlth |EN (tl,tg)] > n(ty — t1), for some n € (0,1), and that for each t € E,
|D:| & [{x € Q: (2,t) € D}| > 7|D|, for some v > 0. Set then

=t + 177—0(752 — ;) and F = [r,t,] N E.

Clearly, |F'| > % (ty —t1). Hence, it follows from (3.23) that when ¢ € [7,5] and x is
in (2
p!NeN/nltz=t)

(n(ta —t1)/20)?
with N = N(€, p). By Lemma we have that for each z in

| u(z, t)] <

([[u()|| 22y + lv(t1) || z2()), for all p € N,

|0cu(, -)|| oo (o)) <

(/F ‘u(x,s)‘ds>0<N6N/(t2tl)(HU(tl)HLQ(Q) + Hv(tl)Hﬂ(n)))l_@»
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3.1. Interior observability

with N = N(Q, p,n) and § = 0(Q, p,n), 0 < § < 1. Hence, by Holder’s inequality

/ O, )| d <
Br(zo)

N (tat) 1-6 0
<Ne 2—t1 (||U(t1>||L2(Q) + ||U(t1)||L2(Q))> </F/B ( )|u(:v,s)|d:vds> (3.25)

when 7 <t < t5. It also follows from (3.23) that when 7 < ¢ <5 and x is in 2, we
have

0%u(z,t)| < |aflp NN @ (lu(s)| 2y + [[v(8) | 2@y, for all a € N™,

with N = N(Q, p,n). Now, it holds that for each ¢ € F', |D,| > ~v|D|, and it follows
from Lemma [B.9 that

/ lu(z,t)| dx <
Br(zo)
1-6

( D |u<x?t)|dx>0(NeN/(t2t1)(”u(t1)HL2(Q)—1—Hv(t1)||L2(Q))> (3.26)

and

/ |Au(z, t)| de <
Br(zo)

</D |u(x,t)’dx)0<N€N/(tztl)(Hu(tl)HLz(Q)—i—H’U(tl)HLz(Q))) . (3.27)

with N = N(Q,|D|, R, p,n) and 6 = 6(Q2,|D|, R, p,n), 0 < § < 1. Hence, (3.25) and
(3.26)), as well as Holder’s inequality imply that

/ |Ovu(z, t)| de <
Br(zo)

([ XMy ds) (¥e¥ e (luelzz + lolzm))

t1

when t € F. This, together with the inequalities (3.24)), (3.26)), (3.27)) and Hélder’s
inequality, yield that the inequality

to 0

a0+ el < ([ xe@lus) s+ [ luteo]de)
t1 't

1-0

X (NeN/(tQ_tl)||u(t1)||L2(Q) + ||U(t1)||L2(Q)> )
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Chapter 3. Observability inequalities

holds for t € F. Integrating the above inequality with respect to time over the set
F, recalling that |F| > Z(ty — t1), using the energy estimate for solutions to the
equations (3.16)) and Holder’s inequality, we find that

lulta)ll 2@ + l0(t)) |2 (@) <
1-6

([ xe @l de) (NeX e (utelze + o))

t1

with N = N(Q,|D|, R, p,n) and 0 = 0(Q2,|D|, R, p,n), 0 < 0 < 1.

Finally, by Fubini’s theorem and using the telescoping series method we can also
derive the desired observability estimate in Theorem [3.8|in the same way as we have

obtained (3.5)) from ((3.4)). ]

3.2 Boundary observability

3.2.1 Fourth order parabolic equations

For the case of boundary control of higher order parabolic evolutions we obtain
two observability estimates for a fourth order problem with variable coefficients. We
assume that a(x,t) verify o < a(x,t) < 7! and inQx[0,7],0<T <1, and
we consider the following problem:

Ou~+ A (a(z,t)Au) =0, in Q2 x (0,77,
u=Vu=0, in 002 x (0,77, (3.28)
u(0) = uo, in Q,

with ug in L?(2). For this control system we get the following boundary observability
results.

Theorem 3.13. Let €2 be a bounded domain with analytic boundary, 0 < T < 1,
J C 00 x (0,T) be a measurable set with positive measure. Then, there is N =
N(Q,T,T,0) such that the inequality

I(aAu
lu(T)lzz@) < N 12952 |01 g + oAl (3.29)

holds for all solutions u to (3.28]).

Remark 3.5. When J = v x (0,T), the constant in Theorem [3.15 is of the form
eN/T with N = N(, 4], o).
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3.2. Boundary observability

Theorem 3.14. Under the conditions of Theorem [3.15 assume that E C (0,T) is
a measurable set with positive measure and that I'; C 02, 1 = 1,2, are measurable
sets with positive surface measure. Then, there is N = N(Q, ||, |[s], E, 0) such
that the inequality

aAu
la(T) |z < N / 12689 4y 4 ladu(®)l e df, (3.30)

holds for all solutions u to .

Remark 3.6. We do not know if the sets I'y x E and I'y X E can be replaced by
general measurable sets J; C 0Q x (0,T), i =1, 2.

To deal with the boundary observability inequalities and for the
fourth order parabolic evolution (3.28)), let Q5 = {z € R : d(z,Q) < &}, with § > 0
sufficiently small. By the inverse function theorem for analytic functions, €25 is a
domain with analytic boundary [3, p. 249] and by standard extension arguments
(cf. [36, Chapter I, Theorem 2.3]), the interior null controllability of the system

Ou+ A(adu) = X, o f, n Qs x (0,77,
u=Vu=0, on 09 x (0,71,
u(0) = o, in Qs,
with initial datum ug in L2(£2) is a consequence of Theorem [3.4] (See also Remark [3.1])
by standard duality arguments. The later implies that there are controls g; and g
in L2(0Q x (0,T)) with
_N_
9kl L200x0,1)) < Net ||lug|| L2y, k=1,2,
such that the solution u to
O+ A(aAu) =0, in Q x (0,7,
u= g, %292, on 02 x (0,77,
u(0) = up, in Q,

verifies u(7T') = 0. By a standard duality argument, this full boundary null control-
lability in turn implies the observability inequality

N/T1/3 |:|| aAgo

||<P(0)||L2(Q <e ||L2(8Q><(0T )+ ||GA90||L2(an(o 7))

for solutions ¢ to the dual equation

—0rp + A(aAp) =0, in Q x (0,77,
gp:%ﬁ:o, on 99 x (0,71,

with initial datum ¢(7) = @7 in L?(Q). Thus, we can derive from the above lines
and from the decay of the energy the following result.
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Chapter 3. Observability inequalities

Lemma 3.15. There is N = N(, 0) such that the interpolation inequality
()] L2
12
< < N/[(e2— 61)T3] [” aAu) HL2 (0Qx[e1The2T]) T HaAu||L2 6QX[61T52T]):|> ||U()||L2(Q

holds for all solutions u to (3.28]) and 0 <€ < ey < 1.

Theorem and Lemma imply in a similar way to the reasonings in [4]
Theorem 11] the following result.

Lemma 3.16. Assume that E C (0,T) is a measurable set of positive measure and
that T; C 092, i = 1,2, are measurable subsets with |I'1|, |I's] > 7o > 0. Then, for
each n € (0,1) there are N = N(Q,1m,7%,0) > 1 and 0 = 0(2,1,7%,0), 0 < 8 < 1,
such that the inequality

()20 <
to 7]
—t1)1/3 O(aAu
(e [ o) 12522 o)) ) Tuten) ey
t1
(3.31)

holds for all solutions u to (3.28), when 0 < t; <ty < T and |(t1,t2)NE| > n(ta—t1).
Moreover,

_ N+1—8 ___ N+1-9
& T 7 u(t >||Lz<m — ¢ () | e
3
<N / () [ 29088 oy 4 la(0) M) o] b, when g > (X50)
t1

Proof. Suppose that 0 < n < 1 satisfies |(¢1,t2) N E| > n(ta — t1). Set

T—t1+ 2770( tl), {1 :t1+g(t2_t1),
7?2 = t2 - g(tg - tl), 7~' - tz 2T]0<t2 - t1>

Then <7< tl < t2 < T < ty and |E N (t17t2)| > (tQ — t1> and it follows from
Lemma [3.15] that there is N = N (2,7, o) such that

yL/3 aAu 1/2
lu(ta)ll 20y < €00 (2980 |2 0oy + ladull 2 @ax(ry] 7 llu (h)Hl/2

Next, the inequality

H@aAu H aAu H1/2 H aAu H1/2

LY(0Qx(7,7)) Lo (0Qx(1,7))

HL2 X (T
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3.2. Boundary observability

and Theorem [2.2 shows that

8 . 1/3 1/2 8aAu 1/2
1298 | o sy < Neta- tvl/suu(tl)u/ |2 - (3.32)

Set v(z,t) = W(Jc,t), for x in 02 and ¢ > 0. Then,

1]l @ax sy < (F=7) /m [v(@, )l zoo (.7 do (3.33)

Denote the interval [7,7] as [a,a+ L], witha =7 and L =7 —7 = (1 — 5)(t2 — t1).
Then, Theorem shows that there is N = N(2, 7, o) such that for each fixed z in
o), T<t<7Tandp=>0,

N/ (ta— t)'3 ) Mp!
P! b:
|0Fv(z,t)] < (s = 1)/4O>p||u(t1)||L2 ) = L7 (3.34)
with 0
M = N/(t2— t1)! t d = .

Hence it follows from (3.34) and Lemma (with k£ = 0) that

Y _4\1/3 Y
||v<x7->||mf,f>s(7[ o) de) (NN () )
EN(t1,t2)

for all z in 92, with N = N(Q,n, 0) and v = v(n) in (0,1). This, along with ({3.33])
and Holder’s inequality leads to

v _
||U||L1(8Q><(rr)) < el2- tl) /3 / lv(z, )] dadt) ||u(t1)||22(79), (3.35)
Eﬂ tl t2) 0N
with some new N and 7 as above. Because, t —t; > {; — t; = 3 (ty —t1), when

t € (t1,12), we get from Theorem [2.2 that

N/ (t2=t1)' | |

055 0(t) o < () 2@y, for a € N

laf

and for some new constants N = N (2,7, 0) and p = p(€2, 0). By the obvious gen-
eralization of Lemma to the case of real-analytic functions defined over analytic
hypersurfaces in R”, there are N = N (Q,n, |I'1|, 0) and 9 = 9 (Q, |1, 0), 0 <V < 1,
such that

9
)Y/
/m lv(x,t)| do < ( : |v(x,t)|da) (eN/(t2 f) 3||u<t1)|!p<m) ,  (3.36)
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Chapter 3. Observability inequalities

when t € EN (t;,12), and it follows from (3.35), (3.36) as well as Holder’s inequality
that

L, \1/3
0] L1 (00 (7)) < (eN/(tZ f) / o [v(z, )| dUdt) ||u(151)||1 197
Eﬂ(h tg) I

This, together with (3.32)) and the definition of v leads to

12 ey < (0 [ 1 do) Iy
N(t1,t2 1

Similarly, we can get that

e Gl | / Jadu(e. ) dodt) ” Ju(e)56
Eﬂ(tltz Ty

These last two inequalities, as well as the fact that

0 0 0
a4 ;b §<a;b>, when a,b >0, 0 <0 <1,

lead to the first desired estimate (3.31]). Next, applying Young’s inequality to (3.31)),
we obtain that for each ¢ > 0,

[u(t2)ll2@) < ellu(t)]l2@)

1—6 — N t (l 'lL
+ e 0 Netta—tn'/? / e 1224 ()| ey + ladu(t)]] 1y dt.

t1

Hence, after some computations, we may get that

_ N _ N
e T Ju(ty) |2y — ce F 07 flult) 2y

to
g/ XE(t)[Ha(“A“ Ol iy + ladu(t)| iy ] dt, for all € > 0.
t1

/3

R S
Choosing now € = e (2-#)"" implies the second estimate in the Lemma. O]

We now complete the proof of Theorems [3.13] and [3.14]

Proof of Theorems and[3.1]] Set for each ¢ € (0,T)
={xed:(x,t)e T} and E={te(0,T):|T| >|T|/(2T)}.

By Fubini’s theorem, J; is measurable for a.e. t € (0,7, E is measurable in (0,7)
with [E| > |J]/(2|09]) and xg(t)xz(x) < xs(x,t) over 92 x (0,T). Then, with
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3.2. Boundary observability

similar arguments as the ones in the proof of Lemma [3.16] we can get that for each
0 <n<1,thereare N = N(Q,n,|TJ|,T,0) and 0 = 0(Q,n,|T|,T,0) with0 < 8 < 1,
such that

[u(t2)ll2) <

to 0
—t1)1/3 aa )Au —
t1

holds for all solutions u to (3.28), when 0 < ¢; <ty < T and |(t1,t2) NE| > n(ta—1t1).
Moreover,

__Nt1-6 __ Nt1-6
¢ T u(t >||m T u(ty)l|

ety (3.37)
<N / Ol + lalO)Au(®)]| 2] dt.

3
when g > (NJ}FI(’) .

Now, let n =1/3 and ¢ = (N +1—6)%/(N+1)? with N and 6 as above. Assume
that [ is a Lebesgue point of E. By [4, Lemma 2|, there is a monotone decreasing
sequence {l}g>1 in (0,7) satisfying limg ool = I, | < 13 < T and (3.3)). These,
together with (3.37)), imply that

__ N41-6 ____ N+41-0
e ) (L) || 2y — e W lu(l) || 20
b (3.38)
O(a(t)Au
<N l Xe () (124929 (1) || 1 gy + lal®) Au(t) || pr ] dt. k € N
k1

Finally, adding up (3.38]) from k£ = 1 to +oo (the telescoping series) we get that

N+1-0

1
[u(l) |22 (@) < Neti-'? / xXe () [ 2402 (1) || a7y + llalt) Au(t)]| 1] dt
<N/| (@8) (o Y| 1 |aAu(x, t)| dod,

which completes the proof of Theorem [3.13]

The previous reasonings show that Lemma [3.16, as well as [4, Lemma 2] and
the telescoping series method imply the observability inequality from two possibly
distinct measurable subsets of 92 x (0,7) in Theorem [3.14] ]
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Chapter 3. Observability inequalities

3.2.2 Second order parabolic equations

For second order parabolic equations the observability estimates in [30], [43] also
allow us to prove a boundary observability estimate over measurable sets under
somehow less restrictive assumptions on the coefficients of the operator.

Theorem 3.17. Let 2 and T be as above and Ag(qy) = Br(qo) N OSY be analytic.
Let J C Ar(qo) x (0, T) be a measurable set with positive measure, qo € 02, A, by,

i = 1,2 and c also satisfy (2.10) over Byr(qo) N Q x [0,1] and (2.11). Then, there
is N=N(Q,T,TJ,0) such that the inequality

|u(T)|| 22 < N|AVu - v 117,
holds for all @ satisfying

Ou—V - (AVu) = V- (bju) = bV -u+cu=0, inx(0,T],
u=0, in 0 x (0,7,
u(0) = uy, in €,

for some ug in L*(£2).

Proof. This Theorem is proved similarly to Theorem [3.5 so we only point out the
main changes. From [30], 43] and (3.6]), the observability inequality

H’LL(T)HLz(Q) S NBN/(I_E)THAVU . V”LQ(AR(qo)X(eT,T))7 (339)
for solutions to

Owu—V - (AVu)+by - Vu+ V- (bou) +cu =0, inQ x (0,7,
w=0, in o x [0,7],  (3.40)
u(0) = uo, in Q,
with ug in L3(Q2), 0 < e < 1, Bap(xg) C Q, qo in 9Q and N = N(Q, R, 0), hold when
o0 is C11 .
We may assume that | 7| > 0|Agr(qo)|T and setting

Ji={q€d:(¢,1)e T} and E={tc(0,7):|%| =>|TJ|/(2T)},

we get from (3.39), Theorem with xqg = ¢o and the obvious generalization of
Lemma |3.1] for the case of analytic functions defined over analytic hypersurfaces in
R™ that

0
[u(le) || 120 < (NGN/(ZI“_ZI““)/E ( [AVu(t) - vl dt) a2 ()
n

ley15lk)
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3.3. Applications to Control Theory

forall £k > 0, z > 1, with N = N(Q, R,0), 0 < § <1 and 6 = 0(p). Again, after
choosing z > 1, the telescoping series method implies

3.3 Applications to Control Theory

In this Section we state some standard consequences of the observability inequal-

ities proved in Sections [3.1] and 3.2

3.3.1 Interior controllability
The first result we state is the interior null controllability of higher order parabolic

problems with controls acting on general Lebesgue measurable sets.

Theorem 3.18. Let T' > 0 and ) be a bounded domain in R™ with analytic bound-
ary, D C Qx (0,T) be a measurable set with positive measure and L be the operator
(2.1) satisfying (2.10) over Q x [0,T]. If D C Q x (0,T) is a measurable set with

positive measure, then for each ug in L*(Q), there is f in L°°(D) with

||f||L°°(D) S N<D7T7 Qa Q)||UUHL2(Q)7

such that the solution to

Ou+ (—1)"Lu = fxp, in 2 x (0,77,
u=Du=...=D" =0, ondQx(0,T], (3.41)
u(0) = wo, in Q,

satisfies uw(T) = 0. Also, the control f with minimal L™ (D)-norm is unique and has
the bang-bang property; i.e., | f(x,t)| = M for a.e. (x,t) in D and for some constant
M.

Remark 3.7. If D =w x (0,T) and 0 < T < 1, then the constant in Theorem[3.4]
is of the form eN/T" ™ with N = N(Q, |wl, 0).

We now consider the time minimal control problem, if u(t;ug, f) denotes the
solution to (3.41) with D = w x (0,7), then the time minimal control problem
consists in finding a control f € UM, where

UM ={f:Qx(0,T) — R measurable :|f(x,t)| < M, ae. in Qx (0,T)},

7



Chapter 3. Observability inequalities

and such that u(TM; ug, f) = 0, with
(TP)Y: TM= inf {t>0: u(t;up, f) =0}.
feuM
Regarding this problem, the method introduced in [90] allows us to state the follow-
ing Corollary of Theorem [3.18

Corollary 3.19. Problem (T'P)M satisfies the bang-bang property, i.e., any time
optimal control f € L®(w x (0,T)) satifies |f(x,t)| = M for a.e. (z,t) inw x (0,T)
and for some constant M. Consequently, the time minimal control is unique.

Of course, problem (T'P) may not have a solution, nevertheless under suitable
conditions we can prove its solvability:

Lemma 3.20. Under the same conditions in Theorem assume that L is an
operator with time independent coefficients of the form

Y B (Awp(@)00u) + (=1)"V (@)u.

o |B[<m
Then there ezists a constant X\ = \(n, 0,) > 0 such that if
V(z) > X in Q, (3.42)
then, for any M > 0 problem (T P)M has a solution.

Proof. Condition (3.42) ensures that a solution u to

Ou+ (—1)"Lu =0, in © x (0,77,
u=Du=...=D" =0, ondQx (0,77, (3.43)
u(0) = uy, in €,

satisfies the energy decay property:

[u(T) 220 < [[w(0)]| 20

In fact, if we multiply the equation in 13.43) by u, integrate by parts on €2 x (0,7)
and employ the coercive estimate @ , then we get that there exists a positive
constant C'(n, g, 2) such that u satisfies

1 1
S @y = 5 10(0) ) + / ot e i+ / [ vz

gC’/ /qua:dt,
0 Ja
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3.3. Applications to Control Theory

hence,

1 1 I T
SN = 5100 ey + & [Nl dt+ (=) [ [ w?dede <o
0 0 Q

which implies the energy decay property provided that A > C'. Since the operator
L is invariant by time translations, we have that the observability estimate

lu() 2@y < Cllulltwx 1))

holds for any j = 1,..., N, where C is independent of j and N is the greatest
natural number such that N < T if T'>1and N =11if 0 < T < 1. Hence, using
the energy decay of u we get

[(T)| 2 (@) < lw(i)l2@) < CllullLrwx -1,

for any j =1,..., N; and summing in j we arrive to
1 C
(@)l = 5 3 la(T) ez < Zlull s oxcomy (3.44)
j=1

By duality, (3.44) shows that any bounded control f € L>®(Q x (0,7")) supported
on w x (0,T) satisfies || f|| L= (ax0.1)) < < ||uollr2), therefore, for any M > 0 the set

{t>0: u(tiup, f)=0,f eU}

is not empty and the infimum T} exists. Then, a standard weak-compactness
argument (See [4, §5]) allows us to assert that u(TM;ug, f) = 0 for some f €
L>(Q x (0,7)). O

For second order equations the observability inequality in Theorem |3.21|implies:

Theorem 3.21. Under the assumptions in Theorem if D C Bgr(xg) x (0,7T)
is a measurable set with positive measure, then for each ug in L*(2), there is f in
L>(D) with

[/l ) < Nlluoll 2@,

such that the solution to

Ou—V - (AVu) +by - Vu+ V- (bou) + cu = fxp, inQx (0,7,
u =0, in 02 x (0,71,
u(0) = wy, in Q,

satisfies w(T) = 0. Also, the control f with minimal L*(D)-norm is unique and has
the bang-bang property; i.e., |f(x,t)| = const. for a.e. (x,t) in D.
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Chapter 3. Observability inequalities

Theorem implies the null controllability of the system with controls
restricted over ¢ different non-empty open sets (or measurable sets of positive mea-
sure): assume that w; C Q, j = 1,...,¢, are non-empty open sets verifying,
wijNwp=0,for 1 <j#k</.

Theorem 3.22. Under the assumptions in Theorem[3.6, let E C (0,T) be a mea-
surable set, |[E| > 0, andw, € Q, n=1,...,L be measurable sets with |w,| > wy, n =
1,..., 4, for somewy > 0. Then for eachug in L*(Q)¢, there is £ = (fiXw,, -+ frXw,)
in L>=(D)* with
[£]| o) < Nl[aol|r2(),

such that the solution to

ou—Lu=f1f inQx(0,7T],

u =0, on 0 x [0, T,

u(0) = uy, in §,

satisfies u(T) = 0.

We can also apply Theorem to obtain the null-controllability of second order
systems acting on interior general measurable sets.

Theorem 3.23. Under the assumptions in Theorem let D C Q% (0,T) be
a measurable set with positive measure, then for each ug in L*(Q), there is f =
(fi,..., fo) in L=(D)* with
[£]| o) < Nl[aol|r2(),

such that the solution to

ou—Lu="~fxp, nQx(0,T],

u=0, in 002 x [0, T1,

u(0) = uy, in £,

satisfies u(T) = 0.

Theorem 3.24. Under the assumptions in Theorem[3.8, let w C Q be a measurable
set with positive measure. Then, for each (ug,vy) € L*(Q)?* there is f € L>(Q x
(0,7)) with

£l e @xo.r)) < N (luollz2) + [lvoll 2@

such that a solution (u,v) to

Ou — Au+ a(x)u + b(x)v =0, in Q0 x (0,7),
0w — Av + c(z)u+d(z)v = xof, in Qx(0,7T),
u=0, v=0, on 002 x (0,7T),
u(0) = ug, v(0) = v, in

(3.45)
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3.3. Applications to Control Theory

satisfies u(T) = v(T) = 0.
If f is a control force taken in the constraint set
uy & {f 1 QO x RT — R measurable : |f(z,t)| < M, a.e. in Q x R*},

with M > 0. For each (ug,vp) in L2(2) x L*(Q)\ {(0,0)}, we study the time optimal
control problem

(TP - T Einf {t > 0; (u(t;uo,vo, f), v(t;uo,vo, f)) = (0,0)},

M
u2

where (u(- ;uo,vo, f),v( 5, uo,vo, f)) is the solution to (3.45) corresponding to the
control f and the initial datum (ug,vg). Then, the methods in [4, §5] and Theorem
3.8 give the following consequence.

Corollary 3.25. The problem (T P)) has the bang-bang property: any time optimal
control f satisfies, | f(x,t)| = M for a.e. (z,t) inwx(0,TH). Moreover, it is unique.

3.3.2 Boundary controllability

Regarding the boundary controllability of higher order parabolic evolutions, we

state the following result for fourth order problems, which is a consequence of The-
orem [5.13l

Theorem 3.26. Under the assumptions of Theorem [3.13, if 7 C 0Q x (0,T) is
a measurable set with positive measure, then for each ug in L*(), there are g; in
L>(T) with
19illzoe) < Nlluollr2(0), @ =1,2

such that the solution to

O+ A (a(z,t)Au) =0, in Q x (0,77,

U= GIXg, g = 92Xg, i 0% [0,T], (3.46)

u(0) = uy, in Q,

satisfies u(T) = 0. If for a pair of boundary controls (g1, g2), we define

(915 92) |y = [lg1] + |g2lll Lo ()

then, any optimal norm control pair for the system (]3.46) has a weak bang-bang
property; i.e., |gi(z,t)| + |go(z,t)| = const. for a.e. (z,t) in J.
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Chapter 3. Observability inequalities

Remark 3.8. When J =~ x (0,T), the constant in Theorem [3.2¢ is of the form
eN/T with N = N(, 4], o).

Analogously to Theorem for second order parabolic evolutions we have the
following standard application of Theorem |3.17]

Theorem 3.27. Under the assumptions in Theorem [3.17, let T C Ag(qo) x (0,T)
be a measurable set with positive measure, then for each ug in L*(Q), there is g in
L>(J) with

191y < Nluoll 2,

such that the solution to

Ou—V - (AVu)+by-Vu+ V- (bou) +cu=0, inQ x(0,7],
u=gxs, in 02 x (0,77,
u(0) = up, in €,

satisfies u(T) = 0. Also, the control g with minimal L*(J)-norm is unique and has
the bang-bang property; i.e., |g(q,t)| = const. for a.e. (q,t) in J.

82



Chapter 4

Regularity of solutions to
non-divergence elliptic equations
and the Dini condition

Along this Chapter we will consider the following Dini condition:

Definition 4.1. A function f : Q C R* — R is Dini continuous in € if there is a
continuous non-decreasing function 6 : [0, +00) — [0, +00) verifying

|f(z) = f(y)] < O(|lz —y]), for any z,y € Q
and such that

/I@dt<+oo (4.1)
and
(2t) < 26(t), for t € (0, 3). (4.2)

We will say that 6 is the Dini modulus of continuity of f.

Condition (4.2)) is not restrictive. In fact, as we learnt from [5, Remark 1], any
modulus of continuity satisfying (4.1)) can be dominated by
~ 0
0(t) =t sup ﬁ,
reft1] T

which is again a Dini modulus of continuity such that 0(t)/t is non-increasing. The
later implies (4.2)) for 6.

Before stating our results we first briefly review the case of elliptic equations in
divergence form. In this situation, motivated by a question raised in [80] and the
results in [39], H. Brezis proved the following [7, Theorems 1 and 2].
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Chapter 4. Regularity of solutions to non-divergence elliptic equations...

Theorem 4.1. Let A be a uniformly elliptic matriz such that A is Dini continuous
in Q. Let uw in WH(Q) solve

/ AVu -Vodr =0, for any ¢ in C5(Q).
Q

Then, for any 1 < p < 0o, u is in WLP(Q) and
[ullwreae) < Cllullwig (4.3)

for any compact subset K C §2, where C' depends on n, p, K, the ellipticity constant,
Q and the uniform modulus of continuity of the coefficients, but not on the Dini
modulus of continuity.

The independence of the constant in (4.3]) with respect to the Dini modulus of
continuity by no means implies that this result is true when the coefficients are
merely continuous in €2: a counterexample to such assertion is given in [44].

In the context of non-divergence form elliptic equations, the main result proved
here is the following.

Theorem 4.2. Assume that the coefficients of L are Dini continuous in Q and let

u in WAL(Q) satisfy Lu = f, a.e. in Q with f in LP(QY), for some 1 < p < oo. Then
o s 2,p

w is in W, (Q) and

lellwarie) < € [llellwaio) + 1 fllv@)]

for any compact subset K C ), where C' depends on n, p, K, X\, ) and the uniform
modulus of continuity of the coefficients, but not on the Dini modulus of continuity.

Similarly to the case of divergence form elliptic equations, the Dini condition on
A is the optimal to derive such a result. Here we give a counterexample inspired by
[19, Section 3], showing that Theorem is false when the coefficients of £ are not
Dini continuous.

Theorem 4.3. There is an operator L with continuous coefficients in By, which are
not Dini continuous at z = 0, and a solution u in W>'(By) N Wy (By) of Lu =0
such that u is not in WQ’I’(B%), for any p > 1.

Concerning the other end-point in the scale of L” spaces, we recall that the
singular integrals theory [82 Chapter IV] allows to prove that weak solutions [38],
Chapter 8] to Au = f in By have generalized second order derivatives in BMO(B;)
when f € L*(By). Moreover, the Laplace operator can be perturbed in order to
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obtain similar results for elliptic operators ([1.35]) with Dini continuous coefficients
[12] or with A verifying

[A(z) = A(y)] < C/[1 + [log |z — yl[], (4.4)

for some C' > 0 sufficiently small [10, Theorem A, ii and Corollary 4.1].

As far as we know, there are no counterexamples in the literature showing that
mere continuity of the coefficients is not enough to prove that the second deriva-
tives of solutions of elliptic equations do not belong to BMO in general. The next
counterexample, which is a modification of [44], Proposition 1.6], fills this gap.

Theorem 4.4. There exists an operator L with continuous coefficients in By, which
are not Dini continuous at z = 0, and a solution u in W*P(By)NWy*(By) of Lu = 0,
1 < p < 0o, such that D*u is not in BMO(B%).

The counterexample in Theorem is sharp because its coefficient matrix A
verifies (4.4]) for =,y in By, for some fixed C' > 0.

The main ingredients in the proof of Theorem are the Sobolev inequality and
the boundedness of solutions to equations involving the formal adjoint operator £*
given by

n
L= 0;(av).
ij=1
In order to make sense of the solutions associated to the operator £* when the coef-
ficients of L are only continuous we must consider distributional or weak solutions

to the adjoint equation. For our purposes, we need to deal with boundary value
problems of the form

Lrw = di:f(l) +n, in €, (45)
w =1+ 3, on 0f),
where @ = ()2 _,, div*® =3, ) O™, with
® in LP(Q), nin LP(Q), ¢ in LP(0Q,do), 1 < p < oc. (4.6)

Definition 4.2. Let Q C R” be a bounded C'!' domain with unit exterior normal

vector v = (v1,...,1,), ®, ¥ and n verify (4.6), let £ be as in (1.35), 1 < p < o0
and % + z% = 1. We say that w in LP(Q) is an adjoint solution of (4.5)) if w satisfies

/ w Ludy = / tr(®D*u) dy + / nu dy + WAV - vdo(y), (4.7)
Q Q Q o9
for any u in W2 (Q) N W7 ().
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Chapter 4. Regularity of solutions to non-divergence elliptic equations...

Later we shall explain why this definition makes sense. At first, the boundary
conditions in (4.5 may look strange. However, if we formally multiply (4.5) by a test

function u in C*°(§2) with v = 0 on 0f2, assume that w is in C*°(2) and integrate
by parts, taking into account that Vu = (Vu - v)v on 0f2, we arrive at (4.7)).

We will also consider local adjoint solutions of
L'w = div*® +n in Q,

i.e., solutions which do not satisfy any specified boundary condition. Such local
solutions are those in L? (Q) that verify (£7), when u is in Wg” (Q); thus, the
boundary integrals in (4.7]) are omitted.

This kind of adjoint solutions have been already studied in the literature. For
instance, in [ST) 6, 28] 27, 20, 66] solutions of with ® = 0 are studied under
low regularity assumptions on either the coefficients of £ or the boundary of the
domain. Moreover, when the data and the boundary of the domain involved in
are smooth, the weak formulation can be recasted in such a way that the
regularity theory in [61] or [74] can be used to prove that w is smooth and solves

(4.5)) in a classical sense.

For our purposes we need to prove the existence and uniqueness of such adjoint
solutions.

Lemma 4.5. Let 1 < p < oo and assume that (4.6) holds. Then, there ezists a
unique adjoint solution w in LP(2) of (4.5). Moreover, the following estimate holds

lwllze@) < C [Nz + Inllze@ + ¥l o) - (4.8)

where C' depends on 2, p,n, X and the continuity of A.

This result follows from the so-called transposition or duality method [61] [74],
which relies on the existence and uniqueness of W2’ ﬂWOl () solutions to Lu = f.

Finally, the proof of Theorem requires the boundedness of certain adjoint
solutions to problems of the form (4.5) with & = 0. It is at this point where the
Dini continuity of the coefficients plays a role. However, and similarly to what it
was done in [7], we only employ the boundedness of these adjoint solutions in a
qualitative form, that is, we do not need an specific estimate of the boundedness of
those adjoint solutions.

In order to prove the boundedness of the specific adjoint solutions, we employ
a perturbative technique based on ideas first stablished in [9] 1] and used in [57]
to prove the continuity of the gradient of solutions to divergence-form second order
elliptic systems with Dini continuous coefficients. Accordingly, we do not only prove
that those adjoint solutions are bounded but also their continuity.
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Lemma 4.6. Let ¢ € C°(Bs), 1 < p < oo and assume that the elliptic operator L
has Dini continuous coefficients in By. Then, if v in LP(By) satisfies

/ vLudr = Cudzx, for any u € WZ’p/(B4) N W()l’p/(B4),
B B

v 18 continuous in Bs.

The remaining of this Chapter is organized as follows: in Section [4.1] we give the
counterexamples stated in Theorems and [4.4} in Section f.2] we prove Lemma
using the duality method; in Section we prove that certain adjoint solutions
are continuous and in Section we prove Theorem

4.1 Counterexamples

In this section we give two counterexamples. Both of them arise as solutions of
uniformly elliptic operators of the form

Lou = tr [(I + a(r); ® ;) D2u] : (4.9)

where (z ® z);; = z;x;, v = |z|, with « is a continuous radial function in By,
a(0) = 0.

Proof of Theorem[{.3. If we look for a radial solution u of (4.9)), we find that u must

satisfy
n—1

u = 0. (4.10)

We choose

with R > 1 to be chosen. Then

-
u'(r) = —rt™" (log E)
.

() = 7 <log ?) a [n PN (log ?) _1] |

Hence, v € W2'(By) N W, (By) but D?u ¢ LP(By) for any p > 1, when ~ > 1 and
R > 1. Solving (4.10)) for a we obtain

a(r) = i ,
(n—1)log % — v
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Chapter 4. Regularity of solutions to non-divergence elliptic equations...

which ensures the uniform ellipticity and the continuity of the coefficients of L, over
B, when R is sufficiently large. However, « is not Dini continuous at = = 0. [

Proof of Theorem[.]] Let ¢ € C*((0,1]), a € C([0,1]) and define

u(zx) = z1220(7).
A computation shows that

XT1T2
Lou= 5
r

[(n+3)r¢’ + 120" + a(2¢ + dry +17¢")] .
Choosing ¢(r) = (log §)2 for some R > 1 yields

17 R R\’
Lou= "2 1+a—(2+n+3a)log—+a(log—>],
r r

72

which is identically zero in B;(0) provided that

(24 n)logf —1

afr) = ,
) (log§)2—3log§~l—1

and R > 1 is taken large enough in order to ensure the uniform ellipticity and the
continuity of the coefficients of £, in By. A computation shows that

1 R\*
algu Z = <10g —) on Bl,
2 r

when R > 1 is large enough. Moreover, for any ¢ € R there is € = €(c¢) such that
(log %)2 > 4|c| in B.. Thus

/ eNlozu—cl g > / o1 (log ) g0 400, for any N >0, c € R.
Bl €
2

By the John-Nirenberg inequality [47], 0jou cannot belong to BMO(By). O]

4.2 Existence of adjoint solutions

We recall the following well known existence result for the Dirichlet problem for
non-divergence form elliptic equations [38, Theorem 9.15, Lemma 9.17].
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4.3. Proof of Lemma

Lemma 4.7. Let Q C R"™ be a CY' domain, f be in LP(Q) and 1 < p < co. Then,
there exists a unique u € W2P(Q) N Wol’p(Q) such that Lu = [ a.e. in Q. Moreover,
there is a constant C' > 0 depending on 2, p,n, A\ and the modulus of continuity of
A such that

ullw2r@) < Cll fllr)- (4.11)

An easy consequence of Lemma [£.7] is the existence and uniqueness of adjoint
solutions to (4.5)) stated in Lemma 4.5

Proof of Lemmal[{.5. We construct the solution by means of tranposition. If p’ is
the conjugate exponent of p, we define the functional 7" : L' (Q) — R by

T(f) = / tr (®D%u) dx + / nudz + [ »AVu-vdo, (4.12)
0 0 0

where u in W2# (Q)NW (Q) verifies Lu = f, a.c. in Q. Combining (£.11)), the trace
inequality [26, §5.5, Theorem 1], (4.12)) and Holder’s inequality, it is straightforward
to check that

TN < Cll @y Nl ze) + Inllzr@) + ¢l Lre)]
where C' = C(A,Q,p,n). Hence T is a bounded functional on L (2) and by the

Riesz representation Theorem, there is a unique w in LP(€2) such that

T(f) = /wadx, for any f € L” (Q). (4.13)

Moreover,
lwlizo@) < C [[@]Le@) + nlle@ + [Pl zooey] -

Now, combining (4.12)) and (4.13)), it is clear that w is the unique adjoint solution
to ([@5). 0

4.3 Proof of Lemma 4.6

For the proof of Lemma [4.6| we need first the following Lemma.

Lemma 4.8. Let & € L*(B;), n € L>*(By), w € LP(By), 1 <p < oo and L be an
operator like ((1.35)) with continuous coefficients and A(0) = I, the identity matriz.
Then, if

L'w = div*® + 1, in By,
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there exists a harmonic function h in B% such that

HhI\LP(By < Mjw| ey, 414
[|w — hHLP(B%) < M [||®/| ey + 1A = I eyl Loy + 10l Lo s » '

where M depends on p,n, \ and the modulus of continuity of A.

Proof of Lemmal[{.8 We first prove Lemma [£.8] assuming that the coefficients of
£ and data are smooth in B;. However, the constants in the estimate will only
depend on p, A\, n and the modulus of continuity of A. Under these assumptions,
the regularity theory [74, [61], implies that w is smooth in B;. By Fubini’s theorem,
there is % < t <1 such that
1
[wllLr@opy <477 [[w]Los,)- (4.15)

Using Lemma [4.5] we can find a function h such that

A*h = O7 n Bt7
h = w, on 0By,

in the sense of (4.5)). Of course, h is harmonic in the interior of B;. Moreover, the
estimate provided by Lemma together with (4.15) imply

_1
[”ll oy < M||wl|zoom,) < M4A™7|[w]|Los,), (4.16)
with M = M (p,n). Then w — h satisfies

/B (w — h) Ludz = /B tr [h(I — A)D*u| dx + / tr [®D%u] dx

By

+/ nudx+/ w(A—=1)Vu-vdo
By 0B,

(4.17)
= / tr [h(I — A)D*u] dx +/ tr [2Du] dx
Bt Bt
—l—/ nudx +/ wwAVu - vdo
B 9B; AV -V

for any u € W2P'(B,) N Wg* (B,). Therefore, w — h is an adjoint solution to a
problem which falls into the conditions of Lemma and we can apply (4.8) to the

equation (4.17) to get that

|lw = hllesy < M [[JA = 1| Loy |7l Lr(52)
HIPl o) + 1A = Tlzwollwllr@sy + 0]
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which together with (4.16|) imply the desired estimate. Finally, an approximation
argument allows us to derive the same estimate under the more general conditions
mentioned above. O

The perturbative technique used in the proof of Lemma [4.6]is based on the local
smallness of certain quantities. We may assume that A(0) = I and that 6 is a Dini
modulus of continuity for A on By. For this reason, if v and ( verify the conditions
in Lemma [4.6] it is handy to define for 0 < ¢, § <1,

w(9)

wt) =t>+0(t), 5=M"'6» :
L+ [[vllzesy) + ICllLee (1)

where M is the constant in (4.14)), and to consider the rescaled functions

vs(x) = dv(dz), (5(x) = 66%C (o). (4.18)
From (4.2))
w(4t) < 16w(t), fort < 1/4 (4.19)
and the dilation and rescaling yield
Vsl cr(py < M7 w(8), (1G]l (my < MT16%w(0). (4.20)
Also,
Livs = (5, in By,  with Lsu = tr (A(6z)D*u) . (4.21)

Next, we show by induction that there are C' > 0, 0 < § < 1 and harmonic functions
hs, in 4*’“B%, k > 0, such that

k
C Ml oa—rpy) + 0 =Y  hillea-rp,) < 47 w(47ke),
e ;0 ’ i (4.22)

||hk\|Loo(4ka%) + 4"“||thHLoo(47kB%) < Cw(47%9),

where C' depends on n, p, A and the modulus of continuity of A.

When k = 0, (4.20)), (4.21) and Lemma applied to vs show that there is a

harmonic function hg in B% such that

||h0||LP(B%) < M||vs| o8,y < w(9),

1vs = Pollosyg) < M [6(0)|vsll o sy + sl oe ()] < w(6)
By regularity of harmonic functions [26] §2.2.3c]

Iollsy) + [ Vhollie(ny) < Cln,p)llholliscay) < Cln,po(s).
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Thus, (4.22) holds for k = 0, when C' and ¢ satisfy
C'+w(6) <1and C > C(n,p). (4.23)
Now, assume that (4.22)) holds up to some k£ > 0 and define

Appi(2) = A@102),  Lipu = tr(Ap(z) D)
k

Grr1(z) = (I = Apya(2)) Zhj(4_k_1$)-

=0
—k—1 k —k—1
Then, Wii1(x) = vs(47" ) — 35 hi(477 ) solves
L Wi (2) = div* Gy + 472G (477 2), in By. (4.24)
Using the induction hypothesis (4.22) and (4.19)) , one finds that Gy satisfies

k
1 e
1Grsallzos) < |Bilr0(47716) > 1A (47" 1) Loy
7=0 (4.25)
5
t
< [320|Bl|;/ #dt} H(47+16).
0
Besides, the inequality in the first line of (4.22)) gives
Wit o) < 47w(47"6). (4.26)

From (4.19)), (4.24), (4.25) and (4.26)), apply Lemma [4.8 to Wy, to find that with
the same M, there is a harmonic function hg,; in B% such that

||ﬁk+1|\Lp(B%) < 4775 Mw(47%16). (4.27)
and
Wiyt — ﬁk+1||Lp(B%) <M [32 |Bl|1},0/0(S @dtq_w@)] WA,
From standard interior estimates for harmonic functions and
H;"CHHL“’(B%) + |‘Vi~lk+1”L°°(B%) < C(n,p)42+%Mw(4*k*15).

Setting, hyi1(x) = ﬁk+1(4k+1x), the last three formulae and (3.6) show that the
induction hypothesis holds when C' = 2C(n,p) [42+%M + 1} and § is determined
by the condition

N é
oM {32|Bl|p(}/ @dtw(é)} <1
0
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On the other hand, for |z| < 47%-1

k
|Zhj Zh )| < Z |7 (0)] 4+47% IZHVh | oo (a- kB))
=0

Ik =0 (4.28)

4=k§ 5
<16C (/ ﬂdt—l—éfk—lé/ ﬂdt)
0 t 4—k—15 t2

Therefore, (4.22)) together with (4.28) and (4.19)) imply
|U5 h | dI <
R 3

4=k=1§ 5
<4'C [ / @dt + 47k wlb) oy +w(4_k_15)] . (4.29)
0

4—k—1§ t2

when k& > 0. Using Fubini’s theorem it is easy to check that ¢ ftl wS )
modulus of continuity, one can verify that

o(t):/ot%s)ds—l—t/tlgdstw(t)

is non-decreasing and derive that lim;_,o+ o(f) — 0. Hence, from (4.29) and -
we have proved that there are C' > 0, depending on A, n and the Dlm modulus of
continuity of A, and a number a(0) such that

lv(z) — a(0)|dz < Co(r) [|vllLrsy) + 1<l Lemy] » when 0 <7 < 1. (4.30)
B

Since v € LP(B,) is an adjoint solution in By, we can repeat the proof of in
balls of radius 1 centered at any point T in Bs. We note that the constant C' and
the modulus of continuity ¢ in | - 4.29)) do not depend on the center of the ball, hence,
for each T in Bs, we find a number a(Z) such that

f 1ot@) — a@lde < Cot) [Iollan + [Clicay]  when 0 <7 <1,
By ()

By Lebesgue’s differentiation theorem, u and a are equal a.e. in B3. Now, if T and
y are in Bz and § < |7 — 7| < r, we have

|M@—u@ﬂsﬁ;Jw@—umwm+fime—u@wm

5f mm—MMM+f () — u(@)|de
B'r (5) T(y)

< 5(2r) [0l o) + ¢l ieoy] » when 0<r < 1/2.
which proves Lemma [4.6]
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4.4 Proof of Theorem 4.2

It suffices to show that if u in W2!(By) verifies Lu = f, with f in LP(B,),
1 < p < oo, then u € W24(By), for some ¢ > 1. Let then 7 be a function in C§°(By)
with 7 =1in By and 0 < 5 < 1. Set ¢ = min {25, p} and let ¢ be in C§°(B;) with
ol 2o 5,y < 1. We shall show that

Ori(un)p dz| < C [ fllzrzy + lullwzi(s,] (4.31)

By

where C' only depends on ¢, p, A, n and the uniform modulus of continuity of the
coefficients A, but not on the Dini modulus of continuity of A.

Let u, in C*(B,) be a sequence of functions converging to u in W2 (By) as
€ — 0, then for any ¢ in C§°(B3) we have

O (un)p dx = lim/ Ok (uen)p du.
e—0 By

By

By Lemma with Q = By and p = ¢/, for k,l € {1,...,n}, there is a unique
weak adjoint solution v in L% (By) to

L*v = Op, on By,
v =0, on 0By.

That is, a function v in L9 (B,) such that

/vﬁwdy:/ © Opw dy,
By By

for any w in W24(B,) N Wy (B,) and
||U||Lq’(B4) < C”@”Lq/(]sg) <C. (4.32)

Observe that . is in W29(By) N W,%(B,), for any € > 0. Thus,

Ok (uen)p de = / v L(uen) dx. (4.33)

B4 B4

Now, we want to take limits in as € — 0. A priori, we only know that
Ogu is in L'(By), so we can just assert that L(u.n) — L(un) in L'(B,) as € — 0.
However, in order to take the limit as ¢ — 0 inside of the integral in the right-hand
side of and because of the support properties of the functions involved, we
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only need to know that v is bounded in Bs, which indeed is the case because of
Lemma [4.6] with ¢ = Jyp. Hence, we obtain

/8kl(un)<,0dx:/ vﬁ(un)dx:/ vnﬁudm+/ vu Lndx
By By By By

+2/ vAVu-Vnd:UéJl—i-Jg—i-Jg.
By

Now, Hélder’s inequality, Sobolev’s inequality and (4.32) yield

[ Al < Nollpw gyl Lull Loz < Cllfllzesa,
| Jol < M[vll o pyyllell oz < Cllullwria.),
[J] < Ml[v]| L () [[VullLasyy < Cllullwza(s,),

which implies (4.31]), and by density and duality

10k (un)ll o) < C [I1f o) + lullwersy] -

Therefore, u is in W?9(B;) and

lullw2az) < C [ fllzr@) + lullwarsy)

which is the desired estimate.
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Appendix A

Resumen

En esta tesis se tratan cuestiones acerca de la analiticidad de soluciones de
ecuaciones parabodlicas, sus aplicaciones en Teoria de Control y algunas propiedades
de regularidad de soluciones de ecuaciones elipticas no variacionales. Los resultados

aqui expuestos han sido publicados en [23], 24], 25].

A.1 Acotaciones de analiticidad para soluciones

de ecuaciones parabdlicas

El objetivo principal de esta tesis es obtener acotaciones de analiticidad para

soluciones de ecuaciones parabdlicas de la forma

Ou+ (—1)"Lu =0, en Q x (0,7,
u=Du=...=D"tu=0, endQ x (0,T],
u(0) = uy, en

con ug € L*(Q) y L un operador definido por

L= Z ao(x,t)0;.

|a|<2m

El operador L es parabdlico en el sentido de que existe p > 0 tal que

> ag(z, 1)’ > o€, para £ €R", (x,t) € 2 x [0,7].

|8|=2m
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Appendix A. Resumen

Con respecto a la regularidad de los coeficientes de £, como queremeos tratar con
problemas con valores iniciales en L?(2), asumimos que los coeficientes de £ verifican
o € C191=m0(Q) x [0, T]), cuando |o| > m; puesto que en este caso podemos escribir

> aalx, )= D 02 (Awpla, )0y ), (A.3)

la|<2m e, B]<m

con

Y Awsla,)6°E" = ol para £ €R", (1) € @ x [0,7],

laf=|8]=m

D Al e @xory < 07

e, B]<m
para algin o > 0.

De esta forma se puede asegurar la existencia de soluciones débiles en la clase
C([0,T]; L*(2)) N L2((0,T); Hy(2)) (ver Theorem para el problema (A1) y
con dato inicial ug en L?(Q2). Ademds, la hipétesis principal que asumimos sobre los
coeficientes es la analiticidad; lo que significa que para algin ¢ > 0, las derivadas
de los coeficientes satisfacen estimaciones de la siguiente forma:

1070 an (x,t)] < 0 NP |Ipl, en QN Br(xg) x [0,1], con R > 0, (A.4)
|OPag(z,t)] < 07 7Pp!, en Q x[0,1], (A.5)

para cualquier o € N*, p € N y cuando xy es un punto de Q.

Supondremos también que la frontera del dominio €2 es analitica. Para describir
el cardcter analitico de un trozo de la frontera Br(go) N OS2 con gy en 02 y R > 0,
asumimos que para cada ¢ en Bg(qo) N 0§2 podemos encontrar, después de una
traslacién y una rotacién, un nuevo sistema de coordenadas (en el cual ¢ = 0) y una
funcion analitica

p:B,={z eR"", |2/| <o} CR" " =R
verificando ¢(0) =0y

10%p(2")| < |all o7, cuando o' € B!, o € N1, (A.6)

Q?
B,NQ = B,N{(2,2,) : 2" € B, x,, > p(2')},
B,NoNY = B,N{(2',2,) : 2" € B, x, = p(2)}.

Diremos que €2 es un dominio analitico si para cada ¢y € 0f2 existe R > 0 tal que
Br(qo) N 092 puede describirse de esta forma.
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A.1. Acotaciones de analiticidad para soluciones de ecuaciones parabdlicas

Bajo estas condiciones, las mejores acotaciones cuantitativas de analiticidad para
soluciones de (A.1)) que hemos encontrado en la literatura [33, 34] 35, 85, 49| 51, [83],
84 son las siguientes:

Eriste 0 < p <1, p = p(o,m,n,00) tal que para (x,t) en Q x (0,1], a € N" y
peN,

al R
020 u(, 1) < g (o] + )P g2y, in Q% (0,1), (AT)

donde |a] = oy + -+ - + .

La acotacion da una cota inferior comparable a tom para el radio de con-
vergencia de la serie de Taylor en las variables espaciales de una solucién de (A.1)).
Esta cota inferior tiende a 0 cuando t se acerca a 0; sin embargo, la velocidad in-
finita de propagacion propia de las ecuaciones parabdlicas hace que sea razonable
esperar que el radio de convergencia en las variables espaciales sea mayor que una
cierta constante positiva que no depende del tiempo. En el Capitulo [2| probamos el
siguiente resultado (ver Theorem [2.2).

Teorema A.l. Sea xo un punto de Q y 0 < R < 1. Supongamos que L satisface
(A.2), (A.4), (A.5) y 022N Bgr(xg) es analitico (si no es vacio). Entonces, cuando
u es una solucion de existe p = p(o,m,n), 0 < p < 1, tal que se tiene la
siguiente desigualdad

o /@m=1) 1 lal—p p—lals—
para cualquier o € N", p € N y (x,t) € QN Bpa(wo) x (0,1].

La principal novedad de la acotacién (A.8) es que provee una cota inferior in-
dependiente del tiempo para el radio de convergencia de la serie de Taylor en las

variables espaciales de las soluciones de (|A.1]).

En la Seccién probamos la estimacion para soluciones del problema
parabdlico asociado a £ cuando £ es un operador de orden 2 —que no es necesari-
amente simétrico— y los coeficientes de £ no dependen de la variable temporal, o
cuando L es un operador de orden 2m, m > 1, con coeficientes constantes; para ello
cuantificamos todos los pasos en el razonamiento que Landis y Oleinik desarrollaron
en [53] para probar propiedades de continuacién unica para ecuaciones parabdlicas
a partir de los resultados andlogos para ecuaciones elipticas. Esta demostracion ha
sido publicada en el trabajo [24], donde ademds damos aplicaciones a la Teorfa de
Control de ecuaciones parabdlicas. En [4, Lemma 6] se emplea un razonamiento
similar para probar cuando u es una soluciéon de la ecuacién del calor; sin em-
bargo, en la demostracién de [4, Lemma 6] se utilizan estimaciones gaussianas para
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la funcién de Green, mientras que en las demostraciones que se dan en la Seccion
no son necesarias las estimaciones puntuales para la funcién de Green.

En la Seccion probamos bajo las condiciones mas generales que in-
dicamos en el Teorema Debido a que el método de Landis y Oleinik [53] estd
basado en una descomposicién de la solucién en términos de las autofunciones del
operador eliptico que genera la evolucion parabdlica, el método no sirve para estudiar
la analiticidad de soluciones de ecuaciones parabdlicas cuyos coeficientes dependen
del tiempo. En este caso, para demostrar , modificamos el método que se em-
plea en [35, Ch. 3] para deducir . Con este objetivo primero demostramos
desigualdades para las normas L? (con ciertos pesos) de las derivadas sucesivas de
las soluciones de (A.1)).

Por ejemplo, bajo las condiciones del Teorema en la Seccion probamos
que si u es solucion de , entonces existen constantes M, p, 0 < p < 1, que
dependen de n,m y ¢ y tales que para cualquier multi-indicey e N*, 0 <r < R <1
y 0 € (0,1), tenemos

_ =l
_ 1/(2m—1) 1
e~/ Il L2(B, (o) x(0,1)) < M [PQQ’” (R— 7“)] IYIMull 22(BR(z0)x(0,1)) (A.9)

cuando Bg(zg) C €.

Para probar (A.9)) necesitamos la siguiente acotacién de Schauder de tipo L?
[16]: existe una constante K = K (2, o,m,n) > 0 tal que

10| L2 (2% (0,1)) + Z 1050 220x0.1)) < K [IFll 220 0.1)) + [0l £2002x 0,1))] »

|| <2m
(A.10)
cuando v satisface
O+ (=1)"Lv = F, in Q x (0,1],
v=Dv=...=D"1ly=0, indQ x (0,1],
v(0) =0, in .

Una vez que conocemos ([A.10]), como sabemos que los coeficientes de £ son C*°(2 x
(0,1)) podemos derivar en la ecuacién que satisface u y obtener que dJu es solucién
de

O (Ou) + (=1)"L(9Ju) = F,, in Br(zo) x (0,1],

==t >y (g) 0 Pa,0° 0%,

|a|<2m B<y

donde

que contiene derivadas de u de orden estrictamente inferior a |y| + 2m, luego
. _p/41/(2m—1)
poniendo v = e~ """V 91y en (A.10)), podemos controlar la norma L? —con
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el peso e 0/ de las derivadas de u de orden |y| + 2m por derivadas de or-

den estrictamente inferior; ésto nos permite obtener (A.9) mediante un proceso de
induccién sobre |7|.

En el proceso de induccién que permite probar (A.9)), el motivo fundamental por
qu hay que elegir un peso de la forma e%/ t/em oy que la siguiente desigualdad es

clerta:

e < o505 (%) cuand 6
e <e B cuando «, B, 0 y t > 0.

Como consecuencia de ((A.9) obtenemos que, para las mismas constantes M y p
que en (A.9)), la siguiente desigualdad es cierta

yeEm-1) [ , 1 —hl
102| £2(By (o) ¢ (120)) < M e [/992’” (R— 7”)} Yl 22(BR(20)x(0,1))5

para todoy e N, 0 <r < R<1,0 € (0,1) y cuando 0 < ¢t < % Finalmente, la
siguiente desigualdad de Sobolev [32, Ch. 6, (6.5)]:

lolpo@eny < Co > 02000 2@eny para toda ¢ € Cg°(R™),

|l +p< [nT—H]H

nos permite deducir la estimacion puntual (A.8)) para el caso p = 0 cuando Bg(zg) C
Q.

Para obtener la acotacion en toda su generalidad hay que proceder en varios
pasos: primero hay que obtener acotaciones de analiticidad para soluciones globales
—es decir, soluciones que satisfacen condiciones de contorno nulas de tipo Dirichlet
en todo el borde del dominio—; después hay que obtener acotaciones de analiticidad
en las variables temporal y tangenciales al dominio y finalmente hay que emplear
un proceso de induccion algo mas complicado para obtener la acotacién en la
variable temporal y en todas las variables espaciales. La demostracion del Teorema
que hay en la Seccién [2.2 ha sido publicada en [25].

A.2 Aplicaciones en Teoria de Control

La motivacion para obtener las estimaciones de analiticidad en el Teorema
estd en la aplicacion para la controlabilidad a cero desde conjuntos medibles de solu-
ciones de ecuaciones parabdlicas. Los métodos empleados en [3, 4, 92 [75] [76], 90]
ponen de manifiesto que las acotaciones de analiticidad del tipo permiten
probar desigualdades de observabilidad desde conjuntos medibles. Usando métodos
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estandar basados en dualidad y el Teorema de Hahn-Banach, podemos probar re-
sultados de controlabilidad a cero a partir de las desigualdades de observabilidad
mencionadas. En relacién con ésto, en el Capitulo |3| probamos desigualdades de ob-
servabilidad para algunos de los problemas cuyas propiedades de analiticidad hemos
estudiado en el Capitulo 2l Uno de los principales resultados en Teorfa de Control
que obtenemos en esta tesis, y que es consecuencia de la acotacién de analiticidad

(A.8)), es el siguiente.

Teorema A.2. Sea 0 <T <1, Q un dominio acotado en R™ con frontera analitica
y sea D C Qx(0,T) un conjunto medible con medida de Lebesgue positiva. Supong-
amos que los coeficientes de L satisfacen en 2 x [0,1]. Entonces existe una
constante N = N(Q, T, D, o) tal que la desigualdad

|u(T)[ L2 < N|ullL1(p)

es cierta para cualquier solucion u del problema

Owu+ (—1)™Lu =0, in Q@ x[0,7),
u=Du=...=D"tu=0, indQxI[0,T),
u(0) = wo, in Q,

con ug en L*(). Ademds, para cada ug en L*(RY), existe f en L°°(D) verificando

1 fll o0y < Nlluol|r2(0),

y tal que la solucion de

Ou+ (=1)"Lu = fxp, in 2 x (0,77,
u=Du=...=D" =0, indQx(0,T],
u(0) = wo, in Q,

satisface w(T) = 0. Mds ain, el control f con norma L (D) minima es tinico y
tiene la propiedad bang-bang; es decir, |f(x,t)| es igual a una constante en casi todo
punto (x,t) de D.

Los resultados de observabilidad y controlabilidad del Capitulo 3] se encuentran
publicados en [24] 25].

A.3 Regularidad para ecuaciones elipticas no varia-
cionales

El Capitulo [4] de esta tesis lo dedicamos a estudiar algunos problemas de reg-
ularidad de soluciones de ecuaciones elipticas no variacionales. Supongamos que
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A(z) = (a;j(x)) es una matriz real simétrica tal que existe un A > 0 verificando
MEP < A(x)E-€ < A7VIE), paratodo £ e R, x € Q,

donde €2 C R"™ es un dominio acotado. Consideraremos soluciones de operadores de

la forma
n

Lu = tr(ADu) = Z a;j(x)0;;u, (A.11)

4,j=1

donde los elementos de la matriz A son funciones continuas en €. Le recordamos al
lector la siguiente propiedad de regularidad [38, Lemma 9.16]:

Lemma A.1. Sean p,q tales que 1 < p < qg< oo y sea f € LI(Q). Siu € VVfOf(Q)
es solucion de Lu = f en Q, entonces u € W29(Q).

El anterior resultado no considera el caso p = 1, que no parece haber sido tratado
en la literatura previamente y que es el objeto de estudio del Capitulo 4| en esta tesis.
Remarcamos el hecho de que Lemma es cierto bajo la mera suposicion de que
los coeficientes son continuos en ). En cambio, tal como veremos, esta condicién
no es suficiente para mejorar la integrabilidad —en el sentido de que pertezcan a
un espacio L} (€2) con p > 1— de las derivadas segundas de las soluciones cuando
asumimos que las derivadas segundas son solamente localmente integrables. Sin
embargo, para este propdsito es suficiente suponer que los coeficientes tienen un
modulo de continuidad que satisface una condicion de tipo Dini, lo cual es probado
en Theorem [£.2] El tipo de continuidad Dini que asumimos aqui para la matriz de
coeficientes A tiene la siguiente forma:

[A(z) = A(y)] < 0(]z —yl),

donde 6 : [0,1] — [0,1] es una funcién no decreciente que satisface
1
o(t
/ ¥ dt < +o0. (A.12)
0

Aparte de este resultado positivo, en la Seccién [4.1] construimos un contraejemplo
que muestran que nuestro resultado es casi optimo. También damos un contraejem-
plo en el otro extremo de la escala de espacios L”: construimos un operador £ con
coeficientes continuos By pero que no tienen mddulo de continuidad Dini en x = 0,
y tal que la solucién de Lu = 0 estd en W2P(By) "W, (By) para todo p € (1, 400)
pero D?u no pertenece a BM O(B%). Estos resultados estdn publicados en [23].
Finalmente, informamos al lector que el resultado Theorem del Capitulo [4]
ha sido mejorado recientemente: en el trabajo [I7] se considera una condicién de
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tipo Dini en medias L! en lugar de la condicién de continuidad de tipo Dini (A.12)).
En [I7] los autores definen

p(r) = sup ][ |A(y) — Ap.o)| dy,  Ap, ) = ][ Aly)dy, 0<r <1,
z€B3 J By () B, (z)
y suponen que

/1 1) g < oo (A.13)

r

El siguiente ejemplo [17] muestra que la condicién (A.13) es menos restrictiva que
(A.12): si definimos

A() = T(1 + (= [z])7), 0 < 7 < %

con A(0) = I, siendo I la matriz identidad n x n, entonces A no satisface (A.12)),

pero si satisface (A.13).
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