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𝐿

𝑅

𝑊

𝑀

𝑚

𝜓

𝜃𝑚𝑙,𝑟

𝜃𝑙,𝑟

𝜓
𝜃𝑚𝑙,𝑟

𝜃𝑙,𝑟 𝜙

𝜃𝑙,𝑟 = 𝜃𝑚𝑙,𝑟
+ 𝜓 

𝜙 =
𝑅

𝑊
(𝜃𝑟 − 𝜃𝑙)

𝜃𝑟 𝜃𝑙 𝜙

𝜃 =
𝜃𝑙 + 𝜃𝑟

2

 (𝑥𝑚, 𝑦𝑚, 𝑧𝑚) = (∫ �̇�𝑚𝑑𝑡 , ∫ �̇�𝑚𝑑𝑡 , 𝑅)

�̇�𝑚 �̇�𝑚 (�̇�𝑚, �̇�𝑚) = (𝑅�̇� cos𝜙 , 𝑅�̇� sin𝜙)

 (𝑥𝑙 , 𝑦𝑙 , 𝑧𝑙) = (𝑥𝑚 −
𝑊

2
sin𝜙 , 𝑦𝑚 +

𝑊

2
cos𝜙 , 𝑧𝑚)

 (𝑥𝑟, 𝑦𝑟 , 𝑧𝑟) = (𝑥𝑚 +
𝑊

2
sin𝜙 , 𝑦𝑚 −

𝑊

2
cos𝜙 , 𝑧𝑚)

 (𝑥𝑏 , 𝑦𝑏 , 𝑧𝑏) = (𝑥𝑚 + 𝐿 sin𝜓 cos𝜙 , 𝑦𝑚 + 𝐿 sin𝜓 sin𝜙 , 𝑧𝑚)

𝑇1

𝑇2 𝑉



𝑇1 =
1

2
𝑀𝑣𝐺

2 =
1

2
𝑚(�̇�𝑙

2 + �̇�𝑙
2 + �̇�𝑙

2) +
1

2
𝑚(�̇�𝑟

2 + �̇�𝑟
2 + �̇�𝑟

2) +
1

2
𝑀(�̇�𝑏

2 + �̇�𝑏
2 + �̇�𝑏

2)

𝑇2 =
1

2
〈𝜔〉𝑇[𝐽𝐺]〈𝜔〉

=
1

2
𝐽𝑊𝜃�̇�

2
+

1

2
𝐽𝑊𝜃�̇�

2
+

1

2
𝐽𝜓�̇�2 +

1

2
𝐽𝜙�̇�2 +

1

2
𝑛2𝐽𝑚(�̇�𝑙 − �̇�)

2

+
1

2
𝑛2𝐽𝑚(�̇�𝑟 − �̇�)

2

𝑉 = 𝑚𝑔𝐻𝐺 = 𝑚𝑔𝑧𝑙 + 𝑚𝑔𝑧𝑟 + 𝑀𝑔𝑧𝑏

𝐿 = 𝑇1 + 𝑇2 − 𝑉

=
1

2
𝑚 [(𝑅�̇� cos𝜙 −

𝑤

2
�̇� cos𝜙)

2

+ (𝑅�̇� sin𝜙 −
𝑤

2
�̇� sin𝜙)

2

]

+
1

2
𝑚 [(𝑅�̇� cos𝜙 +

𝑤

2
�̇� cos𝜙)

2

+ (𝑅�̇� sin𝜙 +
𝑤

2
�̇� sin𝜙)

2

]

+
1

2
𝑀 [(𝑅�̇� cos𝜙 + 𝐿�̇� cos𝜓 cos𝜙 − 𝐿�̇� sin𝜓 sin𝜙)

2

+ (𝑅�̇� sin𝜙 + 𝐿�̇� cos𝜓 sin𝜙 − 𝐿�̇� sin𝜓 cos𝜙)
2
] + 𝐽𝑊�̇�2

+
1

2
𝐽𝜓�̇�2 +

1

2
𝐽𝜙�̇�2 + 𝑛2𝐽𝑚(�̇� − �̇�)

2
− 2𝑚𝑔𝑅

− 𝑀𝑔(𝑅 + 𝐿 cos𝜓)

ⅆ

ⅆ𝑡
(

𝜕𝐿

𝜕𝑞�̇�
) −

𝜕𝐿

𝜕𝑞𝑗
= 𝐹𝑞𝑗

𝑗 = 1,2,… , 𝑛

𝑞𝑗 {
𝜃
𝜓
𝜙

𝐹𝜃 = [(2𝑚 + 𝑀)𝑅2 + 2𝐽𝑊 + 2𝑛2𝐽𝑚]�̈� + (𝑀𝐿𝑅 cos𝜓 − 2𝑛2𝐽𝑚)�̈�

− 𝑀𝐿𝑅�̇�2 sin𝜓

𝐹𝜓 = (𝑀𝐿𝑅 cos𝜓 − 2𝑛2𝐽𝑚)�̈� + (𝑀𝐿2 + 𝐽𝜓 + 2𝑛2𝐽𝑚)�̈� − 𝑀𝑔𝐿 sin𝜓

− 𝑀𝐿2�̇�2 sin𝜓 cos𝜓



𝐹𝜙 = [
1

2
mW2 + Jϕ +

𝑤2

2𝑅
(𝐽𝑤 + 𝑛2𝐽𝑚) + 𝑀𝐿2 sin2 𝜓] �̈� + 2𝑀𝐿2�̇��̇� sin𝜓 cos𝜓

cos𝛼 → 1 sin𝛼 → 𝛼

𝐹𝜃 = [(2𝑚 + 𝑀)𝑅2 + 2𝐽𝑊 + 2𝑛2𝐽𝑚]�̈� + (𝑀𝐿𝑅 cos𝜓 − 2𝑛2𝐽𝑚)�̈�

𝐹𝜓 = (𝑀𝐿𝑅 − 2𝑛2𝐽𝑚)�̈� + (𝑀𝐿2 + 𝐽𝜓 + 2𝑛2𝐽𝑚)�̈� − 𝑀𝑔𝐿𝜓̈

𝐹𝜙 = [
1

2
𝑚𝑊2 + 𝐽𝜙 +

𝑊2

2𝑅2
(𝐽𝑊 + 𝑛2𝐽𝑚)] �̈�

𝐹𝑙 = 𝑛𝐾𝑡𝑖𝑙 + 𝑓𝑚(�̇� − �̇�𝑙) − 𝑓𝑤�̇�𝑙

𝐹𝑟 = 𝑛𝐾𝑡𝑖𝑟 + 𝑓𝑚(�̇� − �̇�𝑟) − 𝑓𝑤�̇�𝑟

𝐹𝜓 = −𝑛𝐾𝑡𝑖𝑙 − 𝑛𝐾𝑡𝑖𝑟 + 𝑓𝑚(�̇� − �̇�𝑙) − 𝑓𝑚(�̇� − �̇�𝑟)

𝑖𝑟,𝑙

(𝐹𝜃 , 𝐹𝜓 , 𝐹𝜙) = (𝐹𝑙 + 𝐹𝑟   ,  𝐹𝜓  ,
𝑊

2𝑅
(𝐹𝑟 − 𝐹𝑙))

𝑣𝑙,𝑟 = 𝑅𝑚𝑖𝑙,𝑟 + 𝐿𝑚𝑖�̇�,𝑟 − 𝐾𝑏(�̇� − �̇�𝑙,𝑟)



(𝐿𝑚)

𝑖𝑙,𝑟 =
𝑣𝑙,𝑟 + 𝐾𝑏(�̇� − �̇�𝑙,𝑟)

𝑅𝑚

𝐹𝜃 = 𝛼(𝑣𝑙 + 𝑣𝑟) + 2𝛽�̇� − 2(𝛽 + 𝑓𝑤)�̇�

𝐹𝜓 = −𝛼(𝑣𝑙 + 𝑣𝑟) − 2𝛽�̇� − 2𝛽�̇�

𝐹𝜙 =
𝑊

2𝑅
𝛼(𝑣𝑟 − 𝑣𝑙) −

𝑊2

2𝑅2
(𝛽 + 𝑓𝑤)�̇�

𝛼 𝛽

𝛼 =
𝑛𝐾𝑡

𝑅𝑚
           𝛽 =

𝑛𝐾𝑡𝐾𝑏

𝑅𝑚
+ 𝑓𝑚

𝜃 𝜓 𝜙

𝐸 [
�̈�
�̈�

] + 𝐹 [
�̇�
�̇�

] + 𝐺 [
𝜃
𝜓

] = 𝐻 [
𝑣𝑙

𝑣𝑟
]

𝐸 = [
(2𝑚 + 𝑀)𝑅2 + 2𝐽𝑤 + 2𝑛2𝐽𝑚 𝑀𝐿𝑅 − 2𝑛2𝐽𝑚

𝑀𝐿𝑅 − 2𝑛2𝐽𝑚 𝑀𝐿2 + 𝐽𝜓 + 2𝑛2𝐽𝑚
]

𝐹 = [
2(𝛽 + 𝑓𝑤) −2𝛽

−2𝛽 2𝛽
]

𝐺 = [
0 0
0 −𝑀𝑔𝐿

]

𝐻 = [
𝛼 𝛼

−𝛼 −𝛼
]



𝐼�̈� + 𝐽�̇� = 𝐾(𝑣𝑟 − 𝑣𝑙)

𝐼 =
1

2
𝑚𝑊2 + 𝐽𝜙 +

𝑊2

2𝑅2
(𝐽𝑊 + 𝑛2𝐽𝑚)

𝐽 =
𝑊2

2𝑅2
(𝛽 + 𝑓𝑤)

𝐾 =
𝑊

2𝑅
𝛼

𝑥1 𝑥2 𝑢

𝑥1 = [𝜃 𝜓    �̇� �̇�]𝑇            𝑥2 = [𝜙 �̇�]𝑇            𝑢 = [𝑣𝑙 𝑣𝑟]𝑇

{
�̇�1 = 𝐴1𝑥1 + 𝐵1𝑢

0
𝑦1 = 𝐶1𝑥1 + 𝐷1𝑢

𝐴1 = [
0 0
0 0

1 0
0 1

−𝐸−1𝐺 −𝐸−1𝐹
]           𝐵1 = [

0 0
0 0
𝐸−1𝐻

]      ,      𝐶1 = [
1 0 0 0
0 1 0 0

]      ,      𝐷1 = [
0 0
0 0

]

{
�̇�1 = 𝐴1𝑥1 + 𝐵1𝑢

0
𝑦2 = 𝐶2𝑥2 + 𝐷2𝑢

𝐴2 = [
0 1
0 −𝐽−1𝐼

]          𝐵2 = [
0 0

−𝐾−1𝐼 𝐾−1𝐼
]          𝐶2 = [1 0]          𝐷2 = [0 0]

{
�̇� = 𝐴𝑥 + 𝐵𝑢

0
𝑦 = 𝐶𝑥 + 𝐷𝑢

𝑥 = [𝜃 𝜓 �̇� �̇� 𝜙 �̇�]𝑇



𝐴 =

[
 
 
 
 
 

0 0
0 0

1 0
0 1

0      0
0      0

−𝐸−1𝐺 −𝐸−1𝐹
0      0
0      0

0 0
0 0

0 0
0 0

   
0 1
0 −𝐽−1𝐼]

 
 
 
 
 

          𝐵 =

[
 
 
 
 

0           0
0           0

𝐸−1𝐻
0   0

−𝐾−1𝐼 𝐾−1𝐼]
 
 
 
 

    

 𝐶 = [
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0

]            𝐷 = [
0 0
0 0
0 0

]

𝑢 =  Φ(𝑥)

𝐽 = ∫ [𝑥(𝑡)𝑇𝑄𝑥(𝑡) + 𝑢(𝑡)𝑇𝑅𝑢(𝑡)]
∞

0

𝑑𝑡

𝐽 𝑢 =
−𝐾𝑥 𝐾

𝐾 = 𝑅−1𝐵𝑇𝑃



𝐴𝑇𝑃 + 𝑃𝐴 − 𝑃𝐵𝑅−1 𝐵𝑇𝑃 + 𝑄 = 0

lqr 

𝑄 = 𝐶′𝐶

lqrd

𝜙

𝑣 𝑣 = 𝑣𝑙 = 𝑣𝑟

𝑅 = 1

𝑄 = [

1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

]

𝜙 = 0



𝐴 =

[
 
 
 
 
 
0 0 1 0 0 0
0 0 0 1 0 0
0 −807.1 −458.8 458.8 0 0
0 162 62.44 −62.44 0 0
0 0 0 0 0 1
0 0 0 0 0 −257.8]

 
 
 
 
 

𝐵 =

[
 
 
 
 
 

0 0
0 0

445.9 445.9
−60.69 −60.69

0 0
−98.41 98.41 ]

 
 
 
 
 

𝑅 = [
1 0
0 1

] 𝑄 =

[
 
 
 
 
 
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 0]

 
 
 
 
 





lqrd 

𝑇𝑠 = 0,03

𝑄11 𝑄22 𝑄55

𝐾

𝐾 = [
−0.5637 −63.2355 −1.0996 −8.1909 −0.7014 −0.0027
−0.5637 −63.2355 −1.0996 −8.1909   0.7014   0.0027

]



𝜓 𝜙
𝜃

𝜓
𝜃

𝜙



𝑄11

𝑄22 𝑄55

𝜓 𝜙 𝜃



𝑄11 = 200 𝑄22 = 2000 𝑄55 = 8

𝐾 = [
−6.2917 −152.7792 −2.7498 −20.4050 −1.9551 −0.0076
−6.2917 −152.7792 −2.7498 −20.4050   1.9551   0.0076

]



𝜓







04/02/2019 16/03/2019 25/04/2019 04/06/2019 14/07/2019

Estudio y familiarización de la plataforma…

Búsqueda de información

Estudio de los paquetes de soporte de…

Estudio del comportamiento de los sensores

Estudio del sistema físico y matemático del…

Cálculo de ecuaciones de movimiento

Obtención de parámetros

Desarrollo del control de equilibrio

Búsqueda y estudio de soluciones similares

Diseño de la planta de Simulink

Diseño controlador LQR

Calibrado del controlador

Redacción de la documentación

Redacción de la memoria



o 

o 
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https://es.mathworks.com/hardware-support/lego-mindstorms-ev3-simulink.html?s_tid=srchtitle
https://store.segway.com/about-us
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https://es.mathworks.com/matlabcentral/fileexchange/19147-nxtway-gs-self-balancing-two-wheeled-robot-controller-design
https://es.mathworks.com/matlabcentral/fileexchange/19147-nxtway-gs-self-balancing-two-wheeled-robot-controller-design


%% Parámetros físicos 
m = 0.016;                      % peso rueda [kg] 
R = 0.0216;                     % radio rueda [m] 
Jw = m * R^2 / 2;               % momento de inercia rueda 

[kgm^2] 
M = 0.617;                        % peso cuerpo [kg] 
W = 0.11;                       % anchura cuerpo [m] 
D = 0.08;                       % profundidad cuerpo [m]  
h = 0.25;                       % altura cuerpo [m]  
L = h / 2;                      % distancia G a eje ruedas [m] 
Jpsi = M * L^2 / 3;             % momento de inercia PITCH 

[kgm^2] 
Jphi = M * (W^2 + D^2) / 12;    % momento de inercia YAW [kgm^2] 
fm = 0.0022;                    % coeficiete fricción 

cuerpo/motor DC 
fw = 0;                         % coeficiente de fricción 

rueda/suelo 
pi=3.141592654;                 % pi 
%% Parámetros motores 
Jm = 1e-5;                      % momento de inercia del motor 

DC[kgm^2] 
Rm = 6.69;                      % resistencia motor DC [Ohm] 
Kb = 0.468;                     % constante motor de corriente 

continua EMF [V*s/rad] 
Kt = 0.317;                     % constante torque motor 

DC[Nm/A] 
n = 1;                          % relación de transmisión 
K_PWM = 8.087;                  % coeficiente volts a PWM [1/V]  
Ts = 0.03;                     % Tiempo de muestreo del sistema 
 

%% Variables auxiliares 
alpha = n * Kt / Rm; 
beta = (n * Kt * Kb / Rm) + fm; 
E = [(2*m+M)*R^2 + 2*Jw + 2*n^2*Jm   M*L*R - 2*n^2*Jm; 
      M*L*R - 2*n^2*Jm               M*L^2 + Jpsi + 2*n^2*Jm]; 
F = 2*[beta+fw   -beta;  
       -beta     beta]; 
G = [0   0;  
     0  -M*g*L]; 
H = [alpha   alpha;  
    -alpha  -alpha]; 
I = m * W^2 / 2 + Jphi + (Jw + n^2 * Jm) * W^2 / (2 * R^2); 
J = (W^2 / (2 * R^2)) * (beta + fw); 
K = alpha * W / (2 * R); 
 



%% Matrices de espacio de estado 

  
A1 = [0 0   1 0; 
      0 0   0 1; 
     -E\G  -E\F];  
B1 = [0 0; 
      0 0; 
      E\H]; 
C1=[1 0 0 0; 0 1 0 0]; 
D1=[0 0; 0 0]; 

  
A2 = [0   1 
      0  -J/I]; 
B2 = [0    0 
     -K/I  K/I]; 
C2 = [1 0];  
D2 = [0 0];   
%% Modelos de espacio de estado 
s1 = ss(A1, B1, C1,D1); 
s1.StateName = {'theta', 'psi', 'theta_dot', 'psi_dot'}; 
s1.InputName = {'Vl', 'Vr'}; 
s1.OutputName = {'theta', 'psi'}; 
s2 = ss(A2,B2,C2,D2); 
s2.StateName = {'phi', 'phi_dot'}; 
s2.InputName = {'Vl', 'Vr'}; 
s2.OutputName = {'phi'}; 
%% Añadir los estados phi y phi_punto 
s3 = append(s1, s2); 
s3.B(end, [1 2]) = s3.B(end, [3 4]); 
s3(:, [3 4]) = [];  
% Controlador de 4 estados 
QQ = s1.C'*s1.C; 
RR = 1; 
QQ(1,1) = 100;  
QQ(2,2) = 1000; 

  
K = lqr(s1.A, s1.B(:,1), QQ, RR) 

  
Ac = (s1.A - s1.B(:,1)* K); 
Bc = s1.B(:,1); 
Cc = s1.C; 
Dc = s1.D(:,1); 

  
states = {'theta', 'psi', 'theta_dot', 'psi_dot'}; 
inputs = {'v'}; 
outputs = {'theta'; 'psi'}; 



  
sys_cl = 

ss(Ac,Bc,Cc,Dc,'statename',states,'inputname',inputs,'outputname

',outputs); 

  
figure 

  
t = 0:Ts:10; 
r =1*ones(size(t)); 
[y,t,x]=lsim(sys_cl,r,t); 
y=y.*180./pi; 
[AX,H1,H2] = plotyy(t,y(:,2),t,y(:,1),'plot'); 
set(get(AX(1),'Ylabel'),'String','Ángulo del péndulo (grados)') 
set(get(AX(2),'Ylabel'),'String','Moviminto del carro (grados)') 
legend ('psi', 'theta') 
title('Respuesta de escalón con control LQR 4 estados') 
% Controlador de 6 estados 
QQ = s3.C'*s3.C; 
RR = eye(2); 
QQ(1,1) = 200;  
QQ(2,2) = 2000;  
QQ(5,5) = 8;  

  
K = lqrd(s3.A, s3.B, QQ, RR,Ts)  

  
Ac = (s3.A - s3.B*K); 
Bc = [s3.B]; 
Cc = [s3.C]; 
Dc = [s3.D]; 

  
states = {'theta', 'psi', 'theta_dot', 'psi_dot','phi', 

'phi_dot'}; 
inputs = {'vl','vr'}; 
outputs = {'theta'; 'psi';'phi'}; 

  
sys_cl = 

ss(Ac,Bc,Cc,Dc,'statename',states,'inputname',inputs,'outputname

',outputs); 

  
figure(1) 
t = 0:Ts:10; 
r =[1*ones(1,length(t));1*ones(1,length(t))];  % vl y vr iguales 
%r =[1*ones(1,length(t));0.9*ones(1,length(t))];  % vl y vr no 

iguales 
[y,t,x]=lsim(sys_cl,r,t); 



y=y.*180./pi; 
[AX,H1,H2] = plotyy(t,[y(:,2) y(:,3)],t,y(:,1)); 
set(get(AX(1),'Ylabel'),'String','Ángulo del péndulo (grados)') 
set(get(AX(2),'Ylabel'),'String','Moviminto del carro (grados)') 
xlabel('Tiempo (s)') 
title('Respuesta de escalón con control LQR 6 estados') 
legend ('psi','phi','theta') 










