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1. Introduction

Let (S, ¢, *) be Menger k-normed space and let I be an open interval. Assume that for any function
I' : I — S satisfying the differential inequality

éTZ]"':O“]‘(Vl)UY)(W)—&-h(vﬂw', 7:0u/uj(vk)v£j>(vk)+h(vk) S1_¢

for all v € I and for some & > 0, there exists a solution ¢ : I — S of the differential equation

n

Y aj(v)ol (v) + h(v) = 0

j=0

such that g¥(”1)*70(”1)"" A=100) > g K(e) for any v € I, where K(¢) is an expression of € only.
Then, we say that the above differential equation has the Hyers-Ulam stability. If the above statement
is also true when we replace 1 — € by (p'{l""’vk , where ¢ : J& — O¥ is a distribution function not
depending on < and g explicitly, then we say that the corresponding differential equation has
the Hyers—Ulam—Rassias stability (or the generalized Hyers—Ulam stability). We may apply these
terminologies for other differential equations. For more detailed definitions of the Hyers—Ulam stability
and the Hyers—Ulam—Rassias stability [1,2].

Obloza seems to be the first author who has investigated the Hyers-Ulam stability of linear
differential equation [3,4]. Next, Takahasi, Miura and Miyajima, proved in [5-8] that the Hyers-Ulam
stability holds for the Banach space valued differential equation v'(v) = Av(v). Recently, Miura,
Miyajima and Takahasi also proved the Hyers-Ulam stability of linear differential equations of first
order, v'(v) + ¥(v)v(v) = 0, where ¥(x) is a continuous function. In the following, Jung proved
the Hyers—-Ulam stability of linear differential equations of other type (see [9-13]). In this paper,
for a continuous function I'(v,v), we will adopt the idea of Cddariu and Radu [14,15] and prove
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the Hyers-Ulam-Rassias stability as well as the Hyers-Ulam stability of the differential equation of
the form

v'(v) =T(v,0(v)) )
in the Menger k-normed spaces.

2. Preliminaries

Let &1 be the set of distribution mappings, i.e., the set of all mappings p : R U {—o00,00} — [0,1],
writing p; for p(7), such that p is left continuous and increasing on R. Ot C E* includes all
. ':+ . — . — . . . . .
mappings p € &7 for which £~ p . is one and ¢~ p; is the left limit of the mapping p at the point T,
ie, {Tpr =lim, ,.- po.
In &1, we define “ < ” as follows:

p<0 < pr<0r

for each T in R (partially ordered). Note that the function ¥ defined by

o =

S

0, ifs<u,
1, ifs>u,

is a element of Z* and ¢° is the maximal element in this space (for more details, see [16-18]).

Definition 1. ([16,19]) A continuoustriangular norm (shortly, a ct-norm) is a continuous binary operation
from I = [0,1)2 to I such that

(1) ¢xt=T*xgand¢x (t*v) = (¢xT)*vforallg,t,ve(0,1];
(b) ¢xl=cforallcel;
(c) ¢xt <vxiwheneverc <vandt <iforallg,T,v,1€ I

Some examples of the t-norms are as follows:

(1) ¢*pT =¢T (: the product t-norm);
(2) ¢*mT=min{g, 7} (: the minimum t-norm);
(3) ¢*r T =max{c+ 7 — 1,0} (: the Lukasiewicz t-norm).

Definition 2. ([20,21]) Suppose that * is a ct-norm, S is a linear space and & is a mapping from Sk to O,
In this case, the ordered tuple (S, ¢, *) is called a Menger k-normed linear space (in short, M-k-NLS) if the
following conditions are satisfied:

(&) &% = 09 for T > 0 ifand only if s1, . . ., s, are linearly dependent;
(&2) &% is invariant under any permutation of sy, ... ,s; € S;

(§3) & = C%’“”Sk ifa #0;
14
((:4) gso+s1,52,---,5k > 520,52,»--,51( ” gihszr---,sk.

T+¢
For more details see [22-28].

Example 1. Let (S, ||.,...,.||) be a linear k-normed space. Then

51,8k __ O/ lfT S 0,
T B .
exp(—|ls1,...,sll/7), ifT>0,

define a Menger norm and the ordered tuple (S, ¢, *p) is a M-k-NLS.
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Note that, a [0, oo]-valued metric is called a generalized metric.

Theorem 1 ([29]). Consider a complete generalized metric space (X,6) and a strictly contractive function
A X — X with Lipschitz constant B < 1. So, for every given element o € %, either

S(A"r, A" o) = oo
foreach n € N or there is ny € N such that

(1) S(A"o, A" o) < oo, Vn > ng;

(2)  the fixed point s* of A is the convergent point of sequence { A"c'};

(3) inthesetV={s e T|d(A"0,s) < oo}, s*is the unique fixed point of A\;
4 (1—PB)é(s,s*) < (s, As) foreverys € V.

3. Hyers—Ulam-Rassias Stability in M-k-NLS

Recently, Cddariu and Radu [14] applied the fixed point method to the investigation of the Jensen’s
functional equation. Using such an idea, they could present a proof for the Hyers—Ulam stability
of that equation (see [11,15,30]). In this section, by using the idea of Cddariu and Radu, we will
prove the Hyers—Ulam—Rassias stability of the differential Equation (1). Hereinafter we suppose that

* = %) = A.

Theorem 2. Let p < qand p = g — p. Let | = [p,q] and choose m € ]. Consider the constants B with
0 < pB < 1. Let the continuous map I : ] x R — R satisfies in the Lipschitz condition

gg‘élt/lfvl)—r(vlﬁl) ----- T'(ve,0p) =T (v, %) > gfr”lr---rvk—ﬂk @)

foranyv; € ], v;,9; €R, (j=1,2,..k)and t > 0. If a continuous differentiable function v : | — R satisfies

6:(1’1)*1’(7”)*];;;1 I(tu(1))dT,.... 0(vg)—v(m)— [k T(tu(T))dT > (Prl’nlvk 3)

forallvi € ],(j =1,2,...,k) and t > 0, where ¢ : J& — O is a distribution function with

inf @ > g @
ﬂjG[m,Vj]

forallv; € J,(j =1,2,...,k) and t > 0. So, there is a unique continuous map vq : | — R such that

vg(v) = v(m) +/ I'(t,vo(7))dT @)
(consequently, vy is a solution to (1)) and

gf(vl)*Uo(Vl)f---,U(Vk)*Uo(Vk) > (lep—';:]g)t 6)

forallv; €], (j=1,2,..,k)and t > 0.
Proof. We show the set of all continuous map o : | — R by

L={c:] >R} @)
and define the function é on &,

5(c,0) = inf{M > 0 Cﬁfl)_g(vl),...,U(Vk)_Q(Vk) > (Pltq,-u,vk’ wie], t> 0} ®)
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In [31], Mihet and Radu proved that (X, §) is a complete generalized metric space (see also [32]).
Now, we consider the linear map A : X — X is defined by

(Av)(vj —i—/ (t,v(7))dt (vie]) 9)

forallv € %.
We show that the strict contractivity of A. Assume that 7,0 € X and e = &, , > 0 with 6(c,0) <,
so, we have

(:;Tt(vl)*Q(Vl)r---ﬁ(Vk)*Q(Vk) > 4)1/1 ///// Vg (10)

foranyv; € J,(j =1,2,..,k) and t > 0.
m

Let, m = & < & < . < & = v, T € [¢,&1] and As; = & — ¢ = L0, j = 1,2,k
By using, (2), (3), (4), (8) and (10), we have

C(AU) (v1)—=(AQ) (V1) (AT) (ve) —(AQ) (vk)

eppt
_ gfnvﬂ {L(ro(r))-T(re(1)}dr,.... [} {T (T,0(7))~T(1,0(7)) }dT
- eppt

HAlsijIHYLO):?ﬂ{r(Tjr”(Tj))*F(Ter(Tj))}Asj ,,,,, HAlerrLOZ] 1{T(7.0())-T(7,0(7)) }As;
= eppt

lim i kT (1.0(1) T (Tj,0(1))) } s, ):f 1 (7,0 (17)) T (T,0(77)) }As;
|as;]|—0 “€PP

> lim /\gr(-ﬁ/U(Tj))*r(Ter('@)) ..... I(5,0(5)~T(50(1))
HAS/’H*)O (\Zps/s‘tk>

= /\CW;’ () =T (G0(5)), T (50 (7)) =T (510(%)

> inf g Temolmelm)
TJG[mv]]

> inf (pfl """ Tk
T Em,vj]

Z qo1t/1,...,1/k

for allv; € J, (j =1,2,..,k) and t > 0. So, we have (Ao, Ag) < epp. Hence, we can conclude
that (Ao, Ag) < pBd(c,0) for any 0,0 € X, this shows, A is a strictly contractive mapping on X
with Lipschitz constant pf € (0,1). By using (3) and (9), we conclude that 6(Av,v) < 1 and so,
5(A"1v, AT) < (p)"

Theorem 1, implies that, so there is a unique continuous map vg : | — R such that

(1) A fixed point for A, is vy, i.e.,

A(vo) = (vo). (11)
(2) d(A"v,vp) =+ 0asn — oo.
(3) 6(v,v0) < 17556(v, Av), which implies that

C;’(VI)_UO(W) ----- vve)=vo(vi) ~ Vi

(1-pp)t
forallvie J,(j=1,2,...,.k)and t > 0. O

In the last theorem, we have investigated the Hyers—Ulam—Rassias stability of the differential
Equation (1) in M-k-NLS defined on a bounded and closed interval. We will now prove the theorem for
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the case of unbounded intervals. More precisely, Theorem 2 is also true if ] is replaced by an unbounded
interval such as (—o0,¢|, R, or [p, c0) as we see in the following theorem.

Theorem 3. Let | be (—o0,q] or R or [p, o) in which p,q € R. Put m = p for I = [p,o0) or m = g for
J = (—o0,q],0orif ] = R, put m € R being fixed. Consider the constant numbers p and B such that 0 < pp < 1
and continuous map I : | x R — R holds (2) for all v; € ] and all vj,8; € R. Let v : ] — R be continuous
differentiable and satisfies (3) for all v; € ], in which ¢ : J¥ x 00 — (0, 1] be a distribution function satisfying
the condition (4) for any v; € J, (j = 1,2, ..., k), so there is a unique continuous map vq : | — R which satisfies
(5) and (6) for all vj € ].

Proof. We prove for | = R only. Define ], = [m —n,m + n], for every n € N. (Put J, = [g —n,q]
for ] = (—oo,g]and |, = [p, p + n| for ] = [p, o0).) Theorem 2 implies that there is a unique continuous
map vy : J, — R such that

vn(v) = v(m) + /mv I'(t,v,(7))dT (12)
and
;Jn(w)*Uo(w)m-,vn(Vk)*Uo(Vk) > (PH"_';Zk)t (13)
for all Vi € Jn. The uniqueness of v, implies that if v € [, then
v (V) = V1 (V) = vpg2(v) = .., VU ER. (14)
Define
n(v)=N\{neN|ve ]}
and vp : R = R by
vo(V) = Uy (V). (15)

The continuity of v, implies that vy is continuous. We will now show that vy satisfies (5) and (6) for all
v ER. Letv € R, weselect n(v) € N. So, we have v € J,(,). Using (12), (14) and (15) we have

UO(V) = Un(v) (V) = v(m) + fé F(T/ Un(v)(T))dT = U(m) + f; F(T/ UO(T))dT
and
vn(v)(T) = Un('r)(T) = UO(T)‘

Since v € J,(v) for every v € R, by (13) and (15) that

for every v; € R.

To prove uniqueness, consider another continuous map ¢y : R — R which holds in (5) and (6).
Letv € R, since vy | Tuo) (= vp)) and o |, «, both satisfy (5) and (6) for all v € J,,), the uniqueness
of ) = Vo | () implies that

vo(v) = vo |1,0) V) = o [},0) (V) = So(v),
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as required. 0O

4. Hyers-Ulam Stability in M-k-NLS

In the following theorem, we prove the Hyers—Ulam stability of the differential Equation (1)
defined on a finite and closed interval.

Theorem 4. Letm € R, p > 0and [ ={ve R |m—p <v<m+p}. AssumethatT : [ x R = Risa
continuous map which satisfies (2) for every v; € J, v;,8; € R, (j = 1,2,..., k) and t > 0, where B is a constant
with0 < pf < 1.

Let

gf(VI)*U(m)*f,Zl T(t,0(7))dT,... 0(vg) —v(m)— [k T (t,v(7))dT >1—¢ (16)
foreveryv; € J,(i =1,...,k), t > 0and for some ¢ > 0 in which v : | — R is a continuous differentiable map.
So, there is a unique continuous map vy : | — R satisfying (5) and

(—’rU(Vl)*Uo(Vl)/~~~zU(Vk)*Uo(Vk) >1—¢ 17)

t

T-pp

foreveryv; € J,(j=1,2,...,. k) and t > 0.
Proof. We show the set of all continuous map o : | — R by
Y={c:] >R}
and define the function é on X,
5(0,0) = inf{M > 0 : ggl) =)ot =e) 5 q o vy g, > 0}

In [31], Mihet and Radu proved that (X, ) is a complete generalized metric space (see also [32]).
Now, we consider the linear map A : ¥ — X is defined by

(Av)(v)) = v(m) + /m/ M(ro(m)dr (v e]) (18)

for all v € X. We show that the strictly contractively of A. Assume that c,0 € Zand 7 =15, > 0
with é(c, 0) < 17, so, we have

{:Zt(m)*Q(V]),wff(vk)*g(‘/k) >1—c¢ (19)

forany v; € J(j = 1,...,k),and t > 0. Let, m = & < & < .. < & = vj, 77 € [§}, &3] and
Asj =& — &1 = 24+, j =1,2,..,k By using, (2), (3), (4), (8) and (10), we have
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g(Av)(m)f(Ae)(w) ,,,,, (A7) (vi)— (Ag) (k)
Hnopt

[ AT (we(0) =T (ve(0)}T,.., [} {T (z,0(7)) T (,0(7)) }dT

- ‘:ripﬁt
”Al;‘r‘go /'=1{F(TjI‘T(Tj))*F(Tj'Q(Tj))}Asjr"vHAlsijIHn_mZ;(:l{r(’fjrg('@))*r(?/Q(’fj))}Asj
= Suopt

lim i AT (5,0 (1) =T (1,0(1)) }As e TE_ {T (15,0 (1)) ~T (11,0(55)) } s
Jasjll—0 PPt

> li‘m /\ I'(7 ]-,;(Tj))—F(T,»Q(Tj)) ,,,,, I(7,0(1)) T (7,0(7))
15,0 (ﬁ)

> /\éﬂf,p;{’”(”” T(7,0(1)),-. T (13,0(73)) T (7j,0(77))

> inf gat(f,) 0(7),.o (1) —e(T))
Ti€[mvj]

> 1—c¢

forall v; € Jand t > 0. So, we have 6(Ac, Ag) < 17pB. Hence, we can conclude that 5(Ac, Ag) < pBé(c, @)
for any 0,0 € X, this shows, A is a strictly contractive map on X and pp € (0,1) is Lipschitz constant.
By using definition §(c;, ¢), we conclude that §(Av,v) < 1 and so, §(A" v, A"v) < ()"

Theorem 1, implies that, there is a unique continuous map v : | — R such that

(1) A fixed point for A, is vy, i.e.,
A(Uo) = Up. (20)

(2) 6(A"v,v9) —» 0asn — oo.
B) d(v,v) < ﬁé(v, Av), which implies that

CU(Vl)*Uo(Vl) ~~~~~ v =) 5 _ ¢

forallv; € Jandt > 0. O

5. Examples
In this section, we show that there certainly exist functions v(v) which satisfy all the conditions

given in Theorems 2, 3 and 4.

Example 2. Consider 0 < p < 1. Fora0 < ¢ < 2Band p = 2B —¢, let ] = [0,2p —¢]. Let p(v)
be a polynomial, and v : | — R, a continuously differentiable map, satisfies

v v ) HT,...,v(v)—v(m)— Yk {Bu(T)—P dt V1, ..,V
g(tgl )= Jo H{Bu(T)—P(T)}dT,....0(v) —v(m) — fo ¥ {Bv(T)—P(7)} ZeXp(—| 1 t k|)

forallv; € J,and t > 0. If we set T'(v,v) = Bv + P(v) in which T defined here is of the form of that of the
Theorem 4 and satisfies (2) and

P exp(—i‘vl"i"w‘l) £>0,
! 0 t<0.

Moreover, we obtain
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forallv; € Jand t > 0. Using Theorem 2, implies that there is a unique continuous map vg : | — R such that

00(v) = 0(0) + [ {puo(™) = P(1)}ar

and

‘Vll ey Vk‘ )

(1—pp)t

> exp(—

forallv; € Jand t > 0.

Example 3. Consider p > 1,0 < B < Lna, ] = [p,o0) and a polynomial P(v). Let the continuously
differentiable map v : | — R satisfies

avlr--'/vk

éfv(vl)711(711)7f0‘/1 {Bv(t)—P(7)}dT,...,v(v)—v(m)— ka{ﬁv(T)fP(T)}

d
) "2 exp(-

)

forallv; € J,and t > 0. Ifwe set T(v,v) = v + P(v) and

ViV exp(—M) t>0,
o o t<0.

Moreover, we obtain

inf o,
19]‘6 [0,1//‘]

forallv; € Jand t > 0. Using Theorem 3, implies that there is a unique continuous function vy : ] — R
such that

vo(v) = v(0) + ./O.V{ﬁvo(r) _ p(1)}dr

and

6;;(1/1)—Uo(l/l),...,v(l/k)_vo(vk) Z exp(—

forallv; € Jand t > 0.

Example 4. Consider constants p, p > 0 such that 0 < pp < 1. Define | = {v e R |m—p <v < m+p}
for some m € R. Let P(v) be a polynomial and let the continuously differentiable map v : ] — R satisfies

gf(vl)—v(m)—fovl{ﬁU(T)—P(T)}dT ----- o(vi)—v(m)— f[o*{pu(v)—P(v) }dv >1—¢

forallv; € ], and t > 0 with ¢ > 0. Using Theorem 4, implies that, there is a unique continuous map
vy : | — R such that

vo(v) = v(m) + /Ov{ﬁvo('c) + P(7)}dt

and

g vl —w) 5 1 g
=op

forallv; € Jand t > 0.
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